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Abstract

This paper proposes a novel probabilistic version of the Game of Life and a quantum
model for it. Based on the study and formalisation of the traditional deterministic
case, the quantum paradigm is presented as a good candidate for modelling prob-
abilistic behaviour, providing a convenient description of the problem and efficient
calculation of the necessary probabilities in an intrinsic way. To illustrate the advan-
tages of quantum computing for this calculation, two implementations are presented:
a classical version developed in Rust and a quantum version built using IBM’s Qiskit
quantum circuit software. The particularities of this model are presented, its appli-
cations are discussed, and optimisations are suggested for the general case, where
different neighbourhood sizes and geometries or an increased number of dimensions
can be considered. For the particular case of the traditional Game of Life and for
all these extended cases, competitive complexity is demonstrated through the quan-
tum paradigm, with respect to the exhaustive classical calculation of probabilities or
approximate methods. This allows cases with many dimensions or complex conditions
to be executed efficiently.
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1 Introduction

The Game of Life (GoL) [1, 2] is a zero-player game, since its evolution is only
determined by its initial state, which is defined as a 2-dimensional table of cells, each
of which may be alive or dead. To generate the next state of the game, it is necessary to
compute the number of live neighbours for each cell (using the Moore neighbourhood:
horizontally, vertically, or diagonally adjacent [3]). A dead cell is reborn if exactly 3
of its neighbours are alive (B3, to denote the Birth size set) and a live cell survives
in the next generation if it has 2 or 3 live neighbours (S23, to denote the Survival
size set). In any other case, the cell will be dead in the next generation. With these
simple rules (B3/S23), this system forms a Turing complete cellular automaton that
can simulate any other Turing machine or a universal constructor [4]. Patterns that
occur spontaneously are singular, such as: still lives, which do not change between
generations; oscillators, which are enclosed in a finite loop of states; and spaceships,
which behave like the previous ones but include a displacement across the board.
The use of cellular automata has, for instance, interesting relationships with diffusion
models (concretely modelling the Game of Life) [5], cryptography [6] and artificial
intelligence [7].

After its initial introduction, many variants of the game have appeared, exploring
alternatives to its rules, spatial geometry, and dimensions. HighLife (B36/S23) extends
the original rules by adding a birth condition for cells with six neighbours, enabling
self-replication phenomena [8], while Seeds (B2/S0) and Life Without Death (B3/S0),
respectively, introduce explosive, transient dynamics and irreversible, ever-growing
patterns by eliminating survival in distinct ways [9, 10]. Larger than Life generalises
the automaton by enlarging the interaction neighbourhood, producing macroscopic,
life-like structures [11], whereas Generations incorporates multiple cell states to cap-
ture transient “life histories” that yield complex, multi-phase evolutions [12]. Day &
Night (B3678/S34678) is distinguished by its self-complementary symmetry, allow-
ing both dense and sparse configurations to be stable [13]. Furthermore, extending
GoL to non-square lattices, such as hexagonal, triangular, and quasiperiodic tilings,
demonstrates that complex behaviour persists across diverse geometries despite dif-
ferences in local connectivity [14, 15]. The three-dimensional Game of Life adapts
these concepts into a volumetric space, requiring modified thresholds for stability
[16]. Besides, probabilistic variants integrate stochastic updates, thereby connecting
cellular automata with statistical mechanics and phase transition theory [17], fields
that use physical simulations far removed from traditional GoL. Another probabilistic
approach advocates applying constant probability filters to a deterministic live and
dead cell map, simplifying the methods and reserving non-determinism only for the
transition between classical board states [18]. Additionally, continuous generalisations
such as SmoothLife and Lenia replace discrete binary states and grid-based updates
with continuous fields and convolution operations, yielding fluid, life-like patterns
that bridge digital simulation and natural phenomena [19, 20]. Finally, previous quan-
tum versions of the Game of Life reinterpret cell states as quantum superpositions to
achieve reversible, entangled dynamics, in contrast to the classical irreversible rules
[21, 22]. While the proposed approach to the quantum Game of Life offers the explo-
ration of complex quantum dynamics using a time-dependent Hamiltonian, it remains
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constrained by the limitations inherent in its simulation methodology. Game theory
problems and other quantum games have also been modelled previously from the
perspective of quantum circuits [23, 24].

The quantum circuit-based approach proposed in this paper offers a more compre-
hensive and computationally robust framework for studying the evolution and stability
of probabilistic cellular automata. Note that quantum cellular automata are not sim-
ulated; instead, quantum amplitudes are employed to accelerate the evaluation of a
Poisson-binomial distribution. Expressing a probabilistic version of the Game of Life
as a quantum circuit is a novel aspect within the scientific literature. Furthermore,
an original Hamming weight quantum counter design is also introduced and used in
the proposed circuit. The approach presented in the article aims to provide a descrip-
tion of the traditional model within a quantum framework, specifically considering
probabilities restricted to values of either O or 1. Due to the linearity of the model,
this formulation naturally extends to behave consistently for all intermediate proba-
bility values. Additionally, the proposed algorithm enables efficient simulation of the
probabilistic model through quantum Monte Carlo methods, achieving the same com-
plexity with respect to classical approximation methods. Thanks to this, it is possible
to efficiently simulate some of the aforementioned cases in their probabilistic versions
and with a higher number of dimensions. Notably, two implementations, one using
Qiskit [25] and another in Rust, have been developed to implicitly check the proposed
design, facilitating various performance comparisons and validating the robustness of
the approach.

This paper is organised as follows: Section 2 introduces the proposed probabilis-
tic approach to the Game of Life. Section 3 describes the implementation developed
using quantum circuits. Section 4 clarifies the details of the circuit design, while also
justifying the optimisations made. Section 5 exhibits an experimental study, high-
lighting how the original rules (B3/S23) behave in the probabilistic case, as well as
rule changes that achieve interesting behaviours. Section 6 seeks to enhance the value
of the proposal and discusses its possible limitations. Finally, Sect. 7 concludes the
document and suggests future works.

2 Probabilistic Game of Life formalisation

In the traditional Game of Life, the function § for determining whether a given cell ¢
is alive or not in the next generation is given by Eq. (1), depending on its neighbour
cells N, set. The Iverson bracket [ ] returns the veracity of a given predicate [26, 27],
and the symbol # is used to denote the cardinality of a set. Also A, € N, is the subset
of neighbours that are alive, and the main rule set I' = {Tbirths, [survivors} 18 formed
by the two sets of cardinalities of A, that define births (I'virths = {3}) and survivors
(Tsurvivors = {2, 3}).

#A, € Thirths if ¢ is dead
6(C)={[ ¢ € Dpirths], if ¢ is dea )

[#Ac € Tsurvivors], otherwise
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Fig.1 Probability of life grid for
cell ¢ and its neighbours in Pni | Pna | Pnsg
traditional GoL geometry

p’ﬂ4 pC p’ﬂ5

Png | Pny | Pns

In this way, the next state for a cell ¢ is alive in the next generation:

e if ¢ is currently dead and the number of live neighbours is contained in [pjrhs, OF
e if ¢ is currently alive and the number of live neighbours is contained in gyryivors-

A probabilistic version of the Game of Life is proposed below, expressed in terms
similar to those described above. Assuming that a cell ¢ could have a given probability
pe of being alive (and hence a probability 1 — p, of being dead), the probability of
being alive in the next generation is determined by the cell ¢ itself and the current
probabilities of its neighbours being alive P = {p,, : Vn; € N} as shown in Fig. 1.

Assuming c is completely dead (p. = 0), as in the traditional case, p. will be
the probability that ['pihs contains the number of live neighbours of ¢. However, in
this case, it is not as simple as calculating #A. for Eq. (1), because A is not defined
in this probabilistic context. Only the probabilities included in P are available. It is
not possible to determine the exact number of live neighbours, but it is possible to
calculate the probability that a given number k of live neighbours exist, based on the
probabilities defined in P. To explain the behaviour of the corresponding random
variable, analogous to #A, and denoted by Y, Eq. (2) is established. This equation
is defined by the sum of the product of the probabilities for all possible subsets of
live cells of a given size k. This follows a Poisson-binomial distribution [28], so the
expression shows the sums of the product of the probabilities of being alive of all
k-sized subsets of N, times the product of all other cells’ probabilities of being dead
not included in this subset. Note that the number of summands is given by the number
of the different subsets K of N with size k, that is #{K C N, : #K = k} = (¥),
where u = #N,.

pry ==Y | [] a=p || ]I Pn )

KCN. \nieN\K n;ek
#K =k

On the other hand, when c is absolutely alive (p. = 1), the same applies to the set
Csurvivors- Weighing these two possibilities correctly with the probabilities that these
events occur (1 — p. and p., correspondingly), the traditional function § described in
Eq. (1) could be adjusted to obtain the probabilistic function ¢ shown in Eq. (3). Note
that if Ve, p. € {0, 1}, then ¢ behaves exactly as in the traditional case.
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¢p()=0=p) Y Pr(Y=h)

b€l births

+pe Y. Pr(Y =y

s€lsurvivors

3

3 Overview of the quantum circuit implementation

Algorithm 1 models the pseudocode that represents the function § in Eq. (1) for the
traditional Game of Life. First, the number of live neighbours #A. is computed and
stored in a, for which the neighbours N, are traversed exhaustively and a counter is
incremented when neighbour #; is alive. Once that counter has been correctly set, the
rules are applied, checking if ¢ is alive and if the value in the counter exists within one
of the sets defined by the rules I'.

Algorithm 1 Next generation in traditional Game of Life

Require: ¢

Ensure: 5(c)

1:a < ZnieNc isAlive(n;) > O0(w)
2: if isAlive(c) then

return isContainedIn(a, Ugyrvivors) > O (#I survivors)
: else

return isContainedIn(a, Cpirths) > O (# births)
. end if

AR

The proposal below implements the probabilistic version described in Sect. 2, based
on the traditional description and the principles of quantum computing. In this way,
defining the traditional Game of Life within the quantum paradigm, the probabilistic
version will be obtained by linearity, and the probabilities exposed in Eq. (3) will be
fulfilled.

3.1 Initialisation

For the implementation of a quantum cell, a qubit will be used. This mathemat-
ical object is the quantum version of the bit and can be defined according to
[¥) = aol0) + «1]1), where Zie{o,l} ll;]> = 1 and o; € C, Vi € {0, 1}. For
probabilistic purposes, this description is quite convenient, since ||o; ||> represents the
probability of measuring the qubit in the state |7). Therefore, it is possible to encode

within a qubit the probability p. that cell c is alive, as shown in Eq. (4).

[Ve) = V1= pel0) + /pe (1) “)
As has been shown, the quantum model allows one to express the proposed proba-

bilistic behaviour of the Game of Life in its most basic unit in an inherently way. From
the quantum operations or quantum gates, which are essentially unitary matrices that
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act over qubits, the rules will be modelled. First, the gate that prepares the qubits in
the state exposed in Eq. (4) will be defined. For this, it must be taken into account that
the qubits are initially, at the beginning of the computation, in the |0) state. There-
fore, a unitary operation U (p.) that performs the following application is needed:
U(pe) 10) = /T = pe|0) + /e |1). A quantum gate U (p,) that achieves this goal is
given by Eq. (5), which is an unitary matrix. Note that U (p,.) is a real and symmetric
matrix, therefore it is also hermitian, i.e. U(p.)" = (U(pe)*)T = U(p.). Finally, the
unitarity of the matrix is proven by checking U (p.)U (p.)’ = U(po)> = 1.

_ V1= pe «/ﬁ
U(pe) —( JPe _M> %)

The quantum circuit proposed in this section aims to compute the function ¢.
With these gates, it is possible to start defining the circuit with the initialisation of
the system, loading the probabilities of ¢ and all its neighbours N,. Following the
algebraic notation of quantum circuits [29], the initialisation of this algorithm can be
represented as [ [, c .o [U (Px)]x-

The quantum complexity of the proposed circuit is evaluated in terms of Quantum
Cost (QC) [30] and circuit depth [31]. The QC is defined as the total number of
elementary quantum operations required to implement the circuit. In this case, all
single-qubit gates and the CN OT gate are considered elementary operations. The
depth corresponds to the maximum number of sequential gate layers along any path
from input to output, assuming gates on disjoint qubits can be executed in parallel.
The QC for this part of the circuit is 1 for each initialisation gate, i.e. u + 1 (recall
that u = #N,, the number of neighbours of each cell), and its depth is 1 (constant).

3.2 Hamming weight quantum counter

Once the probabilities defining Eq. (5) have been established on the qubits corre-
sponding to the current cell and its neighbours, it will be easy to count the number
of live neighbours using the novel Hamming weight quantum counter (HWQC) pro-
posed in this paper, developed through a controlled increment gate. Recall that the
Hamming weight of a string is the number of nonzero symbols, which in the present
case are the bits set to one. For this purpose, a qubit register a = (ag, . . ., an—1), with
m < [loga(un) + 17 (details of the selection of the correct value for this parameter
will be addressed in Sect. 4.1), will be allocated to store the binary expression of the
number of live neighbours (as in line 1 of Algorithm 1). For each neighbouring cell, an
increment gate [32] (which adds one unit to the register) is applied on the live neigh-
bour counter register, and this is controlled by the qubit relative to the corresponding
neighbouring cell. Controlled gates are executed on the target qubits only for those
possibilities where the control qubits are set to the state |1). In this way, the neighbour-
ing cell that is in superposition will activate the increaser for the |1) possibility and
will not activate it for the |0) possibility. In algebraic notation, the Hamming weight
quantum counter is implemented as the application of the controlled-/ NC gate for
each neighbour of ¢ and can be expressed as ]_[n[_ en, IN C,'. Therefore, when all of
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these gates are applied, the resulting quantum state of the registers n and a, named
[WHwQC), is shown in Eq. (6). Note that the iterator decreases with each factor of the
inner tensor product and the use of iverson bracket. The detailed explanation for how
to achieve this state by using the HWQC is explained in Sect. 4.2 and Appendix A.

1
Whwoe) = Y |VPr(Y =k | D @) lni € K1) | ® Ik) (6)

kef0,...,u} #KI%N](C i=u

The above quantum state forms a correctly weighted superposition of the neigh-
bourhood N, and the live neighbour counter a, keeping each possibility of this counter
with the coefficient that ensures to measure it with the probability described in Eq.
(2). Controlled-1 N C gate has the cost of adding one more control to each of the gates
that form it. Analysing the quantum cost of this circuit, an i-controlled NOT gate is
required for each i € {1, ..., m}, which has a linear QC with respect to the number
of controls i, using a linear number of auxiliary qubits (also with respect i) [33, 34].
Therefore, the QC (and the depth, since it is not possible to apply in parallel these
gates) of a controlled-/ NC gate for m qubits is given by a function in O(/ 0g%(n)).
As p incremental gates are needed to implement the HWQC, the complexity function
of this component is in O (i - logz(u)).

3.3 Rules application

Finally, by applying the rules of the § function (see Eq. (1) and lines 2—6 of Algorithm
1) to the circuit, the counter register value is used to determine the state of the output
cell, i.e. that of the next-generation cell (next_gen). To implement the gate behaviour
that models the use of the rule set I', the following reasoning will be followed: one
set of gates models the birth of the output cell for those cases where appropriate, and
the other set of gates implements the cell survival if applicable. Therefore, the set of
gates is described by Eq. (7).

e The first set of gates will consist of an X gate for each b € D'pirns With target
in output. This is a controlled operation, which activates when c is dead (¢ = 0)
and a is equal to one of the numbers of live neighbours required for the cell birth
(a = b). It can be expressed as [ [,cr,. . Xﬁu:l?,’,f,:b

e The second set of gates, the ones controlling the survival of the cell, oper-
ate the same way, but using Igyrivors and ¢ = 1. It can be expressed as

nsersmim S:t};;lfy

=0,a=b =1,a=:s
ROacoupu= [ (Xeap?) TT (Xempe™) ™)

beTbirths s€lsurvivors

It should be noted that this set of gates can be optimised as illustrated in Sect. 4.3.
Even so, estimating the QC and depth of this part of the circuit in its worst case in a
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Initialization HWQC Rules

output :

next_gen :

Fig.2 Full quantum circuit implementation of general QGoL

similar way to the previous component, given by #(Ibirths U [survivors) m?, which is
bounded above by a function in O (p - logz(u)).

3.4 Overall implementation

After each component of the circuit has been introduced, the full expression that
represents a generic Game of Life (for any set of rules, number of neighbours, number
of considered dimensions or geometry), named Q GoL, can be found in Eq. (8), where
M,y represents the measurement instruction over the qubit x, saving its result in the
classical bit y. The graphical representation of this circuit for the traditional Game of
Life instance can be visualised in Fig. 2.

Initialization

Rules
QGoL = l_[ [U(ps)]x H INC;" R(F)a,c,output M output,next_gen )
xeN U{c} n;€N¢
———_—
HWQC

It should be noted that the classical computational complexity of evaluating the
exact output probability, in the worst-case scenario (where #(I'births U Tsurvivors) =
uw+land VG € T : dec (g) ~ 2#~1) requires computing Eq. (2) by brute
force Vk € {0, ..., u} when using a naive implementation. For each k, the evaluation
involves summing over (‘,f) terms, each consisting of a product of p factors. Since
> i (1) = 2%, the overall complexity is in O(2* - ). However, better algorithms
exist to compute the Poisson-binomial distribution, if the exact values are not needed,
by using FFT-based convolution [35]. Some approximate methods achieve to reduce
the complexity to O (u?) in practice [36], even to O (u -/ 0g*(1)) in some theoretical
proposals [37], which matches the proposed quantum version.

For every cell across all generations of a given board, the proposed quantum circuit
must be executed a constant number M = Elz of times (also known as the number of
shots, which is solely dependent on ¢, the desired maximum tolerated standard error),
to perform a quantum Monte Carlo method [38]. It uses © + m + 2 qubits (and a
linear amount, with respect to m, of auxiliary qubits, in the event that the quantum
processor does not have the proposed gates), so the total number of qubits is in O (u),
and its QC and depth grow as O (u - [ ogz(u)). Note that the number of qubits and the
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Table 1 QGoL circuit’s Quantum Cost and depth

QC Depth
Initialisation O(w) o)
HWQC O - 1og* () O - log*(w))
Rules O - log*(w)) O - log*(w)
Total quantum bound O(u- l()gz(M)) o(u- logz(u))
Classical brute force complexity oQ* - )
Classical approximate complexity o - logz(,u,))

complexities shown do not depend on the size of the board. Table 1 shows a summary
of the upper bound estimates QC and depth.

4 Characterisation of implementation details

Some mathematical details on the construction of certain parts of the proposed circuit,
as well as the possible optimisations that can be made, have been left out of the
previous section in order to clarify the main development. These details are displayed
and discussed below.

4.1 Optimisation of the live neighbours counter size m

The size of the counter of live neighbours m of any cell ¢, which corresponds to the
number of target qubits in the HWQC, is bounded at the top by [log> (1) + 17, where
u = #N.. This is the number of bits that are necessary to represent any Hamming
weight of a string of size ;. However, m can take a value much smaller than that upper
bound, which is especially interesting for the implementation of the HWQC circuit.
This section describes the process to obtain the optimal value of m. For any given GoL
rules I' = {Tbirths, [survivors}» there always exists a minimum value of m for which all
larger sizes of a (the HWQC target register) lead to the same GoL output.

For instance, consider Table 2, which describes the traditional Conway’s GoL. In
this representation, g is a possible size of the live neighbour set, and the symbol X is
used for “not applicable” or “don’t-care” cases. Each possible value of m splits the
rows into two parts, which will be referred to as start and end. This table shows
that 3 is the smallest value of m after which, by periodically repeating the start of
the last two rows of the table, it is possible to generate the end of those two rows
(ignoring X).

Another example of a GoL variant, known as Fredkin or Replicator 2, is defined
by B1357/S02468. This is one of the most elegant and symmetric rules in the “Life-
like” universe, because every pattern is replicated indefinitely, which enables the study
of replicators in cellular automata, simulations of reversible systems and minimalist
artificial life, and experimental cryptography using chaotic or pseudo-random patterns
[39]. Since births occur at odd numbers and survivals at even numbers, this is a very
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Table 2 Graphical optimisation for m value in traditional GoL rules

m 012 3 4

g 01234567 8§ 9 10 11 12 13 14 15

lg€Thins] 00010000 0 X X X X X X X

[g € Teurvivors] 0 0 1 1.0 0 0 0 0 X X X X X X X
start end

Table 3 Graphical optimisation for m value in Replicator 2 GoL

m 01 2 3 4
g 01 23456789 10 11 12 13 14 15
[g € Thins] 0 1 0101010X X X X X X X
[g € Tgurvivors] 1 0 1010101 XX X X X X X
——
start end

Table 4 Graphical optimisation for m value in a GoL with 12 neighbours

m 01 2 3 4
g 0123 456 789 10 11 12 13 14 15
[g€lhims] 0 1 01 0101010 1 0 x X X
[g € Dsurvivors] 1 0 1 1 1011101 1 1 X x X
N—— ——
start end

intuitive example of what this section aims to show. As exposed in Table 3, the value
m=1 represents the minimum for which the ends of the last two rows can be generated
by periodically repeating their starts, disregarding X.

Finally, it is worth noting the improvement achieved by this technique in cases with a
larger number of neighbours. For this purpose, an instance with 12 neighbours is intro-
duced. In this case, the 4 orthogonal cells at distance 2 (in the directions north, south,
east and west) are added to the 8 standard neighbours. In Table 4, a GoL variant that
uses this neighbourhood and the transition rules B1,3,5,7,9,11/50,2,3,4,6,7,8,10,11,12
is considered. It can be observed that, for m=2, periodically repeating the starts
suffices to reconstruct the ends, ignoring X.

The observations made for the previous examples can be confirmed for any GoL.
variant. Therefore, formally, the optimal value of the parameter m can be calculated
using Eq. (9). This minimisation function returns the smallest m that satisfies that
for each row (with its corresponding G € I set) and, for each row element g in the
start sequence, all its congruent elements g’ in the end sequence must belong to
the set G if and only if g belongs to it. In this way, an optimisation method can be

@ Springer



QGoL: Quantum Game of Life Page110f24 17

defined to minimise the quantum register size for the live neighbour counter in the
implementation of the proposed QGoL, which is applicable in any general case.

minm: VG eT,Vg <2",Vg' <u:g =g (mod2™),

9
geG < ¢ eG ©)

4.2 Using HWQC to count live neighbours

The use of HWQC for live neighbours counting starts with the circuit already ini-
tialised, so the neighbour qubits have the probabilities of initiation. In addition, there
is a register of size m set to zero to store the value of the counter. For each initialised
neighbour qubit, the controlled incrementer must be applied. The expression that rep-
resents this situation is described by Eq. (10). Note the use of (j)2,; to express the i-th
bit of the decimal number j expressed in binary notation.

2K —1 u
=13 (l_[\/u—pn,->1—“'”*"\/pn,-<f>2<") i@ ] ivey

j=0 \i=1 neNe
(10)

The application of this cascade of controlled-/ N C gates trivially leads to the state
that entangles each possibility of the neighbour register with its corresponding Ham-
ming weight (see Appendix A), which previously was the register consisting of m
zeros. This is the case since the increase by one unit for each qubit in state one for
each possibility achieves this effect. Therefore, the above expression is equivalent to
Eq. (11).

2t —1 I
W)=y [(l‘[\/a—pnl,)l—(f')z,f/pn,ww) |j)®|W((j)2))} (1)

j=0 L \i=1

In this way, it is possible to draw a common factor k for the summands where they
share the same Hamming weight value, grouping the above expression into groups
that share this characteristic, as shown in Eq. (12).

W)= ) Z( I1 m)(n m)®|[nze1<1> ® [k)

kef0,...,u} KCN. \n;jeN\K nekK I=n
#K =k

12)

After doing this, the square root of Pr(Y = k), which is defined in Eq. (2), appears
as the coefficient of each probability associated with each case. This allows a final
change to be made to the expression to make this fact even more explicit, leaving the
expression [Wywqc) (see Eq. (6)).
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4.3 Optimisation of rule gates

To model the rules, the §’ function described in Eq. (13) is used to perform the same
work as 8 in Eq. (1). In this expression, the ¢ binary variable specifies if the cell is
alive, and the a binary register of size m represents the live neighbours counter. These
values parametrise the minterms or minimum sums of a rule set G € I' denoted by
2a(G) [40].

5/(07 a) = ¢ - Xgq(Tbirths) + ¢ - B (Csurvivors)»
m

_ 13

where ¥,(G) = Z l_[aj ® (9)2,) (13

geG j=1

For instance, the resulting expression of the traditional GoL rules is shown in Eq.
(14).

- Za({(B) +c-2({2,3) =c-a3-ay-a;-ap
+c-az-ap-ay-ag+c-az-ay-ay-ag (14)

Each of the minterms in this Boolean expression corresponds to the controls of a
multicontrolled not gate, where the target is the output qubit, justifying Eq. (7). From
this, it is possible to intuit some properties about the quantum gates involved in the
modelling of the rules. For example, it follows that they commute with each other
(just as the addends commute). Moreover, any optimisation made in this expression
represents a more efficient quantum circuit for this purpose. These optimisations can be
achieved through the rules defined by the algebraic notation for quantum circuits [29],
which would allow a quantum gate transpiler to perform these improvements without
regard to the underlying optimisation of the Boolean expression. Some examples of
this procedure can be found in the Appendix B.

Finally, if 3G € I' : #G > % then could be convenient to apply the property
expressed in Eq. (15), with y = 0 if G = Tpjrns or y = 1 if G = [gyrvivorss bY
using the relative complement of N, with respect to G, in order to minimise the circuit
depth.

’
c=y.a=g _ yC=y c=y,a=g
l_[ X(mtput - X{Jlltpllt l_[ X{)M[[)llf (15)
geG ¢'€NAG

5 Experimental study

Once various aspects of the circuit design have been justified, the complete circuit for
the traditional GoL instance, optimising its rules using Eq. (B.5), is shown in Fig. 3.
As can be seen, it requires a small amount of qubits for the NISQ era [41], 13 qubits,
not counting the linear amount of auxiliary qubits needed for the implementation of
the controlled incrementers and rule gates. More examples of complete optimisation
design can be found in Appendix C.
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Initialization Hamming Weight Quantum Counter Rules

B TN BV
output : v ‘ \T ‘ @_
c: Ul(pe) ; ;

ap

ap: INC (= INC [+ INC (= INC [ INC (< INC [ INC = INC

|
|
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|
ag i ——————+—| — — — — i — — —0—0

| |
ny: T{ U(pn, ) fr

ng

ng:

ng:

ng :

|
T
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|
—H
|
ns : — U(pns)
|
!
il
|
—H
=

newt_gen :

Fig.3 Full quantum circuit for the probabilistic version of the traditional GoL

]

t=0 t=1 t=2 t=3 t=4

Fig.4 Colour legend and B3/S23 with traditional behaviour example in generation ¢

Therefore, for this instance, it is efficient to simulate this circuit in a classical way,
as well as to calculate the probabilities exhaustively. To justify this empirically, the
quantum version described in the paper using Qiskit in Python and a Rust implemen-
tation of the computation of the probabilities in the classical way have been carried
out [42]. The necessary documentation for the execution of the programs is contained
in the repository itself. Thanks to these implementations, which give us exactly the
same experimental results, the following graphs have been obtained.

First, an execution was carried out by experimentally verifying that the results of
the traditional rules for the case of Vp, € {0, 1}, were identical to those of the original
Conway’s GoL. The expected result can be seen in Fig. 4, where the cells that have
more probability of being dead will have a darker purple colour, and those that are more
likely to be alive will have a lighter yellow colour. For this example, some well-known
structures have been placed on a 20x20 board with periodic boundary conditions and
their correct behaviour has been verified.

The second example in Fig. 5 is inspired by the previous one, since it takes the
same structures, changing those probabilities that were at 1 to 0.9 and applying the
same process. In this case, patterns formed by structures that tend to fade or reach a
stable position can be observed, as in the case of the light yellow square.
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t=20 t=1 t=2 t=3

Fig.5 B3/S23 with probabilistic behaviour example in generation ¢

Fig.6 B3/S23 random probabilities example in generation ¢

t=10 t=20

Fig.7 B234/S3 example in generation ¢

A more ambitious board of 100x100 cells with random probabilities was formed to
see its evolution. In this case, illustrated in Fig. 6, it can be seen how Turing pattern-
like structures are generated by cells with a probability near zero of being alive, which
tend to gradually fade away in a sea of cells with a value ~0.37.

Tests were performed by changing the rule sets, against a board of cells with
zero probability of being alive, and two structures of bar and glider with values 0.8
and 0.9, respectively. Formations of rhombus structures can be observed with rules
B234/S3 in Fig. 7, rectangular with rules B123/S3 in Fig. 8, and octagonal using rules
B345678/S0123456 in Fig. 9. In the boards of correlated generations, it can be seen
how the interior of the structures flickers between two different states (one clearly
with more average probability of being alive than the other), while the edge with the
shape grows indefinitely.
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t=10 t=20
Fig.8 B123/S3 example in generation ¢

Fig.9 B345678/S0123456 example in generation ¢

6 Discussion

The obtained results demonstrate the potential of quantum computation for the efficient
simulation of probabilistic cellular automata, with particular emphasis on the Game of
Life. By reformulating the classical model within a quantum framework, it becomes
possible to evaluate the system’s probabilistic evolution with significantly compet-
itive computational complexity. This is especially relevant in scenarios involving
higher-dimensional spaces, larger neighbourhoods, or more complex update condi-
tions. The linear nature of the quantum formulation ensures that the model behaves
consistently across the full range of probability values between 0 and 1. While the cir-
cuit is constructed to reflect binary transitions, the resulting behaviour remains valid
for intermediate probabilities, broadening the scope of the simulation without requir-
ing structural modifications to the circuit. Although the study has focused on a specific
probabilistic extension of the Game of Life, the proposed framework is generalisable.
The modular structure of the quantum circuit supports adaptation to alternative cellular
automaton rules, topologies, or probabilistic update functions.

The behaviour of the proposed system may resemble that of a weighted filter
applied over the lattice, where the aggregation of neighbour contributions can lead to
a smoothing effect that inhibits the formation of classical patterns typically observed
in the deterministic version of the Game of Life. This is a direct consequence of
the uniform consideration of all neighbourhood contributions when calculating tran-
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Table 5 Qiskit transpilation of

m-controlled NOT " Qe W) Qe ENoD) Depth
1 1 1
2 8 6 11
3 19 14 28
4 41 36 65
5 90 84 130
10 514 452 674
20 2508 2316 4030
30 3467 3608 5022
40 4595 4808 6666
50 5715 6008 8406
100 11315 12008 17106
200 22515 24008 34506
300 33715 36008 51906
400 44915 48008 69306
500 56115 60008 86706
1000 112115 120008 173706
2000 224115 240008 347706
3000 336115 360008 521706
4000 448115 480008 695706
5000 560115 600008 869706

sition probabilities. To address this, a possible improvement is to introduce models
with neighbourhood position dependent weights. In the quantum implementation, this
could be achieved by selectively increasing the influence of certain neighbours through
repeated applications of the corresponding controlled-/ N C gates. Conceptually, this
is equivalent to implementing a controlled-/ NC”"i, where y represents the number
of repetitions that determines the relative weight of each neighbour 7 ;, allowing local
dynamics to emerge.

Another issue that needs to be addressed in this section is the practical feasibility of
one of the most significant contributions of this paper: the HWQC circuit. It has been
treated from a theoretical point of view, with which its complexity in terms of QC and
depth were found to be O (u - logz(u)). It was described that a controlled-/ NC gate
was required for each neighbour (1) and that each of these gates required a number
of m-controlled CN OT gates that grows as log(u). Moreover, log(it) was also the
complexity of the function which describes the growing of the number gates required
to build an m-controlled CN OT . It is this last point that may seem most implausible
from a practical perspective. To verify this, a transpilation simulation was performed
using the default version in Qiskit 2 . 2 . 3, with the results compiled in Table 5, where
linear growth with respect to the number of controls (and therefore logarithmic with
respect to the number of qubits needed to represent the number of neighbours) can be
verified.

@ Springer



QGoL: Quantum Game of Life Page170f24 17

Furthermore, the current proposal focuses on a quantum implementation approach
to modelling probabilistic cellular automata, relying on classical measurement of quan-
tum amplitudes to extract probabilities. A more purely quantum formulation, such as
one that exploits the phase information of qubit states, remains an open avenue for
future research. Such an approach would involve encoding probability amplitudes
using the polar form of quantum states and would require careful design to main-
tain coherence and enable meaningful post-measurement interpretation. However, the
limitations imposed by quantum measurement, which inherently collapses superpo-
sitions and limits access to full state information, represent a key challenge in this
direction. Studying these limitations and finding ways to circumvent these partial
measurements may allow for richer dynamical behaviours and new classes of cellular
automata beyond the probabilistic regime.

7 Conclusion

This work presents a novel quantum framework for simulating a probabilistic version
of the Game of Life, demonstrating the feasibility and computational advantage of
modelling probabilistic cellular automata through quantum circuits. By reformulating
the classical model in a quantum context, the approach enables efficient computation
of transition probabilities. The proposed design is modular, scalable, and generalis-
able, laying the groundwork for the quantum simulation of a wide variety of cellular
automata rules and configurations. The introduction of a Hamming weight quantum
counter, along with dual implementations in Qiskit and Rust, supports both theoretical
development and empirical validation.

Future work may explore position-weighted neighbourhoods to enable the emer-
gence of patterns more similar to those found in the traditional GoL, as well as more
intrinsically quantum formulations that exploit phase information and coherence for
richer dynamical behaviours. Another line of future work may concern the study of
well-known stable structures in the classical Game of Life. Studying their behaviour in
the probabilistic setting raises several key questions, including the existence of stable
structures that persist indefinitely even under homogeneous probabilities; the identi-
fication of structures that are stable only within certain probability ranges, as well as
the characterisation of those ranges; and the analysis of the behaviour of asymptotic
structures, particularly the mechanisms by which they converge to specific values.
Many similar questions may be posed to study in more depth the behaviour of this
probabilistic version of the Game of Life (GoL) using the proposed Quantum Game
of Life (QGoL).

Appendix A HWQC Proof

Before proofing the operation of the HWQC circuit, some details of the /NC gate
are established. The internal implementation of the incrementer gate [32] can be rep-
resented as INC, = [[_,,_; Xa"“~!, defining negative ranges (i:j, with i > j)
as the empty set . Note that the iterator decreases with each factor. The graphical
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Fig. 10 Incrementer circuit for . .-
g-10 ap : — X
m qubits
aj -
ay: —e— -+ —(p— —————
Am—1 -

representation of this circuit can be visualised in Fig. 10. Therefore, the behaviour of
this gate can be expressed as [x)INC, = |[x +1 mod 2™), where m is the size of the
register a.

Lemma 1 Let the neighbourhood N, of size ( and quantum register a the counter
initialised to |0)®™. The invariant 1 (i) is defined as follows: “After stage i, the register
a contains the correct value corresponding to the neighbourhood N, of size i.” Then,
1(i) holds foralli € {1, ..., u}.

201 201
(T ain)e0® ] N = Yl @Win) (A
j=0 nt €N, Jj=0

Proof The proof proceeds by induction on i.
Base case (i = 1):

(2010 + 1)) ®10)°" INC} = col0) ®10)°" +al) ® 10" @11,
= 20l0) ® [W(0) + 1) ® [W(D)

Therefore, 7(1) holds.

Induction hypothesis: Assume that / (k) holds, that is, after stage k the register a
stores the correct value corresponding to the neighbourhood N, of size k.

Inductive step: Consider stage k + 1.

2k+171

Y oailipy @[] incy

j=0 n €N Uk+1}
2k+17]

= > ailiy|e® | [T vy | INCEH!
Jj=0 neNe

2k—1

=Y (mr) ® (Bol0) + Bil1) ® |W(r)2>> INCy!
r=0

2k—1

= ((J/rﬁolro) +yhilrl) ® |W<r>2>) INCci*!
r=0
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output : — @ an output : —H—P
c: c:
agp - —f = ap : —
ay ai r——
as : as:
Fig. 11 Graphical representation of the rule optimisation in Eq. (B.4)
2k+1 -1
= Y o) ®IW3) (A3)
j=0
Conclusion: By induction, the invariant /(i) holds for all i. O

Appendix B: Rule gates optimisation examples

An example of the procedure over the set of gates for the implementation of the
traditional Conway’s Game of Life rule set is shown in Eq. (B.4). Note that the notation
i will be used when the control i must be zero to apply the gate [43]. Using graphical
representation, the realised optimisation can be visualised in Fig. 11.

c=0,a=b c=l,a=s\ _ yc=0,a=3y,c=1,a=2y,c=1,a=3
l—[ (Xoutput ) 1_[ (Xoutpul ) = Xoutput qutput Xoulput
beTbirths=1{3} s€lsurvivors={2,3}

c=1,a=2 v,c=0,a=3 yc=1,a=3
= Xoutput  Xoutpur ~ Xoutput (B.4)

__ y€,a3,a2,a1,d0 yC,d3,d2,a1,dp v C,d3,d2,a1,d0
- Xoutput Xoutput X(mtput

__ y€,a3,a2,a1,d0 v a3,d2,a1,ao
- Xoutput Xoutput

Another equivalent circuit, performing different algebraic operations, can be visu-
alised in Eq. (B.5) and in Fig. 12.

c=0,a=b c=la=s\ _ yc=0,a=3 yc=1,a=2 yc=1,a=3
1_[ (Xoutput ) 1_[ (Xautput ) - Xoutput Xoutput Xoutput
beTpirths={3} s€l survivors=1{2,3}

__ y€,a3,a2,a1,a0 yC,d3,d3,a1,dp yC,d3,d2,a1,do
- Xoutput Xoutput X(mtput

__ y€,a3,a2,a1,a0 yC,d3,d3,a1
- Xoutput Xoutput

(B.5)

It should be noted that a proposed optimisation is, generally, not unique. There
may be several equivalent improvements against a certain criterion to be considered
(e.g. circuit depth). However, it might be useful to consider all options taking into
account aspects of the actual quantum processor on which the circuit would run, such
as the quality of the connections between the qubits involved or its coupling map
limitations. For instance, ignoring the transpilation details and supposing that the ¢
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output

5 output : ﬁj—
C: —\( C: ——
ap —0%,—0— = ap :
ai - aj :

Fig. 12 Graphical representation of the rule optimisation in Eq. (B.5)

Table 6 Graphical optimisation for m value in HighLife rules

m 012 3 4

g 01234567 8 9 10 11 12 13 14 15

[g € Tpirths] 000100T10O0 0Oox x x x x X X

[¢ € Tsurvivors] 0 0 1. 1.0 0 0 O 0Oox x x x x X X
start end

D output : —pH—PH—4(

output : —PH—PH q :
C: 4‘\ /‘—0* C:
agp - #‘I = ap - >
ai - aj - >
a . —I—l—o—o— as

Fig. 13 Graphical representation of the HighLife rule optimisation

qubit has poorer quality connections with the rest of the qubits than the ag qubit has,
the circuit shown in Fig. 11 would be preferable to the one illustrated in Fig. 12.

Appendix C: General optimisation examples

In the following, the construction of the quantum circuit corresponding to two GoL
variants will be optimised as examples. In the case of HighLife (B36/S23) [8], the
optimal value of m = 3 is determined using Table 6. Consequently, the value of a3
has been discarded for the following operations. Consequently, a3 has been discarded
for the gate optimisation manipulations in Eq. (C.6) and Fig. 13.

c=0,a=b c=l,a=s
(Xoutput ) 1—[ <X0utput )
beTbirths={3,6} s€lsurvivors={2,3}

¢=0,a=3 y,c=0,a=6 y,c=1,a=2 y,c=1,a=3
=Xoutput Xoutput Xoutput X(mtput

c=0,a=6 y,c=1,a=2 y,c=1,a=3 y,¢c=0,a=3
:Xoutpul Xoutput Xoutput Xoutput

c,a»,ay,dgy v C,dp,ay,do v C,d2,aj ,a c,ar,ai,a
=X210X210X210X210

output output output output
_ yC.az,a1,dp yC,a2,a1,d0 v a2,a1,do
- Xoutput Xoutput Xoutput (C6)
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Table 7 Graphical optimisation for m value in Day & Night rules

m o 1 2 3 4

g o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

[¢ € Tbirths]
[g € Tsurvivors] 0o 0 0 1 1 0 1 1 1 X X

o
o
—
(=)
—
=
~
=
=
=
=

P
S
5
=
g

ot 5 o e

c: c: c:
ap : = ap : = ap :
ap : ap : ap :
as as : as :
as : as: as:

Fig. 14 Graphical representation of the Day & Night rule optimisation

For the second case, Day & Night (B3678/S34678) [13], the value of m was not
improved, the attempt can be seen in Table 7. However, subsequent optimisation of
the gates was successful, since most of the elements in both sets of rules coincided,
allowing the number of gates to be reduced by almost half. This is illustrated in Eq.
(C.7) and Fig. 14.

=0,a=b =l,a=
l_[ (X(C)utplft ) l_[ (XthlplftJt S)

belbirns=1{3,6,7,8} s€lsurvivors=13,4,6,7,8}
= Xgu:t}r;gt:4 l_[ <XZLl:t}r7ut>
x€{3,6,7,8}
= Xoupur Xoupu Xoupur Xoutpu Xouput
= Xouiput " Xouiput - Xowput " Kowpnt - Xoutput
= Xouiput " Xouiput - Xowrpar - Xouiput ) Xouwtput
= Xouiput " Xouiput - Xowtput Xoutput (o0))
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