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Abstract
This work aims at investigating the coupled system of quark-gluon vertex, quark
propagator and three-gluon vertex in Landau gauge. For this purpose we proceed
in several steps. As a first step the coupled system of quark-gluon vertex and quark
propagator will be calculated separately using a model for the three-gluon vertex.
In a second step, the results of this computation will be used to unquench the three-
gluon vertex. Finally, the coupled system of quark-gluon vertex, quark propagator
and three-gluon vertex will be considered. Due to this calculation we are capable of
drawing conclusions about the interplay between quarks and gluons. We are espe-
cially interested in two aspects:
Firstly, we will study how a dynamic three-gluon vertex affects dynamical chiral
symmetry breaking. With respect to this we will show that a small change in the
Yang-Mills sector has a big impact on dynamical chiral symmetry breaking.
Moreover, it was found in earlier investigations that the dressing function of the
tree-level tensor structure of the three-gluon vertex exhibits a zero crossing. Al-
though this feature of the three-gluon vertex has attracted much attention since
then, the exact position of the zero crossing is still unknown. In this work we will
investigate how the unquenching of the three-gluon vertex affects the position of the
zero crossing. The calculations will be performed using Dyson-Schwinger equations
and the nPI formalism.

Zusammenfassung
Ziel dieser Arbeit ist die Berechnung des gekoppelten Systems aus Quark-Gluon-
Vertex, Quark-Propagator und Drei-Gluon-Vertex in Landau Eichung. Hierzu gehen
wir in mehreren Schritten vor. In einem ersten Schritt betrachten wir das Sys-
tem aus Quark-Gluon-Vertex und Quark-Propagator gesondert unter Verwendung
eines Modells für den Drei-Gluon-Vertex. In einem zweiten Schritt verwenden
wir das Ergebnis dieser Berechnung dazu, den Drei-Gluon-Vertex „unzuquenchen“.
Schließlich betrachten wir das gekoppelte System aus Quark-Gluon-Vertex, Quark-
Propagator und Drei-Gluon-Vertex. Diese Berechnung versetzt uns in die Lage,
Rückschlüsse über das Wechselspiel zwischen Quarks und Gluonen zu ziehen. Hi-
erbei stehen vor allem zwei Aspekte im Fokus unseres Interesses. Zunächst werden
wir untersuchen, wie sich ein dynamischer Drei-Gluon-Vertex auf dynamische chi-
rale Symmetriebrechung auswirkt. Diesbezüglich werden wir zeigen, dass bereits
kleine Änderungen im Yang-Mills Bereich große Auswirkungen auf die dynamis-
che chirale Symmetriebrechung haben. In früheren Untersuchungen konnte darüber
hinaus gezeigt werden, dass die Dressingfunktion der Tree-Level-Tensorstruktur des
Drei-Gluon-Vertex einen Nulldurchgang besitzt. Obwohl diese Eigenschaft des Drei-
Gluon-Vertex große Aufmerksamkeit auf sich gezogen hat, ist die genaue Position
des Nulldurchganges bislang noch unbekannt. In dieser Arbeit werden wir un-
tersuchen, wie sich die Position des Nulldurchgangs des Drei-Gluon-Vertex unter
Einbeziehung von Quarks ändert. Für die Berechnungen verwenden wir Dyson-
Schwinger-Gleichungen und den nPI-Formalismus.
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1. Introduction

Quantum Chromodynamics (QCD), the theory of the strong interaction, has been
an active research area for decades now and especially at the beginning much insight
could be gained by means of Perturbation Theory. In doing so one exploits the fact
that QCD is an asymptotically free theory, that is, the running coupling tends to
zero at large momenta and allows in this way for a systematic expansion in the
coupling constant. However, due to its restriction to high energies/small coupling
constants two of the most striking effects of QCD lie outside of the range of appli-
cation of Perturbation Theory: confinement and dynamical chiral symmetry
breaking (DχSB). We will understand the former as the impossibility to detect
quantities that carry a color charge. This behaviour seems to be a consequence of
the non-Abelian nature of QCD and thus is linked to gluodynamics. One conse-
quence of DχSB is the dynamical generation of mass which is (besides the Higgs
mechanism) responsible for most of the mass of visible matter. In this work it will
be emphasized that it has even more consequences.
Both features require a non-perturbative treatment and to this end a multitude of
methods is available. In this work we will mainly employ Dyson-Schwinger equations
and the nPI formalism. Both methods aim at the calculation of n-point functions
which contain all the information about the theory and can be used to calculate
hadron properties. However, n-point functions are no gauge independent quantities
and thus a gauge choice is required. In this thesis we will work in Landau gauge.
Two n-point functions are of particular interest: the quark-gluon vertex and the
three-gluon vertex.
The quark-gluon vertex links the gauge and the matter sector and has been at the
center of intensive research for many years. The methods applied to study the quark-
gluon vertex range from Perturbation Theory [1, 2, 3, 4, 5] to Lattice calculations
[6, 7, 8, 9] to continuum methods [10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20]. One
of the reasons why the quark-gluon vertex has attracted so much attention is due
to the role it plays in DχSB. It was found that the quark-gluon vertex needs to
have a certain strength in order to enable chiral symmetry breaking. A profound
knowledge of the quark-gluon vertex therefore seems to be a good starting point for
a better insight into DχSB. Since the quark-gluon vertex mediates the interaction
between quarks and gluons, it is moreover elementary for bound state calculations
and for this purpose several models for the quark-gluon vertex have been developed.
However, over the last years there has been growing interest in studying the effects
that a fully dressed quark-gluon vertex has on hadrons [21, 22, 13].
The three-gluon vertex on the other hand directly reflects the non-Abelian na-
ture of QCD. The three-gluon vertex of pure Yang-Mills theory, i.e., disregarding
the contribution of the quark sector, has been the object of different calculations
[23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. A striking observation is
that the dressing function of the tree-level tensor structure of the three-gluon vertex
– in contrast to earlier believes – does not increase in the infrared but rather declines
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until it crosses zero and finally becomes negative 1. Although there is large evidence
for the existence of this zero crossing, its definite position still remains unsettled. A
deeper meaning can be given to the zero crossing in the sense that its position may
serve as a guideline for the strength of the three-gluon vertex at the scale relevant
for hadrons.
Most of the research so far aimed at studying the quark-gluon vertex and the three-
gluon vertex separately, but less is known about the interplay between both quan-
tities in a non-perturbative treatment [13, 9]. Our goal is therefore to examine the
mutual dependence of quark-gluon vertex and three-gluon vertex on each other. To
this effect we will finally consider the coupled system of quark propagator, quark-
gluon vertex and three-gluon vertex. In doing so we are especially interested in the
question how sensitive the quark-gluon vertex and with it DχSB is to a dynamical
three-gluon vertex. Furthermore, we are able to research how the unquenching of
the three-gluon vertex affects the position of the zero crossing. Putting this work
into a broader context we hope to shed some new light on the notion that quarks
are screening and gluons are anti-screening.
Having this in mind the structure of this thesis can be best understood from its
aim, the calculation of the coupled system of quark propagator, quark-gluon ver-
tex and three-gluon vertex. In order to accomplish this we will take small steps
starting with laying down the basics of QCD in chapter 2, where we will focus on
those aspects of QCD that will play an important role in the subsequent chapters.
In chapter 3 we will give an overview of the Functional Methods that we will em-
ploy in this work, namely Dyson-Schwinger equations, the nPI formalism and the
Functional Renormalization Group. In doing so we will highlight the characteris-
tics of each method. In the subsequent chapter 4 we will tackle the calculation
of the quark-gluon vertex and the quark propagator. We will find an appropriate
parametrization of the quark-gluon vertex and comment on the basis systems that
can be found in the literature. Moreover, we will perform the calculation of the
quark-gluon vertex two times, one time using the 3PI formalism and another time
employing its Dyson-Schwinger equation, and compare the results of both methods
with each other. In the calculation the three-gluon vertex is described by a model
and we will analyze the impact that a variation of the model parameters has on the
quark-gluon vertex. We will turn to the three-gluon vertex in chapter 5 beginning
with a calculation of the three-gluon vertex in Yang-Mills theory. This calculation
will then be augmented by the quark sector and a calculation of the unquenched
three-gluon vertex will be performed. At first, a static quark-gluon vertex will be
employed, that is, back coupling effects of the three-gluon vertex on the quark sector
will be ignored. Finally, we will calculate the coupled system of quark-gluon vertex,
quark propagator and three-gluon vertex. Our investigation will be concluded in
chapter 6 and we will give an outlook of possible future work.
Chapter 7 stands apart from the previous investigations. Instead of QCD we will
deal with a scalar φ4-theory using the Functional Renormalization Group. Inter-
esting about φ4-theory is that it shares the same universality class with the Ising
model. We will study the system in the symmetric and symmetry broken phase and
finally present a calculation of the pressure in the symmetry broken phase at finite
temperature. This chapter may be viewed as a supplement to the main work.

1 In future we will refer to this feature as the zero crossing of the three-gluon vertex.
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2. Aspects of QCD

In this chapter we will introduce some fundamental concepts of Quantum Chromo-
dynamics (QCD). This chapter hence lays the foundations for all further chapters.
To begin with we introduce the generating functional of the correlation functions of
QCD and perform a gauge fixing procedure. The gauge fixed generating functional
is then used to derive the effective action. Next, we will have a closer look at the
symmetries of our gauge fixed theory with the focus on chiral symmetry and BRST
symmetry. The latter will lead us then to the formulation of the Slavnov-Taylor
identities (STIs). We will conclude this chapter by a discussion of dynamical chi-
ral symmetry breaking and present order parameters by means of which it can be
detected.

2.1. The gauge fixing procedure

QCD is a gauge theory based on the group (color) SU(3). Demanding invariance
under local gauge transformations

Ω(x) = exp [−igθa(x)T a] (2.1)

we can write down the matter part of the QCD action1:

SM =
∫
d4xLM ,

=
∫
d4x

Nf∑
i=1

qi(−Dµγµ +mi)qi . (2.2)

Here, we have introduced the covariant derivative in the fundamental representation

Dµ = ∂µ + igAµ , (2.3)

and used the abbreviation Aµ = AaµT
a with T a being the generators of SU(3). q,

q and Aaµ denote the quark, antiquark and gluon fields. In (2.2) the flavour index i
has been written out explicitly, but will be suppressed henceforth.
The dynamics of the gluon is described by the term

SYM =
∫
d4xLYM ,

=
∫
d4x

1
4F

a
µνF

a
µν , (2.4)

1 We work entirely in Euclidean space-time.
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which constitutes the Yang-Mills part of the QCD action. F a
µν is the field strength

tensor given by

F a
µν = ∂µA

a
ν − ∂νAaµ − gfabcAbµAcν . (2.5)

The last term reflects the non-Abelian nature of SU(3) and is responsible for the
self-interaction of the gluon as can be seen by inserting (2.5) into LYM .
Putting both terms together the full action of QCD reads

SQCD =
∫
d4xLQCD ,

=
∫
d4xLM + LYM ,

=
∫
d4x q(−Dµγµ +m)q + 1

4F
a
µνF

a
µν . (2.6)

We can now naively define a generating functional by

Z[J, η, η] =
∫
D[Aqq] exp

[
−SQCD +

∫
d4x

(
AaµJ

a
µ + ηq + qη

)]
. (2.7)

Here, we have introduced the source for the gluon field Jaµ and the Grassmann valued
sources for the quark and anti-quark η and η. The measure is assumed to be gauge
invariant.
However, a more careful treatment reveals that the generating functional (2.7) is
plagued by two problems:
All gauge fields that are connected through a gauge transformation form a so-called
gauge orbit, which we will denote by [AΩ]. The members of a gauge orbit are called
gauge copies. Due to the invariance of the action and the measure all fields that
belong to the same gauge orbit give the same value for the integrand. Carrying out
the path integral would thus lead to an infinite constant which can be identified
with the volume of the gauge group.
A further consequence of the gauge freedom [39] refers to the part of (2.4) that is
quadratic in the gluon fields. This part can be identified with the inverse of the
gluon propagator. However, in the form given above it is not free of zero modes and
consequently a definition of the gluon propagator is prevented.
A solution to both problems is given in form of gauge fixing. From the first problem
it is evident that because of gauge invariance it suffices to take only one element per
gauge orbit into account. The idea is thus to impose a further constraint onto the
system that singles out exactly one representative of each gauge orbit. In a generic
form this condition can be written as

fa(AΩ) = da(x) . (2.8)

There are different ways how this can be specified. A suitable covariant condition
is given by

∂µA
a
µ = 0 . (2.9)

This condition has somehow to be included into the generating functional. For this
purpose the method of Faddeev and Popov proved to be successful [40]. The central
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idea is to write the identity as

1 =
∫
DΩ∆[A]δ(fa(AΩ)− da(x)) . (2.10)

Here the delta distribution implements the condition (2.8) and ∆[A] is the so-called
Faddeev-Popov determinant

∆[A] = det
[
δfa(AΩ(x))
δθb(y)

]∣∣∣∣∣
θ=0

. (2.11)

A distinctive feature of this equation is that the integration is performed over a
group with the measure being a Haar measure [41]. A special property of the Haar
measure is that it is invariant under the transformations of the group. With this
one can show that the Faddeev-Popov determinant is invariant as well [42].
Setting for now the sources in (2.7) to zero we can introduce the identity (2.10) into
our generating functional

Z[0] =
∫
D[Aqq]

∫
DΩ∆[A]δ(fa(AΩ)− da(x)) exp [−SQCD] . (2.12)

In order to circumvent the problems outlined above we would like to absorb the
volume of the gauge group

∫
DΩ in the normalization. Yet, this is at the moment

prevented by the appearance of fa(AΩ) in the integrand. We can, however, take
advantage of the gauge invariance of both measures, the Faddeev-Popov determinant
and the action. On account of this a gauge transformation from AΩ to A does not
alter the result of the integration and we can pull

∫
DΩ out of the integrand. This

finally yields

Z[J, η, η] =
∫
D[Aqq]∆[A]δ(fa(A)− da(x)) exp

[
−SQCD +

∫
d4x

(
AaµJ

a
µ + ηq + qη

)]
.

(2.13)

For practical purposes it is common to rearrange the integrand such that all terms
appear in the exponent. This is done for the Faddeev-Popov determinant by intro-
ducing two Grassmann valued auxiliary fields ca and ca. We find

∆[A] = det
[
−∂µDab

µ

]
=
∫
D [cc] exp

[
−
∫
d4xca∂µD

ab
µ c

b
]

(2.14)

with the covariant derivative in the adjoint representation

Dab
µ = ∂µδ

ab + gfabcAcµ . (2.15)

Altough they anticommute, the fields ca and ca exhibit a spin of zero in contra-
diction to the spin-statistic theorem. It is therefore evident that they have been
introduced solely as a method of calculation and cannot form observable quantities.
As a consequence of this ca and ca are given the names ghost and anti-ghost field,
respectively. We would like to make a comment on this.
In spite of their unphysical nature the ghost and anti-ghost field are of high impor-
tance for the theory. For example, they cancel the unphysical polarizations of the
gluon and thus help to render the S-Matrix unitary [43, 44].
We can use the Gaussian integral a second time to deal with the delta distribution
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in (2.13). We can split off the normalization a constant of the form∫
D[d] exp

[
− 1

2α

∫
d4x(da(x))2

]
. (2.16)

Inserting this expression into (2.13) the delta distribution can be integrated out and
the generating functional takes its final form:

Z[J, η, η, σ, σ] =
∫
D [Aqqcc] exp

[
−Seff +

∫
d4x

(
AaµJ

a
µ + ηq + qη + σaca + caσa

)]
,

=
∫
D [Aqqcc] exp

[
− (SQCD + SGF + SFP )+∫

d4x
(
AaµJ

a
µ + ηq + qη + σaca + caσa

) ]
,

(2.17)

where we have introduced the Grassmann valued sources σa and σa for the ghost
and anti-ghost field.
The two new terms in the action that are created in the Faddeev-Popov procedure
are given by

SGF =
∫
d4xLGF =

∫
d4x

1
2α(∂µAaµ)2 , (2.18)

SFP =
∫
d4xLFP =

∫
d4xca∂µD

ab
µ c

b . (2.19)

α is the gauge parameter which has no physical meaning and therefore may be set
to a fixed value. Of particular interest for this work is the limit α → 0 which
corresponds to Landau gauge. The expression SFP introduces the ghost propagator
and the ghost-gluon vertex to our theory.
For later on when we discuss BRST symmetry it will be convenient to linearize the
gauge fixing term by introducing the Nakanishi-Lautrup auxiliar field Ba(x). For
this purpose one employs the relation

exp
[ 1
2α(∂µAaµ)2

]
= const×

∫
D[B] exp

[
iBa∂µA

a
µ + α

2B
aBa

]
. (2.20)

That both sides are indeed equal apart from a global constant can be checked explic-
itly by completing the square on the right-hand side and performing the Gaussian
integral. The generating functional can then be rewritten as

Z[J, η, η, σ, σ] =
∫
D [ABqqcc] exp

[
− (SQCD + SFP +

∫
d4x(iBa∂µA

a
µ + α

2B
aBa))+∫

d4x
(
AaµJ

a
µ + ηq + qη + σaca + caσa

) ]
(2.21)

As convincing as the above outlined procedure may appear there are yet some prob-
lems that remain. One of the most notable is the Gribov problem [45] which has been
the subject of extensive research since its discovery (for reviews see e.g. [46, 47, 48]).
In short, this problem originates from the fact that within the Faddeev-Popov pro-
cedure more than one gauge copy per gauge orbit is singled out. On account of this
the problem of overcounting is still present in the theory. Despite diverse efforts this
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problem has not yet been satisfactorily solved.

2.2. The effective action

Having gauge fixed the generating functional we are able to derive correlation func-
tions by differentiating 2.17 with respect to the sources and setting all source terms
to zero. Although correlation functions are gauge dependent and thus do not con-
stitute physical quantities by themselves, they can be used in a further step for the
computation of observables. This is for example the case in the LSZ reduction for-
mula [49] that relates correlation functions and S-matrix elements or the calculation
of bound states in the BSE formalism [50]. A full knowledge of correlation functions
therefore implies a complete description of the theory.
In terms of Feynman diagrams the correlation functions that are obtained from the
generating functional Z[J, η, η, σ, σ] correspond to disconnected as well as reducible
diagrams. Since these diagrams are composed of smaller building blocks, some of
the information that they contain is redundant. We thus restrict ourselves to the
calculation of irreducible diagrams from which all other kind of diagrams can be
constructed. For this purpose we at first get rid of the unconnected diagrams by
reformulating the generating functional:

Z[J, η, η, σ, σ] = exp [W [J, η, η, σ, σ]] . (2.22)

W [J, η, η, σ, σ] is the generating functional of connected Green’s functions. In order
to arrive at the effective action Γ from which the 1PI irreducible Green’s functions
can be derived we have to perform a Legendre transformation with respect to all
sources

Γ[ΦA,Φq,Φq,Φc,Φc] = −W [J, η, η, σ, σ]+
∫
d4x

(
Jaµ(x)Φa

Aµ(x) + η(x)Φq(x)+

η(x)Φq(x) + σa(x)Φa
c(x) + σa(x)Φa

σ(x)
)
.

(2.23)

The Φs on which the effective action depends are the so-called classical fields that
are related to the generating functional of connected Green’s functions W and the
sources. In a generic way we can write

Φi = δW

δJi
, Ji = δΓ

δΦi

. (2.24)

By differentiating the effective action with respect to the classical fields and setting
the sources to zero we obtain the n-point functions which are the relevant quantities
that we will study in this thesis.
The above effective action is dubbed the 1PI effective action. From this action we
gain all diagrams that do not fall apart by cutting one line. As the formulation 1PI
suggests a generalization to a nPI effective action is possible. How this is done in
detail will be expounded in the next chapter.
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2.3. BRST symmetry and Slavnov-Taylor identities

Because of the terms SGF and SFP that come about with the gauge fixing procedure
the full action Seff is not invariant under gauge transformations anymore. However,
it is possible to find a symmetry that leaves the gauge fixed action invariant. This
symmetry has been named after its discoverers BRST symmetry [51, 52]. We can
think of BRST symmetry as a gauge symmetry (2.1) which is extended to the ghost
and auxiliary fields and where the following replacement has been performed:

θa(x)→ ξca(x) . (2.25)

ca(x) is the ghost field and ξ is a Grassmann valued constant. Under the BRST
symmetry the fields transform as

δBRSTA
a
µ = ξDab

µ c
b ,

δBRSTq = −iξgT acaq ,
δBRSTq = iξgcaqT a ,

δBRSTc
a = −ξ g2f

abccbcc ,

δBRSTc
a = iξBa ,

δBRSTB
a = 0 . (2.26)

If we undo the replacement (2.25) we see that the transformation of the quark and
the gluon is exactly the same as under the gauge transformation which is natural
since we have merely chosen a specific value for θa(x). This implicates that SQCD is
already invariant under BRST transformations.
An important feature of BRST symmetry is that the transformations (2.26) are
nilpotent, that is,

δ2
BRSTA

a
µ = δ2

BRSTq = δ2
BRSTq = δ2

BRSTc
a = δ2

BRSTc
a = δ2

BRSTB
a = 0 . (2.27)

By using the above transformations and exploiting the nilpotency of the BRST
symmetry one can show in an explicit calculation that δBRST(SFP + SGF ) = 0.
A further symmetry that occurs in the gauge fixed action is the ghost symmetry.
This symmetry corresponds to a rescaling of the ghost fields

ca → eγca , (2.28)
ca → e−γca , (2.29)

where γ is a real number. For this symmetry one finds a conserved charge Qgh which
gives rise to a conserved quantum number denoted as ghost number ngh. Every ghost
exhibits a ghost number of ngh = 1 and for every anti ghost we have a ghost number
of ngh = −1. Consequently, we have to assign to the BRST transformations a ghost
number ngh = 1.
As for the ghost symmetry there exists also for the BRST symmetry a conserved
charge QBRST . Both charges play a crucial role in the definition of a physical
subspace of the full state space. Such a definition becomes necessary because the
full state space also contains states with a negative norm that impedes a probability
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interpretation. One thus has to select the physical states |φ〉phys via the condition

QBRST |φ〉phys = 0 (2.30)

like it is done in QED by implementing the Gupta-Bleuler condition. Since in
QCD the definition of physical states is closely entwined with the notion of confine-
ment a thorough treatment finally leads to the Kugo-Ojima confinement scenario
[53, 54, 55]. As we do not deal with this topic in this thesis we leave it at this
brief mentioning which underlines the broader significance of the BRST symmetry.
Instead we would like to add two comments about BRST symmetry.
Although in our case we first carried out the Faddeev-Popov procedure and then
identified the BRST symmetry in the gauge fixed Lagrangian, one should bear in
mind that the BRST symmetry is more general than the Faddeev-Popov method in
the sense that one can add BRST invariant terms to the Lagrangian that cannot be
constructed from a Faddeev-Popov procedure [43, 56].
It is up to now unsettled whether BRST symmetry is a manifest symmetry in a
non-perturbative treatment.
A further consequence of BRST symmetry with a more direct implication for our
work are the Slavnov-Taylor identities [57, 58] which can be regarded as the gener-
alization of the Ward-Takahashi identities in QED to non-Abelian theories. If we
have again a look at the generating functional (2.17), we recognize that because of
the source terms the whole integrand is not invariant under BRST transformations.
Inspite of this the generating functional itself is BRST invariant. This can be under-
stood as follows: since the measure and the action are BRST invariant we can always
perform a variable transformation to the BRST transformed fields Atr, qtr, qtr, ctr
and ctr without changing the form of the generating functional, or explicitly,

Z[J, η, η, σ, σ] =
∫
D [Aqqcc] exp

[
− Seff [A, q, q, c, c] +

∫
d4x

(
AaµJ

a
µ + ηq

+ qη + σaca + caσa
)]
,

=
∫
D [Atr qtr qtr ctr ctr] exp

[
− Seff [Atr , qtr , qtr , ctr , ctr] +

∫
d4x

(
Aaµ trJ

a
µ

+ ηqtr + qtrη + σacatr + catrσ
a
)]
,

= ZBRST [J, η, η, σ, σ] ,

where we made the dependence of the action on the fields explicit. Since already
the generating functionals for the transformed and untransformed fields coincide,
the same has to be true for the Green’s functions that are derived by differentiating
with respect to the sources.

δnZ[J, η, η, σ, σ]
δJaµ(x) . . . = δnZBRST [J, η, η, σ, σ]

δJaµ(x) . . . . (2.31)

We thus obtain the condition

δBRST
δnZ[J, η, η, σ, σ]
δJaµ(x) . . . = 0 , (2.32)

which gives rise to the Slavnov-Taylor identities (STIs) of the Green’s functions of
the generating functional Z. Since we are mainly dealing with the effective action
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we have to work out the corresponding expressions for the STIs. Starting from
the generating functional (2.21) this can be done in an elegant way by introducing
further sources Ka

µA, Kq, Kq, K
a
c and Ka

B for the terms δBRSTA
a
µ, δBRSTq, δBRSTq, δBRSTc

a

and Ba:

Z[J, η, η, σ, σ,KA, Kq, Kq, Kc, K
a
B] =

∫
D [ABqqcc] exp [−Sfull]

Here, we have absorbed the source terms into the action

Sfull =SQCD + SFP +
∫
d4x(iBa∂µA

a
µ + α

2B
aBa)

−
∫
d4x

(
AaµJ

a
µ + ηq + qη + σaca + caσa +Ka

µAδBRSTA
a
µ +KqδBRSTq+

δBRSTqKq +Ka
c δBRSTc

a +Ka
BB

a
)
.

(2.33)

The invariance of the generating functional under BRST transformations translates
in this approach to

0 = δBRSTZ[J, η, η, σ, σ,KA, Kq, Kq, Kc, K
a
B]

=
∫
D [ABqqcc] exp [−Sfull]

∫
d4x

(
δBRSTA

a
µJ

a
µ − ηδBRSTq + δBRSTqη−

σaδBRSTc
a + δBRSTc

aσa
)

=
∫
d4x

(
Jaµ

δ

δKa
µA

− η δ

δKq

+ δ

δKq

η − σa δ

δKa
c

+ iξ
δ

δKa
B

σa
)
×

Z[J, η, η, σ, σ,KA, Kq, Kq, Kc, K
a
B] ,

(2.34)

where we have used once more the invariance of the measure and the action and
exploited the nilpotency of the BRST transformations and that δBRSTB

a = 0. In the
third line we have pulled the bracket with the BRST transformed fields out of the
path integral which is possible, if we replace the fields by derivatives with respect to
the new sources. From this equation we obtain the STIs of the Green’s functions by
differentiating with respect to the old sources. Carrying out the steps described in
the previous section to get from the generating functional Z to the effective action
we obtain the identity

0 =
∫
d4x

(
− δΓ
δΦa

Aµ

δΓ
δKa

µA

+ δΓ
δΦq

δΓ
δKq

− δΓ
δKq

δΓ
δΦq

+ δΓ
δΦa

c

δΓ
δKa

c

− iξ δΓ
δKa

B

δΓ
δΦa

c

)
.

(2.35)

For this we have used (2.24) to replace the sources. Moreover, Γ is an abbreviation
for Γ = Γ[ΦA,Φq,Φq,Φc,Φc, KA, Kq, Kq, Kc, K

a
B], that is, the new sources are not

Legendre transformed in the process of calculating the effective action from the
generating functional of the connected Green’s functions. From the above equation
we get the STIs of the effective action which are also reffered to as Lee identities
[59, 60, 61].
In a nutshell, the STIs reflect the BRST symmetry by relating different Green’s
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functions in a non-trivial way. To give an example we consider the STI of the
quark-gluon vertex [62]:

kµΓa,(L)
µ (p, q; k) = G(k2)

[
S(−1)(p)Ha(p, q)−Ha(p, q)S(−1)(q)

]
(2.36)

Γa,(L)
µ is the longitudinal part of the quark-gluon vertex, p, q are the momenta of the

outgoing and incoming quark, respectively, and k is the gluon momentum. On the
right-hand side, G denotes the ghost dressing function and S the quark propagator
(for a definition of the non-perturbative propagators and vertices see appendix A.2).
Ha and its conjugate Ha are the quark-ghost scattering kernels which contain a non
tree-level two-quark-two-ghost vertex. Consequently, the STI of the quark-gluon
vertex relates information about four Green’s functions to each other.
From the above example we can see that the STIs allow us in principle to calculate
a given Green’s function in terms of other known Green’s functions. In QED, for
instance, the Ward-Takahashi identity of the quark-photon vertex, which can be
viewed as the Abelian counterpart of the quark-gluon vertex STI, resembles equation
(2.36) but without the contribution from the ghost part, i.e., without G(k2), Ha(p, q)
and Ha(p, q). It is therefore possible to express the longitudinal part of the quark-
photon vertex in terms of the quark propagator.
Since a violation of the Slavnov-Taylor identities corresponds to a violation of gauge
invariance, their fulfilment is of uttermost importance. The STIs can therefore be
used to judge the quality of an ansatz, like e.g. a truncation, that is introduced into
the theory.
Although these are clearly important features, the STIs in their direct form will be
of minor relevance for our purposes. The reason is that the STIs only affect the
longitudinal part of the Green’s function. However, as we will argue in section 4.2
in Landau gauge the dynamics of the theory are carried entirely by the transverse
part to which we will therefore restrict ourselves.
More relevant to us will be the implications that the STIs have on renormalization.
Up to now we have left the renormalization constants unmentioned. If one displays
them explicitly in the equations, one becomes aware that the STIs do not only relate
Green’s functions but also renormalization constants to each other [63, 64]. To be
explicit one finds the following relations:

Z̃1

Z̃3
= Z1

Z3
= Z1F

Z2
= Z4

Z1
(2.37)

with Z̃3, Z3, Z2, Z1F , Z1, Z̃1 and Z4 being the renormalization constants of the ghost,
gluon and quark field and of the quark-gluon, three-gluon, ghost-gluon and four-
gluon vertices. These relations will be used frequently throughout this thesis. If we
speak of STIs in the following we will therefore have these relations in mind rather
than the equations above.

2.4. Chiral Symmetry and its dynamical breaking

One of the most intriguing effects of QCD besides confinement is the breaking of
chiral symmetry. It is mainly this process that is responsible for the generation of
the mass of the light quarks and that gives rise to the existence of the pions (or
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more general of the light mesons) as Nambu-Goldstone bosons.
In order to identify the chiral symmetry we have again a look at the matter part of
the QCD action (2.2), but this time we will set the mass to zero

LM = q(−Dµγµ)q . (2.38)

Note that in this notation the summation over flavour indices is implied.
This Lagrangian is invariant under the global SU(Nf ) × SUA(Nf ) × U(1) × UA(1)
symmetry, which has no impact on the gauge bosons and acts on the quark fields as
follows 2:

q → exp[iθ]q , q → q exp[−iθ] : U(1) (2.39)
q → exp[iθaT a]q , q → q exp[−iθaT a] : SU(Nf ) (2.40)
q → exp[iθγ5]q , q → q exp[iθγ5] : UA(1) (2.41)
q → exp[iθaγ5T

a]q , q → q exp[iθaγ5T
a] : SUA(Nf ) (2.42)

where T a are the generators of the group SU(Nf ). If one checks the invariance of the
Lagrangian (2.38) under the above transformations explicitly one recognizes that for
the transformations (2.41) and (2.42) this is fulfilled because γµ anticommutes with
γ5. This observation can be generalized to further quantities Γ like e.g. the quark-
gluon vertex or the quark propagator. A necessary condition for chiral symmetry is
hence

{γ5,Γ} = 0 (2.43)

and we will call quantities that respect this condition chirally even and quantities
that violate it chirally odd. This condition will help us later when we classify the
basis tensors of the quark-gluon vertex.
The symmetry UA(1) is also called axial symmetry. This symmetry is broken by
a quantum anomaly which can be traced back to the fact that the measure of the
path integral is not invariant under UA(1) [65]. Adding a mass term with the same
mass for each flavour breaks the above symmetry to SU(Nf )× SUA(Nf )× U(1)→
SUV (Nf ) × U(1), where SUV (Nf ) is a diagonal subgroup of SU(Nf ) × SUA(Nf ).
Assigning a non-degenerate mass to each flavour breaks the symmetry further to
U(1)Nf . This is the case that is realized in nature where every flavour has a distinct
mass. As a consequence of this chiral symmetry is explicitly broken. However, since
the masses of the lightest quarks are very small relative to the QCD scale one finds
chiral symmetry to be a good approximate symmetry for up and down quarks and
– though to less extent – for strange quarks. We will, however, restrict ourselves
entirely to the case of massless quarks which is called the chiral limit.
The explicit breaking cannot be the only way chiral symmetry is broken. This can
be illustrated by a phenomenological argument concerning the mass spectrum of
hadrons. If chiral symmetry was (approximately) realized in nature as an unbroken
symmetry, the masses of the hadrons would be parity degenerate, that is, the parity
partner of a particle and the particle itself should have the same mass. This is
however in contradiction to what is observed in experiments. Moreover, the explicit

2 Strictly speaking SUA(Nf ) does not form a group. To be mathematically precise one would
have to consider the group SUL(Nf ) × SUR(Nf ) referring to left-handed and right-handed
quarks.
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breaking of chiral symmetry is due to the small masses of the light flavours not
sufficient to account for the mass difference between parity partners. This all hints
to the fact that chiral symmetry is spontaneously broken as well. Since this breaking
is not triggered by an additional scalar field (like in the Higgs mechanism) but solely
by the strong interaction it is referred to as dynamical symmetry breaking.
An order parameter that indicates the breaking of chiral symmetry is given by the
chiral condensate

〈qq〉

= 0, chiral symmetry is unbroken ,
6= 0, chiral symmetry is broken .

(2.44)

The chiral condensate is related to the quark propagator S(p2) by

−〈qq〉µ2 = Z2ZmNcTr
∫ d4p

(2π)4S(p2) . (2.45)

Here, the index µ2 indicates that the chiral condensate is still renormalization point
dependent. However, it can be brought into a renormalization point independent
form

〈qq〉µ2 =
(

1
2 ln( µ2

Λ2
QCD

)
)γm
〈qq〉 , (2.46)

with γm being the quark anomalous dimension.
A further order parameter for the breaking of chiral symmetry is given by the renor-
malization group invariantM(p2) which is called the quark mass function and which
can be identified as one of two dressing functions of the quark propagator. Also in
this case a non-vanishing mass function signals chiral symmetry breaking. Further-
more, a relation between quark mass function and chiral condensate can be found
analytically [66].
For our purposes the use of the quark mass function as order parameter for chiral
symmetry breaking will be more convenient since it will be directly the object of
our calculations. We will therefore delve into the details of the quark mass function
in chapter 4 when we will calculate the quark propagator.
At the end of this section we would like to mention that dynamical chiral symmetry
breaking has also an impact on the quark-gluon vertex and therefore on the way
how quark and gluons interact. This will be a central aspect of the investigations
in this work.
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3. Functional Methods

Crucial properties of matter like e.g. the formation of bound states or dynamical
chiral symmetry breaking can not be explained in a perturbative framework. There-
fore other methods need to be employed that allow for a non-perturbative analysis.
Two main methods in this field are Lattice gauge theories and Functional Methods.
In Lattice gauge theories the action of the theory is discretized and calculations are
performed on a finite grid using statistical methods like Monte Carlo algorithms. On
the other hand Functional Methods provide a way for calculations in the continuum.
Both methods can be viewed as complementary in the sense that shortcomings of
one of both (e.g. finite volume effects regarding Lattice gauge theories and trunca-
tion effects regarding Functional Methods) are circumvented by the other one.
In this section three different types of Functional Methods will be presented. These
are the ones that are used in this thesis and moreover they have also attracted much
attention over the last years. However, one should be aware that they only form a
part of Functional Methods and other methods are available (see e.g. [67, 68, 69, 70]).
For the sake of simplicity we will consider a theory of bosonic scalars φ. However,
these may be viewed as superfields, i.e., a reducible multiplet that comprises all
other fields of the theory. For example for QCD in Landau gauge the superfield
would have the following form: φ = {Aaµ, q, q, ca, ca}.
Moreover, to keep the expressions as short as possible arguments are often sup-
pressed.

3.1. Dyson-Schwinger equations

The Dyson-Schwinger equations (DSEs) [71, 72, 73] are the equations of motion of
Green’s functions. The most direct access to their derivation is provided by the
consideration that the integral over a total derivative vanishes [74, 75, 76].

0 =
∫
D[φ] δ

δφj
e−S+

∫
φiJi ,

=
∫
D[φ]

(
− δS
δφj

+ Jj

)
e−S+

∫
φiJi , (3.1)

where the index of φ and J subsumes all indices of the field. If we replace the field by
a derivative with respect to the source, we are allowed to pull the term in brackets
out of the integral and can identify the generating functional Z[J ] on the right-hand
side

0 =
− δS

δφj

∣∣∣∣∣
φj=δ/δJj

+ Jj

Z[J ] . (3.2)
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This equation can be regarded as the master equation for the DSEs because by
differentiating with respect to the source we obtain the corresponding equations for
the full Green’s functions. However, for the same reasons as outlined in section 2.2
we are more interested in an equivalent equation for the effective action Γ[Φ] rather
than for the generating functional Z[J ]. Performing the steps described in section
2.2 to derive the effective action we receive after several manipulations the following
master equation for the effective action [76]:

δΓ[Φ]
δΦj

=
∫
SjsΦs −

1
2

∫ ∫
Sjst

(
ΦsΦt +DJ

st

)
− 1

3!

∫ ∫ ∫
Sjstu

(
ΦsΦtΦu + 3ΦsD

J
tu +

∫ ∫ ∫
DJ
svD

J
twD

J
uxΓJvwx

)
.

(3.3)

For this equation we rewrote the action in the following way

S[φ] = 1
2

∫ ∫
Sijφiφj −

1
3!

∫ ∫ ∫
Sijkφiφjφk −

1
4!

∫ ∫ ∫ ∫
Sijklφiφjφkφl . (3.4)

Amongst others the advantage of this reformulation is that we can identify the
expressions Sij, Sijk and Sijkl with the inverse of a bare propagator and bare vertices,
respectively. Over which arguments the integration is performed is in this notation
indicated by the indices that are summed, e.g.,∫

SjsΦs =
∫
dzSjs(x, z)Φs(z) . (3.5)

DJ
ij corresponds to

DJ
ij = δ2W [J ]

δJiδJj
. (3.6)

One needs to be careful with this expression, since it differs from the one for the
propagator in that the sources are not yet set to zero. This is indicated by the index
J . From equation (3.3) we obtain the DSEs for the correlation functions studied in
this work by differentiating with respect to Φ.
An example for a DSE is given in figure 3.1, which shows the DSE for a propagator
in a scalar theory with three- and four-point interactions. Regarding the graphical
representation of DSEs a common convention – which we will follow throughout –
is to denote dressed quantities with a thick and bare quantities with a thin blob.
Although the thick blobs have been omitted for the sake of clarity, the internal
lines represent dressed propagators. As one can see from figure 3.1 and as one can
understand from equation (3.3) a special feature of DSEs is that every loop diagram
exhibits exactly one bare vertex. Furthermore, for QCD in Landau gauge the loop
diagrams can be at most of two-loop order.
What the DSEs have in common with most of the other methods presented here
is that they form an infinite tower of coupled equations. This is best seen from
figure 3.1 where the dressed propagator depends on dressed three- and four-point
functions whose DSEs in turn depend on higher n-point functions and so forth. One
therefore has to find a way to decouple the different DSEs from each other. One
way to do so is to introduce a truncation in form of neglecting higher orders of a

15



Figure 3.1.: As an example for the graphical depiction of a DSE the equation for
the propagator in a scalar theory with three- and four-point interactions
is shown. This and all following diagrams have been generated using
Jaxodraw [77].

vertex expansion. For this one can formally expand the effective action as

Γ[Φ] = Γ(0) +
∫ δΓ
δΦi

Φi + 1
2

∫ ∫ δ2Γ
δΦiδΦj

ΦiΦj + . . . . (3.7)

The idea is based on the assumption that higher n-point functions contribute very
little and that the loss of information is negligible if these functions are left out. In
practice one would just omit all diagrams that contain a given vertex (and of course
also all diagrams with higher vertices) or employ a model for this vertex. Typically,
in a first computation one neglects two-loop diagrams and diagrams with vertices
that do not possess a tree-level counterpart.
This truncation scheme is the dominating scheme for almost all calculations using
functional methods and has been very successful in the past. However, its downside
is that one can not say in the first place whether the contribution of a vertex is
negligible or not. One therefore relies on an enlargement of the truncation or on a
comparison of the result of the own calculation with the result that is provided by
using other methods or – if possible – on a direct comparison with measurements.

3.2. The nPI Formalism

The nPI formalism is a generalization of the 2PI formalism introduced by Cornwall,
Jackiw and Tomboulis [78]. In a simplified view one may state that as much as the
1PI effective action leads to diagrams that do not fall apart into two diagrams by
cutting a single line, the nPI effective action leads to diagrams that do not fall apart
by cutting n lines1.
A crucial difference between DSEs and the nPI formalism lies in the way the trun-
cation is introduced. Regarding the DSEs the full effective action is used to derive
a tower of infinitely many coupled equations and a truncation is needed to get a
closed set of equations. In contrast in the nPI formalism a truncation is introduced
1 Note, however, that this simplified picture is only true for n ≤ 4. For n bigger than 4

irreducibility is lost [79].
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by expanding the effective action itself up to a given order. From the expanded
action one can then derive a closed set of equations.
One typically applies a loop expansion [80] to the effective action, however also ev-
ery other expansion scheme is possible (see e.g. [81] and [82] for 2PI calculations
employing a Large-N expansion).
In the loop expansion one exploits that with increasing loop order also the power of
~ increases. The effective action can then be expanded in powers of ~:

Γ[Φ] =
∞∑
L=0

~LΓ(L)[Φ] . (3.8)

For example to one-loop order the effective action can be calculated to be

Γ[Φ] = S[Φ] + ~
2 logDet

(δ2S[φ̃+ Φ]
δφ̃iδφ̃j

)
φ̃=0

+O(~2) , (3.9)

where the action S[Φ] corresponds to the zeroth-loop order. By differentiating (3.9)
with respect to the classical fields the equations for the n-point functions can be
derived. Since we have already truncated the effective action itself these equations
are closed (in contrast to DSEs).
The loop expansion so far only deals with bare quantities. To change this we have
to introduce fully non-perturbative propagators and vertices to our effective action.
This can be achieved by adding n non-local source terms to the generating functional
[78, 83, 79]:

Z[J,R,R(3), . . .] =
∫
D [φ] exp

[
− 1

~
S + 1

~

∫
Jiφi + 1

2~

∫ ∫
Rijφiφj

+ 1
3!~

∫ ∫ ∫
R

(3)
ijkφiφjφk + . . .

]
,

(3.10)

where we have used again the abbreviation∫ ∫
Rijφiφj =

∫
dx
∫
dyRij(x, y)φi(x)φj(y) , (3.11)

and likewise for terms of higher order in φ. Consequently, the generating functional
for connected Green’s functions is given by

Z[J,R,R(3), . . .] = exp
[1
~
W [J,R,R(3), . . .]

]
. (3.12)

To obtain the nPI-effective action from W [J,R,R(3), . . .] the Legendre transforma-
tion has to be performed with respect to all sources

Γ(nPI)[Φ, D, V (3), . . .] = −W [J,R,R(3), . . .] +
∫ δW

δJi
Ji +

∫ ∫ δW

δRij

Rij +
∫ ∫ ∫ δW

δR
(3)
ijk

R
(3)
ijk + . . . ,

(3.13)
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where

δW

δJi
= δW [J,R,R(3), . . .]

δJi(x) = Φi(x) , (3.14)

δW

δRij

= δW [J,R,R(3), . . .]
δRij(x, y) = 1

2 (~Dij(x, y) + Φi(x)Φj(y)) , (3.15)

δW

δR
(3)
ijk

= δW [J,R,R(3), . . .]
δR

(3)
ijk(x, y, z)

= 1
6
(1
~
V

(3)
ijk (x, y, z) + ~Dij(x, y)Φk(z) + ~Dki(z, x)Φj(y)+

~Djk(y, z)Φi(x) + Φi(x)Φj(y)Φk(z)
)
.

(3.16)

HereD(x, y) describes the fully dressed propagator and V (3)(x, y, z) the fully dressed
vertex for three-particle interactions.
Therefore, dressed quantities are treated as variables of the nPI-effective action.
Moreover, the nPI-effective action is constructed such that every dressed quantity
fulfills its own equation of motion, i.e.,

δΓ(nPI)[Φ, D, V (3), . . .]
δΦi

= δΓ(nPI)[Φ, D, V (3), . . .]
δDij

= δΓ(nPI)[Φ, D, V (3), . . .]
δV

(3)
ijk

= . . . = 0 .

(3.17)

The above statements shall be understood to be valid for arbitrary n. Of course one
is free to choose a specific value. Depending on the number of added sources and
thus of dressed quantities that appear as variables in the effective action one can
therefore derive e.g. a 2PI-effective action or a 3PI-effective action etc. Since the
introduction of additional source terms to our generating functional only changes
the way the information of our theory is treated but does not delete any information,
all effective actions obtained in this way have to agree in an untruncated set-up.

Γ(1PI)[Φ] = Γ(2PI)[Φ, D] = Γ(3PI)[Φ, D, V (3)] = . . . . (3.18)

When on the other hand a truncation of the effective action, e.g. in form of a
loop expansion, is performed, this equivalence does no longer persist. It is however
possible to identify an equivalence of certain nPI-effective actions for each loop level
separately. This leads to the following equivalence hierarchy [83]:

L = 1 Γ(1PI)[Φ] = Γ(2PI)[Φ, D] = Γ(3PI)[Φ, D, V (3)] = . . . , (3.19)
L = 2 Γ(1PI)[Φ] 6= Γ(2PI)[Φ, D] = Γ(3PI)[Φ, D, V (3)] = . . . , (3.20)
L = 3 Γ(1PI)[Φ] 6= Γ(2PI)[Φ, D] 6= Γ(3PI)[Φ, D, V (3)] = . . . . (3.21)

This equivalence hierarchy is very convenient for practical calculations since for a
given loop expansion it prevents one from going to nPI-effective actions higher than
necessary.
To give an example the 2PI effective action at one-loop reads

Γ(2PI)
L=1 [Φ, D] = S[Φ] + ~

2Tr
[
(D0

Φ)−1D
]

+ ~
2Tr log

[
D−1

]
+ const +O(~2) . (3.22)
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with the abbreviation

(D0
Φ)−1 =

(
δ(2)S[φ+ Φ]

δφδφ

)
φ=0

(3.23)

and the trace goes over all indices and has to be understood to include integrals
as well. To derive the effective actions of higher n a lot of work can be saved by
exploiting the fact that Legendre transformations can be performed successively
[84, 83, 85, 79]. Due to this one can start directly from higher effective actions
(e.g. 2PI) so that the steps starting from the 1PI-effective action do not have to be
repeated.
At first glance the nPI formalism and the DSEs bear a great resemblance to one
another. Since the nPI formalism as well as DSEs are exact, i.e., they contain the full
information of the theory, they must give the same results. However, things change
when a truncation is introduced which is inevitable due to an infinite number of
coupled correlation functions (DSEs) and source terms/Legendre transformations
(nPI), respectively. Since both methods deal in different ways with the truncation
and thus cut off information differently, the truncated methods do not coincide
anymore in general.

3.3. The Functional Renormalization Group

The underlying idea of the Functional Renormalization Group (FRG) is that at
large scales the physical system becomes independent of its microscopic degrees of
freedom. An example for this – which can be found in [86] – is the alignment of
spins in a ferromagnet. At the microscopic level the interaction of single spins has
to be taken into account. But when one zooms out the behaviour of the spins at
small distances (i.e. small compared to the correlation length) should be negligible
for the description of the physical system and thus can be integrated out. The new
degrees of freedom are then rather blocks of spins than single spins. In the next step,
when one has further zoomed out, the system will be described by bigger blocks of
spins and so on. Along this line only few parameters suffice to describe the infrared
behaviour of the ferromagnet.
Already from this example two things can be deduced that are crucial for the FRG.

1. A new scale has to be introduced that determines which are the new degrees
of freedom and what part of the system can be integrated out. In the example
above this scale is given by the blocking step n by which the size of the spin
blocks is defined.

2. The new degrees of freedom contain some of the information of the old degrees
of freedom. In our case a bigger spin block is formed by some of the spins of
a smaller spin block.

In the FRG-approach the first condition is fulfilled by introducing a regulator Rk(p2)
that depends on a scale k. The action in the generating functional is then augmented
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by the term

∆Sk[φ] = 1
2

∫ d4q

(2π)4φi(q)Rk(q2)φi(−q) , (3.24)

resulting in

Zk[J ] =
∫
D[φ]e−S[φ]−∆Sk[φ]+

∫
d4xφi(x)Ji(x) . (3.25)

From the generating functional Z[J ] one can likewise write down the generating
functional of the connected Green’s functions

Wk[J ] = lnZk[J ] = ln
∫
D[φ]e−S[φ]−∆Sk[φ]+

∫
d4xφi(x)Ji(x) . (3.26)

However, unlike the usual derivation of the effective action the Legendre transfor-
mation has now to be modified due to the appearance of the regulator term2:

Γk[Φ] = −Wk[J ] +
∫
d4xJi(x)Φi(x)−∆Sk[Φ] . (3.27)

Since Φ is chosen to be the new variable and is thus k-independent, the source J
adopts a k-dependence through

Ji(x) = δΓk[Φ]
δΦi(x) + δ∆Sk[Φ]

δΦi(x) (3.28)

There are moreover some constraints that are imposed on the method. To fulfill these
conditions one demands that the regulator Rk(p2) exhibits the following properties
[87, 88]:

1. To separate the fluctuations that are integrated out from those that remain
unchanged Rk(q2) must behave as an IR-Regulator, that is, it should behave
as

lim
q2/k2→0

Rk(q2) > 0 . (3.29)

This can be achieved in the following way:

Rk(q2)→ k2 for q � k , (3.30)
Rk(q2)→ 0 for q ≥ k . (3.31)

Since the regulator occurs together with two fields in the term ∆Sk[φ] it acts
like a mass ∝ k2 for q � k. In this way the fluctuations are suppressed.

2. At a scale Λ at which all fluctuations are suppressed the classical action S
should be recovered, i.e. Γk=Λ = S. For this purpose the regulator has to
diverge in the limit k → Λ:

lim
k2→Λ

Rk(q2)→∞ . (3.32)

2 Note that due to the term ∆Sk[φ] in the Legendre transformation Γk[φ] does not need to be
convex for k 6= 0. Only for k → 0 convexity is guaranteed.
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To see this we consider again (3.25) and apply the exponential function on
both sides [88]

eWk[J ] =
∫
D[φ]e−S[φ]− 1

2

∫
d4q

(2π)4
φi(q)Rk(q2)φi(−q)+

∫
d4p

(2π)4
φi(p)Ji(−p) . (3.33)

Next we use (3.27) to express Wk[J ] and perform a variable substitution φ =
φ̃+ Φ

e−Γk[Φ] =
∫
D[φ̃]e−S[φ̃+Φ]− 1

2

∫
d4q

(2π)4 [(φ̃i(q)+Φi(q))Rk(q2)(φ̃i(−q)+Φi(−q))−Φi(q))Rk(q2)Φi(−q)]×

× e
∫

d4p
(2π)4 [(φ̃i(p)+Φi(p))Ji(−p)−Φi(p)Ji(−p)] (3.34)

Using (3.28) we replace the source J(q) by

Ji(q) = δΓk[Φ]
δΦi(q)

+ Φi(−q)Rk(q2) (3.35)

and exploit the fact that
∫ d4q

(2π)4 φ̃i(q)Rk(q2)Φi(−q) =
∫ d4q

(2π)4 Φi(q)Rk(q2)φ̃i(−q) (3.36)

This gives

e−Γk[Φ] =
∫
D[φ̃]e−S[φ̃+Φ]− 1

2

∫
d4q

(2π)4
φ̃i(q)Rk(q2)φ̃i(−q)+

∫
d4p

(2π)4
φ̃i(p)

δΓk[Φ]
δΦi(−p) (3.37)

When the regulator diverges the term containing the regulator corresponds to
a delta functional δ(φ̃). Herefrom follows the requested property Γk=Λ = S.

3. Of course the full quantum theory must be recovered when the introduced scale
k vanishes, that is, when all fluctuations are integrated out. The regulator
hence must obey

lim
k2/q2→0

Rk(q2) = 0 . (3.38)

Apart from these conditions no further restrictions that are imposed on the regu-
lator are necessary3. Therefore one can choose between a large number of different
regulator forms. This allows one to implement the regulator that is best suited for
the problem under consideration. Two examples for regulators are given in appendix
B.1.

3.3.1. Flow Equation

It now only remains to fulfill the second condition derived from our introductory
example at the beginning of section 3.3, that is, to find a way to connect the effective
action at a given scale with the information at a different scale or in other words to

3 Note, however, that the second condition is not mandatory. The effects of remaining fluctua-
tions can be taken into account by a reparametrization of the classical action S.
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Figure 3.2.: A diagramatical representation of the flow equation. The filled blob
denotes a dressed propagator (with an implicit and explicit regulator
dependence). The crossed circle stands for the insertion Ṙk

describe how Γk[Φ] varies with k. This so-called flow of the effective action Γk[Φ] is
given by the Wetterich-equation [89]:

∂

∂k
Γk[Φ] = 1

2STr
{[

Γ(2)
k [Φ] +Rk

](−1) ∂

∂k
Rk

}
(3.39)

Here Γ(2)
k [Φ] denotes the regulator dependent two-point function which is obtained

by differentiating (3.27) two times with respect to Φ. The supertrace STr acts on
all internal indices, which in position/momentum space corresponds to an integra-
tion. Moreover, when dealing with Grassmann-valued fields it applies the correct
sign. Sometimes the flow equation is presented in a different notation in which di-
mensionless derivatives ∂t = k ∂

∂k
are used. With Ṙk = ∂tRk the equation (3.39)

reads:

∂tΓk[Φ] = 1
2STr

{[
Γ(2)
k [Φ] +Rk

](−1)
Ṙk

}
(3.40)

This is also the form that will be employed throughout this work.
The flow equation has a pictorial representation as Feynman diagram as it is depicted
in figure 3.2. In addition to usual Feynman diagrams the derivative of the regulator
∂tRk has to be included. This term is normally represented by a crossed circle.
Furthermore, the full propagator corresponds to the expression

[
Γ(2)
k [Φ] +Rk

](−1)
,

i.e. it has an implicit regulator dependence through Γk and an explicit dependence
through Rk

From the flow equation (3.40)/(3.39) the flow equations for higher n-point functions
can be derived by further differentiating with respect to Φ.
Finally, one would then start to solve the flow equation for the requested n-point
function by implementing Γk=Λ[Φ] = S as an initial condition and flowing down
to k=0 where the full theory is reproduced. The flow of the effective action can
be illustrated in the so-called theory space. This space is spanned by all invariant
operators of the field on which the effective action can depend like Φ2, ∂µΦ∂µΦ,
etc. Therefore every point in theory space describes a different effective action. An
example for an illustration of the effective action Γk in theory space is given in figure
3.3. Since different regulators can lead to different flows, the trajectories in theory
space need not be the same. But since the regulator is an artificial insertion into
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Figure 3.3.: An idealized representation of the theory space. For two different reg-
ulators Rk(p2) and R̃k(p2) the trajectory may differ while the starting
(Γk=Λ) and end point (Γk=0) must be the same. Note that in general
the theory space is infinitely dimensional.

the theory, the effective action Γk has no physical interpretation anyway as long as
the regulator is finite. There are only two points in theory space that are physical,
namely the point Γk=Λ[Φ] = S (corresponding to a diverging regulator) where the
classical action is reproduced and the point Γk=0[Φ] (corresponding to a vanishing
regulator) where the full theory is obtained. Therefore, these both points must be
the initial respectively the end point of every trajectory. In a numerical calculation
a truncation needs to be employed and due to this it is possible that the result
for Γk=0[Φ] still depends on the chosen regulator. One therefore has to check in a
regulator study if the result is sensitive to a change of the regulator.
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4. The quark-gluon vertex

In this chapter we will study the coupled system of quark-gluon vertex and quark
propagator which make up the entire quark-sector analyzed in this thesis. In doing
so we will approximate the impact of the Yang-Mills sector on the system. For
the case of the Yang-Mills propagators this is achieved by using input data, i.e.
results of an independent calculation ignoring effects due to back-coupling. On the
other hand for the three-gluon vertex a model will be employed. It turned out that
these approximations are appropriate to investigate the effects of chiral symmetry
breaking [12, 10, 11, 17].
One should be aware that the DSE for the quark-gluon vertex differs from the
corresponding equation in the 3PI formalism. This difference will be worked out in
section 4.8. We will thus present results for both methods and show that with the
employed truncation both lead to different results. Furthermore, the results of this
section provide the basis for the unquenching of the three-gluon vertex in chapter 5.

4.1. The equation of the quark-gluon vertex

The diagrammatic equation for the quark-gluon vertex derived from the 3PI formal-
ism is shown in figure 4.1. The second diagram can appear in the same form in an
Abelian theory like QED, while the occurrence of the third diagram is restricted to
non-Abelian theories due to the self-interaction of the gauge fields in the form of a
three-gluon vertex. Consequently, both diagrams are refered to as the Abelian and
non-Abelian diagram, respectively.
Regarding the DSE of the quark-gluon vertex two equations can be derived depend-
ing on which external leg is attached to the bare vertex. Attaching the gluon leg
to the bare vertex (the lower equation in figure 4.2) results in the appearance of
two-loop diagrams. Moreover, in this DSE version of the quark-gluon vertex all
primitively divergent vertices are present. If a quark leg is attached to the bare
vertex (the upper equation in figure 4.2 ) we arrive at an equation that resembles

Figure 4.1.: The equation for the quark-gluon vertex in the 3PI formalism. The
second and third diagrams are called the Abelian and non-Abelian dia-
gram, respectively.
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Figure 4.2.: The two DSEs of the quark-gluon vertex. In the upper equation the
first derivative of the effective action is with respect to the quark field
where as in the lower equation it is with respect to the gluon field.

the equation derived from the 3PI formalism. However, there are mainly two differ-
ences.
Firstly, compared to the 3PI equation there is an additional swordfish diagram with
a dressed two-quark-two-gluon vertex. It was found in [14] by means of an infrared
analysis that the contribution of this diagram is sizeable 1. We will make an ansatz
for the two-quark-two-gluon vertex and calculate the swordfish diagram with this
model in section 4.8. Moreover, in a full DSE calculation further statements about
the importance of this diagram will be made.
Secondly, in the 3PI equation all quark-gluon vertices in the Abelian and non-
Abelian diagrams are dressed, whereas the DSE features a bare quark-gluon vertex
in every diagram. One may therefore speculate that some of the information con-
tained in the swordfish diagram is absorbed in the 3PI equation by dressing the
bare quark-gluon vertex. In the following we will disregard the DSE with a gluon
leg attached to the bare vertex and work entirely with the 3PI equation and its DSE
counterpart.
Some insight into the relative contribution of each diagram to the full quark-gluon
vertex can be gained by analyzing their color structure. Depicting the color factors
of each diagram explicitly one arrives at the equations in figure 4.3. From these
equations one becomes immediately aware that compared to the non-Abelian dia-
gram the Abelian diagram is suppressed by a factor of N2

c . In addition, the Abelian
diagram is also suppressed dynamically. This was shown in [11] by performing the
calculation in adjoint QCD. In adjoint QCD the non-Abelian diagram as well as the
Abelian diagram exhibit the same color factor of Nc/2, but nevertheless a suppres-
sion of the Abelian diagram could be observed. The swordfish diagram in the DSE
formulation of the quark-gluon vertex has a more complicated color structure due
to the more intricate contribution of the two-quark-two-gluon vertex to color space.
1 It should be mentioned however that this result refers to a so called scaling solution, whereas

our calculations correspond to the decoupling solution.
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Figure 4.3.: Depicted are the 3PI equation and DSE of the quark-gluon vertex where
the contribution of each diagram in the color space is made explicit.
The Abelian diagram is supressed by a factor of N2

c compared to the
non-Abelian diagram. The contribution of the swordfish diagram to
color space is more complex than for the other diagrams and hence
abbreviated by a generic term N qsw

c .

Therefore, we combined the color factors of the swordfish diagram into a generic
expression N qsw

c .
Based on the aforementioned arguments we will in the following focus on the non-
Abelian diagram when we work in the 3PI formalism. In contrast, the computation
of the Abelian diagram in the DSE formulation is less costly, since only two instead
of three fully dressed quark-gluon vertices have to be taken into account. Hence,
we will consider all three diagrams of the DSE and in doing so employ a model for
the two-quark-two-gluon vertex that appears in the swordfish diagram. The color
structure of the two-quark-two-gluon vertex is then determined within this ansatz.

4.2. Parametrizing the quark-gluon vertex

Before we can start the actual calculation we have to think about how the informa-
tion of the quark-gluon vertex that is contained in various spaces can be expressed
best. Since the contribution to color space coincides with the tree-level expression,
that is with the generator T a, the only spaces that need deliberation are the mo-
mentum and Dirac space. Within a basis decomposition the information is either
allocated to the dressing functions (d(i)) or the basis tensors (t(i)µ ). For the quark-
gluon vertex twelve basis tensors can be found which can be constructed such that
eight are transverse and four are longitudinal. However, in Landau gauge the full
dynamics of the theory are described by the transverse part only [90]. The reason
for this is that in Landau gauge the structure of the gluon propagator is the same
as for the transverse projector and that every quantity carrying a Lorentz index is
finally contracted with the gluon propagator.
For the transverse quark-gluon vertex we are thus left with eight basis tensors and
suppressing the color factor the vertex can be written in a generic form as

Γ(qgv)
µ =

8∑
i=1

d(i)(a1, a2, a3)t(i)µ . (4.1)
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Figure 4.4.: The index conventions for the quark-gluon vertex as employed in the
naive basis (left) and in the generalized Ball-Chiu basis (right). The mo-
menta for the incoming and outgoing quark are q and p, respectively. k
is the momentum of an incoming gluon and l is the relative momentum.

Our task thus translates into finding an appropriate set of basis tensors t(i)µ and a
well suited parametrization of the arguments of the dressing function d(i)(a1, a2, a3).
The sets of basis tensors for the quark-gluon vertex that are proposed in the literature
can be roughly classified into two groups. In the following we will call the one group
the “naive basis” [10, 11, 17, 15] and the other group the “generalized Ball-Chiu
basis”[91, 92, 15, 14, 93, 1, 4, 8, 94, 12, 13]. To be able to distinguish between both
basis systems at first sight we will write from now on the tensors of the “naive
basis” and their corresponding dressing functions as b(i)

µ and g(i) and the tensors and
dressing functions of the “generalized Ball-Chiu basis” as X(i)

µ and h(i).
The most direct access to the quark-gluon vertex is provided by the “naive basis”.
In this basis a complete set of transverse basis tensors is constructed by combining
all independent tensors – consisting in total of one gamma matrix and two momenta
– with all independent scalars. This combination has then to be contracted by the
projector

Pµν(k) = δµν −
kµkν
k2 (4.2)

in order to project into the transverse subspace. If we choose for instance the
gluon momentum k and the incoming quark momentum q (see figure 4.4) as the
independent momenta in our system, the transverse basis tensors are built up from
the combinations

Pµν(k)
(
γν
qν

)
⊗


1

/q
/k
/k/q

 , (4.3)

where we have already taken into account that tensor structures proportional to
kν will vanish after transverse projection. The big advantage of this basis system
is the simplicity of its tensor structures. The price one has to pay for this simple
structure is that the basis tensors do not exhibit certain properties like being free
from kinematic singularities.
For this reason one attempted to find a set of basis tensors that are free from kine-
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matic singularities. Historically this search goes back to the pioneering work of Ball
and Chiu [91] who constructed a basis in QED that is free from kinematic singular-
ities. However, Ball and Chiu worked entirely in Feynman gauge and it turned out
that the basis they had constructed loses its analytical properties in other gauges.
But a generalization to arbitrary gauges is possible [92].
Moreover, the basis can be written such that every single basis tensor has a definite
behaviour under charge conjugation. This is in contrast to most other basis sys-
tems where this statement holds true for the whole quark-gluon vertex but not for
every basis tensor alone. In order to achieve this one has to consider that charge
conjugation interchanges the quark momenta

q → −p ,
p→ −q . (4.4)

To have a definite behaviour under charge conjugation every basis tensor has there-
fore to be built up from appropriate combinations of momenta. Though not neces-
sary, it is on account of this somehow natural to work with the relative and total
momenta l = (p+ q)/2 and k = p− q instead of the quark momenta q and p. With
this choice the eight transverse tensors of the “generalized Ball-Chiu basis” take the
form [12, 13, 94]:

X(1)
µ = γ(T )

µ , X(2)
µ = /l l(T )

µ ,

X(3)
µ = il(T )

µ , X(4)
µ = i

2(l · k)
[
γ(T )
µ , /l

]
,

X(5)
µ = i

2 [γµ, /k] , X(6)
µ = 1

6
([
γµ, /l

]
/k +

[
/l , /k

]
γµ + [/k, γµ] /l

)
,

X(7)
µ = (l · k)τµνγν , X(8)

µ = i

2τµν
[
γν , /l

]
, (4.5)

where the index (T ) implies a contraction with the projector (4.2) and the projector
τµν is given by

τµν = (l · k)δµν − lµkν . (4.6)

Next we have to find appropriate expressions for the the three Lorentz invariants a1,
a2 and a3 on which the dressing functions depend. Like for the basis tensors there are
different possibilities. One possibility is to use the squares of the two independent
momenta in our system and the angle between them. If we choose the independent
momenta to be the quark momenta p and q the three Lorentz invariants read

a1 = p2 ,

a2 = q2 ,

a3 = p · q√
p2q2 = cos(α) . (4.7)

A further possibility is to derive the Lorentz invariants from the permutation group
Sn. This has been carried out for three-point functions and the group S3 [31, 34,
12, 13] as well as for four-point functions and the group S4 [95, 96]. The Lorentz
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invariants in this ansatz read

a1 = s0 = l2

3 + k2

4 ,

a2 = a = l · k√
3s0

,

a3 = s = 1− k2

2s0
, (4.8)

where l and k are again the relative and total momenta and we have adopted the
notational convention introduced in [31]. Note that s0 is the only dimensionful vari-
able. a and s are angular variables that take values in the interval [−1, 1]. This
parametrization proved to be advantageous for bound state calculations [96].
What has been said so far refers to an analysis of the quark-gluon vertex before any
calculation. However, in a numerical calculation additional difficulties can arise like
e.g. an imperfect cancellation of terms. With respect to this one basis may prove
to be better suited than another one. In spite of its convenient analytical proper-
ties we found a calculation in the “generalized Ball-Chiu basis” rather demanding.
Nonetheless, the numerical problems that arise in this basis can be circumvented
and an outline how this can be done is given in appendix A.5.
We found the calculation to be easiest in a “naive basis” similar to the one that has
been employed in [17]2:

b(1)
µ = γνPµν(k) , b(2)

µ = i(pν + qν)Pµν(k) ,
b(3)
µ = i(/p+ /q)γνPµν(k) , b(4)

µ = i(/p− /q)γνPµν(k) ,
b(5)
µ = −(/p− /q)(pν + qν)Pµν(k) , b(6)

µ = (/p+ /q)(pν + qν)Pµν(k) ,

b(7)
µ = 1

2
[
/p, /q

]
γνPµν(k) , b(8)

µ = − i2
[
/p, /q

]
(pν + qν)Pµν(k) , (4.9)

where we choose the two independent momenta to be p and q and thus k = p−q. For
the dressing functions g(i) we use the parametrization (4.7). The full decomposition
of the quark-gluon vertex thus has the form:

T aΓ(qgv)
µ (p, q) = T a

8∑
i=1

g(i)(p2, q2, cos(α))b(i)
µ . (4.10)

For later it is useful to separate the basis tensors into chirally symmetric and chi-
ral symmetry breaking subsets. This can be easily done by counting the number
of gamma matrices in every tensor. The tensors with an odd number of gamma
matrices belong to the set Gχsym that respects chiral symmetry and those with an
even number of gamma matrices break chiral symmetry and thus belong to the set
GχSB. We have

Gχsym =
{
b1
µ, b

5
µ, b

6
µ, b

7
µ

}
, (4.11)

GχSB =
{
b2
µ, b

3
µ, b

4
µ, b

8
µ

}
. (4.12)

2 Note that in our convention the momentum of the antiquark p is outgoing, whereas in [17] all
momenta are incoming.
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Figure 4.5.: The quark propagator DSE

4.3. The quark propagator

Coupled to the equation of the quark-gluon vertex is the quark propagator and vice
versa the quark-gluon vertex appears in the DSE of the quark propagator (figure
4.5). The latter case plays a crucial role in dynamical chiral symmetry breaking,
since a certain strength for the quark-gluon vertex is necessary for triggering this
mechanism as we will discuss below.
The dynamical breaking of chiral symmetry reflects itself also in the dressing func-
tions of the quark propagator

S(p) = Zf (p2)
i/p+M(p2)
p2 +M2(p2) . (4.13)

The dressing function Zf (p2) is called the wave function renormalization andM(p2)
is the mass function which comprises the mass that is generated by chiral symmetry
breaking. In this thesis we are working entirely in the chiral limit and consequently
M(p2) will tend to zero at high momenta. Going from high momenta towards
the infrared chiral symmetry will break at around 1GeV and mass is dynamically
generated. The function M(p2) will thus rise until it adopts its final value of around
300− 400MeV . For the actual calculation we will however use a different notation
for the quark propagator

S(p) = 1
−i/pA(p2) +B(p2) . (4.14)

Since this is merely a further parametrization of the same quantity one can relate
the dressing functions A(p2) and B(p2) to the wave function renormalization and
the mass function

Zf (p2) = 1
A(p2) , (4.15)

M(p2) = B(p2)
A(p2) . (4.16)

To project out the dressing function B(p2) we take the Dirac trace of the quark
propagator DSE directly, whereas projecting out A(p2) requires a multiplication
with /p before taking the Dirac trace. The equations then read

A(p2) = Z2 + Z1F
g2

4ip2CF

∫ d4k

(2π)4Tr[/pγµDµν(k)S(p+ k)Γ(qgv)
ν (p, p+ k)] , (4.17)

B(p2) = Z1F
g2

4 CF
∫ d4k

(2π)4Tr[γµDµν(k)S(p+ k)Γ(qgv)
ν (p, p+ k)] . (4.18)
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Here, we have already divided by the terms from the left-hand side. The color
factors are absorbed in CF = N2

c−1
2Nc , where a factor N2

c−1
2 stems from the color trace

of the loop and the left-hand side contributes with the factor Nc. Z2 and Z1F are
the renormalization constants of the quark field and the quark-gluon vertex. The
fully dressed gluon propagator Dµν(k) is given by

Dµν(k) =
(
δµν −

kµkν
k2

)
Z(k2)
k2 , (4.19)

where Z(k2) is the gluon dressing function.
It should be noted that in the general case of non-vanishing quark masses a term
Z2Zmm has to be added to (4.18), which drops out in the chiral limit.

4.4. Renormalization

There are mainly two ways how the renormalization can be performed. In the first
variant one employs a MOM scheme in which one subtracts from the equation in
question the equation evaluated at a specific point. This method was introduced in
[97, 98, 99] and frequently applied henceforth (see e.g. [100]).
The second possibility consists in using the Slavnov-Taylor identities, which relate
renormalization constants to each other. However, it should be stressed that this is
only useful if the exact value of some renormalization constants is already known.
Typically, one calculates the renormalization constants of the fields from the prop-
agator equations by using the MOM scheme described above and then exploits the
STIs to get the renormalization constants of the vertices. This method can be com-
bined with so-called renormalization group improvement terms [101], which we will
employ when we calculate the three-gluon vertex in chapter 5.
In figure 4.6 the 3PI equation and the DSE are shown again, but this time the renor-
malization constants are displayed explicitly. In the 3PI equation we have already
discarded the Abelian diagram since we will not consider it in the following.
For the 3PI equation we will use the MOM scheme. Schematically one may write
the 3PI equation as follows

gi(p2, q2, cos(α)) =
{
Z1F treelevel + loop(p2, q2, cos(α))

}
i
. (4.20)

Most of the notation is self-explanatory, however, we have to comment on the
curly brackets. The eight dressing functions of the quark-gluon vertex demand that
we project the equation eight times which results in eight equations. However, we
do not project out the dressing functions directly but rather use a method which
corresponds to a matrix multiplication (see Appendix A.4 for technical details ) and
therefore the information about a specific dressing function is scattered over different
projections. The matrix combines these projections such that the dressing function
is recovered. The curly brackets shall indicate that the matrix multiplication has
already been performed and that hence the right-hand side contains all information
corresponding to dressing function gi in a proper way.
The only dressing function that is UV-divergent and thus needs renormalization is
the tree-level dressing function g1. The subtraction scheme then requires that we
assign a certain value to g1 at a specific point. For this we use the condition that
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Figure 4.6.: The quark-gluon vertex in the 3PI and DSE formalism. The renormal-
ization constants are depicted explicitly. Note that the Abelian diagram
in the 3PI equation has already been droped.

the running coupling derived from the quark-gluon vertex

αqgv(p2) = α(µ2)g1(p2, p2, 0.5)2Z(p2)A(p2)−2 (4.21)

matches the running coupling from the ghost and gluon propagators [35].

αghgl(p2) = α(µ2)Z(p2)G(p2)2 . (4.22)

Here α(µ2) is the coupling at the renormalization point µ2. From αqgv(µ2) =
αghgl(µ2) we obtain the following condition

g1(µ2, µ2, 0.5)2Z(µ2)A(µ2)−2 = Z(µ2)G(µ2)2 ,

⇒ g1(µ2, µ2, 0.5) = G(µ2)A(µ2) . (4.23)

In contrast to propagators there is a multitude of points at which vertices can be
subtracted. In our case we have chosen the symmetric point. Moreover, the value
of the ghost dressing function G(µ2) is fixed by the input we use for the Yang-Mills
propagators and the value for the dressing function of the quark propagator will be
set to A(µ2) = 1.
Evaluating (4.20) at the scale µ2 we can solve for the renormalization constant

Z1F = g1(µ2, µ2,−0.5)− {loop(µ2, µ2,−0.5)}1
{treelevel}1

. (4.24)

This value for Z1F will then be updated in each iteration step.
Regarding the equations for the two dressing functions of the quark propagator
(4.17) and (4.18) the only unknown renormalization constant is Z2 in the equation
for A(p2). Here again we will employ the subtraction method, but since we are not
interested in the exact value of Z2 we will this time subtract the equation for A(p2)
evaluated at µ2 from (4.17). The value of the dressing function A(p2) at the scale
µ2 has already been set for the calculation of Z1F and is given by A(µ2) = 1. With
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this we finally have to calculate the equation

A(p2) = 1 + Z1F
(
loopA(p2)− loopA(µ2)

)
, (4.25)

where we have introduced the abbreviation

loopA(p2) = g2

4ip2CF

∫ d4k

(2π)4Tr[/pγµDµν(k)S(p+ k)Γ(qgv)
ν (p, p+ k)] . (4.26)

With respect to the DSE we proceed in reversed order. We calculate Z1F in the
quark propagator equation and then use the result for the quark-gluon vertex. Here
the starting point is equation (4.17). However, this time we make use of the STIs
to reexpress the renormalization constant Z2:

Z2 = Z̃3Z1F

Z̃1
. (4.27)

The value of Z̃3 is known from the independent calculation of the Yang-Mills prop-
agators that we use as input.
Applying an argument by Taylor [102] the renormalization constant of the ghost-
gluon vertex is equal to one in certain renormalization schemes, Z̃1 = 1 3. This is
also referred to as the “non-renormalization theorem”. One of the renormalization
schemes, in which this statement is valid, is the MS scheme. We therefore employ
the MiniMOM scheme [104], which is a hybrid renormalization scheme that uses
momentum subtraction for the propagators and the MS scheme for the ghost-gluon
vertex. All remaining renormalization constants are then determined via the STIs.
On account of this we are able to set Z̃1 = 1 in (4.27). Plugging the resulting
expression for Z2 into (4.17) and solving for Z1F then leads to

Z1F = 1
Z̃3 + loopA(µ2)

. (4.28)

Having found an expression for Z1F we are then in a position to calculate the quark
propagator and the quark-gluon vertex.

4.5. Results for the quark-gluon vertex from the 3PI
formalism

At this point we would like to summarize the setup and specify which input enters
the system. The quark-gluon vertex and the quark propagator are solved dynam-
ically and hence the only unknown quantities in the equations for the quark-gluon
vertex (Figure 4.6, top) and the quark propagator (Figure 4.5) are the three-gluon
vertex and the gluon propagator. Indirectly, also the ghost propagator contributes
via the model which we will employ for the three-gluon vertex.
This model was introduced in [101] and is constructed such that it fulfills Bose sym-
metry and reproduces the correct anomalous dimension of the three-gluon vertex.

3 It should be emphasized that this statement is not true in arbitrary renormalization schemes,
see [103].
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It consists of an infrared and an ultraviolet term

DA3(p, q,−p− q) = DA3,IR(p, q,−p− q) +DA3,UV (p, q,−p− q) , (4.29)

where we have adopted the notation of [101]. The UV-part consists of an appropriate
combination of the ghost and gluon dressing functions G(p2) and Z(p2),

DA3,UV (p, q,−p− q) = G

(
p2 + q2 + (p+ q)2

2

)α
Z

(
p2 + q2 + (p+ q)2

2

)β
. (4.30)

The parameters α and β are not free but fixed by two requirements:

1. The UV-part of the model shall give the correct anomalous dimension of the
three-gluon vertex: γ3g = 1+3δ, with δ being the ghost anomalous dimension.

2. The model shall not interfere with the infrared, that is, it shall be IR-finite.

With these conditions two equations can be set up from the UV-running [42] and
IR-running [105, 106, cf. references in [90]] of the Yang-Mills propagators and α
and β can be determined solely in terms of δ (using γ = −1− 2δ for the anomalous
dimension of the gluon if necessary). A complete calculation is carried out in chapter
5. Here, we only specify the result which reads for the decoupling solution

α = 3δ + 1
δ

, β = 0 (decoupling) . (4.31)

One guideline for the construction of the IR-part is the zero-crossing which is a
prominent feature of the three-gluon vertex. In order not to affect the ultraviolet
damping functions are incorporated into DA3,IR(p, q − p− q) which are of the form

fΛ3g(p2) =
Λ2

3g

Λ2
3g + p2 . (4.32)

The IR-part of the model then reads

DA3,IR(p, q − p− q) = hIRG(p2 + q2 + (p+ q)2)3(fΛ3g(p2)fΛ3g(q2)fΛ3g((p+ q)2))n3g .
(4.33)

Compared to the UV-part DA3,IR(p, q−p−q) exhibits three free parameters hIR, Λ3g
and n3g. A negative hIR leads to a zero crossing and n3g is typically assigned a value
of n3g = 4. The position of the zero crossing can be adjusted by Λ3g. This model for
the three-gluon vertex will be employed in the non-Abelian diagram of the quark-
gluon vertex. If not stated otherwise, we will use hIR = −0.1 and Λ3g = 0.12GeV .
For the gluon propagator we will use the result of a separate calculation of the
Yang-Mills propagators as input. For this purpose the coupled system of ghost and
gluon DSE is solved. An important role in this calculation plays the three-gluon
vertex model (4.29) which is employed in the gluon loop of the gluon propagator
DSE. The parameters of the model can be adjusted in such a way that the ghost
and gluon propagators can be brought into agreement with quenched Lattice results
[107]. The Lattice data then also sets the scale of our system. Finally, from this
calculation the values for the renormalization constants Z3 and Z̃3 can be extracted.
For further details of the calculation the reader is referred to appendix A.3.
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Figure 4.7.: The dressing functions of the quark-gluon vertex at the symmetric point.
The dressing functions in the legend on the left-hand side belong to the
chirally symmetric group Gχsym and the one in the legend on the right-
hand side to the group GχSB that breaks chiral symmetry.
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Figure 4.8.: The dressing functions at different values of cos(α). The bands in this
plot indicate the range in which the dressing functions vary with respect
to the angle.
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Figure 4.9.: Three-dimensional plots of the dressing functions g(1) and g(4). On the
left-hand side cos(α) and on the right-hand side q2 have been set to a
fixed value.

Having fixed the unknown quantities we are in a position to solve the coupled sys-
tem of quark-gluon vertex and quark propagator. In figure 4.7 the quark-gluon
vertex is depicted at the symmetric point with p2 = q2 and cos(α) = 0.5. Since
all basis tensors except for the tree-level tensor are dimensionful, the corresponding
dressing functions are dimensionful as well in order to render the whole vertex di-
mensionless. It is therefore convenient to project out the dimensions of the dressing
functions in order to make a meaningful comparison possible. For this purpose we
used appropriate powers of the average momentum

p̄(qgv) =
√
p2 + q2 + (p− q)2

3 . (4.34)

The dressing functions, with respect to which the dimensions have been projected
out, will be denoted by ĝ(i).
Not surprisingly, the biggest contribution stems from the tree-level dressing func-
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Figure 4.10.: The dressing functions A(p2) and M(p2) of the quark propagator.

tion. More interesting is the behaviour of the other dressing functions. Since there
exists no tree-level expression for these dressing functions they have to approach
zero in the UV regime. Running down from the UV towards smaller momenta their
size increases before it again tends towards zero in the IR regime. The most dom-
inant contribution in the midmomentum regime stem from the dressing functions
ĝ(5), ĝ(7), ĝ(2) and ĝ(4), where the former two belong to the chirally symmetric set
Gχsym and the latter two to the chiral symmetry breaking set GχSB. The dressing
functions ĝ(2) and ĝ(4) are hence of special interest, since their increase at O(1GeV )
indicates that chiral symmetry is broken.
Figure 4.9 shows three-dimensional plots of the dressing functions g(1) and g(4) which
are the dominant functions of the groups Gχsym and GχSB, respectively. In the plots
on the left-hand side the angle cos(α) is held fixed, whereas on the right-hand side
the momentum q2 is fixed. It should be remarked that this time the dimension of
g(4) is not projected out. From figures 4.9 and 4.8 one can also infer that there is
a non-negligible dependence of the dressing functions on the angle with the biggest
variation in the midmomentum regime.
The results for the dressing functions of the quark propagator are depicted in fig-
ure 4.10. It is apparent that the mass generated due to chiral symmetry breaking,
M(p2 = 0), is much smaller than the expected value of 300 − 400MeV . We found
that the quark-gluon vertex is very sensitive to the Yang-Mills input, i.e., to the
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Figure 4.11.: The running coupling derived from the quark-gluon vertex.

gluon propagator and three-gluon vertex. However, slight changes of the quark-
gluon vertex have a big impact on the quark propagator ([18, 108]). This indicates
that one has to calculate the three-gluon vertex very precisely to obtain the correct
generated mass. We will substantiate this further in the next chapter when we cou-
ple the three-gluon vertex to the quark-gluon vertex. A further quantity that is of
decisive importance for chiral symmetry breaking is the running coupling derived
from the quark-gluon vertex (4.21). If the running coupling stays below a critical
value of αcrit = 0.86 no chiral symmetry breaking appears [17, 109, 18]. The running
coupling obtained from our calculation is shown in figure 4.11.
At the end of this section we would like to make a remark regarding the compa-

rability of our results with the results obtained in other basis systems. Since the
dressing functions of different basis systems in general differ from each other, it is
inevitable to compare the dressing functions in the same basis. For this a basis
transformation has to be performed which is possible for our basis and other basis
systems of the “naive basis”-type 4. However, a transformation from the “naive
basis” to the “generalized Ball-Chiu basis” turns out to be problematic. The reason
is that the transformation matrix possesses singularities that are amplified by the
numerical treatment. In this way a direct comparison between our results and the
results in the “generalized Ball-Chiu basis” is made difficult.

4.6. Impact of the three-gluon vertex model

In this section we investigate how sensitive the results of the quark-gluon vertex are
to different parameters of the three-gluon vertex model. For this purpose we have
varied the parameters hIR and Λ2

3g and kept one of both parameters fixed (see figure
4.12).
If we vary hIR and keep Λ3g fixed at a value of Λ3g = 1.17GeV we arrive at

the results for the quark-gluon vertex and quark propagator depicted in figure 4.13.
Later we will also compare calculations for Λ3g = 1.17GeV and Λ3g = 0.12GeV at
fixed hIR to see how the position of the zero crossing of the three-gluon vertex affects
the quark-gluon vertex. Regarding the quark-gluon vertex we focus on the depiction
4 For a comparison with [17] one should be aware that – following a common FRG convention

– the definition of the dressing functions in [17] differs slightly from our definition.
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Figure 4.12.: The three-gluon vertex model for fixed Λ3g = 1.17GeV (top) and fixed
hIR = −0.1 (bottom).

of the tensor structures ĝ(1), ĝ(7) and ĝ(4) which are the leading contributions of the
chiral symmetric and chiral symmetry breaking basis tensors. The plot at the top
of figure 4.13 reveals that an enhanced infrared behaviour of the three-gluon vertex
results in a sign flip of the non-tree-level dressing functions. This behaviour has
been observed as well in [11]. The change in the quark-gluon vertex also affects
the generation of mass in the quark propagator. In a second comparison shown in
the middle of figure 4.13 we have switched off the infrared part of the three-gluon
vertex in one of the quark-gluon vertices (hIR = 0). In this way we can study the
effect of the zero crossing in the three-gluon vertex on the quark-gluon vertex. From
this and the previous comparison we can deduce that the zero crossing of the three-
gluon vertex bends down the tree-level dressing function in the infrared. However,
the other dressing functions only change quantitatively but not qualitatively.
In a further calculation we kept hIR unaltered at hIR = −0.1 and changed Λ3g (see
figure 4.14). This allows us to investigate how the position of the zero crossing of the
three-gluon vertex impacts the quark-gluon vertex. The purple curves correspond
to a calculation with Λ3g = 0.12GeV that is the zero crossing of the three-gluon
vertex is shifted towards the infrared. The result resembles the calculation above
with vanishing infrared part of the three-gluon vertex, e.g. the tree-level dressing
function does not bend down in the infrared. One can therefore argue that the
infrared part of the three-gluon vertex has no effect on the quark-gluon vertex if the
zero crossing lies too deep in the infrared.

39



hIR=-0.1

hIR=-0.5

0.1 1 10 100
p[GeV]

0.5

1.0

1.5

2.0

g
(i)
(p2,p2,0.5)

hIR=-0.1

hIR= 0

0.1 1 10 100
p[GeV]

0.5

1.0

1.5

2.0

g
(i)
(p2,p2,0.5)

hIR=-0.1

hIR= 0

hIR=-0.5

0.1 1 10 100
p[GeV]0.00

0.05

0.10

0.15

0.20

M(p2) [GeV]

Figure 4.13.: Results for the quark-gluon vertex and quark propagator for different
hIR and Λ3g = 1.17GeV . An enhanced infrared part of the three-gluon
vertex leads to a sign flip in the quark-gluon vertex and has an effect
on the generation of mass.
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Figure 4.14.: The quark-gluon vertex and mass function for fixed hIR = −0.1 and
Λ3g = 0.12GeV and Λ3g = 1.17GeV .

4.7. A model for the two-quark-two-gluon vertex

Usually, the construction of a model is guided by the consideration that the domi-
nant contribution stems from the tree-level form of the correlation function. Further
information like the UV-behaviour gained from perturbation theory may addition-
ally constrain the form of the model. By following this approach the models for
the three-gluon and four-gluon vertices that are used in this thesis have been con-
structed.
Concerning the two-quark-two-gluon vertex (figure 4.15) the situation is different.
The two-quark-two-gluon vertex has no tree-level counterpart and thus it is a priori
unknown which tensor structure gives the main contribution.
We will therefore adopt the model that was introduced in the FRG study [17] for
DSE calculations [110]. In this ansatz the tensor structure is derived from arguments
regarding gauge invariance. However, this model has to be viewed as a first, more
or less speculative ansatz for the two-quark-two-gluon vertex. It is therefore not
to be expected that it will reproduce the strength of the full two-quark-two-gluon
vertex correctly and we will assess the quality of the model on account of the follow-
ing calculations. Recently, there has been made progress in the calculation of the
four-point functions in perturbation theory [111] and also a first non-perturbative
calculation of the two-quark-two-gluon vertex seems to be feasible in the near future
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Figure 4.15.: The two-quark-two-gluon vertex.

5.
The derivation of the two-quark-two-gluon vertex model is based on what in [17]

is called a “gauge-invariant completion”. The underlying idea is the following: the
(hypothetical) occurence of the basis tensors of the quark-gluon vertex (4.9) in the
action would violate gauge invariance. However, by adding suitable terms to the
action gauge invariance can be preserved. An instructive example given in [17] is
the “gauge-invariant completion” of the tree-level tensor and in order to illustrate
the general idea we will recapitulate it at this place.
In the action the tree-level tensor structure of the quark-gluon vertex is identified in
the term q̄ /Aq. This term clearly breaks gauge invariance. Fortunately, it does not
appear alone in the Lagrangian but together with a further term q̄ /∂q. Both terms
together form the covariant derivative q̄ /Dq which is gauge invariant.
In the same way gauge invariance can be obtained for the remaining tensor structures
of the quark-gluon vertex. We will however concentrate on the tensor structures b(5)

and b(7) as defined in (4.9) which are the most dominant of the beyond-treelevel
tensors. Essential for the following argument is that the term that has to be added
in order to restore gauge invariance does not only contribute at the level of the
quark-gluon vertex O(q̄Aq) but also at the level of the two-quark-two-gluon ver-
tex O(q̄AAq) and the two-quark-three-gluon vertex O(q̄AAAq). The term L(STI)

(qgv)
required for “gauge-invariant completion” reads [17]:

L(STI)
(qgv) =q̄(p) {−igTµνρ [pνpρ − qνqρ + qνpρ]}Aaµ(p− q)T aq(q) : O(q̄Aq)

+
q̄(p)

{
ig2Tµνρ(k − p)ρ

}
Abν(p− q − k)T bAaµ(k)T aq(q) : O(q̄AAq)

+
q̄(p)

{
ig3Tµνρ

}
Aaµ(p− q − k − r)T aAcρ(r)T cAbν(k)T bq(q) : O(q̄AAAq)

(4.35)

5 While writing this thesis results of a calculation of the two-quark-two-gluon vertex have been
published in [18].
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The tensor Tµνρ is given by Tµνρ = {[γµ, γν ] , γρ}6.
Since the first term in (4.35) gives a contribution to the quark-gluon vertex it can be
constructed by appropriate combinations of the tensors of our quark-gluon vertex
basis (4.9). In order to investigate how much every basis tensor contributes to
the structure O(q̄Aq) we define a set of orthonormal projectors with the following
properties:

R(i)
µ b

(j)
µ =

1, for i = j

0, for i 6= j
with i, j = 1, . . . , 8 . (4.36)

Projecting withR(i)
µ onto the vertex derived from theO(q̄Aq) component of L(STI)

(qgv) the
only non-zero expressions are R(5)

µ b(5)
µ = 1

2 and R(7)
µ b(7)

µ = 1. Hence, only the basis
tensors b(5)

µ and b(7)
µ contribute at a ratio of 1 : 2. This reflects a property that can

be found for the dressing functions, namely the relation 2g(5) = g(7)7.
The next step is based on the assumption that the whole structure L(STI)

(qgv) is dressed
by a single dressing function λ(STI). But on account of what has just been said we can
deduce from the O(q̄Aq) contribution of L(STI)

(qgv) that either λ(STI)(p2, q2, cos(α)) =
g(7)(p2, q2, cos(α)) or equivalently λ(STI)(p2, q2, cos(α)) = 2g(5)(p2, q2, cos(α)).
We are now able to set up a complete model for the two-quark-two-gluon vertex.
From the second term in (4.35) we obtain the tensor structure and for the dressing
function we will set λ(STI) = g(7). There is however one last problem that needs
to be tackled. The two-quark-two-gluon vertex has four legs and consequently one
would expect its dressing function to depend on four momenta instead of the three
momenta of the quark-gluon vertex. In order to resolve the missing momentum we
will use the average momentum

p̄(2q2A) =
√
p2 + q2 + k2 + (p− q − k)2

4 (4.37)

and evaluate the dressing function at a specific point, e.g. the symmetric point.
Putting all the pieces together the model for the two-quark-two-gluon vertex has
the form

Γ(2q2gl,ab)
µν (p, q, k,p− q − k) = − i4g

2λ(STI)(p̄(2q2A))Tµνρ
[
(k − p)ρT bT a + (k + q)ρT aT b

]

with λ(STI)(p̄(2q2A)) = g(7)(p̄2
(2q2A), p̄

2
(2q2A), 0.5) . (4.38)

4.8. Results for the quark-gluon vertex from the DSE
formalism

With the model for the two-quark-two-gluon vertex we are able to compute the
full DSE of the quark-gluon vertex (figure 4.3) by approximating the contribution
6 Note that the tensor Tµνρ is negative under odd commutations of its indices, Tµνρ = −Tµρν =

Tρµν . By exploiting this property the expressions in [17] can be simplified considerably.
7 In [17] also the relation 2b(2) = b(4) was found. This relation is not realized exactly in our

results.
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Figure 4.16.: The quark-gluon vertex as obtained from the 3PI formalism (top) and
its DSE (bottom).

of the swordfish diagram. In doing so we expressed the renormalization constants
by their STIs. To make a comparison with the results from the 3PI formalism
possible we redid the corresponding 3PI calculation but this time with the same
renormalization prescription as in the DSE case. The results obtained from both
methods are depicted in figure 4.16 and figure 4.17 shows the contribution of each
diagram of the DSE.
One immediately recognizes that the dressing functions that correspond to the chiral
symmetry breaking tensor structures vanish and that the overall strength of the other
dressing functions is diminished. A deeper analysis reveals that the contribution of
the Abelian diagram is insignificant compared to the non-Abelian diagram as was
argued above. Since the non-Abelian diagram exhibits one dressed quark-gluon
vertex less than its 3PI counterpart the missing strength has to come from the
swordfish diagram. However, with the employed model for the two-quark-two-gluon
vertex the swordfish diagram itself is negligible. This hints to the fact that the
used model underestimates the strength of the two-quark-two-gluon vertex. One
may surmise that with additional strength stemming from a full inclusion of the
two-quark-two-gluon vertex chiral symmetry breaking could be recovered. However,
further studies are required in order to make a definitive statement.
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Figure 4.17.: Contribution of the non-Abelian (top), Abelian (middle) and sword-
fish (bottom) diagrams to the beyond tree-level dressing functions of
the quark-gluon vertex. As anticipated the influence of the Abelian
diagram is negligible and nearly the full strength is carried by the non-
Abelian diagram. Contrary to expectations the contribution of the
swordfish diagram is insignificant.
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5. The unquenched three-gluon
vertex

The final goal of this chapter is the calculation of the coupled system of quark-gluon
vertex, quark propagator and three-gluon vertex. To achieve this the investigation
will be performed gradually. In a first step the three-gluon vertex of Yang-Mills
theory will be considered. In this step the employed basis system of the three-gluon
vertex will be introduced and issues of the calculation will be addressed. This serves
as the basis for the next step in which we augment the three-gluon vertex with the
diagrams of the quark sector. In a first computation of the unquenched three-gluon
vertex the results for the quark-gluon vertex presented in the previous chapter will
be used. In this calculation backcoupling effects of the three-gluon vertex on the
quark-gluon vertex will be ignored. Finally, the coupled system of both vertices and
the quark propagator will be solved. At the end of this chapter we will be in a
position to answer the questions which impact unquenching has on the position of
the zero crossing of the three-gluon vertex and how a dynamic three-gluon vertex
influences dynamical chiral symmetry breaking.

5.1. The Yang-Mills three-gluon vertex

We start with the full DSE of the three-gluon vertex in Yang-Mills theory which is
depicted in figure 5.1. Applying the standard truncation, i.e., neglecting two-loop
diagrams and diagrams with non-primitively divergent vertices, leaves us with the
diagrams at the bottom in figure 5.1. Apart from the tree-level diagram there are
three swordfish diagrams (diagrams 4 to 6 on the r.h.s.), one ghost triangle diagram
(diagram 2) and one gluon triangle diagram (diagram 3).
Analogous to the steps carried out for the quark-gluon vertex we have first of all to
find a suitable parametrization for the three-gluon vertex. In contrast to the quark-
gluon vertex the color content of the three-gluon vertex is more complex. A complete
basis of the color space is given by the antisymmetric structure constant fabc and
the symmetric structure constant dabc. However, it can be shown analytically that
the terms proportional to dabc have to vanish and that the color content of the full
three-gluon vertex is solely described by fabc [112]. A proof of this statement will
be given in appendix A.7.
In momentum space there are in general four transverse and ten longitudinal tensor
structures. In order to find a convenient basis we can again exploit that in Landau
gauge the transverse part describes the full dynamics of the system [90]. This would
leave us then with four tensor structures. However, the calculation can be simplified
even further due to the observation made in [31] that the contribution of the three
non tree-level tensor structures is negligible.
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Figure 5.1.: Top: The full DSE of the three-gluon vertex in Yang-Mills theory. Bot-
tom: the truncated DSE with an explicit depiction of the renormaliza-
tion constants.

With this in mind we employ the following parametrization of the three-gluon vertex:

Γabcµνρ(p, q,−p− q) = DA3(p2, q2, cos(α))fabcΓ(0)
µνρ(p, q,−p− q) , (5.1)

where DA3 denotes the dressing function and Γ(0)
µνρ is the tree-level tensor structure

of the three-gluon vertex. There are two further issues that need to be settled before
the actual calculation can be performed. The first issue concerns renormalization
and the other issue is related to the question, how the unknown quantities that enter
the three-gluon vertex DSE shall be approximated.
We will tackle the problem of renormalization first. The dependence of the three-
gluon vertex on the renormalization constants is shown in figure 5.1. Because the
loop diagrams depend on different renormalization constants a direct application
of the subtraction method described in section 4.4 is difficult. One solution would
be to replace the renormalization constants by their corresponding STIs [31]. One
should however bear in mind that due to the truncation of the DSE the anomalous
dimensions are in general not correctly reproduced. We therefore pursue a differ-
ent strategy and replace the renormalization constants by so-called renormalization
group improvement terms [97]. In doing so we follow [30, 113]. The underlying

Figure 5.2.: The dressed three-gluon vertex.
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idea is to construct the respective anomalous dimension in terms of the anomalous
dimensions of the ghost δ and gluon γ = −1 − 2δ (cf. the construction of the UV
part of the three-gluon vertex model in section 4.5 and in [101] ). There are three
different renormalization constants that enter the DSE of the three-gluon vertex.
The renormalization constant of the ghost-gluon vertex is Z̃1 = 1 in Landau gauge
using the MiniMOM renormalization scheme. The renormalization constants of the
three-gluon vertex Z1 and the four-gluon vertex Z4 are then replaced by appropriate
RG improvement terms. With these considerations in mind a sensible ansatz for the
RG improvement terms is given by

DA3

RG(p, q,−p− q) = G(x̄(3gl))α3gZ(x̄(3gl))β3g , (5.2)
DA4

RG(p, q, k,−p− q − k) = G(x̄(4gl))α4gZ(x̄(4gl))β4g , (5.3)

with

x̄(3gl) = p2 + q2 + (p+ q)2

2 , (5.4)

x̄(4gl) = p2 + q2 + k2 + (p+ q + k)2

2 . (5.5)

We can now proceed in the same way as we did for the three-gluon vertex model and
constrain the possible values for the exponents by demanding that the RG improve-
ment terms shall be finite in the infrared and that they run with the anomalous
dimension of the three-gluon vertex γ3g = 1 + 3δ and four-gluon vertex γ4g = 1 + 4δ
in the ultraviolet. Additionally, we exploit that the behaviour of the ghost and gluon
propagators is known for the IR and UV regime. In resummed perturbation theory
one finds

Z(p2) = Z(µ2)
[
ω log

(
p2

µ2

)
+ 1

]γ
,

G(p2) = G(µ2)
[
ω log

(
p2

µ2

)
+ 1

]δ
, (5.6)

where µ is the renormalization point and

ω = 11Ncα(µ2)
12π . (5.7)

In the infrared the ghost and gluon dressing functions are described by a power law
behaviour

G(p2) = cgh (p2)κ
gh
IR ,

Z(p2) = cgl (p2)κ
gl
IR . (5.8)

For the decoupling solution the infrared exponents are κghIR = 0 and κglIR = 1. With
this information we can set up the following equations

UV running IR finiteness
α3gδ + β3gγ = γ3g κghIRα3g + κglIRβ3g = 0
α4gδ + β4gγ = γ4g κghIRα4g + κglIRβ4g = 0
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Solving these equations for α3g (α4g) and β3g (β4g) we get

α3g = 3δ + 1
δ

, β3g = 0 , (5.9)

α4g = 4δ + 1
δ

, β4g = 0 . (5.10)

With these exponents the RG improvement terms (5.2) and (5.3) are completely
determined and we can make the replacements

Z1 → DA3

RG(p, q,−p− q) ,
Z4 → DA4

RG(p, q, k,−p− q − k) . (5.11)

At this place it is worth looking at the above treatment of the renormalization
constants from a different perspective. It is assumed that if all bare vertices in
the loop diagrams were dressed, the anomalous dimensions would be automatically
reproduced correctly. With this assumption we can think of the above replacements
as virtually dressing the bare vertices:

Γ(0)
µνρ(p, q, k)→ 1

Z1
DA3

RG(p, q, k)Γ(0)
µνρ(p, q, k) ,

Γ(0)
µνρλ(p, q, k, r)→

1
Z4
DA4

RG(p, q, k, r)Γ(0)
µνρλ(p, q, k, r) . (5.12)

It should, however, be noted that the RG improvement terms have a quantitative
impact on the result compared to a calculation in which the renormalization con-
stants are expressed by their STIs. A discussion of the differences between both
methods can be found in [34].
The only renormalization constant that cannot be treated this way is the one that
belongs to the tree-level diagram. We will express this constant by its STI

Z1 = Z3

Z̃3
, (5.13)

where Z̃1 = 1 has been used.
Having solved the issue of renormalization we can now focus our attention on the
yet undefined n-point functions in the three-gluon vertex DSE.
Like for the quark-gluon vertex we use for the Yang-Mills propagators the results of
a separate calculation detailed in appendix A.3. This calculation also provides us
with the renormalization constants Z3 and Z̃3.
A further not yet specified quantity is the dressed ghost-gluon vertex. Although
an inclusion of the fully dressed ghost-gluon vertex is in principle possible and has
already been performed [30, 13], we will approximate it by the bare vertex in order
to simplify calculations. Since the dressed ghost-gluon vertex shows only in the
midmomentum regime a small deviation from its bare expression this proved to be
a reasonable approximation [114, 115, 36, 116, 117, 101].
The last n-point function that needs consideration is the dressed four-gluon vertex
which appears in one of the swordfish diagrams. A special attention is required for
this vertex for it plays a crucial role in the balance between the gluon triangle and
the swordfish diagram. With each iteration step the gluon triangle increases and in
order to enable a stable iteration this enhancement has to be counteracted by the
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Figure 5.3.: The three-gluon vertex at the symmetric point. Due to the freedom
of choosing values for the parameters a and b in the four-gluon vertex
model more than one solution can be found.

swordfish diagram. For this to be possible we need to provide the four-gluon vertex
model with enough strength. Our ansatz reads [30]

Γµνρλ(p, q, k, r) =
[
a tanh

(
b

x̄(4gl)

)
+ 1

]
DA4

RG(p, q, k, r)Γ(0)
µνρλ(p, q, k, r) . (5.14)

According to what we have learned from renormalizing the three-gluon vertex we
“dress” the bare four-gluon vertex with a RG-improvement term DA4

RG in order to
obtain the correct UV running. The strength of our model ansatz is then controlled
by the term in squared brackets and can be adjusted by the free parameters a and
b. The model that we find in this way agrees with first results for the four-gluon
vertex [118].
Figure 5.3 shows the result for the three-gluon vertex at the symmetric point. Due
to the truncation of the three-gluon vertex DSE Bose symmetry is not manifest
anymore and thus we have Bose symmetrized the equation by hand. From what has
just been said it should be clear that by varying the parameters of the four-gluon
vertex model we obtain a band of solutions rather than a single solution. However,
the width of this band is restricted by the fact that not for all possible parameters
the iteration is stable 1.
One property of the three-gluon vertex that has attracted much attention since its
first discovery in (two and three dimensional) Lattice calculations is the zero crossing
[119, 36]. Hereafter it could be reproduced by means of other methods as well [120,
30, 31, 27, 35, 25]. The zero crossing owes its existence to the ghost-triangle diagram
which is negative and gives the dominant contribution in the infrared [121]. It
moreover serves as a guideline for the impact the three-gluon vertex has on hadronic
properties. The relevant scale for hadrons lies at several hundred MeV and the

1 It should be stressed that figure 5.3 does not show the full possible band.
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Figure 5.4.: The three-gluon vertex plotted at fixed angle cos(α) = −0.5 (left) and
fixed momentum q2 = 10−4GeV 2 (right)

strength of the three-gluon vertex in this area affects hadronic observables. From
figure 5.3 we can therefore deduce that a shift of the zero crossing towards the
infrared regime would lead to an increase of the strength of the three-gluon vertex
in the relevant region whereas a shift towards the ultraviolet regime would lead to
a decrease.
One drawback of the above calculation is that on account of the ambiguitiy of the
parameters in the four-gluon vertex model the exact position of the zero crossing
cannot be determined precisely. However, the solutions lie in a narrow range around
0.1GeV 2. A more accurate determination of the position of the zero crossing has
been the subject of recent Lattice calculations [38, 37].

5.2. Unquenching the three-gluon vertex with a
static quark sector

To unquench the Yang-Mills three-gluon vertex we have to augment the DSE by
three diagrams, two triangle diagrams and one swordfish diagram (see figure 5.5).
There are no further two-loop diagrams that would be affected by the truncation
and consequently the whole impact of the quark sector is encoded in merely three
diagrams. Before we will deal with the computation of the quark diagrams it is
worthwhile to have a closer look at the two quark triangle diagrams.
Since every quark possesses a corresponding antiquark we obtain two diagrams one
with the internal lines being formed by quarks and one where the internal lines are
formed by antiquarks or equally one diagram with the loop going clockwise and one
diagram with the loop going counterclockwise. A similar situation exists in QED
where it is long known that according to Furry’s theorem [122] diagrams with a
fermion loop with an odd number of vertices cancel each other. However, in QCD
the case is more elaborate due to the non-trivial color space. The quark-triangle di-
agrams are directly proportional to both the antisymmetric structure constant fabc
as well as the symmetric structure constant dabc. If one defines charge cojugation
for non-Abelian theories an equivalent to Furry’s theorem can be formulated. In

2 Note that the position of the zero-crossing changes if the STIs are used for the renormalization
constants instead of the RG-improvement terms [31].
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Figure 5.5.: The DSE for the unquenched three-gluon vertex. Compared to the
Yang-Mills three-gluon vertex three diagrams have to be added: two
quark triangle diagrams and one quark swordfish diagram (top). By
applying an non-Abelian analogue of Furry’s theorem one can show that
both quark triangle diagrams give the same contribution (bottom).

this manner one can show that the terms proportional to dabc cancel – which is
in line with the above statement that only the antisymmetric structure constant
contributes to the three-gluon vertex – and that the terms proportional to fabc are
added up [123]. An in-depth analysis of this statement can be found in appendix
A.7, here we will focus on its practical implication which leads to the DSE of the
unquenched three-gluon vertex shown at the bottom of figure 5.5.
With the quark triangle and quark swordfish diagrams we now have two further
diagrams that need renormalization. Both diagrams are renormalized via the renor-
malization constant Z1F for which we will employ the constant calculated in the
quark sector.
There is one further thing we would like to remark. The quark diagrams in the
three-gluon vertex are proportional to the number of flavours Nf . In a truncation
that includes correlation functions up to the level of three-point functions the gluon
propagator is the only other quantity for which this is the case. It is hence possible
to study the behaviour of the three-gluon vertex in the limit of large Nf as it was
done for the gluon propagator in the past.
In a first attempt we use the quark-gluon vertex and quark propagator from the

calculation presented in the last chapter where a model for the three-gluon vertex
was employed. This implies that we ignore effects due to the backcoupling of the
three-gluon vertex onto the quark-gluon vertex for the moment. For the two-quark-
two-gluon vertex that appears in the quark swordfish diagram we will use the model
that was introduced in section 4.7.
Figure 5.6 shows the results of this calculation which are best depicted over a log-
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Figure 5.6.: The unquenched three-gluon vertex with a static input for the quark
sector. In this plot the results for Nf = 2 and Nf = 1 and the Yang-
Mills three-gluon vertex are compared.

arithmic momentum axis. In this plot the three-gluon vertices for Nf = 2, Nf = 1
and Nf = 0, i.e. the Yang-Mills case, are compared to each other. It should be noted
that the quark sector interferes with the cancellation mechanism between swordfish
diagram and gluon triangle so that the parameters of the four-gluon vertex model
have to be adjusted accordingly. In our case we use the parameters a = 2 and
b = 5.4GeV 2 which are employed in all calculations to make a comparison between
the different results possible. As we can see from figure 5.6 both unquenched results
lie above the Yang-Mills three-gluon vertex and the unquenched three-gluon vertex
for Nf = 2 lies above the one for Nf = 1 3. This can be understood from figure
5.7 where the contribution from the quark triangle diagram and the quark swordfish
diagram for Nf = 1 are depicted. Both diagrams are static, that is, they do not
contain the three-gluon vertex and are therefore not updated within each iteration
step 4. The quark triangle diagram is entirely positive and gives a small but signifi-
cant contribution. Therefore the unquenched three-gluon vertex becomes enhanced
compared to the Yang-Mills calculation with an enhancement that is proportional
to Nf . On the other hand the contribution of the quark-swordfish diagram is negli-
gible which could again be due to the fact that the model might underestimate the
strength of the two-quark-two-gluon vertex. The effect observed here that the un-
quenched quantity is above the quenched one is opposite to what can be seen for the
gluon propagator where the unquenched gluon propagator lies below the quenched
propagator [100, 124, 125, 126].
We can therefore now give an answer to the question how the unquenching of the
three-gluon vertex alters the position of the zero crossing. It is shifted towards the

3 A similar result but by using the 3PI equation instead of the DSE for the three-gluon vertex
was found in [13].

4 We would like to remark that the UV behaviour of the quark-gluon vertex is of high importance
for the renormalization of the quark triangle diagram. A too slow decrease of the non tree-level
dressing functions results in cutoff dependent divergencies.
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Figure 5.7.: The contributions from the quark triangle diagram (top) and the quark
swordfish diagram (bottom) for Nf = 1.

infrared regime and consequently the strength of the three-gluon vertex at the for
hadrons relevant scale of several hundred MeV increases.

5.3. The coupled system of quark-gluon vertex, quark
propagator and three-gluon vertex

Finally, we couple the equations for the quark-gluon vertex and quark propagator as
discussed in the last chapter to the three-gluon vertex and calculate the system of
quark-gluon vertex, quark propagator and three-gluon vertex. With respect to this
set-up it is especially interesting to see how a dynamical three-gluon vertex rather
than a model influences the mechanism of chiral symmetry breaking in the quark
sector.
In figure 5.8 the result for the quark-gluon vertex is shown. Depicted are the dressing
functions of the quark-gluon vertex for a calculation with Nf = 2 (top) and Nf = 1
(middle) in the three-gluon vertex DSE and a comparison between both calculations
(bottom) in terms of the dressing functions ĝ(1), ĝ(4) and ĝ(7) , which are the most
dominant dressing functions of the quark-gluon vertex. The dressing functions of the
calculation with Nf = 2 have overall more strength than the one of the calculation
with Nf = 1 and it is therefore to be expected that they also give rise to a more
pronounced generation of mass in the quark propagator.

54



g(2)

g(3)

g(4)

g(8)

g(1)

g(5)

g(6)

g(7)

0.1 1 10 100
p[GeV]

-0.5

0.5

1.0

1.5

2.0

2.5

g
(i)
(p2,p2,0.5) (Nf=2)

g(2)

g(3)

g(4)

g(8)

g(1)

g(5)

g(6)

g(7)

0.1 1 10 100
p[GeV]

0.5

1.0

1.5

2.0

2.5

g
(i)
(p2,p2,0.5) (Nf=1)

Nf=2

Nf=1

0.1 1 10 100
p[GeV]

-0.5

0.5

1.0

1.5

2.0

2.5
g
(i)
(p2,p2,0.5)

Figure 5.8.: The quark-gluon vertex from a calculation with a dynamical three-gluon
vertex. The plot at the top refers to a calculation with Nf = 2 in the
three-gluon vertex DSE and the plot in the middle to a calculation with
Nf = 1. At the bottom the dressing functions ĝ(1), ĝ(4) and ĝ(7) of both
calculations are compared.

55



This assumption is confirmed by figure 5.9 which compares the dressing functions
A(p2) and M(p2) of a calculation with a dynamical three-gluon vertex with Nf = 2
and Nf = 1 with the result of the last chapter, where a three-gluon vertex model
was used. The calculation with Nf = 2 shows the biggest difference to the other
results. Regarding the dressing function A(p2) it does not bend down in the infrared
in contrast to the other results. Moreover, the result for Nf = 2 exhibits the biggest
value for M(p2 = 0) in the range of 350 MeV as one would expect. The result
for Nf = 1 has a much smaller generated mass, yet it lies above the one of the
calculation with a three-gluon vertex model. The reason for these differences have
to be searched for in the three-gluon vertex.
In figure 5.10 we see the results for the three-gluon vertex (Nf = 2 and Nf = 1)
from a calculation with a dynamical quark sector. As a guideline the three-gluon
vertex of a Yang-Mills calculation is depicted as well. As already observed in the last
section the unquenched results lie above the Yang-Mills result and in turn the result
for Nf = 2 is above the one with Nf = 1. Having the results of the quark sector
in mind we can deduce that the stronger the three-gluon vertex the stronger the
quark-gluon vertex and the more mass is generated in the quark propagator. The
biggest impact seems to stem from the range of several GeV where the difference
between the result for Nf = 2 and Nf = 1 is most pronounced.
With this observation we can substantiate the assumption formulated in the last
chapter that the quark-gluon vertex and with it chiral symmetry breaking is very
sensitive to the Yang-Mills sector. A precise knowledge of the gluon propagator and
the three-gluon vertex seems therefore to be inevitable 5.
However, we would like to remark that our finding that the generated mass increases
with increasing number of flavours is in contradiction with present Lattice results.
On the Lattice it was found that the addition of quark loops rather leads to a small
decrease of the generated mass [127, 124]. A possible explanation of the difference
could be that we have not included the gluon propagator dynamically. As mentioned
above unquenching diminishes the strength of the gluon propagator, whereas it leads
to an enhancement of the three-gluon vertex. In such a way the gluon propagator
could counteract effects due to the unquenching of the three-gluon vertex. For a
definitive statement a full inclusion of the gluon propagator is therefore essential.

5 A similar conclusion was drawn in [18].
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Figure 5.9.: The dressing function A(p2) (top) and the mass function M(p2) (bot-
tom) of the quark propagator. In this figure the results of a calculation
with a dynamical three-gluon vertex (Nf = 2 and Nf = 1) are com-
pared with the results of the previous chapter where a model for the
three-gluon vertex was employed.
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Figure 5.10.: The three-gluon vertex from a calculation with a dynamical quark-
gluon vertex (Nf = 2 and Nf = 1) and in Yang-Mills theory.

57



6. Conclusion and Outlook

The main goal of our work is the unquenching of the three-gluon vertex in a dy-
namical set-up consisting of quark-gluon vertex, quark propagator and three-gluon
vertex. To achieve this we took small steps and considered the quark sector and
the three-gluon vertex separately before coupling them. For the quark-gluon ver-
tex we took all eight transverse basis tensors into account and considered the 3PI
equation of the quark-gluon vertex as well as its DSE. Regarding the 3PI equation
the focus was solely on the calculation of the non-Abelian diagram, whereas for the
quark-gluon vertex DSE all three diagrams (non-Abelian, Abelian and swordfish
diagram) were included. In doing so we employed a model [17] for the two-quark-
two-gluon vertex that occurs in the swordfish diagram. Moreover, for the Yang-Mills
propagators we used input that is in agreement with quenched Lattice data. We
approximated the three-gluon vertex by a model [101] whose impact on the result
was analyzed by varying the model parameters. Finally, we calculated the coupled
system of quark-gluon vertex and quark propagator. For the 3PI equation we found
a generated mass of around 210MeV which is smaller than what one would expect.
On the other hand in the DSE calculation the generated mass vanishes completely.
Comparing the diagrams of the 3PI equation with its DSE counterpart one may
speculate that the reason for this is that the swordfish diagram needs to have a
certain strength to enable chiral symmetry breaking. This would then hint to the
fact that the model underestimates the strength of the two-quark-two-gluon vertex.
However, this argument is not compelling and a definitive statement has to rely on
further investigations. As expected we found the contribution of the Abelian dia-
gram to be insignificant which confirms earlier investigations of the Abelian diagram
in the 3PI equation [11].
The quark sector in the three-gluon vertex is reflected in the quark triangle dia-
gram and the quark swordfish diagram, where for the latter we used once more the
two-quark-two-gluon vertex model. By defining charge conjugation for non-Abelian
theories we were able to show that the three-gluon vertex has to be proportional
to the antisymmetric structure constant fabc and that the part proportional to the
symmetric structure constant dabc has to vanish. Moreover, we could demonstrate
in a way similar to Furry’s theorem that the color symmetric parts of both quark
triangle diagrams cancel each other and that the color antisymmetric parts add up.
As a consequence only one quark triangle diagram needs to be calculated.
Crucial for the stability of the three-gluon vertex is the cancellation mechanism be-
tween one swordfish diagram and the gluon-triangle diagram. This has to be taken
account of by the four-gluon vertex model in the swordfish diagram. Unfortunately,
a change of the parameters of this model affects the position of the zero crossing of
the three-gluon vertex.
In the calculation of the coupled system of quark propagator, quark-gluon vertex
and three-gluon vertex the mutual impact of the quark sector and three-gluon vertex
onto each other can be studied. There are mainly two findings:
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1. Although the position of the zero crossing of the three-gluon vertex cannot
be determined precisely due to the arbitrariness introduced by the four-gluon
vertex model, it is possible to make a statement about how the zero crossing
is affected by unquenching effects. We could see that the unquenched three-
gluon vertex lies above the three-gluon vertex of a pure Yang-Mills calculation
and that consequently the position of the zero-crossing is shifted towards the
infrared regime. This in turn implies that the strength of the three-gluon
vertex increases at a scale relevant for hadron physics.

2. Dynamical chiral symmetry breaking is very sensitive to the value of the three-
gluon vertex that enters the equation of the quark-gluon vertex. From our
calculation we could see that a stronger three-gluon vertex leads to more gen-
erated mass in the quark propagator, where the calculation for flavour number
Nf = 2 in the three-gluon vertex gives a value of around 350MeV in accor-
dance with expectations. Especially the part of the three-gluon vertex around
1− 5GeV seems to play an important role for this.

Of course our calculations are subject to truncation effects. It will therefore be the
task of future work to examine how much our results are affected by the truncation.
However, some steps to ameliorate the set-up can already now be specified:
Instead of quenched input for the Yang-Mills propagators one should use input that
matches unquenched Lattice data. Moreover, the bare ghost-gluon vertex should be
replaced by a dressed ghost-gluon vertex. Since the transverse ghost-gluon vertex
has only one dressing function which is relatively easy to calculate, this seems to be
comparatively easy.
We have seen that there is a difference between the non-Abelian diagram in the 3PI
equation, where all quark-gluon vertices are dressed, and the non-Abelian diagram
in the DSE, where one quark-gluon vertex is bare. It would therefore be interesting
to see, if the same is true for the quark-triangle diagram in the three-gluon vertex.
One should therefore perform a comparison between a calculation of the three-gluon
vertex in the 3PI formalism and a calculation of the three-gluon vertex DSE.
So far only the tree-level tensor of the three-gluon vertex has been taken into ac-
count since in a Yang-Mills calculation the other tensor structures were found to be
negligible [31]. However, a considerable contribution of the beyond tree-level tensor
structures to the quark-triangle diagram cannot be excluded a priori.
In the long run, the gluon propagator should be included dynamically, since it is
expected that effects due to the unquenching of the gluon propagator counteract
effects due to the unquenching of the three-gluon vertex. In order to see which of
both effects prevails a dynamical inclusion of the gluon propagator is inevitable.
The calculations presented here may serve as starting point for further research
ranging from a calculation of the quark-gluon vertex at finite temperature and/or
finite chemical potential to a calculation of bound states. A particularly interesting
field of application is the physics at large Nf and the conformal window which is
of importance for some theories of technicolor that demand a walking behaviour for
the running coupling. A possible future project could therefore be an extension of
the investigation done in [128]. In this study the gluon propagator at large Nf was
examined employing a model for the quark-gluon vertex. The authors point out that
an inclusion of a full quark-gluon vertex may improve the prediction of the number
N crit
f at which the conformal behaviour sets in.

So far most of the previous research focused either on the quark sector or on pure
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Yang-Mills theory. Building up on this groundwork it became recently possible to
study the interplay between both sectors [13, 18]. Already a notable result of this
research is that dynamical chiral symmetry breaking is less robust than anticipated.
It is clear that this finding deserves further investigations and one may expect in-
teresting results from this research topic in the years to come.
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7. Symmetry-broken phase of
φ4-theory from the FRG

This chapter differs widely from the preceding investigation. The biggest difference
is that the theory under consideration will be a O(N)-symmetric scalar field theory
instead of QCD. O(N)-symmetric scalar field theories have been intensively studied
in the past. The reason for their application is that they allow for a comparatively
easy calculation of the critical exponents. Moreover, due to their simple form they
are the ideal tool to become acquainted with the FRG and investigate the behaviour
of a theory at finite temperature in the symmetric and symmetry broken phase.
In this chapter we will consider φ4-theory with the aim to research the symmetry
broken phase employing a Local Potential Approximation (LPA). In doing so we
will rely on a method that was invented in [129], in which the potential is expanded
around a constant rather than around its minimum. In this way this work comple-
ments [130].
In the following most steps will be performed for general N . However, in the actual
calculation we will restrict ourselves to N = 1, which corresponds to the universality
class of the Ising model.

7.1. The Local Potential Approximation

We consider the Lagrangian

L = 1
2∂µφ∂µφ+ 1

2m
2φ2 + λ

24φ
4 .

This Lagrangian is symmetric under O(N) symmetry and φ denotes a N-component
real field

φ =


φ1
φ2
...
φN

 . (7.1)

With this Lagrangian we can derive the effective action Γk as outlined in section
3.3, in which the FRG was introduced. The next step thus consists in finding
an appropriate truncation. We will employ a so-called derivative expansion. How
this works for the FRG is best seen in momentum space. From the flow equation
(3.40) we can deduce that on account of the condition (3.31) only loop momenta q
smaller than k result in a non-vanishing flow. For small external momenta one can
therefore expand the effective action in terms of q2/k2 and p2

i /k
2, where pi are the

external momenta which have to fulfill the condition p2
i < k2. In position space this
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corresponds to an expansion in terms of field derivatives which gave this truncation
scheme its name. A drawback of this truncation scheme is that in the limit k → 0
the expansion is only reasonable for vanishing external momenta 1. But since we
are mainly interested in thermodynamical quantities this does not pose a strong
restriction.
Applying the derivative expansion to the effective action up to the order O(∂2)
yields [132]

Γk[Φk] =
∫
d4x

(
Vk(ρk) + 1

2Zk(ρk)(∂Φk)2 + 1
4Yk(ρk)(Φk∂Φk)2 +O(∂4)

)
. (7.2)

Here Vk(ρ) is the potential, Zk(ρ) is the wave-function renormalization 2 and ρ =
1
2Φ2. Moreover, the quantities Vk, Zk and Yk have to depend on ρ since due to the
O(N)-symmetry the exponents of the field must be even. For O(N = 1) the term
proportional to Yk can be absorbed by the term Zk.
The Local Potential Approximation (LPA) consists now in setting Yk(ρ) = 0 and
Zk(ρ) = 1:

Γk[Φk] =
∫
d4x

(
Vk(ρk) + 1

2(∂Φk)2
)
. (7.3)

This approximation shows a quick convergence and good approximations of ther-
modynamic quantities can be obtained. But due to the fact that Zk(ρ) has been
set equal to one, it is not possible to calculate the anomalous dimension. However,
there exists an extension of this scheme called LPA′ in which a field-independent
wave-function renormalization Zk is considered [132].
Typically, in a further approximation the potential is expanded around its minimum
ρ0,k [130]

Vk(ρk) = λ0,k + λ1,k(ρk − ρ0,k) + λ2,k

2 (ρk − ρ0,k)2 +O(ρ3) . (7.4)

One should bear in mind that due to the flow of the potential also the minimum
changes and therefore depends on the scale. Note that in section 7.3 we will employ
a different ansatz in which the potential is expanded around a constant. However,
we state this formula here to allow for a comparison between both methods.
For the case of ρ0,k = 0 we can rewrite the coefficients to obtain the form of the
classical φ4 potential

Vk(ρk) = V0,k +m2
kρk + λk

6 ρ
2
k , (7.5)

where we can identify λ1,k = m2
k and λ2,k = λk

3 . In the following we will thus often
refer to λ1,k and λ2,k as the mass and the coupling.
Since we are mainly interested in thermodynamical quantities rather than in the
dynamics of the field we can project the potential out of the effective action. This is
usually done by choosing a constant uniform field in order to get rid of the derivatives

1 An improvement of the derivative expansion is given by the BMW method which allows for
the calculation of n-point functions at non-vanishing momenta [131].

2 In DSE-language this corresponds to the inverse dressing function.
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in the effective action

Φk =


Φconst
k

0
...
0

 . (7.6)

From this we obtain (up to a volume factor) the flow equation for the potential. If
we split up the propagator on the right-hand side of the Wetterich equation into its
transverse and longitudinal part (see appendix B.2), we get

∂tVk(ρk) = 1
2

∫ d4q

(2π)4 Ṙk(q) [Gtrans(q)(N − 1) +Glong(q)] , (7.7)

where Gtrans and Glong are abbreviations for

Gtrans(p) = 1
(p2 + V ′k(ρk) +Rk(p))

,

= 1
p2 + λ1,k + λ2,k(ρk − ρ0,k) +Rk(p)

,

Glong(p) = 1
(p2 + V ′k(ρk) + 2ρkV ′′k (ρk) +Rk(p))

,

= 1
p2 + λ1,k + 3ρkλ2,k − λ2,kρ0,k +Rk(p)

(7.8)

Here the prime stands for differentiating with respect to ρk. In the following we will
set N = 1 which implies that the transverse part drops out.
The flow equation of the effective potential gives direct access to the pressure, since
in our approximation one finds

Pk = −
(
V T
k (ρk = ρ0,k)− V T=0

k (ρk = ρ0,k)
)
, (7.9)

where the normalization has been chosen such that the pressure vanishes in the
vacuum P T=0

k=0 = 0 3.
The flow equations for the parameters λ1,k and λ2,k are obtained by differentiating
the potential with respect to ρk and evaluating it at the minimum.
Moreover, the flow equation for the minimum can be derived from the relation

∂tV
′
k(ρ0,k) = V̇ ′k(ρ0,k) + V ′′k (ρ0,k)ρ̇0,k = 0 . (7.10)

3 In principle one could also finetune the potential Vk=Λ such that the value of the pressure in
the vacuum vanishes PT=0

k=0 = 0. However, this procedure is numerically challenging since it
involves cancellations over several orders of magnitude [133].
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Figure 7.1.: λ1,k plotted over the scale k/Λ. The blue, solid line refers to a calcu-
lation in the vacuum and the red, dashed line to a calculation at finite
temperature. The vertical lines shall indicate the points

√
λ2,k/8T and

2πT.

The coupled system of flow equations for N = 1 therefore reads

Ṗk = −1
2
∑∫ Ṙk(q)

q2 + λ1,k + 2λ2,kρ0,k +Rk(q)
, (7.11)

λ̇1,k = −1
2
∑∫ 3λ2,kṘk(q)

(q2 + λ1,k + 2λ2,kρ0,k +Rk(q))2 − λ2,kρ̇0,k , (7.12)

λ̇2,k = 9
∑∫ λ2

2,kṘk(q)
(q2 + λ1,k + 2λ2,kρ0,k +Rk(q))3 , (7.13)

ρ̇0,k = − λ̇1,k

λ2,k
. (7.14)

Here we have introduced the notation

∑∫
=


∫ d4q

(2π)4 for T = 0 ,
T
∑
ωn

∫ d3q
(2π)3 for T 6= 0 , (7.15)

in order to differentiate between the theory in the vacuum and at finite temperature.
ωn refers to the Matsubara frequencies ωn = 2πnT .
These flow equations close on themselves, but they are coupled to each other in dif-
ferent ways. For example the minimum ρ0,k couples back to all other flow equations.
In section 7.3 we will investigate which problems can arise from this and how they
can be circumvented.
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Figure 7.2.: λ2,k plotted over the scale k/Λ. The blue, solid line refers to a calcu-
lation in the vacuum and the red, dashed line to a calculation at finite
temperature. The vertical lines shall indicate the points

√
λ2,k/8T and

2πT.

7.2. The Symmetric Phase

In the unbroken theory we have ρ0,k = 0 which simplifies the system of flow equa-
tions. Especially no back coupling of the minimum has to be taken into account.
In principle one could now start to solve the coupled system of flow equations. How-
ever, one faces the problem that the initial values for the parameters λ1,k and λ2,k
have to be chosen carefully so that one stays in the symmetric phase, i.e., that
V ′(ρk = 0) = λ1,k = 04. Therefore we proceed in two steps [134]:

1. We start at k = Λ in the vacuum with fixed λ2,k=Λ and finetune the value for
λ1,k=Λ in such a way that we arrive at λ1,k=0 = 0.

2. With the values for λ1,k=Λ and λ2,k=Λ obtained in the first step we then flow
down from k = Λ to k = 0 at finite temperature.

In figures (7.1) and (7.2) the results for λ1,k and λ2,k for the vacuum and for finite
temperature for N = 1 are depicted. For these calculations the exponential reg-
ulator has been employed. In contrast the use of the optimized regulator is more
problematic, since due to the theta function Θ(k2 − q2) the impact of single Mat-
subara frequencies becomes visible which leads to an oscillatory behavior of the flow
5.
With respect to thermal effects three different domains can be distinguished:

k=Λ to k=2πT : Since effects due to finite temperature arise at scales below
the first Matsubara frequency 2πT the behaviour at large scales is not affected

4 In principle the parameters can be chosen such that V ′(ρk = 0) > 0 as well. However, the
advantage of fine-tuning λ1,k such that V ′(ρk = 0) = 0 is that the symmetry broken phase
can be reached by small changes of λ1,k.

5 Cf. the discussion in [135]
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Figure 7.3.: The pressure P/P0 plotted over the coupling λ2. The pressure is nor-
malized to the Stefan-Boltzmann pressure P0.

by T 6= 0.

k=2πT to k=
√
λ2,k/8T : In this domain thermal effects come into play. While

the vacuum mass continues running logarithmically to the finetuned value
λ1,k=0 = 0, at finite temperature the system starts generating a thermal mass
due to thermal fluctuations. The size of the thermal mass can be estimated by
Perturbation Theory which gives to first order m2

therm = (λ1,k)therm = λ2,k
8 T 2

[136]6. In the same way the coupling λ2,k starts to deviate from the vacuum
solution in this regime on account of thermal fluctuations and the backcoupling
of the thermal mass to the flow of the coupling.

k=
√
λ2,k/8T to k=0 : The creation of a thermal mass (λ1,k)therm is counter-

acted by the fact that in the flow equation λ1,k appears in the denominator and
hence an increasing mass slows down the flow. When the scale k=

√
λ2,k/8T

is reached, λ1,k and λ2,k start to freeze out at their final value.

In figure (7.3) the pressure over the coupling λ2,k is depicted. The pressure is
normalized to the Stefan-Boltzmann free pressure P0 = π2

90T
4. At vanishing coupling

constant λ2,k all energy is kinetic energy and thus the pressure coincides with the
Stefan-Boltzmann pressure. With increasing coupling strength parts of the kinetic
energy are absorbed by the interaction and consequently the pressure decreases. The
results for the symmetric phase presented in this section are in agreement with the
results found in [133, 130].

6 Sometimes a different convention for the coupling is used so that g2 = λ2,k

8 . In this case the
thermal mass is given by m2

therm = g2T 2.
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Figure 7.4.: The ratio ρ0(ε)/ρ0(ε = 0.1) as a function of ε. The minimum changes
very slowly with varying ε which proves the employed method to be
reliable.

7.3. The Symmetry Broken Phase

In the symmetry broken phase the minimum does not vanish and consequently the
back coupling of the flow equation of the minimum (7.14) to the system of equations
(7.11)-(7.13) has to be considered. In this way every numerical inaccuracy that
appears in the flow equation of the minimum is carried over to all other equations.
In order to avoid this effect we employ a method that was developed in [129]. This
method is based on the idea that the minimum is a characteristic point for the
potential but not for the evolution of the flow. Therefore we can expand around an
arbitrary and fixed point κ that lies close to the potential minimum:

κ = (1 + ε)ρ0,k=0 , (7.16)

with ε being small and positive. The reason for the latter is that the potential
becomes convex at k = 0 and hence it is flat for ρ < ρ0. If ε was negative we
would therefore expand in a flat region which leads to a loss of information about
the theory.
One has nevertheless to bear in mind that every physical quantity (like the pressure)
has to be evaluated at the potential minimum. However, this does not pose a
problem since the potential minimum can always be determined a posteriori through
the condition V ′(ρ0) = 0.
With this the following system of equations has to be solved:

Ṗk = −1
2
∑∫ Ṙk(q)

q2 + λ1,k + 2λ2,kκ+Rk(q)
, (7.17)

λ̇1,k = −1
2
∑∫ 3λ2,kṘk(q)

(q2 + λ1,k + 2λ2,kκ+Rk(q))2 , (7.18)

λ̇2,k = 9
∑∫ λ2

2,kṘk(q)
(q2 + λ1,k + 2λ2,kκ+Rk(q))3 . (7.19)

In this equations the minimum is replaced by the constant κ. In general κ can be
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Figure 7.5.: Results for λ1 at T = Λ/100 in the symmetry broken (blue, continuous
line) and in the symmetric phase (red, dashed line). In the symmetry
broken phase more thermal mass is generated.

chosen arbitrarily as long as it lies close to the minimum. This is demonstrated in
figure 7.4 where it is plotted how the position of the minimum changes for different
values of ε. The deviation of the minimum from its value at ε = 0.1 increases with
growing ε but remains even for ε = 1 negligible. In the actual calculation one would
therefore choose a value for κ and check it distance to the calculated minimum in
the end.
In figure 7.5 and 7.6 the results for λ1 and λ2 at finite temperature in the symmetry
broken phase are shown in comparison with the respective results for the symmetric
phase. In the symmetry broken phase more thermal mass is generated than in the
symmetric phase. As discussed in the previous section an increasing mass slows
down the flow and therefore in the symmetry broken phase λ2 freezes out much
faster.
We are also able to calculate the pressure as a function of the temperature. The
plot is shown in figure 7.7 where Tc corresponds to the critical temperature where
the symmetric phase is restored. The pressure rises very quickly with temperature
before it flattens out. It finally adapts the value of P/P0 = 1 which corresponds
to an interaction free theory. Regarding the calculation itself there are two things
one should be aware of. Since the position of the minimum changes with the tem-
perature, one has to adapt the value of κ accordingly. Additionally one faces the
problem that at temperatures close to the critical temperature the flow equation
becomes very stiff. It is therefore recommended to use algorithms that are better
suited for this like e.g. the algorithm of Bulirsch-Stoer.

68



10-5 10-4 0.001 0.010 0.100 1
k/Λ0.0300

0.0305

0.0310

0.0315

0.0320

0.0325

0.0330

λ2

Figure 7.6.: Results for λ2 at T = Λ/100 in the symmetry broken (blue, continuous
line) and in the symmetric phase (red, dashed line). In the symmetry
broken phase λ2 freezes out much faster as a consequence of the bigger
thermal mass.
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Figure 7.7.: The pressure as a function of the temperature. P0 is the Stefan-
Boltzmann pressure and Tc refers to the critical temperature at which
the symmetric phase is restored.
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7.4. Conclusion and Outlook

We have studied the O(N)-symmetric φ4-theory for N = 1. As truncation a Local
Potential Approximation was employed. In the calculation the symmetric as well as
the symmetry broken phase in the vacuum and at finite temperature was researched.
In doing so we avoided the back-coupling of the minimum to all other flow equations
by expanding around a constant which lies close to the exact minimum [129]. The
position of the minimum depends only weakly on this constant which proved this
ansatz a posteriori to be reliable. We calculated the mass and the coupling and
could study how thermal mass is generated and how it impacts the flow of both
quantities.
We computed the pressure as a function of the temperature in the symmetry broken
phase, which is – to our knowledge – the first time that such a calculation has been
performed. Furthermore, we could point out problems like the stiffness of the flow
equation near the critical temperature and gave possible solutions.
In a further step one could go to N higher than N = 1. In this way the transverse
modes are included as well. For this purpose, our investigation may serve as ground-
work and starting from the considerations done here an extension to arbitrary N
is possible. Moreover, higher orders in the derivative expansion can be included so
that also the anomalous dimension can be researched.
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A. Calculation of the quark-gluon
and three-gluon vertices
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A.1. Notation and Conventions

Throughout this thesis we worked entirely in Euclidean space-time. Regarding the
gamma matrices the connection between Minkowski and Euclidean spacetime is
given by

γ(E), k
µ = −iγ(M), k

µ for k = 1, 2, 3 , (A.1)
γ(E), 4
µ = γ(M), 0

µ . (A.2)

Since there is no likelihood of confusion, the index E is omitted most of the time.
The Clifford algebra is then given by

{γµ, γν} = 2δµν , (A.3)

with the metric tensor of Euclidean space-time δµν .
Moreover, we did all calculation in the quark sector in the chiral limit, i.e., the quark
masses were set to zero.
The local gauge transformations of color SU(3) is given by

Ω(x) = e−igθ
a(x)Ta (A.4)

with the generators T a. Under this transformation the quark and gluon fields trans-
form according to

q → Ω(x)q , (A.5)
q → qΩ(x)−1 , (A.6)

A→ Ω(x)AµΩ(x)−1 + i

g
(∂µΩ(x))Ω(x)−1 . (A.7)

Sometimes we used for the integrals the shorthand notation∫
AB =

∫
d4xA(x)B(x) . (A.8)
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A.2. Propagators and Vertices

In the following we present a collection of propagators and vertices that have been
used in the calculations. With respect to the vertices we will focus on the transverse
tensor structures if not stated otherwise.

bare ghost propagator:

D
(0)
gh (p2) = −δab 1

p2 .

dressed ghost propagator:

Dgh(p2) = −δabG(p2)
p2 .

bare gluon propagator:

D(0)
µν (p2) = δab

1
p2

(
δµν −

pµpν
p2

)
.

dressed gluon propagator:

Dµν(p2) = δab
Z(p2)
p2

(
δµν −

pµpν
p2

)
.

bare quark propagator:

S(0)(p2) = δij
1

m− i/p
.

75



dressed quark propagator:

S(p2) = δij
1

B(p2)− iA(p2)/p
,

= δij
B(p2) + iA(p2)/p
B(p2)2 + A(p2)2p2 .

bare quark-gluon vertex:

Γ(qgv,0),a
µ (p, q) = igT aijγµ

dressed quark-gluon vertex:

Γ(qgv),a
µ (p, q) = igT aij

8∑
i=1

g(i)(p2, q2, cos(α))b(i)
µ ,

with b(i)
µ as in (4.9).

bare ghost-gluon vertex:

Γ(ghgv,0),abc
µ (p) = igfabcpµ
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bare three-gluon vertex:

Γ(0),abc
µνρ (p, q, k) = −igfabc[δµν(pρ − qρ) + δνρ(qµ − kµ)

+ δµρ(kν − pν)]

dressed three-gluon vertex:

Γabcµνρ(p, q, k) = DAAA(p2, q2, cos(α)) Γ(0),abc
µνρ (p, q, k)

three-gluon vertex model:

Γ(model),abc
µνρ (p, q, k) = DAAA

model(p2,q2, cos(α)) Γ(0),abc
µνρ (p, q, k)

with DAAA
model as in 4.29

bare four-gluon vertex:

Γ(0),abcd
µνρλ (p, q, k, r) =g2

[
−δµνδρλ(fadef bce + facef bde)

+δµρδνλ(fadef bce − fabef cde)
+δµλδνρ(facef bde + fabef cde)

]
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four-gluon vertex model:

Γabcdµνρλ(p, q, k, r) =
[
a tanh( b

x̄(4gl)
) + 1

]
DA4

RG(p, q, k, r)

× Γ(0),abcd
µνρλ (p, q, k, r)

x̄(4gl) = p2 + q2 + k2 + r2

2

with DA4
RG(p, q, k, r) as in (5.3)

two-quark-two-gluon vertex
model:

Γ2q2gl,ab
µν (p, q, k, r) = −ig

2

4 g(7)(p̄2
(2q2A), p̄

2
(2q2A), 0.5)Tµνρ

×
[
(k − p)ρT bT a + (k + q)ρT aT b

]
with

p̄(2q2A) =
√
p2 + q2 + k2 + (p− q − k)2

4
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Figure A.1.: The (truncated) DSEs for the ghost and gluon propagator. The gluon
equation is truncated by neglecting the two-loop diagrams. The second
and third diagrams of the gluon DSE are called the ghost and gluon
loop, respectively.

A.3. Calculation of the Yang-Mills input

As mentioned in the main text we calculated the coupled system of (quenched) ghost
and gluon propagator DSE (figure A.1) and used the result as input for every further
calculation. Crucial for this calculation is the use of the three-gluon vertex model
(4.29) in the gluon loop of the gluon propagator DSE. This model was introduced
in section 4.5 and for the convenience of the reader we write it down again

DA3(p, q,−p− q) = DA3,IR(p, q,−p− q) +DA3,UV (p, q,−p− q) ,

with

DA3,UV (p, q,−p− q) = G

(
p2 + q2 + (p+ q)2

2

)α
Z

(
p2 + q2 + (p+ q)2

2

)β
,

DA3,IR(p, q − p− q) = hIRG(p2 + q2 + (p+ q)2)3(fΛ3g(p2)fΛ3g(q2)fΛ3g((p+ q)2))n3g ,

fΛ3g(p2) =
Λ2

3g

Λ2
3g + p2 .

The parameters α and β take the fixed values α = 3δ+1
δ

and β = 0. On the other
hand the parameters hIR, Λ3g and n3g are free. In order to account for the correct
UV running of the gluon propagator we multiply DA3(p, q,−p − q) with an RG-
improvement term

DA3

RG(p, q,−p− q) = 1
Z1
DA3,UV (p, q,−p− q) (A.9)

and obtain for the full model

ΓA3

model(p, q,−p− q) = DA3

RG(p, q,−p− q)DA3(p, q,−p− q)Γ(0),abc
µνρ (p, q,−p− q) ,

(A.10)
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Figure A.2.: Using the parameters hIR = −1, Λ3g = 0GeV and n3g = 4 in the three-
gluon vertex model the ghost and gluon propagators match Lattice
data. The Lattice results are taken from [107].

with the tree-level tensor of the three-gluon vertex Γ(0),abc
µνρ .

For the renormalization we use a MOM-subtraction scheme. Subtracting the
ghost and gluon equations evaluated at the subtraction points s2

gh and s2
gl from the

unevaluated equations results in

G(p2)−1 = G(s2
gh)−1 + loopgh(p2)− loopgh(s2

gh) , (A.11)
Z(p2)−1 = Z(s2

gl)−1 + loopgl(p2)− loopgl(s2
gl) . (A.12)

The values of the dressing functions at the subtraction point are set to G(s2
gh =

0GeV 2) = 3.9 and Z(s2
gl = 13577GeV 2) = 1.

There is yet a further subtlety in form of spurious quadratic divergences hidden
in the gluon DSE. These divergences are linked to the explicit breaking of gauge
invariance due to the cutoff regularisation and have to be subtracted in addition to
the usual renormalization process. For this several subtraction methods have been
worked out (see e.g. [137] for an overview). We apply a method in which the value
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of the gluon propagator is fixed in the infrared and a second subtraction of the gluon
DSE is performed [138].
As part of the truncation prescription the two-loop diagrams in the gluon DSE are
neglected. However, it was found that their contribution is seizable 1. By choosing
appropriate values for the free parameters we can tune the three-gluon vertex model
such that it effectively compensates the missing strength from the two-loop diagrams.
Choosing hIR = −1, Λ3g = 0GeV and n3g = 4 the results for the ghost and gluon
dressing functions coincide with Lattice data (figure A.2). The Lattice results then
set the scale in our system.
The advantage of this method over a direct fit of the Lattice data is that we are now
able to calculate the renormalization constants Z̃3 and Z3 as well. They are given
by

Z̃3 = G(p2)−1 − loopgh(p2) ,
Z3 = Z(p2)−1 − loopgl(p2) . (A.13)

Since now Z̃3 and Z3 are known and Z̃1 = 1 in Landau gauge all further renormal-
ization constants can be determined via the STIs.

1 This is in particular the case for the so-called squint diagram [139, 11]. The contribution of
the second two-loop diagram, the sunset diagram, is however negligible [140].
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Figure A.3.: Schematic diagram of the computation process.

A.4. Steps for the calculation of the quark-gluon
vertex

This section of the appendix is devoted to the technicalities that are necessary to
calculate the quark-gluon vertex.
The integration kernels have been generated using the Mathematica package DoFun
[76, 141]. The Lorentz contractions and the Dirac trace were performed with the
help of FORM [142] and ParFORM [143]. The fully contracted kernels were then
reimported into Mathematica where further manipulations were executed before the
final expressions were transferred to a C++-file. The equations were numerically
solved using the C++-program CrasyDSE [144]. To speed up the programm the
code was parallelized using MPI .
A key question one has to answer is the question of how to project out the infor-
mation that is located in the dressing functions of the quark-gluon vertex. There
are in principle two possibilities. One way is to construct the projectors such that
each dressing function is projected out directly. The advantage of this method is
certainly that the eight equations that result from the projection do not need fur-
ther manipulation. This can for example be achieved by using an orthonormal basis
system, which was employed in [10, 11]. However, the elements of the orthonormal
basis are comparatively big and thus they lead to rather complex kernels in the
loop integration. In [10, 11] it was attempted to cope with this by using a second
non-orthonormal basis system in the integration kernels and perform a basis trans-
formation within each iteration step. Using an orthonormal basis system is one
possibility to project out the dressing functions directly, but there is no necessity to
use an orthonormal basis. In principle one can use any basis as long as the projectors
themselves are constructed accordingly. In any case the clear disadvantage of this
method is that the projectors are quite lengthy. Having performed the projection
the lengthy terms that belong to the projectors cannot be separated from the inte-
gration kernels and therefore are called every time the integrand is evaluated. Since
this is the case for every combination of internal and external points the calculation
can be slowed down considerably.
We will therefore use a second method which corresponds to solving a matrix equa-
tion. In this ansatz the used basis and projectors can be chosen at will and therefore
one can pick a basis where the basis tensors are relatively small. In our case we will
employ the basis elements themselves as projectors. The projectors then mix the
information of different dressing functions, i.e., after the projection with a certain
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projector more than one dressing function may remain on the left-hand side. For
example the second projector results in terms proportional to the second and third
dressing function,

proj(2)
µ (p, q)Γ(qgv)

µ (p, q) =proj(2)
µ (p, q)

8∑
i=1

g(i)(p2, q2, cos(α))b(i)
µ

∝ c(2,2)(p, q)g(2)(p2, q2, cos(α)) + c(3,2)(p, q)g(3)(p2, q2, cos(α)) .
(A.14)

Consequently, one can set up a 8×8 MatrixM with the elementsM (i,j) = c(i,j)(p, q)
and arrives at the following matrix equation:

M


g(1)

g(2)

...
g(8)

 =


proj(1)

µ Γ(qgv,0)
µ

proj(2)
µ Γ(qgv,0)

µ
...

proj(8)
µ Γ(qgv,0)

µ

+
∫ d4k

(2π)4


proj(1)

µ loopµ
proj(2)

µ loopµ
...

proj(8)
µ loopµ

 (A.15)

wwwww�
g(1)

g(2)

...
g(8)

 = (M)−1




proj(1)

µ Γ(qgv,0)
µ

proj(2)
µ Γ(qgv,0)

µ
...

proj(8)
µ Γ(qgv,0)

µ

+
∫ d4k

(2π)4


proj(1)

µ loopµ
proj(2)

µ loopµ
...

proj(8)
µ loopµ


 , (A.16)

where we have suppressed the arguments for the sake of clarity. To solve for the
dressing functions one has to invert the matrixM . Fortunately, the matrix inversion
is easy enough to be performed beforehand, e.g. in Mathematica , and the result
can then be included in the C++ code. The inverted matrix occurs outside of the
integral and has only to be evaluated at the external grid. Moreover, the result of
the evaluation can even be stored in appropriate variables. In this way one prevents
that certain terms are more often evaluated than necessary.
A further important point concerns the numerical integration. We found that the use
of adaptive integration improved the results. We employed the adaptive integration
routine Cubature [145]. Since it is difficult to parallelize an adaptive integration the
parallelization was implemented with respect to the external grid.
For the interpolation we used standard linear interpolation. In principle, a non-
linear interpolation like spline interpolation would be preferable, because it leads to
smoother results. However, spline interpolation turned out to be extremely slow in
three dimensions. Moreover, one has to take much care of unwanted effects due to a
non-linear interpolation. Nevertheless, there are ways to deal with these effects in a
proper way. This will be demonstrated in the next section. A good balance between
speed and smoothness of the interpolation may therefore consist in a Chebyshev
expansion.
For the coupled system of quark-gluon vertex equation and quark propagator DSE
a fixed point iteration was employed. Here, we proceeded analogously to a micro-
macro cycle. At first the quark-gluon vertex was iterated until convergence keeping
the quark propagator fixed. The result was then plugged into the quark propagator
DSE and the quark propagator was iterated until it convergenced. Then the result

83



for the quark propagator was again plugged into the equation for the quark-gluon
vertex and so forth. These steps were repeated until convergence was found for the
whole system of quark-gluon vertex and quark propagator.
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A.5. Calculation of the quark-gluon vertex in the
generalized Ball-Chiu basis

In this chapter we give a short outline of how a calculation of the quark-gluon vertex
can be performed if one uses the “generalized Ball-Chiu” basis instead of the “naive
basis” 2. The reason is that in this basis new problems appear with which one has
to cope. We start by recalling the “generalized Ball-Chiu” basis given in (4.5).

X(1)
µ = γ(T )

µ , X(2)
µ = /l l(T )

µ ,

X(3)
µ = il(T )

µ , X(4)
µ = i

2(l · k)
[
γ(T )
µ , /l

]
,

X(5)
µ = i

2 [γµ, /k] , X(6)
µ = 1

6
([
γµ, /l

]
/k +

[
/l , /k

]
γµ + [/k, γµ] /l

)
,

X(7)
µ = (l · k)τµνγν , X(8)

µ = i

2τµν
[
γν , /l

]
,

with τµν = (l · k)δµν − lµkν , the relative momentum l = (p + q)/2 and the total
momentum k = p− q. The arguments of the dressing functions in this basis can be
parametrized as h(i)(s0, a, s) with

s0 = l2

3 + k2

4 ,

a = l · k√
3s0

,

s = 1− k2

2s0
,

These variables form a cylinder of height s0 with a circle of unit radius as base (see
figure A.4). It is therefore more convenient to use polar coordinates for a and s:

a = r cos(φ) ,
s = r sin(φ) . (A.17)

The complete basis has the form

Γ(qgv)
µ =

8∑
i=1

h(i)(s0, r, φ)X(i)
µ . (A.18)

One of the first things one encounters in the numerical integration is the appearance
of a singularity at the boundary in one of the integration angles. A numerical
integration routine that is suited for such issues is the tanh-sinh quadrature [146].
One detriment of this method is that one has to set the parameter for the step
size h by hand and a bad choice for h may lead to a unfavourable distribution of
integration points. We therefore found the following rule of thumb helpful which
relates the number of integration points mint to the step size h: mint = 2n − 1 and
h = 4/(mint + 1), where n is an integer.
Regarding the angular integration a further problem arises in form of a cancellation
of terms that is numerically not well fulfilled. However, not all dressing functions

2 We would like to thank Richard Williams who instructed us on the methods presented here.
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Figure A.4.: The geometric depiction of the variables used in the dressing functions
h(i). The variables a and s form a circle of unit radius and are therefore
better represented in polar coordinates.

are affected by this problem. The incomplete cancellation has the biggest impact
on the dressing function h(7). Taking out h(4) and h(7) we found that an iteration of
the remaining subset of dressing functions is possible. To also include h(4) and h(7)

one has to perform a basis transformation to a basis where the cancellation problem
is less severe, perform the calculation in this basis and rotate back to the old basis.
For this purpose the following basis can be employed

X̂(1) = γ(T )
µ X̂(2) = γ(T )

µ [/l (T )
, /k] ,

X̂(3) = l(T )
µ /k X̂(4) = l(T )

µ
/l ,

X̂(5) = iγ(T )
µ /k X̂(6) = i(l · k)[γ(T )

µ , /k] ,

X̂(7) = il(T )
µ X̂(8) = il(T )

µ [/l (T )
, /k] . (A.19)

The last point we would like to address concerns effects that are due to the use of
non-linear interpolation. These effects are not limited to the calculation in this basis
but can possibly affect also other basis systems whenever non-linear interpolation is
used.
An advantage of the parametrization of the dressing functions in s0, r and φ is that
the dependence of h(i) on r and φ is extremely small. Hence, only the interpolation
in s0 needs a more careful treatment.
A direct implementation of spline interpolation leads to an oscillatory behaviour
(see figure A.5). This behaviour is linked to the fast decline of the dressing function.
In order to flatten out the dressing functions we multiply them with the highest
dimension of the basis tensors (except for h(1)):

h(i) −→ h(i)(1 + s0)3 . (A.20)

However, in this way we overshoot the damping for the dressing functions with
smaller dimension. Consequently, these dressing functions will rise at large s0 due
to the additional factor in terms of (1+s0). At first glance we have not gained much
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Figure A.5.: Example for problems due to non-linear interpolation. Top: On account
of the steep decrease of the function a spline interpolation leads to an
oscillatory behaviour. Bottom: carrying out the procedure explained
in the text improves the result of the interpolation.

except that instead of a too fast decline we have now to deal with a too fast increase
of some dressing functions. This problem can however be overcome in an elegant
way by interpolating sinh−1[h(i)(1 + s0)3] instead of h(i)(1 + s0)3. In this manner the
following properties of sinh−1(x) are exploited:

sinh−1(x) ≈

log(x) for |x| � 1 ,
x for x ≤ 1 .

(A.21)

The logarithmic behaviour of sinh−1 then takes care of the fast increase of the
dressing functions and the interpolation is performed on a logarithmic grid. After
the interpolation the result has to be transformed back to the unaltered dressing
functions. Hence, within each iteration step the following mapping has to be carried
out:

h(i) � sinh−1[h(i)(1 + s0)3] + interpolation on log. grid . (A.22)
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A.6. Charge conjugation for non-Abelian Theories

In this chapter we will define charge conjugation for non-Abelian theories [147, 148,
43] which is a necessary prerequisite for the proofs given in the next section.
The difference between charge conjugation for Abelian and for non-Abelian theories
is that in the latter case the gauge field is charged and hence the charge conjuga-
tion operator has to act on the gauge bosons as well. But since for fermions the
behaviour under charge conjugation is the same for both theories we will start with
QED and later amend it to derive the charge conjugation operator of non-Abelian
theories.

Charge Conjugation in QED:
The charge conjugated field (anti-particle) has to fullfill the Dirac equation in the
same form as for the particle but for opposite charge [75]:

[iγµ∂µ + eγµA
µ −m]ψc = 0 . (A.23)

To get there we start with the Dirac equation

[iγµ∂µ − eγµAµ −m]ψ = 0 . (A.24)

We then take the adjoint of this equation

− i∂µψ†γ†µ − eψ†γ†µAµ −mψ† = 0 , (A.25)

where we have used that Aµ is hermitean. Next we use

(γµ)† = γ0γµγ0 , (A.26)

and multiply A.25 from the right-hand side by γ0:

− i∂µψ†γ0γµ − eψ†γ0γµA
µ −mψ†γ0 = 0 . (A.27)

Transposing this equation we get

− iγTµ ∂µψ̄T − eγTµ ψ̄TAµ −mψ̄T = 0 . (A.28)

Since (γµ)T also satisfies the Clifford algebra there must be a matrix C so that

C(γµ)TC−1 = −γµ . (A.29)

It can be shown that in the Dirac representation the matrix C has the form

C = iγ2γ0 (A.30)

which fulfills the equations C−1 = C† = CT = −C. Multiplying (A.28) from left
with C and inserting C−1C = 1 we arrive at

−iCγTµC−1∂µCψ̄T − eCγTµC−1Cψ̄TAµ −mCψ̄T = 0 (A.31)
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which leads with the help of (A.29) to

(iγµ∂µ + eγµA
µ −m)Cψ̄T = 0 . (A.32)

This is the Dirac equation for opposite charge as requested in (A.23). We can
therefore – up to a phase – identify:

ψc = Cψ̄T , (A.33)
ψ̄c = −ψTC−1 . (A.34)

Charge Conjugation in QCD:
To do the same for a non-abelian theory we have to have a closer look at how charge
conjugation is defined. We can define charge conjugation by the complex conjugate
of the gauge transformation [43]:

e−iT
aθa → e−i(−T

a)θa = e−i(−(Ta)T )θa , (A.35)

since T a is hermitean T a = (T a)† = (T̄ a)T . Here, the overbar refers to complex
conjugation.
One can then define the transformation of the gauge fields under charge conjugation
in such a way that the Lagrangian remains invariant [148]. By using (A.33) and
(A.34) we get for example for the gauge part of the covariant derivative

−iAaµψ̄γµT aψ = −iAaµψ̄i,αγ
µ
αβT

a
ijψj,β , (A.36)

= iAaµψ
cT
i,αCγ

µ
αβC

−1T aijψ̄
cT
j,β , (A.37)

= −iAaµψcTi,α(γµαβ)TT aijψ̄cTj,β , (A.38)
= iAaµψ̄

c
j,β(γµβα)T aijψci,α . (A.39)

In the third line (A.29) was used and the indices have been written out explicitly
for the convenience of the reader. For this expression to be invariant under charge
conjugation the gauge field has to transform in the following way:

Aµ = AaµT
a → −ATµ = −Aaµ(T a)T . (A.40)

We can easily fulfill this condition by introducing a matrix Cab [147] that helps us
to define the transformation of the gauge field Aaµ,

Aa cµ = −CabAbµ , (A.41)

so that we can express the charge conjugated gluon in terms of the untransformed
field times an operator. This matrix must then also act in the following way on the
generator

CabT b = (T a)T . (A.42)
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The matrix Cab can be identified with a diagonal matrix with elements±1. Therefore
it has moreover the properties

Cab = Cba , (A.43)
Caa′Ca′b = δab . (A.44)

In a similar way one can show that the ghost fields transform according to

ca c = Cabcb and c a c = Cabc b . (A.45)

With the above defined transformation behaviour of the various fields one can show
that the gauge fixed Lagrangian of QCD is invariant under charge conjugation.
Since we will work in momentum space we have to Fourier transform the expressions
for the charge conjugated fields:

ψc(x) =
∫ d4p

(2π)4 e
−ipxψc(p) = Cψ(x)T ,

= C(
∫ d4p

(2π)4 e
−ipxψ(p))T ,

= C
∫ d4p

(2π)4 e
ipxψ(p)T

=
∫ d4p

(2π)4 e
−ipxCψ(−p)T (A.46)

From comparison we get

ψc(p) = Cψ(−p)T . (A.47)

In the same way the following relations are obtained

ψ
c(p) = −ψ(−p)TC−1 , (A.48)

Aa cµ (p) = −CabAbµ(p) . (A.49)
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Figure A.6.: The quark-gluon vertex before and after charge conjugation.

A.7. Furry’s theorem and the color structure of the
three-gluon vertex

In QED it can be shown that all diagrams containing a fermion loop with an odd
number of vertices may be omitted in the computation of a Green’s function. This
is known as Furry’s Theorem. Roughly speaking the underlying idea is that there
are always two fermion loops – one for particles and one for anti-particles – and that
the diagram for anti-particles can be viewed as the one for particles with the loop
going into the opposite direction. If the number of vertices is odd, reversing the
loop direction leads to an additional minus sign due to the Grassmannian nature of
fermions. Hence both diagrams cancel each other. In QED a proof can be given that
is based on charge conjugation (see e.g. [149]). We will do the same in QCD using
the charge conjugation for non-Abelian theories derived in the previous section.
Before we can start with the computation we have to know how the quark propagator
and the quark-gluon vertex behave under charge conjugation. This is alleviated by
the fact that the dressed vertex has to transform like the bare vertex [92]

CabC−1γµT
bC = −γTµ (T a)T . (A.50)

Thus, we get for the dressed vertex

CabC−1Γbµ(p, q)C = −Γaµ(−q,−p)T . (A.51)

The interchange of the momenta and their sign flip are a direct consequence of the
relations (A.47) and (A.48). This can be also seen in the diagramatic representation
Fig. A.6 where after the transformation of particle into anti-particle the incoming
momentum q (outgoing momentum p) becomes the outgoing momentum −q (in-
coming momentum −p).
We can treat the quark propagator in the same manner3. The bare propagator

3 Of course it is also possible to obtain the same transformation behaviour of the quark-gluon
vertex and the quark propagator by starting directly from the expecation values (like 〈ψψ〉)
and using the relations (A.47) , (A.48) and (A.49).
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Figure A.7.: The momentum rooting of both quark triangle diagrams.

transforms as

C−1S(0)(p)C = m+ iC−1γµCpµ
m2 + p2

=
m− iγTµ pµ
m2 + p2

= S(0)(−p)T (A.52)

Accordingly the dressed propagator transforms as

C−1S(p)C = S(−p)T (A.53)

We can now have a closer look at the two quark triangle diagrams and their momen-
tum rooting, which is detailed in figure A.7. For the first diagram on the left-hand
side of figure A.7 we finally have to calculate the trace

Tr
[
S(ω)Γaµ(p+ ω, ω)S(p+ ω)γρT cS(ω − q)Γbν(ω, ω − q)

]
, (A.54)

where the trace acts on color as well as Dirac indices. By using Γaµ(p, q) = T aΓµ(p, q)
we can separate the color and Dirac part and obtain

Tr
[
T aT cT b

]
Tr [S(ω)Γµ(p+ ω, ω)S(p+ ω)γρS(ω − q)Γν(ω, ω − q)] =

1
4(dacb + ifacb)Tr [S(ω)Γµ(p+ ω, ω)S(p+ ω)γρS(ω − q)Γν(ω, ω − q)] =

1
4(dabc − ifabc)Tr [S(ω)Γµ(p+ ω, ω)S(p+ ω)γρS(ω − q)Γν(ω, ω − q)] . (A.55)

Here, we carried out the color trace to get from the first to the second line and
reordered the indices in the third line.
The second quark triangle diagram reads

Tr
[
S(−ω)Γbν(q − ω,−ω)S(q − ω)γρT cS(−p− ω)Γaµ(−ω,−p− ω)

]
. (A.56)
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Next, we insert the identity CC−1 and Caa′Ca′b = δab:

Tr
[
S(−ω)δbb′Γb′ν (q − ω,−ω)S(q − ω)γρδcc

′
T c
′
S(−p− ω)δaa′Γa′µ (−ω,−p− ω)

]
=

Tr
[
CC−1S(−ω)CC−1Cbb′′Cb′′b′Γb′ν (q − ω,−ω)CC−1S(q − ω)CC−1Ccc′′Cc′′c′γρT

c′

CC−1S(−p− ω)CC−1Caa′′Ca′′a′Γa′µ (−ω,−p− ω)
]

=

−Tr
[
S(ω)TCbb′′Γb′′ν (ω, ω − q)TS(ω − q)TCcc′′γTρ

(
T c
′′)T

S(p+ ω)TCaa′′Γa′′µ (p+ ω, ω)T
]

Here, we exploited the cyclicicity of the trace in going from the second to the third
line to bring the C operator to the right-hand side. We can now again separate the
color and the Dirac part and use that the trace of a matrix is equal to the trace of
the transposed matrix.

−Tr
[
Cbb′′

(
T b
′′)T

Ccc′′
(
T c
′′)T

Caa′′
(
T a
′′)T ]Tr [S(ω)TΓν(ω, ω − q)TS(ω − q)TγTρ

S(p+ ω)TΓµ(p+ ω, ω)T
]

=

−Tr
[
T bT cT a

]
Tr [Γµ(p+ ω, ω)S(p+ ω)γρS(ω − q)Γν(ω, ω − q)S(ω)] =

−1
4(dbca + if bca)Tr [S(ω)Γµ(p+ ω, ω)S(p+ ω)γρS(ω − q)Γν(ω, ω − q)] =
1
4(−dabc − ifabc)Tr [S(ω)Γµ(p+ ω, ω)S(p+ ω)γρS(ω − q)Γν(ω, ω − q)]

(A.57)

which is up to a different color part the same trace as for the first triangle. Adding
the contribution from both quark triangle diagrams we see that the color symmetric
part drops out and the color antisymmetric part adds up. If we abbreviate the
diagrams on the left and on the right in figure A.7 with QTI and QTII, respectively,
we can write

Tr [QT I] + Tr [QT II] = 2 (Tr [QT I])color antisym =

−1
2if

abcTr [S(ω)Γµ(p+ ω, ω)S(p+ ω)γρS(ω − q)Γν(ω, ω − q)] (A.58)

With the help of the charge conjugation for non-Abelian theories we can now also
prove that the full three-gluon vertex has to be proportional to the antisymmetric
structure constant. This was already demonstrated in [112], but its result remained
for some reason unrecognized4. However, the proof we will carry out differs slightly
from [112].
The basic idea is to show that the assumption of a symmetric structure constant
for the three-gluon vertex leads to a contradiction. For this we have at first to find
out how the symmetric and antisymmetric structure constants behave under charge

4 See however [5] for an argument concerning a perturbative calculation at four-loop order.
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conjugation. We begin with the symmetric structure constant

dabc = 2Tr
[
{T a, T b}T c

]
,

= 2Tr
[
T aT bT c + T bT aT c

]
,

= 2Tr
[
(T aT bT c + T bT aT c)T

]
,

= 2Tr
[
(T c)T (T b)T (T a)T + (T c)T (T a)T (T b)T

]
,

= 2Ccc′Cbb′Caa′Tr
[
T c
′
T b
′
T a
′]+ 2Ccc′Cbb′Caa′Tr

[
T c
′
T a
′
T b
′]
,

= 2Ccc′Cbb′Caa′ 1
4(dc′b′a′ + if c

′b′a′) + 2Ccc′Cbb′Caa′ 1
4(dc′a′b′ + if c

′a′b′)

= 1
2C

aa′Cbb′Ccc′(2da′b′c′ − ifa′b′c′ + ifa
′b′c′)

= Caa′Cbb′Ccc′da
′b′c′ (A.59)

For the antisymmetric structure constant we consider the algebra[
T a
′
, T b

′] = ifa
′b′c′T c

′
,([

T a
′
, T b

′])T = ifa
′b′c′(T c′)T ,

−
[
(T a′)T , (T b′)T

]
= ifa

′b′c′(T c′)T . (A.60)

This can be used to arrive at

Caa′Cbb′
[
T a
′
, T b

′] = iCaa′Cbb′fa
′b′c′T c

′
,[

(T a)T , (T b)T
]

= iCaa′Cbb′fa
′b′c′T c

′
,

−ifa′b′c′(T c′)T = iCaa′Cbb′fa
′b′c′′δc

′′c′T c
′
,

−ifa′b′cCcc′T c
′ = iCaa′Cbb′fa

′b′c′′Cc′′cCcc′T c
′
. (A.61)

Via comparison we get the transformation behaviour of the antisymmetric structure
constant:

Caa′Cbb′Ccc′fa
′b′c′ = −fabc . (A.62)

Now, we have everything to examine the color structure of the three-gluon vertex.
We start from the generating functional where we, for the sake of brevity, suppress all
source terms except for the source term of the gluon. Moreover, we use that the QCD
action is invariant under charge conjugation: S(A,ψ, ψ, c, c) = S(Ac, ψc, ψc, cc, cc).

Z[J ] =
∫
D[Aψψcc]e−S(A,ψ,ψ,c,c)e

∫
JaµA

a
µ ,

=
∫
D[Aψψcc]e−S(A,ψ,ψ,c,c)e

∫
Jaµδ

abAbµ ,

=
∫
D[Aψψcc]e−S(A,ψ,ψ,c,c)e

∫
JaµC

aa′Ca
′bAbµ ,

=
∫
D[Acψcψccccc]e−S(Ac,ψc,ψc,cc,cc)e

∫
Ja
′,c
µ Aa

′,c
µ ,

= Z[J c] = Z[−JaµCaa′ ] . (A.63)
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Here, we have used (A.41) and introduced the new source Ja,c = −Ja′µ Ca′a. We can
now derive the three-gluon vertex by using the above relation

Kabc
µνρ(p, q, k) = ∂3Z[J ]

∂Ja∂J b∂J c

= ∂3Z[J c]
∂Ja∂J b∂J c

= ∂Ja
′,c∂J b

′,c∂J c
′,c

∂Ja∂J b∂J c
∂3Z[J c]

∂Ja′,c∂J b′,c∂J c′,c

= −Caa′Cbb′Ccc′Ka′b′c′

µνρ (p, q, k) . (A.64)

Here K denotes the three-gluon vertex derived from the generating functional Z. If
we now parametrize the color part of the three-gluon vertex in terms of a symmetric
and an antisymmetric structure constant and use the above found relations (A.59)
and (A.62), we get

(dabc + fabc)Kµνρ(p, q, k) = −Caa′Cbb′Ccc′(da′b′c′ + fa
′b′c′)Kµνρ(p, q, k)

= (−dabc + fabc)Kµνρ(p, q, k) . (A.65)

Consequently, the color symmetric term has to vanish.
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B. Symmetry-broken phase of
φ4-theory from the FRG
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B.1. Regulator shapes

In principle one is free to choose for the regulator whatever shape one likes as long
as it obeys the three restrictions mentioned in subsection (3.3) (and as long as
convergence is achieved ). However, it turned out that some shapes are appropriate
for a large number of problems and are thus frequently employed. In this subsection
two of those regulator shapes shall be introduced. In the following we use that the
regulator Rk(p2) can be written as1

Rk(p2) = p2r(p2/k2) , (B.1)

where the information about the shape is contained in the dimensionless function
r(p2/k2).

B.1.1. Exponential Regulator

The exponential regulator is of the following form

rexp,n(p2/k2) = (p2/k2)n−1

e(p2/k2)n − 1 . (B.2)

Here n is a free parameter by which the steepness of the regulator function can be
controlled. In figure B.1 some examples are given for how the shape of the regulator
changes with n. For small momenta p2/k2 � 1 the function rexp,n(p2/k2) goes as
k2/p2 so that according to (B.1) the full regulator Rk(p2) is proportional to k2. It
thus serves as a mass term.
Due to the fact that one can modify the sharpness of the regulator by changing
the parameter n one advantage of the exponential regulator is that it facilitates a
regulator study.

B.1.2. Optimized Regulator

The optimized regulator, sometimes also referred to as Litim regulator, has the
following form [150]:

roptk (p2/k2) = (k2 − p2)
p2 Θ(k2 − p2) ,

= ((p2/k2)−1 − 1)Θ(1− p2/k2) . (B.3)

Special about the optimized regulator besides its simple form is that it fulfills a
special condition known as optimization criterion. This criterion is derived from the

1 In the strict sense this is only true for a scalar boson. However, we will use this form for the
sake of clarity.
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Figure B.1.: Left: The exponential regulator for different parameters n. The smaller
n gets the steeper the regulator becomes in the infrared. Right: The
optimized regulator.

observation that the inverse propagator shows a gap [151, 152, 150]

min
p2≥0

[
δ2Γk[Φ]

δΦ(p)δΦ(−p)

∣∣∣∣∣
Φ=0

+Rk(p2)
]

= Ck2 > 0 . (B.4)

The existence of this gap is necessary, because otherwise zero modes in the inverse
propagator would give rise to singularities in the flow equation (3.40). Moreover,
it is a consequence of (3.29), that is, a consequence of demanding the regulator to
provide an infrared regularisation. However, it should be emphasized that the size
of the gap C still depends on the theory under consideration. It is therefore more
convenient to bring this equation into a theory independent form. To achieve this we
assume a standard kinetic term and expand the full propagator around its tree-level
(p2 +Rk(p2) + ...) which gives us

min
p2≥0

[
p2 +Rk(p2)

]
= Ck2 > 0 . (B.5)

The value of C has no theory dependence anymore but it still dependends on the
chosen regulator. It has been shown that the size of C is directly linked to the
convergence of the derivative expansion, the radius of convergence for the amplitude
expansion and the spurious scheme dependence that arises when truncations are
employed [152, 150]. On account of this one finds that the regulator is chosen best
if it maximizes the gap C:

Copt = max
Rk

(
min
p2≥0

[p2 +Rk(p2)]
k2

)
. (B.6)

Therefore, it is reasonable to impose on the regulator the constraints that it should
satisfy the optimization condition (B.6) and that it should have a comparatively
simple form. These conditions then lead to the optimized regulator (B.3). Though,
it should be stressed that this is not the only possible solution since the space of
regulator functions that respect the optimization condition is infinite-dimensional.
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B.2. Propagator of the O(N)-Model

We start with the effective action in the LPA:

Γk[Φ] =
∫ d4q

(2π)4
1
2q

2Φ2 + λ0,k + 1
2λ1,k(Φ2 − Φ2

0) + λ2,k

8 (Φ2 − Φ2
0)2

where the momentum dependence of the field has been suppressed and Φ2
0 denotes

the minimum of the potential. We thus get for the (inverse) propagator including
the regulator

(Gij(p))(−1) = δ2Γk[Φ]
δΦi(p)δΦj(−p)

+Rkδij = (p2 + λ1,k +Rk + λ2,k(ρ− ρ0))δij + λ2,kΦiΦj

(B.7)

The potential and its first and second derivative are given by

Vk(ρ) = λ0,k + λ1,k(ρ− ρ0) + λ2,k

2 (ρ− ρ0)2 , (B.8)

V ′k(ρ) = λ1,k + λ2,k(ρ− ρ0) , (B.9)
V ′′k (ρ) = λ2,k (B.10)

with ρ = 1
2(Φ)2. To separate the propagator into its transverse and longitudinal

part, we project it with the corresponding tensors P trans
ij (Φ) and P long

ij (Φ). This
leads for the transverse projection to

(Giα(p))(−1)P trans
αj (Φ) =

(
(p2 + λ1,k +Rk + λ2,k(ρ− ρ0))δiα + λ2,kΦiΦα

)(
δαj −

ΦαΦj

Φ2

)

= (p2 + λ1,k +Rk + λ2,k(ρ− ρ0))
(
δij −

ΦiΦj

Φ2

)

= (p2 + V ′k(ρ) +Rk)
(
δij −

ΦiΦj

Φ2

)
(B.11)

and for the longitudinal propagator to

(Giα(p))(−1)P long
αj (Φ) =

(
(p2 + λ1,k +Rk + λ2,k(ρ− ρ0))δiα + λ2,kΦiΦα

)(ΦαΦj

Φ2

)

=
(
p2 + λ1,k +Rk + λ2,k(ρ− ρ0) + 2λ2,kρ

)(ΦiΦj

Φ2

)

=
(
p2 + V ′k(ρ) +Rk + 2ρV ′′k (ρ)

)(ΦiΦj

Φ2

)
(B.12)

We thus obtain for the propagator

Gij(p) = 1
(p2 + V ′k(ρ) +Rk)

(
δij −

ΦiΦj

Φ2

)
+ 1

(p2 + V ′k(ρ) +Rk + 2ρV ′′k (ρ))

(
ΦiΦj

Φ2

)

= Gtrans(p)
(
δij −

ΦiΦj

Φ2

)
+Glong(p)

(
ΦiΦj

Φ2

)
(B.13)
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Plugging the propagator into the flow equation for the potential and taking the trace
we thus arrive at

∂tVk(ρ) = 1
2

∫ d4q

(2π)4 Ṙk(q) [Gtrans(q)(N − 1) +Glong(q)] . (B.14)
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