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Abstract

The dynamic aperture is an essential concept in circular particle accelerators, providing
the extent of the phase space region where particle motion remains stable over multiple
turns. The accurate prediction of the dynamic aperture is key to optimising performance in
accelerators such as the CERN Large Hadron Collider and is crucial for designing future
accelerators like the CERN Future Circular Hadron Collider. Traditional methods for
computing the dynamic aperture are computationally demanding and involve extensive
numerical simulations with numerous initial phase space conditions. In our recent work, we
have devised surrogate models to predict the dynamic aperture boundary both efficiently
and accurately. These models have been further refined by incorporating them into a novel
active learning framework. This framework enhances performance through continual
retraining and intelligent data generation based on informed sampling driven by error
estimation. A critical attribute of this framework is the precise estimation of uncertainty
in dynamic aperture predictions. In this study, we investigate various machine learning
techniques for uncertainty estimation, including Monte Carlo dropout, bootstrap methods,
and aleatory uncertainty quantification. We evaluated these approaches to determine the
most effective method for reliable uncertainty estimation in dynamic aperture predictions
using machine learning techniques.

Keywords: surrogate modelling; uncertainty quantification; Monte Carlo dropout;
bootstrap aggregation; dynamic aperture; accelerator modelling; epistemic uncertainty;
LHC; HL-LHC; FCC

1. Introduction

The dynamic aperture (DA) is a critical parameter in the design and operational
optimisation of modern circular particle accelerators. The DA is the extent of the region
in phase space where particle motion remains bounded over a defined number of turns
(see, e.g., [1] and references therein). The DA provides crucial insight into the non-linear
beam dynamics and the mechanisms induced by non-linear resonances that lead to beam
losses and reduced beam lifetime. The time evolution of DA can then be directly linked to
beam losses caused by non-linear effects [2], a connection that supports the recent method
for measuring DA in circular rings [3]. Furthermore, these models have been extended

Computers 2025, 14, 287

https://doi.org/10.3390/computers14070287


https://doi.org/10.3390/computers14070287
https://doi.org/10.3390/computers14070287
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/computers
https://www.mdpi.com
https://orcid.org/0000-0002-3456-1477
https://orcid.org/0000-0001-8033-1923
https://orcid.org/0000-0002-1122-7919
https://orcid.org/0000-0002-2093-9395
https://orcid.org/0000-0002-3218-0048
https://orcid.org/0000-0002-0301-821X
https://doi.org/10.3390/computers14070287
https://www.mdpi.com/article/10.3390/computers14070287?type=check_update&version=1

Computers 2025, 14, 287

2 0f 23

to the description of the time evolution of instantaneous luminosity in a circular hadron
collider, when non-linear effects are included [4]. The study of DA is particularly relevant
for optimising beam lifetime and, in general, performance in existing accelerators, such
as the CERN Large Hadron Collider (LHC) [5], by probing multiple combinations of ring
configurations to determine the best one, which will then be used in operation. Furthermore,
DA is also extremely helpful in guiding the development of both significant upgrades,
such as the High-Luminosity LHC (HL-LHC) [6], and next-generation machines such as
the Future Circular Collider (FCC) [7,8]. The delicate aspect is that a reliable prediction of
the DA over a sufficiently large number of turns is a computationally intensive task that
requires long-term tracking of trajectories of initial conditions across a wide range of phase
space regions and several machine configurations, each comprising tens of thousands of
lattice elements, as is the case for the LHC and FCC.

The standard approach to DA estimation relies on extensive numerical simulations
that track particle trajectories across many initial conditions over 1 x 10° to 1 x 10° turns
(see, e.g., [9,10]). This process is particularly demanding in high-energy accelerators,
whose large size implies the computation of the dynamics over a larger array of magnetic
elements. Further complexity arises from the need to perform simulations for multiple
configurations to account for uncertainties in the accelerator lattice, such as variations in
magnet imperfections, or different options for operational configurations. Typically, Monte
Carlo techniques are employed to generate different realisations of the machine that also
include the imperfections [11,12], significantly increasing the computational overhead. It
is worth stressing that the number of turns that can be reasonably simulated in tracking
studies is greatly insufficient to cover time scales relevant for operations. As an example,
1 x 10° turns used in the simulations of the CERN Large Hadron Collider (LHC) correspond
approximately to 89 s of actual time, which should be compared with the typical duration
of a fill for physics, i.e., several hours.

As a new tool to address this challenge, recent advances in machine learning (ML)
have enabled the development of surrogate models capable of predicting DA with high
accuracy and shorter CPU usage [13,14]. We stress that the goal of this approach is to
develop surrogate models that can predict the DA for machine configurations that have not
been simulated using standard tracking. Notably, recent research has shown that neural
network architecture based on Bidirectional Encoder Representations from Transformers
(BERT) [15,16] outperforms other models in capturing the non-linear dependencies between
accelerator parameters and DA [17]. This approach has shown great promise in providing
fast predictions for new machine configurations, substantially reducing the need to rely on
exhaustive numerical simulations.

Although surrogate models offer considerable computational advantages [18-20], one
critical aspect that requires further exploration is the estimation of uncertainty in their
predictions [21,22]. In the context of DA prediction, uncertainty arises predominantly from
epistemic sources, reflecting the limitations of the surrogate model’s capacity to generalise
beyond its training data. Addressing this uncertainty is essential for ensuring the reliability
and interpretability of surrogate models, particularly in operational scenarios, where there
are high stakes associated with beam stability in large-scale accelerators.

This work focuses on benchmarking uncertainty estimation techniques for DA pre-
diction using surrogate models, providing valuable insights into their performance in an
application to a complex physical system. The DA prediction problem serves as an ideal
test case for uncertainty estimation, as it involves high-dimensional, non-linear dynamics
with well-defined performance metrics.

In this study, we investigate three methods to estimate epistemic uncertainty in DA
predictions: Monte Carlo (MC) dropout [23-25], bootstrap aggregation (bagging) [26,27],
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and a mixed technique that combines both approaches. We will refer to this last combined
technique as the mixed technique. By comparing their effectiveness with the baseline MC
dropout model used in [28], we aim to develop a robust framework that improves the
accuracy of surrogate models for the prediction of DA, and the ability to interpret their
results. This research not only advances the state of ML applications in accelerator physics
but also offers a valuable case study for the broader ML community, contributing to the
ongoing development of uncertainty-aware neural network models [29-31].

This paper is organised as follows: Section 2 reviews previous work on the prediction
of DA, as well as the specifications of the BERT-based model considered and the character-
istics of the data sets used. Section 3 reviews the error estimation techniques considered,
detailing the implementation for our specific application and the benchmarking methods
used. Section 4 describes the results obtained from the benchmarking, highlighting the
performance of each method in estimating uncertainty for DA predictions. Finally, some
concluding remarks are presented in Section 5.

2. Dynamic Aperture Prediction and Machine Learning Inference
2.1. DA Evaluation via Simulation

DA evaluation through numerical simulation is a computational process that requires
careful consideration of phase space sampling. A review of the topic, tailored to the context
of this research, can be found in [17], while a broad overview on the concept and evaluation
of DA can be found in [1,2,32] and references therein. Here, we provide a brief summary
of the key aspects of DA evaluation, focusing on the angular DA representation used in
this study.

Given the complexity and computational cost of fully exploring the entire 4D phase
space, practical approaches focus on a lower-dimensional subspace to simplify probing
the phase space regions for orbit boundedness. Although the phase space is 6D, it is
customary to decouple the longitudinal motion from the transverse one, which corresponds
to considering a 4D phase space for the transverse motion in the DA simulations. A
common method involves scanning initial conditions in the form (x,0,y,0), effectively
reducing the DA computation to a 2D problem [32]. This simplification provides valuable
insight into non-linear beam dynamics and is widely adopted in accelerator physics (see,
e.g., [4,33-35]), and the approximation made is fully justified and correct.

In this context, DA is often expressed as a function of angular coordinates, referred
to as angular DA. For a given angle a; and number of turns N, the DA is defined as the
stability radius rs(ay, N). This representation allows for the evaluation of DA in different
directions in the 2D (x, y) space, improving the granularity of the analysis without requiring
expensive sampling within the full 6D phase space. Notably, for hadron accelerators, the
phase space dynamics is symplectic, meaning that only positive initial coordinates are
considered during simulations, aligning with the physical characteristics of the system.

Multiple aspects have to be considered when evaluating DA, including, but not limited
to, the choice of threshold amplitude for boundedness classification, the number of turns,
and fineness of the angular scan. Regarding the threshold amplitude, orbits that remain
below this amplitude over the course of the entire simulation are classified as stable, while
those exceeding the threshold are considered unstable. The default threshold in the tracking
codes is typically set at 1 m, an arbitrary physical aperture value. In the case of the LHC,
the collimation system plays a pivotal role in setting the beam limit, as the collimator
jaws physically restrict the beam amplitudes, absorbing particles that interact with the
collimators. The difference between the numerical value of the threshold amplitude and
the actual value provided by the collimator jaws does not pose any issue and the choice
made in the numerical simulations can be fully justified.
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Regarding the number of turns, ideal studies would track particles over 103-10° turns
to ensure an accurate DA evaluation. However, due to computational constraints, sim-
ulations are typically limited to 10°~10° turns, providing a sufficient but not exhaustive
representation of beam stability. In contrast, the ability to rely on GPU-accelerated simula-
tions enables the ability to efficiently parallelise the tracking of multiple initial conditions
and increase statistics over different configurations, enhancing the robustness of the DA
evaluation. Although, in the context of this study, the standard number of angles, fixed
at 44, was used to evaluate the angular DA, the choice of this parameter can be further
increased to improve the accuracy of each DA estimate and hence that of the surrogate
model. Within our studies, the choice of 44 angles was, however, kept to maintain compati-
bility with existing DA tracking data, where this value was picked as a trade-off between
DA accuracy and computational resources needed for the tracking. Future studies shall
consider different values and settings to assess the potential for better results.

From a computational point of view, DA is evaluated by tracking the trajectories of
particles initialised at various points in phase space. This process is carried out using
Xsuite 0.6 [36], a well-established simulation toolkit for accelerator physics. The initial
conditions are defined in polar coordinates in (x,y), enabling the determination of the
angular DA for each direction.

An example of the results of these simulations is illustrated in Figure 1, which show-
cases one of the LHC configurations used to train the Deep Learning (DL) surrogate models.
These simulations form the foundation for the development of surrogate models that repli-
cate the DA evaluation process with greater speed and minimal computational cost. The
colour indicates the stability time, i.e., the time during which the amplitude of the orbit
remains below the threshold amplitude. It can be observed that, for each radius, the first
unstable particle is detected in each angular direction, providing a measurement of the
angular DA for the given configuration.
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Figure 1. Example of the input data used for evaluating the angular DA, showing the stability radius
rs for different angular directions &y and the number of turns Ny, for which the orbit of each
initial condition remains bounded. DA prediction performed by our BERT model, presented in the
following, is also included. Image adapted from [17].
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2.2. Composition of the Dynamic Aperture Data Set

The data set used to train and evaluate DL models for DA prediction is made up of
accelerator configurations generated using the MAD-X code [37—40]. The focus of this
study is the LHC, specifically in the configuration employed during the 2024 physics run
at the injection energy of 450 GeV. This baseline setup was systematically modified by
adjusting key accelerator parameters, creating a diverse collection of configurations for
training purposes. We recall here the main features of the data set, while further technical
details can be found in [17]. The primary parameters varied include the betatron tunes Qy
and Qy, the linear chromaticities Q) and Q’y, the strength of the Landau octupole magnets
(quantified by the current Iy;o flowing through them), and different realisations of magnetic
field errors. These magnetic error realisations reflect field imperfections across the magnet
families in the ring and each realisation represents a different series of magnetic field errors
inside the measurement errors. Configurations for both Beam 1 (clockwise) and Beam 2
(counter-clockwise) were independently generated to account for differences in magnetic
field errors between the two channels. This distinction is due to the presence of separate
magnetic channels for the two beams, and the vast majority of magnets are two-in-one
aperture devices.

The initial data set comprises 5000 LHC configurations and was constructed by per-
forming a uniform grid search throughout the parameter space, specifically scanning the
betatron tunes in the range Qy € [62.1,62.5] and Q, € [60.1,60.5] with steps of 5 x 1073,
Linear chromaticities Q' were sampled from 0 to 30 in steps of 2, applying the same value
to both Q/, and Q’y. The strength of the Landau octupoles Iyjo was varied between —40 A
and 40 A, with steps of 5 A. For each configuration, five realisations of magnetic field errors
(randomly selected from a pool of 60) were assigned to both Beam 1 and Beam 2, resulting
in a total of 5000 accelerator configurations.

To further enrich the data set, 5655 additional configurations were generated using an
active learning (AL) framework developed by our team [28]. The acquisition function used
in this framework is directly based on epistemic uncertainty, estimated as the variance of
the predicted DA observed from a basic MC dropout setup. Candidate accelerator lattice
configurations with the highest uncertainty in the angular DA prediction were selected. This
uncertainty-driven sampling strategy improves efficiency by targeting informative samples.
Before evaluation, all candidate configurations underwent preprocessing, including feature
normalisation and discretisation, to ensure numerical stability and consistency with the
model’s input format. Similar preprocessing strategies have proven to be effective in other
domains, such as intrusion detection [41] and probabilistic modelling [42], and are essential
to maintain model performance and reliability in data-driven workflows.

As demonstrated in previous studies [28], this active sampling method improves the
accuracy of the surrogate model by promoting the exploration of configurations where the
physics governing the DA has not been fully captured.

Multiple threshold amplitudes were considered to define bounded orbits corre-
sponding to different collimator apertures. Specifically, four collimator aperture values
(50,5.70,6.70,110) were examined alongside the default threshold of 1 m. The inclusion
of these smaller thresholds reflects the operational constraints of the LHC, where the col-
limation system plays a key role in limiting beam amplitudes to mitigate beam losses in
superconducting magnets. In contrast, the 1 m threshold is used in idealised studies aimed
at identifying which accelerator configurations yield the largest possible DA.

Beyond static DA predictions, the data set also captures the time evolution of the
DA. This is accomplished by including DA values computed at various numbers of turns,
ranging from 1 x 10 to approximately 5 x 103. The sampling intervals are defined by the
boundaries at 1,5,10%,100 + 502 (with 1 < I; < 10 and 1 < I, < 8). By incorporating
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temporal information, the model is trained not only to predict static DA values but also its
time evolution.

The number of tracking turns varies between configurations in the data set. A
subset of 3805 configurations was tracked for up to 5 x 10° turns, while the remaining
6850 configurations were limited to 1 x 10° turns. This deliberate imbalance is designed to
train the machine learning model to perform a limited level of extrapolation, enabling it to
predict DA on longer timescales even when only a smaller subset of long-term tracking
data is available.

The total number of training samples is determined by combining three components:
the number of accelerator configurations, the 44 angular directions used to probe the phase
space, and the 19 time bins capturing the evolution of stability. This results in an 836-fold
expansion of the original data set size.

Since beam-beam effects are excluded from the simulations, the beam emittance
acts as a simple scaling factor, which allows one to define a simple strategy to further
increase the size of the data set. Angular DA values, originally calculated for the nominal
emittance, can be rescaled to reflect different beam emittances without requiring additional
computationally expensive simulations [17]. One can use the following formula (see
Appendix A for more detail):

€ \/e;; sin® ay + ejf cos? ag
DA/ (a;, N) = DA(a, N)

, 1
e (1)

where €* represents the nominal normalised emittance of 2.5 um, DA (ay, N) is the angular
DA computed with tracking simulations assuming the same emittance (¢*) for the motion
in x and y, and DA/ (&, N) is the derived value of the angular DA for the case in which
the emittances for the motion in x and y are €} and e’y, respectively. A set of 12 uniformly
sampled emittance values, ranging from 0.25 pm to 50 um, was used, with horizontal and
vertical emittances related by a Gaussian distribution with a standard deviation of 10%.

The last data augmentation addresses two critical objectives. Firstly, it allows the
surrogate model to learn the impact of beam emittance on DA. Secondly, it ensures a more
uniform distribution of DA values within the training set by applying inverse sampling
to correct for imbalances in the original data. This augmentation process leads to a more
even representation of DA values, facilitating better model generalisation and reducing
bias during training.

After augmentation and unbiasing, the data set expands to approximately 5 x 107 angu-
lar DA samples. Of this, 10% was used for validation, 10% for testing, and 80% for training.

To better capture the complex dynamics affecting DA, additional variables were cal-
culated using MAD-X and PTC [43,44]. These include maximum values of the Twiss
parameters ay y and By, and the phase advances y, between the ATLAS and CMS colli-
sion points. Moreover, non-linear beam dynamics is characterised by seven anharmonicity
coefficients, representing amplitude detuning up to the second order [45].

Continuous input features were standardised by normalising with their mean and
standard deviation, improving model convergence and stability. Discrete variables, such as
beam and seed identifiers, were excluded from this process.

Unlike previous studies, no maximum value was applied to the angular DA values, as
the augmentation and unbiasing steps provide a balanced distribution, allowing the model
to learn from the full range of DA values without introducing artificial bias. While this
study focuses on the CERN LHC ring, the same methodologies and techniques for data
set configuration and data augmentation can be applied to different accelerator rings with
little change, keeping the variables of interest for the optimisation campaign as the input
layer. This provided that the data augmentation methods used, such as emittance rescaling,
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are consistent with the assumptions of the tracking simulations; in this case, the absence of
beam-beam effects.

2.3. Machine Learning for Fast DA Prediction

We developed a neural network-based regressor capable of predicting angular DA val-
ues from accelerator configuration, polar angles, and the number of tracked turns. Several
neural network architectures were evaluated [17], using TensorFlow 2.13.1 [46,47] as the
primary development framework, ultimately highlighting BERT as the best performing
architecture, with an acceptable increase in computational cost if compared to the baseline
neural network models used in initial studies. Rectified Linear Unit (ReLU) [48,49] activa-
tion functions were used to enhance the network’s capacity to learn non-linear relationships,
while hyperparameters were optimised through random search using the Keras Tuner
library to maximise model performance [50].

Originally developed for natural language processing, the BERT architecture is partic-
ularly well suited for complex regression tasks due to its capacity to model bidirectional
dependencies through self-attention mechanisms. By capturing intricate relationships
between input features, BERT extends its effectiveness to numerical and structured data
applications, such as DA prediction. The BERT-based model used in this work consists
of 12 transformer encoder layers [51], each incorporating multi-head self-attention with
eight attention heads. This design allows the model to extract diverse representations of
the input data simultaneously, enhancing its ability to generalise across varying accelerator
configurations. A feed-forward neural network (FFN) follows each attention block, with a
hidden layer size of 512. To stabilise training and mitigate overfitting, layer normalisation
and dropout (with a rate of 0.5) are applied before and after each FFN layer. An overview
of the BERT-based architecture is presented in Figure 2.
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Figure 2. Sketch of the BERT-based neural network architecture used for DA inference. Image
adapted from [17].

A global average pooling layer is appended at the end of the transformer blocks to
condense the sequence dimension into a fixed-size vector, streamlining the prediction
process while preserving critical information. This architecture ensures efficient processing
and high accuracy in predicting angular DA values across different configurations.
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The BERT-based regressor represents a significant advancement in fast DA prediction,
demonstrating the potential of transformer-based models to outperform conventional
neural networks in accelerator physics applications. This approach provides a scalable and
efficient alternative to traditional simulation methods that offers substantial reductions in
computational cost without compromising accuracy.

The performance of the BERT-based model in predicting DA values is summarised
in Figures 3 and 4. Figure 3 shows the correlation plots of the predicted DA versus the
true DA for both the validation and test data sets. The high values of the Pearson corre-
lation coefficients demonstrate the model’s ability to accurately predict DA values across
different configurations. Nevertheless, some individual cases exhibit notable discrepan-
cies between predicted and actual values, particularly in more challenging regions of the
parameter space.

Furthermore, Figure 4 presents box plots of the relative errors in the prediction of
the DA of the test data set, grouped by the number of turns (top) and the true DA value
(bottom). The relative error is defined as the absolute difference between the predicted
and the true values, normalised by the true value (i.e., |DApred — DAtrue| /DAtrue)- These
box plots indicate that the BERT model tends to exhibit higher relative errors for lower DA
values. This behaviour is likely due to the model being trained using the mean absolute
error as the loss metric. Despite this, the model demonstrates good overall reconstruction
performance. This is evidenced by the Pearson correlation coefficient being close to one,
the majority of the predictions clustering around the identity line, and the alignment of
the median predicted values with the true DA values. It is important to note that only the
outermost flyer is shown for each group in the box plots, which means that the most distant
outlier is shown in each set. These reflect individual cases with high relative errors, which
are observed in a small fraction of configurations.

This consistent performance across different data sets and grouping criteria highlights
the robustness and reliability of the BERT-based model in predicting DA values. It should
be noted that the numerical value of the computed DA also increases with smaller DA
values given that the step of the grid of initial conditions is uniform in amplitude.

20.0
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Figure 3. Correlation plots of the predicted DA values versus the true DA values obtained from
the BERT-based model for the validation (a) and test (b) data sets. The high values of the Pear-
son correlation coefficients demonstrate the model’s ability to accurately predict DA values across
different configurations.
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Figure 4. Box plots of the relative errors for the DA prediction from the test data set, considering
different grouping criteria. Each box represents the interquartile range (IQR) of the data, with the
central line indicating the median, and the whiskers extending to 1.5 times the IQR. Only the top
flyer is shown for clarity. (Top) Relative errors grouped by the number of turns, which corresponds
to the input value provided to the network, i.e., the angular DA evaluated at a given number of turns.
(Bottom) Relative errors grouped by the true DA value. It can be observed that the BERT model tends
to exhibit higher relative errors for lower DA values.

3. Techniques of Epistemic Error Estimation

Reliable uncertainty estimation is a critical component in the development of robust
and effective ML models. In our context, we distinguish between epistemic and aleatoric
uncertainty. Epistemic uncertainty reflects the model’s lack of knowledge, typically due
to limited training data or insufficient representational capacity, and manifests itself as
uncertainty over the model parameters. It is, in principle, reducible with additional data or
better-informed training. In contrast, aleatoric uncertainty arises from the inherent noise or
randomness in the data itself, and is considered to be irreducible.

In our setup, the data originate from deterministic numerical simulations; therefore,
they lack measurement noise and other typical sources of aleatoric uncertainty found in
experimental data. That said, elements of aleatoric-like behaviour arise from the stochastic
nature of the orbits in highly chaotic regions of the accelerator phase space. This introduces
an intrinsic form of randomness that cannot be fully eliminated. However, as shown in
previous studies [32], its impact can be mitigated by careful balancing of angular and
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radial sampling of initial conditions, which helps reduce the contribution of this effect to
overall uncertainty.

Given this, our focus is on epistemic uncertainty, which is the main contributor to the
prediction error in our scenario. Although we acknowledge that certain sampling-related
uncertainties could be treated as aleatoric in nature, they are expected to have a limited
impact provided that balanced sampling quota are respected [32]. Exploring such effects is
left for future work, as they are not the main driver of uncertainty in the current analysis.

3.1. Monte Carlo Dropout

MC dropout is an efficient approach to estimating epistemic uncertainty by leveraging
the inherent stochasticity of dropout layers during both training and inference. Tradition-
ally, dropout functions are used as a regularisation technique, preventing overfitting by
randomly deactivating neurons during each forward pass. The key innovation of MC
dropout lies in its application at inference time, where it simulates an ensemble of neural
networks without requiring the explicit training of multiple models.

This method can be interpreted as a form of approximate Bayesian inference [25].
In this framework, applying dropout at inference time introduces stochasticity that acts
as a variational approximation to a posterior distribution over the model’s weights. By
performing multiple forward passes with random dropout masks, one obtains a distri-
bution of predictions from which uncertainty can be estimated. Although this approach
does not use explicitly defined priors beyond those implicitly imposed by dropout, the
resulting spread in outputs effectively reflects epistemic uncertainty under a Bernoulli prior
assumption. Although more rigorous Bayesian methods exist, this approximation remains
computationally tractable and well suited to large models such as BERT.

It also requires minimal architectural changes and integrates naturally into com-
plex networks, making it a practical choice for the prediction of DA. However, it may
underestimate uncertainty in settings with highly non-stationary or intricate data distribu-
tions [52,53], and its ability to capture model uncertainty is ultimately constrained by the
limitations of the sampling process [21].

In practice, during the inference phase, the dropout is activated for a series of T
forward passes. This process yields T stochastic predictions for each input, from which the
mean prediction can be computed as follows:

~l =

T
W) ==Y vi, 2)
i=1

where y; represents the DA prediction obtained at the ith stochastic pass, and the variance
of these predictions serves as a measure of model uncertainty and reads as follows:

=T L= W), )

which reflects the spread of predictions and provides a direct estimate of epistemic uncertainty.

In the implementation of this method, the dropout layers are integrated at different
stages of the neural network architecture. An overview of the BERT-based model enriched
with dropout layers is presented in Figure 5. Dropout layer implementation was completed
using the built-in version provided by the TensorFlowframework. To enable a comprehen-
sive exploration of possible dropout configurations, we include multiple dropout layers
positioned at different points within the hidden architecture of the network. Since there
is no strong theoretical guidance favouring a specific placement, we adopt a pragmatic
approach and empirically evaluate all combinations to identify the best-performing setup
based on the chosen metrics. Considering six distinct dropout layer positions, we explore
all non-empty subsets, resulting in a total of 2® — 1 = 63 configurations.
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Figure 5. Sketch of the trained BERT-based neural network architecture enriched with additional
dropout layers for MC dropout.

Regarding the dropout rate, a range of values between 1 x 107® and 0.5 is explored
with logarithmic sampling to determine the most effective setting to capture uncertainty.
As far as the dropout layer placement is concerned, the goal is to test a sufficiently broad
and diverse set of values in an agnostic manner, aiming to identify the configuration that
yields the best performance.

During inference, stochastic forward passes are performed for each input, ensuring
sufficient sampling to obtain reliable uncertainty estimates. This choice of T is motivated
by the trade-off between computational efficiency and uncertainty accuracy, balancing the
need for robust uncertainty quantification with computational cost. An overview of the
convergence of an MC estimate for different values of T is shown in Figure 6, highlighting
the impact of the number of samples on the performance of uncertainty estimation. It is
clearly seen that (i) converges rather smoothly to its limit, whereas ¢ features some more
non-monotonic variations, in any case, being close to the limit value for T = 128.

To justify the use of variance as a measure of uncertainty, which assumes the prediction
distribution is approximately Gaussian, we empirically analysed the output distributions
of MC dropout samples for selected configurations. Kullback-Leibler (KL) divergence [54]
was used to quantify deviations from normality [55], with the results for two representative
cases shown in Figure 7. These show that while highly confident predictions can appear
nearly deterministic, predictions with higher uncertainty tend to follow a distribution
that closely resembles a Gaussian. This supports the use of variance as a practical proxy
of uncertainty in this context. Deviations from Gaussian behaviour do occur, especially
due to model complexity, but they typically correspond to regions where the model is
confident and variance is low. In such cases, variance remains a meaningful, though
limited, indicator of uncertainty. Similar distribution patterns were observed for the other
methods considered.
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Figure 6. Convergence of (y) and o in the MC dropout estimate for different values of T of an angular
DA instance. Top: Impact of the number of samples (shown in the bottom plot) on the uncertainty
estimation performance. It can be observed that sufficient stabilisation of (y) and ¢ is achieved for
T = 128. This specific sampling was performed using configuration 57 with dropout rate 0.001
(details on the dropout configuration are presented in the later sections); comparable trends were
observed in the other configurations as well.
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Figure 7. Empirical assessment of the Gaussian behaviour of MC dropout samples for two repre-
sentative configurations. The left plot corresponds to a low-variance case, where the distribution
appears nearly deterministic. The right plot shows a higher-variance case, with a distribution that
more closely resembles a Gaussian fitted to the sample mean and standard deviation. KL divergence
values quantify the deviation from normality in each case, with a value >0.1 indicating significant
non-Gaussian behaviour, and a value <0.05 suggesting a good match to Gaussian-like behaviour.

3.2. Bootstrap Agqregation (Bagging)

Bootstrap aggregation, commonly known as bagging, provides an alternative approach
to estimating epistemic uncertainty by constructing an ensemble of models trained on
resampled versions of the original data set. This technique introduces variability in the
training process through data resampling, resulting in a collection of models that globally
improves prediction accuracy and offer robust uncertainty estimates.

Bagging offers a strong representation of uncertainty by capturing the full extent of
model variability across different data subsets. By training models on resampled data,
the ensemble is less prone to overfitting and tends to generalise better to new data. This
method effectively reduces variance and improves the stability of the model. However, the
primary drawback of bagging lies in its computational demands. Training multiple neural
networks significantly increases both the memory footprint and training time, making it
less practical for large-scale systems where computational resources are limited.

The bagging process begins by generating B bootstrap data sets by random sampling
with replacement. Each bootstrap data set maintains the same size as the original training
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set but contains a different distribution of samples. A unique neural network is trained
on each of these resampled data sets, producing a set of B models. For inference, each
model provides a DA prediction for the same input, and the final prediction is calculated
by averaging the outputs of the ensemble:

1

B
W) =% Y W (4)
b=1

where y;, denotes the prediction of the bth model. The variance among these predictions

= |

serves as a direct estimate of epistemic uncertainty, expressed as follows:

B

=2 Y (0 ) ©)

b=1
In this work, an ensemble of B = 128 BERT models is trained, with each model
initialised with different weights and trained on distinct bootstrap samples, where a
different extract of 50% of the training data is used for each model. The number of models
considered is chosen to match the number of samples used in the MC dropout approach,
ensuring a fair comparison between the two methods.

3.3. Mixed Technique

To explore the potential benefits of combining MC dropout and bagging, a mixed tech-
nique is introduced that integrates elements of both approaches. This hybrid method aims
to leverage the information diversity provided by bagging, enhanced with the stochastic
sampling of MC dropout. By combining these two techniques, the mixed approach seeks to
capture a more comprehensive representation of epistemic uncertainty, potentially leading
to more accurate and reliable uncertainty estimates.

In the mixed technique, an ensemble of B = 128 models is trained using bootstrap
aggregation. Each model in the ensemble is trained on a different bootstrap sample of the
original data set, introducing variability that encourages diversity in the learnt representa-
tions. This diversity among the models helps to reduce overfitting and improve generalisa-
tion. Additionally, each model in the ensemble is enriched with dropout layers, which are
activated during training and inference to introduce stochasticity in the predictions.

During inference, each model in the ensemble is subjected to T = 128 stochastic
forward passes, generating a total of B x T = 16,384 predictions for each input. This
extensive sampling process allows the mixed technique to capture a wide range of possible
outcomes, providing a robust estimate of the model’s uncertainty. The final prediction is
obtained by averaging the output of the ensemble, while the variance among the predictions
serves as a measure of epistemic uncertainty, similar to the measure provided by the
standard MC dropout and bootstrapping.

4. Results of the Comparative Analysis
4.1. Uncertainty Evaluation and Benchmarking

To evaluate the performance of uncertainty predictions, we use the uncertainty ob-
tained from our BERT-based model as the basis. Since this model is used as the primary
regressor for DA, its predictions on the validation and test data sets serve as a reference to
evaluate the quality of the uncertainty. Specifically, the target uncertainty is computed by
measuring the absolute error between the DA values predicted by the BERT model and the
true DA values obtained from numerical simulations.

Given the stochastic nature of the BERT model’s error distribution, achieving a precise
one-to-one reconstruction of target uncertainties is unrealistic. Each prediction represents a
unique realisation of the model’s uncertainty. Therefore, we assess the quality of uncertainty
estimation using two metrics, namely Pearson’s correlation and the root mean squared error
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(RMSE). A higher Pearson correlation indicates that the model effectively identifies regions
of increased epistemic uncertainty, which are prime candidates for additional simulations
in the context of active learning. The RMSE provides a measure of the average magnitude of
the error between the estimated and target uncertainties. Given that the target uncertainties
span multiple orders of magnitude, the RMSE is computed on their logarithm to ensure
a more balanced evaluation across the entire range. Applying the logarithm mitigates
the dominance of large values and prevents smaller values from being disproportionately
overshadowed, leading to a more meaningful assessment of reconstruction performance.

By highlighting areas where epistemic uncertainty is most pronounced, models with
higher correlation scores enable a more efficient allocation of computational resources,
guiding subsequent DA simulations to regions where further data are the most valuable.

We benchmarked all possible MC dropout configurations in the validation data set
to gain an initial overview of their performance. Based on Pearson’s correlation and
RMSE, the two best-performing MC dropout configurations were selected and used to
construct two mixed technique instances, which were also tested on the validation data
set. The five resulting models (bagging, the two selected MC dropout models, and the
two mixed technique models) were then benchmarked in the test data set. This approach
allows us to first identify the two best MC dropout models using the validation data
set, incorporate them into mixed technique models, and then use the test data set as
a final benchmark to comprehensively compare the selected MC dropout models, the
mixed techniques built from them, and the bagging approach. Furthermore, all of these
techniques are benchmarked against the baseline MC dropout setting used in our previous
work, providing a direct comparison to the earlier methodology.

4.2. Results of Uncertainty Estimation

We evaluated various MC dropout configurations for the validation data set, with
the results presented in Figure 8, where it is possible to observe how different choices
of dropout layers and rates impact the final Pearson correlation and RMSE achieved. By
analysing these results, we identified the optimal dropout layer configuration and dropout
rate that yield the best performance for both metrics. The best-performing model, marked
with a red cross, represents one of the most effective configurations of dropout layers
and rates for accurate uncertainty estimation. Although the two selected models share
the common characteristic of having dropout activated within the transformer blocks,
their dropout rates differ by an order of magnitude and their dropout configuration is not
identical. This suggests that, rather than identifying a single optimal configuration, the
red crosses may indicate local minima within a broader landscape of nearly equivalent
configurations. The observed trend highlights the importance of dropout placement within
transformer blocks, but further analysis is needed to determine whether the selected models
truly represent the absolute best configurations or if a range of similar setups could achieve
comparable performance.

To further inspect the correlation between the Pearson correlation and RMSE, Figure 9
presents the performance of different MC dropout configurations and techniques. Although
some configurations show a clear negative correlation, others follow distinct patterns,
indicating different behaviours. A smaller subset of configurations achieves overall better
error reconstruction, suggesting that a subset of MC dropout settings can be relied upon.
Ultimately, the highlighted configurations in Figure 9 represent the best overall choices,
although differences within such an optimal cluster of configurations are observed to
be minimal.
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Figure 8. Overview of the achieved performance in predicting the DA uncertainty using different MC
dropout configurations and dropout rates. The Pearson correlation (top plot) and mean squared error
(central plot) are shown for each configuration, with the best-performing model highlighted with a
red cross. The baseline configuration, used in our previous work [28], is highlighted with a red dot.
To the side of the colour maps, additional unitary colour maps are included to illustrate the mean
values observed when averaging over all configurations that share the same dropout rate or the same
dropout layer configuration. These side plots help highlight the effectiveness of specific dropout
rates and layer placements. The bottom plot displays the corresponding dropout layer configuration,
highlighting which layers were activated during the sampling.

[
1.2 4 ® 3.'
0
° & N . P
oo .
1.14 °
-
-
1.0 1 oo 00 °
e MC Dropout configurations ° H
gk Baseline MC Dropout configuration ® (29 4
[ca] 0.9 1 A Bootstrap A
w0
S Y MC Dropout — Best RMSE
~ i v MC Dropout — Best Pearson correlation o
0.8 ° % e ®
Y Combined technique — Best Pearson correlation - ° LY
v Combined technique — Best RMSE LA 4 ° - [
0.7 1 °
° o0
Ce oe LX) (X - PR
06 T [l 1] eeee L Y o °
eeee IT o . e o ¥
¥ e wsr- vV v
0.5 1
T T T T T T T T
0.400 0.425 0.450 0.475 0.500 0.525 0.550 0.575

Pearson correlation

Figure 9. Scatter plot of Pearson correlation versus RMSE for various MC dropout configurations and
techniques. The baseline MC dropout configuration, bootstrap aggregation, and the best-performing
configurations for each metric (Pearson correlation and RMSE) are highlighted. The results of the
combined technique are also included.



Computers 2025, 14, 287

16 of 23

The selected MC dropout configurations were then used to compose two mixed
technique instances, which were also evaluated on the validation data set. The results of
this evaluation, along with the bagging method, are presented in Figure 10 in the form of a
correlation colour map, showcasing the Pearson correlation and RMSE for each case. It can
be seen that the different techniques generally capture the same trends in relative errors,
exhibiting similar overall performance. The best Pearson correlation is achieved by the MC
dropout model selected based on Pearson correlation, while the best RMSE is obtained
by the mixed technique model constructed using the MC dropout configuration with the
best RMSE. However, the differences between the various approaches remain relatively
minor, suggesting that no single technique provides a significantly superior advantage over
the others. In any case, all methods show a clear improvement compared to the baseline
configuration, as summarised in Table 1.
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Figure 10. Distribution of the correlation between the predicted and true relative error for the BERT
model for the validation data set. The Pearson correlation and RMSE are shown for each technique.
The results are presented for the MC dropout models selected with the baseline configuration, the
best Pearson correlation, and the best RMSE, the bagging method, and the mixed technique models
constructed with the best Pearson correlation and the best RMSE MC dropout models. Overall, the
performance is the same for all new cases considered, with a significant improvement if compared to
the baseline MC dropout configuration.
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It should be noted that the true relative error exhibits a wide range of values, ranging
from 10~ to 10?, while the relative errors predicted by uncertainty estimation techniques
are restricted to a narrower range of 1072 to 102. The limited range observed in the predicted
uncertainties reflects the inherent constraints of the estimation techniques used. These
methods capture the epistemic uncertainty of the model, but they are also influenced by
systematic limitations inherent to the techniques used, which cannot be fully eliminated.
As a result, the predicted uncertainty cannot fall below a certain threshold even when the
model is confident.

In contrast, the actual errors, which we recall are defined as the relative difference
between predicted and true values, are not inherently bounded in this way. They can vary
freely and, in principle, approach zero when the prediction is highly accurate.

Despite the presence of this lower bound in the predicted uncertainty, its impact on the
overall ability of the model to reconstruct the true error remains marginal. The prediction
intervals still offer a meaningful characterisation of uncertainty in most of the data range.

To further inspect the resulting relative error distributions achieved by the different
techniques, we grouped the relative errors by the number of turns, which corresponds
to the input value provided to the network, i.e., the angular DA evaluated at a given
number of turns, and by the true angular DA value. The box plots presented in Figure 11
provide an overview of the relative errors obtained for the validation data set, providing the
performance of the five selected techniques for the various grouping criteria. The results
show that the various methods exhibit a systematic reduced spread in the value of the
relative error compared to the true relative errors. This corresponds to the observations
made for the correlation plots of Figure 10. However, note that the median values are
closed together for all techniques. These characteristics in the reconstructed relative errors
highlight the inherent limitations of uncertainty estimation techniques in precisely repro-
ducing the absolute values of the true relative errors. However, in the context of active
learning, an exact reconstruction of the error value is not necessarily required. Instead,
what matters is the ability to establish a reliable threshold to determine whether a given
sample requires further simulation or can be trusted [28]. Given these findings, future
active learning strategies should focus on leveraging trends in reconstructed relative errors
to guide threshold-based decision making, rather than relying on their absolute values for
a perfect reconstruction.

When applied to the test data set, the five selected techniques exhibit performance
similar to those observed on the validation data set. The results are consistent across the
different grouping criteria, with the models capturing the same trends in the relative errors.
The results are summarised in Table 1, which shows how the mixed technique model
constructed with the best RMSE MC dropout model is the best-performing technique on
the test data set. The MC dropout model selected with the best Pearson correlation also
demonstrates a comparable performance, superior to the bagging method. Of course, it is
fair to note that the differences between the various techniques are small.

Table 2 reports the coverage of the predicted confidence intervals for various un-
certainty estimation techniques. The baseline MC dropout model, without any tuning,
performs poorly, capturing less than 1% of true values in all intervals. In contrast, the config-
uration optimised for the Pearson correlation achieves the best calibration, with empirical
coverages of 67.1%, 85.7%, and 90.5% for the 68%, 90%, and 95% intervals, respectively,
values that closely align with expected coverage levels. The bagging and mixed technique
also show strong performance, with coverage values approaching expected coverage as
well, especially in Pearson-optimised settings. RMSE-optimised techniques perform poorly
in terms of calibration, highlighting a trade-off between point prediction accuracy and
uncertainty reliability.



Computers 2025, 14, 287

18 of 23

When factoring in the computational efficiency of the different approaches, MC
dropout emerges as the most effective method for uncertainty estimation. Its ability to
provide reliable uncertainty estimates with minimal computational overhead makes it an
attractive choice for integrating uncertainty-aware models in accelerator physics applica-
tions. The mixed technique, while offering a slight improvement in performance, does
not justify the additional computational cost associated with training multiple models.
This implies that although the combined method aims at different sources of theoretical
uncertainty, it does not produce substantially more information than the techniques applied
separately. This observation suggests that the uncertainties addressed by MC dropout and
bagging could be derived from similar aspects of the model’s behaviour. Bagging, on the
other hand, demonstrates comparable performance to MC dropout but is weak in terms of
computational efficiency, limiting its practicality to large-scale systems.
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Figure 11. Box plots of the relative errors for the DA prediction on the validation data set, considering
different grouping criteria. Each box represents the interquartile range (IQR) of the data, with the
central line indicating the median, and the whiskers extending to 1.5 times the IQR. Only the top
flyer is shown for clarity. (Top) Relative errors grouped by the number of turns, which corresponds
to the input value provided to the network, i.e., the angular DA evaluated at a given number of turns.
(Bottom) Relative errors grouped by the true DA value. It can be observed that all methods capture
most of the same trends in the relative errors, demonstrating very similar performance.
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Table 1. Comparison of uncertainty estimation techniques for the relative error in the DA predictions.
The Pearson correlation and RMSE is listed, and the best results are highlighted in bold. It should be
note that the observed variations are small.

Validation Test
Technique Pearso.n RMSE Pearso.n RMSE
Correlation Correlation
MC Dropout (Baseline) 0473 1.141 0.381 0.92
MC Dropout (Best Pearson) 0.583 0.575 0.581 0.575
MC Dropout (Best RMSE) 0.581 0.524 0.579 0.525
Bootstrap Aggregation 0.562 0.568 0.518 0.581
Combined Technique (Best Pearson) 0.565 0.570 0.557 0.574
Combined Technique (Best RMSE) 0.568 0.522 0.560 0.523

Table 2. Coverage (%) of confidence intervals (CI) for different uncertainty estimation techniques.
The technique with the empirical coverage closest to the expected coverage is highlighted in bold.
The coverage is computed as the percentage of predictions for which the true DA value falls within
the estimated confidence interval.

Technique 68% CI (%) 90% CI (%) 95% CI (%)
MC Dropout (Baseline) 0.3 0.3 0.3
MC Dropout (Best Pearson) 67.1 85.7 90.5
MC Dropout (Best RMSE) 37.1 55.3 62.4
Bootstrap Aggregation 60.8 79.5 84.9
Combined Technique (Best Pearson) 65.3 83.8 88.7
Combined Technique (Best RMSE) 36.7 55.3 62.5

5. Conclusions and Outlook

In this study, we have investigated various techniques for estimating epistemic uncer-
tainty in the prediction of DA using a BERT-based DL model. We evaluated MC dropout,
bootstrap aggregation, and a mixed technique that combined both methods to predict
uncertainty in DA values. The methods were compared on a large data set of LHC configu-
rations, using the results of the BERT model as a reference for uncertainty estimation. We
stress that this study provides a unique opportunity to compare the various techniques to
provide epistemic uncertainty against the true uncertainty.

Among the methods evaluated, MC dropout and the mixed technique have shown the
best results, although the various methods proved to be rather comparable in providing
valid uncertainty estimates. MC dropout also emerges as the most effective technique
due to its computational efficiency and ease of integration with existing neural network
architectures and the fact that it does not require the retraining of multiple models. This
approach not only offers robust uncertainty quantification but also does so with significantly
lower computational effort compared to bootstrap aggregation and the explored mixed
technique. Furthermore, when optimised for correlation, MC dropout achieves the best
coverage in confidence intervals, closely matching the expected coverage.

Our results demonstrate a clear improvement over the MC dropout configurations
proposed in previous work. This enhancement is achieved through a series of refinements,
including the optimisation of the dropout layer architecture, the introduction of bootstrap
aggregation, and the development of a mixed technique combining both approaches. These
numerical experiments highlight the importance of carefully selecting the dropout con-
figuration and the uncertainty estimation strategy to improve the quality of uncertainty
predictions without incurring significant computational cost. Among the methods tested,
our optimised MC dropout approach consistently delivers the best balance between ac-
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curacy, robustness, and efficiency. We therefore recommend it as a practical and effective
solution for DA uncertainty quantification.

Future efforts will focus on integrating these uncertainty estimation methods into
active learning frameworks and further extend these methods to include more beam
dynamics effects, such as beam—beam. Using active learning, our aim is to further enhance
the efficiency and accuracy of DA predictions, guiding the selection of new data points
for simulation based on model uncertainty estimates. This approach promises to optimise
computational resources and improve the reliability of surrogate models in accelerator
physics applications. Ultimately, the improvement in the uncertainty estimation will
enhance the ML framework, leading to more confident decisions on the performance
related with accelerator configurations.
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Appendix A. Dependence of the Angular DA on the Beam Emittance

Let us assume that the numerical simulations to determine the DA of a given accelera-
tor lattice have been carried out by defining a polar grid of initial coordinates in phase space.
The angular DA describes the border of a region that, in polar coordinates, is described as

x(ar) = ve* DA(ag, N) cos ay,

Al
y(ax) = V& DA (i, N) sin ., (&)

where €* represents the emittance for the x and y motions. The values of DA(ay, N) are
determined by CPU-intensive tracking simulations. Whenever beam-beam effects are
not taken into account, the emittance value used to define the grid of initial conditions
represents an arbitrary scale. Therefore, it is possible to transform the calculated angular
DA values in the case where the emittance values in the x and y directions are different
and also differ from the value used in the numerical calculations.

This can be obtained by assuming a new coordinate system defined as

x(Bi) = /€ DA’ (B, N) cos B,
y(Br) = \/ey DA (B, N) sin By,

/
B = arctan L / i—i‘ tan ak] , (A3)
y

(A2)

where



Computers 2025, 14, 287 21 of 23

and Equation (A2) can be recast in the general form

x(ax) = /€ DA (ar, N) f (o) ,

(Ad)
y(ar) = \/€;, DA (ay, N)g(a) .
It can immediately find the following relationship
€*
DA'(ag, N) = DA(ay, N , A5
(IXk ) (“k )\/eécfz(“k) i €’yg2(lxk) (A5)

and, by applying standard trigonometric properties, it is possible to obtain Equation (1).
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