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Abstract: In relativistic celestial mechanics, post-Newtonian (PN) Lagrangian and PN Hamiltonian
formulations are not equivalent to the same PN order as our previous work in PRD (2015). Usually,
an approximate Lagrangian is used to discuss the difference between a PN Hamiltonian and a PN
Lagrangian. In this paper, we investigate the dynamics of compact binary systems for Hamiltonians
and Lagrangians, including Newtonian, post-Newtonian (1PN and 2PN), and spin-orbit coupling
and spin-spin coupling parts. Additionally, coherent equations of motion for 2PN Lagrangian are
adopted here to make the comparison with Hamiltonian approaches and approximate Lagrangian
approaches at the same condition and same PN order. The completely opposite nature of the dynamics
shows that using an approximate PN Lagrangian is not convincing. Hence, using the coherent PN
Lagrangian is necessary for obtaining an exact result in the research of dynamics of compact binary
at certain PN order. Meanwhile, numerical investigations from the spinning compact binaries show
that the 2PN term plays an important role in causing chaos in the PN Hamiltonian system.

Keywords: PN Hamiltonian; coherent PN Lagrangian; chaotic dynamics; compact binary

1. Introduction

The first detection of gravitational waves by LIGO and Virgo confirmed Einstein’s
(1915s) theory of general relativity [1-5]. As one of the most important predictions of
general relativity, the confirmation of observations for the gravitational wave has opened
a new window for studying the universe. Relativistic binary systems are some of the
candidates in giving birth to gravitational waves. The post-Newtonian approximation is
a better theory for calculating and analyzing gravitational waves to better combine the
observed data of gravitational waves. Post-Newtonian theory is undoubtedly a powerful
tool in the arsenal of general relativity, and it can make reliable predictions for gravitational
experiments. It is surely suitable for describing compact binary systems. In a weak field,
the post-Newtonian approximation is a theory for physical systems in which motions are
slower than the speed of light c. This can characterize the system as the expansion by a
small parameter € ~ (v/c)? [6-8]. High-precision theoretical templates of gravitational
waveforms can be provided by the high post-Newtonian (PN) order. For example, a 4PN
one with spin and non-spin evolution was given by a two-body problem [9-14].

However, chaos is the hindrance in matching gravitational waveforms [15-20]. The ini-
tial conditions of the system have a sensitive effect on the emergence of chaos. The maxi-
mum Lyapunov exponent is an important tool for distinguishing chaos. It can determine
the decay scale of gravitational waves in the near orbit, and this part of the gravitational
wave cannot be found by filtering matching [21]. To further investigate the effect of chaos
on gravitational waves, the gravitational wave generated by spinning particles rotating
around the Kerr black hole was investigated as a classic example. The energy spectrum of
gravitational waves showed the obvious difference, and the spectrum of spinning particles
is more complicated than that of spinless particles [22]. The chaos of the compact binary
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system was investigated by Levi and Schnittman [23,24]. Meanwhile, several efforts have
been made to overcome this difficulty by our group. Three manifold correction meth-
ods were used to preserve all integrals of motion on spinning compact binary, and the
second-order implicit midpoint symplectic algorithm was applied to explore the chaos
of relativistic spinning compact binary system [25,26]. A study was conducted on the
dynamics of two spinning compact binary systems under the PN Lagrangian—one con-
tained the 2PN part and 1.5PN spin—orbit coupling part, and another the 2.5PN spin-orbit
part and 2.5PN spin—spin coupling term. They found that the 2.5PN term enhanced the
chaos of the system [27]. The role of the spin term in the integrability and dynamics of
the 3PN order spinning compact binary of the Hamiltonian system was investigated by
Mei et al. [28]. We have studied the effect of spin—spin couplings on the chaos of the double
black hole system when that is of the 2PN order [29]. Using the fast Lyapunov exponent,
we investigated the dynamics of a compact binary with the considerable mass of one body
spinning in the Lagrangian case numerically; it was found that both the PN conservative
Lagrangian formula and the PN conservative Hamiltonian formula cannot be chaotic in
the Arnowitt-Deser—-Misner (ADM)/harmonic coordinates [30].

The Hamiltonian and Lagrangian have a pivotal role in describing the dynamics
of physical systems, especially for complex nonlinear cases. In recent years, there has
been quite a lot of research in this area. For the nonlinear high-dimensional filtering and
non-smooth final value problems, the stochastic Hamiltonian was fully investigated in the
latest research [31-37]. In the recent treatment of variational problem:s, it has been found
that the second-order Lagrangian can act in a well-constrained way. Simultaneously, they
can well describe the properties of physical systems in post-Newtonian theory [38—41].

For the Lagrangian formulation, a compact binary system was investigated which
contained two spinning black holes. Moreover, the harmonic-gauge and fractal methods
have been used to show the effects on chaotic behavior [23]. Schnittman et al. disagreed
with this opinion because of the non-existent positive Lyapunov exponents [42]. However,
positive Lyapunov exponents were found in [43,44]; this is a debate, which highlights
the Lyapunov exponents resulting in two different claims on the chaotic behavior of
comparable mass spinning binaries. As mentioned in [45], this debate was solved because
two different approaches to calculating Lyapunov exponents were used in the above
papers. Another debate was focused on the dependence of chaos on a certain parameter
or initial condition [46,47]. Subsequently, our team explored this debate and found that
the two expressions seem to be contradictory on the surface, but they are both correct [48],
because the dynamic behavior of a physical system is often determined by a combination
of conditions and parameters.

For the PN Hamiltonian formulation, another PN approximation arises: whether it is
equivalent to the Lagrangian form with the same order in the depiction of chaotic behavior.
That is the third debate, which highlights the existence or absence of chaos in a PN conser-
vative system of two black holes with one body spinning. The harmonic coordinate 2PN
Lagrangian approaches with a single spinning body can present chaos in [42,46], whereas
the Arnowitt-Deser-Misner (ADM) 2PN Hamiltonian two-black hole was integrable and
non-chaotic [42,49]. Immediately thereafter, two different teams explored the equivalence
of these two expressions at the 3PN level [50-52]. Levin has previously explained the two
different statements for the PN approximation and found that these two formulations are
not exactly equivalent, but they are approximately related [11].

We revisited the aforementioned topic in previous work. Usually, under the same
coordinate gauge, there are differences between the post-Newtonian Hamiltonian and
Lagrangian forms of the same order, as we investigated in previous work. For the nPN
term, this difference is caused by the truncation of higher-order terms (including the n+1PN
term). That means for the PN Lagrangian formulation, where harmonic coordinates are
used, the approximation is mainly caused by the substitution of the lower-order accel-
eration terms for higher-order ones; however, this is not the case in the treatment of the
PN Hamiltonian system. In a weak gravitational field, this will not bring a qualitative
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difference to the physical system. However, this will directly bring essential changes
of integrability or non-integrability to the system when there is a strong gravitational
field. We have chosen compact binary systems of comparable mass with arbitrary spins
in strong gravitational fields. We found that for the 2PN Arnowitt-Deser—-Misner La-
grangian formula, the higher-order Hamiltonian form equivalent to it includes many
spin—spin couplings, leading to no fifth integral in the ten-dimensional phase space, so it
behaves as always integrable. Nevertheless, as there are five constants of motion in the
ten-dimensional phase space, the Arnowitt-Deser—-Misner Hamiltonian of 2PN is integral
and non-chaotic [50]. Theoretically, a lower-order PN Lagrangian formulation from the
Euler-Lagrange equation to infinite order is always equivalent to an infinite order PN
Hamiltonian. This was discussed in [53] via a special 1PN Lagrangian form, which is about
the relativistic restricted three-body problem. For certain initial conditions of compact
binary systems with comparable mass, the conservative PN Hamiltonian and Lagrangian
forms are both dynamically chaotic [54].

The authors of [55] found that the orbit—spin coupling can make the chaos enhanced
without the 1PN and 2PN orbit terms. Later, Huang et al. [56] investigated the 2PN ADM
Lagrangian chaotic dynamics of two spinning black holes and made a comparison between
the Lagrangian and related Hamiltonian dynamics, in which approximate PN Lagrangian
equations of motion were used. Then, we investigated the PN Hamiltonian dynamics
of spinning compact binaries, which contained the 1PN, 2PN, and 3PN order spin—orbit
couplings. Remarkably, they are all linear functions of spins and momenta due to the
absence of the 1PN term. In the transition from Hamilton to the same PN order Lagrangian,
there are several additional terms (3PN, 4PN, 5PN, 6PN, and 7PN spin—spin coupling terms)
in the Lagrange besides the corresponding original terms [57]. For testing theories that
describe a compact binary system whose composition at least includes one compact object,
the precession of the pericentre becomes crucial, especially the second order. Recently, a
contribution on potentially detectable effects, for instance, the periastron precession at 2PN,
was given by Lorenzo Iorio [58,59].

Equations of motion for PN Lagrangian can be derived in two ways. One is an
approximate method; another is a coherent method. For the approximate method, it can
obtain the total acceleration from the Euler-Lagrangian equation via a truncated term of
higher-order acceleration term. In this sense, they are the approximate equations of motion
for the PN Lagrangian system. Additionally, the constants of motion are approximately
conserved in these equations. For the coherent method, the Euler-Lagrangian equation
can also give the consistent equation of motion for a Lagrangian generally. However,
these equations are differential equations of generalized momentum, and they are not
truncated. In this process, velocity is not used as an integral variable. In order to obtain
the algebraic equation of generalized momentum, an iterative method is needed. This
is another approach—the coherent 1PN Lagrangian equations of motion, which were
put forward by our team [60]. It also remains at the same PN level as the Lagrangian.
This kind of equation of motion exactly conserves the constants of motion in the PN
Lagrangian formulation, which is the same as the Hamilton equation in the PN Hamilton
formulation. In this way, the PN Lagrangian equations of motion are coherent. Then,
the dynamics of the 1PN Lagrangian of spinning compact binaries were investigated when
quadrupole-monopole interaction contributions were added [61].

In this work, we consider the ADM PN Lagrangian and PN Hamiltonian dynamics
of spinning compact binaries of 2PN order. A comparison among the 2PN Lagrangian,
the related 2PN Hamiltonian, and the coherent 2PN Lagrangian dynamics will be made,
and how the 2PN terms exert an influence on chaos in the PN Hamiltonian and the PN
Lagrangian under the coherent equations of motion will be discussed. The paper has been
organized as follows. The 2PN Lagrangian formulation and 2PN Hamiltonian formulation
are discussed in Section 2. The numerical comparison among the 2PN Lagrangian, the 2PN
Hamiltonian, and coherent 2PN Lagrangian dynamics is presented in Section 3, and we
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focus on the order or chaos of the systems in the same condition and same PN order.
The concluding remarks are given in the last section.

2. PN Lagrangian Formulation and PN Hamiltonian Formulation
2.1. PN Lagrangian Formulation

Here, we consider a compact binary system which have masses m; and m, of a
Lagrangian formulation, including the Newtonian, first and second-order post-Newtonian,
and spin—orbit and spin—spin parts. We let m; < mjy; the system has a total mass m =
my + my; the reduced mass is y = mymy/m; p = my/my is the mass ratio; 7 = /M =
B/ (1+ B)? is the mass parameter. We also adopt geometrized unit c = G = 1; the relative
position of body 1 to body 2 is represented as vector r. Here, n = r/r with a radius
of r = |r| is a unit radial vector, and the momenta of body 1 relative to the center is p.
The two spin vectors are S; = $:8; (i = 1,2); their unit vectors and magnitudes are S,
and S; = )(Z-miz /M? (0 < x; < 1). The system can be expressed as the dimensionless
conservative 1PN Lagrangian as follows:

Ly = Ly+Lipn, 1)
L1 = Lo+ L1sso + Lass, Lo = L1 + Lapn, )
where
v o1
Iy = 2 4-. 3
N 7t 3)

The second part on the 1PN contribution [55] is given by

B ke SV S I RN 2 1
Lipn = 2 ) 0 +2rc2[r2(r V)I‘ V) ‘|‘(3+77)U 1’], (4)
614{%(1 — 75 +135%)v® + %[(7 — 1257 — 9?)v* + (4 — 109)5(n - v)>v?
200 oy Lro, 2\2 VIR 1
37 (0 V)T 4 S [(4 =2+ ) v 4+ 3y (L) (- v) ] 5+ 2 (1+3) 5 ®)

When the binaries in Equation (1) are spinning with 1.5PN spin-orbit coupling and 2
PN spin—spin coupling,

Lisso = #V' [rx (7181 4+ 7282)], (6)
3
s = —5081-S2— 5 (r-S1)(x-S2)),

where y1 =2+ 38/2, 72 =2+ 3/(2B).

2.1.1. Approximate Equations of Motion for the PN Lagrangian

In a PN Lagrangian L(r, v), the generalized momentum and Euler-Lagrange equation
are expressed as

oL dp L
== P _"- 7
P=5viar ~ or @

We derive the 2PN relative acceleration as follows:
a = ay +ajpy + azpn + a1550 + a2ss, (8)

where

aN = _r73/ (9)
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1 r 2 3n 2
ajpy = —@{;[(1 +3n)0* — ;(24'77) > —(x-v)*] - ;(2 =) (r-v)v}, (10)
1 r3 15 1
apN = r4c4{ [;(12 +29’7) + (3 — 4?0t + g(’? — 37 (x - V)474}
I N YUY B § 22 2 (r-v)?
52 3y — 4y )v (r-v) 2r(1317 4n°)v” — (24 251 4 25%) 3
1 1 3
=5, (0 v)V[(15y + 45%)0% — (4 + 41y + 89%) - = 5 (35 + 2 (r-v)’]}, (11)
3
ajsso = r5;73 (rxv)- (7181 + 7282) — 33763V x (7181 + 7282), (12)
37 5r
ays = —@[(51 “$p)T — fz(r'sﬂ(f -82) + (r-81)82 + (r-82)81). (13)

2.1.2. Coherent Equations of Motion for the PN Lagrangian

As mentioned [60], coherent equations of motion for PN Lagrangian were given by an
iterative method. According to the relation of an algebraic equation for the generalized
momenta, we take

1,0? n 1,3, )
p = vioiz0-3nv+- [7( v)r+ G+ y)vi}+ Z{go (1 =7y + 1377y
100 0 02 _ ey L3 L e
+8r [4v°(7 — 125 — 9" )v + 217(4 — 1017) (x v)rr2 + = (r-v)°r]
1 3 r-v)r
+5l4=2p+9) v+ 77(1+17)( ) |+ (181 +7282): (14)

In addition, (r, v) is usually satisfied with

dr

== (1)

We rewrite coherent generalized momentum differential equation at 2PN as

d
P o~ L+ —[—Z( R R | S 44{[<1z+29n>1

st 2 (7= 31P) (0 v)' 4] = 2 (B3 — 4P (e v)? — o (13 — )22

2 ( ‘V)2 1 2y,.2 2 3 2
)T——(r-v)v[(1517+417 Jo© — (44 41y + 8y );_72(3’7"'277 )

—(24 257 + 25 5

3 3
(r-v)2]} — 2L (r x v) - (1151 + 71252) — 555V X (7181 + 7282) — 2y [(51 - 82)r
r-c roc rc
5
— 25 (res1)(rs2) + (r-s1)sa + (r-s2)si). (16)

Then, we derive the velocity in the expression of Equation (15).

1 '02 n 1.3 4 2

v = P_ﬁ{j(l_3ﬂ)v+ [—2(r~v)r+(3+17)v]}+c—4{gv (1—-7n+13y%)v
L2 2 v 3 2.2
+§[4v (7—12y -9y )V+217(4—1017)(r-v)rr—2+—4(r-v) 7]

T- r
( V) ]+ %r(hsl + 7282). (17)

1
+5l@=2p+77) v+ Tl(1+’7)

They conserve the energy integral and the total angular momentum vector as

1
E:V-p—L,L:rxp—i—C—z(sl—l—sz). (18)
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2.2. PN Hamiltonian Formulation

A 2PN spinning compact binary system of the Hamiltonian formulation is considered;
the same condition as the PN Lagrangian is also used here in the ADM coordinates; then
we have the following Hamiltonian:

Hy = Hn+ Hipn, (19)

where

2

p
Hy = P _

N 2

=N | =

(20)

The Hamiltonian Hpy is the result of [54].

= Yapoprot 2 pt s L
Hipy = gGr=1)p" = S[@+n)p”+n(n-p)-+ 55, 21)

When the two bodies spin, two types of spin contributions are written as
Hisso = —Lisso, Hass = —L[3(S, -n)? — 82] (22)
1550 = — L1550, Hass = 5 3 v vl

Their expressions are detailed by [62] as follows:

Hisso = _Cg,%v' [r X (7181 +7282)], (23)

where y1 =2+ 38/2, 72 =2+ 3/(2B).
The second-order PN term is given in [54] as

1,1 1
Hopn = {7 (1= 5y +57%)p° + £[(5 =20 — 3y*)p* — 27°(n - p)°p’
1,1 11 1
=32 (n-p)']— + 5[5+ 87)p* +37(n-p)’| 5 — ;(1+37) 5} (24)

In this sense, the obtained Hamiltonian becomes
Hy = Hy + Hi550 + Hass, Hy = Hi + Hopn. (25)

The Lagrangian and Hamiltonian approaches are typically nonequivalent in the same
PN order, and therefore, we should focus on the differences between the two cases of Hy
and Ly under the coherent equations of motion in dynamics. These issues will be further
discussed in detail in the numerical simulations.

3. Numerical Comparisons

We chose the initial conditions as g = 5/4, r(0) = (17.04,0,0), v(0) = (0,0.094,0).
Then, we calculate Equations (9) and (16) or Equation (8) numerically use the eighth and
ninth-order Runge-Kutta—Fehlberg integration algorithm RKF8(9). From Figure 1, we
find that precision of energy error is achieved of 10712 in the coherent equations when
we calculate + = 10%, whereas it is 0.1 in the approximate equations. This scenario means
that the coherent equations are really better than the approximate ones used in a physical
system. Meanwhile, in the order of magnitude, the coherent equations are many times
more accurate than the approximate equations. From Figure 2, we obtain the relations
of the errors of the orbital angular momentum, and a very similar result is given as for
the energy errors. From the results above, apart from the energy errors, the errors of the
orbital angular momentum all present a stark contrast in terms of computational accuracy.
From this point forward, to obtain more accurate descriptions, the coherent equations
of motion will be a better choice in the application to physical systems. The chaotic
dynamics of compact binary systems have since been investigated. As chaos is an attribute
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of the physical system itself, using an inadequate calculation method will likely lead to
the insufficient performance of the system’s properties, especially for highly nonlinear
systems, such as compact binary systems, which are extremely sensitive to initial values.
Most prominently, the coherent equations of motion can not only achieve high levels of
computational accuracy, but also play a useful role in energy conservation.

1.0x10™
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6.0x1072 |
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ool Al MY
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t t

Figure 1. The post-Newtonian (PN) Lagrangian formulation of nonspinning compact binaries: the left shows the energy
errors AE in the approximate equations of motion, and the right shows in the coherent ones.
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t t

Figure 2. The PN Lagrangian formulation of nonspinning compact binaries: the left shows the errors of the angular
momentum AL = Ly — L with L = |L| in the approximate equations of motion, and the right shows in the coherent ones.

Then, we take the mass ratio f = 0.4, dynamical parameters x; = x2 = 1, and initial
unit spin vectors.

S, =(0.1,03,0.8)/1/0.12 +-0.32 +0.82,
$, = (0.7,03,0.1)/1/0.72 + 0.3 +0.12.

We investigate dynamical differences among some Lagrangian and Hamiltonian
formulations by using several indicators to find chaos.
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3.1. Chaos Indicators

A power spectral analysis method can give the distribution of frequencies to a certain
time series. It can distinguish between chaotic and ordered orbits preliminarily, based
on continuous or discrete spectra. The corresponding orbits will be orderly if the power
spectrum is expressed as a discrete spectrum; on the contrary, the corresponding orbit will
be chaotic, if the power spectrum is manifested as a continuous spectrum. Here, we use the
two subscripts “ex” and “ap” with L to describe the cases in which the form of equations
of motion are used; the former is for the coherent, while the latter is the approximate ones.

What shown in Figure 3 corresponding to two sets: (a), (b), and (c) are power spec-
trums without 2PN term; (d), (), and (f) are power spectrums added to the 2PN section.
In detail, (a) is the case of a Hamiltonian in the first order of a post-Newtonian, (b) and (c)
are the same order Lagrangian case, the former corresponds to the approximate method,
and the latter is obtained by the coherent equation of motion; similarly, (d) is the power
spectrum in the Hamiltonian case when 2PN term is added, (e) and (f) are the same or-
der under the Lagrangian formula; the former uses approximate method, and the latter
uses the coherent method. It can be seen from Figure 3 that both (a) and (f) are shown
as discrete spectra, so they all indicate that the corresponding orbits are ordered; on the
contrary, (b), (c), (d), and (e) all characterize the continuous spectrum; this indicates that
their orbits are chaotic. This tell us that the PN Hamiltonian of the 1PN order would
manifest regularity in dynamics. Additionally, the 1PN Lagrangians are chaotic with not
only the approximate equations of motion but also the coherent ones. The dynamics of
PN Hamiltonian and Lagrangian are different in 1PN, but there is an identical dynamical
characteristic in the approximate and coherent PN Lagrangian. When we consider an order
of 2PN, they are all chaotic in PN Hamiltonian and approximate PN Lagrangian equations.
However, the system has a completely different performance when using coherent equa-
tions of motion in the PN Hamiltonian. This strongly suggests that using approximate
methods to discuss the dynamics of systems is problematic. In addition, when there is
a change from 1PN to 2PN for a spinning compact binary system, the PN Hamiltonian
becomes chaotic in order, but conversely, the PN Lagrangians all use coherent equations.
It has been sufficiently proven that the same orders of PN Lagrangian and Hamiltonian
approaches (L1 and Hj; Ly and H») have different dynamics. It should be noted that the
power spectral approach is unambiguous in distinguishing between complex periodic
orbits, quasi-periodic orbits, and weakly chaotic orbits. Therefore, more reliable qualitative
methods are necessarily used.
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Figure 3. Power spectra of the PN Hamiltonian formulation and the PN Lagrangian formulation of first and second order. (a)
The power spectrum of the 1PN Hamiltonian; (b,c) power spectra under a 1PN Lagrangian; the former uses an approximate
method and the latter uses a coherent method; (d) the power spectrum of a 2PN Hamiltonian; (e,f) power spectra under a
2PN Lagrangian; the former uses an approximate method and the latter uses a coherent method.
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The Lyapunov exponent is used to measure the average separation rate of two neigh-
boring orbits in the phase space to aid in the quantitative analysis of the strength of chaos.
Here, the two-particle method [63], a fitting method, is used in calculating the Lyapunov
exponent. The Lyapunov exponent can be defined as

A= lim 1ln @, (26)

t—oo £ (0)

where d(0) and d(t) are separations between two neighboring orbits at times 0 and ¢.
According to reference [63], for a bounded orbit, it indicates that orbit is chaotic if its Lya-
punov exponent is positive; conversely, the orbit is ordered when its Lyapunov exponent
tends to zero. We obtain the Lyapunov exponent for the system with and without 2PN in
Figure 4, respectively. Additionally, (a) is the case when the 2PN part is not included; (b)
is the Lyapunov exponent when the 2PN term is added. From Figure 4a, we find that the
Lyapunov exponent in the Lagrangian case with the coherent method is positive at 1PN,
which indicates that its corresponding orbit is chaotic, meaning that the dynamics of the
system, in this case, exhibit chaotic behavior. However, neither the Hamiltonian case of the
same order nor the Lagrangian with the approximation method has a positive Lyapunov
exponent and both exhibit convergence to zero. This means that their dynamics are all
regular. In Figure 4b, the 2PN term is under consideration. We noticed that the Lyapunov
exponent under the Hamiltonian is positive at this time, which corresponds to its chaotic
orbits and dynamical behavior. For Lagrangians of the same order, they have Lyapunov
exponents that tend to zero regardless of whether the approximation or coherence methods
are used, which means that their orbits are ordered. Each case is calculated with time
of 2 x 10°. In Figure 4a, the system of the PN Hamiltonian formulation corresponds to
a regular orbit, and it will tend to be zero with a long integration time. At 1PN, the PN
Hamiltonian and coherent Lagrangian have a different dynamical characteristic for a long
calculating time; when 2PN is concluded, they are also different dynamically. This indicates
that the PN Hamiltonian and Lagrangian are non-equivalent in the same PN order. Note
that considerable differences exist in the description of dynamics for PN Hamiltonians and
Lagrangians in the same order. Theoretically, the Lyapunov exponents are the limit value,
and numerical calculations take a long time to integrate. A more precise tool can be used
to better determine the dynamics of physical systems and give an accuracy description for
their properties.

log, /2
log, 4

Figure 4. The Lyapunov exponent of each case. (a) is a comparison among the 1PN Hamiltonian, the 1PN Lagrangian under
the approximate method, and the 1PN Lagrangian under the coherent method (Hj, L1ap, and Lex); (b) is a comparison
among the 2PN Hamiltonian, the 2PN Lagrangian under the approximate method, and 2PN Lagrangian under the coherent
method (Hy, Lyap, and Lyex).
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A fast Lyapunov indicator (FLI) is a quicker method for finding chaos than the method
of Lyapunov exponents. This indicator, which was originally considered to measure the ex-
pansion rate of a tangential vector [64], does not need any renormalization, but its modified
version can deal with the use of the two-particle method [65]. The FLI is described as

t)
(0)°

The dynamics of a system can be distinguished as ordered or chaotic for an alge-
braically or exponentially increase from FLI [65]. That is, the dynamical behavior corre-
sponding to the system is chaotic if the obtained fast Lyapunov indicator grows expo-
nentially with time; conversely, if the fast Lyapunov indicator of the system exhibits an
algebraic growth with time, then its dynamical behavior will be ordered. In Figure 5, (a)
is the fast Lyapunov indicator obtained when 2PN is not considered, corresponding to
the Hamiltonian of 1PN and the Lagrangian of the same order, where the Lagrangian
is used in the approximation method and the coherence method, respectively. Similarly,
we get (b); the difference is that the 2PN term is included at this point. Note that all
the previous cases correspond to fixed mass ratios of compact binary systems. Then, we
obtained the fast Lyapunov indicator for the 2PN case after changing the mass ratio for
the Hamiltonian and the Lagrangian using the approximation method and the coherence
method as in (c). Here, each FLI is obtained after t = 5 x 10*. From Figure 5a, we can see
that Ljex increases exponentially with log,, t, whereas Liap and H; increase algebraically
with time log;, t. The FLI of 1PN formulation claims that Liex is chaotic, whereas the Liap
and H; are regular. This is consistent with the results in the Lyapunov exponents above.
From Figure 5b, it is clear that H, corresponds to chaotic orbits, whereas Lyap and Lyex
correspond to regular orbits. Obviously, the dynamical behaviors of the PN Hamiltonian
formulation become chaotic more easily when the contribution of the 2PN term is included
because the contribution of the 2PN term to the system is mainly in the acceleration part of
the system. Moreover, there is another case of FLI for the 2PN Hamiltonian formulation
and the 2PN Lagrangian formulation. There is also the evidence that the PN Hamiltonian
and coherent PN Lagrangian have different dynamic behaviors, as is shown in Figure 5c
for a mass ratio of 1.0. Figure 5b,c indicates that Hy and Lyex are always opposite in their
dynamics, providing evidence of the non-equivalence between the PN Hamiltonian and
the PN Lagrangian formulations. This once again shows the necessity of using the coherent
equations of motion to analyze the chaotic behavior of compact binary systems. It should
be noted that, unlike in general relativity, we use coordinate distances and time to calculate
A and FLI in each case. Even so, the dynamical characteristics should correspond to the
coordinate distance and time. Given the negligibility of distance and invariant distance
herein, the ratio of proper time to coordinate time is not only finite but also positive [66,67].

d

—~

FLI = log,, (27)

QU
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Figure 5. The fast Lyapunov indicator (FLI) of each case. (a) is a comparison among the 1PN Hamiltonian, the 1PN

Lagrangian under the approximate method, and the 1PN Lagrangian under the coherent method (Hy, Liap and Liex); (b) is

a comparison among the 2PN Hamiltonian, the 2PN Lagrangian under the approximate method, and the 2PN Lagrangian

under the coherent method (Hj, Lyap, and Lpex). (c) is a comparison among Hy, Lyap, and Lyex when the mass ratio
changes to 1.0.

3.2. The Effects of Varying the Mass Ratio on Chaos

As is known to us, the conditions under which chaos occurs in physical systems are
numerous and have a very sensitive dependence on the initial conditions. In the previous
section on the investigation of the fast Lyapunov indicator, we found that the dynamical
behavior of compact binary systems changes as their mass ratios vary. In order to better
understand the relationship between the occurrence of chaotic behavior and the mass ratio
of a compact binary system, we performed an orbital scan of the system. Here, we held the
other values fixed and let 8 change from 0 to 1.4. The values of 8 and FLI correspond to each
other when we calculate the time of t = 5 x 10%. In this sense, we obtain Figure 6, where (a)
is the result of the fast Lyapunov indicator obtained by scanning when the 2PN term is not
considered, containing both the 1PN Hamiltonian and the Lagrangian models using the
approximation and coherence methods, respectively. Finally, (b) is the result of scanning
the Hamiltonian and the Lagrangian using the two methods when 2PN is included. This is
also in the same post-Newtonian order. After extensive numerical calculations, we found
that six is a threshold of FLI. For a global stable orbit, it is order or chaos that can be judged
by the value of FLI below or higher than six.

To distinguish between these two possibilities for the PN Lagrangian and Hamiltonian
approximations of the same order, we determine the different dynamical behaviors as a
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FLI

30

20

significant measure. Table 1 illustrates the main details of the related differences in terms of
chaotic parametric space. It is very clear which case occupies the larger chaotic parameter
space under the same conditions. For the first order, the PN Hamiltonian formulation is
always regular in space, and the PN Lagrangian formulation with approximate equations
of motion has a smaller space of chaotic parameters, indicating a positive effect for the mass
ratio to approximate the PN Lagrangian when it is changed from small to large. However,
there is a larger space of chaotic parameters for the PN Lagrangian formulation with
coherent equations of motion. It has been shown sufficiently that the coherent equations of
motion for the PN Lagrangian can describe more completely the dynamics of the system.
For the second order, almost the entire interval is covered by the PN Hamiltonian, as there
is a clear distinction at approximately 0.60 for the PN Lagrangian in both approximate
and coherent forms. The difference is that the coherent PN Lagrangian is starting to
become increasingly chaotic at the beginning of 0.60, whereas the approximate one is
becoming order. For the attenuation of chaotic behavior, it is not necessarily that chaos
goes from strength to weakness. This orbit has the potential to change from order to chaos,
or from chaos to order. For example, f = 0.20 in Table 1, Lex is order, and Ljex is chaotic.
Furthermore, the results offer a helpful way to distinguish the PN Hamiltonian and PN
Lagrangian with regard to the same order.

90
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Figure 6. The FLI as a function of 8 in each case. (a) is a comparison among the 1PN Hamiltonian, the 1PN Lagrangian under

the approximate method, and the 1PN Lagrangian under the coherent method (Hj, L1ap, and Ljex); (b) is a comparison

among the 2PN Hamiltonian, the 2PN Lagrangian under the approximate method, and the 2PN Lagrangian under the

coherent method (Hy, Lyap, and Lyex).

Table 1. Chaotic parameter Be [0.20,1.40] for systems shown in Figure 6.

Post-Newtonian Form Mass Ratio
Hq o
Lygp 0.89, [1.22,1.40]
Liex [0.20,0.88], 0.94, 0.96, 0.97, [1.00,1.06], 1.09, [1.13,1.40]
H; [0.20,0.99], [1.01,1.40]
Logp [0.20,0.46], 0.47, 0.48, 0.50, 0.54, 0.55, 0.56, 0.60
Loey [0.62,1.40]
4. Summary

There are two approaches to get the equations of motion for the PN Lagrangian. One
is the approximate equations of motion of the PN Lagrangian system, which can obtain
the total acceleration from the Euler-Lagrangian equation via a truncated term of higher-
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order acceleration term, and the approximation is mainly caused by the substitution of the
lower-order acceleration terms for higher-order ones. Nevertheless, this is not the case in
the treatment of the PN Hamiltonian system. The constants of motion are approximately
conserved. Another approach is that the Euler-Lagrangian equation can give differential
equations of generalized momentum directly. Velocities are not integral variables during
this process, but they can be obtained by an iterative method from algebraic equations of
generalized momentum. The constants of motion are conserved exactly. Thus, it is the
same as the role of Hamilton equations in the post-Newtonian Hamiltonian formulation.
In this sense, these equations of motion for the PN Lagrangian are coherent.

In this work, we discussed the comparison of the dynamics of PN Hamiltonians and
PN Lagrangians in spinning compact binaries of the same PN order and the same initial
condition. We investigated the dynamics of compact binary systems for Hamiltonians
and Lagrangians, including Newtonian, post-Newtonian (1PN and 2PN), and spin—orbit
coupling and spin—spin coupling parts. Particularly, the coherent equations of motion for
PN Lagrangian are used here. The dynamics of systems were considered in three cases,
the PN Hamiltonian system, the coherent PN Lagrangian system, and the approximate PN
Lagrangian system.

Our numerical analysis shows three points below:

(i) In comparing the dynamical behavior of the approximate PN Lagrangian and
coherent PN Lagrangian at the same PN order, we found that they present completely
opposite dynamics. As we have discovered, some orbits are ordered under the approxi-
mation method, but chaotic under the coherent method; similarly, some orbits are chaotic
under the approximation method but ordered under the coherent method. Our numerical
results suggest that the non-truncated coherence method of PN Lagrangian is more con-
vincing than the approximate Lagrangian method in discussing PN Hamiltonian and PN
Lagrangian dynamics at the same PN order.

(ii) For both the PN Hamiltonian and the coherent PN Lagrangian forms of the same
order, they exhibit different dynamical behaviors, which displays they are not equivalent.
The nonequivalence is consistent with the results of our previous work in PRD (2015),
which compared the PN Hamiltonian and approximate PN Lagrangian forms.

(iii) The 2PN part plays a role in causing the chaos of the PN Hamiltonian, which is
also supported by numerical calculations. The characteristic of gravitational waves for
different orbits in the two relativistic PN systems of compact binaries will be analyzed in
future work.
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