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Abstract. Recently, a novel approach to quantize SU(N) Yang-Mills theory
was proposed, where the configuration space {A,} is split into sectors labeled by
topological defects, and then the gauge is fixed by a sector dependent condition.
As the procedure is local in {A,}, it could be free from Gribov copies. In this
work, we review the renormalizability of sectors labeled by an arbitrary number
of elementary center vortices.

Because of the Gribov problem, the understanding of continuum Yang-Mills theory in
the infrared regime is certainly not within reach of the usual Fadeev-Popov method. This
obstruction was established in Refs. [1, 2], where it was shown that there is no continuous,
global gauge fixing condition in configuration space {A,}, when the gauge group is S U(N).
One possible approach to circumvent this problem is to restrict the path integral to the first
Gribov region, which was followed in Refs. [3-9].

An alternative approach was proposed by Singer in his seminal paper, which relies on
a locally finite open covering {#,} of the space of all gauge fields {A,}, with a subordinate
partition of unity

D=1 VA (A, (M

with the support of the function p,(A,) being on ,. The idea is to insert this identity in the
Yang-Mills partition function, as follows

Zyy = ZZ((I) s Z(oz) = fﬂ [DA]pa(A)eﬁSYM(A) s 2

where the sets {{},} are to be chosen so as to guarantee the existence of local gauge-fixing
conditions f,(A) = 0, A € J,, which are free from Gribov copies. Recently, a concrete
implementation of this procedure was proposed for the case where the sets J, are disjoint,
thus forming a partition of {A,} [10]. The first step is to introduce auxiliary adjoint scalar
fields ; with an auxiliary action S ,,.(¥, A) in the theory by means of an identity. Each
gauge field is then correlated with the {;(A) that minimizes S 4,,(A,{). The next step is to
perform a generalized polar decomposition on the tuple {;(A), which allow us to write {;(A) =
S(A)g(A)S~'(A), S € SU(N). The tuple g; is the rotated /; which is closest to a given
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element of M, the vacuum manifold of S,,,. We choose this element to be vT}, so that g,
satisfies the generalized pure modulus condition [g;, T;] = 0. One important fact is that the
phase S will not always be regular. In general, we may write S = US, with U regular. We
then introduce an equivalence class, where two phases are said to be equivalent if they differ
by a regular gauge transformation, i.e.

[S1=[S'] & S=US", 3)

for some regular U. Then, it is natural to split the configuration space {A,} into sectors Vg,
where A, € Vs, <= [S] = [Sol. Because of the structure of S, the labels S are
given by center vortex configurations. The gauge is then fixed by the sector dependent gauge

condition
fsoW(A) = [Y1(A),SoT1S;'1=0. “
In this case, Eq. (2) becomes
_ 6fs,(AY)

Z ZSO , = f [DA]e™S ™ 5(f5,(A))Det——-—2= . 5)
™ = Z S0 S U |,
Observables may be similarly evaluated by a sum over the partial contributions of the sectors,

ie.
z
0) = M0y
0=, Z(0)s,

So

ofs, (AY)

5O (6)

(O)s, = fﬂ 5 )[DA]O(A)ES’“5(fso(A))Det

U=I
Eq. (6) resembles the type of expressions which are considered in phenomenological ap-
proaches involving center vortex ensembles (see the reviews [11, 12], and references therein).
In these approaches, averages of the Wilson Loop are represented by a sum over center vor-
tex configurations with a weight that is chosen on phenomenological grounds. Therefore,
this quantization procedure not only has the potential to avoid the Gribov problem, but also
provides a glimpse of a path from Yang-Mills theory to an ensemble of center vortices. An
important line of investigation is then to compute the partial contribution of each vortex sec-
tor from first principles in order to derive and/or improve the phenomenological approach. A
relevant first step in this direction is to establish the renormalizability of the partial contribu-
tions Zg,. This was firstly studied for the vortex-free sector in Ref. [13], and then generalized
to a sector containing a general oriented elementary center-vortex configuration in Ref. [14].

In section 1 we present the sector-dependent gauge fixed action that implements the con-
ditions of Eq. (4). In section 2 we review the renormalizability of the vortex-free sector. In
section 3 we review the generalization of this result to a sector labeled by an arbitrary number
of elementary oriented center vortices. In section 4 we present our conclusions.

1 The gauge-fixed action

From Eq. (5) it is clear that the action will be a sector dependent functional of the fields, as
the gauge fixing condition depends on V(S). In order to obtain a concrete expression for it,
we introduce in each Z 3 the identity

6Sdu¢\ 62S”u.x
1= D 7
f[ éVl]é( ) (5{15@) @
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which correlates each gauge field A, with the tuple {;(A) that minimizes S 4, in the presence
of A,. As discussed in Ref. [15], it is important to choose S 4, carefully in order to obtain
a well-defined mapping A, — {;(A). In particular, this action should contain Spontaneous
Symmetry Breaking (SSB) in order to avoid problems with the injectivity of the map. We
considered the choice

Sunec) = [ e (DREDEG + 1260+ ki
+ s o) ®)

the tensor y being a general combination of structure constants and deltas. The delta func-
tionals and determinants in Eq. (7) are exponentiated using flavored Lie algebra valued ghost
(¢1, ;) and Lagrange multiplier () fields. Similarly, the gauge-fixing terms in Eq. (5) are
exponentiated by ¢, ¢ and b. The resulting additional action is given by

2(So) = f d*x (DL BIDIC LS + DEPehDccs + i (25 + by ) +
kfir T BIL G = 2810kes) + i, (LTt + 38 ¢5Lkdy)
_UZELIzgl AfabCfcde —a 51 éa] (](fIJKfabc ~a g](
+l-fabc (ban?é + E_an?c;) + fecdfeba—a b d) , )

where the background field n; = vS07;S !implements the sector-dependent condition of Eq.
(4). It is possible to show that this action has a BRST symmetry, given by

https://doi.org/10.1051/epjconf/202225802002

sAy = i.Dzbcc , sc¢ = —if“bccbcc ,
g g

s = if el + ¢, = —if®eche

sC) = —lf“b%'lc - sb§ = if“b"b?cc

sct = =b* sb* =0,

SU- = U? s sU% =0 s

sk =K, sK =0,

s1=A, SA=0. (10)

The transformations of the gauge fixing parameters u?, «, A are introduced to ensure that all
observables will be independent of them [16, 17].
2 The vortex-free sector

In Ref. [13] we have studied the renormalizability of this sector using the algebraic method.
In this approach, the Ward Identities of the action are used to restrict the possible counter
terms. In this regard, it is important to introduce external sources coupled with the non-linear
BRST variations of the fields, i.e.

Z(g}\c)t _fd4 (gKa(Dab b) lCafabc b c —i abcl‘f;c;}cc + Q7(ifabcé«;7cc +C(11

+if " BibYc — LiGf"Ec + b)) . (11)
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Moreover, an additional pair of external sources (M;’b s N}’b) is introduced by means of the
BRST exact term

=@ = f dx Mgt (12)

They are introduced as a doublet, i.e. sM{ ab = =Ny ab sN“b 0. To analyze the renormalizabil-
ity, we employ the algebraic method [17] In th1s regard we write the quantum action I at
first order as

=5, +nzd, (13)

E‘g being the counter term, and impose on it all the Ward Identities satisfied by the tree level
action S ¢, given by

Sy =Sym+2(So)+Z +38) . (14)
2.1 Ward Identities and renormalization
Besides the Slavnov-Taylor, the action S ¢ satisfies 6 other Ward Identities. These are:
e The gauge-fixing equation,
oS vt .
— =i - Mg (15)
a
o The anti-ghost equation,
- 1) 0
ag = abc b Mab S =0. 16
G ( i g M S (16)
e The ghost number equation,
6 6 o 19 é 6
NSyt = | d*x ( "= = — + A + K —+
ot f Iocs ~“Ioza T sea e 6A 5K
o 1) )
+U?— - - - B} -2C - 2L —
sur K 6K“ Qi (5Q" B 6BY 6Ca “sLa
0 0
Neb 2 me )S =0. 17
SNG® ~isa 65, g ab {7
e The global flavor symmetry,
0 ) o o
Qvi=\{ 7 = bl oa + s ~C= ~ M=~ Qs
o 5;, ’5b Tocy 1 sed ’577, T60s
o 6 -, 0 o (5 o
+ B — 4 L — — [ —k— — S YN
T R I TR P TR T T
o 6
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e The linearly broken rigid symmetry,

5 s s 5 5 5
RSt = | — + abeya - Bf{— +L§ pl
' (5’ 5cd i 6b“ i ToNbe ~ TlsLe T T a0y oK oA
- M N )S o = Loct + LI4 — Q4 . (19)
1

e The ghost equation,

abc pcnm,_n

0
ag o = abn an S v
G*Svi ( 5ca ) oNTT ) f

= if ™ (CPc* + Q)¢5 + Ljc§ + Lycs + BbS) + — DabK” . (20)

These symmetries restricted the possible counter terms dramatically. Indeed, we showed that
the most general Zg is given by

= f d*x (aoS yu(A) + ar(@,b50,4) + gf " DiOuLI A, + gf " ObiALLS+
+ g [ LALDAG + 8,80,¢] + gf T + gf PO, T AL B, AL,
+ g [ fCALE AL + an fUE UKL G — 2] L — KT+
+ @i (NG54 ) = 3ATICRELT — AL d)+
+ ay (U - 2eje) — 12biep)) - @21

Then, we showed that it may be absorbed by a redefinition of the parameters, fields and
sources of S ¢, with appropriate renormalization factors.

3 Sectors labeled by center vortices

In Ref. [14], we considered a sector labeled by n center vortices with guiding centers at
the closed worldsurfaces Qi,...,Q,. When they carry the same fundamental weight 3, the
associated defect may be written as S = ¢*#T, where y is a multivalued angle with respect
to Q,...,Q,. Here we are using the notation 8- T = B|,T,, T, being the generators of the
Cartan subalgebra of su(N). In these sectors, because of the gauge condition ..., the gauge-
fixed configurations of auxiliary fields will be of the form {; = Soq,Sal, with [¢q;, T;] = 0.
This means that the components of {; that rotate under Sy must vanishat Q = Q; U--- U Q,.
These are the components along the off-diagonal generators T, T3, with @ - 8 # 0, @ being
the roots of su(N). To impose these boundary conditions, we followed the method of Ref.
[18], where the delta function that implements the boundary conditions is exponentiated as
follows

[ [60@6a) =
Y

ix [ do1dos \g(o1.0) (4] (01,028 (o100 +4] (01,02)¢] (x(or1,02)
f [DA] e (’ ! ! ! ) . (22)
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Moreover, in order to account for the BRST invariance of these boundary conditions, we
should also impose s¢ = s£/ = 0 on Q [19]. To this purpose, we represented this expression
in an alternative, more symmetric form, by means of the Symanzik method [20], where a
generic Lie algebra valued source J(x) was introduced. Then

[ 60(&)6a(Noa(sE)da(ss]) — [[DANDE] e = @ED (23)
Y

with the additional fields satisfying

s&f =27, sA7 =0
sJ=0. (24)

The expression of interest is recovered when J is set to take its physical values (see Ref. [14]),
and automatically takes into account the BRST invariance of the boundary conditions. Then,
it is convenient to introduce external sources m%’ , n%’ in order to preserve the symmetries of
the vortex-free sector. In order to guarantee that these do not alter the physical theory, they

are introduced as a BRST doublet, i.e.
sm?? = —n?g , sn?ﬁ =0. (25)

Therefore, the full action in these sectors is given by

Zvonex (1) + 2(2) + 2(3) + Zb.c. . (26)

ext ext ext

=289 +S

To analyze the renormalizability of X""*, we proceeded similarly as in the vortex-free case.
Namely, we imposed the Ward Identities in the quantum action to restrict the possible counter-
terms, and studied the stability of the action.

3.1 Ward Identities and renormalization
Three new Ward Identities are satisfied in the center vortex sectors. These involve the new
fields A;,&;, J,myy, nyy, and are given by

e The J equation,

0 . 0
juzvorlex — (ﬁ _ fubc 6”_bc] yvortex _ () 27)
omy;

¢ Global symmetry in the boundary-conditions sector,

5 5 5 s 5
e ] P
s&p g T sy T et smi

=0. (28)

Tzvortex — ( g;l

e The linearly broken A equation,

6zv0rlex

Aazvortex —
! oA

= fgue. (29)

In Ref. [14], we showed that Zé"r‘ex = Zg, and that the action is stable in the vortex sectors.
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4 Discussion

Recently, a new way to quantize Yang-Mills theory based on a local gauge fixing procedure,
so as to avoid the presence of Gribov copies, was proposed. The path integral was written as
a sum over inequivalent sectors labeled by center vortices, and the gauge is fixed with a sec-
tor dependent gauge condition. Within this procedure, observables of Yang-Mills theory are
evaluated as a sum over partial contributions of each possible center vortex sector, providing
a glimpse of a path from Yang-Mills theory to phenomenological center-vortex ensembles.
In Ref. [13], we established the renormalizability of the vortex-free sector by using the alge-
braic method, and then, in Ref. [14], this was generalized to a sector containing an arbitrary
number of elementary center vortices. The BRST structure guaranteed the independence of
observables from the gauge fixing parameters, and the introduction of appropriate external
sources allowed us to to establish a rich set of Ward Identities. These restrictive symmetries
implied that the counter-term is the same in all the analyzed sectors, and so is the number of
independent renormalization parameters. These results show that this first principles Yang-
Mills ensemble is indeed calculable.
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