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Abstract In this paper, we investigate the time dependent
black holes in the frame of Einstein—Gauss—Bonnet theory
having two scalar fields and investigate the propagation of
the gravitational wave (GW). In the reconstructed models,
there often appear ghosts, which could be eliminated by
imposing some constraints. We investigate the behavior of
high-frequency gravitational waves by examining the effects
of varying Gauss—Bonnet coupling during their propagation.
The speed of propagation changes due to the coupling during
the black hole formation process. The propagation speed of
gravitational waves differs when they enter the black hole
compared to when they exit.

1 Introduction

Black holes reside within the rapidly growing universe.
Specifically, in our growing universe, there are no black holes
that are asymptotically flat. Therefore, it is essential to study
the physics and thermodynamics of black holes within a
growing cosmological environment. Thus, in recent years,
there has been much research on black holes that are asymp-
totic to the expanding universe, referred to as “Cosmological
Black Holes”. These black holes raise various questions as:
What effects does the cosmic expansion have on the local
physics of black holes in the entire cosmic epochs? What
impact does the universe’s content have on the black hole?
What changes should be made to the physics of black holes
in light of the expanding universe? In an expanding universe,
how should the definitions of black hole horizon, singulari-
ties, mass, and thermodynamics be altered? McVittie’s solu-
tion is one of the earlier studies that explains black holes
within the Friedmann—Robertson—Walker (FRW) universe
[1]. Subsequently, solutions such as those developed by Ein-
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stein and Strauss [2], Lemaitre-Tolman—Bondi (LTB) [3-5],
and Vaidya [6] were introduced. In this study, the significant
aspect is the reconsideration of boundaries using indigenous
ideas instead of asymptotically flat circumstances, a concept
proposed as trapping horizon by Hayward [7] and as dynam-
ical horizon [8]. In addition to the LTB metric’s dynamic
nature, the FLRW metric can be represented as a background
and is a specific instance of the LTB metric. By utilizing the
characteristics of the LTB metric, it is possible to create a
cosmological black hole [9], with both its singularity and
horizon emerging as it collapses [10]. References [11,12]
provide useful overviews of different types of horizons such
as event, Killing, apparent, trapping, isolated, and dynamical
horizons. Within modified theories like f(R), f(G), etc. itis
difficult to derive time dependent solution [13, 14]. However,
for theories coupled with scalar fields it can be applicable to
derive time-dependent solution [15].
Einstein—-Gauss—Bonnet (EGB) theories are significant
because they emerge as ultraviolet corrections to the min-
imally coupled scalar field theory [16]. The EGB theory is
a promising candidate for explaining the inflationary epoch
[17-73]. One of its key features is its ability to generate a
desirable blue-tilted tensor spectral index. This property is
crucial because it enables the stochastic gravitational waves
produced during an EGB inflationary era to be potentially
detected in future gravitational wave experiments. Recent
research [15] demonstrated that an arbitrary spherically sym-
metric spacetime can be constructed using Einstein’s grav-
ity coupled with two scalar fields, even when the spacetime
itself is dynamic. Research has shown that ghost degrees
of freedom can emerge in certain models. In classical the-
ory, these ghosts have kinetic energy that is unbounded from
below, and in quantum theory, they produce negative norm
states, a phenomenon also observed in quantum chromody-
namics [74]. This is significant because it conflicts with the
Copenhagen interpretation of quantum theory. The presence
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of ghost degrees of freedom poses a challenge to physical
reality. Recently, an extension of the formulation in Ref. [15]
has led to proposed models describing static wormholes [75]
and gravastars [76]. Furthermore, these models have been
investigated for the propagation of gravitational waves in
spherically symmetric spacetimes [77]. Gravastars offer an
alternative to conventional black holes and could potentially
form through Bose—Einstein condensation [78]. In previous
works [15,75], constraints were imposed on the scalar fields
to prevent the emergence of ghost degrees of freedom. The
constraints used resembled those employed in mimetic grav-
ity [79]. Consequently, the scalar fields lose their dynamical
behavior, effectively prohibiting fluctuations and preventing
the propagation of these fields. In mimetic gravity, the con-
straints employed mirror those used, causing the scalar fields
to lose their dynamic behavior. This effectively prevents fluc-
tuations and hinders the propagation of these fields. In the
context of the original mimetic gravity approach, this sce-
nario closely resembles a situation where effective dark mat-
ter emerges. Unlike standard dust, this effective dark matter
exhibits vanishing pressure, yet it remains non-dynamical
and does not undergo gravitational collapse.

In this study, we examine an extension of the model pre-
sented in [15], which involves coupling the Gauss—Bonnet
invariant with two scalar fields because of the substantial
phenomenological implications of EGB. Furthermore, the
Gauss—Bonnet term emerges as « correction from string the-
ory to Einstein’s gravity, with the parameter 1/« representing
the string tension. We designate this model, which encom-
passes both scalar fields and the Gauss—Bonnet invariant,
as EGB gravity. Moreover, we show that within the present
study it is impossible to construct a model in which the prop-
agation speed of gravitational waves coincides with that of
light in dynamical spherically symmetric spacetimes.

The arrangement of this study is as follows: in Sect.?2,
we present in a brief scenario the EGB theory coupled with
two scalar fields. In Sect. 3, we apply the field of EGB cou-
pled with two scalar fields to a time dependent spherically
symmetric spacetime and obtained a system of differential
equations. This system is in a closed form which enabled us
to derive explicitly the forms of the coefficients of the scalar
field besides the potential. In Sect.4 we present three time
dependent black holes and derive their relevant coefficient
of scalar field as well as the potential. In Sect.5 we discuss
the gravitational wave by present the perturbed form of EGB
theory coupled with two scalar fields. In the final section we
investigate the results contained in this study.

@ Springer

2 Ghost-free Einstein—~Gauss—Bonnet gravity coupled
with two scalar fields

According to the study presented in [15] it is shown that any
spherically symmetric spacetime, whether dynamic or static,
can be constructed using Einstein’s gravity in conjunction
with two scalar fields. The model in [15], however, includes
ghost! degrees of freedom. In the present study, we first
develop models without ghosts by introducing constraints via
Lagrange multiplier fields, similar to the constraints found in
the mimetic gravity theoretical framework [79]. Moreover,
to account for variations in the propagation speed of gravita-
tional waves, we incorporate the coupling of two scalar fields
with the Gauss—Bonnet topological invariant, following the
approach outlined in the references [26,27].

We start with EGB gravity coupled to two scalar fields,
denoted as ¢ and . The action for this system is given by:

R 1
Spy = /d4xv—g {ﬁ - 513(% V)0 pdte

1
—o (o, I/f)auﬁﬂaﬂlﬂ—za(fﬂa V)oupoty — @(p, ¥)
—2(p, V)G + Lmateer} - (D

Here, ® (¢, ¥) represents the potential which is a function
of ¢ and ¥, and ¢ (¢, V) is coupling function of the Gauss—
Bonnet which is a function of ¢ and . Here G represents
Gauss—Bonnet invariant term given by

G = R* — 4Ry R*P + Ryppo R%PP7 )

that is a topological density. In four dimensions Gauss—
Bonnet is a total derivative which yields the Euler number.
Varying the action of Eq. (1) regarding metric g, gives

1 1
0= m (_R;w + Eg/wR)

1 1
+ 28 {—Eﬁ(w, V)3,00° @ — o (@, ¥)d,00" ¥

1
(2 V)0’ — (e, %ﬁ)}

+ % (B0 ¥)0u00u0

+0 (01 (Dupduts + 09D ) + (o, Y)Y Y )
= 2(Vu Vb (0 ) R+ 2800 (V6 (0. ) R

+ 4,908 @ ) RS +4(V, V080, 1) Rf

—4 (V29 9)) Ruw — 48,00 (Vo Vol (g, 9) R

! The ghost mode has negative kinetic energy classically and generates

negative norm states as a quantum theory. Therefore the existence of
the ghost mode tells that the model is physically inconsistent.
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Vi 1
+ 4 (v V¢ (p, I/f)) Rp.,ovo + E matter pv » 3)
The field equations of the scalar fields are derived by varying
the action with respect to the scalar fields ¢ and y resulting
in the following expressions:

1 n
0= Eﬂwau‘ﬂa @
+ BV" 0,0 + By dupd" Y

1
- (% - Ew) 3y +oVHp — By — 4,7,
1
0= (—Eﬂv/ + U(p) 8;L§08M(p

" ! " "
+ OV + Say B0 + @V,
+apdpdty — Oy — £y G, “

where B, = 98(p, ¥)/d¢, etc. In Eq. (3), (Tiatter) ;. r€PTE-
sents the energy-momentum tensor of matter.

Considering the general spherically symmetric and time-
dependent spacetime, described by the metric,”

dS2 — _eZU(Z,r)dtZ + e2v1(t,r)dr2

42 <d92 + sin? 9d¢2> : (5)

where v(¢, r) and vy (¢, r) are two unknown function of time
and radial coordinate. Furthermore, we use following iden-
tifications,
p=t, v=r. (6)
This assumption does not lead to a loss of generality for the
following reason: for the spherically symmetric solutions (5)
of the theory (1), in general ¢ and v depend on both coor-
dinates ¢ and r. Given a solution, the ¢- and r-dependence
of ¢ and i can be determined and ¢ and y are then given
by specific functions ¢(z, r), ¥ (¢, r). On spacetime regions
where these relations are one-to-one, and provided that 9, ¢
is timelike and 9, is spacelike, one can invert these specific
functional forms and redefine the scalar fields to replace ¢ and
r with new scalar fields, say, @ and ¥ with (¢, ) — @(@, V)
and ¥/ (t, ) — ¥ (@, ¥). We can then identify the new fields
with 7 and r as in (6), § — ¢ =t and  — = r. The
change of variables (¢, %) — (@, V) can then be absorbed
into redefinitions of 8, o, «, and @ in the action (1). There-
fore, the assumption (6) does not lead to loss of generality
[77].

For the purpose of eliminating any ghosts that could
appear we use the Lagrange multiplier fields A, and Ay,

2 The justifications that metric (5) is a general one are presented in [15].

that can be added to the action (Sgr) ov given by Eq. (1) as
(S6R) gy — (SGR)gy + Si,

S)\ — /d4x /_g I:)"(p (e—21}([:§ﬂ,r:1//)a'ugoa/‘v(p + 1)
iy (e—”(’:%’:‘/f)awpaw - 1)] . %)
Variations of Eq. (7) with respect to A, and Ay yield,

0=e 20=0r=p 0dky +1,
0= e—2v1(t=¢,r=1/f)auwaﬂw -1, 8)

whose solutions are consistently given by Eq. (6).

The constraints in Eq. (8) make the scalar field ¢ and v
non-dynamical, that is, the fluctuation of ¢ and v from the
background (6) do not propagate. In fact, by considering the
perturbation from of Eq. (6) we get:

p=t+38¢p, Y=r+0y, ©)

By using Eq. (8), we find
o (207 sg) = b, (1= Psx) =0 (10)

Eq. (10) tells that by imposing the initial condition §¢ =
0 (because ¢ corresponds to the time coordinate) and by
imposing the boundary condition §¢» — 0 when r — o0
(because i corresponds to the radial coordinate), we find that
both of 6 and 6y vanish in the whole spacetime, ¢ = 0 and
8¢ = 0 not only at the initial surface for ¢ and boundary
surface for §. This tells that both ¢ and v are non-dynamical
or frozen degrees of freedom. References [75,76,80,81] tell
that A, = Ay = O consistently appear as a solution even in
the model with the modified action S + S;. This tells any
solution of Egs. (3) and (4) which are based on the original
action (1) is a solution even for the modified model with the
action S + S;.

Upon modifying SGryy — SGrRey + Sy in (7), the equa-
tions in (3) and (4) undergo the following modifications:

1 1
1 1 5 03P
+ 58y _5’3(‘/” Y)dppd-e
—0 (@, ¥)3,0d° Y
1
—505(907 I/I)apwapllf - (D((p’ W)}
1
+ 5 {ﬂ((p’ V)updve
+0 (@, ¥) (0900 + 3,00, %) + o, ¥)0 Vo, ¥}
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! w " w
0= zﬁwau(pa @+ BVH0,0 + Bydupd Y
1
+ <(71/, — Ea(p) Yty +oVHa Y — &y — £,G
=2V (Rye 20 p,0)
1
0= —Eﬁw +G(p 8u(p8“¢

n ! u w
+oVHo,p + anaﬂwa Y +aVio, Y
+apdupdty — Oy — &y G
_oyH ()\we—m:l/’)a,up) . (12)

Let’s examine the solutions to the equations in (3) and (4)
under the assumptions (5) and (6). Subsequently, the (¢, t)
and (7, r) components in (11) yield:

0=1hy=hy. (13)

The remaining components in (11) are identically satisfied.
Additionally, Eq. (12) yields

0= V" (e 20 =9,0) = VI (hye =g,y )
(14)

The satisfaction of Eq. (14) implies the satisfaction of
Eq. (13). Consequently, the solution to Egs. (3) and (4) corre-
sponds to a solution of Egs. (11) and (12) associated with the
modified action as Sgrpy — SGRey + S5 in (7) if A, and Ay,
are nil (13). However, it’s worth noting that for Egs. (11) and
(12), there exists a solution where A, and Ay do not equal
Zero.

The detailed perturbation of the field equations (11) is
given in (see for example [77,80]. Therefore in this study we
will not repeat these calculation but give the final perturbation
form which yields:

@ Springer
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1
- {mg,w = 2(,V8) + 28 (VZ;)} R* by
1 1 A
51752 —4V2¢ ) 87,8% +4(V,Vu0)
8,8"" +4(V,Vi¢) 87,8 — 4gquTV”C}

2
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+2(V°Vo){ViVohou — ViVihop — Vo Vohyy
+vavuhvp + h;upR(ppva - hprq;wa}

l aTmatterp,v hrn ) (15)
2 0gy

The observation of GW170817 gives the constraint on the
propagating speed cgw of the gravitational wave as follows,

2
CGW

— —1

<6x 10713, (16)
C

where ¢ denotes the speed of light. In order to investigate
if the propagating speed cgw of the gravitational wave A,
could be different from that of the light ¢, we only need to
check the parts including the second derivatives of h,,,

— 1 2
L= I8 +13),

1 1

1) _ 2

I/(w) = E { <_ﬁ —4v §> 8%8’]\) +4 (VPVIJ-S) Sﬂvgpr
+4 (VPVVS) Srﬂg,on _4glwva'lg }Vzhrn s

1;%) =2 (V'OVU?) {Vvvphrw = VuViuhep

— Vo Vphy, + VUV,Lth} . a7
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Now we are ready to derive time dependent black hole in rr T componen 5 5 @h
/!
the frame of EGB theory coupled with scalar fields. L+20 (1,r) r —e™tn _ K
r22v1(1,7) T 2r2e2lv() 21 (1)
[]6ezv1(z,r) {] _ eZvl(t,r)} Et,r)
3 Time dependent black hole
+16¢ (1, 1) 0 2100 —3h 07 1,y
Now let us apply the line element given by Eq. (5) to the field ) .
(,r) :
equations (3) and get: + {16 (e - 1) C@. i, r)
") 20(t,r) 2vy(t,r)
) -2 ® ) ]
tt — component : (18) + “’B &, r)¢” (@) ¢ (t,r)ye
1— 21); (t,r)r— e2vi(t.r) —x2 _}_62”(1,’)1///2 (r e, r)] rz} 62V1(1J)] i
2,201t = 27220+,
r2e2v (. 2r2e2lv 2 ) 060 =¢@¢— component : (22)
[16ezu(t,r) {1 _ eZvl(t,r)} E" (6, 1) + 167" (1, r) Q2T
[V @) DO @) = v )+ 0" @) e D 4 r [0y (1) D (1) = 1@ r) = 0F (6, )] e 20
K2 .. ’ . Ny / bd . . . !
= Z 16{1)1 (t,r); (tvr)+2v1 (tvr)é— (tvr)_v] (t,r)g(t,r)_\ﬂ (t,r)[\)l (tar)_’_v(t’r)]}; (tvr)
— 16¢ (t, ) {1 (¢, 1)V (8, 1) = v} (t, 1) D (2, ) | e V1AV EN] _pmdui(tr)
{16¢" (2, r)v" (1, 1) + 16V (2, 7) X[Z" + L'V (2, ) = 3wy (¢, 7))}
+r e 0B 1) ) = e e ) Y 20 1,1 } (23)

feren =3} @y

+ {16 (62”1(”) - 1) E(t,r) i (t.7)
+[{ee 0w n + e o) e
+2 Y (P a(r, r)] rz} ez‘”(”r)] ,

tr — component : 19)

201 (1, 1) K2
re2l)1(t,r) - r2e4v1(1,r)

x[{8—se e} e, + f8er 0~ 24)

¢t ) by (8, ) + {8e2”1<”> - 8} E )V ()

7 (11§ O Y ()2 0]

rt — component = "' (t r — component) : (20)

The above system of differential equations can be solved

6_4 vy (t,r)

- 2.1 1" 2
B(t,r)= ) [[8K§ (t,r)y+Vv'(t,r)r

—8K2§/ (t,r) vi (t,r)
+ (r — 2y (t, r)) vi (t,r)

0 () — 1 4+2 () r2}

« eZv(t,r)+2u|(t,r)+62v(t,r)+4v1(t,r)

for the coefficients of the scalar fields in addition to the poten-
tial to have the form:

+ [8x2';' ()] () r — 8k (6 r) by (6 r)

—16k20 (6, 1) E (P 7
+8k20 (1, 1) ¢ (6, 1) 7
+ (8/(2{’ & v, rHr+ 8K2§" (t,r)
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y(t,r) =

a(t,r) =

(t,r) = —

+862E (1. )V (1. 1) r) byt r)

=87 ()b () V] (1) ] D)
n [<8K2U/ t rr

—8K2) ¢ (6 r)+ 8k2 (6. (1) r
+ ((—24;&/ tr)r+ 24;<2) v (t.7)
#8120 (112 r) ¢ (0 2V
+[(p . =82 @n) o)

2 (t,r) =V} (1, 7) r2]e4“1(’~’)] ,
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+ (r 42 @, r)> by (67
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K2r
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x 2100 4o 1) by (1) 7
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—8k27 (1, r)] i)
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—24 (szi t,r)r+ /<2> @ @, r)] ezu(”)] ,
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—442 [v/ (t,r)
=i, 0] @ ry=vi@rr+1
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4 Time dependent black hole solutions

In this section, we are going to derive the coefficients of the
scalar fields, ¢ and v, that are time dependent black hole.

4.1 First time dependent black hole

In this case we take the ansatzs of the BH to have the from:3.

_ 2M(t)

r

V) 2 g (25)

where the Misner—Sharp—Hernandez mass M (¢) is positive
and depends only on time. A negative mass, M, indicates a
violation of the energy conditions and makes apparent hori-
zons impossible. The Ricci scalar related to ansatz (25) is
given by:

(26)

ol @)2

R = <1 — 2_M) 2_M + AT
r r 1— 24

m

Equation (26) demonstrates that when M remains constant,
R becomes zero, indicating the geometry is the same as
Schwarzschild geometry. In this scenario, there is a single
visible horizon, with a surface radius of r(t) = 2M(¢).
This horizon, which is constantly changing, represents a
black hole horizon as it is a unique solution to the equation
V*rVur = 0. A curvature singularity occurs when 2M = r

.. N2
given that ZTM (l — 27M) The value of (ZTM) decreases sig-
nificantly as O ((1 — ZTM)2
which is not possible. Using Eq. (25) in Eq. (24) we present

) approaches zero when2M =r,

3 In this study, we assume v(t, r) is equal to —v (¢, r), as seen in the
Schwarzschild. The line element in spherical spacetime is expressed
using the areal radius r with g, g, = —1, where r serves as an affine
parameter along radial null geodesics [82]. Additionally, this spacetime
possesses unique algebraic characteristics: the Ricci tensor’s double
projection onto radial null vectors results in zero [82—84]. On the other
hand, the Ricci tensor’s restriction to the (¢, ) submanifold is directly
related to the restriction of the metric g, to this specific subspace
[82]. Several solutions in general relativity or alternative gravities are
characterized by the condition g;; g, = —1, such as vacuum solutions,
electrovacuum solutions with Maxwell or nonlinear Born—Infeld elec-
trodynamics, and the string hedgehog global monopole [82], also in
higher dimensions, as shown in [85,86].
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the coefficient of the scalar fields and the potential in the
Appendix due to its lengthy:

4.2 Second time dependent black hole

The second time dependent ansatz of the BH that we will
deal takes the form:

1
) = gm2nr) — (1 — r_0> 70 , (27)
r

with r¢ and 7y being positive constants. The Misner—Sharp—
Hernandez mass M (t) of the above line element takes the
form:

rt — tor + toro
M) = ——— .

(28)
Using Eq. (27) in Eq. (24) we get the coefficient of the
scalar fields and the potential in the Appendix. Equation
(28) demonstrates that only a single apparent horizon exists
atr = 2M (¢, r), resulting in r = rg. Since this is a single
root, we have a black hole apparent horizon. Equation (28)
reveals that there is just a single visible horizon situated at
r =2M (t,r), where r = r¢. This horizon is both a null sur-
face and an event horizon. The Ricci curvature of Eq. (28)
has the form:

_2 )
R_r—2<1—7>. (29)

The geometry of Eq. (29) has no spacetime singularities
except for the usual one at r = 0 and the Big Bang at t = 0.

4.3 Third time dependent black hole

The second time dependent ansatz of the BH that we will
deal takes the form:

2v(t,r) 2vi(t,r) -2
v(t,r — —ZV] t,r — r
e =e =1 i (30)

rty

where the Misner—Sharp—Hernandez mass M (¢) of the above
line element take the form:

rro(to + 1)

M@ = 2(rto + 1r0)

€1y

Equation (31) displays that the apparent horizons can be
found atr = 2M, resulting in the sole root being r = r(. This
represents a lone root and the circumference of a stationary
black hole event horizon. The mass located at this boundary
is equal to half the radius M (rg) = r¢/2 and remains constant
over time. As r approaches infinity, the relationship e?’ =
e 2" — 1 indicates that the geometry is flat at infinity. As
approaches infinity while r remains constant, the metric can

be approximated by e?’ ~ (1 —"2). Next, by defining
a new time parameter T as dt = % (or T(r) = 24/1), the

metric equation can be rewritten as:

2

1
ds? = =2 (1 - r—o) Pl L L —
1o r 4tor (1 —ro/r)
472 (dﬁz + sin? z‘/‘d(pz) , (32)

as the time t (or ¢) increases, the radial direction expands
resembling a throat. The horizontal radius of the horizon stays

i i 70 2
the same. The factor depending on time < Tor(1-0) T )

affects only dr? and not the angular component of the metric,
unlike in a FLRW universe with a central object (the metric
approaches flat instead of FLRW at infinity) [87]. The Ricci
scalar of the geometry (30) is

2 (1 + ITO) r_(%) t t\ trg 122
— I —_— — —_— — 0

trg o) tor t5r
(1+42) °

which is continuous at the horizon r = rg, despite the pres-
ence of singularities atr = 0, = 0, and t — o0. Using Eq.
(27) in Eq. (24) we we present the coefficient of the scalar
fields as well as the potential in the Appendix.

(33)

5 Gravitational wave propagation

Now, let us investigate the GW propagation. The EGB the-
ory requires that the propagation speed of gravitational waves
with a single scalar fields corresponds to the speed of light
in the FLRW metric spacetime has been studied in [52]. The
condition of propagation of gravitational waves for space-
time with two scalar field was provided in [68]. Now let us
use the condition given by Eq. (17). In our examination of the
GW propagation velocity, denoted as cgw, our focus is solely
on the terms that encompass the second-order derivatives of
the GW tensor h,,,. Given the assumption of minimal inter-
action between matter and gravity, contributions from mat-
ter do not interact with the derivatives of the gravitational
wave tensor f,,. As aresult, they are not present in the ten-
sor I,,,. Put simply, the existence of matter has no impact
on the GW’s propagation velocity. Importantly, the tensor
1 ,511,) does not change the GW s speed, which continues to
match that of light. In general, the tensor / ;(sz) has the poten-
tial to change the GW’s speed, deviating it from the speed
of light. In this analysis, we have omitted the disturbances
of the scalar fields ¢ and v/, as these fluctuations can be ren-
dered nonexistent in accordance with the constraints outlined
in Eq. (8). When there are no constraints present, or if only a
single scalar field interacts with the Gauss—Bonnet invariant,
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the scalar mode perturbations become intertwined with the
scalar modes within the metric’s fluctuation. Provided that we
focus on the massless spin-two modes, representative of the
conventional GW, these modes become independent from the
scalar mode at the foremost order. When taking into account
the second-order perturbation, it’s possible for the quadratic
moment to emerge as a result of the scalar mode’s pertur-
bation. This quadratic moment acts as the origin of the GW.
Hence, the propagation characteristics of the GW may vary
between scenarios with the constraints, as specified in Eq. (8),
and those without them.

In the context of the metric outlined in Eq. (5), the sole
connection coefficients that are not zero are the following:

(=i (=0 = ()= v

()=, {i) = () =
h=vis [l =) (-,

(34)

with {’/ k } represents the metric connection of g;;, an overdot
signifies differentiation with respect to time #, and a prime
indicates differentiation with respect to radial distance r.
Using Eq. (34) we get the following formula for the Rie-
mann tensor:

Rere = =™ {1 4+ (b1 — 0) 01} + 2 [V + (v = vj) v},
/e—2v1+2v(§ij ,

Riirj = V1rgij

Riirj = rv

Rrirj = vi7&ij s

Riji = (1 - e_zvl) r? (gigji — &ugjx) »
Ryt = — {1 + (01 — V) v}

_I_e—2v1+2v {v”-l—(l)/—\)i) U’_'_Z_V/} ,
r

Rer = 172 i) + (b — ) Dy}
2 /
_ {v//+ (v/ _ v{)v/} + % i
AV
Rtr = th =
r
R = ll +{-1-r( - u{)}e*”l]gij ,
R = 2e™2" {i + (0 — D) i1}
4 (v =
+e M {—2\// =20 =) = ( )
.
2e?V1 —2
Tt (35)
r
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and

V,Vie = — i —e 2yl
ViVirg =" = e — vl
ViVee =V, Vig = =V =it
ViVie = —e Mrgit,
Vii=—e({ - (0 —b)?)

4 e <§” + (\/ —v - g) ;’)
1T ;

The metric tensor (g;;) can be expressed as

(36)

2
Z gijdx'dx’ = dv? + sin® 9, dg?,
ij=1
where (xl =9, x%= (p), and {ljk} are the coordinates,
denoted by x! = ¥ and x> = ¢, respectively. Additionally,

{’] k} denotes the connection coefficients associated with the

metric tensor g;;. The symbols “dot” and “prime” signify the
derivatives with respect to ¢ and r, respectively. We will pro-
ceed to analyze the GW that is propagating outwards along
the radial axis that has the form:

Re (e—iwt-Hkr) hl(;))

"
x <i,j:9,qb, Zh(()i)i:0> :
i

other components = 0.

h,’j =

(37)

We proceed with the assumption that k is sufficiently large,
which leads us to retain terms that are quadratic in relation
to k and/or w, while disregarding any terms that are linear
with respect to k or . Then Eq. (17) with (36) gives

1 TP .
02[_m—2{—e 2 (2{—(2\1—\11){)

+e—2u1 ({U + (21)/ _ Ui) é./)}] e—2vw_2

1 oy
- [—m—z —e 2 (F = (b —201)¢)
+e (28 4 (v = 207) )| 2

— 4 =V =0 ) e ke (38)

Upon assuming that ¢ is sufficiently small, it is observed that,

% =e VitV [j: {1 — 4i? (—{ +7 (0 + D)) e 2

—4{—;”4—;’(1)1+U/)}K2C_2V1}
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_86711171;/(2 (é.v/ + f/f)l _ é./):I ) (39)

The speed of light is determined by the equation ¢ = e~ "1V,
Consequently, if

{E=Em+m) e+ ("¢ (v
+v/)}672‘”] +2e V17V (fv/ +¢'h - C/)

Should the value be positive (negative), it indicates that the
GW travels faster/slower than the speed of light. As denoted
in Eq. (39), a positive sign is associated with the GW moving
away from the black hole, whereas a sign negative indicates
the GW moving towards the black hole. Thus, the velocity
of the GW as it moves into the black hole is characterized by

vip = e 1Y [1 — 42 {—; +C (0 + 1'))} e %
—4K2 {_ZU + é,/ (Vi + U/)} e—2v1
+8e 12 (40 + ¢y — é/)] , (40)

where the velocity of GWs is identical to the speed of light,
as they propagate outward from their source

Vour = €17V [1 — 4 —F A+ D) e
_ 4K2 {_é_// + ;_/ (Vi + U/)} e—2v1
—8e Vi (F0 4 ¢'0y — é’)] . (41)

When ¢ depends on the radial coordinate r or the scalar field
Y and vy depends on the time ¢ or the scalar field ¢, we
encounter the following conditions: If, o+ =3¢ >0
then viy, > vour. Conversely, if v/ +¢'v; — ¢’ < 0, we have
Vin < Vout. FOr instance, we can examine the expression for
¢(t,r), provided in the Appendix given by Eq. (A2), and
restate it using the variables (¢, V) yields:

2
Cp ) = — “2)

X2+ ro2e 1

In the scenario where ¢y and #y are positive constants, and
under the condition specified by Eq. (42), we observe that ¢
approaches zero as either ¢ tends toward negative infinity or
r approaches zero. This observation suggests that the speed
at which gravitational waves propagate matches that of light
either in the distant past or at the center of a black hole. An

important observation is that when |¢| > 0, we have f—o >0,

and if ¢ < %O, then 5—0 < 0. Conversely, when ¢ > ’70 we

find g—o < 0. We observe the following properties for the

function ¢ (¢): i—g—o/ > 0, is always positive  ii-if > —%

0
. 2 ’
then & < 0, iii-ifr > 9, then & > 0, iv-ifr < %,

%o 2 %o 2

then g—(; > 0. Conversely, we discover for the first black hole
we get:

by __Mo
ra=2h -
/ M)
V) = — —rZ(l _ 2’1}4) < O, (43)

and for the second black hole we get:

! 0
vp=—>0,
! 2t
/ ro
v = _—Zrz(l—rr—o) <0, (44)

and finally for the third black hole we get:

—ro
V] = — 1 > )
2rtp(1+ 20)

/ ro(t + 1)

V| (45)

T 2(r — ro)(rty + tro)
provided that ryp < 0.

Discussing the general choice of parameters and regions
is a complex task and not very beneficial, so we can focus on
some specific simplified cases instead.

e Initially, we examine the region near the horizon where
ro ~ 2M/(t). Subsequently, in Egs. (40) and (41), the
terms involving v; and v may dominate. However, due
to the conditions e?” = e~2"! = 0. Hence, the prevailing
terms may be expressed as:

Vin ~ Vot ~ € [1 —4K% (0 + v)] . (46)

Importantly, the distinction in velocities between inward-
propagating and outward-propagating gravitational waves
diminishes. If ¢y < 0, we find that é(f) 1+7) < 0,leading
to the GW’s propagation speed exceeding that of light.
On the other hand, when ¢y > 0, the propagation speed
diminishes, eventually falling below the speed of light.

e Additionally, we examine the region where r( signifi-
cantly exceeds 2M (t). Subsequently, we make the fol-
lowing observations:

Vin ~ Vout ~ € [1 + 4/(2{”] ) 47)

Once again, the disparity in speeds between inward-
propagating and outward-propagating GWs diminishes.
When ¢y > 0, we observe ¢ < 0, in the region, result-
ing in a decrease in the GW’s propagation speed, which
falls below the speed of light once again. Conversely, if
Zo < 0, the propagation speed exceeds the speed of light.
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In both of the aforementioned regions, the disparity between
the speeds of inward-propagating and outward-propagating
GWs can be disregarded. Consequently, a distinction may
arise in the intermediate region. Let’s highlight that in both
of the aforementioned regions, when ¢y < 0, the gravitational
wave’s propagation speed exceeds that of light. Conversely,
if {o > 0, the propagation speed falls below the speed of
light.

The discussion above indicates that the propagation speed
of gravitational waves in Einstein—-Gauss—Bonnet gravity,
coupled with two scalar fields, generally differs from the
speed of light. This discrepancy suggests that black holes
predicted by this theory may be incompatible with the obser-
vations from GW170817. In other words, unless a novel sce-
nario is proposed to reconcile these differences, black holes in
this theory may not represent realistic astrophysical objects.

Now, let’s analyze the implications of a gravitational wave
propagation speed that differs from the speed of light in the
context of black hole construction. For a fixed frequency,
if the propagation speed is higher (lower) than the speed
of light, the wavelength becomes longer (shorter). While a
longer wavelength could be associated with lower frequen-
cies, which are harder to detect, it may also imply changes in
the distribution and detectability of primordial gravitational
waves depending on the energy spectrum. Thus, a higher
(lower) propagation speed might influence the characteris-
tics of the primordial gravitational wave background, though
not necessarily its abundance.

Another consideration is the interaction between different
modes of gravitational waves and the black hole horizon. In
modified gravity theories, the propagation speed of gravita-
tional waves, if different from that of light or scalar fields,
can influence the dynamics of gravity-related fluctuations.
This could affect the propagation of tensor modes and poten-
tially leave imprints on cosmological observations, such as
B-mode polarization in the Cosmic Microwave Background.

6 Conclusion

Black holes, once considered bizarre solutions to Einstein’s
equations and nowadays play a central role in astrophysics,
cosmology, and foundational physics. Recent radio images
of supermassive black holes provide valuable insights into
matter dynamics near event horizons. While deviations from
GR are possible, identifying the correct alternative theory
remains challenging. In this study, we explore the dynamical
black holes on frame of Einstein Gauss—Bonnet theory with
two scalar fields.

In this study, we provided three ansatzes to create time
dependent black holes with visible horizons that increase
in time based on the Misner-Sharp-Hernandez mass. This
horizon will appear identical to all observers associated with
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a spherically symmetric foliation [88], but it will differ for
observers moving relative to the original frame in a way that
breaks this symmetry, such as by a Lorentz boost in a non-
radial direction [89,90].

Our models, when constructed, may incorporate ghosts.
The presence of ghosts can be mitigated by imposing con-
straints, akin to the mimetic constraint represented by (8).
These constraints have been applied to various spacetime sce-
narios, as demonstrated in the referenced paper by Nojiri et al.
(for example, see [75]). Evidence indicates that the conven-
tional cosmological solutions and self-gravitating entities-
such as planets, the Sun, and various types of stars-within
Einstein’s gravitational framework also qualify as solutions
in this particular model. We explored the propagation of high-
frequency gravitational waves by selecting the GB coupling
described in equation (A2). According to the research in
[52,68], the propagation speed undergoes changes due to the
coupling effect during the black hole formation process. In
general, the speed at which GWs propagate into a black hole
differs from the speed of the wave going out, although these
effects occur at next-to-leading order. Through our investi-
gation of speed expressions, we have identified conditions
under which the propagation speed remains below the speed
of light and adheres to causality.

It is essential to emphasize that the current formulation
highlights the non-dynamical nature of the scalar fields. The
scalar fields act like fluids with energy density and pressure,
although they are not actual material fluids in the conven-
tional sense: The scalar fields do not vary, so unlike regular
fluids, there is no fluctuation in sound speed. In the standard
fluid, breaking energy conditions can result in a sound speed
exceeding the speed of light, leading to potential causal-
ity violations. However, our study does not experience this
breakdown. The lack of variation shows that the solution
remains stable despite not following the energy conditions.
The restrictions utilized in this study mirror the limitation
used in the framework of mimetic gravity [79], where there
seems to be a type of effective dark matter that acts like
dust matter but lacks pressure. The active dark matter is not
tangible matter but non-physical and shows no variations in
spatial distribution. In addition, functional dark matter does
not undergo collapse because of gravity. It is intriguing that
dynamic black holes like those analyzed in this study could
offer a different option to inflation for the early Universe era.
The specifics of this early Universe black holes period will
be talked about in another place.

So far, there have not been many physically plausible solu-
tions to the field equations of different theories that directly
describe dynamic black holes; instead, naked singularities
and wormholes are more frequently observed [87,91-118].
Another issue is that certain analytical solutions become
complicated when described in terms of the surface area
radius, and at that times it is difficult to find the apparent
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horizons analytically or their expressions are not straightfor-
ward [87]. In general, it is challenging to design black holes
that depend on time, and we have deciphered the connec-
tion functions of gravity theories that have specified apparent
horizons as their solutions.

It will be useful to do such procedure for regular dynamical
black hole to see what is the effect of the GW. This will be
done elsewhere in our future study.
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Appendix A: The explicate form of the scalar fields

1. The scalar fields of the dynamical first black hole

Blt,r) = |:73r04 {(r —2M (1)) 1o>r* {r3 + ?ﬁgor
2, ;
-3« oM (1)t M (1)

24(3,82 16 > 2
+419°r (r + g/{ Eor — ?K EoM (t))M (1)
+63—4§0 (r —2M (1)) tor*«? <r - %M (z)> M (1)

32
+ 5k —2M ") «?
<r4 + %toer —4AM (1) 1g%r + 6M? (1) 102) M (z)}
w0 — y2 {3r02 [(r —2M (1)) 1>
<r3 + 13—6K2$0r - %czsoM (t)) M @)

24(3,82 16 » -2

+4t9°r (r + §K Eor — ?K EoM (t))M )
64

- r—éM(t) £ (r — 2M (1)) tor*ic® M (¢
3 2 o (r (1) tor" k"M (1)

- ?50 (r—2M (t))" k"M (1)
<r4 - ?tozrz +28M () t%r
—30M2 (1) 102)} M6 4 ((r— 24 ) T ()

. s
+401? (t)) 10213 (r()6 + 7657 ) }:|

2L 1
|:r5/c2 (r —2M ()% 1p? (rze 0+ r02) :| ,
afl 316 2 2 :
y(t,r)= |:6r0 {[r + ?K Eor — 16k“EgM (t)] toM (t)
+2u e <r - éM(t)) KQ} 2
3 2
+2r {3rr02 [(rq + lgﬁxzfor
—16K260M (r)) toM (1)
Py <r u (z)) §0K2:| o
3 2
. 6 6L
+toM (t) (r()6 + rle ’0)”
2L 377!
|:r210/<2 (r—2M (1)) (rze o +r02) ] ,
alt,r) = |:3r04 {r4 (r3 + ?I(zé()r - 33—2/(2&‘0M (t)) toz
(r —2M (1) M (1)
+4r4 <r3 - %6,(2501\4 ) + §K250r) 102 M2 (¢)
+ %r% (r - %M (z)) g (r —2M (1)) kM (1)
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M2t 64 4 5M !

()*?r 050(”*5 ())

(r —2M (1) K> M (1) — 32 <r4 - %tozrz

+1?6M ) 10%r —6M? (1) z02> M (1) &

X (r—2M (),‘))2 K2] 84% + 3 <r06 + r(’e6%) t02
{(r —2M (1) M (1) + 402 (z)} ”

2L S

|:r3t02 r —2M (1)* i? <r2e 0 +r02> ] :

®(t, r) = 2r02E0M (1) [— {/‘M 010
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1
+ (r4 + Et02r2 —3M (1) 197 +4 (M (1)) f02>
5 2L o 4L
(r—=2M (1)} ro*e” 0 +re 10
5 .
) {<’4 - gtozr2 =M () 10+ 1M (1) 19

r—12M% () z02) r—2M (z))}]

3 -1
x |:r4t02 (r —2M (1)) <r 20 +rg ) } , (A1)

where we have assume the form the Gauss—Bonnet coupling
has the form

Eor?

Et,r) = ——-. (A2)

r2+rog2e

2. The scalar fields of the dynamical second black hole

8
B, r) = [3 { |:—t03t + (r2 + g/cZS;'o) 102
2 822,15 2
—8k“tégtg — —Kk“tEy | r7 — (l‘t()
3
16 8
+?K2t§() — §t050K2> ro (t — t(])r4
16
+ ?10%250 (t —to)r°

2
-8 (t — gto) S()l()SKZr()r2

8 ‘
+3r0 1o KZE() Btg+1)r — 81y r03l(2$o}r04e2’0

8
+ {3 H <z2 + §K2§0> 102 — to°t
40 8 8
+*K2t€()t() — 7K212§0 P 12 + *Kzfo t()2
3 3 3
40 16
—to3t + ?Kzlé()lo — ?Kztzf()] r0r4
—16103 K280 (—tg + 1) >

104 P
+ — 3 rol() K&y (— 2[0+t)r

56 i
7?}”021‘031(250 (t —5Stg)r — 40t04r03K2§0] roze4 o

+tt02(r—r0)(r() +rO ’0>( to+t)} ]

X |:i’51‘()l(2t3 (r e 0 +r0 i|
40 3 5
77[3{—?50% <t—§to) ro —{r 1o

40 6
+5 60 (r2 + 5107 = 2tto> KZ} rro

32 3 5
2 2,2, 2 2 2|2
+|:r ttg + 350(1‘ +4to 4tto>/< ]r}

2L
x r04e 0+ {3 [810§0K2 (to +1) r02

- (rztto - SKZSO (—2tto +12— 2t02)) rro + 2
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3 3

2 2\ 2
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3 —1
x |:r4102 r—2M (t))2 (rzezé + r02) ] , (A3)

where we have used the coupling Gauss—Bonnet given by
Eq. (A2).

3. The scalar fields of the dynamical third black hole

Bt r)= [3F04 {% (ro |:8 <13—6K250 - r2> tzrg
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