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Abstract

One of the open problems of the Standard Model (SM) is the dominance of matter over anti-matter.
Among the proposed explanations, Leptogenesis stands out as one of the most compelling mechanisms.
This framework is particularly interesting since it can naturally take place in seesaw models, namely
extensions of the SM which can explain both the generation of neutrino masses and their smallness.

The simplest realization, thermal leptogenesis, extends the SM with three right-handed neutrinos
(RHNSs) and the lepton asymmetry arises from their out-of-equilibrium decay. Although extensively
studied, this scenario requires very large Majorana masses for the RHNs (> 10° GeV), which are
challenging to test experimentally. For this reason, models involving RHNs at the GeV-scale have
emerged as promising alternatives. Among them, the Akhmedov-Rubakov-Smirnov (ARS) mechanism
generates the lepton asymmetry via RHNs oscilations in a freeze-in scenario. However, this model does
not address the origin of RHNs masses, leaving open the question about the generation of these masses
and if it could be tied to early universe dynamics.

In this thesis, we investigate the possibility of dynamically generating the RHN masses in the context
of ARS leptogenesis. Specifically, we extend the type-I seesaw model with two RHNs by introducing
a complex scalar singlet ® and a global U(1)p_; symmetry under which ® carries charge +2 and
the RHNs charge —1. After the spontaneous symmetry breaking (SSB) of U(1)p_y, the real part of
® acquires a non-vanishing vacuum expectation value, and its coupling to N generates a Majorana
massive term for the RHNs. This construction naturally explain the origin of the heavy neutral leptons
masses. However, after SSB, two real scalar degrees of freedom remain, ¢ and 6 (the Majoron), which
interact with the RHNs via the Yukawa coupling yn. These additional interactions may modify the
RHNs number density, potentially bringing them into thermal equilibrium before the electroweak phase
transition. To take into account this new interaction we first identify the leading contributions, then
we modify the Quantum Kinetic Equations to study their effects on the final baryon asymmetry of the
universe (BAU). Finally, we perform a parameter scan to explore how the parameter space of viable
leptogenesis is modified in this new theoretical framework.
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Introduction

The Standard Model (SM) of particle physics is the current theoretical framework describing nature at
the smallest scales. Over the past decades, it has proven to be extremely successful, both in explaining
a wide range of phenomena and in predicting experimental observations with remarkable precision. The
biggest success of the SM is the prediction of the Higgs boson, which has been detected in 2012 [1, 2].
Other SM successes include the prediction of the anomalous magnetic dipole moment of the electron,
that matches the experimentally measured value to twelve digit precision [3], the prediction of the W
and Z bosons and their masses, which agree with experimental data [4]. Despite its history of successes
the SM is not a complete theory, as there are still some loose ends which the SM is unable to connect.
For instance the nature of Dark Matter (DM), the generation of neutrino masses (see Chapt. 2), and the
observed asymmetry between matter and anti-matter (see Chapt. 3) are the most relevant phenomeno-
logical evidence that cannot be explained within the SM framework.

In this thesis, we will focus on two of these open problems, namely the generation of neutrino masses
and the generation of the Baryon Asymmetry of the Universe (BAU), which are strictly correlated.

The discovery of neutrino masses is related to the experimental evidence of neutrino flavour oscilla-
tions [5]. Neutrinos come in three generations as all the other SM particles. In 1962, L. M. Lederman,
M. Schwartz and J. Steinberger discovered the existence of two different neutrinos, v, and v, [6]. The
third type of neutrinos, the one associated with the 7 lepton, was discovered in 2000 by the DONUT
experiment [7]. The discovery of neutrino families opened the question whether there could be neutrino
mixing.

Neutrino oscillations were observed both in atmospheric neutrino, i.e. the ones produced when
cosmic rays interact with nuclei in the atmosphere, and solar neutrinos, i.e. the ones originating form
nuclear fusion in the Sun’s core. Oscillations in atmospheric neutrinos were first discovered in 1998 by
the Super-Kamiokande experiment [8], showing that the muon neutrino depletion is L/E dependent in
agreement with an oscillatory behaviour. In 2001, the SNO experiment was able to demonstrate that
v constitutes only roughly a third of the overall solar neutrino flux and that the observed total flux is
in good agreement with the theoretical predictions [5].

Another important feature of neutrinos is that they are neutral, implying that they could be indis-
tinguishable from their antiparticles. This idea was due to Majorana in 1937 [9]. This question turns
out to be intrinsically linked to the conservation or not of lepton number and to the nature of neutrino
masses (see Sec. 2.3).

Observations also indicates that in the Universe there is more matter than anti-matter. The exis-
tence of antimatter was first predicted by Paul Dirac [10] and then discovered by Carl Anderson [11].
In principle, there is nothing that prevents antimatter to form the same complex structures that we
observe in the Universe, such as stars, galaxies and clusters. However, there is evidence that there is an
overabundance of matter over antimatter. First of all, our Earth and the other planets of the Solar Sys-
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tem are made of matter, as we were able to reach them with spacecraft without annihilating. Moreover,
the particles composing the solar wind do not annihilate with the objects in the Solar System, otherwise
we will detect the ~-rays generated by this annihilation. The amount of antiprotons and positrons in
cosmic rays can be explained by their secondary origin in cosmic particle collisions or high energetic
astrophysical processes (see Sec. 3.1). Another evidence of the absence antimatter domination in other
galaxies can be seen to be the absence of annihilation radiation pp — 7° — 7~ that should be gener-
ated in the interface between matter dominated and antimatter dominated region. Another possibility
is that the Universe consists of a patchwork of regions that are strongly dominated by either matter
or antimatter. This scenario has been investigated [12], but it can be excluded due to the absence of
distortions in the cosmic microwave background (CMB), which would otherwise arise from annihilations
at the boundaries of these regions at CMB times.

A theory framework that addresses these two open questions simultaneously is the extension of the
SM with at least two right-handed (or sterile) neutrinos (RHNs). The introduction of these neutrinos
(which are Majorana fermions) can explain the masses of active neutrinos through the so-called seesaw
mechanism [13-16]. Moreover, in seesaw models a mechanism which could account for the BAU is
naturally embedded. This mechanism is called Leptogenesis [17-20]. In fact, a baryon asymmetry can
be generated if the Sakharov conditions (see Sec. 3.1.1) are satisfied. This conditions are: the violation
of baryon number, C and CP violation and departure from thermal equilibrium [21]. The basic idea of
Leptogenesis is that a lepton asymmetry is created in the Early Universe (EU) and this is then converted
into a baryon asymmetry via sphaleron effects [22] (see Sec. 3.3). A seesaw type I model can satisfy
these conditions. However, the seesaw mechanism on its own does not give any explanation on the origin
of the RHNs as they are put by hand. Also, another problem of the seesaw mechanism by itself is that
it does not imply any specific scale for the RHNs masses. One may wonder if the answer can come from
leptogenesis. And indeed, the specific patterns of Majorana masses of RHNs single out different scales.
For example, if the spectrum of RHNs is hierarchical, i.e. M; « M, a lower bound of 10° GeV was
found for the mass of the lightest RHN [23], well beyond the reach of current or planned experiments
(see Sec. 4.3.3). The mechanism leading to BAU in this case is called thermal leptogenesis [18]. If instead
the spectrum is nearly degenerate, i.e. there is a pair of RHNs such that AM « M, the leptogenesis
may take place for M as small as O(100) GeV [24]. The corresponding leptogenesis mechanism is called
resonant leptogenesis [25, 26] (see Sec. 4.5). Another interesting model is baryogenesis via oscillations,
or ARS leptogenesis [27-29] (see Chapt. 5) , which can be successful for heavy Majorana neutrino mass
scales as low as 100 MeV, thus being accessible to low-energy searches of heavy neutral leptons [30, 31].

In thermal leptogenesis the deviation from thermal equilibrium takes place during the decay of the
RHNs, when the decay rate becomes smaller than the Hubble parameter, i.e. it happens during freeze-
out of RHNs. The lepton asymmetry comes from the interference between tree and one loop processes
like N — LH, see Chapt. 4 for details. This decay asymmetry is further enhanced if the two RHNs are
degenerate in masses, as in the case of resonant leptogenesis.

In baryogenesis via neutrino oscillations, the deviation from thermal equilibrium happens during
freeze-in. In this model RHNs masses are at the 100 MeV — 1 GeV scale and, as a result of the
seesaw mechanism, the Yukawa couplings of light RHNs must be tiny. Consequently, the interaction
rate is much smaller than the Hubble parameter and the RHNs never reach thermal equilibrium. The
asymmetry generated in the processes of the RHNs is further enhanced by their oscillations.

Therefore, there are two opportunities to generate the observed BAU. The first is during a period
of freeze-in, while the first RHNs are being produced and they approach equilibrium. The second
opportunity is when the Universe cools down to temperatures below the RHNs masses and the RHNs
decay out-of-equilibrium simultaneously with a freeze-out of the SM lepton number, see Fig. 1.

In this thesis we will focus on the ARS mechanism, i.e. in the freeze-in scenario. In particular,
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Figure 1: A sketch of the evolution of RHNs abundance in the Early Universe. Figure taken from Ref. [32].

we extend this model to take into account the origin of neutrino masses. In order to do that, we add
to the SM particle content and symmetries not only two RHNs, but also a singlet complex scalar &,
and a U(1)p_r global symmetry, under which the RHNs have charge B — L = —1 and the complex
scalar has charge +2. Then we study the possibility of dynamically generating the masses for the
RHNSs through the spontaneous breaking of the U (1) p_;, symmetry at some energy scale vy, above the
electroweak scale. The generation of RHNs masses then automatically gives rise to the usual type I
seesaw mechanism with consequent ARS leptogenesis.

The introduction of an additional scalar singlet has some consequences on the phenomenology of this
model. In fact, new interactions between the scalar ® and the RHNs change the dynamics of the RHNs
in the EU. This would affect the efficiency of the ARS mechanism to produce the observed BAU, since
in the freeze-in scenario it is assumed that RHNs remain out of equilibrium until the electroweak phase
transition. This provides a very long time for RHNs production, scattering and oscillations needed to
generate the lepton asymmetry. However, due to new interactions, the RHNs could enter in thermal
equilibrium earlier, inhibiting the lepton asymmetry generation. The aim of this thesis is to explore how
the introduction of new interactions modifies the parameter space of this leptogenesis model.

Extensions of the minimal sterile-neutrino framework and their effect on ARS leptogenesis have been
discussed in earlier works. In particular, Ref. [33] considered a gauged U(1)p_r, model and derived con-
servative bounds on the hidden sector parameters by requiring sufficient baryon asymmetry assuming
that the evolution starts from a state of thermal equilibrium, i.e. in the freeze-out scenario. Similarly,
Ref. [34] examined the effects of RHNs equilibration due to interactions with gauge bosons and scalars
in a gauged U(1)p_;, model with three singlet neutrinos, finding that it was possible to obtain freeze-in

sterile neutrino DM without spoiling ARS leptogenesis. Finally, Ref. [35] investigated ARS leptogenesis
in the context of a singlet Majoron model.

This thesis is organized as follows. In Chapt. 1, we present a brief review of the SM of Particle Physics
by introducing its particle content and its fundamental symmetries, then we explain the Spontaneous
Symmetry Breaking mechanism (Sec. 1.2) and we conclude by giving a brief review of dark sectors as
a possible source of physics beyond the SM. Chapt. 2 focuses on neutrino oscillations (Sec. 2.2.1) and
the problem of neutrino masses from a theoretical point of view (Sec. 2.3) and its possible solution via
seesaw mechanism with a focus on the type I seesaw (Sec. 2.4). In Chapt. 3 we introduce the problem
of baryon asymmetry, describing its experimental evidence and why we need physics beyond the SM to
explain it. In Chapt. 4 we start by reviewing the thermal leptogenesis model and its basic ingredients
such as the CP asymmetry factor and Boltzmann Equations. First we consider the single flavour regime,
then we also take into account flavour effects (Sec. 4.4); finally we move to give a brief description of
resonant leptogenesis (Sec. 4.5). In Chapt. 5 we describe the ARS leptogenesis mechanism, by deriving
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the Quantum Kinetic Equations. In Sec. 5.2 we introduce the additional scalar singlet to this mech-
anism. First we study the symmetry breaking pattern of the theory in order to generate the RHNs
masses. Then we study the new interactions generated by the introduction of an additional particle to
the standard ARS model (Sec. 5.2.1) and we compute the analytical contributions to the Boltzmann
Equations due to the scalar decay in Sec. 5.2.2. Finally, we perform a numerical analysis to study how
the presence of the new scalar degree of freedom in the theory can influence the parameter space of ARS
leptogenesis.



Chapter 1

The Standard Model

In this Chapter, which is mainly based on Refs. [36-38], we will provide an overview on the Standard
Model of Particle Physics. We start by introducing the SM particle content and the SM symmetry group.
Then we will focus on the Spontaneous Symmetry Breaking in Sec. 1.2 and the Higgs mechanism, see
Subsec. 1.2.2. Finally, we will introduce the open questions of the SM (Sec. 1.3) with a brief description
of Dark Sectors as a possible solution (Sec. 1.4).

1.1 The particle content

The Standard Model (SM) of Particle Physics is the theory describing elementary particles that consti-
tute matter and three of the four known fundamental forces (electromagnetic, weak and strong inter-
actions), i.e. how the elementary particles interact among themselves. It is a renormalizable quantum
field theory whose gauge symmetry groups are:

QSM = SU(3)C X SU(?)L X U(l)y (11)

In gauge theories interactions are identified with gauge groups: the strong interaction is described by the
SU(3)¢ gauge group, the weak interaction by SU(2)r and the hypercharge interaction is described by
U(1)y. The theoretical formulation of the the standard model relies on the principle of gauge invariance.
Requiring that the Lagrangian is gauge invariant leads to the introduction of covariant derivatives,
therefore it implies the existence of gauge bosons which are the mediators of the interactions. In order
to have a complete description of the Standard Model we need two other ingredients: the particle content
and the scalar sector. The particles involved are characterized by their spin, their mass, and the quantum
numbers determining their interactions. These quantum numbers (charges) can be assigned to particles
according to their transformation under the gauge group actions: the charge related to SU(3)¢ is called
color, the one related to SU(2), is the weak isospin and to U(1)y is the hypercharge. Weak isospin and
hypercharge can be related to the known electric charge ) through the so-called Gell-Mann-Nishijima
relation: @ = T2 +Y /2 = (0% +Y)/2, where T3 and Y are respectively, the generators of SU(2);, and
U(1)y groups.

Fermions (spin=1/2) in the standard model are divided into three generations with identical quantum
numbers and different masses. Each fermion is associated to two so-called chiralities. Chirality, by
definition, distinguishes the two irreducible representations of the Lorentz group that can be used to
describe spin 1/2 particles. The four fermions in each family are distinguished by their charges under
strong and electromagnetic interactions:
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e Quarks. Quarks carry color and have both a weak and an electromagnetic charge. Quarks can
be divided into SU(2)r doublets:
U c t]
(1.2)
[d] L [S] L [b L

and singlets: wug, dgr, cr, Sr, tr, br. All the quarks, both left and right-handed are in the
fundamental representation of SU(3)¢, namely they are SU(3)¢ triplets.

e Leptons. The main difference between leptons and quarks is that leptons are not charged under
the strong interaction. Leptons can be distinguished between left-handed and right-handed. Left
chirality leptons, L = (v4,4)T with i = e, u, 7 are in the fundamental representation of SU(2)z,
i.e. they are SU(2)r, doublets; while right-handed leptons: er, g, Tr are singlet under SU(2),
group. All leptons are SU(3)¢ singlets an the hypercharge of lepton doublets is Yz, = —1, while

for right-handed leptons Yr = —2. Notice that particles in the same doublet have the same
hypercharge. It is worth to notice that there are no right-handed neutrinos vg in the lepton
sector.

The SM Lagrangian is constructed as follows:
ESM = Ekin + Lgauge + £Higgs =+ EYukawau (13)

The gauge invariant kinetic terms for the gauge bosons are:

L g Lipra e L v
ﬁgauge:_ZGung _ZWpng _ZBHVBM» (14)

where Fj, = 0, F —0,F —gpfachM7bFl,7c. gr is the gauge coupling constant and fa‘bc are the structure
constant of the gauge group defined by the commutator [7%,T?] = i f**°T¢, where T" are the generators
of the group. The kinetic Lagrangian is responsible for the interactions between gauge bosons and
fermions:

Ekin,fe'r‘ = ?/_JWMDM# (15)

The covariant derivative, needed for gauge invariance, is D, = 0, —igsGjAa —igWjoq — ig'Y B,,, where
Ao and o, are, respectively, the generators of SU(3)¢ and SU(2), and gg, g, ¢’ are the SU(3)¢, SU(2)y,
U(1)y gauge couplings.

1.2 Spontaneous Symmetry Breaking

Spontaneous symmetry breaking (SSB) is one of the most important concepts in quantum field theory.
The distinction between spontaneous and explicit symmetry breaking is that with spontaneous symme-
try breaking the Lagrangian is invariant under the symmetry, but the ground state of the theory is not.
Spontaneous symmetry breaking has different implications depending on the nature of the symmetry.
The simplest symmetries are discrete and in this case SSB looks like explicit symmetry breaking. On the
other hand, if the symmetry is a continuous global symmetry, the breaking of the symmetry implies the
existence of long-range correlations and associated massless particles, thanks to the Goldstone theorem
[37]:

The Goldstone Theorem: Spontaneous breaking of continuous global symmetries implies the ex-
istence of massless particles, that are called Goldstone bosons.
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If the symmetry is gauged with an associated massless gauge field, then in the broken phase the gauge
boson will acquire a mass. This is known as the Higgs mechanism. In this section, which is mainly
based on Ref. [36] we will first focus on the SSB of a global U(1) symmetry, since in our model we
will consider the spontaneous breaking of a U(1)p_r; then we will give a brief review on electroweak
symmetry breaking and masses in the SM.

1.2.1 Spontaneous breaking of a continuous global symmetry

The simplest Lagrangian with a global U(1) global symmetry can be written as:
£ = (9.0)("0) — 1?66 — Mo'9)%, (1.6)

where ¢ is a complex scalar field. This Lagrangian is invariant under a global U(1) symmetry ¢(z) —
e t@¢(x) for constant . To find the ground state of the theory we need to minimize the potential:
V(¢) = p?|¢)? + o[, namely we need to consider the first derivative, i.e. a‘giff) = 0. The shape of the
potential and the structure of the ground state depends on the sign of the parameter 2.

For 12 > 0, the potential has an unique minimum at ¢ = 0, and the exact symmetry of the Lagrangian
is preserved. The situation when pu? = —|u|?> < 0 is that of a spontaneously broken symmetry. In
this case, the theory is unstable around ¢ = 0 and the potential has a continuum of absolute minima,
corresponding to a continuum of degenerate vacua, at |¢|2 = ;—’;\2 = % So now there are an infinite
number of equivalent vacua |Qp) with (Qg|¢|Q¢) = ve?® and @ parametrized the position of ¢ in the
circle with radius v of degenerate minima.

All the vacua are equivalent (by symmetry) so one can pick any convenient parametrization. It is
conventional to pick |Q) such that (Q|¢|Q) is real and equal to v, i.e. we can assume 6 = 0. Then, the
physical degrees of freedom are represented by the oscillations around the true vacuum |Q2). To find
them we shift the fields in order to rewrite the Lagrangian in terms of displacements from the physical
vacuum, which has been chosen such that (¢); = v/v/2. We then shift the field ¢’ = ¢ — v, which is

conveniently parametrized in polar coordinates as ¢(z) = p(z)e?®)/?, where p(x) = {p)o + L\/%) and

0(z) = 0y + O(x). Since we have chosen (¢Hy = —=, this implies that (p)o = v/v/2 and 6y = 0, and we
finally obtain

V2 V2
where 0(x) parametrized the "flat directions" along which the potential is constant. As V(¢) does not
depend on 6(z), the corresponding real degree of freedom is massless and only has derivative interactions.
They are the Golstone bosons. In fact, by substituting Eq. 1.7 in the potential we obtain

v+ p(T) gy U+ PO
¢(w)—7p( ) ity o vEDE B (1.7)

2
V(p) = %ﬁ(w)Q + 2ﬁ(£)4 + %ﬁ(x)QUQ + Mp(x)3v + const. . (1.8)
Therefore, the physical degree of freedom p(z) acquires a mass proportional to the symmetry breaking
scale v and to its self-coupling, m% = 2\v?%, while Goldstone bosons (z) have no massive term as ex-
pected. Goldstone bosons are also associated to shift symmetry, which forbid them to acquire a mass
and it’s related to the invariance of the Lagrangian under 6 — 6 + va.
The discussion above can be generalized to the case of a generic continuous global symmetry group G
and a generic scalar field content. Let us call H the subgroup of G that leaves the vacuum invariant.
We can correspondingly divide the generators of G into two sets: the unbroken ones, which annihilate
the vacuum, and the broken ones, the orthogonal set. According to the Goldstone theorem each broken
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generator in G/H is associated to an independent massless scalar, carrying the same quantum number
as the generators.

1.2.2 Higgs mechanism

So far we have considered only global symmetries. We now briefly discuss the spontaneous symmetry
breaking of gauge invariance, i.e. we consider what happens if there is a gauge boson associated with
the broken symmetry. The main feature of such phenomenon is that the gauge vector associated to
each broken generators gets a longitudinal component and a mass. The additional longitudinal degree
of freedom is provided by the Goldstone boson associated to the broken generator, which gets "eaten
up" by the vector.

Let us now consider the complex scalar field again and promote the global U(1) symmetry to a gauge
symmetry, i.e. ¢(z) — '@ p(z). To have a Lagrangian invariant under this symmetry we need to
introduce a covariant derivative D, = d, + igA, and the Lagrangian becomes:

1 N .
Egauge = 71ELDFM + (D/LQS)T(DHQZ)) - V(¢T¢) + gauge ﬁXlng' (19)
Let us spontaneously break U(1) by taking u? < 0. The complex field develops a vev {(¢)g = v/+/2
as before. Correspondingly a mass term M?2ocg?v? is generated for the vector boson, as we can see by
substituting the parametrization in Eq. 1.7 in the kinetic term of the Lagrangian in Eq. 1.9. In this way
we obtain

2U2
(D) (D) = @00 (@0) + T~ (4, = La,0) 4+ - Lovo). (110

By noting that

¢(x) = p(x)

8(z) = (o)
{ A, (x) — g%}&u@(x) ’ (L.11)

is equivalent to
Ay(z)

as the two configurations are related by a gauge transformation, we can see that the Goldstone boson
becomes the longitudinal component of the gauge boson. In fact, we can choose a unitary gauge in which
the field ¢(x) is real, as on the right side of Eq. 1.11, and does not contain 8(x), which can be recognized
as the longitudinal component of A, (x). In the general case the gauge vector associated to each broken
generator gets a mass by absorbing the corresponding Goldstone boson. It is worth noticing that in the
context of gauge theories, unlike the global symmetry case, the Goldstone boson do not correspond to

physical scalar degrees of freedom. The scalar fields breaking spontaneously the gauge symmetry are
called Higgs fields [38].

1.2.3 Scalar terms

At this point we can conclude the SM picture by taking in consideration the scalar terms. The Higgs
field is a complex scalar field and a doublet under SU(2)r,, which can be represented as

1 [Gf +z‘G;] _ e [o]

H:ﬁ hY +iGY NeRLaR

(1.12)

The Higgs Lagrangian reads
Liiges = (D,H)(D'H) — p* HYH + N(HTH)?. (1.13)
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When p? < 0 the Higgs field acquires a vacuum expectation value and breaks the electroweak group
SU2)r, x U(1)y — U(1)ga- At this point, by expanding the Lagrangian around the true vacuum

(Hy = (0 v/\@)T we observe, in accordance with the Goldstone Theorem, that G, G2 and G3 are
massless, whereas h is massive, with mz = 2Av2. Then, we can fix the gauge by choosing the unitary
gauge, realized through a rotation such that H = (0 h/+/2). In this way Goldstone bosons become the
longitudinal component of the gauge bosons, that become massive. In conclusion, we get three massive
and one massless vector bosons, defined as [38]:

W,y FiW.2),  Zy=cwW) —swByu, Au=cwBu+swW, (1.14)

where ey = g/+/9%> + g%, g = ¢/sw, ¢’ = e/cw, and the masses of the gauge bosons are:

_9v

5 My =+/g% + g% My = 0. (1.15)

MW 27

1.2.4 Yukawa terms

To conclude the particle content of the Standard Model, we must notice that the introduction of the
scalar field H allows us to write additional terms invariant under the Ggyp: the Yukawa Terms.
All left-handed fermions are doublet under SU(2)r, therefore we can write [37]:

Ly ukawa = —YS(L'H)el, — YH(Q4 H)uyy — YHQLH)dY, + he., (1.16)

where H = iooH* and we have included all three generations, indexed by 7 and j. Y;; are the 3 x 3
Yukawa matrices. After SSB, these interaction terms give the charged leptons and quarlfs a Dirac mass
term of the form mayp = m(Yrir + Yrir) with m = yv/v/2 and YR = PrLrY = %7)

In the quark sector, the Yukawa matrix is not diagonal and the different generations mix. Therefore,
to work with mass eigenstates one has to switch to a flavor basis in which the mass terms are real and
diagonal. These physical states are obtained by diagonalizing Y*¢ by four unitary matrices U}f:é as

Ydfiag = UngUIJ;T (v/v/2), with f = u,d. As a result, the charged current W* interactions couple to the

physical ur; and drj quarks with coupling given by [39]:

Lsnv D _%aLi’YMW:VCKMdLi + h.c. Vexym = UEUE” (1.17)
Ver o is the so-called Cabibbo-Kobayashi-Maskawa (CKM) matrix and is a 3 x 3 matrix. It can be

parametrized by three mixing angles and a complex phase that allows for C'P-violation in the quark
sector.

1 0 0 C13 0 8136_“S C12 s12 0
VCK]V[: 0 Co3 523 0 1 0 —S12 Ci12 0 5 (1.18)
0 —S8923 (23 —S813 0 C13 0 0 1

where s;; = sinf;;, ¢;; = cosf;; and ¢ is the CP-violating phase, the so-called Dirac phase. It is worth
noting that in the SM there is no mixing in the lepton sector. In fact, there is no right-handed neutrino
particle vr and the Lagrangian for the lepton sector contains only the term Ly ,rqwa 2 —YZ‘; (f/iH )eg,{ and
for this reason it is always possible to diagonalize the Yukawa matrices without flavor mixing. However,
neutrino oscillations have been experimentally observed, implying that flavor mixing is present also in
the lepton sector and neutrino are massive. Therefore, it is evident that the Standard Model is not a
complete theory, but there are some open questions, as we shall see in the next section.
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1.3 Open questions in the Standard Model

The Standard Model is phenomenally successful in describing the physics of familiar matter to high
precision, it is also known to be incomplete in a wide variety of environments and over a large energy
range. In this section we will outline the main limitations of the Standard Model and examine the
questions it’s not able to answer.

e Neutrino masses: The discovery of neutrino oscillations has revealed the incompleteness of the
SM. In fact, neutrino oscillations imply that neutrinos are massive, in contradiction with the SM
in which there are not right-handed neutrinos and a mass term involving only vy, particles would
violate gauge invariance.

o Matter-Antimatter asymmetry: The Standard Model is not able to explain the amount of asym-
metry between the relic density of baryons and of antibaryons. This asymmetry has no clear origin
in the Early Universe, where matter and antimatter were created in equal amounts.

e Dark Matter: Evidence for the existence of Dark Matter comes from the observation of individual
spiral galaxies, of cluster of galaxies and of the Cosmic Microwave Background. From these
observation we know that Dark Matter constitutes approximately the 25% of our universe [40].

It is worth noting that there are also other open problems in the Standard Model, such as the Hierarchy
Problem, the strong CP problem and the flavour puzzle, which are not discussed here as they lie beyond
the scope of this thesis.

1.4 Dark sectors

In the previous section we have seen that physics beyond the standard model is needed to solve the
SM problems. One of the main direction in the search of new physics is the search for a dark sector
[41-43], defined to be a collection of particles that are not charged directly under the SM strong, weak,
or electromagnetic forces. Such particles may interact through several 'portal’ interactions that are
constrained by the SM symmetries. Dark sectors are particularly interesting for their power to explain
the known gaps in the SM. For example, dark matter, whose only well established features are the lack
of strong or electromagnetic interaction and its abundance, can be easily embedded in a dark sector
model, producing the observed abundance through thermal freeze-in or freeze-out mechanisms. Likewise,
a very simple dark sector such as sterile neutrinos could explain the origin of neutrino masses, as we
will see in the next chapter. Also, the interactions of either sterile neutrinos or a more complex dark
sector can readily introduce the ingredients (Sakharov conditions, see Sec. 3.1.1) needed to produce a
matter-antimatter asymmetry and transmit it to the baryon sector.

Dark sectors typically include one or more mediator particles coupled to the SM via a portal. The
portal relevant for dark sector-SM interactions depends on the mediator spin and parity. The gauge
and Lorentz symmetries of the SM restrict the ways in which the mediator can couple to the SM. The
dominant interactions between the SM and these mediators are the SM gauge singlet operators: The
vector portal, mediated by a dark gauge boson usually referred to as dark photon; the scalar portal,
mediated by a new scalar that mixes to the SM Higgs boson; the fermion portal, mediated by a heavy
neutral lepton (HNL) interacting with one of the left-handed SM doublets and the Higgs boson; the
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pseudoscalar portal, mediated by an axion (or axion-like particle)[42].

55— B, F'"",  vector portal

T 2cosOw
r NHTH)|®|?, scalar portal (1.19)
) — ~ .
y&(Ly - H)N® neutrino portal
J%FWFW axion portal

In this thesis we will mainly focus on the neutrino and scalar portal. Indeed, the introduction of a right-
handed heavy neutrino (RHN) is necessary to explain the origin of neutrino masses and can produce the
Sakharov condition necessary to produce a baryon asymmetry. These RHNs must be massive in order
to produce the light neutrino masses. To explain the origin of RHNs masses we will add a scalar singlet
to the SM along with an additional U(1)p_;, symmetry and the spontaneous breaking of this symmetry
will generate the massive terms for the sterile neutrinos.



Chapter 2

Neutrino masses and oscillations

In this Chapter, which is mainly based on Refs. [44, 45], we will review the concept of leptonic mixing,
which leads to neutrino oscillations. Then we will focus on the neutrino masses problem and its possible
solutions.

Neutrinos are singlets of SU(3), but belong to SU(2), doublets together with the corresponding charged
leptons. They have hypercharge —1/2 and do not carry electric charge, as from the Gell-MannNishijima
formula: @ = T3+Y. In the SM, neutrinos are Weyl fermions with left chirality v, = Prv,, a = e, i, T.
For massless neutrinos, chirality and helicity match as the chiral projectors and the projectors on helicity
components are the same up to corrections of order m/E. Left-handed neutrinos are accompanied by
right-handed antineutrinos as required by invariance under C'PT theorem. Parity, which transforms
left particles into right particles and, viceversa, is maximally violated in the SM as there are no right-
handed neutrinos. Left-handed neutrinos interact via the weak force according to the charged current
and neutral current terms in the SM Lagrangian:

g _
W%:VQLV‘LV&LZM + h.c. (2.1)

5 2"
VaL?Y laLWp, -
- 2 cos

Loy = — -2
SM NG

where g is the SU(2), coupling, 0y is the Weinberg angle.

2.1 Leptonic mixing

The discovery of neutrinos oscillations shows that neutrinos have a mass. Hence, there are two basis
that can be used to describe them:

e The flavour basis, v,, @ = e, u, 7, in which each neutrino is associated to the corresponding charged
lepton;

e The mass basis, v;, 1 = 1,2, 3, in which each neutrino has a definite mass.

The two basis are related by a unitary matrix U, the so-called Pontecorvo-Maki-Nakagawa-Sakata
(PMNS) matrix [46, 47]:

3
VoL = Z UaiViL- (22)

=1

12
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The PMNS matrix enters the CC Lagrangian when we express it in terms of mass fields, i.e. when we
switch to a basis in which the mass terms are real and diagonal (mass eigenstates basis):

D5 UEA PLlaW,, + hee., (2.3)

a,t

g
Lom = ——>
MR

with o = e, u,7 and ¢ = 1,2,3. The flavor states are related to mass states as |vo) = >, U¥,|v;). In
general a 3 x 3 unitary matrix can be parametrized in terms of 3 angles and 6 phases. Actually, several
of phases are unphysical since we can eliminate three phases from the PMNS by performing a phase-
rotation of the fields as 1) — e®4. In this way the PMNS phases disappear from the Lagrangian as they
do not affect kinetic terms, the NC one and the mass term for the leptons as far as both left and right-
handed component undergo the same rephasing. If neutrinos are Dirac particles the same rephasing can
be applied to them as well, eliminating two further phases. Therefore remains only a physical phase, §,
the so-called Dirac phase. If, instead, neutrinos are Majorana particles, there are three physical phases,
two of which enter only in lepton number violating processes. Since for antineutrinos we need to use
the conjugate of U, any physical phase represents a violation of the CP symmetry and will be called CP
violating (CPV) phase. The PMNS matrix can be parametrized as [48]:

—is
c12€13 $12C13 s13e”"
is is
Uai = | —812¢23 — €12523513€"°  C12C23 — S12523513€" sa3c13 | - P, (2.4)
is is
812523 — €12€23513€" —C12823 — S12€23513€"°  C23C13

where we define ¢;; = cosf;; and s;; = sin6;;, with 6;; € [0,90]. § is the Dirac CPV phase and P is
a diagonal phase matrix P = diag(1, eio1/2 e'@31/2) which embeds the two Majorana CPV phases as;,
a31. The unitarity of U, which can be expressed as a combination of the normalization and orthogonality
conditions

3

D UaiUf; = bap, D UaiUZ; = 635, (2.5)

is the only constraint imposed by the SM itself. In particular, this constraint leads us to a unique
rephasing-invariant measure of CP violation, the so-called Jarlskog invariant, defined through [49, 50]

S[UaiUs;Us;Usi] = JEGQMEGWC (2.6)
v k

where €,y and €;;;, denote the three dimensional Levi-Civita symbols, where greek indices denote flavor
and latin ones mass eigenstates. With the parametrization in Eq. 2.4 the Jarlskog invariant is given by

1
J = 0128126238230%3813 sind = g sin 2912 sin 2923 sin 2913 COS 913 sin 6. (27)

Therefore it is clear that Dirac CP violation is a 3-neutrino mixing effect whose physical impact depends
on all of the three mixing angles.

2.2 Neutrino oscillations

In presence of leptonic mixing and non-degenerate neutrino masses, the phenomenon of neutrino oscil-
lations take place. This is a beautiful manifestation of quantum mechanics on macroscopic distances.
The oscillations are generated by the interference of different massive neutrinos, which are produced and
detected coherently because of their very small mass differences. The coherence is a key condition which
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needs to be satisfied to have neutrino oscillations and it is satisfied thanks to the uncertainty in the
neutrino momentum at production. Indeed, we have a superposition of massive neutrinos if the energies
and momenta of the particles which participate in neutrino production process are not measured with a
degree of accuracy which would not allow the determination of the massive neutrino that is emitted. It
is worth noting that if the momentum uncertainty is small compared to the mass differences, for instance
if there exist a very heavy nearly-sterile neutrino, such coherence is lost and oscillations do not develop.
At production in a specific event either the light states will be produced coherently or the heavy one.
If coherence is satisfied the massive components of the initial state propagate over long distances with
slightly different phases. This amounts to a change in the state over distance. It is then possible that at
detection, when projecting the flavor components out, a different flavor is found compared to the initial
one. In order for the oscillatory behaviour to hold, coherence is needed also during propagation, and
this is possible because of the very weakly interacting nature of neutrinos.

2.2.1 Oscillation probability in vacuum

Here we limit the discussion to the commonly used plane-wave approximation. This approximation does
not capture the momentum uncertainty necessary for coherence, hence we will assume by hand that the
initial state is a coherent superposition of massive states with a definite spatial momentum p = |p]|.
Let’s consider a v, produced at ¢ = 0 in a charged current interaction. We describe the initial state as
a superposition of mass eigenstates, which we take as plane waves with momentum p,

vt =0) = |va) = 2 U¥|vi). (2.8)

The mass states |v;) are eigenstates of the free Hamiltonian H with eigenvalues E; = 4/p? + m?. The
evolution of the neutrino state can be obtained by solving the evolution equation and is expressed (in
natural units) as

v, t) = exp (—iHt)|va) = Z UZ exp (—iEit)|v;). (2.9)

The probability of transition from v, to vz at time t is obtained projecting the state |v,t) in the vg

direction as )

P(ve — vs,t) = vslv, > = ZUgiU;’Zi exp(—iE;t)| , (2.10)

where we have used the fact that we have a massive orthonormal states (v;|v;) = d;;. In all exper-
imentally relevant situations, neutrinos are highly relativistic and one can approximate, for common
momentum p,

m2 — m2
E,—Ej~——2, (2.11)
2p

and moreover one can take L = t. Finally, one obtains the general formula for neutrino oscillations in

vacuum )

Am?t
2 1

P(vy — vg,t) = Kygly, t)* = ;UﬁiU&ki exp ( - 2EZ’> , (2.12)
where Am? = m? —m? and we have approximated F ~ p. From this formula it is clear that oscillations

between one flavor and another are possible only if there is leptonic mixing, i.e. U # 1 and neutrinos have
masses. We notice that neutrino oscillations conserve lepton number L, since if a neutrino is produced,
the state will be continue being a neutrino, but does not respect leptonic flavor (Ls, o = e, p, 7) as the
neutrino can change from one to the other over distances. We furthermore notice that Majorana phases
do not enter in the oscillation formula as expected, and the overall mass scale does not play a role in it.
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Experimental knowledge on neutrino oscillations

Neutrino oscillations have been observed in atmospheric, accelerator, solar, reactor neutrino experiments.
And thanks to these experiments we have now a quite precise picture of neutrino properties, although
some key questions remain unanswered. The information on the mass squared differences from neutrino
oscillation experiments indicates that there are three massive neutrinos and that we can order them in
two ways:

 normal ordering (NO): m; < mg < mg, i.e. Am3, > 0,
o inverted ordering (I0): m3 < m; < ma, i.e. Am3, < 0.

For each ordering the three neutrino masses can be expressed in term of just one unknown parameter,
the lightest neutrino mass myn. We have

M1 = MMIN, mo = A/Mign + Am3,,  mg = /migy + Am3,, for NO; (2.13)
m3 = MMIN, my = \/mi/ﬂN + |Am§2| — Am3,, Mo = 1/m12vHN + |Am§2\, for IO. (2.14)

The Am3; mass squared splitting is determined to be 7.49f8:%g x1075eV? with a 30 range of 6.92—8.05 x
107 5¢V? [51]. The sign of this mass squared difference is positive. Am2; is known slightly less precisely
and its sign is not known yet, leaving open two possibilities: normal (NO) and inverted (I0) ordering.
The measured values slightly differ between the orderings due to subleading effects in the oscillation
probabilities. For NO one has Am3; = 2.53470:05% x 1073eV? with a 30 range of 2.463 —2.606 x 10~3eV?>
and similarly for 10 Am2, = —2.51015-22 with a 30 range of —2.584 —2.438 x 10~3eV? [51]. There are
three mixings angles and they control the flavour content of the three mass eigenstates, given by |Uy;|?.
Their values are known with quite good accuracy:

012 = 33.687073(31.63 — 35.95)  For both mass orderings, (2.15)
O23 = 48.570:7(41.0 — 50.5) (NO)  fa3 = 48.675-7(41.4 — 50.6) (10), (2.16)
013 = 8.5270-11(8.18 — 8.87) (NO) 613 = 8.587011(8.24 — 8.91) (10), (2.17)

in degrees. Currently, there is a preference for large CP violation with 6 = 217 (135 — 366) (NO) and
d = 280 (196 — 351) (I0), in degrees, altought at 30 the CP-conserving values 6 = 0,180 for NO are
still allowed.

2.3 Neutrino masses

As we have seen in previous sections the discovery of neutrino oscillations implies that neutrinos are
massive. So it is necessary to augment the SM Lagrangian in order to include the neutrino mass term
and to explain the origin of these terms in a gauge invariant manner. The mass terms we can add to
Lgn are closely related to neutrinos’ nature, in fact neutral fermions could be either Dirac or Majorana
type. In the first case, the particles and antiparticles are different, while in the latter case there is no
distinction between particles and antiparticles. Their nature is strictly related to the conservation of
lepton number.
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2.3.1 Dirac and Majorana mass terms
Being neutrinos Dirac or Majorana particles, different options are available to describe their masses.
e Dirac masses. The Lagrangian contains a mass term
—Lpirac = Pmplr = brymprgr + h.c. (2.18)

This mass term requires both v, and v and is analogous to the mass terms for the SM charged
fermions. This term conserves lepton number as it is possible to give both chiral components the
same lepton number, so that under a U(1),, transformation vj, g — ey, g

U(l)L

‘CDiTac 67;ne_m‘cDirac = LDirac (219)

the mass term remains invariant. Generically there are several neutrinos and the mass term
contains a mass matrix Mp. To find the masses, it is necessary to diagonalise the mass matrix via
a biunitary transformation VJ 1 MpV,r = diag(m;): the eigenvalues correspond to the neutrino
masses and the mass states are related to the initial states as v;;, = VVT rvr- The matrix V,,;, will
then enter the CC Lagrangian, together with one coming from the diagonalisation of the charged
lepton mass matrix, and from there neutrino oscillations.

e Majorana masses. Using only one Weyl spinor vy, it is still possible to construct a mass term using
the fact that the charged conjugate field (v1,)¢ is a right-handed field (see App. A for details about
charge conjugation). It reads

1_ 1
—LMajorana = §chMV = —§VECTmMVL + h.c. (2.20)

This term is Lorentz invariant as both v and v° behave in the same way under a Lorentz trans-
formation. This term breaks lepton number by two units

U(l)r

2
£Majorana € ZTl‘CMajorana- (221)

For several vy, the mass mys becomes a matrix Mj; which needs to be diagonalised. It can be
shown that this matrix is symmetric, i.e. My; = M7, hence it can be diagonalised via a unitary
transformation V.7 My, V, = Mdiag and in this way mg;qe contains the real and positive masses m;
as eigenvalues. The massive fields v; ;, will be related to the initial states vy as v;;, = VJ vy If
one defines the Majorana fields as v; = v; 1, + Vi this term can be rewritten as —Lasajorana =
1/2m;;v;, showing that the resulting massive fields are of Majorana type.

e Dirac plus Majorana masses. In presence of both v and vy fields, generically both Dirac and
Majorana masses terms will be present

1 1
LDiTa(H—]VIajorana = —vrMpvgr + ivgcTMMle/L + §V£CTMM7RVR + h.c. (2.22)

Defining the left-handed field Ny, = (v, v§)?, one can write the Lagrangian terms as

1
LtDirac-FMajorana = gNgCTMNL + h.C., (223)
where the mass matrix M is given by
M M3
M= [ e D } (2.24)
My  Muyr
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Upon diagonalisation of this mass matrix, the mass eigenvalues can be found and the mass eigen-
VL
VR
breaks lepton number.

states v; 1 = Vg M [ ] The resulting fields are Majorana, as expected since this Lagrangian

These mass terms are forbidden in the SM as there are no right-handed neutrinos and a Dirac mass term
cannot be included. A Majorana mass term can be constructed using the v, fields only, but breaks the
SM gauge invariance. Consequently we need to extend the SM. Here we review the two main proposed
models, i.e. the Dirac and Majorana ones.

2.3.2 Dirac masses beyond the SM

The simplest extension which can be made to the SM involves adding new SM gauge singlets, called
sterile neutrinos vg. The Yukawa coupling allowed by the gauge symmetries is

~L, =L, - Hvg + h.c, (2.25)

where L = (v7,17)T is the leptonic doublet, H = ioco H* and H is the Higgs doublet HT = (H*, H).
Once the neutral component of the Higgs field acquires a vacuum expectation value (H) = (vy/+/2,0)7,
this term generates a Dirac mass for the light neutrinos

—LDirac = %VLy,,VR + h.c.. (2.26)
This Yukawa coupling and the resulting Dirac mass conserve lepton number. Indeed, as a Majorana
mass term for vg is not forbidden by gauge invariance, its absence must be imposed by requiring lepton
number conservation. In this case, this symmetry needs to be promoted from being an accidental
symmetry of the SM to a fundamental ingredient of the theory of particles interaction. We can estimate
the order of magnitude of the coupling y,,. Working in a one generation case, taking m, = y,vg/v2 to
be sub-eV, we get that y, ~ 10712, This is a very small number and in this minimal model there is no
explanation for the strong hierarchy of masses between charged leptons and neutrinos.

2.3.3 Majorana masses and the Weinberg operator

Among all SM fermions, neutrinos are the only ones that can have a Majorana mass term. Noticing
that the term L - H is gauge invariant, it is possible to construct a singlet combination resulting in a
dimensional-5 operator, the so-called Weinberg operator [52]:

£M$BS]V[ = %LT . E[*CTI:IT -L+h.c. s (227)

where c5 is the Wilson coefficient, i.e. the coupling constant of the EFT interaction and C' = iy24Y is the
charge conjugation matrix (in Dirac representation of the v* matrices). This term is called the Weinberg
operator and is the only D = 5 operator admitted by the SM. Since it is five-dimensional it requires
some mass scale A (to have a renormalizable theory), which represents the scale at which the EFT stops
being valid, i.e. the scale of the underlying physics. Therefore, the presence of this operator suggests
that there is a new theory at high scale A that is integrated out at low energies. Before discussing the
possible UV completions of the Weinberg operator we shall notice that it breaks lepton number by two
units and leads to a Majorana mass term once the Higgs boson gets a VEV, i.e. <}~I> = vH/\/i:

~ A 2
ACM’BSM % %V{CTVL + h.c. . (2.28)
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(H)  (H) (H)  (H)
: : (H) (H) ; ;
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v, Np Np vy vy VL, v YXYp Ep UL
See-saw type I See-saw type II See-saw type III

Figure 2.1: Diagrams contributing to light neutrino masses in the three seesaw cases. (H) indicates the vev of
the neutral component of the Higgs field. A is a scalar triplet and ¥ is the neutral component of a fermionic
triplet, with mass Msy. Figure taken from Ref. [44].

We can conclude that if neutrinos are Majorana particles, a Majorana mass term can arise as the low
energy realization of a higher energy theory.

2.4 Seesaw mechanism

To explain the physics responsible for the presence of the Weinberg operator one can consider the
exchange of virtual massive particles at tree level. Their mass M corresponds to the scale A. There are
three main options which have been classified according to the nature of the exchanged particle [13-16]:

o Type I: SM gauge singlet fermion;
o Type II: SU(2) triplet scalar;
e Type III: SU(2) triplet fermions.

In figure (2.1) we schematically show the contribution to neutrino masses in the three cases. Seesaw
mechanisms are appealing because they provide a natural explanation of the smallness of the neutrino
masses. Here we will focus on the Type I seesaw [53-55]. In this model we introduce two or more'
sterile neutrinos N;, R (j1) (singlets under the SM gauge group) and the most general Lagrangian which
respect the required symmetries is

— ~ 1
Lr=Lsy— Y, LaYaj - HNjr+ ). SN RCT My Ny + hec. (2.29)
Jr Jik
where Y is a 3 x j complex matrix representing the Yukawa couplings and My is a j x j symmetric
Majorana mass matrix which we assume to be diagonal. Once the H° component of the Higgs doublet
gets a VEV, the Yukawa term will generate Dirac masses

and we can rewrite the Lagrangian in this form, upon introducing a right handed doublet:

_ Lo e+ | O mp||vE
E—i[(VL) NE|C [mg MN] [NR + h.c. (2.31)

LAt least two heavy neutral leptons are required to reproduce two mass squared differences.
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Considering the limit in which mp << My and by diagonalizing the mass matrix through a unitary

transformation, we obtain
2
_|—-mp/MNx 0O
M = [ 0 MN] . (2.32)

We see that heavy neutrinos, with mass ~ My remains mainly in the sterile neutrino direction, while
the light neutrinos are mainly in the active component and they acquire a small mass
L 7

my, ~ —mDM—NmD. (2.33)
Thus, the smallness of neutrino masses is due to the large hierarchy between mp and My scales. It is
useful to consider the number of free parameters. For 3 sterile nuetrinos, a see-saw type I model has 3
heavy masses, 9 real parameters in the Yukawa coupling and 6 phases. Of these only 3 light neutrino
masses, 3 mixing angles and 3 phases can be measured at low energy. If the scale is sufficiently low, some
additional parameters, e.g. the heavy neutrino masses, might be at reach. A useful parametrization
allows to separate the high energy parameters from the low energy observable ones; the so-called Casas-
Ibarra parametrization [56], which will be discussed in the next section.

2.4.1 Casas-Ibarra Parametrization

The seesaw can be parametrized in various ways. In the usual "top-down parametrization" of the theory,
which applies at energy scales A 2 M;, and consists in choosing the parameters to be all the high energy
ones in Eq. 2.29 and in such a way that they can produce sensible low-energy neutrino mass matrices.
To relate various parametrization of the seesaw, it is useful to diagonalize the Yukawa matrix Y by a
biunitary transformation: Y = VLTDyVR. Thus, in the top down approach, the lepton sector can be
described by the nine eigenvalues of Dj;, Dy and Dy, and the six phases of V, and V. Another way
is to follow a "bottom-up" approach, i.e. we start with the existing experimental information about
neutrino masses and then we find out the most general textures for the Yukawa matrix Y, and the
Majorana mass matrix of the right-handed neutrinos M), consistent with that experimental data. The
Casas-Ibarra parametrization is a bottom-up approach and it is very convenient for calculations [56].
To illustrate this approach we start from Eq. 2.33 and we extract the Higgs VEV (H) = v = 174 GeV

by defining the I matrix as
my

(H?
Now, following the bottom-up approach we can start with the physical IC matrix al low energy and then
we run it up to the "Majorana scale" M, where Eqs. 2.33 and 2.34 are defined. Working in the flavour
basis in which the charged-lepton Yukawa matrix and the gauge interactions are flavour-diagonal, the
K matrix is diagonalized by the PMNS matrix U,

K =Y TMy'Y. (2.34)

UTKU = diag(k1, ka2, k3) = Dk, (2.35)

where U is a unitary matrix that related flavour to mass eigenstates

Ve 1241
vl =U | ]. (2.36)
Vr U3

One can always choose to work in a basis of right neutrinos where My is diagonal

My = diag(My, Ms, Ms) = Dy, (2.37)
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with M; > 0. Then, from Eqgs. 2.34 and 2.35
D =U"Y"Dy/'YU =U"Y"D s57=5D s7;7=YU, (2.38)

wh}elre D 7 = +v Dy Multiplying both members of Eq. 2.38 by D /= from the left and from the
right, we get

1= [Dyy=YUD s [DsrYUD ], (2.39)

whose solution is D 77=YUD j—= = R, with R any orthogonal matrix (RTR = 1). Hence, in order
to reproduce the physical, low-energy parameters, i.e. the light neutrino masses (contained in Dy and
mixing angles and CP phases (contained in U), the most general Yukawa matrix is given by

Y =D 5RD U (2.40)

Therefore, beside the physical and measurable low-energy parameters contained in Dx and U, Y de-
pends on the three (unknown) positive mass eigenvalues of the right-handed neutrinos and on the three
(unknown) complex parameters defining R. Let us stress that Eq. 2.40 has to be understood at the M
scale and in the above-defined bases, i.e. the flavour basis in which the charged-lepton Yukawa matrix,
the right-handed Majorana mass matrix and the gauge interactions are flavour diagonal. The R matrix
can be written in the following form

1 0 0 Cwy, 0 Sy, Cws  Sws O
R=10 cu  Su 0 1 0 —Sws Cws O], (2.41)
0 —5u, Cuy —Sw, 0 cu, 0 0 1

where c,,, = cosw; and s, = sinw; with the complex angles given by w; = x; + iy; where z;,y; are real,
free parameters.



Chapter 3

Baryon asymmetry of the universe

In this Chapter we present the problem of the baryon asymmetry of the universe. First, we describe the
observations indicating the presence of an asymmetry between matter and antimatter in our universe.
Then, we recall the theoretical foundations of baryogenesis: we introduce the Sakharov conditions in
Subsec. 3.1.1 which are necessary to generate a baryon asymmetry, and the anomalous B + L violation
in the SM, which leads to sphaleron processes in Sec. 3.3.

3.1 Observations

Observations indicate that in the universe the number of baryons is different than the number of an-
tibaryons. This asymmetry is evident if we consider cosmic rays, which provide samples of material
from throughout the entire galaxy. In cosmic rays the ratio of antiprotons over protons is of the order
of 107* and the magnitude of the antiproton flux is consistent with the hypothesis that the antiprotons
are secondaries produced by cosmic ray collisions with the interstellar medium, and does not seem to
indicate the presence of antimatter in the galaxy, even at the 10~* level. Cosmic rays are solid evi-
dence that there is a galactic asymmetry between baryons and antibaryons, and that this asymmetry is
maximal [57]. This baryon asymmetry must have been dynamically generated, rather than given as an
initial conditions. That’s because if we accept inflation as solution of the flatness and horizon problem,
and we have good reason to believe that inflation took place based on observed features of the CMB,
then any primordial baryon asymmetry would have been exponentially diluted away by the required
amount of inflation [20]. Quantitatively, the value of baryon asymmetry of the universe is obtained in
two independent ways. The first is by confronting the abundances of the light elements (D, *He, *He and
"Li) with the prediction of BBN [58-60]. The crucial time for primordial nucleosynthesis is when the
thermal bath temperature becomes smaller than 1 MeV, i.e. when neutrinos decouple from the thermal
plasma, weak interactions can no longer keep protons and neutrons in thermal equilibrium. With the
assumption of only three light neutrinos, these predictions depend on a single parameter, the baryon to
photon ratio:

np —ng

: (3.1)

o

n
Ny

where the subscript o means at present time. By using only the abundance of deuterium the baryon to
photon ratio is [58]:
10'% = 5.7+ 0.6. (3.2)
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The second way is from measurements of the CMB anisotropies [61, 62]. The crucial time for CMB
is that of recombination, i.e when T" < 1 eV. CMB observations measure the relative baryon con-
tribution to the energy density of the multiplied by the square of the reduced Hubble constant h =
Hy/(100km sec~1 Mpc ™)

Qph? =n2 28 (3.3)
Perit
where perir = % and the density Qp is related to n through 10'%n = 274Qph%. A fit to the most

recent observations (WMAPT data only, assuming ACDM model with a scale-free power spectrum for
the primordial density fluctuations) gives at 68% [63]:

102Qph? = 2.258 5957 (3.4)

There is a third way to express the baryon asymmetry of the Universe, that is, by normalizing the baryon
asymmetry to the entropy density s = g4(272/45)T3, where g, is the number of degrees of freedom in
the plasma, and T is the temperature. In this way, we obtain the abundance:

np —npg

Yap = (3.5)
In terms of Yap the BBN result (3.2) and the CMB measurements 3.4 read:
YEEN = (810 £0.85) x 1071, YSMB = (8.79 £ 0.44) x 10711 (3.6)

The impressive consistency between the determinations of the baryon density of the Universe from BBN
and CMB that, besides being completely independent, also refer to epochs with a six orders of magnitude
difference in temperature, provides a striking confirmation of the hot Big Bang cosmology [63].

3.1.1 Sakharov conditions

As we have previously pointed out the baryon asymmetry must have been generated dynamically. The
three conditions required for baryogenesis were pointed out by Sakharov [21]:

1. Baryon number violation: This condition is required to evolve from an initial state with Yap =0
to a state with Yapg # 0;

2. C and CP violation: If either C or CP were conserved, then the rate I'(X¢ — Y°+ B¢) = I'(X —
Y + B), resulting in an absence of baryon asymmetry. If the universe is initially matter-antimatter
symmetric, and without a preferred direction of time, it is represented by a C and CP invariant
state |¢gy, with B = 0. If C and CP were conserved, i.e. [C,H] = [CP,H] = 0 (H is the
Hamiltonian), then the state of the universe at later time ¢, |p(t)) = ef*|¢,> would be C and CP
invariant and, therefore AB = 0. The only way to generate a net AB & 0 is to have C and CP
violating interactions.

3. Departure from thermal equilibrium: If all particles in the universe remained in thermal equi-
librium, then no direction for time would be defined and CPT invariance would prevent the
appearance of any baryon excess, rendering CP violating interactions irrelevant. Furthermore, in
chemical equilibrium, there are no asymmetries in quantum numbers that are not conserved, such
as B from the first condition.

These ingredients are all present in the Standard Model. However, no SM generating a large enough
baryon asymmetry has been found.
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1. Baryon number is violated in the Standard Model by the triangle anomaly. At zero temperature
B violating processes are too suppressed to have any observable effect, but at high temperatures
they occur with unsuppressed rate. So the first condition is quantitatively realized in the early
Universe [63].

2. The weak interactions of the SM violate C' maximally and violate C'P via the Kobayashi-Maskawa
mechanism. The C'P violation can be parametrized by the Jarlskog invariant which is of order
10729, so it is impossible to generate Yap = 10719, This means that there must exist new sources
of C'P violation, beyond the Kobayashi-Maskawa complex phase of the SM.

3. In the Standard Model, departure from thermal equilibrium occurs at the electroweak phase tran-
sition (EWPT). Here, the non-equilibrium condition is provided by the interactions of particles
with the bubble wall. However, the experimental lower bound on the Higgs mass implies that this
transition is not strongly first order, as required for successful baryogenesis.

This shows that baryogenesis requires new physics that extends the SM in at least two ways: It must
introduce new sources of CP violation and it must either provide a departure from thermal equilibrium
in addition to the EWPT or modify the EWPT itself. One of the possible new physics mechanism
for baryogenesis is given by Leptogenesis, proposed by Fukugita and Yanagida [17]. Its simplest and
theoretically best motivated realization is within the seesaw mechanism. To implement the seesaw,
new Majorana SU(2)y singlet neutrinos with a large mass scale M (usually heavier than electroweak
breaking scale) are added to the SM particle spectrum. New CP violation sources is provided by the
complex Yukawa couplings, departure from thermal equilibrium can occur if their lifetime is not much
shorter than the age of the universe when T' ~ M and their Majorana masses imply that the lepton
number is not conserved. Thus, all three Sakharov conditions are naturally fulfilled in this scenario and
leptogenesis is almost unavoidable when one consider seesaw mechanism. So with the introduction of
sterile neutrinos lepton asymmetry can be generated dynamically and will be partially converted into
a baryon asymmetry by SM sphalerons, that will be discussed in the following sections. A particularly
interesting possibility is "thermal leptogenesis" where the heavy Majorana neutrinos are produced by
scatterings in the thermal bath starting from a vanishing initial abundance, so that their number density
can be calculated solely in terms of the seesaw parameters and of the reheat temperature of the Universe.

3.2 Leptogenesis models

Some possible new mechanism for Leptogenesis are the following:

e Thermal leptogenesis. The basic idea of thermal leptogenesis is that a lepton number is created
in the Early Universe by the decay of particles with Majorana mass, e.g. heavy sterile neutrinos. In
this scenario two different pictures are considered: thermal initial abundance, namely the havey
neutrinos are already at thermal equilibrium with the plasma; or vanishing initial abundance,
where heavy neutrinos are produced by interactions in the thermal bath. In both cases this is a
freeze-out scenario.

 Resonant leptogenesis. Resonant leptogenesis is based on the observation that an enhancement
of the CP-asymmetry occurs when the mass difference between two heavy Majorana neutrinos is
small (quasi-degeneracy). Thanks to this enhancement leptogenesis temperatures of order of TeV
are possible.

e« ARS leptogenesis. This mechanism was first proposed by Akhmedov, Rubakov and Smirnov
[27]. In this scenario RHNs are at the electroweak scale (or below), i.e. My ~ (1—100) GeV. Lep-
togenesis within this mass range is possible via CP-violating oscillations among sterile neutrinos.
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In this scenario the neutrino Yukawa couplings are small enough to ensure that some of the sterile
states might not reach thermal equilibrium before the electroweak phase transition. Therefore this
is a freeze-in scenario.

3.3 Anomalous B + L violation

The baryon number B and the three lepton flavour numbers L, are conserved in the SM Lagrangian.
However, that conservation is spoiled by quantum corrections through the chiral anomaly associated
with triangle fermionic loop in external gauge fields. Due to chiral anomaly there are non-perturbative
gauge field configurations that can act as source for B + L. + L, + L,. In the early universe, at
temperatures above the electroweak phase transition (EWPT), such configurations occur frequently and
lead to rapid B + L violation. These configurations are commonly referred to as "sphalerons" [20, 22,
64].

3.3.1 Baryon and Lepton number violations in the Electroweak theory

Baryon and lepton number are symmetries of the classical action, but they are violated by quantum
effects. The current conservation is nonzero for the baryon current Jg = 3, q %(ﬁ”q and lepton current
Ji =%, (Iy* + vy*y;) because of the anomalous triangle diagrams. The calculation gives [64, 65]:

2 2
g Ty g V1%
Ouly = 0uJy, = Ny <3271_2WHVWH T 3972 Y Y ) (3.7)

where Ny is the number of fermions generations, W, Y, are the gauge field strength tensors for SU(2)
and U(1)y, respectively, and the tilde means the dual tensor, defined as Frv — %e’“’”"Fpg. From Eq. 3.7
we see that the difference B — L is strictly conserved, and so only the sum B + L is anomalous and can
be violated. The product of gauge field strengths on the right hand side of Eq. 3.7 can be written as
four-divergences, WW = oKy, YY = 0, K¥, where

Ki = Py, Vs (3.8)

[e%

Ky = P (W, W5 = SeaWIWLVE) (3.9)

where W,,, Y,, are the gauge fields of SU(2) and U(1)y, respectively. In general total derivatives are
unobservable because they can be integrated by parts and drop from the integrals, i.e.

Jd‘lxéﬂ.ﬂ‘ = | dAsrin,J" (3.10)
S3

if J# — 0 at r — oo faster than 1/73 the integral vanishes. This holds for the terms in the four-vectors 3.9,
3.8 proportional to the field strengths W, and Y),,. Therefore, for the abelian group U(1)y the current
non conservation induced by quantum effects becomes non observable. However, for gauge fields the
integral can be nonzero. Hence, for the non abelian group SU(2) the current non conservation induced
by quantum effects becomes observable. Let us define Q'(t) = {d3zjé and AQ" = Q*(+w0) — Q(—0)
and let us suppose that there exist field configurations such that

2
i_ g 4 A yrrpv, A
AQ = 2 Jd TWAW (3.11)
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is a non zero integer. This implies that fermions will be created, even though there is no perturbative
interaction in the Lagrangian that generates them (see Ref. [20] for details). In the same way we can
write AB = AL = NtAN¢g, where N¢gg is the Chern-Simons number characterizing the topology of
the gauge field configuration:

g2
3272

Nes = Jd?’xe”k(Wi‘;-W,? - gea,,CW;lW;?W,g). (3.12)
In fact, since the Baryon number is the charge associated to the current Jj; we can write B = Sd3a:JOB
and

ty

NfANcs = Ny Jd4x6HK5V = Ny f d*'z(00Kyy, — 0;Kiy) = Ny f dBrKy,

= N;AB (3.13)
t;
where in the 3rd expression we dropped the divergence of the spatial current. By Gauss theorem this
is equivalent to a surface integral of the flux through it, hence it is possible to choose a gauge in which
this vanishes. Now we want to compute AB between an initial and a final configuration of gauge fields.
We are considering vacuum field strength tensors W, which vanish. The corresponding potentials are
not necessarily zero but can be represented by purely gauge fields:

W, = %U(x)aﬂU*(w). (3.14)

Let’s work in temporal gauge which sets Wy = 0. The temporal gauge is a partial gauge fixing condition,
as time-independent gauge transformations U(x) leave the gauge fixing condition Wy = 0 fixed: Wy —
éU (x)0oU~1(x) = 0. The vacuum is thus described by the time-independent pure gauge configuration
W(x) = (i/g)U(z)VU1(x). We can make use of the remaining gauge freedom to impose at spatial
infinity |z| — oo that W; = 0 by choosing U = 1. Spatial infinity with infinity identified is equivalent
to S, indeed the most generic 2 x 2 unitary matrix with det = 1 may be expressed as al + ib;o? with
la|? + |b|* = 1, therefore the topology SU(2) ~ S3. Hence, the gauge transformation U(x) becomes a
mapping from S3 to the gauge group SU(2). These mappings fall into homotopy classes categorized
by integer winding numbers. Therefore, baryon-number changing processes are closely connected to the
topology of the SU(2) gauge plus Higgs fields.

3.3.2 B+ L violating rates

In the vacuum the Higgs field can be chosen to be constant and at the minimum of its potential
W, is a pure gauge. In the W§ = 0 gauge, N¢s is the gauge field winding number, which is an
integer. It is invariant under "small" gauge transformations, i.e. gauge transformations continuously
connected to the identity, this means that the gauge transformations belong to the same homotopy
class. Mappings in different homotopy classes correspond to distinct vacua, which are related by a large
gauge transformation. The energy density vanishes in different vacua, but to transition costs a finite
energy density. At zero temperature, gauge field configurations that give non-zero Sd4xWW correspond
to tunneling configurations, and are called instantons [20]. They change fermion number by an integer
N, so the instanton action is large:

Lfd‘leA Al s | L > 6472 N

492

(3.15)

The probability of barrier penetration can be calculated using the quasi classical approximation. The
euclidean action evaluated at this trajectory gives the probability for barrier penetration as

Doce™4m/aw 107162, (3.16)
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Figure 3.1: Sketch of the minimal field energy for a given value of the Chern-Simons number N¢gs. Figure taken
from Ref. [66].

where the exponent is the instanton action and ay = g?/4n. Therefore, the mediated B + L violation
is unobservably small. An instanton acts as a source for three leptons (one from each generation), and
nine quarks (all colors and generation), so it induces AB = AL = 3 processes. If the ground state of
gauge fields is pictured as a periodic potential, with minima labeled by integers, then the instantons
correspond to vacuum fluctuations that tunnel between minima. With this analogy, one can imagine
that at finite temperature, a thermal fluctuation of the field could climb over the barrier. The sphaleron
is such a configuration, in presence of the Higgs vacuum expectation value. Therefore, to change N¢cg
by +1, one has to go over an energy barrier. A vacuum-to-vacuum transition along this path would
change baryon and lepton number by a multiple of ny (see Eq. 3.13) [66]. Fig. 3.1 shows the minimal
static energy of the gauge-Higgs fields as a function of Nog. The B + L violating rate mediated by
sphalerons is Boltzmann suppressed

Dypnoce™ Bern/T, (3.17)

where E,,, = 2Bmy /aw is the height of the barrier at T = 0, and 1.5 < B < 2.75 is a parameter
that depends on the Higgs mass [22]. For leptogenesis we are interested in the B + L violating rate
at temperatures far above the EW PT. The large B + L violating gauge field configurations occur
frequently at T' > my,. The rate can be estimated as

[per =~ 25003, T, (3.18)

this implies that, for temperatures below 10'2GeV and above the EWPT, B + L violating rates are in
equilibrium. Therefore, leptogenesis is able to provide B — L £ 0, i.e. a lepton asymmetry which is
not balanced by a baryon asymmetry. As we have already seen, B — L is conserved in the SM, while
sphalerons are B + L violating but conserve B — L. Since sphalerons are at thermal equilibrium in the
temperature range 100 < T < 10'? GeV, any asymmetry B + L is efficiently washed out. However,
the non-zero B — L generated by leptogenesis is partially converted into a baryon asymmetry through
these non-perturbative processes. Thus, the final baryon asymmetry of the universe observed today is
determined by the lepton asymmetry at the time of sphaleron decoupling, i.e. at the electroweak phase
transition. To determine which fraction of B — L asymmetry is converted into B asymmetry we need
to consider constraints among various chemical potentials induced by spectator processes.

3.3.3 The relation between Baryon and Lepton asymmetries

Quarks, leptons and Higgs bosons interact via Yukawa and gauge couplings and, also, via the non-
perturbative sphaleron processes. In the range 100 < T < 10'2 GeV gauge and sphaleron interactions
are in thermal equilibrium, while Yukawa interactions are in equilibrium only in a more restricted
temperature range that depends on the strength of the Yukawa couplings. Thus, in different temperature
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ranges there are different sets of charges that are conserved, which leads to the "flavor effects" [67]. The
corresponding partition function can be written as [66]:

Z(u,T,V) = Trexp [ﬁ<§i]m@i —H)] (3.19)

where 8 = 1/T and H is the Hamiltionian. For each of the quark, lepton and Higgs fields there is an
associated chemical potential ;. In the standard model with one Higgs doublet H and N; families
one has 5Ny + 1 chemical potentials ;. p The processes that are at thermal equilibrium, the so-called
Spectator processes, yield constraints between the various chemical potentials. The basic way through
which they act is that of redistributing the asymmetry generated in the lepton doublets among the
other particle species. Their effects can be accounted for by imposing on the thermodynamic system
the chemical equilibrium condition appropriate for each specific reaction. The Ngg-changing transitions
affect only the left-handed fermion fields, so that

>\ Bhg + ) = 0. (3.20)

?

One also has to take the SU(3) QCD sphaleron processes into account. They change the chiral quark
number (the number of right-handed minus number of left-handed quarks) for each quark flavor by the
same amount. The corresponding relation between the chemical potentials reads

2(2:“!11' = Huy — :U’di) =0. (321)

3

The Yukawa interactions that are in equilibrium yield relations between the chemical potentials of the
left-handed and right-handed fermions and the Higgs:

—tq, + Hd; = fg; = Huy = —pe, + fe, = HH- (3.22)

There is another condition, valid at all temperatures, that arises from the requirement that the total
hypercharge of the plasma vanishes. In a weakly coupled plasma, the asymmetry between particle and
antiparticle number densities is given by

o T

For massless particles one obtains

_ giT? {ﬂm +0((Bpa)’) () (3.24)

e 6 |28u; +O((Bri)®) (B)’

where g¢; denotes the number of internal degrees of freedom. The following analysis is based on these
relations for Su; « 1. From this relation and the known hypercharges one obtains

D (s + 2t = a; — pu, = pre) = 2, (3.25)

K2

and using Eq. (3.24), the baryon number density ng = gBT?/6 and the lepton number densities
nr, = L;gT?/6 can be expressed in terms of the chemical potentials:

B = (2uq, + fu; + ;) (3.26)
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Li =2, + pe,, L =) L. (3.27)

Consider now the case where all Yukawa interactions are in equilibrium. The asymmetries L, — B/Ny
are then conserved and we have equilibrium between the different generations, i, = w, pq, = g, etc.
Using also the sphaleron relation and the hypercharge constraint, one can express all chemical potentials,
and therefore all asymmetries, in terms of a single chemical potential that may be chosen to be py,

_2Nf+3 _6Nf+1 _2Nf—1
,ue—76Nf+3Nl7 ,Ud—76Nf+3,ul N“_76Nf+3m 498
! AN (3.28)
i T e L
The corresponding baryon and lepton asymmetries are
4ng T2 14nfc +9ny T2
2 -+t 77 . 3.29
"B 3 6/ "7 Ten 43 6 (3:29)
The last equation yields the connection between the B, B — L and L asymmetries:
B=c¢s(B—L) L= (cs—1)(B-L), (3.30)

where ¢, = (8ny+4)/(22ny +13) = 28/79. The relations 3.30 between B, B — L, and L numbers suggest
that B — L violation is needed in order to generate a baryon asymmetry at high temperatures where
sphaleron processes are in thermal equilibrium. Because the B — L current has no anomaly, the value
of B — L at time t;, where the leptogenesis process is completed, determines the value of the baryon
asymmetry today:

Blto) = cs(B — L(t;). (3.31)



Chapter 4

Thermal Leptogenesis

In this Chapter the mechanism of thermal leptogenesis is reviewed. We start by studying the single
flavour scenario in Sec. 4.1. In particular, we review the solutions of the Boltzmann Equations in the
case with only decays and inverse decays in Sec. 4.2 and we define and compute the contribution to the
CP asymmetry factor in Sec. 4.3. Finally, we give a brief description of flavour effects in Sec. 4.4 and
resonant leptogenesis in Sec. 4.5.

4.1 Thermal leptogenesis in the single flavour regime
In this section we make the following assumptions [20]:

e The lepton asymmetry is produced in a single flavour «;

e The N-masses are hierarchical: My, « My, Ms;

e Thermal production of N; and negligible production of Na, N3.

The basic idea is the following [20]: Scattering processes produce a population of Ny’s at temperatures
T ~ M;. When the temperature drops below M, the equilibrium number density is exponentially
suppressed by a factor e=™/T | since sterile neutrinos becomes non relativistic. So the N; population
decays away. If the N7 interactions are CP violating, asymmetries in all lepton flavours can be produced
and if the interactions are out-of-equilibrium the asymmetries may survive. These can the be reprocessed
into a baryon asymmetry by SM sphalerons. It is important to notice that in this model the CP
asymmetry in the scattering interactions by which the N; population is produced is equal in magnitude
but opposite in sign to the CP asymmetry in Ny decays. However a non-zero asymmetry survives
because the initial anti-asymmetry made with the N; population is depleted by scattering, decays and
inverse decays. This depletion is called washout. To understand the non-equilibrium processes we need
to compare the reaction rates per particle with the Hubble parameter as a function of z = M/T. In
particular, for z < 1 (high temperatures) all processes are out of thermal equilibrium. Around z ~ 1,
the various processes come into thermal equilibrium. Heavy neutrinos decay and, since their number
density slightly exceeds the equilibrium number density, a B— L asymmetry is generated in these decays.
As long as washout processes are in equilibrium the asymmetry is partly washed out. At z > 1 (low
temperatures), N production is kinematically suppressed, while the washout processes eventually get
out of equilibrium at some z and the B — L asymmetry is frozen in [66].

29
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4.1.1 Thermal history of Thermal Leptogenesis

The story of leptogenesis begins right after inflation ends, at the reheating temperature 7., which we
assume to be larger than the mass of the heavy neutrinos NV;.

At very high temperatures T' S Ty the heavy neutrinos N; are in thermal equilibrium with the
rest of the plasma thanks to their Yukawa interactions: N; < H Ovr, N; & H*l.

As the Universe cools, T' becomes smaller than M; implying the particles in the plasma do not have
sufficient energy to produce back right-handed neutrinos, only their decays are allowed: N; — H vy,
N; - H*L.

Being Majorana neutrinos, IN; can decay both into one channel and its charge conjugate one:
N; - H It N; - H"l".

If the rates of these two processes are different, due to CP violation, then a net charge asymmetry
€ is generated. This process is not instantaneous and washout effects, due e.g. by inverse decays, will
partly erase the asymmetry. The remaining lepton asymmetry can then be converted by sphaleron
processes into a baryon asymmetry when 7' < M; and T' < 10'3 GeV. As temperature lowers, decays
and washout processes freeze out and the sphalerons are fast enough to keep the baryon number at its
equilibrium value compared to the lepton number. At the EW scale T ~ Tgw ~ 102GeV we have the
EWPT and the sphalerons freeze out due to the Boltzmann suppression factor, and all baryon number
violating processes are suppressed from this point. Therefore, the baryon number per comoving volume
freezes out to its current value.

4.1.2 Out-of-equilibrium dynamics

Leptogenesis naturally takes place in seesaw models, indeed, besides giving a natural explanation of the
light neutrino masses (as we have already seen in Sec. 2.4), the heavy Majorana neutrinos are the source
of leptogenesis. From the seesaw Lagrangian in Eq. 2.29 we have that the three Sakharov’s conditions
are satisfied: lepton number L is violated by the Majorana massive term (see Eq. 2.21), CP is violated
by the Yukawa complex couplings Y,,; and the departure from thermal equilibrium condition is provided
by an additional requirement that INV; decay rate I'y, is not very fast compared to the Hubble expansion
rate of the Universe H(T) at temperature 7' = M;. For the initial conditions, we assume that after
inflation the Universe reheats to a thermal bath at temperature T cpeq¢ Which is composed of particles
with gauge interactions. The N7 can be produced by inverse decays H L, — N; and by 2 — 2 scatterings
involving the top quark or electroweak gauge bosons. N; can be produced by s or ¢ channel exchange
of a Higgs: qrtp > H — LN or L,tr — H — qrN. So the production rate can be estimated by a
naive dimensional analysis in zero temperature field theory, as

h2|Yaq|?
Tprod ~ Y| t|477T1|T, (4.1)
[0

where h; is the Yukawa coupling of the top quark. If I',.,q > H then, since hy ~ 1, the IV; total decay
is also in equilibrium:

N; can decay with the following processes:

N; — HI, N; — HCl°. (4.3)
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Then at tree level we have the diagram in Fig. 4.1 and we can compute the decay rate I by considering
the N; particle at rest in the center of mass frame. In this way we have

_ 1 2
r- m[p\zﬂ dIl,, (4.4)

where
*py Epy
(2m)32E; (2m)32E gy

When integrating over the phase space we can split the delta and we obtain

J *py Ppy
(27T)32El (27T)32EH

dll,, = dlL;dIly = 2m)*6W (px — p1 — pr). (4.5)

(2m)*6®) (Fy — pr — Pu)d(En — B — Ex). (4.6)

Now we can integrate over d®py by using the three-dimensional delta, setting pyr = pv — p;. From
momentum conservation we have py = pg +p; and in the center of mass frame we have py = (My, 6)T7
so we obtain py = p;. Assuming negligible the mass of the scalar and the lepton doublet (respect the
mass of the sterile neutrino) we obtain Ey = FE; from mass-shell relation. Going in spherical coordinates
we get

J pidpidS)

dQpdE 1

oMy = 2E:) = J (27)24E, 87

where in the second passage we used pdp = FdFE, while in the third we integrated over the solid angle
5‘(;?;)?). Since the final
state in the two different decay channels of N; are different, the two amplitudes do not interfere and we
can calculate them separately and add only their squares. The amplitude of the diagram in Fig. 4.1 is

given by:

dQ) = 4r and to integrate over dE; we used the property of the delta §(g(x)) =

iM = w(p2)(—=iYai) Prun (p1) (4.8)

where Pp = is the right projector. Now we can take the absolute square and by averaging over
the initial spin we find the unpolarized squared amplitude.

1+7s
2

1 1
|M‘12anol = 52 Z M*M :iyvij;YaiTr[PLMPR(p{—’_ MN)]
SN SISH
_ly*y ET ]
=3ViaYaixTrlppps (4.9)
=Y;hYailp1 - p2]

1
— VYl
where we have used the properties of gamma matrices: Tr[y“~"] = 4¢g"" (where g"” metric tensor),
Tr[y#»] = 0 if n=odd and using p3 = p; —p2 we find p;-ps = M?/2 since we have assumed m; = my = 0.
Considering now the decaying of the right-handed neutrino into an antilepton and a Higgs and following
the same steps as before we find that the two amplitudes are equal at tree level. At the end we obtain

_ 1
T(Ny = LH) =T(Ny = [H") = oo (YY) M. (4.10)
™

By summing these two contributions and taking care of a factor of 2 coming from the fact that we are
calculating the decay of the right-handed neutrino to any final state, we need to sum over final spin,
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Figure 4.1: tree level Feynman diagram for sterile neutrino decay

flavour and doublet indices'. Therefore, we finally obtain

_ 1
I'p=)>Taa= )TN, > HL, HL,) = —(Y1Y)1 M;. 4.11
D Za] : %} (M1 ) =5 (YTY)uM (4.11)
To study the departure from thermal equilibrium we have to compare this decay rate with the Hubble
expansion assuming a universe dominated by radiation (as it was the Early Universe). In this case we

have
87Gpr 2 \/7T3g* T2
H(T) = == 4.12
(T) \/ 3 s\ 3 (4.12)

where Mp; = 1.22 x 10'°GeV is the Planck mass and g is the total number of relativistic degrees of
freedom contributing to the energy density of the Universe. To quantify the departure from thermal
equilibrium, it is useful to introduce two dimensional parameters m and m,, which are of the order of
the light neutrino masses, and we can define the decay parameter as

Ty,
K= =T (4.13)

_ N VAR AT 02
and )
My = 87— H ~1x 10 3V. (4.15)
Ml T=M;

The decay parameter in Eq. 4.13 controls whether or not N, decays are in equilibrium and allows to
distinguish two regimes:

o« Weak washout regime. In this scenario K; « 1, meaning that the total decay rate T'(N; —
L.,H) < H(M;). This implies that the N; number density does not reach the equilibrium distribu-
tion during the evolution of the Universe and any lepton asymmetry created for z < 1 will not be
erased. In this regime the initial condition on the NN; density is important. If we assume thermal

n fact, if we consider all the lepton and Higgs doublets components we have I'(N; — l;H"’) =I'(N; - v ;H°) =

I'(N; — l;H’) =T'(N; — DLJHO**) = 1/(327r)|Y¢j\2MNi. To find I'p we must sum all these contributions and then
sum over the flavors a.



4.1.

Z

THERMAL LEPTOGENESIS IN THE SINGLE FLAVOUR REGIME 33

initial abundance of N; = N;9, we can ignore the washout when N; starts decaying at z » 1.
Instead, if we have zero initial N7 abundance, we have to consider the opposite sign contribution
to lepton asymmetry from the inverse decays, namely when N is being populated, and from the
period when N starts decaying.

Strong washout regime: In this case K; » 1 and any lepton asymmetry generated during the
N; creation phase is efficiently washed out, resulting in Yoy, ~ 0. This implies that the solution
of Boltzmann equations does not depend on initial conditions. When the temperature drops and
the washouts Wrp decouples (the inverse decay gets out of equilibrium), the asymmetry created
through the decay survives and contributes to Yay,

Np-1
1071 E 107 — sl
107 1 107 1
107 1 10" ]
8
1077 1 — 107t ]
107 : 1079} ]
10~ i 10-1 b |
—13 L ! L —13 L L !
10 1072 10! 100 z(.(il()1 102 10 102 107! 10° 10 10%

Z:Ml/T Z:Ml/T

Figure 4.2: Evolution of N1 number density (on the left) and B — L asymmetry (on the right) in the weak
washout case with K = 1072 and vanishing initial abundance. Here, we have M; = 10™ GeV and ler] = 1076,

=

Np-1,
1071 F : 107 — sl
10—3 L i 10—3 L 4
1075F ] 107 F .
E

1077 F 1 —w077f ]
1079 - i 1079 L

0—11 L J 10711 K

—13 L L L —13 L L L
0 1072 107! Zed 0° 10! 10? 10 1072 107! 10° 10! 10?
zZ = Ml/T zZ = MI/T

Figure 4.3: Evolution of N; number density (on the left) and B — L asymmetry (on the right) in the strong
washout case with K = 100 and vanishing initial abundance. Here, we have M; = 10 GeV and \61| =10"6.

Figs. 4.2 and 4.3 show the N; number density and the absolute value of the baryon asymmetry as a
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function of z = M;/T in the case of vanishing initial abundance N}'\,1 = 0, respectively in the weak
and strong washout cases. In the strong washout case we can see that the RHN number density
slowly increases with time thanks to its interaction with the SM particles and reaches the equilibrium
distribution. In baryon asymmetry plot we can see a dip for z ~ 10°, this dip represents a change of sign
in the baryon asymmetry (as we are considering the absolute value). This happens in the vanishing initial
abundance case, since, for z « 1 we have to consider the opposite sign contribution to lepton asymmetry
from the inverse decays, which populate the N sector, resulting in an asymmetry in some direction. In
fact, due to CP violation, inverse decay destroy more antileptons than leptons (or viceversa), generating
a negative asymmetry. Then, when the RHNs reach the thermal equilibrium distribution, their decay
will start dominate the asymmetry production, which will have opposite sign respect to the one created
before. The same situation occurs in the weak washout case with vanishing initial abundance, but in
this case we see that RHNs number density does not reach the equilibrium distribution and the dip in
the absolute BAU is for z » 1.

4.2 Classical Boltzmann equations

In this section we will write down the classical Boltzmann equations and give a simple analytical estimate
of the solution by following Ref. [18]. First we work in the one flavour regime and consider only the
decays of the right handed neutrino N;. If leptogenesis occurs at T > 10'2 GeV, then, the charged
Yukawa interactions are out of equilibrium, and this defines the one flavor regime. In particular we
consider the initial temperature T; larger than M;, the mass of N;. We will also neglect decays of the
two heavier neutrinos Ny and N3, assuming that a generation of B — L asymmetry from their decays
either does not occur at all or that it does not influence the final value of B — L, namely this B — L
asymmetry will be efficiently washed out by the Nj interactions. This situation can be realized if for
example the reheating temperature after inflation is Try « My 3, such that Na 3 are not produced.
Further, we restrict ourselves to the non supersymmetric case, and we assume that the lightest heavy
neutrino N; is the only relevant degree of freedom beyond the standard model particle species. Within
this framework the BE reduces to [68]:

AN
ot = (D +8)(Ny, — N, (4.16)
dNp_
de L — —eiD(Ny, = N§ )~ WNp_p. (4.17)

where z = M; /T and, by choosing a comoving volume a(t4)? which contains one photon at time t,, we
obtain Ni(ty) = nsa(ts)® and N, (ts) = 1 so that Ny, = n,/n<? (n<? is the equilibrium photon density)
[69]. €1 is the CP asymmetry parameter that will be derived in next section. Now we can solve the
second Eq. 4.17 and we find:

Np_r(2) = Np_p(zi)e” 35 W& f dZ'e1 D(Ny, — Nt )e™ 1 WD, (4.18)

From the other Boltzmann equation 4.16 we can rewrite the result as

- Ve D _dNw, g,
NB_L(Z):NB_L(ZJ S Wi f dZ€1D+S d;v S w( (419)

where the last term in the right-hand side is the efficiency factor k that measures the amount of
asymmetry that has survived the competitive production and wash-out processes. We can define the
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efficiency factor as

4 (* can — (% W (2 de
k(z) = §J dz'e;D(Ny, — Nyi)e S WEDd=" —

. (4.20)

_ 7%[ de D dNy, o 15 W)z

3., 'D+S dz ’

and the Eq. 4.19 becomes
_ 23 . _

Np_r(2) = Np_r(zi)e I, WEhd Zelk(z;m17M1,m2)7 (4.21)

where z; is some initial temperature when Ny leptogenesis begin. The efficiency factor k(z) is normalized
in such a way that its final value ky = k(o) approaches one in the limit of thermal initial abundance of
the heavy neutrinos Ny and no washout (W = 0). In general, for N3, < Ny = 3/4 one has ky < 1. The
first term in Eq. 4.21 accounts for the possible generation of a B — L asymmetry before N decays, e.g.
from decays of the two heavier neutrinos Ny and N3, or from a completely independent mechanism. In
the following we shall neglect such an initial asymmetry N§_; [18]. As we will see, decays and inverse
decays are sufficient to describe qualitatively some properties of the full problem. In the next sections
we will find some analytical approximations to study the two regimes of weak and strong washout.

Analytic approximation

Let us first recall some basic definitions and formulae. The decay rate takes the form
- 1
2 = pD<7>, (4.22)

(4.23)

where T is the decay width

with the Higgs vacuum expectation value v = 174GeV, and (1/v) is the thermally averaged dilation
factor. This accounts for the mean time dilation in the decay lifetime of particles, in particular, for
particles following a Maxwell-Boltzmann distribution at a temperature T' = m/z we get [68]:

(2)-(3)- Bazmce o

S zV12 — 22e~*dx ’C2(Z)

Where we have integrated the Maxwell-Boltzmann distribution function f(p) = e~ #/K5T

3
" f d’p o—E/KBT _ L f\/mEe—E/KBTdE (4.25)
(27r)3 272 ’

where we have used d®p = p?dpdQ) and the fact that if the mass is constant EdE = pdp. Then by
averaging we get

in this way

(™ - 5z VE? —m? R Ee FIKoTqp
E’ L SVE? —m2EeE/KeTqE
:SZ\/J?2 —2Pze "dr _ Ky(2)

§zva? — 22edx Ka(z)’

(4.26)
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where I and Ko are the Bessel function. The decay term is written in the form

1
D(z) = Kz<> (4.27)
Y
The inverse decay rate is related to the decay rate by

Ny, (2)

Prp(2) = Ip(z) —er— (4.28)
!
where N? is the equilibrium density of lepton doublets. We can derive the expressions for N3/ (z) =

ny, /ns? and Ni?(z) = n;/n<? from the number density

0 3
e« _ 9 &p g 499
"MB T op 0 (27r)38 ’ (4.29)

with the same passages as in Eq. 4.25 we obtain

cq gT3 [* 5 5 —x gre
Nyp = bl . x\/ﬁe dr = ﬁx Ka(z), (4.30)

where g is the number of degrees of freedom for the particle specie. Using Fermi-Dirac or Bose-Einstein
statistics f°(p) = (e®/T 4+ 1), the number density is given by

I y ¢(3)  (bosons).
T e {?’C(S) (fermions). (4.31)

& 4

which are valid in the relativistic limit m; << T. So we can derive

eq 3¢(3)2 713
w2 44(71# _3 (4.32)
Ty 2.2C(3) 4

where we have used a Fermi-Dirac distribution for the leptons with g; = 2. While, for N;

e _ My _ 3C(3) HTP2Ko(2)

NSt 2L2¢(3)

- gzzl(:z(z), (4.33)

The contribution of inverse decays to the washout term W is therefore

1 FID(Z) 1 3
= _ =K 4.34
Wip(z) 2 H(z): 14 2°Ky(2), (4.34)
which implies
1 J\f]e\,q1 (2)
WID(Z) = §D(Z) Nleq (435)

4.2.1 Decays and inverse decays

Now we consider a simplified picture in which decays and inverse decays are the only processes. Then
the kinetic equation 4.16 reduces to (see App. B for a detailed derivation):
dNn,
dz

— _D(Ny, - N, (4:36)
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dNp_p,
dz

where wyp is the contribution to the washout term due to inverse decays. From Eqs. 4.37 and 4.36 we
find that the efficiency factor becomes

= —€1D(NN1 - N;/ql) - WIDNB—L7 (437)

4 (% JANN, _ ¢ aerwy o (o7
’“(Z>=‘3Ldz'dzfe L d"Win (7)., (4.38)

and by integrating Eq. (4.36) we obtain

N (2) = N (e 5 P DG e 20 (4.39)

23

4.2.2 Weak washout regime

In the weak washout regime (K « 1), the initial condition on the N; density Ny, is important. There-
fore, in this scenario we need to distinguish between two different initial conditions, namely thermal
initial abundance and vanishing initial abundance.

Thermal initial abundance

If we assume thermal initial abundance of Ny, i.e. Ny, (z;) = Nf\,ql (0), we can ignore the washout when
N starts decaying at z » 1. In fact, in this case, we can define z; as the value below which decays are
in equilibrium, by T'p(z4)/H(z4) = 2¢D(z4) = 2. In the regime far out of equilibrium K « 1 decays
occur at very small temperatures, i.e. z4 » 1, and the produce B — L asymmetry is not reduced by
washout effects (see App. C.1 for further details). Therefore, the integral in Eq. 4.38 for the efficiency
factor simply becomes

k(z) ~ % J dz'dil\gl - %(NM (z:) — N, (2)). (4.40)

To find the density of B — L asymmetry today, we integrate between z; = 0 and z = 00 and, by inserting
in Eq. 4.21 we finally obtain
Np_p(o0) = Gleevql (0). (4.41)

Vanishing initial abundance

On the other hand, if we have zero initial N; abundance, i.e. Ny, (z;) = 0, we have to consider the
opposite sign contributions to lepton asymmetry from the inverse decays when N; is being populated
(Nn, < Ny') and from the period when N; starts decaying (N, > Ny!). Therefore, in this case the
efficiency factor in Eq. 4.38 is given by two contributions: k_ and k.. In order to find these two we define
Zeq @s the time at which Ny, (z¢q) = Ny (2¢¢), that corresponds to a maximum for the number density
of Ny, see fi. (4.2). The Ny, density at z., can be computed using some analytical approximations, see
App. C.1.2: N(K) = Nn, (zeq) = (97/16) K.

For z < zq, we can assume Nf;[ql » Np,. Then, the asymmetry up to ze, is given by (see Apps. C.1.1
and C.1.2):

Zeq

Np_r(zeq) = &1 f A2/ D(2')Ng (2 )e™ 1" = Win () 9y (1 — 72/3N(), (4.42)

23
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For z > z.4, we can write the asymmetry as:

Np_r(2) = Np_r(2eq) = —€1 J dz'D(2')(Nn, (') = Ny (2))e™ ¥ =" Win (") (4.43)
=€ fz CZZLNN1 e~ §2 =" Win (") (4.44)
Zeq dz’
zZ dN z
~ € dz' dz]:h (1 —J dz”WID(z”)) (4.45)
~ e1(N(K) — Ny, (2)), (4.46)

where in the last step we have neglected the negative term. Then the final asymmetry is

2 2
Np-1(0) ~ er(N(K) — Ny, (00) +2(1 — e~ 23N )y » 6196%1(2 ~ el%Nﬁg (0), (4.47)
where we have used approximation in Eq. C.1in N3/ = 3/82?K5(z) and the fact that N;'? = 3/4. where

we have used the fact that Ny, (00) = 0 and the approximation N(K) = (97/16) K.

4.2.3 Strong washout regime

In the strong washout regime (K » 1) any lepton asymmetry generated during the Nj creation phase
is efficiently washed out. In this regime there exists an interval z;, < z < 24, Where inverse decays
are in equilibrium. Assuming that the wash-out are effective, any asymmetry generated before z;, is
fully erased. Therefore, in this case there is no dependence on the initial conditions. An analytical
approximation for the asymmetry for z;, < z < zpq: can be found by adopting the Strong washout
balance approzimation [70] which states that in the strong washout regime, the lepton asymmetry at
each instant takes the value that enforces a balance between the production and the destruction rates
of the asymmetry. Therefore, by equating the decay and washout terms in Eq. 4.37 we have

NB,L(Z) ~ —elD(Z) 1 (NN — Neq) >~ “ dN;[ql (448)
Wip(2) ! M Wip(z) dz
€1 d (3, 2¢€1 a3 o
_ [ 2.2 =" - NSk 4.49
Wip(z) dz <SZ 2(”)> D)Ng L 8 1(2) (4.49)
_ 261 eq
= T(ZNI . (4.50)

where in the second approximation we assume Ny, = Nf\,ql, then we have used the property of Bessel
functions: d/dz(2"K,(z)) = —z"K,_1(z) and the Eqgs. 4.36, 4.33, 4.34, 4.27. After 2,44, the asymmetry
gets frozen so that:

eq __ 261

! szaw

where we have used approximation in Eq. C.1 in N3 = 3/82%K;(2) and the fact that N¢ = 3/4. A
more precise analytical approximation is given in Ref. [18] and we give basics of this in App. C.1.3.

2e
NB_L(OO) ~ !

~ Ng(0), (4.51)

4.3 CP asymmetry

To produce a net asymmetry in lepton flavour «, the N7 must have L,-violating interactions and
different decay rates to final states with particles or anti-particles. The CP asymmetry in lepton flavor
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a, produced in the decays of RH neutrinos N is be defined as [63]:

Y(N; = LoH) —y(N; — LoH*) AR,

€iae = = = 5 4.52
S (N; = LoH) +7(N; = Lo H%) 7, (452
where (i — f) is the thermally averaged decay rate defined as
d3p; d?’pf 4
| — = L 2m)4s® i — ) — 2o B:i/T 4.
i~ 1) = | oyt ez 20— pr) MG = e, (4.5

where M(i — f) is the decay amplitude and we have assumed Maxwell-Boltzmann distribution for the
particle i. L denotes the anti-particle of L. N; is a Majorana fermion, so N; = N;. The asymmetry
€aq 18 normalized of the total decay rate, so that the Boltzmann Equations are linear in flavor space.
When we include additional lepton generations, we find that the CP asymmetry is a diagonal element
of a matrix, so we give it a double flavor index already. Ignoring all thermal effects the CP asymmetry
becomes [20]:

[(Ny — LoH) — D(Ny — Lo H*)
P :
" T(Ny » LoH) + (N, — LoH*)

(4.54)

The CP asymmetry €;, arises from the interference of tree-level My and one-loop M. In fact, Eq. 4.54
vanishes at tree level but is induced at 1-loop level through this interference. Indeed, if the rates of
transitions i — f are governed by some small parameter A, so that |[M(i — f)|> = O(\¥), then from
Eq. (4.71) we see that any CP-violating difference |[M(i — f)|> — |[M(f — 4)|?> must be at least of order
A1 Hence, CP-violating effects must arise from loop corrections to the process i — f [68].

Ix&Lﬁ s
N J N, £ Ny

Figure 4.4: Diagrams contributing to the CP asymmetry €;o. The flavor of the internal lepton Lg is summed.
The internal Lg and Higgs H are on-shell. The CP asymmetry in type-I seesaw leptogenesis results from the
interference between tree and 1-loop wave and vertex diagram.

It is important to consider all the contribution from the 1-loop diagrams, namely both the self-energy,
or wave-diagram (in the middle of Fig. 4.4) and the vertex diagram (on the right). The tree and loop
matrix elements can each be separated into a coupling constant part ¢ and an amplitude part A [20]:

M= My + M1 =coAy + c1Ax. (4.55)
For instance, in the tree level decay (on the left of Fig. 4.4),
co = Y;l Ao(N — HTE) =ur, Pruyn . (456)

The matrix element for the CP conjugate process is

M = ciAg + cF Ay, (4.57)
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where |A;|? = | 4;]?, since in the CP conjugate amplitude A, the uy, spinors are replaced by vy, spinors.
However, uypu;, = p = vyvr, so the squared amplitude is the same. Thus, the CP asymmetry can be
written as

_ SdlLdllgd| M|* — §dllzdll 5| M|

. 0 0|M (4.58)
§ AT dIT 70| M2 + § dTT L dT1 0| M 2
_ SleoAo + et A Pody, 1 — §|eg Ao + ¢f A *0dTl g (4.59)
25 lcoAoPadlln 1 '
~ Im(coct) 2§Tm(ApAF)ddIly, L (4.60)
ZQ‘COP S|A0|2SdHL7H '
where 3 13 3,73
_ &’pid’py _ dpidpg o
AT, dTTyy = T T T dTT;dI 5 (4.61)
§ = (2n)te@ (P — Py), (4.62)

and p;, py are, respectively, the incoming four-momentum and the outgoing four-momentum. The loop
amplitude has an imaginary part when there are brunch cuts corresponding to intermediate on-shell
particle (see Cutkosky Rules [71]), which can arise in the loops in Fig. 4.4 when the H and Lg are
on-shell:

MTim(AoAT) = Ao(N — HL,) Y JA(’)“(N > D) ML i A (L — HLG). (4.63)
B

Here, H' and L% are the intermediate on-shell particles?, and dII Ly H is the integration over their phase
space.

4.3.1 Implications of CPT and unitarity for CP violation in decays

We can use S-matrix unitarity and CPT invariance to give some useful constraint on CP violation.
Furthermore, we have already seen that the imaginary part of the loop amplitude arises when the
intermediate particles are simultaneously on-shell. This contribution can be isolated by the use of the
optical theorem. Useful relations, between matrix elements and their CP conjugates can be obtained
form the unitarity of the S-matrix, i.e. SS* =SS =1, where S =1 + T we can write

1=858" = (1+iT)(1—iT") =1—iT* +iT + TT™, (4.64)

where T is the transition matrix defined as {f|T|iy = (2m)*6*(p; — py)M (i — f). From Eq. 4.64 we get

TTY =i(TT =1T), (4.65)
SO
FITHT)) = {fli(T = T3, (4.66)
which becomes
[TT")ip = iTf; — Ty, (4.67)

2Notice that we are considering these particles to be massless, since we are working in the regime where T > Toy,
where Teyw stands for the temperature at electroweak phase transition.
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i[TT* )iy = Tiy — T, (4.68)
where we have used (f|T"|iy = (i|T|f)*. By taking the modulus square of the last equation 4.68 we
obtain [68]:

Tip|* = [i(TT*)ip + TF,
Re(TT")ip + iZm(TTY)is) + Re(Tf;) +iZm(Ty:)*|?
(Re(T};) = Im(TT)y) + i(Re(TT sy + Im(T};))

]
]

Ji(
Ji(

| (4.69)
= (Re(T};) — Im(TT};)? + (Re(TT")iy + Im(T};))? '
= Re(T})? + Im(TT"F; — 2Re(TH)Im(TT")ip+
+ Re(TT?; + Im(T},)? + 2Re(TT"); s Im(T};).
Now we use the fact that Re(17;) = Re(Ty;) and Im(T7;) = —Im(Ty;), so
Tig|? = |Tpl* + [(TT1)if|* = 2Re(Tr:)Im(TT )iy — 2Re(TTT) iy Im(Ty), (4.70)

using the identity Zm(zy) = Re(z)Im(y) + Im(z)Re(y) (where z and y are complex numbers). In the
end, we obtain
| Tis 2 = |Tpal® = [(TTT)ig |* = 2Zm[(TT")is Tys). (4.71)

This result is related to CP asymmetry and we can see that by considering CPT invariance. Indeed, let
M(i — f) be the amplitude for a transition from a state ¢ to a state f, and let 7 be the state obtained
by applying a CP transformation to i. Then, the CPT theorem implies that [68]:

M(i — f) = M(f — ). (4.72)
In the case of a Majorana initial state |¢) becomes

M(i — ) = M(f —1). (4.73)
Now we have, by using CPT,

T3 =~ [IM(i — f)I%,

| o (4.74)
| Tyil? ~ [M(f = 0)]* = IM(i — f),
inserting this in the CP asymmetry parameter € and using Eq. 4.71 we obtain
_ diLdity (2m)*6™ (pn — prr — po) (—2Zm[(TT7)is Tys]) (4.75)

€ia
2%, S diLdl g (2m)46@W (py — pu — pi)| M

This tells us that the CP violation in a N7 decay can first arise at 1-loop level through the interference
between tree and 1-loop diagrams shown in figure 4.4. From these considerations we can proceed to
the computation of the CP asymmetry €;, in Eq. 4.75. First, we focus on the denominator, which is
obtained by considering the fact that, as we have already noticed, at tree level |[M|? = |M|2. Recalling
that the integration over phase space gives a factor of 1/(87) (see Eq. 4.7) and the amplitude is given
in Eq. 4.9 we obtain that the denominator is

(YY) MR,
8 '

Den =

(4.76)
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To compute € we need to consider the wave and vertex diagram in figure 4.4 and from Eq. 4.75 we see
that we need to compute the following amplitudes [72]:

= GIT|f;
(TT if = Em i = Z<k|T\%><k|T*\f> (4.77)

where |k) indicate intermediate states. To compute these amplitudes we follow [37, 71, 72] and we
rewrite the Lagrangian in Eq. 2.29 as:

. _ 1 _
Lint = = Y YA Lo HPRN; — YoiN;PLH Lo — ) 5 M, NilVj, (4.78)

where N; = Ng, + Ng., with Ng, = PrN; and Ni = PLN;. At this point we can compute the
contribution to the CP asymmetry in the numerator of Eq. 4.75 which is given by the interference
between the tree level and the one loop diagrams in Fig. 4.4. The details of the computations are given
in App. D. The total contribution is given by:

1 Im((YTY)ﬂYMY;j)

J (4.79)
M;  Im((M;(YTY)ij + Mj(YTY);5)Y Yai)
T3 ; MZ — M2 (V1Y) ’

where = = sz/]\/[L2 andg=1—(1+2)log |1+ % . The first term in Eq. 4.79 comes from L-violating

wave and vertex diagrams, while the second is from the L-conserving wave diagram. From the €;,
expression we can immediately notice that the terms of the form (M? — Mf)‘1 are from the wave
diagram contributions which can resonantly enhance the CP asymmetry if M; ~ M;. We will further
explore this case in Sec. 4.5. Let us also note that at least two RHNs are needed, otherwise the CP
asymmetry vanishes because the Yukawa couplings combination becomes real. In the one flavor regime,
we sum over the flavor index « in Eq. 4.79 and we obtain

2
Ze = D Im[(YTY)3 g M (4.80)
(Ze3 YTY “ 4: M,L2 I

where the second term in Eq. 4.79 vanishes because the combination of the Yukawa couplings is real.

4.3.2 Baryon asymmetry from EW sphaleron
The final lepton asymmetry can be conveniently parametrized as follows®
YAL(OO) = elka;;l], (4.81)

where ky is the efficiency factor. If leptogenesis ends before EW sphaleron process become active, i.e.
for T > 10'2 GeV, the B — L asymmetry Yap_ is simply given by

Yap-r = —Yar. (4.82)

3Here we use the Yields which are obtained by normalizing the particle number density by the entropy density s =
g% (272/45)T3, and not by the the comoving volume a(ty)> as we did in the previous sections.
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At later stage, the B — L asymmetry is partially transferred to a B asymmetry by the EW sphaleron
processes trough the relation in Eq. 3.31:

Vap (o) = 2 Vap (), (4.83)

that holds if the sphalerons decouple before EWPT [73].

4.3.3 Davidson-Ibarra Bound

Assuming a hierarchical spectrum of the RH neutrinos (M; « Ms, M3) and that the dominant lepton
asymmetry is from the N; decays, the CP asymmetry can be written from Eq. 4.80 as

3 1 M;
D Im[(YTY)3] R
+1

- - 4.84
167 (YTY)ll ] j ( )

€1 =

Assuming three generations of RH neutrinos and using the Casas-Ibarra parametrization (see Sec. 2.4.1),
Eq. 4.84 becomes
3 My 3 my, Im(RY;)

€1 = ————5

4.85

16m v2 > my, |Ry;|? (4.85)
Using the orthogonality condition for the matrix R, i.e. Y, R?, = 1, we then obtain the so called
Davidson-Ibarra (DI) bound [23]:

DI _ 3 Ml

3 M; Amgtm
el <ePl= =21
167 v

(Myy —my,) = — —5 ———, (4.86)
s ! 167 v2 my, +my,

where m,,, (m,,) is the heaviest (lightest) light neutrino mass. Applying the DI bound on Eqs. 4.81-4.83,
and requiring that Yap(0) = Y§MB ~ 1071 we obtain

0.1eV
M, <e>k;”‘”(M1) > 10° GeV, (4.87)
My, + My,

where the k}”‘”(Ml) is the efficiency factor maximized with respect to K; for a particular value of
M. This allows to find bounds on M; and m,,. Many numerical studies have been carried out and
it was found that succesful leptogenesis with a hierarchical spectrum of the RH neutrinos requires
M; > 10° GeV and m,, < 0.1 eV [63]. This bound implies that the RH neutrinos must be produced at
temperatures T > 10° GeV. However, it is important to stress out that the DI bound holds if and only
if all the following conditions apply:

e N; dominates the contribution to leptogenesis;

e The mass spectrum of RH neutrinos are hierarchical My « My, Ms;

« Leptogenesis occurs in the unflavored regime T > 10'? GeV.

Therefore, the violation of one of these conditions allows us to lower the scale of leptogenesis.
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4.4 Flavour Effects

So far we have discussed leptogenesis in the single lepton flavor regime. This amounts to assuming that
the leptons and antileptons which couple to the lightest RH neutrino /N; maintain their coherence as
flavor superpositions throughout the leptogenesis era. This assumption proves to describe the correct
final asymmetry only for masses M; > 103 GeV [74]. In this range of masses the lepton and anti-lepton
quantum states produced from the decays of the N7 can be treated, in flavour space, as pure states
between their production at decay and their absorption at a subsequent inverse decay. That is, they
can be expressed as a linear combination of flavor eigenstates (« = e, u, 7):

)= YClle) 1) = YChlia, (4.88)

with the coefficients Ci,, and Cio at tree level given by

5 Yla
Cin=0C1,p= —o 4.89

la la (YTY)ll ( )
However, since CP is violated by loops, beyond the tree-level approximation the antilepton state [ is
not the CP conjugate of the Iy, i.e. Cio ¥ Cin. The single flavor regime is realized only at very high
temperatures (T > 1012 GeV), when both |I;) and |I;) remain coherent flavor superpositions, and thus
are the correct states to describe the dynamics of leptogenesis. This occurs because at high temperatures
the lepton-Higgs interactions in the thermal plasma can be neglected. However, at lower temperatures,
scatterings induced by the charged lepton Yukawa couplings are sufficiently fast to distinguish the
different lepton flavors, |I;) and |I;) decohere in their flavor components and each flavor state experiences
a different time evolution, hence the dynamics of leptogenesis must then be described in terms of the
flavor eigenstates [, [63]. Lepton flavour effects have been studied in [67, 75, 76].
The specific temperature when leptogenesis becomes sensitive to lepton flavor dynamics can be estimated
by requiring that the rates of processes I', (o = e, i, 7) that are induced by the charged lepton Yukawa
couplings h,, become faster than the universe expansion rate H(T'). An approximate relation gives [77]:

To(T) ~ 1072h2 T, (4.90)

implying that I'o(7) > H(T) when T' < Ta, where T, ~ 4 x 10* GeV, T, ~ 2 x 10° GeV and
T, ~ 5 x 10" GeV. From these estimates we see that as the mass scale of Leptogenesis is lowered
to M; ~ 10'? GeV, the single-flavor approximation becomes inaccurate since the SM 7-Yukawa inter-
actions enter in thermal equilibrium. In the same way we can distinguish the two-flavor regime for
temperatures 10° GeV « T « 10'?2 GeV, when the 7-Yukawa interactions are in thermal equilibrium
while that of muons are not, i.e. I'y/H » 1 and I',/H « 1. Finally, for temperatures T « 10° GeV, also
the pu-Yukawa interactions are in thermal equilibrium and all flavors are distinguishable, the coherent
superposition in |I;) and |I;) is destroyed and each flavored asymmetry evolves separately. Therefore,
it is necessary to consider also flavor effects if we want to study leptogenesis at scale T' < 102 GeV.

4.4.1 The effects on CP asymmetry and washout
The CP violation in N; decay can manifest itself in two ways:

e The leptons and antileptons are produced at different rates,
Yi * Vi (4.91)
where v; = v(N; — [;H) and 7; = v(N; — [LH*).
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e The leptons and antileptons produced are not CP conjugate states,
CP(y) =1; + i, (4.92)
that is, due to loops effects they are slightly misaligned in flavor space.
We can rewrite the CP asymmetry for N; decays from Eq. 4.52 as follows [63]:

Pioi — Pia¥i  Pia + Pia n P, - P
= €
Yi + i 2 2

feY APZ
~ Pl + 5 (4.93)

€ia

where terms of order (’)(eiAP@) and higher have been neglected. P, is the projector from state L; into
state Ly, and AP, = Py — Pio. At tree level, P, = P;, = P2, where the tree level flavor projector is
given by

Po _ YaiY;i

= T (4.94)

From Eq. 4.93 we can see that the first term corresponds to the first type (Eq. 4.91), while the second
being of the other type (Eq. 4.92). Since Y, Pio = >, Pia = 1, when summing over flavor indices a,
the second term vanishes >, AP;, = 0. It is important to notice that, due to flavor misalignment, the
CP asymmetry in a particular flavor direction €¢;, can be much larger and even of opposite sign from the
total CP asymmetry €;. Actually, the relevance of CP violation of the second type in the flavor regimes
is what allows to evade the DI bound. As regard the washout of the lepton asymmetry of flavor «, it is
proportional to

Wia®Pioi + Pia%i ~ Pz%Wi, (4.95)

which results in a reduction of washout by a factor of P51 compared to unflavored case.

4.4.2 Classical flavored Boltzmann Equations

We consider again the case of leptogenesis from the decays and inverse decays of Nj. In this approxi-
mation, the BE for the number density of the RHNs is still given by Eq. 4.36, while the BE for Nar,,
the lepton asymmetry in the flavor « is given by

dNarL.,
dz

= €1aD1(Ny, — N§!) — PL,WiNar, . (4.96)

Here we are not using a density matrix formalism since we are not interested in the transition between
different flavor regimes. As long as L violation from sphalerons is neglected, the BE for Nar,, are inde-
pendent of each other, and the solutions for the weak and strong washout regimes are given, respectively,
by Egs. 4.47 and 4.51, after replacing €; — €1, and K — Kj, = P} K.

As an example, we assume leptogenesis at T ~ 10'° GeV, that is in the two flavor regime. In this
regime, interactions with 7 leptons in thermal bath destroy the coherence of the lepton state produced
in N; decay. Due to fast 7 Yukawa interactions I; (1) gets projected onto [, (I,) and a coherent mixture
of e +  eigenstates lcy, (i€+ﬂ). Hence, one has to consider Boltzmann equations for the components
parallel and orthogonal to 7 separately [66, 74]. With

P, =[C1,|?, Prr=1—|Ci, > = |Crc]* +|C1pl?, (r]t) =0, (4.97)
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one obtains

dNy
= —D(Ny — N}

dz (Nn N)7

N.

ddTT _ CTTD(NN _ NJG\;]) _ P-,(—)WNTT7 (498)

z
N.
et D~ N~ PRI

z

where N, and N, ., . are respectively the values of the asymmetries in the charges B/3 — L, and
2B/3 — L,. in a comoving volume. For illustrative purpose, here we consider a scenario in which lepton
flavor effects are most prominent. We take both K, Kiey, » 1, so that both N, and N,1,. are in
the strong regime (see Ref. [74] for further details on flavor effects). Then, from Eq. 4.51 we can write
down the solution for the produced B — L asymmetry

NBfL(OO) = NTT(OO) + Nyise (OO)

2 € € 11
_ N TT rir
Kromas Vi (O)<P$T * pTLTJ (4.99)
dei e 1 AP, AP,
~ ——— N0 —NY(0 i
Klzmax Nl( ) * Klzmaac Nl( )( PlTO - Plo-rL ’

where in the ast line we have used Eq. 4.93 For temperatures far below T all three lepton flavors have
to be taken into account. If P ~ TO '\, then, since APy, + AP;.1 = 0 the second term approximately

cancels, and Eq. 4.99 reduces to
461
Np_p(0) ~ ——— N (0). 4.100
B-L(0) L ) (4.100)
This approximated expression shows how, compared to the expression obtained in the unflavoured
case, large lepton flavour effects can arise only when leptons and anti-leptons have a different flavour
composition. If there exists some hierarchy between the flavor projectors, then the second term in

Eq. 4.99 plays an important role and can further enhance the asymmetry.

4.5 Resonant Leptogenesis

So far we have considered the case in which we have assumed that My 3 » M;. Therefore, we have
neglected the effects of Ny 3 since either Try < Ma 3 or N2, N3 decouple when N; is still in thermal
equilibrium. In this section we instead consider the case in which the mass difference between two heavy
RHNSs species is small, i.e. M; ~ M; (quasi-degeneracy) and is of the order of the decay widths I'p.
Such a scenario is called "Resonant leptogenesis", see Ref. [25] for a review. This scenario is important
since, as we shall see, it leads to a resonant enhancement of the CP asymmetry and, consequently, in
this case leptogenesis temperatures of the order of TeV are possible. Also, it is useful to analyze the
resonant leptogenesis regime since we will consider small masses for Majorana neutrinos in the ARS
scenario in Chapt. 5, which is mainly based on flavor effects and resonant leptogenesis.

The resonant effect is related to the self-energy contribution to the CP asymmetry, i.e. from the wave
diagram in Fig. 4.4. In fact, from Eq. 4.79 we see that the self energy contribution is proportional to
M;/(M? — M?), and, for small mass differences, |M; — M;| « 1(M; + Mj), the CP is dominated by this
term. We consider, for simplicity, the case where only N5 is quasi-degenerate with Ny, i.e. My ~ Ms.
Then, a resummation of self-energy effects, namely a resummation of the propagators around their
poles, is necessary to solve the singularity arising from the self-energy contribution involving Ny as an
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intermediate state in Eq. 4.79. In resummed perturbation theory one computes the decay rates of heavy
neutrinos N, to leptons [ and the Higgs boson: I'y; — I'(N, — (H), I'C, = (N, — [H*), in terms of

_ al =
resummed Yukawa couplings kY, [25]. The CP asymmetries are defined as usual:

SN -t 1 1 a0
Zl:e»“:'r (Fal + Fgl) (huThV)aa + (hUCThVC)aa

For quasi-degenerate heavy neutrinos the decay rates show the typical resonant enhancement, and for
two heavy neutrinos the CP asymmetry parameter e can be expressed as [20, 25, 66):

vipv vipv 0
Im[(RJhY,) (BT h)as] (M, —m )mn, T,
(huThu)aa (hUThV)ﬁﬂ (TTL%\/(y — m?VB)Q + m?va Fg\(;gg ’

(4.102)

€al =

where Fg\?; are the tree-level decay widths of the heavy RHN, obtained analogously to Eq. 4.11. In

finite-order perturbation theory, the absorptive term m?\,a Fg\?f that occurs in the last denominator on

the r.h.s. of Eq. 4.102 is absent, thereby leading to a singular behaviour for €,; in the mass-degenerate
limit my, — my,. However, the appearance of this regulating absorptive term due to the finite width
of the heavy Majorana neutrinos should be expected on physical grounds and emerges naturally within
the resummation approach [25]. By neglecting flavor effects and considering only N7 and Ny we obtain:

€ ————— , .
P My My (AMZ)? + M2T3 (R R )1 (R Th?) s
where AM2, = M2 — M%. The resonance condition reads [26]
M3 — M? ~ MT,. (4.104)
In this case,
L |Zm[(R"Th")3,]
~ = . 4.105
ol > 5 o T (4.105)
The magnitude of the CP asymmetry is governed by the expression
T vipv)2
Zml(h )] (4.106)
|h11[?| oz ]

Thus, in the resonant case, the asymmetry is suppressed by neither the smallness of the light neutrino
masses, nor the smallness of their mass splitting, nor small ratios between the singlet neutrino masses.
Actually, the CP asymmetry could be of order one, if we consider the maximal case of CP violation
in Eq. 4.106 [20]. Therefore, in the framework of resonant leptogenesis, we are able to increase the
value of the CP asymmetry by tuning the mass degeneracy between RHNs masses. Therefore, resonant
leptogenesis allowas to obtain the observed amount of baryon asymmetry, even by considering small
Majorana masses. The price of this mechanism is to require a considerable fine-tuning of the masses.



Chapter 5

ARS Leptogenesis

So far we have considered standard scenarios where leptogenesis takes place during the freeze-out of
some heavy states that can decay violating charge-parity CP and lepton number L. This model involves
a very high scale of new physics, much higher than the electroweak scale, since it requires RHNs masses
My to be My » V. Akhmedov, Rubakov and Smirnov [27] (ARS) studied the possibility to generate
a baryon asymmetry in type I seesaw models at a much lower scale, My <« vey. They suggested
that asymmetries in lepton numbers were generated due to oscillations of singlet neutrinos and their
interaction with ordinary matter in the early universe. In this scenario, the asymmetry is not produced
in the decays of RHNs, but instead while the RHNs are produced and approach equilibrium in the
early universe; hence ARS leptogenesis is a freeze-in scenario. In fact, in this low-scale scenario the
Yukawa couplings could be small enough to ensure that some of the sterile states might not reach
thermal equilibrium before the electroweak phase transition, when sphaleron processes are switched off.
The RHNs produced via the SM interactions are generated in their interaction basis, which does not
necessarily coincide with their mass basis. Due to this misalignment, the sterile neutrinos oscillate and
they generate the asymmetry through these CP violating oscillations. The novel feature of this scenario
is that the total lepton number is not violated in these processes, in fact, the important ingredient is
separation rather than generation of lepton number, i.e. its redistribution between different species of
singlet neutrinos. Lepton-number violating (LNV) processes may be negligible both in the generation
of the asymmetries and in the washout as long as Majorana mass of the RHN is small compared to
the temperature. Therefore, the initial asymmetries in active leptons are purely flavored and lepton-
number conserving (LNC). If this situation survives until the electroweak phase transition, a net baryon
asymmetry results, since the eventual equilibration later on can no longer be transmitted to the baryons
in absence of effective sphaleron transitions [29, 78, 79]. In the following, we will first describe the ARS
mechanism model. Then, we will derive the quantum kinetic equations, first by considering only the
LNC processes, valid in the regime My « T, and then we will add the LNV corrections, in order to
have the general kinetic equations valid for all regions of the parameter space.

5.1 Model overview

In this section, mainly based on [80], we will provide a detailed description of the ARS leptogenesis
model. The model involves the simplest extension of the SM with ng heavy Majorana singlets

L =Lsy + Ngrri PNrr — (2(MN)J[NRJNRI + Fo . LoHNRr + h.C.>7 (5.1)

48



5.1. MODEL OVERVIEW 49

where Ny are the right-handed components of Nj (such that PrN, = Ng), F is a 3 X ng Yukawa
complex matrix, My is a ngr-dimensional complex symmetric matrix, L, is the SM lepton doublet of
flavour e, H the Higgs doublet and H® = eH*. When the Higgs doublet develops a VEV, i.e. (H) % 0,
these interactions generate a small mass for the active neutrinos through the seesaw mechanism, see
Eq. 2.33. Choosing a scalar vev around the electroweak scale (H) ~ 100 GeV, sterile-neutrino masses
around the GeV scale and small Yukawa couplings F' ~ 10~7 — 10~® we obtain

01 ev(loé}é>ev>2<1i7)2((j;§)' 52)

Such small Yukawa couplings between LH leptons and sterile neutrinos, active-sterile neutrino is out
of equilibrium in the early universe and does not become rapid until T < Tiy, where Toy ~ 140 GeV
is the temperature of sphaleron freeze-out. If there is a negligible concentration of sterile neutrinos
immediately following inflation, then the sterile-neutrino abundance remains below its equilibrium value
until it re-thermalizes at T' < Tey. As we have already seen, sphaleron processes are active for T' > Tey,
and violate baryon number B, but preserve B — L, processing the primordial lepton asymmetry into a
baryon asymmetry.

Sakharov Conditions for ARS Leptogenesis

The Sakharov conditions are satisfied in this model:

e Violation of the SM lepton number L: The Yukawa coupling F' in Eq. 5.1 preserves a gener-
alized lepton number L — N under which both SM and sterile neutrinos are charged. The L — N
symmetry is broken by the sterile neutrino Majorana mass, but rates (L — N)-violating processes
are suppressed by a factor of M% /T? relative to (L — N)-preserving rates, and so total lepton num-
ber violation is generally ineffective for T' 2 Te,,. However, scattering processes L, — N} through
the Yukawa interactions violate SM lepton number, allowing the creation of equal asymmetries in
L and N such that L — N is still conserved. Sphalerons then convert the SM L asymmetry into a
baryon one.

e CP violation: There are three CP phases in the Yukawa couplings F, ;. These provide a sufficient
source for leptogenesis through neutrino oscillations.

e Departure from thermal equilibrium: If My « T, sterile neutrino scatterings are out of
equilibrium provided there is no abundance of sterile neutrinos in the earliest times following
inflation. In this model equilibration occurs only after the sphalerons freeze-out at Ty .

Since the three Sakharov conditions are satisfied we can proceed to examine which are the physi-
cal processes responsible for leptogenesis. Immediately following inflation there is no sterile neutrinos
abundance and the sterile sector starts being populated by out-of-equilibrium scatterings mediated by
the Yukawa couplings F', as shown on the left side of Fig. 5.1. The production mechanism of singlet
neutrinos conserves CP, i.e. for each type equal numbers of particles and antiparticles (particles of
opposite helicities, since we are in the Majorana case) are produced [27]. Sterile neutrinos are produced
in flavor combinations that get modified in propagation, because they are a superposition of the mass
eigenstates. Moreover, the sterile neutrinos remain coherent as long as the active-sterile Yukawa cou-
pling remains out of equilibrium, since in this minimal model there are no other interactions involving
the sterile neutrinos. Note that none of these processes violates the total lepton number L;,; = Zl L;,
where 7 denotes the types of Majorana neutrinos ¢ = 1,2,3. However, CP is not conserved due to mix-
ing in the singlet neutrino sector. Therefore the initially created state with individual lepton numbers
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Figure 5.1: The basic stages leading to the generation of a total lepton asymmetry from left to right: Out of
equilibrium scattering of LH leptons begin to populate the sterile neutrino abundance at order O(|F |2); after
some time of coherent oscillations, a small fraction of the sterile neutrinos scatter back into LH leptons and
create an asymmetry in individual lepton flavours at order O(|F|*). Finally, at order O(|F|°), a total lepton
asymmetry is generated due to a difference in scattering rate into sterile neutrinos among the different active
flavours. Figure taken from Ref. [80].

Ly = Ly = Ly = 0 evolves through the oscillations into a state in which Ly £ 0, Ls + 0, L3 + 0, but
still Lio¢ = 0. Therefore, the total lepton number gets unevenly distributed between different species of
sterile neutrinos. Some time later, sterile neutrinos communicate their lepton asymmetry to ordinary
neutrinos and charged leptons through their Yukawa couplings. In fact, a subset of sterile neutrinos
scatter back into LH leptons, mediating L, — Lg transitions, as shown in the center of Fig. 5.1. Since
the sterile neutrinos remain in a coherent superposition in the intermediate time between scatterings,
the transition rate L, — Lg includes an interference between propagation mediated by the different
sterile neutrino mass eigenstates. The different mass eigenstates have different phases resulting from
time evolution; for sterile neutrinos Ny and N, the relative phase accumulated during a small time dt
is e~ Hwr=wn)dt where (see Subsec. 2.2.1):

(My)7 — (Mn)3 _ (Mn)3,
2T o or

Wy —wyg ~ (53)
In the interaction basis, this CP-even phase results from an oscillation between different sterile neutrino
flavours. When combined with the CP-odd phases from the Yukawa matrix F,;, neutrino oscillations
lead to a difference between the L, — Lg rate and its complex conjugate [80]:

M2

In absence of efficient washout interactions, which is ensured by the out-of-equilibrium condition, this
difference in rates creates asymmetries in the individual LH lepton flavours L. Denoting the individual
LH flavour abundances by Yz, = nr_ /s, where s is the entropy density, and the asymmetries by
Yar, = Yr, — Y1, we note that the processes of order O(|F ) only convert L, into Lg, conserving
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the overall SM lepton number, i.e.

YaLy, = 2, YaL, =0 at O(|F|%). (5.5)

Therefore, at this level no net baryon asymmetry is generated Yap,,, = 0, since sphalerons couple to
the total SM lepton number. However, the total lepton asymmetry is generated at order O(|F|)%: the
excess in each individual LH lepton flavour due to the asymmetry from Eq. 5.4 leads to a slight increase
of the rate of L, — NT vs. LT — N. The result is that active-sterile lepton scatterings can convert
individual lepton flavour asymmetries into asymmetries in the sterile neutrinos. But, since the rates of
conversion, I'(L, — NT), are generically different for each lepton flavour «, this leads to a depletion of
some of the individual lepton asymmetries at a faster rate than others, leading to an overall SM lepton
asymmetry and an overall neutrino asymmetry. Because L;,; — IV is conserved for T » my, this gives

dYaAN, dYar ;
tot _ tot _ Y (L, — N). .
dt dt 2 ALy ( [) (5 6)

a,l

Therefore, while the sum of the LH lepton flavour asymmetries vanishes at O(|F|*) as in Eq. 5.5, the
fact that the LH leptons scatter at different rates into the sterile sector results in a non-vanishing total
lepton asymmetry at O(|F'|%). Two scales are therefore relevant in the generation of the asymmetry: the
time when the oscillation rate is similar to the Hubble expansion (oscillation time), and the equilibration
time when the scattering rate is of the order of the Hubble expansion. First, we consider the oscillation
time. In absence of a sterile-neutrino mass splitting, the sterile-neutrino masses and couplings can
be simultaneously diagonalized, and there is no coherent oscillation. The size of the mass splitting
dictates the time scale at which the phases of the coherently evolving sterile neutrino eigenstates become
substantially different. From Eq. 5.4 and the Hubble parameter in a radiation-dominated universe:

1.66 T2
= LOOVoT (5.7)
Mpy

we have an O(1) phase from oscillation at
tosc C(AME, Mo) ™3, (5.8)

where My = Mp1/1.66,/g%. From the probability of oscillation in Eq. 2.12 we see that the frequency
of oscillation is oc1/Losc = AmZ;/2E (where we have used natural units). By comparing the oscillation
frequency with the Hubble parameter and by requiring I'ysc ~ H we obtain Eq. 5.8. From Eq. 5.8 we see
that the oscillation time is later for smaller mass splittings. At later times, the rates of scattering between
active-sterile neutrinos is larger relative to the Hubble scale, and the asymmetry is consequently larger.
Therefore, small but non-zero sterile neutrino mass splittings enhance the size of the baryon asymmetry,
as long as active-sterile neutrino scatterings is not so rapid as to decohere the sterile neutrinos prior to
coherent oscillations. At early times, ¢ < t,s. the oscillation phase is small and the rate of asymmetry
is slow. At later times, ¢ » tqsc, the oscillation rate is rapid compared to the Hubble scale, and sterile
neutrinos produced at different times have different phases. Consequently, averaging over the entire
ensemble results in a cancellation of the asymmetry production from each sterile neutrino. Therefore,
the lepton flavour asymmetries are dominated by production at ¢ ~ t.s.. The equilibration time is
obtained by requiring that the scattering rate is of the order of the Hubble expansion

mymy Mo\

”7}2N°> . (5.9)

teq(@)oc(F2Mp) ™t ~ (
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Therefore the magnitude of the Yukawa couplings is an important element for generating a non-zero
baryon asymmetry, since it determines the rates of processes generating the lepton asymmetry. As we
have already seen, the rate of production of individual lepton flavour asymmetries is O(|F|*). This
implies that increasing the magnitude of Yukawa couplings both enhances the individual flavour asym-
metries and gives a more rapid transfer rate from the individual lepton flavour asymmetries into a
total lepton asymmetry at order O(|F'|%). However, increase in the Yukawas also enhances the washout
processes. The characteristic time scale associated with the washout of lepton flavour « is

1 1
Lo washout ~ ~ . 1
MU T (L — NT) © (FF)oT (5.10)

If the Yukawa couplings is too large, then washout occurs before the electroweak phase transition, and
all lepton flavour asymmetries are erased in the equilibrium limit. Unless the mass eigenestates are
extremely degenerate, there is a hierarchy of scales:

tose K teq ~ tEw- (511)

From these considerations we see that the generation of the asymmetry in the different flavors is effective
at t ~ tosc, SO it takes place at temperatures much higher than the electroweak phase transition. At
later times, when oscillations are very fast, quantum effects are no longer possible and the lepton
asymmetries no longer grow, but the total lepton asymmetry keeps evolving because the equilibration
rate of different flavors is different. The presence of lepton flavour dependence in scattering rates is
crucial to generate a lepton asymmetry. In fact, in the absence of lepton flavour dependence effects, the
individual scattering rates are all equal, i.e. I'(L, — N1) =I'(L,, — NT) = I'(L, — N1), and the total
lepton asymmetry remains zero!. After all the states reach the equilibration time ¢ > ¢4, the asymmetry
drops exponentially. If the electroweak phase transition happens before that, the subsequent evolution of
the lepton asymmetries no longer affects the baryons and therefore whatever baryon asymmetry survives
until ¢ey remains.

5.1.1 Derivation of quantum kinetic equations

The described mechanism can be realized by a simple framework called as the neutrino MSM (vMSM),
in which three right-handed neutrinos are introduced with Majorana masses below the electroweak
scale. The lightest sterile neutrino N7 with mass ~ 10 keV can be a candidate of dark matter, while
the other two N; and N3 with masses ~ 1 GeV can generate the BAU through ARS leptogenesis.
In order to describe a series of processes generating asymmetries, we have to deal with the coherent
evolution of sterile neutrinos with the flavour oscillations, and also the incoherent scattering processes
with surrounding medium for the destruction and production of sterile neutrinos. We then use the
Raffelt-Sigl formalism [81], i.e. the formulation with the matrix of densities. As we have already seen
in previous chapters, we describe the early universe as a thermodynamical ensemble, which can be
described by a density matrix p and the expectation value of any operator is given by the average,
see Eq. E.40. To characterize p are necessary all matrix elements of p, or, equivalently, all n-point
correlation functions for all quantum fields 2. The leptonic charges can be expressed in terms of field

1There is already evidence for lepton flavour dependence in the interactions with neutrinos. First, the structure of the
LH neutrino masses and mixing angles tells us that their Yukawa couplings are non-universal, and proportional to the
mxing angles 6;;. Second, the CP phases appear in very particular terms in the interaction: for instance, the Dirac phase
6 appears only in terms proportional to sin ;3. Changing the phase can lead to constructive or destructive interference
of rates involving a specific lepton flavour [80].

2Notice that, since the ensemble can be in infinitely many states, infinitely many numbers are necessary to exactly
characterize p. Therefore, any practically computable description requires truncation
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bilinears, thus it is sufficient to concentrate on the two-point functions. We will consider bilinears in the
ladder operators ay, a; for sterile, and a,, af, for active neutrinos. The starting point of this formalism
is to consider the time evolution of number density matrices represented by the expectation values of
the number density operators for the particle states (right or positive helicity states) and antiparticles
(left or negative helicity states):

(@} (K)ai(k)r = (2m)°5° (k — k") (p(k))sj
(bl 1)b; ()1 = (21)°5° (k = 1) (p() )i,

The matrix of interest here is one in the flavor space consisting of sterile neutrinos Ny and N3 with pos-
itive helicities, N and N3 with negative helicities, active leptons Lo, o = e, i, 7 and their antiparticles
Lo, a = e, pu, 7, which leads to a 10 x 10 matrix. The diagonal elements of this matrix will be the usual
occupation numbers, and the off-diagonal elements contain correlation of the flavour mixing.

(5.12)

PLL  PrLL PLN PLN
PLrL PLL PLN PLN (5.13)
PNL PNL PNN PNN
PNL PNL PNN PNN

p=

where different entries p are matrices describing the neutrino states in different sectors. Notice that we
have only considered terms that contain exactly one creation and one annihilation operator. In fact,
terms contatining two creation or two annihilation operators, such as {ara ), or <agag>, can be related
to processes that violate lepton number and are suppressed at T > M. For T < M they could in
principle contribute, but we neglect them for the moment since the leading order contribution in the
Yukawa coupling F' to the corresponding rate %(a ragy ete. oscillate fast. We will go back to these fast
modes in the next sections, but for the moment we will focus only on the lepton number conserving
processes. It is important to notice that in absence of lepton number violating (LNV) processes, the
total asymmetry summed over both the active and singlet sector must vanish. Hence, the asymmetries
produced in the active and singlet sector are of equal value, but have opposite sign. However, sphaleron
processes act only on the asymmetry in the SM sector, partially converting it into the observed baryon
asymmetry. In this way, leptogenesis occurs even if the total generalised lepton number is conserved
(approximately). In the situation under consideration, the density matrix can be simplified. First,
active leptons possess gauge interactions and Yukawa interactions with right-handed charge leptons in
addition to neutrino Yukawa interactions, which induce large energy gaps between active and sterile
states through the thermal effect. Then, the transitions between active and sterile leptons are highly
suppressed, and the elements corresponding to the mixing between L, and N; (and also L, and Ny)
are neglected. At this stage, the matrix of densities in the system is decomposed into two 2 x 2 matrices
pn for Na 3 and py for ]\72’3, and two 3 x 3 matrices p;, and p;? for active leptons L, and L, with
a = e, u, 7. Secondly, the off-diagonal elements of pr and pr can be neglected for the temperatures
of interest. This is because the flavour transitions among active leptons are also suppressed due to
the medium effects induced by the Yukawa interactions of charged leptons with hierarchical coupling
constants. Therefore, the system can be described in the density matrix formalism by two differential

matrix equations, one for the single neutrino N (anti-neutrino N) and one for the active leptons L
(anti-leptons L). First, we consider the kinetic equation for the sterile neutrinos, which can be written
in the form [81]:

dp

1 1
— —i[H, p] — ={T (TP 1— 14
o i[H, p] 2{ ,p}+2{ ,1—p}, (5.14)

3pr, is considered to be the sum of two contributions of lepton doublets, i.e. pr, = py + pe = Nppw.



54 CHAPTER 5. ARS LEPTOGENESIS

Wb ilHy, pu) — 5T pu) + (0,1 i), (515)
where H = H°+Vy is the Hermitian effective Hamiltonian incorporating the medium effects on neutrino
propagation in the thermal plasma and can be written as (see Ref. [56] for details on the computation):

_ M% T t

H= 5% + 8k0F F, (5.16)
where we have excluded those effects that are flavor blind, i.e. proportional to the identity in flavor
which drop from the commutator [29]. The first term of Eq. 5.14 describes the coherent evolution of px
and the oscillation of sterile neutrinos occurs due to the off-diagonal elements of the effective potential
Vi , which is found from the self energy for sterile neutrinos at finite temperatures (see Ref. [82] for
details). These equations can be simplified by taking the active species to be in thermal equilibrium with
a chemical potential i, pr (kz, T jta) = Nopr(ke/T, o)1, with pr(kr/T,j1a) = (exp(ke/T — o)),
denoting the Fermi-Dirac distribution with momentum k7 and chemical potential normalized by the
temperature f1o = po/T. We can further notice that the chemical potentials p, are small parameter,
since they are directly related to the generated baryon asymmetry. Therefore, they may be used for a
perturbative analysis. T'%; and 'y are the production and annihilation rates, respectively. For a process
a(E7) + b(E2) — ¢(E3) + N(pn)

1 S
I =—F" JH L (2m) 6@ (1 + p2 — ps — pa)IMPpa(ED)po(Eo) (L £ po(By) | F,  (5.17)
2]€N =1 (271’)
1 3 d3p
D = g P ([ T1 525 m) 60 + pa = pa — pw) MP(1 % pu(B)(L % pu(E))pel ) ) P
2]€N =1 (27T)
(5.18)
where p; are the distribution functions. Egs. 5.18 can be re-written as
k
Fg)\hj :FinF (1? - Ua)'YN(kH Ua)Faja (5'19)
o f ko
TN, =Fai\ 1= pr| 7 = Ha | Jov (K, Ha) Fag, (5.20)
where yy contains the contribution from all 2 — 2 processes that produce an N:
Qt - IN; tl - QN; Wl — HN; IH - WN; WH — IN, (5.21)

and 1 <> 2 processes: H — IN including resummed soft-gauge interactions (see Refs. [28, 29, 78, 82]).
These contributions have been computed, including also the effected of a lepton chemical potential to
linear order, in Ref. [78]. Expanding in p,

v (s pra) = A () + 3 (Bt (5.22)
and defining /

W) =40 - L), (529
with pfp = d”gi.;y), the functions 'y](\? get contributions from quark (Q), gauge scattering (V) and the

1 — 2 resummed processes (LPM):

i i i i i 1
W = F YRS + (3¢% + ) (75/) + 751 log (392+9’2>>' (5:24)
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The functions '78,)\/ depend only on the ratio ko/7", while 'y(Lil)D s has non-trivial temperature dependence

due to the runnings of the coupling constants; for details see [83, 84]. Inserting Eqs. 5.22-5.23) in the
kinetic equations 5.14 we get
dp _
dt

. 1 1
= —i[H, p] - Q{FT(l — pr(k, W) N F, PN} + Q{FT/)F(k,M)VNF, 1— PN}

. 1., 1
—i[H,p] — §{F Py + §{F”,1 —p}

. 1 1 1
= —i[H,p] - 2{FT'7NF7PN} + Q{FTPF(knu)'VNF»PN} + 2{FTPF(/<,N)%F, 1}

1
il o
1 1
i[H, p] — 2{FT (VY + 1 ta) F, PN} + 2{FTPF(k7U)(7N) + v ) F, 1}

—

i[H, p] — {FT OF, PN} 2{FT7§V)MQF ,ON} + Flpp(k, p)y W F

+ Flpp(k, n)7y

[\)

At this point we can expand at first order in the chemical potential pp(ko/T — pe) =~ pr(ko/T) —
Pp(ko/T)pe and we obtain

%V = —i[H, p] - ;{FT VF, PN} I{FT%(\?)FMF, PN} + Fpp(k, m)yy F
+ F(pp(k) = ol ()7 (k) F
ittt )= 5 { P Fpw = G P o} 4 Foro) — i 0F (520
+ Fop (k)75 ()uF + F' (k) uF — FH 2 ol (k)y ) F
—i[H, pn] — ;{FT'YJ(\?)RPN — PF} — ;{FT GuF, PN} + Flppy{ uF + 0(1?),

where 1 = diag(pa). The equation for N are given by CP conjugation, i.e. by taking py — py and
uw— —p, ' — F*. In this way we immediately obtain

d%\, = —i[H*, pn] - ;{FT%(\?)F*’ﬁN - PF} + ;{FT%(\?)MF*@N} — FTppy\ uF*. (5.27)
Finally, we need the equations describing the lepton asymmetry pr — pz. To derive these equations we
start by considering the evolution of active species L (see Eq. 5.15) and we can find the evolution of
pi by taking L — L, uy, — —pr. The corresponding decay and production rates of the active species,
which describes the exact same processes from the point of view of these particles, can be related to
Egs. 5.26-5.27. In fact, from the processes in Eq. 5.21 we see that the production of leptons [ corresponds
to the destruction of the RHNs, therefore, we can substitute

{I“Ii) 1- PL} - {F7V7PN}7
{p oL} > {1 - pn},

and for the lepton asymmetry we need to consider p;, — p; (see Ref. [82] for a detailed estimate of the
rates). From these considerations we can deduce that the kinetic equation for the asymmetry can be

(5.28)
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derived by taking %(pN — px). We can also notice that the lepton asymmetry can be related to the
chemical potential, since

I S R Y R R A (5.29
2m)3 pPr\FL/L, L) — PF\RL/ L, —HL ML (27r)3pF L = ML .
where we have used the fact that %(ey +1)7t = —e¥/(1 + e¥)? and we obtain:
1 1 eFIT (ehr — ke ,
eF/T=re 41 ek/True 41 (eFT +1)2 = T2LPp: (5:30)

Hence, the chemical potentials can be written as (see Ref. [85] for details):

3
fia = 7T3?VD J(C;:)LS(” — PL)aa; (5.31)
and we can obtain the kinetic equations for the chemical potentials from the equations for p;, — pz,
i.e. from py — pi. Note that the off-diagonal elements of pr and p; do not enter in Eq. 5.26, and
hence it is sufficient to solve the kinetic equation for diagonal components only, implying that the
commutator in Eq. 5.15 can be dropped. Actually, the above approach is incorrect, as it neglects
the effects of interactions between SM fields, which are rapid compared to the active-sterile neutrino
scatterings. Because of these scatterings, the asymmetries in individual lepton flavours created by sterile
neutrino oscillations are rapidly distributed among all SM fields. Since the asymmetries are destroyed
only through interactions of the LH leptons with sterile neutrinos, this modifies the relative rates of
asymmetry creation and destruction. Therefore, we must take into account the so-called spectator
processes. In fact, as we have already pointed out in Sec. 3.3.3, these processes distribute the asymmetry
among various species of the thermal bath, conserving B — L, but violating B+ L. Hence, to incorporate
these processes, we include in our density matrices only quantities that are preserved by the equilibrium
SM interactions, justifying the absence of such rapid interactions in the evolution equations. For this
reason we consider the evolution of the asymmetries B/3 — L,,, which are non anomalous and exactly
conserved in the SM [80]. The relation between the leptonic chemical potentials and the approximately
conserved charges, B/3 — L, is given by [85]:

257 20 20
po =2 Copipjz—r.,  Cap = —o7 | 20 257 20| (5.32)
3 20 20 257

From the considerations above we can now finally find the kinetic equation for the conserved charges
B/3 — L, as
dnm e (0)
—Blle —QJ IN (FpnF' = F*py F ) s
dt sl 2
(5.33)

@)
+ o (%;(FPNFT + F* oy F)aa — VJ(VDTY[FFTPa]PF> }

where P, is the projector on flavor «. It is important to notice that the evolution equations satisfy
the relation Tr(py_x — pr_f,) ~ 0 which reflects the conservation of the global L — N charge. Indeed,
as we have already pointed out, if we neglect the LNV processes the total asymmetry summed over
both the active and singlet sector must vanish. Thus, if the system starts with the lepton symmetric
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universe, the asymmetry of sterile neutrinos is always opposite to that of active leptons. Namely, the
kinetic equations we have derived here do not describe the generation of the lepton asymmetry, but the
separation into sterile and active sectors [82].

Introducing finally the expansion of the Universe and changing variables to the scale factor x = a = T—*
and y = ka, the time derivative of the distribution functions changes to:

d _ d -
i1 (a) PNE) i R el WUSCEY
k

de (T7 k) N
oz y fied dt dz

dt

where H(x) = T?%/My, with My = Mp1/(1.66g4 s), is the Hubble parameter in a radiation dominated
universe. In this case we have a constant number of relativistic degrees of freedom g4 (7p) ~ 106.75
for Ty = Tew, then 2T = const. that we can fix to one. Solving the kinetic equations 5.26 and 5.27 is
challenging since they are integro-differential equations as py and py depend upon momenta and the
collision terms are integrals of the density matrices themselves. Therefore, to simplify the numerical
solution of these equations, it is common to assume that the heavy neutrinos fulfill the weaker con-
dition of kinetic equilibrium, py(kn,T)r; = RN(T)1spr(kn/T,p = 0). In this way we approximate
the neutrino and anti-neutrino density matrices as a Fermi-Dirac distribution with vanishing chemical
potential and with a temperature 7', multiplied by time-dependent matrices Ry and Ry which encode
the neutrino asymmetries as well as flavour correlations. With this we can factor out the momentum-
independent variable Ry (7T) in the integrals above, and replace the integrated rates with thermally
averaged destruction and production rates:

§dPpy(p, T)pr(p/T) '

~(T)) = 5.35
O = /1) 39
By changing variables as in Eq. 5.34 we finally find the kinetic equations:
dR 0
e M gy, ) - D it ey — 1y 4 O~ T E Ry (530
dRy , 7<0> e
Moy it mg) — 2 FT e Ry 1)~ GO uE + (P, R

(5.37)

dips—_r., p (0 (2)
xH Béi Lo _ §k p/F{@2 >(FRNFT — F*R5FT) aa + fta <<%2V>(FRNFT — F*RyFT)oa  (5.38)
kPF

- <7§v1)>Tr[FTFPa]) } (5.39)

So far we have neglected lepton number violating (LNV) processes because the Majorana mass of the
RHNSs is small compared to the temperature. In this situation the initial asymmetries in active leptons
are purely flavored and lepton-number conserving (LNC) and we have seen that total asymmetries
in the active sector arise and are approximately counterbalanced by those in the sterile sector, i.e.
Tr(pr_7 — py_n) =~ 0. But in other regions of the parameter space LNV contributions may be relevant
and then must be accounted for, namely when M /T corrections to the rates cannot be neglected. In fact,
since the sterile neutrinos are massive, they carry both helicities. The two helicities states experience
different interactions: one state interacts with Standard Model leptons and the other with antileptons.
Therefore, both helicities play a role and in presence of a lepton asymmetry they are produced and
equilibrate at a different rate. It turns out that at a good approximation the two helicity states have
no direct overlap with each other and we can describe the neutrino ensemble with the two distinguished
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matrices py and pg. This approximation is valid in the limit My « T (or if all Majorana masses are
set to zero), the theory has an additional conserved charged, called "fermion number". In this limit the
Majorana spinor can be replaced by a chiral Dirac spinor and the conserved charge then counts the total
asymmetry in right-handed and left-handed leptons. Keeping instead the Majorana character intact,
the fermion number is defined as the sum of the helicity asymmetry of the sterile neutrinos and the
lepton asymmetry of the Standard Model sector. Therefore, we need to take into account the helicity-
conserving (fermion number violating) terms in the quantum kinetic Eqs. 5.37-5.39, by adding the LNV
corrections to the rates that have been computed in Ref. [84]. By following Ref. [79] we neglect the
hypercharge chemical potential®, which is a small effect, and we write the LNV contributions analogously
to the LNC rates in Eqgs. 5.22-5.23, but with the following substitutions:

W50, PO s g My (5.40)

As we have already pointed out, one helicity state couples to leptons, while the other to antileptons.
Since here we are considering helicity conserving terms, we must have both helicities and, therefore,
the term proportional to the chemical potential p have a different sign, since they couple to antileptons
(leptons). For this reason we change the sign in the middle of Eq. 5.40. In the last substitution of
Eq. 5.40, we have inserted the term My /T since we are considering LNV terms, while the Yukawa
coupling becomes its complex conjugate since it enters in the quantum kinetic equations with opposite
helicity. With these substitutions we finally obtain

(0) (0)
e = i), ] - o >{FTF Ry 1) - 225X SN METEM, Ry — 1)
X
+ (O FTuF — x2<5§v1)>MFTuF*M — Q{FTME Ry}
(2)
+ a2 T Ry
. (0)
B i), mg) ~ D057 Ry — 1) - oS st et g - 1)
W 0 <v(2)>
— NOFT pF* + 22(SYOYMF P M + ~ Y 2AFT ™ Ry}
@)
2<S >{MFT FM, Ry},
djig)s (0)
oH MB(Z: La _ §kZIF{<72 >(FRNFT — F*RyFT) —9C2<S2¢>(F*MRNMFT—FMRNMFT)
kI’F

(2)
— pa((WWOFF" + 2%(SQ)FM2FT) + mgv o (FRNF' + F* Ry ™)

@)
+ :Z:ZS%> pio (FMRyMF" + F*MRNMFT)}

ax

4Within perturbation theory, the presence of UL. B F 0 implies that the temporal component of the hypercharge
gauge potential develops an expectation value (py ), guaranteeing the neutrality of the plasma.
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5.2 ARS Leptogenesis with additional singlet scalar

In this section we are going to study how the ARS Leptogenesis mechanism is modified when we add
an additional scalar particle to the vMSM scenario. In particular, we are going to add a complex scalar
particle ® and a global U(1)pg_1, symmetry. Therefore, the symmetry group of the theory is:

(SUB)e x SU2): x U(L)y) X U(1)(B=L)10pmi- (5.41)

The additional scalar is a singlet under the SM gauge group and has a B — L. = +2 charge. The
Lagrangian of this theory will be made by £ = Lsnm + Liin(ng,0) + Line — V (H, ®). To write it we need
to consider all the possible terms respecting the symmetry group. In this way, we can construct the
gauge invariant interacting Lagrangian as:

Yis

Lint = ~FaiLocH* Ny = —* @NiNy + hic. (5.42)

and the high-energy potential invariant under the symmetry group is given by
V(H,®) = H H + Ag(H H)? + p20T® + Xy (270)? + A\, HTHOTO, (5.43)

with Ay > 0 to have a potential limited from below. We can verify that this Lagrangian is invariant
under the U(1)p_r, global symmetry, indeed, if we transform the scalar as ® — e!®® the Lagrangian
does not change. This is not true for the vacuum of the system, which is not trivial when ,ui < 0 and
leads to Spontaneous Symmetry Breaking (SSB). To find the ground state of the system we compute
the minimum of the potential, first by assuming that ,u?w Wa A, Ap, Agr >0

ov
9] =20 ¢°® + 4\ |®* + 22X\ |H[*® = 0,
44
v 2 3 2 (5.44)
These conditions are satisfied for
2 2
+ Ago|®
H| =0, = -t 2l (5.45)
2 2
o + )\H¢|H‘

Since we are assuming Mé’ p3; > 0 we must choose the solutions |®| = 0 and |H| = 0 and by computing
the second derivative we find the Hessian matrix:

aQV 2 2 2
8|<I>|2 =2M¢+12)\¢‘(I>| +)\)\H|H‘ ,
®=0,H=0
>V 2 2 2
S =2pg |H|? + 12\ H? + 2\ 54| ®| , (5.47)
»=0,H=0
o2V
s =4mg|H|[ 2 ;
0DOH S—0.H—0

22 0
H= [ ‘545 2%]. (5.48)



60 CHAPTER 5. ARS LEPTOGENESIS

Therefore, we see that if ui > 0 and p2; > 0 the Hessian matrix is positive definite and we have a trivial
minimum in the point {® = 0, H = 0}. But we immediately notice that if instead ué < 0 we are in a
saddle point. Indeed, by taking ui - — ,ui we see that we have another possible minimum configuration
given by®:
]2 :Mi — AwolHI?
2 Hg ’ (5.49)
|H| =0.

By substituting these conditions in Eq. 5.47 and by taking u — —pZ we obtain a positive definite

Hessian matrix: )
dpg 0
H = 2, 5.50
[ 0 2u% + Ai;“’} (5:50)

so we have a minimum. Recalling that we can rewrite a complex scalar field as the linear combination
of two real fields ® = &\ée, so TP = %(¢2 + 6?). We see that the first equation in Eq. 5.49 represents
a circle in the complex plane, which is invariant under the global U(1)g_; symmetry. Every point on
this circle defines a minimum of energy and, consequently, we have a set of infinite degenerate vacua.
However, once we choose a particular point on the minima configuration, the global invariance would
be broken. By combining the two solutions in Eq. 5.49 we have
2 2
tg— Ho _ Y
PP = », 2 (5.51)
where vi = ui/x\¢ is the Vacuum Expectation Value. Therefore, we have spontaneous breaking of a
continuous symmetry and, from the Goldstone Theorem we know that when this happens, massless
particles, i.e. Goldstone Bosons, must arise. The Goldstone theorem also states that the number of
Goldstone bosons produced is equal to the difference between the dimension of the broken symmetry
group and the dimension of the subgroup, which leaves the symmetry unbroken. In our case, the group
U(1)p_r, is completely broken, and, since it has only one generator, we expect one goldstone boson to
emerge. For simplicity, we can choose the ground state of our theory such as

<¢0> = Vg, <00> = Oa (552)
where we have used the parametrization

1
O = —(¢p+10). 5.53
T5(0+it) (55
This choice would imply that the § would corresponds to the Goldstone boson. In order to see that we
explore the spectrum we shift the field in order to rewrite the Lagrangian in terms of displacement from
the physical vacuum.

d(z) = (Poy + & = vy + &, 0(x) = (Bo) + O(z) = O(x). (5.54)

So we expect the field 6 to be massless, while ¢ will be massive. To verify that we insert the parametriza-
tion in Eq. 5.53 in the Lagrangian in Eq. 5.42 and then we shift the fields as in Eq. 5.54, which corresponds
to take L
vy + @+ 16
7 .

5We still have H = 0 since we are assuming U(1)g_ symmetry breaks before the EWSB. In fact, we want to
dynamically generate the masses of the RHNs before EWPT, in order to have sterile neutrino oscillations and, consequently,
the generation of the lepton asymmetry.

> = (5.55)




5.2. ARS LEPTOGENESIS WITH ADDITIONAL SINGLET SCALAR 61

First we focus on the potential part® and we find
17 A A
V(H,®) = =2(0% + ¢°) + (0" +6°)° + pfy HUH + A (H'H)? + Z2HUH(6° + 6%)
2 2 2

Ko o Ho 1o 2 5 Hga  Ag WA, Abga, Apaase  Ag 9a0 A Iy
=122 _ 1242 _ ) Ze Ze Ze Ze 299

5 Ve 2¢> gV 29+4(v¢+¢)+49+2¢9+2v¢0+2v¢¢0
+éngUiﬁ4—g?%ﬂHbé+AmﬂﬁHvé+éggHum2+u%HU¥+AHGﬂHF.

(5.56)

By considering the quadratic terms and recalling that v} = u3/A\g we find

“3%2 3 272 “35? Ag 959 2 72 5.57
Vauad(9,0) = = 8% + S A3 67 — 207 + T20g0? = pid?. (5.57)

As expected, we see that there is no massive term for the field § and we can conclude that it is the
Goldstone boson, which in the case of U(1)p_1, SSB is called the Majoron. Instead, for the particle ¢
we have a massive term and we can conclude that at tree level and at zero temperature, the scalar mass
is M 2 = mv¢. Now we insert the parametrization in Eq. 5.55 in the kinetic terms in the scalar sector
of the Lagrangian and we have

0,110 Ha#(% +¢+29)0H<v¢+¢>+10

V2 V2

So we see that the Goldstone bosons 6 enter in L is via derivatives. Lastly, we consider the RHNs sector
of our Lagrangian, by substituting Eq. 5.55 in the interacting Lagrangian in Eq. 5.42 we obtain

) = %aﬂéa% + %auéaué. (5.58)

Yy - (QZ)+U¢+7;9A) Yi; - ~ Y5 - Yy o A
Lint =— Y —2NEN = NN¢ + —=v4N°N +1 NENG, .
int ;2 A VAW AL Wi (5:59)

where we take the couplings Y7 to be real and flavour universal i.e. Y;; = ynd;7. From this Lagrangian
we see that after the SSB of the U(1) p_, symmetry a massive term for the RHNs arise and my = vpyn-.
With the addition of the singlet scalar ® we have that in the early universe RHNs can be produced in
four possible ways: in SM Higgs boson decays and 2 <> 2 scattering via the coupling F,; as in standard
ARS model, in ¢ and 6 decays and annihilations through the coupling Y7 ;.

5.2.1 New interactions

As we have seen in the previous section, the additional scalar modifies the Lagrangian with the intro-
duction of a new interaction that can populate the RHNs, with some consequences on the asymmetry
produced. In particular, we expect that if the RHNs are brought in thermal equilibrium at a temper-
ature such that z.q « 2osc, namely before the time it takes for the RHN state to oscillate once, the
asymmetry gets cut off. In the following we will estimate how the new interaction modify the abun-
dance of RHNs. Furthermore, we will focus in the temperature range T° > 100 GeV, i.e. before the
EW sphaleron freeze-out, since we know that in the ARS mechanism the lepton asymmetry is produced
before the electroweak phase transition.

We assume that the scalar ® is at thermal equilibrium with the plasma after reheating, and after the

6Here we are taking p,i - — ui since we are in the configuration which breaks the symmetry.
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SSB of the U(1)p_;, symmetry we have two possible interactions: ¢ < NN and ¢¢ < NN. We can
argue that the decay of the scalar particle is kinematically forbidden for My < 2my i.e. for \/E < YN
and so in this case the 2 < 2 would dominate, but we must take into account the fact that we are
assuming that the scalar singlet is at thermal equilibrium with the thermal plasma, therefore it will
receive some thermal correction to the mass’. In fact, from the effective potential at one-loop (see App.
E) we find that the scalar mass is proportional to the temperature (see App. E.3 for details in the

computation) and we obtain:
Mg (T)? = Mg(0)? + c4T7?, (5.60)

where 1
Cy = ﬁ(?)\H¢ + 4)\(;5) (561)

At this point we can compute the interaction rate for the scalar decay and the 2 — 2 process to determine
the time of equilibration of the RHNs, defined as the time at which the total RHN production rate is
equal to the Hubble expansion rate.

First we focus on the scalar decay:

By computing the decay rate in the center of mass frame we find (see App. F.1):

1 1 4m? Y2 Am2,\*?
= ——¢2(M? —dm?2)—, /1 - —N = N pr (1 - N . 62
202N (MG = dmi) g MZ T 16r ¢ M2 (5.62)

Now, to compute the thermal averaged decay rate, defined as

3

§ 5 7

<Fl—>]k> = (d?’p_?i eq ’ (563)
S (2m)3 f’L

we assume that the scalar ¢ follows a Maxwell-Boltzmann equilibrium distribution and we find (see
App. F.1 for details in the computation):

(5.64)

am3, ¥ Ky (My(T)/T)
Lpnn) = My(T) (1 N M¢(]JY)2> ’CQ(MZ(T)/T) .

To determine whether this process bring the RNOs at thermal equilibrium or not, we need to compare
the averaged rate with the Hubble parameter H = T?/M,, with My = 7.1 x 10'7 GeV, in a radiation
dominated universe. In order to do that we need to fix the zero temperature scalar mass Mg(0) =
\//\75%, i.e. the vev vy and the coupling Ay, and the RHNs mass my = ynvy. We also need to fix the
coupling Ape, since this coupling enters into thermal scalar mass, see Eq. 5.61.

"It is worth noting that the RHNs do not develop a thermal mass since they are produced out of equilibrium, i.e. they
do not interact with the thermal plasma.
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Figure 5.2: (I'y_.nn)/H ratio as a function of the temperature T with fixed M) and my.

As a benchmark point, we first consider the scalar mass M(g = 0.1 GeV and the RHNs mass
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my = 1 GeV®. With this choice we can then vary the scalar vev and the couplings yy and A to
find the equilibrium temperature. In the plots listed in Fig. 5.2 we show the ratio (I'y_,yn)/H for
different values of the Mgy coupling. When this fraction is higher than 1, the process is in thermal
equilibrium with the plasma. From these plots we see that for VEV vg up to (106 —107) GeV the scalar
decay brings the RHNs in thermal equilibrium before the electroweak phase transition. Therefore, we
expect that when the symmetry spontaneously breaks at 7' < 10° GeV, then the scalar decay brings
the RHNs in thermal equilibrium before EWPT. This situation holds for this particular choice of mpy
and M(0); i.e. the equilibrium temperature depends on four free parameters: yn, vy, Ay and Agg. In
the following sections, we will explore the phenomenology for other parameter choices.

For the process ¢ — NN we have the diagrams in Fig. 5.3.

Figure 5.3: Feynman diagrams contributing to the ¢¢ — NN interaction.

As in the previous case, we determine the interaction rate I'gg—nn = nz,q<avlz> and we compare it
with the Hubble parameter in order to see whether this process brings the RHNs in thermal equilibrium
or not. The computation is shown in App. F.2 and the results are showed in Fig. 5.4. From these
results we see that the 2 — 2 process does not bring the RHNs in thermal equilibrium for VEV up to
vy ~ 102 GeV. We can notice that if the symmetry is not broken up until 7 ~ 10? GeV, then the RHNs
are not massive and they cannot oscillate. Therefore, for this VEV the lepton asymmetry will not be
generated before sphaleron freeze-out. Thus, we can conclude that the scalar decay is the dominant
process, thus we do not include further the 2 — 2 processes in out analysis.

From these considerations we expect that the interactions with the new scalar singlet will bring the
RHNS in thermal equilibrum before t,s., consequently the asymmetry will be erased. Before computing
the dominant contribution coming from the scalar ¢ decay, we must consider also the interaction with the
Majoron. In fact, from the Lagrangian in Eq. 5.59 we see that we have also an interaction term between
the Majoron 6 and the RHNs. In particular we have that the Majoron will be at thermal equilibrium
with the plasma, so it may decay in two RHNs as ¢. However, thanks to the Goldstone theorem, the
Majoron has a vanishing mass at tree level. Therefore the Majoron decay is kinematically forbidden.
We can argue that the Majoron may have some thermal correction to the mass, but to compute the
corrections to the ¢ masses we have chosen a vacuum such that the Majoron has no thermal correction
(see App. E.3). Actually, there may also be another process contributing to the population of the RHNs
sector, i.e. the t and u channels of the process 80 — NN, see Fig. 5.5.

8We choose these masses for the scalar and the RHNs because in ARS leptogenesis RHNs masses are in the range
mpy € [0.1,100] GeV and if M4(0) > 2my the scalar decay would be the dominant process. Therefore, we focus in the
case with My (0) < my to see if the scalar decay remains the leading contribution.
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Figure 5.4: (T'yy—nn)/H ratio as a function of the temperature T with fixed M and mx.

We expect that these processes will bring the RHNs at thermal equilibirum. Indeed, we start with
vanishing abundance of RHNs and they will be populated by the process 80 — NN. This process is
kinematically allowed since the majorons 6 are at thermal equilibrium with the plasma and, from the
equipartition theorem, we know that for a relativistic gas of bosons (Ey) ~ 3T, hence E.p, ~ 2(Ep) ~
6T » 2my if T > 100GeV, therefore, the condition E.,, > 2my is satisfied” since in the c.o.m. frame
L+ po=pPs+P1 =0, 80 Een = E1 4+ Eo. As the RHN sector is being populated, the inverse process
NN — 60 will also contribute and RHNs will reach thermal equilibrium. Consequently, if we consider
also these processes the asymmetry will be further reduced. Therefore, in our model we will consider
only the decay of the ¢ scalar, which is the dominant process and it is enough to see the erasing of the
asymmetry. Before discussing this process, we can argue that the interaction NN — 66 could bring the
RHNs out of thermal equilibrium with some consequences for the lepton asymmetry. But this would
happen only when the condition E.,, > 2my does not hold anymore, i.e. when T' < my (far below the
EWSB), so this would not affect the erasure of the lepton asymmetry, which takes place via ¢ decays
at much higher scales.

9Recall that we are in the regime 7" > 100 GeV and RHN are relativistic.
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Figure 5.5: Feynman diagrams for the process NN — 00

5.2.2 Boltzmann Equation with scalar decay

As we have seen in the previous section, the scalar has an effective mass that is proportional to the
temperature. Therefore, the condition M (T) > 2my is satisfied and the scalar ¢ can decay in two
sterile neutrinos. This additional interaction will modify the Boltzmann Equation for the Ry matrix

which becomes:

dR
TtN = ARS + Innoe), (5.65)

where the collisional term resulting from the process N(E1) + N(E2) < ¢(Es3) can be written as [86]:

(277)454(1?1 +p2 —p3) X |/Vl|2

(2m)32E, (2m)32F5 (5.66)

_ 1 f d*po d*p
2B

X %(fqg{l —p1, 1= pa} = (1 + fo){pr, p2}),

where f; are the distribution functions. To simplify the computations we neglect quantum statistic and
we assume flavour universality of the coupling yy. In this way (1 + f;) ~ 1 and the collisional term
becomes

7_ LJ d’ph d*py
2B, ) (27)32E, (27)32E3

1
(2m)*6* (p1 + p2 — p3) x [M|* x 5(2f¢ —{p1,p2}). (5.67)
The momentum averaged collisional term reads:

(T — 1 J d*py d3ps dps
a7, (2m)32E, (2n)32E, (27)32E;

S (27)454(291 + p2 — p3) \M|2
(2m)3 1

5.68
1 eq req P2 ( )
X 5(2f¢>_2f1 Ia RN)7

where we have used the ansatz p(x,y) = frp(y)Rn(z). Now, from Eq. 5.63 we can notice that for the
direct and inverse decay respectively we have

s ins dHldHQdH3|M1—>23‘ (271-)45(4) (pfln pin)feq
(Pymnny = =L ! — 2 (5.69)
ti’

ATy dTdIT5| Moz |2 (27)* 0 (pfin — pin) F3
(TN = épmS 1d1ldl3| Ma3 e1q| gq ) (Pf Pin)IN N7 (5.70)
NNy
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where n; = § gi%g [, From the principle of detailed balance we have that

ca _ peapea (5.71)

and unitarity yields the equation [87]:

Z JdHldnde3|M1—>23|2(27T)45(4) (Pfin — Pin) = Z JdHldHQdHB‘M23—>1|2(27T)45(4) (Pfin — Din)s
spins spins
(5.72)
hence we obtain

Tonnng' = CNN-pPNTY- (5.73)

Now we employ the principle of detailed balance in the collisional integral by inserting Eq. 5.71 in
Eq. 5.68 and we obtain

1 & PR AR y
1) = 575 2m)*5* - 2
@ § (o S J(2W)32El Gr)2E, (ryaE, o) 0 (Pt pmps) < (M
1 €
x 5(2f¢ —2f3"RY)
1 J dgﬁl d3ﬁ2 d3ﬁ3 (27‘(‘)4(54( + _ ) % |M|2 (574)
[ &8 f1 ) (2m)32B, (27)72E, (27)°2E; Prvpa = bs

1 € €
X 5(2f¢‘1 —2f5"R%,),

where in the last line we have used the fact that the distribution function for the scalar is f, =

e=Eomnol/T 50 we can write f, = fi?e #¢/T and by assuming that pg = 0 we get f? = e~ Fe/T 10
Finally by inserting Eq. F.11 and using Eq. 5.73 in Eq. 5.74 we get
dRN ng!
— =ARS+ nfzi,<r¢ﬁm>(1 — R%). (5.75)
N

By inserting Eq. 5.62 in Eq. 5.75, and recalling that for ng? we use fi = e Fo/T (see Eq. F.25 in
App. F.1), we obtain the new Boltzmann Equation for ARS Leptogenesis with the additional scalar

dRx 1oy am2\*? (M, )
2N _ A S A 9V d O - 21— .
g~ AEOF s Mo\t g ) Ml ) B, (5.76)

where for nf{ the expression
ny = J‘@ B FD 9372 ¢(3), (5.77)

where g = 2 for a Majorana particle.

5.3 Numerical Analysis

Having derived the new BE including the additional interaction from the scalar decay ¢ — NN, we
now aim to solve these equations to compare what is different in the evolution of the N; number density

10we assume vanishing chemical potential since we are assuming no asymmetry between ¢ and ¢*.



68 CHAPTER 5. ARS LEPTOGENESIS

and, consequently of the BAU, in the standard ARS scenario with that in the case where the Ny mass
is dynamically generated. We consider the scenario where ¢ is at thermal equilibrium with the thermal
plasma. From the scalar potential (see Eq. 5.43) we see that the interaction of ® with the Higgs doublet
H could bring ® at thermal equilibrium, and, by a naive dimensional analysis we find that the coupling
Ay must be Ay > 1074 to have ® at thermal equilibrium at temperatures higher than T, i.e.
before sphaleron freeze-out. From these considerations we fix Agy = 1072, since with this choice we
have that ® is at thermal equilibrium for 7' < 10° GeV. At temperatures T, the scalar ® develops its
vev v, and, for simplicity, we assume Ty = vy with Ty > T, since we require that the RHNs acquire
a mass before EWPT.

To solve the new Boltzmann Equations 5.76 we make use of the latest version of the ULYSSES Python
package [88, 89], which has been modified to account for the contributions to the RHN number density
due to the scalar decay.

5.3.1 Model parametrization

First we consider the standard ARS model with the Lagrangian given in Eq. 5.1. At low temperatures,
T « My, the SM neutrinos acquire a mass in the effective theory, see Eq. 2.33. In Sec. 2.4 we have
already noticed that at least two Heavy Neutral Leptons are necessary to explain the two observed
mass splittings in the active neutrino sector, therefore we focus on the minimal scenario with two heavy
neutrinos. We choose the mass of the RHN N; to be M; ~ 0 while the masses of the other two RHNs
are My ~ Mj3. Hence, we are in the case of two right-handed neutrinos with quasi-degenerate masses.
The masses of the light neutrinos m,, are constrained by the neutrino oscillation experiments (neutrino
mass squared splittings are taken from the central values of NuFIT 5.1 global fit data [90]). Out of
the 9 parameters in the light neutrino mass matrix, 5 are already measured, namely the two mass
differencies and three mixing angles. The remaining unknown parameters are the mass of the lightest
neutrino my 3, two Majorana phases and the Dirac phase 6. The measured low-energy parameters
imply that the choice of heavy neutrino masses My and Yukawa couplings F' is not completely free.
Also, the magnitudes of the Yukawa couplings F,2, F,3 are crucial for successful leptogenesis. To
better understand the connection between the Yukawa couplings and physical parameters, we work in
Casas-Ibarra parametrization (see Subsec. 2.4.1) for the type I seesaw [32].

po Upnins\/ 1 RA/ My, (5.78)

er

where m,, is the diagonal neutrino mass matrix, My is the diagonal mass matrix for RHNs and U is the
PMNS matrix, see Eq. 2.4. Therefore, what we need to specify, besides the PMNS matrix parameters
and the lightest neutrino mass my /3, are the six degrees of freedom of the orthogonal matrix R defined in
Eq. 2.41 and the RHNs masses. To choose the real parameters x; and y; we have considered the mixing
between active and sterile neutrinos. In fact, the important parameters for phenomenology of sterile
neutrinos No and N3 are their masses M 3 and the mixing matrix ©. The latter is crucial to specify
the strength of interactions with other SM particles. In the case of two heavy neutrinos there is only
one relevant Majorana phase in the PMNS matrix in Eq. 2.4. We parametrize it as n = %(agl — au31)
for normal, and n = %()[21 for inverted neutrino mass hierarchy with n € [0,27]. The light neutrino
mass matrix 4/7, = diag(my, ma, m3) with m; = 0 for NO, and ms = 0 for IO. In the model with two

1To find this parameter we have considered a 2 <> 2 process involving 2 Higgs doublets and 2 scalars, and by requiring
I' > H we find the condition T3\ /T2 2 T2 /M.
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right-handed neutrinos the matrix R (see Eq. 2.41) depend on the neutrino mass hierarchy and we have

0 0 cosw sin w
RNO — | cosw sinw R© — | —¢sinw Ecosw | . (5.79)
—¢sinw  £cosw 0 0

with a complex angle w = 1 +1y; and the discrete parameter £ = +£. The complex angle w parametrizes
the misalignment between sterile neutrino mass and interaction eigenstates. Notice that when w = 0,
the Yukawa interactions can be diagonalized in the sterile neutrino mass basis, and the interference
necessary for leptogenesis is absent. The change of the sign of £ can be compensated by w — —w along
with N3 — —Nj, so we fix £ = +1 [32].

As a consequence of the seesaw mechanism, the heavy neutrino mass eigenstates are mixed with the
doublet neutrinos, and can interact with the rest of the standard model, the interaction states vy, are
superpositions of the mass eigenstates v; and Ny:

Voa = [Uu]aiyi + GaiNf~ (580)

The mixing angle between a heavy neutrino N; and the active neutrinos vy, is expected to be small,

and is approximately given by
UFOMZ

M; -
The mixing angle appears in amplitudes for heavy neutrino production, which means that the heavy
neutrino production is suppressed by

@ai =~

(5.81)

U2, = |04 (5.82)
The overall mixing between the heavy and light neutrinos can be quantified by introducing the parameter
Ut=>U2. (5.83)

The total mixing angle, defined in Eq. 5.83 can be written as

U? = Z]Zwmz cosh (2Zmw). (5.84)

CP violation

CP violation is an effect related to the presence of physical complex couplings that generically involve
many flavor parameters. Within the considered Casas-Ibarra parametrization, the CP-violating matrices
can be either Upyns, R or both. In particular, there are three source of CP violation: the Majorana
phase 7, the Dirac phase ¢ and the complex sterile neutrino mixing angle w. According to Sakharov
conditions, a source of C'P violation is required to generate a baryon asymmetry. Except where 4, n
and Zm(w) all vanish, there is generically an O(1) phase contributing to baryogenesis coming from a
combination of these individual phases [80].

All the CP-violating observables should be flavor basis invariant and be sensitive to the physical phases,
the so-called CP-violating invariants. A well-known example is that of the Jarlskog invariant, defined in
Eq. 2.6, which determines the magnitude of CP-violation in v, — vg and 7, — s oscillations (a + 3).
Several CP-invariants can be derived in the type-I seesaw extension of the SM starting from the flavor
parameters in the model, i.e. the physical parameters in the matrices F' and Mpy. The CP invariants
relevant for leptogenesis can be constructed out of two building blocks [79]: JINC = Q[F¥ Foo(FTF)1]
and JINV = Q[F¥ Foa(FTF)12] (see also Refs. [91-93]).
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In the following, we focus in the case of low-energy CP violation [89], i.e. CP violation solely from the
Dirac phase. Therefore, in this case the only CP-violating matrix is Upyns, with R matrix being CP-
conserving. This situation can be achieved by taking z; = k7 and y; + 0'2. The phases in the PMNS
matrix should be CP-violating, i.e. 6 & 0,7 and/or aoy =+ koym and/or a3y # kgym, with koy = 0,1,2, ...,
ks =0,1,2, ...

Parameter scan standard ARS leptogenesis

First, we will reproduce the parameter space in the classical ARS model, namely without the addi-
tional scalar. In order to calculate the baryon asymmetry yield in this scenario we solve the ARS
BE (see Eq. 5.14) and use the ULYSSES Python package. Once we have reproduced the parameter
space, we choose sets of parameters such that the corresponding mixing U? is in the region of viable
leptogenesis. In this work we have focused on the minimal scenario with two heavy neutrinos: No and
N3, with M3 > My ~ (0.1 — 100) GeV and a mass splitting AM = M3 — Ms « Mj in the range
AM /My ~ (10710 —1078).

Active-Sterile Mixing vs Sterile Neutrino Mass
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Figure 5.6: The range of the total mixing angle U? consistent with both the seesaw mechanism and leptogenesis
as a function of RHNs’ mass M. Here we considered the NO case, with 1 = 0, 6 = 270, a21 = 7, ag1 = 0.

The parameter space of leptogenesis is quite large, in total we have six unknown parameters: the
average mass M, defined as (Ms + M3)/2, the mass splitting AM, one Dirac and one Majorana phases
of the PMNS matrix; the real and imaginary parts of the angle w = x; + iy;. Instead of directly
constraining these parameters, we see how they are related to the experimentally observable quantities.
Among these the most relevant are the masses of the heavy neutrinos and their mixing angles. These
are particularly important for direct searches as the size of the mixing angle determines the number
of heavy neutrinos that can be produced [32]. Also, the condition of reproducing both the baryon

12We focus on this scenario since it is associated with relative large values of the mixing U2 and we are interested in
connecting with experimental searches of heavy Majorana neutrinos, but there are also other possible settings leading to
low-energy CP-violation, see Refs. [89, 94].
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asymmetry of the universe and the light neutrino masses imposes constraints on the allowed mixing
angles of the heavy neutrinos. To perform the study of the parameter space we follow Ref. [89] and we
set the phases § = 37/2, as; = 7, az; = 0 and Re(w) = x1. Once these are fixed, we scan over the
remaining parameters. We focus exclusively on the normal hierarchy as a benchmark, since our results
also qualitatively hold in the inverted hierarchy and easily generalize to that scenario. We limit the
RHNs masses to the range (0.1 — 100) GeV with splitting AM /My in the range (1070 — 107%) and
we vary y; to the range (—10,10) rad. The results are showed in Fig. 5.6. The upper (lower) solid
black line is the curve of maximal (minimal) mixing |U|? compatible with viable leptogenesis. The area
between the two black lines correspond to successful Leptogenesis for certain values of AM /M. The
region under the blue line (seesaw line) is forbidden in the type-I seesaw mechanism of light neutrino
mass generation. In fact, by re-expressing the seesaw relation m, = —mDMA_/Ilmg (see Eq. 2.33) with
Eq. 5.81 as m, = —OM,;07 it is obvious that m, in the seesaw relation vanishes identically if all ©;
are zero. Therefore, the requirement to explain the neutrino masses m, ; must impose a lower bound
on the mixing |U|? [95]. This line can be obtained by taking a vanishing imaginary part Zmw = y; in
Eq. 5.84.

At this point we can perform a numerical analysis to see how the scenario changes with the introduction
of the scalar singlet. In order to do that, we first fix the parameters such that the corresponding mixing is
in the region of viable leptogenesis. Therefore, we fix 0;; according to experimental data (see Sec. 2.2.1)
and we set the Dirac and Majorana phases as we already did to produce the parameter scan. Then,
we need to fix the parameters x; and ; to find the corresponding mixing |U|%. In the ARS with the
additional singlet scenario, we also need to fix other parameters, namely the couplings yn, Amg, A
and the scalar vev vy. Fixing these parameters corresponds to choose the RHNs masses and the scalar
mass.

In the following, we first focus on some scenarios by fixing the RHNs masses and the scalar mass (at
zero temperature). Then, we will conclude our analysis by performing a parameter scan to find the
parameter space of viable leptogenesis with an additional scalar.

Table 5.1: Input parameter values.

Parameter | Unit | Code input Value
1) © delta 270
21 ° a2l 180
31 ° a3l 0.0

023 © 23 48.59

012 © t12 33.84
013 © t13 8.66
T [°] x1 0.00

Y1 [°] yl 40.107
T2 [°] x2 0.00
Y2 °] y2 0.00
T3 [°] x3 0.00
Y3 °] y3 0.00
logyo(m1/3) [eV] m -100
logio(M1) | [GeV] M1 -100
log,(M2) [GeV] M2 0.0

log,o(Ms) | [GeV] M3 43431077
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5.3.2 The case with M, ~ M3 ~ 1 GeV

We start by considering the case with My ~ M3 ~ 1 GeV and My = 10 GeV. First, we assume Normal
Hierarchy (NO), i.e. m; < mg < mg. We choose the following set of parameters listed in Tab. 5.1.

For these parameters we have mixing |U|? = 1.26395-1071% and the baryon-to-photon ratio for standard
ARS is np = 8.13 - 10719, The ULYSSES code solves the BEs in terms of number densities of particles
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Figure 5.7: Evolution of N1 and B-L asymmetry Yields in NO case with parameters listed in Tab. 5.1. We have
fixed my = 1 GeV and the zero temperature scalar mass My(0) = 0.1 GeV. The coupling Ay = 1072 for all
four plots.

and particle asymmetries, normalized to a comoving volume containing one photon. Therefore, the
normalized equilibrium abundance of the right-handed neutrino is the same as in Eq. 4.33. In our case
we have z « 1, therefore we can use the approximation in Eq. C.1 and N5 = 3/4, corresponding to the
dashed black line in the plots. The results are plotted in Fig. 5.7. In the case vy > 105 GeV we see that
the Yukawa couplings are so small that the RHNs do not enter in thermal equilibrium, and therefore
the asymmetry with the additional interaction is essentially the same as in the case without the scalar.
In the range v, > 10 GeV and vy < 105 GeV we notice that the Yukawa couplings are big enough
to bring the right handed neutrinos at thermal equilibrium, therefore the asymmetry gets washed-out.
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In particular, we focus on the case with vy = 10° GeV in Fig. 5.8: In this case, we observe that the
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Figure 5.8: Evolution of N1 and B-L asymmetry Yields in NO case with parameters listed in Tab. 5.1. In this
case we have chosen: v, = 10° GeV, Ay = 1078, My =10 GeV, yn = 107°.

asymmetry in the scalar case start to decrease due to the fact that RHNs go in thermal equilibrium,
but it is not completely washed out. This is due to the fact that RHNs go in thermal equilibrium at
Zeq = Zosc, implying that some RHNs could still oscillate and produce a lepton asymmetry.

For what concerns the range vy < 10* GeV, the RHNs enter in thermal equilibrium at much higher
temperatures, as plotted in Fig. 5.7c. In this case the asymmetry production is inhibited as the third
Sakharov condition (departure from thermal equilibrium) is no longer satisfied. It is important to
notice the case when vg ~ 102 GeV, in Fig. 5.7d, the scalar obtains a mass near the EWPT, i.e. at
Tew/T = 10°. In this way the RHNs are not massive until the EWPT but this would imply that they do
not oscillate. So in this situation we have that the asymmetry is not generated since the first Sakharov
condition (lepton number violation) is not satisfied. In fact if RHNs have no mass this would imply
that we do not have a Majorana massive term in the Lagrangian, therefore no Lepton number violation.
This situation is very interesting, since it would imply that in this case the Baryon asymmetry could
be generated by another mechanism, but it would not be washed out by this process. Also, we can
conclude that if the scalar singlet takes a vev after EWPT, it would generate a lepton asymmetry, but
since sphalerons are already freezed-out, the lepton asymmetry is not converted into a baryonic one,
hence, there is no visible effect today.

From these considerations we see that, as expected, the lepton asymmetry gets erased when the RHNs go
in thermal equilibrium before the time z,4., i.e. the dimensionless time corresponding to approximately
one oscillation among the RHN mass eigenstates. This time, in the ULYSSES package is given by

1273 \?
Zosc = (AM’?ZM)> . (5.85)

Viceversa, if the RHNs equilibration time z.4, i.e. the dimensionless time such that I'n (zeq)/H (2eq) = 1,
is Zeq > Zpse'® the asymmetry generation is not inhibited by the new RHN interaction and we obtain
the same result as in the ARS standard case.

These graphs were obtained for a fixed value of Ay, but from the thermal mass of the scalar singlet
in Egs. 5.60 and 5.61 we see that the mass depends both on Agy and Ay. Therefore, by varying these

Bsince zosc = Tew/Tosc and zeq = Tew/Teq and in the early universe Toct 1.
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parameters we have that the RHNs enter in thermal equilibrium at different temperatures, modifying
the picture that we have considered so far. In fact, fixing the zero temperature mass of the scalar equal
to My = 0.1 GeV will imply that the Ay coupling will be small, since we are considering a vev vy in the
range T € [10® GeV;10? GeV]. Therefore, from Eq. 5.61 we conclude that in this temperature range
the term proportional to A, will dominate. For this reason, we fix the vev vy, the masses My(0), my
and the couplings yn, Ay and by varying the coupling Ay we find an interesting result, see Figs. 5.9.
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Figure 5.9: Dependence of the N; yield on the coupling Ags. On the left the other parameters were fixed as:
vg = 10° GeV, Ay = 1078, My = 10 GeV, yy = 107°. On the right the other parameters are: vy = 10* GeV,
Xy = 107% My = 10 GeV, yn = 107*. The parameters used for the Casas-Ibarra parametrization are the ones
listed in Tab. (5.1), and we have considered the NO case.

The plots in Fig. 5.9 show that RHNs enter thermal equilibrium at higher temperatures as Agg
increases.
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Figure 5.10: Dependence of the Yukawa couplings on the coupling Mg, for fixed my = 1 GeV and A4. On the
left we have fixed vy = 10° GeV and Ay = 1075, On the right we have the case for v, = 10* GeV and Ay = 107°.

This effect is important to highlight, since a naive dimensional analysis would suggest that RHNs
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enter in thermal equilibrium at temperatures much higher than those actually observed. In fact, one
could naively estimate that the condition I' > H for the scalar decay is given by ya1T = T°/My, where
My = Mp/(1.66,/g%5) = 7.1~ 10'7. But from this estimate we would find a much higher equilibrium
temperature, e.g. choosing yn = 107* gives T,, ~ 10° GeV, i.e. 2z = T¢,,/T ~ 1077, which is signifi-
cantly different from the result showed in Fig. 5.9, left panel. This discrepacy arises from the fact that
the scalar mass My (T') depends on Agg. This behavior may be verified by imposing the condition I'/H
in order to find a relation between yy and Agy for fixed Ay and T'. Therefore, we consider the decay
rate in Eq. F.26 and we compare it with the Hubble parameter. Then, we consider the temperatures in
Fig. 5.9 such that the RHNs enter at thermal equilibrium and we find the expected behavior, as plotted
in Fig. 5.10.

From the plots in Fig. 5.10 we see that for the selected temperatures T' we obtain the expected Yukawa
coupling corresponding to the Arg value in the plots in Fig. 5.9. Notice that in the left panel we have
selected three temperatures since in the case with vy = 105 GeV RHNs go in thermal equilibrium at
the same temperature for the choices Ay = 1074 and Ay = 1073 (see left panel Fig. 5.9).

At this point we want to see if our considerations are valid also for different zero temperature masses for
the scalar ¢. Since the mixing between active and sterile neutrino does not depend only on the Yukawa
matrix Y, the Higgs vev and the RHNs masses, we take the same parameters listed in Tab. 5.1 and we
change the scalar mass My(0) = \/qus.

From the plots in Fig. 5.11 we see that the situation is very similar to the previous with My, = 0.1 GeV,
(see Figs. 5.7, 5.8). In fact, the RHN reach thermal equilibrium for temperatures of the same order as
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Figure 5.11: Evolution of N; and B — L asymmetry Yields with a scalar mass (at zero temperature) My (0) =
100 GeV. Here we have the case of NO with parameters listed in Tab. 5.1. On the left we have chosen:
vg = 10° GeV, Ay = 1075, My = 100 GeV, yy = 107°. On the right: vy = 10* GeV, Ay = 107*, yy = 107, In
both cases we have fixed Ay = 1072

previous case. This is due to the fact that the chosen zero temperature mass Mg(0) still is too small to
have a visible effect, i.e. the dominant term still is Agr4.
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Figure 5.12: Evolution of N1 and B — L asymmetry Yields with a scalar mass My(0) = 10* GeV. Here we have
the case of NO with parameters listed in Tab. 5.1. On the left we have chosen: vy = 10° GeV, Ay = 107%,
yn = 107%. On the right: vy = 10° GeV, Ay = 1072, yx = 107°. In both cases we have fixed Ay = 1072
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Figure 5.13: Evolution of N; and B-L asymmetry Yields in IO case with parameters listed in Tab. 5.1, with the
substitution y; = 120.00. We have fixed my = 1 GeV and the zero temperature scalar mass My(0) = 10 GeV.
The coupling Agrg = 1072 for all four plots.
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Therefore, to neglect the dependence on the parameter A4 we need a bigger mass, in order to have
Ao >> Agy. For this reason we now fix My(0) = 10* GeV and we keep Mgy = 1072, With this choice
we obtain the plots in Fig. 5.12. From these results we see that for a heavier scalar the RHNs enter in
thermal equilibrium at higher temperatures. Indeed, from the plot on the left of Fig. 5.12, where we
have chosen a vev vy = 10% GeV, we see that the RHNs enter in thermal equilibrium for Zeq = Zosc
and the asymmetry is not completely erased. While, for vy = 10° GeV we have that the RHNs enter in
thermal equilibrium at higher temperatures and the asymmetry is completely washed-out. Therefore,
we can conclude that the behaviour of the lepton asymmetry is governed by the vev vy and by the
couplings yn, Ay and Apg.

Now we consider the case of inverted hierarchy (IO) and we choose the same parameters listed in
Tab. 5.1, but now we consider y; = 120.00. This choice leads to a mixing |U|?> = 3.27192-107° and a
baryon-to-photon ratio for standard ARS case is |ng| = 6.254 - 10710,

As we can see from the Fig. 5.13 the situation is very similar to the case with NO. In fact, the RHNs go
in thermal equilibrium when the scalar vev is vg ~ 10° GeV, but only when vy ~ 10* GeV the lepton
asymmetry is completely erased as we have already noticed in the previous case. Therefore, in the
following, we will focus only on the NO case, since our results hold qualitatively also in the IO scenario.

5.3.3 The case with M, ~ M3 ~ 500 MeV

At this point we can modify the RHNs masses to see if the situation changes. We start by considering
NO and we take the RHNs masses to be My ~ M3 ~ 500 MeV, while the zero temperature scalar mass
is fixed at M, = 10 GeV. The first set of parameters, for which we have a mixing |U?| = 4.09358 - 10719
and the baryon-to-photon ratio for the standard ARS case is np = 6.127 - 10710, is given in Tab. 5.2.

Table 5.2: Set of parameters in NO with RHNs masses My ~ M3 ~ 500 MeV.

Parameter | Unit | Code input Value
) © delta 270
021 ° a2l 180
31 ° a3l 0.0
ta3 ° t23 48.59
012 ° t12 33.84
013 ° t13 8.66
T1 [°] x1 0.00
Y1 [°] yl 55.00
T2 [°] x2 0.00
Y2 °] y2 0.00
T3 °] x3 0.00
Y3 [°] v3 0.00
logyo(1m1/3) [eV] m -100
logyo(M7) [GeV] M1 0.00
logyo(Ma) | [GeV] M2 -0.301000005
log;o(Ms) | [GeV] M3 -0.3010
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Figure 5.14: Evolution of Ny and B — L asymmetry Yields with fixed my = 500 MeV, M,;(0) = 0.1 GeV and
Ay = 107°
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Figure 5.15: Evolution of N1 and B — L asymmetry Yields with fixed my = 500 MeV, M4(0) = 0.1 GeV and
Ay = 1078, Here, we present the case with vy = 10* GeV, yy = 5-107°, Ay = 10710

From Figs. 5.14 and 5.15 we notice that in the case with smaller masses the asymmetry is completely
erased when the Yukawa coupling is yx = 107°. In this case the situation is similar to the previous
one, i.e. the asymmetry production is inhibited for vy < 10* GeV. It is interesting to notice that in
the case vy = 10° GeV (see right panel of Fig. 5.14), the RHNs enter in thermal equilibrium after z,se,
consequently the asymmetry is not washed out.

5.3.4 The case with M, ~ M3 ~ 10 GeV

In the next set of parameters we explore the phenomenology for heavier sterile neutrinos by fixing
My ~ M3 ~ 10 GeV, while the zero temperature scalar mass is fixed at My = 10 GeV. The chosen set
of parameters, for which we have a mixing |U?| = 2.42214 - 10~!! and the baryon-to-photon ratio for
the standard ARS case is ng = 1.6930 - 1078, is given in Tab. 5.2.
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Table 5.3: Set of parameters in NO with RHNs masses My ~ M3 ~ 10 GeV.

79

Parameter | Unit | Code input Value
1) © delta 270
21 © a2l 180
[6%3) [O] a3l 0.0
023 [°] t23 48.59
012 [°] t12 33.84
013 ] t13 8.66
I ] x1 0.00
Y1 [°] yl 60.00
T ] x2 0.00
Yo ] y2 0.00
I3 [] x3 0.00
Y3 [l y3 0.00
logyo(my/3) [eV] m -100
logyo(M7) GeV M1 0.00
log,(M2) GeV M2 1.00
log,o(M3) | [GeV] M3 1.00000005
JUILY SR N S A SRR A ML SR j— L R e e
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55 ot 1 25wt 8
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Figure 5.16: Evolution of N; and B — L asymmetry Yields with fixed my = 10 GeV, My (0) = 10 GeV and
Mg = 1072, On the left we have the case with vy = 10° GeV, ynv = 107°, Ay = 107'°. On the right
vg = 10° GeV, yny = 1074, Ny = 1075,

From Figs. 5.16 we notice that in the case with heavier RHNs the asymmetry is completely erased
when vy = 10° GeV. Indeed, in this case the RHNs enter in thermal equilibrium before z,4.. It is worth
noting that in this case z,5. = 0.0119, i.e. it is smaller than 0.1. This implies that oscillations starts
earlier and we cannot solve the full set of quantum kinetic equations including all oscillations. Therefore,
we truncate the generation of the flavour asymmetries at a dimensionless time z.,; = 10 - zpsc.

It is particularly interesting the case with vg = 105 GeV, shown on the left of Fig. 5.16. In this scenario,
the RHNs enter in thermal equilibrium for z.; > 2,5, and we expect to obtain an asymmetry comparable
to the standard case. However, the resulting asymmetry is slightly larger than in the standard ARS
scenario. This can be understood by noting that, at z = z,s., the RHNs number density in the presence
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of the additional scalar is higher than in the standard case. Therefore, a large population of RHNs
oscillates leading to an enhancement of asymmetry. This feature does not appear in the case with
mpy ~ 500 GeV (see Fig. 5.14), where the RHNs enter thermal equilibrium immediately after z,se,
leaving no time for additional asymmetry to be generated.

5.3.5 Non vanishing initial asymmetry

In this section, we are going to analyze the case with non-vanishing initial lepton asymmetry. We focus
on the NO case and we choose the parameters listed in Tab. 5.1. We fix the RHNs masses equal to
1 GeV and the zero temperature scalar mass My(0) = 10 GeV; in this way we are in the same situation
described in Sec. 5.3.2. The results are plotted in Fig. 5.17.

N4 . P A S 4 R O SR LA B
02

B{i a5

00

N1 scalar case

N1 scalar case

E 4 —— |¥a,_.|scalar case E —— |V, . |scalar case
1wk F == NI standard case Tl N1 standard case
© Ya,  lstandardcase [ b e Ya, | standard case
=== Ny, === Ny, .

10-10 10-10 .
1071 B el
10-1 i L L L - b I 1014 i . L L - il L

10-° 10 -t 107 10 10-! 10° 107 10~ 101 104 10 10! 10"

T /T Toe/T

(a) Case with vy = 106 GeV, yy = 1076, Ay = 10—10,
Figure 5.17: Evolution of N1 and B — L asymmetry Yields
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In the case plotted in Fig. 5.17a the scalar gets a vev at T ~ 105 GeV and, as in the case with
vanishing initial asymmetry, the RHNs do not enter in thermal equilibrium. Therefore, the obtained
asymmetry is the same as in the standard ARS case. In this case the plot shows a dip for z ~ z,., which
is due to the standard ARS washout processes. In fact, we have already seen that for v, > 10° GeV the
scalar decay does not modify the standard picture.

For smaller values of the scalar vev the situation is different. First, we focus on the plot in Fig. 5.17b.
In this case vy = 10° GeV and the RHNs enter in thermal equilibrium, due to the scalar decay, at
Zeq = Zosc- Therefore, some RHNs can still oscillate to produce a lepton asymmetry and for this reason
we still see a dip for z ~ z,4.. It is important to notice that also in this case the washout processes
are those of standard ARS leptogenesis. As expected, the asymmetry produced is smaller than the one
produced without the additional scalar singlet, since in this case some RHNs are already at thermal
equilibrium.

In the last plot (Fig. 5.18) the scalar acquires a vev equal to 10* GeV. In this case the scalar decay
brings the RHNs in thermal equilibrium for higher temperatures, namely z.q; « Zosc, and the RHNs
cannot oscillate to produce the lepton asymmetry. Also, in this case the standard washouts are not
present since the RHNs are already at thermal equilibrium. It is worth noting that the scalar decay
is a LNC process and, for this reason, the thermal initial asymmetry is not washed out, even if the
RHNSs enter in thermal equilibrium. Therefore, for smaller vevs the lepton asymmetry production via
oscillation is inhibited, but an initial lepton asymmetry abundance will not be erased.

5.3.6 Parameter scan

In the previous sections, we have shown that the evolution of the lepton asymmetry is influenced by
the behaviour of the RHNs number density. In fact, if the RHNs go in thermal equilibrium before the
oscillation time z,s., the asymmetry is washed out. To have an overall picture of this mechanism we
perform a numerical scan of the parameter space of viable leptogenesis. In particular, we want to see
how the parameter space changes with the introduction of the new interaction with the scalar. We have
already seen that, for certain values of the scalar vev, the asymmetry is washed out. Therefore, we
expect that the region of viable leptogenesis in Fig. 5.6 will be reduced. To perform the numerical scan
we fix the parameters as described in Sec. 5.3.1 and we fix the mass splitting of RHNs equal to 1073.
Then, we vary the scalar vev in the range (10® — 10%) GeV, since for these values we have observed that
the lepton asymmetry is washed out. We also fix the coupling Apg = 10~2 and we select three bench-
mark points, according to the value of the scalar mass at zero temperature M, (0) = [10, 102, 103] GeV.

My Ulrs In5lars
1 GeV 1.26395 - 1010 8.13-10~10
0.5 GeV | 4.09358 - 10719 | 6.127-10"1©
10 GeV | 2.42214-10~' | 1.6930 - 10~1°
Table 5.4: Summary of the considered benchmark points for the numerical analysis. The parameters are the

RHNs mass, with splitting fixed equal to 1078, Given are the mixing angle and the produced BAU (in terms of
the Baryon to photon ratio) in the standard ARS case.

We start by considering the case where the zero-temperature scalar mass is equal to 10 GeV. In
Fig. 5.19 we show the range of the total mixing angle U? consistent with both the seesaw mechanism and
leptogenesis as a function of RHN masses. The upper (lower) dashed black line in the plots corresponds
to the curve of maximal (minimal) mixing compatible with viable leptogenesis in the standard ARS case,
with mass splitting fixed at AM/M = 1078, see Fig. 5.6. The shaded points correspond to successful
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leptogenesis for certain choices of the scalar vev vg. In Fig. 5.19 the red stars represent the points that
we have analyzed in previous section, which are summarized in Tab. 5.4.

From the plot in the left panel we observe that, as expected, the parameter space is not significantly
different from that of the standard ARS case, since we have considered vev values as high as 10° GeV.
From our numerical analysis in Sec. 5.3, we have already shown that for v, = 10° GeV the RHNs do
not enter in thermal equilibrium before z,5.. Consequently, we obtain the same result as in standard
ARS case. In the right panel we show the case with v, € [103,10°] GeV. As expected, the points
represented by the red stars do not correspond to successful leptogenesis, since for these vevs the
asymmetry production is washed out and/or inhibited. In this case we observe that the parameter
space of viable leptogenesis is slightly reduced.

Active-Sterile Mixing vs Sterile Neutrino Mass Active-Sterile Mixing vs Sterile Neutrino Mass

—— Seesaw line —— Seesaw line
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Figure 5.19: The parameter space of viable leptogenesis with the additional scalar singlet. Here we considered the
case with My = 10 GeV. On the left panel we show the case with scalar vev varying in the range [10*,10°] GeV,
whereas on the right panel we focused on the case with v, € [10%,10°] GeV.

Now we focus on the case with M, = 100 GeV, shown in Fig. 5.20. Similarly to the case with
M4(0) = 10 GeV, we notice that the parameter space is reduced when the scalar vev varies in the
range [103,10%]. This implies that when the scalar acquires a vev at these temperatures'4, the RHNs
equilibrate before their oscillations could start resulting in the erasure of the lepton asymmetry. This
effect is shown in the right panel of Fig. 5.20. From this plot we can also notice that larger values of the
mixing angle U? are not allowed when the scalar vev satisfies vy < 10° GeV. This indicates that the
RHNs enter in thermal equilibrium before their oscillation temperature, resulting in an erasing of the
asymmetry. This behaviour was not present in the case with a smaller scalar mass My;(0) = 10 GeV,
where the parameter space for my < 1 GeV nearly coincides with that of the standard ARS case and
larger mixing are allowed. In the left panel of Fig. 5.20 the case with vg € [10%,10%] GeV is shown. As
expected, the parameter space is more similar to that of the standard ARS case. By comparing this
plot with the one in the left panel of Fig. 5.19, we notice that for the same range of vevs the parameter
space is more reduced when considering larger zero-temperature scalar masses. This situation becomes
even more evident for higher scalar masses, as shown in the left panel of Fig. 5.21. Therefore, we can
conclude that increasing the zero-temperature scalar mass further reduces the parameter space of viable
leptogenesis. This behaviour is more noticeable in the right panel of Fig. 5.21, where we observe that the
asymmetry is almost completely washed out for my < 1 GeV, whereas some scattered points remain
for larger values of the neutrino masses.

It is interesting to notice that in all the three cases the darker points, which correspond to lower values
of the scalar vev, do not follow a clear pattern but are instead scattered across the entire RHN mass

14Recall that we are assuming that the scalar vev corresponds to the temperature of U(1)g_1, SSB.
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Figure 5.20: The parameter space of viable leptogenesis with the additional scalar singlet. Here we considered the
case with My = 100 GeV. On the left panel we show the case with scalar vev varying in the range [10*,10°] GeV,
whereas on the right panel we focused on the case with vg € [10%,10%] GeV.
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Figure 5.21: The parameter space of viable leptogenesis with the additional scalar singlet. Here we considered the
case with My = 10® GeV. On the left panel we show the case with scalar vev varying in the range [10*,10°] GeV,
whereas on the right panel we focused on the case with v, € [10%,10°] GeV.
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range. One would expect that, for smaller values of the scalar vev, the lighter RHNs would not reach
thermal equilibrium due to the smallness of their Yukawa coupling. Despite that, we observe points with
vy ~ 103, 10* GeV that yield successful leptogenesis even for larger RHNs masses. This is likely because
these points correspond to Casas-Ibarra configurations in which the RHNs remain out of equilibrium,
preventing the washout of the asymmetry. This consideration may be verified in further analysis.

From these parameter scans we can conclude that introducing a scalar singlet to the SM particle
content and a U(1)p_r, global symmetry to the SM symmetry group modifies the parameter space of
viable leptogenesis when the SSB occurs at 7' < 105 GeV. In particular, in the range v, € [10%,10°] the
thermalised scalar leads to an enhancement in the RHNs production at early times. As a consequence,
the RHNs enter in thermal equilibrium for z.; < 2sc, leading to a reduction of the predicted BAU
compared to the standard ARS picture. Therefore, we found that, in our model, the BAU of the
standard ARS scenario is reproduced when the scalar vev is at least as large as O(107) GeV and/or the
Yukawa, coupling is yx < 107°. Actually, this is a conservative bound since when the zero-temperature
scalar masses are at most as large as O(10) GeV, the standard ARS scenario can be reproduced for
vg < 10° GeV, as shown in Fig. 5.19. Hence, the parameter space of viable leptogenesis also depends
on the choice of the scalar self-coupling Ay. These considerations lead us to conclude that the standard
ARS scenario is reproduced when vg > 107 GeV and/or yy < 107°. This bound can be lowered to
vy = 10° GeV when Ay < 10719, To further improve our results, one could find a relation between the
Yukawa coupling yx and the self-scalar coupling A4 mass for a fixed value of vy, in order to define the
minimum scalar mass corresponding to each sterile neutrino mass for which leptogenesis is successful. It
is also worth noting that all these considerations hold for a fixed value of the coupling Ay = 1072, As
already shown in Fig. 5.9, RHNs enter in thermal equilibrium at lower temperatures as Ap4 decreases.
Therefore, we expect that for smaller Ay 4 the parameter space will be reduced for smaller values of the
scalar vev. We leave these analysis for future works.



Chapter 6

Conclusions

In this thesis we have investigated how the baryon asymmetry of the universe could be affected by the
introduction of a complex scalar singlet, ®, and a global symmetry U(1)z_r, in a seesaw tipe I extension
of the SM with two quasi-degenerate right handed neutrinos.

In Chapters 3 we reviewed the problem of the baryon asymmetry of the universe and discussed one
of the most extensively studied proposed solutions, i.e. baryogenesis via leptogenesis. We then pro-
vided an overview of the current leptogenesis scenarios, focusing on thermal leptogenesis in Chapt. 4.
Subsequently, we explored low scale leptogenesis models, such as resonant leptogenesis in Sec. 4.5 and
leptognesis via oscillations (ARS leptogenesis). Our study focused particularly on ARS leptogenesis, an
appealing scenario in which the RHNs have masses at the GeV scale, making it potentially testable in
upcoming experiments.

In Chapter 5 we presented our original proposal. We first provided an overview of the ARS mechanism
and we have derived the quantum kinetic equations. Then, we go beyond this model to explore how
the masses of the RHNs could be dynamically generated through the spontaneous breaking of a new
symmetry. Therefore, we introduced a new scalar degree of freedom, ®, and a global symmetry U(1)p_r,
under which the scalar carries charge +2 and the RHNs —1. This construction introduces additional
terms in the scalar potential, namely the self interacting terms of ® and a scalar portal given by the
interaction of ® with the Higgs boson through the coupling Agg. The new scalar also couples with
the RHNs and the breaking of the U(1)p_; will generate a Majorana mass for the sterile neutrinos.
It is important to note that, in order to generate a lepton asymmetry, the RHNs must acquire a mass
before the electroweak phase transition, otherwise sterile oscillations would not occur. For this reason
we focused on the scenario in which the scalar ® acquires a vev at temperature above 102 GeV.

Once the U(1)p_r, is spontaneously broken, two real scalar degrees of freedom emerge, ¢ and 6, where
¢ corresponds to the massive radial mode and 6 is the massless Goldstone bosons, commonly reffered
to as the Majoron. This results in new interactions between these scalars and the RHNs, with some
consequences on the leptogenesis process. These effects have been studied by looking at the quantum
kinetic equations. In order to do that, we first identified the dominant contributions in Sec. 5.2.1. In
particular, we assumed that the scalar ® is in thermal equilibrium thanks to its interaction with the
Higgs boson. As a consequence, the scalar singlet acquires a thermal mass, computed in App. E.3,
whereas the RHNs do not have a thermal mass since they do not interact with the thermal plasma, as
we are considering a freeze-in mechanism. It is worth noting that the thermal mass was computed by
choosing a vacuum configuration such that the Majoron remain massless; hence, the thermal correction
affects only the scalar ¢.
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The presence of the thermal mass allows ¢ to decay in two RHNs even if its zero temperature mass
satisfies My (0) < Mpy. Therefore the dominant process is the scalar decay. We have also considered the
2 — 2 interactions between ¢ and RHNs and we have found them to be subdominant; for this reason,
we have not considered them in our framework.

Once the scalar decay was identified as the dominant process, we derived the corresponding colli-
sional term in the quantum kinetic equations and performed a numerical study to investigate how this
process modifies the ARS leptogenesis picture. First, we considered three benchmark points by fixing
the zero temperature scalar mass and varying the RHNs masses. The results are presented in Sec. 5.3.
Interestingly, we observed that the timing of the scalar acquiring a vev significantly affects the leptoge-
nesis dynamics. We have found that in our model the baryon asymmetry of the standard ARS model
is reproduced when the scalar vev, which we have assumed to be equal to the SSB temperature, is at
least as large as O(107) GeV. For smaller values of the vev the scalar decay leads to an enhancement
of sterile neutrino production. Particularly, if scalar decay brings the RHNs in thermal equilibrium
for temperatures such that T, > Ty, i.e. the RHNs enter in thermal equilibrium before the time it
takes for the RHNs to oscillate once, the lepton asymmetry is washed out. In particular, we have to
distinguish two cases:

o For T.; » Ty the asymmetry generation is inhibited because the third Sakharov condition (de-
parture from thermal equilibrium) is not satisfied.

o For Tpy >~ Ty, the asymmetry is partially erased thanks to the washout processes associated with
the interaction ¢ < NN.

This behaviour has been verified in Subec. 5.3.5, where we considered the scenario with non-vanishing
initial asymmetry. When T¢, >~ T;,., the asymmetry is reduced, but not completely erased; whereas for
Teq » Tose we do not observe any washout in the asymmetry, neither from the scalar interactions nor
from the standard ARS picture. This situation occurs because, if the RHNs enter in thermal equilibrium
too early, the asymmetry is not produced at all, as the third Sakharov condition is not satisfied for long
enough to allow the asymmetry generation.

Another interesting scenario arises when the SSB occurs at T =~ T, i.e. vy = 102 GeV. In this
case, the asymmetry is not generated because the RHNs acquire a mass only at the time of sphaleron
freeze-out, preventing oscillations before the EWPT, resulting in the absence of the CP violation nec-
essary to generate the letpon asymmetry. From these results, we conclude that to reproduce the same
asymmetry as the one produced in the standard ARS picture, the SSB should occur at sufficiently high
temperatures such that the RHNs do not reach thermal equilibrium before their oscillation temperature.

Having studied these benchmark points for a fixed value of the zero temperature scalar mass, we
then performed a parameter scan to investigate how varying the scalar mass affects this picture. In
order to do that we have fixed M,(0) = 10,10%,10® GeV and we varied the scalar vev in the range
[103,10°] GeV. The results of these scans of the parameters are shown in Sec. 5.3.6. From them, we
can conclude that the parameter space of viable leptogenesis is significantly reduced when the scalar
particle acquires a vev at temperature 7' < 10°> GeV. This occurs for all three choices of the scalar mass.
The parameter space is slightly reduced for v, < 10° GeV when the scalar mass is M,(0) > 10 GeV,
whereas for M,;(0) < 10 GeV the parameter space of standard ARS leptogenesis is reproduced when
vg = 10% GeV. From these considerations, we can conclude that in general the standard ARS scenario
can be reproduced when the spontaneous breaking of the U(1)p_ symmetry occurs at T > 107 GeV,
and that this temperature bound can be lowered if the scalar mass is smaller, i.e. My(0) < 10 GeV.

Our analysis can be improved in different ways. As already mentioned in Sec. 5.3.6, a possible
improvement could be to investigate how the parameter space of viable leptogenesis changes by varying
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the coupling Ay and it could be also interesting to find a minimum scalar mass corresponding to each
sterile neutrino mass for which leptogenesis is successful.

Another possible development is to include in the quantum kinetic equations the contribution in-
volving the Majoron. The decay of this particle is forbidden since it is a massless particle, but the 2 — 2
process could be present and contribute to bring the RHNs in thermal equilibrium, resulting in a further
erasement of the BAU. In particular, we expect that the introduction of the 89 < NN process in the
collisional term of the Quantum Kinetic Equations could bring the RHNs in thermal equilibrium at
higher temperatures, since, in this process the interaction rate will depend only on the Yukawa coupling
yn and the scalar vev vg. Indeed, we need to consider only the u and t-channels, as shown in Fig. 5.5,
and the rate of this process will not depend on the scalar mass My (T'), but only on the coupling yn and
the mass of the RHNs.

Finally, it could be also interesting to investigate the scenario with a gauge U(1)p_; symmetry.
This results in the introduction of a massive gauge boson which can interact with the RHNs. Also in
this case one could verify whether the interaction with the gauge boson can bring the RHNs in thermal
equilibrium before t¢,,. and how this additional particle modifies the leptogenesis picture. We leave these
further developments for future works.

In summary, we found that including a physical explanation of the RHNs masses by the spontaneous
breaking of a U(1)g_r, global symmetry can significantly affect leptogenesis. Only for very large values
of the scalar vev, so that the Yukawa couplings are sufficiently small, the RHNs do not enter in thermal
equilibrium and leptogenesis can proceed as in the standard ARS case. Our results may be useful once
sterile neutrinos and scalar particles are discovered in the laboratory, with their masses and Yukawa
couplings determined. In that case, one could assess whether the ARS mechanism can account for the
baryon asymmetry of the Universe, or whether an alternative explanation must be considered.
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Appendix A

Charge conjugation

In this appendix we will give a brief review of charge conjugation in the SM. Following Ref. [44], we
define the charge conjugate of a fermion field as

(¥)(x) = &CYT (x), (A1)

where £, is the charge parity of the field. C' is the charge conjugation matrix which satisfies the following
properties

CrpC™h = =, (A.2)
ct=c1, (A.3)
ot = —c. (A.4)

In the Dirac representation of the 7, matrices, one has C = iv?y°. Since two charge conjugation
transformations must bring back the field to its initial value

Y5 EOPT S (6P, (A5)

we find |.]> = 1. The parameter £. is a phase which represents the intrinsic charge parity of the
field. From here onward we take £, = 1 for left-handed neutrinos, since weak interactions violate the
charge conjugation symmetry, the charge parity of neutrinos is arbitrary. Under a charge conjugation
transformation, we have U1 (z)US = ¢°(x). We must notice an important property, that is, the charge
conjugate of a left-handed field is right-handed and viceversa. In fact, using the left-handed projector
Pr,, one can show

T
PLchT = C(lELPL)T = C((PRQﬁL)T’yO) = 0. (AG)

Under a charge conjugation transformation, we find that U U] = (r(x))¢. Therefore, a Lagrangian
which contains only left-handed fields, such as the charge and neutral current terms in the Standard
Model one, cannot preserve charge conjugation as a symmetry.

A.1 DMajorana fields

A Majorana field is defined as

=y, (A7)
This condition means that particle and antiparticle are indistinguishable and therefore can only apply
to neutral fields. Majorana fields have several specific properties:
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Majorana fields satisfy the Dirac equation for particles and antiparticles
(178, — m)Y = 0. (A.8)
In terms of its chiral components the Majorana condition implies that the field can be written as
Y =19 +¢7, (A.9)
where we have used the fact that (¢1,)¢ = (¢°)g.
Majorana fields have only 2 degrees of freedom, differently from Dirac ones which have 4

Majorana fields are quantized in terms of only one type of creation operator.

Their electromagnetic current j* = qipy*1) vanishes exactly.

In the SM only neutrinos are neutral fermions and can be Majorana particles. As they cannot carry
any charge, since the associated current vanishes, this implies that lepton number is not a conserved
symmetry if neutrinos are Majorana type. This is evident form the fact that the Majorana condition is
not invariant under a U(1), transformation.



Appendix B

Derivation of Boltzmann equations

In this appendix we review the derivation of the Boltzmann Equations for thermal leptogenesis that we
have used in Chapt. 4.
We work in the one flavour regime and consider only the decays of the right handed neutrino N;. In
particular we consider the initial temperature T; larger than M, the mass of N;. We will also neglect
decays of the two heavier neutrinos Ny and N3, assuming that a generation of B — L asymmetry from
their decays either does not occur at all or that it does not influence the final value of B — L, namely
this B — L asymmetry will be efficiently washed out by the N7 interactions. Therefore we will drop the
subscript "1", and refer to the lightest right-handed neutrino simply as N in the following. Further, we
assume that the lightest heavy neutrino Nj is the only relevant degree of freedom beyond the standard
model particle species. The Boltzmann equation for a right-handed neutrino in a FLRW framework can
be written as [96]

ofn fn
where fy is the phase space distribution of the RHN, p, the RHN momentum. On the right-hand
side, the collision integral Cp[fn] and Cs[fn] encode, respectively, the interactions of the RHN due to
decays into lepton and Higgs (D) and scattering processes via Yukawa interactions with the top quark
(S). Similarly, the Boltzmann equation for leptons and anti-leptons is

ofi—1 ofi1

—|pi|H = Cplfizil + Cslfi-il, (B.2)
o~ el S = Colfii] + sl i
where we have defined
fiei=hi— I (B.3)
Integrating f,_j over the lepton phase space
g1
n,_j= n? Jdgplfl_[, (B.4)
with g; = 2, we obtain the lepton asymmetry per co-moving photon,
=
N_;= , (B.5)
-1 niq

where nS? = (((3) /7?)g, T3 with g, = 2 is the equilibrium photon density. The two Boltzmann equations

can be simplified by transforming to dimensionless coordinates z = M /T and y; = |P;|/T where M is the
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mass of the sterile neutrino. Using the relation dT'/dt = —HT, the differential operator 0; — |p;|H0p |
becomes zH0d,, and consequently BE becomes:

afNa(zZ,y) - H(Z]W) (Cplfn(zy)] + Cslfn(z,y)]), (B.6)
and b tleg)
Ofl_é;’y - H(ZM) (Colfici(z9)] + Cslfimi(z ), (B.7)

where H(M) = H(T)z%. The Boltzmann Equations B.7-B.6 encode how a lepton asymmetry is gener-
ated and washed out in an expanding universe given some specific particle interaction.

B.1 Decay and inverse decay

First we consider a simplified picture in which decays and inverse decays of Ny are the only process, i.e.
we impose Cs[fn] in Egs. B.7 and B.6. The collision integral for the RHN has the following form:

o1 d*py *py

Colfn]= QENJQEZ(ZWB 2Eq (27
x [fofi(l = fn)(IMarn|? + Moy |*) - (B.8)
In@ =)+ fo)(IMysarl? + My afl)]-

)3 (277')4(54(]9]\[ — Dbt~ p@)

where E; and p; are, respectively, the energy and 4-momenta of the particle species ¢ and M 4 denotes
the matrix element for the process A. At tree level, the squared matrix element is the one we have
derived in Eq. 4.9, which we rewrite as [96]

(mBmD)n

|MN4><I>I|2 = 2 DPIPN, (Bg)

where we have inserted the expression of the Dirac masses mp = yv/\/§ and v = 174GeV is the VEV
of the Higgs particle. The integral in Eq. B.8 can be reduced to a one dimensional form

Cplfn] =

I (En+pnN)/2
Mrf( T dpalfe fi(1— f) — Fx(1— f)(1+ fa)). (B.10)

ENDN J(Ex—pr)/2

For leptons participating in the same decay and inverse decay processes the collisional term is given by

c [f]:iJ ToN__dPo (o yig (e — by — pa)
U= 9E, ) 2E,(20)3 2E4 (20)3 PN = Pr—pe (B.11)
< [fn(1 = )1+ fo)(IMnoal® = fofi(l = fn)(IMarsn|?]-
From CPT invariance the decay neutrino amplitude can be written as
Mual® = [Mgil* = [Mo>(1 +¢),
Myl = Mgl = [Mo|*(1 +¢) (B.12)

My ail” = IMarsn|? = Mo (1 —e),

where | Mg|? is the tree level amplitude given in Eq. B.9.
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Integrated Boltzmann equations

To integrate the Boltzmann equations we make some assumptions. First, we neglect quantum effects
such as the Pauli exclusion principle and we assume 1 + f; ~ 1. Secondly, all standard model particles
are taken to be in thermal equilibrium due to their gauge interactions and their distribution functions
approximated by a Maxwell-Boltzmann distribution f;? = e~Pi/T With these assumptions and using
energy conservation we find

fofi = e EatEOIT — o= Ex/T _ gl (B.13)

so the collision integral in Eq. B.8 becomes

Cplfn] =

M (En+pN)/2
a J( dps[fy' — fn] (B.14)

EnpN J(Ex—pr)2

Integrating over pgp and inserting into Eq. B.6 the Boltzmann Equation becomes

ofn  2I'M

L - (fu . B.15
Assuming kinetic equilibrium for right-handed neutrinos we have fn/fy ~ ny/n%, where ny is the
number density. By integrating we find

a”N K<EN> — ). (B.16)

where K = T/H (M). Dividing by the equilibrium photon density n., we obtain the Boltzmann Equa-
tion 4.36.

For what concerns the evolution of lepton asymmetry (AL = L — L), besides the RHN decays and
inverse decays we have to consider also the AL = 2 scattering terms, in order to obtain the out-of
equilibrium condition, i.e. that no lepton asymmetry is generated in thermal equilibrium [97]. With-
out the subtraction of the scattering term, decays and inverse decays lead to the generation of a lepton
asymmetry in thermal equilibrium, in contradiction with general theorems [18]. It is important to notice
that in the 2 — 2 scattering, the contribution from on-shell s-channel Nj-exchange is already accounted
for by the decays and inverse decays. Indeed, the amplitude for 2 — 2 due to s-channel exchange of
a single X contains two terms: a part corresponding to the propagation of an on-shell intermediate X
and a part accounting for off-shell X exchange [68]. The physical intermediate states, which are called
Real Intermediate States (RIS) are already included in the Boltzmann equation as successive lower order
(2 > 1 and 1 — 2 processes), so it is necessary to remove this contribution to avoid double counting
and we do that by considering a subtracted amplitude. Instead, for what concerns the - and u-channel
N7 exchange no RIS can appear, hence there are no on-shell contributions to be subtracted. To derive
the Boltzmann equation for the density of lepton doublets we follow Ref. [18]. Asssuming kinetic equi-
librium and rewriting the Liouville operator in terms of number densities the Boltzmann equation for
the density of lepton doublets becomes

ny nN
— +3Hn; =—*- N, — IH I[H —- N
a + ny ni\ZV (N, ) — nz eI 1)
ng
+ e %ub(lH — [H) - e %ub(lH — lH) (B.17)
ny n

n

€eq

VU (HH — 11)— ( l

2
) (T — ).
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where v°? are the reaction densities in thermal equilibrium

. _ dp; dps
Vi=f) :J(Qﬂ-)?'QEi (2m)32E;

(2m) 6% (ps — ps)IM(i — f)Pe” BT, (B.18)

and we assumed the Higgs doublets H are in thermal equilibrium. The CP asymmetry is defined in
such a way that

- 1+¢

YUNy = LH) = y*U(IH — Ni) = — =, (B.19)
__ 1—¢

79Ny — [H) = v°Y(lH — Ny) = 5 L (B.20)

Where ¢; is the CP violation parameter defined in Eq. 4.54 and vy, = v*4(N; — H +1) +v°(N; —
H+1)= FDn;‘,}l KL For the 2 — 2 processes we have

K
eq (7T e 1
fYaZb(lqs - l¢) =7 q(AL =2, +) - 561’71\717 (B21)
e T 1
fYS’Z,b(l(b - l¢) = 'qu(AL =2, +) + 56171\71’ (B22)
VU P — 1) = U1l — ¢p) = Vo ;- (B.23)
Where 721L=2’ 4 is the unsubtracted reaction density. Introducing a lepton, or B — L asymmetry,
eq 1 eq 1
=" = onp-L, ny=mn," + SNB-L; (B.24)

assuming np_y, = nj —n; = O(e1) and keeping only terms O(e;) the kinetic equation for the B — L
asymmetry reads

dnp_p, nn np-r (1
3Hnp_ = —€1| — — 1 ——| = - B.25
a +onp-r €1 ("}5\?1 YNy T 5 TN +YaL=2 |, ( )
where
Yar=2 = 2Ya—9 , +27aL=2. (B.26)

The CP violating part of 5, yields the term +¢1yn, which guarantees that for ny, = n‘;‘\?l no asymmetry
is generated. Neglecting the off-shell contribution yar—2, using the relation

YN, = ny, zHD = 2n["2zHWp, (B.27)

and changing variables from ¢ to z = M; /T and from number densities to particle numbers in a comoving
volume (n; = Nj/a(t,)?) we find that the right-hand side of Eq. B.25 becomes

zH
a(ty)3

while for the left-hand side we can use the fact that T'oca(t)~! and notice that
1 dNp_p dnp_p,

(761(NN1 7N§[(11)D7NB_LW[D), (B28)

= 3Hng_ B.29

aty)?  dt T (B-29)
dNB_L 7dNB_L dZdTi dNB_L

a4 arat o (B-30)

Finally, by combining Egs. B.30 and B.29 we obtain the Boltzmann Equation 4.17.



Appendix C

Analytical approximation for the
Solutions of BE

In this appendix we will give further details on the analytical approximations for the solutions of the
Boltzmann Equations that we have already seen in Chapt. 4.2.1. In order to do that we will mainly
follow Ref. [18]. First, we consider the quantities in Sec. 4.2, which are given in terms of the Bessel
functions 7 and Ky, whose asymptotic limit at high temperature z << 1 is

2 2
Ka(z) ~ ;Kl(z) =2 (C.1)
whereas at low temperatures z >> 1
1/15 1 /15 T _,

Interpolating functions for Ky (z) and Kq(z) for all values of z are

Ka(2) ~ % (185 + z> Ki(z) ~ Zi2 (185 + z) \/@e—é (C.3)

In the approximation in Eq. C.3 we get

(G~ ()
D

52

z) ~ K3
§+Z

1
Wip(z) ~ 1K224 1+ gzefz. (C.6)

It is useful to define a value z4 corresponding to a decay temperature T,; below which decays are in
equilibrium

= ZdD(Zd) = 2. (C?)
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The value of z; is determined by K and in the approximation in Eq. C.5 we obtain

2 15

For K << 1 this yields zg ~ +/2/K, whereas zy ~ (15/4K)'/3 for K >> 1. Inverse decays are in
equilibrium if W;p(2) = 1. From Eq. C.6 one can find that W;p reaches its maximal value Wip(zpmae) =~
0.3K at zpar ~ 2.4. Hence, for K > 3 there exists an interval z;, < Zmae < Zout, Where inverse decays
are in equilibrium. For K < 3 no such interval exists and inverse decays are always out of equilibrium.
Thanks to these analytical approximations we can see from Eq. 4.37 that the final amount of baryon
asymmetry depend by just two parameters: €, indicating the amount of CP-violation, and K, the
washout parameter (which indicate the strength of decay compared to the mass of heavy neutrinos).

C.1 Out-of-equilibrium decays

In the regime far out of equilibrium K « 1, decays occur at very small temperatures z4 > 1. At these
temperatures the washout effects become less significant and we can ignore it (W = 0). So the produced
B — L asymmetry is not reduced by washout effects. In this case the integral for the efficiency factor

becomes
4 f ® " dNn,
3 dz’'

where we have neglected the washout factor Wip. For z < z; no asymmetry is generated because
the heavy neutrinos do not decay. They also cannot be produced since inverse decays are switched
off. Hence, in this regime the dynamics is completely frozen. For z > z4 the equilibrium abundance is
negligible, due to the exponential suppression in the approximation in Eq. C.3 for the Bessel function,
and from Eq. 4.36 we find

~ %(N}Vl _ N, (2)), (C.9)

Zi

N, (2) = Niy e 5 P
N (C.10)

N Nli\hefK(é,lgq(%)ﬂn (1+%z))'

The final value of the efficiency factor ky = k(o) is proportional to the initial Ni abundance. In
particular, if the initial abundance is zero, then k; = 0 as well. Therefore in this region one has to
invoke some external mechanism to produce the initial abundance of neutrinos. Thus in the regime
K « 1 the results strongly depend on the initial conditions and the picture is not self-contained.

C.1.1 Dynamical initial abundance

In order to obtain the efficiency factor in the case of vanishing initial Nj-abundance, Ny, (z;) = NJZ-\H ~ 0,
one has to calculate how heavy neutrinos are dynamically produced by inverse decays. This requires
solving Eq. 4.36 with the initial condition Ny, = 0. First, we define a value 2., such that

Nn, (2eq) = Njevq (%eq)s (C.11)

1

so if z = z., we obtain, from Eq. 4.36, that the number density Ny, reaches its maximum, since
ANy, /dz = 0 and d*Ny, /dz*> = DANR! /dz < 0. An approximate solution can be found by noting that
for z < z.q inverse decays dominate and thus

dNn,
dz

~ DN§# > 0. (C.12)
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By inserting Eqs. 4.27, 4.24, 4.33 and integrating we find for z < z¢q

Ny, (2) ~ gKf dz' 2K (2)

~ ij dzIW[D(Z/).
In the case z; € z < 1 we can use approximation in Eq. C.1 and we find
K
Nn, (z) ~ gzg. (C.14)

Now we can calculate the corresponding approximate solution for the efficiency factor k(z). For z < zq
the efficiency factor k = £k~ is negative since Ny, < N]e\,q1 (since we are considering the inverse decays
when Nj is being populated). From Egs. 4.38 and C.12 we get

4 (% L i
k_(z) ~ — gf dZ/D(,z/)]V]e\,q1 (z/)e_ {2 d2”Wip(2”)

=— 2J d2'Wip(2)e™ §Zrd="Win(2")

(C.15)
=—2((1- el dZ,WID(Z,))
~ — 2(1 — 67%NN1),
where we have used Eq. 4.34 and in the third passage we have used the fact that
d z ” 9 z 9 $1]
dz,(e f2r de"Wip (2 >> = Wip(2)e I d="Win ("), (C.16)

For Ny, « 1 the efficiency factor is proportional to Ny, , up to corrections which correspond to washout
effects. For z > 2., k7 is reduced by washout effects. For z > z.,, there is an additional positive
contribution to the efficiency factor, corresponding to the period in which Ny, starts decaying.

4 z z »” ”
B = g | D) (N, () - N () o 0 W), (C7)

Zeq

Then, the total efficiency factor is the sum of both contributions,
kp(z) = k™ (2) + k= (2). (C.18)

For z 2 z.q we now have to distinguish two different situations, the weak and strong washout regimes.

C.1.2 Weak washout regime

In the case of weak washout’ K « 1 we have Zeq » 1 since

K — @ _ (Y+Y)11’U2 3\/5Mpl &
ComE M, 1675202, /g5

1 (C.19)

I'We are here focusing in the case of weak washout with vanishing initial abundance
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implies

3V5
"167572 /g,
so N1 decays when they are not relativistic and at very small temperatures. For z < z.4 inverse decays
dominate and we can employ the following analytical approximation:

N, (Zeq) = %K = N(K). (C.21)

M1 > <Y+Y)1 ]\4}3[7 (020)

For z > z.q » 1 decays dominate over inverse decays such that

dNn,
dz

— —DNy, <0. (C.22)

By integrating we obtain
dz'D(z")

Ny (2) = N (zeg)e =en (C.23)

For z > z.q, Wip(2) is exponentially suppressed and washout effects can be neglected in first approxi-
mation. For the negative part of the efficiency factor k~(z) we obtain from Eq. C.15:

k™ = —2(1 - e 5N, (C.24)
While, for the positive part, we obtain from Eq. (C.17)
4

k¥ (z) = 3(N(K) = Ny, (2)). (C.25)
Then the efficiency factor k(z) is given by
kp(K) ~ %N(K) —2(1 — e~ 3N, (C.26)

To first order in N(K)ocK the final efficiency factor vanishes. This corresponds to the approximation
where washout effects are completely neglected. To obtain a non-zero asymmetry the washout in the
period z < z¢, is crucial. It reduces the absolute value of the negative contribution k™ (z), yielding a
positive efficiency factor of order O(K?)

2 > or?
ky(K) ~ [SN(K)] ~ —_K? (C.27)
This equation does not hold for K > 1, since in this case z.q becomes small and washout effects for
% = Zeq are also important.

C.1.3 Strong washout regime

As we have already seen for K » 1 there exists an interval z;, < z < 24, Where inverse decays are
in equilibrium. Assuming that the wash-out are effective, any asymmetry generated before z;, is fully
erased. Therefore, in this case there is no dependence on the initial conditions. As K increases, zeq
decreases and at K ~ 3 the maximal number density N(K) reaches the equilibrium density N, at
Zeg = 1. For K » 1, one obtains from Eq. C.14:

K 38\ 6\"?
]V]\/'1 (Zeq) = gzgq = Zeq = (4K> =~ (K) ~ 2 K 1, (028)
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Figure C.1: Comparison analytical (dashed lines) and numerical results for heavy neutrino production and B-L
asymmetry in the case of zero initial abundance for weak washout with K = 1072 and |e1| = 107° (left) and
strong washout with K = 100 and |¢| = 107° (right).

where we have used Ny, (2eq) = Ny (2¢4) = 3/4. Since zeq « 1, we can use Ny ~ 3/4 in Eq. 4.36 and,
by integrating we find

1

Ny, (2) = Z <1 - eusS>. (C.29)

In this case we can neglect the k£~ contribution to the efficiency factor since assuming that the asym-
metry generated at high temperatures is efficiently washed out is equivalent to assume thermal initial
abundance. For K > 3, inverse decays are in equilibrium in the range z;, < 2 < Zous, With zi, ~ 2/VK,
and any asymmetry generated before z;, is efficiently washed-out. For z < zg ~ [15/(4K)]Y? decays
are not effective in tracking the equilibrium distribution, since in this case Tp < T (T is the decay
temperature, below which decays are in equilibrium). The departure from equilibrium A, defined by
the difference

A = Ny, (2) = N3 (2), (C.30)

with Ny, (0) = N3 (0) = 3/4 = Neg, drives the production of B — L asymmetry. In the case 2z < z4 one
has

; 3
A(z) > Nf, — N1 () = =22, (C.31)
The corresponding efficiency factor is given by (cfr. Eq. 4.38)
4 (# 2K
k(z) ~ gf dZ'D(2")A(Z") ~ ﬁz? (C.32)

In the case z > z4 the neutrino abundance tracks closely the equilibrium behavior. Since Doc K, we can
solve the Boltzmann equation in power of 1/K

1 dNy! 1
substituting the expression in Eq. 4.33 and using the property of the Bessel functions:
d
— 2K, (2)] = —2"Ky—1 (), (C.34)

dz
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we find INed
N1 — 7§ 2 J——
dz = 82 ICl(Z) =

Now we can compute the efficiency factor:

be) = =g [ e e L (W (e e e

- / - (C.36)
= 2 dz’WL(Z)efsi/ dz"Wrp (") — f de e~V (E2)
K ], z .

This integral is dominated by the contribution from a region around the value zZ where 1 (2, z) has a
minimum. The integral can be solved by replacing in the exponent of the integrand Wip(z) by

- z Kz d 6 o
Then the efficiency factor becomes
l Jz dZ’VT/ID(Z’)Q* §2,dz"Wip(2") _ l(l —e S; dZ,V_VID(Zl)). (0.38)
Kz ], Kz

S z < zp, kocl/z, while for z > zp the efficiency factor gets frozen at a final value k; =~
2/(Kzp). Finally, we can find global solutions for all values of z by interpolating the asymptotic
solution for z < z4 and z > z4 respectively. From Egs. C.33 and C.31 one obtains

So for zg4 <

Kz \7'3
Az) = (1+ 57— ] —=2*Ki(2). C.39
O 1+ mrg) w0 (39

Similarly we can interpolate the results for the efficiency factor and we obtain

K225\ 12K
~ 14+ — =25 4
k(z) ( + - ) e % (C.40)



Appendix D

CP asymmetry computation

D.1 Wave diagrams contribution

First we consider the following wave diagram:

In this diagram (and also in the following ones) we have a line direction which is the "left-handedness"
and the X represents a Majorana mass insertion. We start by considering the amplitude

G|T|f) = <Ni\T(—ifd4xYaiNjPLH+L)\LaH> = —iY,;ui Pruag, (D.1)

where T is the time ordering operator. This amplitude corresponds to the following diagram

L,
pV
Pi
—_—
Ni N PH
H

We can study the kinematics of this diagram in the center of mass frame. In this case N; is at rest so
the four-momentum is

3

|
—
o =

] , (D.2)

101
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from momentum conservation we have p; = Py + P, S0 po = —pg. Now we can compute
M; E
Pi - Pa = ( (_)‘l> . (p—»{j) = M’L . Ea~ (DB)
From this we find ( ) o
Di " Pa Pa +PH) ' Pa i
B _ _ _ M D.4
¢ M; M; 27 (D-4)

where, in the last passage we have used the fact that p; = po + pa, 80 p? = p2 + p% + 2p, - P and we
have assumed p2 = m2 = 0, p%, = m% = 0, since the scale of the heavy neutrinos is so much larger than
the electroweak scale, it is reasonable to work directly in the symmetric phase where all particles except
the heavy Majorana neutrinos are massless, and all components of the neutral and charged complex
Higgs fields are physical [19]. Thus we can conclude that

M; M;
o = 2 s = 24, . D.5
() () 0:5)

Secondly we consider the amplitude

CK|Ti = <E/3H|T(—iJd4xY5iNiPLH+Lﬁ)|Ni> -
= —iYpi(Lg|NiPLLg| Ny =
= i¥pi(Lg| L PL CT Ni|Ny) = (D.6)
= iYﬁi(v};PgC’*lui) =
= iYBi(ﬂgcTPgC_lui) =
where, in the second line we have neglected the contraction of the scalar since it gives just a phase and

in the third line, we have used the fact that NiPLLg = (Nl-PLLg)T since it is a fermionic bilinear. In
fact, recalling that for Grassman variables (AB)T = —BT AT we get

(N;PLLg)" = —LEPIN], (D.7)
and
NiPLLg = Ni(Pr)igLg = NiLg(PL)ig = —LgNi(Pr)ip =
G T 5 T T oT T pT T (D.8)
= —L;Ng(Pr)pi = —Li(Pr);3Ng = —L; (Pr);gNg = —Lg P, N; .

We have also used the fact that for Majorana neutrinos N ]T =C7IN ; and in the last line we have used
the identities: u = C9T and v = Ca”. This amplitude corresponds to the following diagram:
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For this diagram the kinematics is analogous to the previous one so we can immediately conclude that

M; M;
_ (), ~(=). D.9
P (pﬁ) - <_p5) (D.9)

Ck|T\f)* = (LgH|T|LoH)*, (D.10)

Finally we need to compute

this expression comes from (QTHLgL,H|Y) = <°'TH£feLX‘;’é?;‘Z&S,di;ﬁ;’"")'w-

numerator we get that the leading contribution comes from the second order term, since the first order
contains an odd number of fields and vanishes because of Wick’s theorem. So we consider

Taylor expanding the

(LgH|T (—i f d*zYo;N;PLH Lo (—i f d*yYsN;PLHY Lg)|LoH)*, (D.11)

now we take the transpose of the term (...), in order to have the contraction N;N; which gives the
fermion propagator (Q|T(z)(y)|Q) = it [37]. So we find!

p2m?2+ie

(Lg|T(~i f A0, (N;PLLo)" ) (=i J d*yYs;N; Py Lg)|La)*

1 iy + M)
J
— YRV
aj”Bj (T pT ~—1
- m(”ﬁ PLC™(pj + M;)Prua)”
—iYEYE )
= pz_iJMﬁz](uﬁCTPEC 1(}%’ + M;)Prua)* (D.12)
WYY .
= pprUsPrlpy + M) Prua)
iYEYE
_ T By = +
= m(ugPLMjua)
Y5 Ys;

= mﬁanPRU5.
where we have used the properties of the charge conjugation matrix: C7 = C~! = —C and C°C~! =
(7®)T, and of the projectors: P = Py and Py Pg = 0. This amplitude corresponds to the diagram:

Lg

o pﬁ/’
\a
N;
/
PH K N Py

Dbj AN

H H

L As in the previous case we neglect the contribution of the Higgs since its contractions gives just a 1 factor
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This is an s-channel and in the center of mass frame we have Ecp = /s = po + py = pg + pur and

o= (5)-(4)

Now we sum the three contribution over polarizations:

1 WYEYE
Munpol = 5 2(_iyaiﬂiPLua) ( ]2 'l_LanPR'U,B) (_ZyﬁzaﬁPLuz)

2 _ A2
pol pj—M
1w, YaiVEYEY,
= 5Z(_Z)pzoiif\zj—gMj(aiPLuaﬂaPRuﬁaﬁpLui)
pol J
1 . YaiY;jY;jYBi B
= 5(—1)Wthr(uiPL}éaPR}égPLui)
7
| YaYEYEYs
= 5(*2)19217]\%]\@#(%1%]5(1}55112-) (D14)
j
1 . YaiY;-Yﬂ*»Yﬁi 1
= 5= pziiM]gMygtr[(l — V) aps (P + My)]
J
i Ve VY Y
= ZﬁthT(}jaﬁ/@Mi)
j
Y.,.Y*Y*Ys
o taitajlpidBi a
= (=) —5 5 M;jMpap®.
p; — M?

Where we have used: > us(p)atis(p)s = (P + m)ap and the properties of gamma matrices trace
tr(yM .. AHN) = 0, tr(yPyH .. yrN) = 0 if N =odd, tr(y°y*y¥) = 0 and tr(y*y?) = 4n*8. Now we
can use Eq. D.13 in the denominator and Eq. D.21 to compute the product p,p®? and Eq.(D.14)
becomes

—’LYOMY*Y*Y i M? M?
WMjMi(l _ M Cosgaﬂ)

MZ - M? 14 D15
= 3 3 — COSUug |-
MZ — M 1

2we are using the Minkowski metric 1,5 = diag(+, —, —, —)



D.1. WAVE DIAGRAMS CONTRIBUTION 105

Since we are using the optical theorem we need to integrate over the on-shell cut momenta and we
obtain:

Y.. Y Y Ys: M. M3
4 (4 W taitoit gyt Bi i
J dllp, U (27)*6W (b — pr, — par)(—0) M — ]\}]2 J4
— Yo Y5Y3 Ve MyM? [ d®pg Ppw
M? — M? 4 (2m)32E5 (2m)*2Em/

(1 —cosbqp)

(2n)*8(Ex — Eg — Egr)x

8 (pi — pi, — pir)(1 — cosbap)
— 1Yo Y5V 55 Yei M; M} J d*pg
(2m)

5(EN7E5fEH/)(17COSGQB)‘ .

MZ - M? 4 22E52E 5 Pa=—Pn (D.16)
Yo YEYEY s MoMP [ d
- m2 J '832 e J Ps 50(EN —2Eg)(1 — costp)
MZ = M3 1) @nE?

— 1Yo, YEY X Ys: M. M3 2dpzdcos 6
o B PTG Vi Jpﬁ POC8TE §(Ex — 2E5)(1 — cos05)

ME-MZ 4(2m) 4E3
—Yai Vo5 ViV MPM;

Mf fMj2 327

Where in the third line we have integrated over the three dimensional delta. We have also used mass-
shell relation E; = ,/|p;|? + m?, for j = a,B8,H,H', where m? = 0 and in the fifth line we passed
to spherical coordinates. Also, in order to have an integral containing variables related to Lg only,
we changed cosf,s to cosfs since we can perform a rotation to have one of the reference frames axis
aligned with the emission direction of L,. Finally, we use this result in Eq. 4.75. First, we consider the
numerator and we integrate over the phase space

JdHZdHH(QW)45(4) (pn — pur — P ) (=2Zm[(TT")ifTpi])

_Imai¥osVai¥e:) MM, dpo  dpw o vagp g g
2 2 “
M} — M; 16w J (21)°2Eq (27)°2En (D-17)

x 63 (pi — pi.. — vHr)
1 Im(Yai Y35V Yei) MPM;
8 M? — Mj2 167

Now we divide this result by the denominator previously obtained (cf. Eq. 4.76) and we obtain

LIm(YalYOZY{;Yﬁl) Mle

D.18
or S Vel MZ_ (D-18)
by introducing z = M 32 /M? we can rewrite this result in the following form
1 Im(Yo Y Y EYs;
L ( iY5;Y6i) vz (D.19)

16r > [Yai? 1—z

The second wave diagram contribution is given by the following diagram:
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The amplitude (|T'|f) has already been computed in the previous diagram, see Eq. D.1. Therefore, we
proceed by computing the next amplitude:

K|T)iy = <L5H|T<z’Jd‘lx(—Yg‘iLBﬁPRNi)) |Ni) = —iY5up Prus, (D.20)

which corresponds to the following diagram

Lg
pg
Di /
R
Ni N PH
H

As in previous case we study the kinematics of this diagram in the center of mass frame and we obtain:

M; M;
=2, = 2 |, D.21
be (pﬁ) b (—m) (D-21)

where we have used the fact that N; is at rest in the CM frame, namely P; = (Mi,a), and from
momentum conservation we have pg = —py. The last amplitude we need to compute is

T —<LﬁH|T(z'fd%(—Y;;LaﬁPRNj)) (—z’ | d4y<YaijPLHTLa>)|LaH>*

_ . + M;
J J

iYBjY;j (@ Pry )
=3 _ a2 UL RPjUa (D.22)
pj — M;
iYp Y5
T2 sz (UBPR?JUa)T
J
ingY;j B
=3 5 Uapi Prup
bj MJ

This amplitude corresponds to the diagram:
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Lg

L, pﬁ/f
\a
PV p N Py
. _— N
K ’ Dj AN
H

s

H

This is an s-channel and in the center of mass frame we have Ecpy = +/s = Py + Py = Ps + Py and
P; = (Eca,0) = (M;,0). Now we can proceed to sum the three contributions over polarizations:

1 . _ lYﬁJY Nk —
Mounpot =§Z(—2Ym~uiPLua) Wua}éjPLug (—zYﬁiuﬁPRui)

YaiYa YEYEN i )
2 Z <M> (0 Pt tio; PLugtis Prus)

1 M , Y
=3 P2 M2 TT[PL;Zfa]éJPL]éng(}% + MZ)]

(D.23)
< zYmYﬁjY* Yz

1 Tr[(1— s ?a%g?ﬁ}f + M,;)]

zYmYﬁjY* Y3
1
1 < zYMYﬂJY* Y

“PjPB i —Pa * PAPj " Pi + Do - PiPB - Di)

) (Paplpepy,) (™1™ = 0Pt + 0 nP) + dipap) )]
(o

where in the last step we have used the fact that e/ is antisymmetric while the product papftp,@pf, is
symmetric, so their contraction is equal to zero. Now we consider the kinematics of the process and we
have that the scalar product becomes

4
Da " PP * Pi =Da " PiPB " Di = Tl
. (D.24)

M M;
Pa - DPBP;j * Pi =(4 — PaDg COS@Qﬁ>Mi2 = T(l —cosbup).
Thus, the Eq. D.23 becomes

Yo Yo, Y5V 4 1
THeitsitatpi ) | M M (1 —cosb M;
1\4-2—1\1-2 4 4

VoY, YAV
_4< M? — M?

(D.25)
)M{l(l + cosbap).
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Now we can integrate over phase space of on-shell cuts

YaiVaYEYE M
M2-M? 4

JdHLBdHH(2W)45(4)(pN —prL, —pu)(—i (1 + cos Oap)

(2m)*6(Ex — Eg — Ex) x

e Y YV E M J d*pg &Ppu
MZ—M? 4 ) (2m)32Es (27)%2Ey
8B (pRe — pi, — v ) (1 + cosfap)
—iYaiYs, Yo Vi M} dps
- MP-M? 4 J(Qﬂ')QQEBQEH
zYng]Y* Y M dps
=T B — P _§(En —2E3)(1 0
MZ-0Z 4 ) (mrapy N T 2Es)(L cosby)
_ —i YaZYﬂJY*Y*Wfp%dedcosﬁg
4(2m)2 M2 —-M? 4 AE3
—i YaiVo, YoV
327 M? — JW]2 v

d(En — Eg — Epr)(1 + cos QQB)} - (D.26)

0(En —2E3)(1 — cosfp)

As in the previous case, in order to have an integral containing variables related to Lg only, we changed
cosfqp to cosfz by performing a rotation to align the emission direction of Lg with one of the reference
frame axes. In the end, we can use this result in Eq. 4.75. By considering the numerator we integrate
over the phase space

JdHIdHH(Qw)‘*é(‘” (pn — pr — P, ) (=2Zm[(TTY)if Tyi])

J d3py Bpy —Im(Yo Vs Y Y*)
U

454 (p _p 4
2m52E, @ryp2Ey )0 (Pr = Pa = Pr) 32 (MZ — MJ?) ]

1 Im(YmYﬂjy* Y* M dspa(; - - (D.27)
“16m M? — ]\42 (2W)2J4E2 (En, — a)|ﬁa=*ﬁH
1 Im(YaiYs, VY M
“8r M? — MJ2 167T
Now we can divide by the denominator in Eq. (4.76) and we obtain:
1 Im(YaiYs,Y5Y5) M2 1 Im(YaiYY5YE) 1 boas
16 >, Y2  MZ—M? 167 3, [Yail? 1—x (D-28)

where z = M?/M}.

D.2 Vertex diagram contribution

The last diagram we need to compute is the following
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As in the previous case, the amplitude {(i|T|f) has already been computed in Eq. D.1. To study the
kinematics of this process we can proceed in the same way as in Eq. D.1 and we obtain the same result
as in Eq. D.21. Now by assuming that the particle L, is emitted in the xy plane, we can explicit the
angle dependence and we have

2 2
| D] cos by | —|Pal cosb,
ps = |De| 810 O, PH = —|Pa| cosby |’ (D.29)
0 0

where 6, is the scattering angle.
The second diagram we need to consider is

k|T|i =(L H’T(—zfd‘leiNiP H'L ) N;
(k|T|iy =(LgH'| 5:NiPLH"Lg || Ni) (D.30)

= — iYﬁi(QBPLui>7

where we have performed the same computations as for the first wave diagram, see Eq. D.6. This
amplitude corresponds to the diagram

Lg
Ps
Di /
_—
Ni N PH
H

In the center of mass frame the kinematics is analogous as in the previous cases and we can conclude

that
Mi Mi
=(2), =2 ). D.31
n=(z) m=(5) o

Now by assuming that the particle Lg is emitted in the zy plane, we can explicit the angle dependence
and we have

Mi M'L'
2 2
|D| cos O3 —|pg| cos b
= 2. = i D.32
ps |Ps| sinfg PH —|pg| cos b ( )

0 0
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where 63 is the scattering angle. The last diagram we need to compute is
(LgH|T|LnH)* :<EgH|T(—iJd‘lemNjPLHTLa) (—iJd‘lmeN]—PLHTLg)\LaH}*

Ya' j _
= LI WTPIC (p; + M) Prua)*

iYEYE (D.33)

where we have performed the same computation as in Eq. D.12. Now in this case this amplitude
corresponds to the diagram

This diagram corresponds to a ¢-channel and in the center of mass frame we have t = (pg — py)? =
(pa — pav)?. From momentum conservation we see that 2 = p? and we have massless L, and H, since
we are working before EW symmetry breaking. Therefore

M2 M? M?
t =D + Dip — 2Da - D = *2( 41 - 4Z (— COSQ@))Z - 21 (1 + cosbpg). (D.34)
At this point we can sum the three amplitude contributions over polarizations
o iY;jYB”} - o
Munpol =(—iYoiU; Prug) muanPRuﬁ (—iYp;ugPru;)
J J
—1Y, Y EY Y
ail gt gidpi
=Y B M Mipe, - s
2 2 jiPa
PP — M
4
. N 1\:111' (1 —cosbp) (D-35)
= — ZYaiYanﬁjYBiMjMi 5]
M; 2
—=5- (1 + cosfp) — M;
. 1
= LY YA Y Vi M, M, cos 8 —
2 1+ costp + 257
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Now we integrate over the on-shell cuts

1—cosp

JdHLﬁdHH/(27T)45(4)(pN —pL; — P )(— ) YMY* Y5 Y M M,

3 3
Y(MY* YﬁJYﬂZM M f d Ps d pH ( 7T)4(S(EN — EB — EH/)X

"2 2m)32E3 (2m)32E
- 1 —cos
56 )(pN pLB PH’) b
Y VY Y M M, J¢5(EN7E57EH) 1 —cosp
ai B LB ! 2
J 2T 32Eﬂ2EH’ 1 +COS€/@’ +2% Pa=—Fgr (D36)
d 1-—
YMY* Y3 Y M; M, f%é(&v — 2Ep) cosf
AE 1+COS€5+2 2 Pp=—Pu
P%dpﬁ + 1 —cosfs

8 2

—1

YMY* Y3 Y5 My M;(27) o2 d(En — 2Eg)j dcosbg
B

1
T Y YEYEY e M, M, (1 —(1+a)log (1 - ))

where, ad before, we have defined x = M ]2 /M?. Finally, we use this result in Eq. 4.75. First, we consider
the numerator and we integrate:

J A d g (2m)46W (pn — pr — pr ) (=2Zm[(TTT)i;Tri])
1

—Im(YmY* Y Ypi) M, M; <1 —(1+z)log <1 + >> J dIL I (27)4D (o — par — pr.) (D.37)
1

FIm(Y Y Y55 Y ) My M, <1 —(1+2)log <1 + m))

Now, we divide by the denominator and we obtain

1 Im(Yy Yoj*‘JYﬂ*]YBz) 1
— 1—(1 I 1+ — . D.
. S AE ﬁ( (14 z)log ( + x)) (D.38)

Now we can add all the three contributions and we get

1 Im(Yom,Y* Y* YBZ) \/7 1 Im(YazYBJY* Y ) 1 1 Im(YD‘ZY Y Yﬁl) \/E
Eia_g Za'YlMP Ig+ﬁ ZQ‘YOC’L‘ 1—,’1}+ﬁ Za'YQ'L' 1_$,
(D.39)

where g = 1 — (1 + z)log <1 + i) Now we sum over the internal d.o.f, that is, over 8 and j and

multiply by 2 the contributions coming from the wave diagram, since in these diagrams both the neutral
and charged components of the lepton doublet run in the loop. Also, we do not include in the sum
over the flavour of the intermediate neutrinos in the case j = i, since in general states degenerate with
the initial one do not contribute to the CP violating asymmetry and, in the vertex contribution, if we
consider the contribution from j = i we will get a term proportional to Zm(YTY)% = 0 [19]. Putting
all these results together we obtain the expression for the € parameter given in Eq. 4.79.



Appendix E

The effective potential

In Sec. 1.2 we have seen that the classical potential of a quantum field theory plays a crucial role in
studying the question of symmetry breaking. However, sometimes radiative corrections in a quantum
theory may change the behaviour of the classical potential. The minimum of the classical potential
may be unstable under radiative corrections and a symmetry that is spontaneously broken at classical
level may be restored or an unbroken symmetry at classical level may be spontaneously broken because
of quantum effects. For this reason the important quantity to consider is the effective potential which
takes into account the quantum corrections in a theory. In our discussion we will restrict to the effective
potential taking into account only the one loop corrections, since we are interested in using it to find
the thermal masses of a scalar singlet.

E.1 The effective potential at zero temperature

First, we consider the case at zero temperature and we will follow the review [64].

Generating functionals

Let us consider a theory described by a scalar field ¢ with an action
S[o1 = [ dac(6(a). (1)
The generating functional is given by the path integral representation
2171~ [[asesp (15101 + [ atooto)io) ) (B.2)

From this definition we can obtain the connected generating functional W{j]
Z[j] = exp(iW[3]), (E.3)

and the effective action I'[¢ as the Legendre transform of Eq. E.3

rigl = wiil - [t Blico) (8.4

112
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where W]
T J
o(x) = — .
“)= i)
The field ¢ is also called the mean field and it represents the connected 1-point function with the source
j(z) kept alive. From this definition we can see that if we set the source j(z) = 0, we get

65(33)\3‘:0 = <§£>c = e, (EG)

i.e. the mean field ¢, which represents the vacuum expectation value of the field ¢, would be a constant
independent of space-time when the source is turned off because of the Lorentz invariance of the vacuum.
From these definitions we can find the vacuum of the theory in absence of external sources as

or(o)
20

(E.5)

=0. (E.7)

We can now expand the generating functional in a power series of j, to obtain its representation in terms
of Green functions G, as

Z Jd4x1 Az j(xr)... J(@n)G oy (1, .0y 20), (E.8)
and
O n
Z —'Jd4$1...d4xnj(x1)...j(xn)an)(xh...7mn), (E.9)
where we have used
ny _ L 0"Z]j]
G(n)(mlv'”v ) <¢ ¢ >* Zni(s.]n i )
B (E.10)
. 1 omiW(j]
c n -
Gl (@1, ) =('0™)e = T 55 -
Similarly, the effective action can be expanded in powers of ¢ as
o0
A 1 4 4, 7 n (n)
=] — | d'ord an (1) ¢ (an)T ™ (21, s 2n), (E.11)
n=0 """
where T'"™) are the 1PI Green functions:
" 6"l @]
<¢1, ...,¢7L>1P1 = F( )(JC17 7In) = W (5:0- (E12)
Now we can Fourier transform I'[¢] and ¢ as
e fﬂl WPWWL%WW%+W+MWWM (B13)

(p) = Jd‘lxe_imgg(a:) (E.14)
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and we obtain the effective action in Eq. E.4 as

S5 (17] 4P s 45(1) (n)
0 = 3 | TT| Gmrdtp |@0)601 + o p )T 1) (E.15)
n=0"vY i=1

Recaling Eq. E.6 and by removing an overall factor of space-time volume, we define the effective potential
Ver(9c) as

Ilg.] = — f daVig (o). (E.16)

Since I' represents an effective action, it contains both the classical and quantum parts of the action.
Therefore, V.¢¢ contains quantum corrections of all orders to the original classical potential. However,
it does not have a closed form and for this reason its structure has to be studied order by order in
perturbation theory. A perturbative expansion is in terms of the number of loops of a Feynman diagram
which also coincides with an expansion in powers of fi. In particular, the zero-loop contribution is simply
the classical (tree-level) potential. The one-loop contribution can be written in closed form for any field
theory containing spinless particles, spin 1/2 fermions and gauge bosons, but we will focus on scalar
fields.

E.2 One-loop potential
The perturbative expansion of the potential at one-loop order can be written as
Verp = Vo + hVi + O(h?). (E.17)

We will follow Ref. [98] and we will calculate the one loop corrections to the effective potential in a way
that generalizes to the case of finite temperature. We consider the simplest model of a real scalar field
¢ and let us assume that ¢y represents a solution of the tree level Euler-Lagrange equation!

557 (9)
=0 E.18
e A (E18)
which implies
08

Therefore, we can expand the field variables around this classical solution as
¢(x) = go(x) + Vhx(w), (E.20)

correspondingly, the classical action would have the expansion around ¢ = ¢q
h _
§7(6) = 87 (00 + Vi) = 87(0n) — 3 [ dlad'yx(@)G @ p)x(0) + (E21)

where the linear term in x vanishes since we have used Eq. E.18 and since the source terms in S” are
linear in the field variables, they do not contribute to the second derivative terms and we have defined

, (E.22)
%0

IWe call S7 = S[¢] + § d*zg(x)j(z)
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which is the inverse of a propagator in the presence of a background field and would correspond to
a propagator with an effective mass. Substituting the expansion in the expression for the generating
functional and we integrate over the quantum part x by keeping the background field ¢¢ fixed, we get

Z[5] szxei/ﬁs"(%m/ﬁx)
—e#57(90) JDxe—%Sd%d“yx(z)G*l(z,y)x(y) (E.23)
=t 57 (@) [det (G1)] 12
Therefore we also have
Wil = 57 (¢0) + ?m [det G172 = S7(¢o) + %TT InG™! (E.24)

Considering now the effective action, we note that the mean field ¢. can also be expanded in powers of
h. But, since it satisfies the classical equation in the limit & — 0%, we can write its expansion as

(bc(.%') = ¢0($) + (251(1‘) + ... (E25)
With this we note that
S(¢c) ~ S(d)O + ¢1)

_ 4 05
= S(¢o) + Jd $¢175¢(I) ,

= S(on) ~ [ dtI(@)(0)

+O(R?) (E.26)

where we have used Eq. E.19 and have neglected higher order terms. It follows that the effective action
at one-loop order has the form

Ilo.] = W[j] - fd‘*mc(x)j(x)

= S‘](gbg) + %TT InG™!'— Jd4x(¢o +¢1)J

. (E.27)
_ 4 . ih -1 _ | ;
= S(¢o) + | d*xdoj + 2TrlnG d*z(do + ¢1)7
ih
= S(¢c) + %TT InG~ .
For constant field configurations from Eq. E.16 we write the effective action as
ik
D(ge) = —QV () = —QVO(¢) + T TrInG ™, (E.28)
where we have called Q = Sd4x, and we obtain
V(pe) = VO () — %Q_lTr InG™! (E.29)

2Since all connected diagrams can either be computed with W[j] using S[¢] to all orders in A, or they can be computed
with the equivalent of W[j] constructed using I'[¢] instead of S[¢] in the A — 0 limit [37]
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Therefore the one loop contribution to the effective potential is given by
1 ih -1
Vi(ge) = _EQ TrinG™". (E.30)

Now, as we have seen in Eq. E.22 G behaves as a propagator with an effective mass. In fact, if we consider
as an example an action given by S = {d*2(1/20,¢0"¢ — m?¢?/2 — A\¢p* /4!) and we compute the inverse
propagator by taking the second derivative of the action we find G~ (z,y) = (O +m? + \/2¢2)6*(x — y)
and we can define the effective mass m? = m? + \/2¢2. Therefore, in general we obtain

G Na,y) = (O+ miff)54(x — ). (E.31)
Going in momentum space we find
Gk, K') = (k% +mZ )6 (k — k). (E.32)
We can now obtain

TrinG™' = Jd4m<m| InG™z)

= J d*xd* kd* K (x| kYK In GHE YK |x)

—i(k—k')x (E.33)

_ Jd‘lxd‘*kd‘*k'e In (k2 + m2, )04 (k — k)

(2m)*
d4k 2 2
=QJ.WIH(_I€ +meff)

Therefore, we can identify

Vioe) — %f éﬂ’; In (—k* +mZf). (E.34)

Now that we have found an expression for the effective potential at one-loop order, we will illustrate a
method to calculate it, by following Ref. [64]. This method consists in computing the derivative of the
effective potential in the shifted theory and then integrating. Given a scalar theory with a Lagrangian
L, we define another Lagrangian £ in this way:

5[¢c]
0

The second term makes the vacuum energy equal to zero and the third term is there to cancel the
tadpole part of the shifted action. Now we denote

fd%ﬁ(qsc; 6(2)) = S[ée + 6] — Slée] — 6 (E.35)

_ #S[4] ‘
6p(2)do(y) b=be

and by iD~1(¢,, p) its Fourier transform, the effective potential is found to be given by

D (¢e, w — y) (E.36)

4

Verp(de) = VO(¢e) — %f dp (det iD ™ (¢, p)) + 2< exp lifd4xﬁ1(¢c,¢(x))]>. (E.37)

(2m)t

The first term is the classical tree-level potential, the second term is the one-loop potential, where the
determinant operates on any possible internal indices defining the propagator, and the last term denotes
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higher order loops. As an example we can consider again the Lagrangian £ = 1/20,¢0"¢ — m?¢?/2 —
A¢*/4! and by applying the definition in Eq. E.35 we find V = 1/2m2(¢.)¢? + A/3lped® + A/4¢* where
the shifted mass m?(¢.) coincides with the effective mass m? = m? + \/2¢2. Therefore the shifted
propagator will coincide with the one in Eq. E.31 and we obtain the same result as in Eq. E.34 for
the one-loop effective potential. To conclude, we can notice that the "field-shifting" method is identical
to the background field method, where we write the classical action S as a function of the field ¢
plus an arbitrary background ¢, field. With this shifting we find a new generating functional Zp and,
consequently, the effective action I'g. By employing the definiton ¢ = ¢. + ¢ ad by shifting the variable
of integration in Zp and I'p as ¢ — ¢ — ¢, (see Ref. [99] for details) we find that T'5[¢; ¢c] = T[¢ + @]
and, by taking ¢ = 0 we find I'(¢.] = T'g[0; ¢.]. Therefore, we find that the background effective action
is just a conventional effective action computed in the presence of a background field. Now, I'g[0; ¢.]
has no dependence on the field ¢ so it generates no graphs with external lines. The background field
method allows to calculate the effective action by summing only vacuum graphs. Therefore, from the
Eq. E.16 we see that we can compute the effective potential by computing the sum sum of 1PI diagrams
in the presence of the background field.

One-loop effective potential at finite temperature

At this point we can construct the one-loop effective potential at finite temperature and we will do that
by using imaginary time formalism. We need to consider quantum field theory at finite temperature as
in the early stages of the universe, at high temperatures, the environment had a non-negligible matter
and radiation density. Therefore, we need to consider the background state as a thermal bath. In
order to do that we first recall some concepts from statistical mechanics. The statistical behaviour
of a quantum mechanical system, in thermal equilibrium, is studied thorugh an appropriate ensemble,
where an ensemble is a collection of an infinitely large number of identical and independent systems. In
general, a density matrix for the ensemble is defined as

e PH
o) = Za7 (E.38)

where (3 represents the inverse of the equilibrium temperature 3 = T~! andHis an appropriate Hamilto-
nian for the particular ensemble. Z() is a normalization factor and is known as the partition function
of the ensemble. In the most general case we have

H=H—uN-> 10.Qi, (E.39)

where H denotes the conventional dynamical Hamiltonian, N represent the number operator, u cor-
responds to the chemical potential and g, represent the totality of all characteristics of equilibrium
besides the temperature T, i.e. they are the equilibrium state properties. From Eq. E.38 we can define
the ensemble average of any observable O as

(0) =Tr(0p), (E.40)

which satisfies the property (1) = 1. Similarly, the thermal average of the correlation function of any
two operators A and B, with different coordinates can similarly be written as

(AB) = Tr(p(B)AB) = Z=Y(B)Tr(e "" AB) (B.41)
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E.2.1 Generating functionals

As in reference [64] we consider the case of a real scalar field ¢(x), carrying no charges, with vanishing
chemical potential and with Hamiltionian H i.e.

() = e“H¢(O,5)e_”H, (E.42)

where the time 20 = ¢ is analitically continued to the complex plane. We define the thermal Green
function as the average of the ordered product of the n field operators

G @1,y n) = Tod(x1), 00y (20)), (E.43)
where the T ordering means that fields should be ordered along the path C' in the complex t-plane, i.e.
T.6(x)¢(y) = Oc(x” — y°)p(2)d(y) + Oc(y® — 2°)o(y)(z) (E.44)

if we parametrize C as t = x(7), where 7 € R, T ordering means standard ordering along 7. Therefore
the step delta functions can be given as ¢ (t) = 0(7), 6c(t) = (02/07)716(7). The rules of the functional
formalism can be applied as usual, with the prescription 65 (y)/d7(z) = 6c(x® — )63 (Z — %), and the
generating functional becomes

- Z %J d41’1,...,d4xnj(1’1)...j(mn)G(C)(zl,...,xn) = exp (ZWB[]])v (E45)

which is normalized to Z?[0] = (1) = 1 and where the integral along ¢ is supposed to follow the path C
in the complex plane. Similarly, the generating functional fot the 1PI Green functions I'’[¢] is defined
by the Legendre transformation

SWA 5]
6 (x)

where the classical field ¢(z) = §W#A[4]/67(x). Tt follows that dT7[¢]/d¢(z) = —j(z) and ¢(x) = {(p(x))
is the average of the field. As in the previous section, we have that when j = 0, ¢ = ¢., where ¢, is
a constant. In this case, by removing the overall factor of space-time volume arising in each term of
I'®[¢.], we can define the effective potential at finite temperature as

T3] = WALj] - f d'z i), (E.46)
C

Jd%VfH (E.47)
and symmetry breaking occurs whenn
Vi (@e)
Zleffi\ves
= E.4
06 " e

for ¢. £ 0.

Green functions
From Eqs. E.44 and E.43 we can write the two-point Green function as
G(w—y) =bc(z* —y*)Gi(z —y) + 0o (y° — 2°)G (v —y) (E.49)

where

Gz —y) = ((x)0(y)), G (z—-y) =Gy —a). (E.50)
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Not all contours are allowed if we require Green functions to be analytic with respect to ¢. In order to
find a condition on t, we take the complete set of states |n) with eigenvalues E,,; H|n) = E,|n) and we
can compute G, (xr — y) at the point ¥ = 5 = 0 as

Gi(z° —y°) = Tr[Z7 1 (B)e M $(0)6(0)]
= Z71(B) Y (mle= "7 (0)e?H e=PH ¢(0)|m)

= 271(8) X (mle™ e o)™ M e mnle M o(0)]m)
= 274(B) 3 e mlg(0)ye e BBl g (0) |y (EBD)

Ly

= Z71(8) 2 (nl@(0)|my*(nl@(0)mpye™ et En 0]

; 0 0 . 0 0,
= Z71(8) 3, Kmlo(0) m)[2e 55" i o i)

where we have used Egs. E.41, E.42 and the completeness relation ), |n)(n| = 1. The convergence of
the sum implies that —3 < Zm(z° — 3°) < 0, which requires 0c (20 — y°) = 0 for Zm(2® — y°) > 0.
Similarly, from the condition in Eq. E.50 we find that for the convergence of G_(z° —4°) the condition
0 < Im(z® — y°) < B must be satisfied. This requires that 6o (z° — y°) = 0 for Zm(z® — y°) < 0, and
the final condition for the convergence of the complete Green function is

—B<Im(x’—y°) < B (E.52)

and we define 0¢(t) such that 6c(t) = 0 for Zm > 0, which implies that C' must be such that a
point moving along it has a monotically decreasing or constant imaginary part. From the definitions in
Eq. E.50 we can deduce (by using Eqgs. E.41, E.42) and the cyclic permutation property of the trace)
the so called Kubo-Martin-Schwinger (KMS) relation:

Go(t—if, &) = G_(t, 7). (E.53)

This relation leads to periodicity and anti-periodicity properties in bosonic and fermionic two point
Green’s functions at finite temperature.

Imaginary time formalism

The computation of the propagators depends on the chosen path C' going from an initial arbitrary time
t to t — i, provided by the periodicity properties of Green functions. The simplest path is to take a
straight line along the imaginary axis t = —i7. Therefore we can perform a Wick rotation, .e. send
t — it (Euclidean time) and we see that the condition in Eq. E.52 becomes —f < (7 — 7') < 8. Since
the Green functions are defined within a finite time interval and are periodic for bosons (anti-periodic
for fermions) thanks to the KMS relation, they can be written as a Fourier series involving only discrete
frequencies:

1 .
Gp(r) = 3 D€ TGy (wn). (E.54)
For periodic boundary conditions (for bosons), the Green function has to satisfy (see Eq. E.53)

Gs(0) = Gp(B) (E.55)
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or,

1 1 Tw,
5 D Gs(n) = 5 2 G, (E.56)
which determines 5
wy, = % n=0,+1,42, .. (E.57)

These frequencies are called the Matsubara frequencies. The inverse transform of Eq. E.54 can be

obtained
B

Galwy) = J dre™“n"Gg(T). (E.58)
-8B

In contrast to the imaginary time variable 7 at finite temperature taking values in a finite interval in

the Green function Gg(7), the spatial coordinates have an infinite range. Therefore, putting in all the

coordinates, we can write

- 1 d3E i(wnT+k-Z s
Gga(r, %) = EZJ (277)36( nTHRE) Qg (W, k) (E.59)
. 4 . .
Gs(wn, k) :f dTfd%eﬂ(wﬂ”k-w)c;ﬁ(ﬂf). (E.60)
-B

Therefore, for taking the Fourier transformation of the propagator in going from Minkowski space to
finite temperature Euclidean space we need to substitute:

D qkO 1 &

ﬁm*gﬁ;

P o g (E.61)
Lo P J@ (2m)*

Therefore we can derive the form of the propagator for a bosonic theory at finite temperature®. For
example, we consider the free Klein-Gordon theory of a massive real scalar field ¢ and the Green function
satisfies

(0?2 = V2 + m?)G(z) = —6*(x). (E.62)
The momentum space Green function, in this case, has the form

- 1

Glho, k) = ————. E.63
R (E.63)

Going in imaginary time, i.e. by rotating 2° =t — —ir, k* = ko — iky = iw, and G — —Gg we obtain

62
(572 + V2 - m2> Gp(r, ) = =0(1)0% (), (E.64)
and, from Eq. E.63
> 1 1 -
G(ko, k) = = — = = —Gp(wn, k). E.65
(Ko, k) [ Ry g 8(wn, k) (E.65)

3The same considerations are valid also for fermionic theory, but here we focus on a scalar theory since we are interested
only in computing the effective potential.
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Now that we have find the expression for the propagator and by using the rules in Eq. E.61 we can derive
an expression for the one-loop effective potential at finite temperatures. Indeed, by going in imaginary
time and recalling Egs. E.33 and E.65 we find

be) = Z f (W2 + w?), (E.66)
ﬁ e
where w,, are the Matsubara frequencies and
w? = B +m2; (o). (E.67)

The sum over n diverges, but the infinite part does not depend pm ¢.. The finite part can be computed
by the following method [64]. Define

0
Z In (w2 + w?), (E.68)
n=—aoo
then
ov & 2w
“r = E.69
Ow nZ w2 + w? ( )
Using the identity
0 —27
y 1 T 1 T e ™Y
— = —— 4+ " coth =—— 4+ — _ E.70
f(y) 7;1y2+n2 2y—|—200 (wy) 2y+2+7T17672ﬂy7 ( )

with y = Sw/27 we obtain

ov 1 e P
w %[2 1o e["”] (E1)
and
1
v(w) = Qﬁ[; + 3 In(1-— e_ﬁ”)] + w — ind.terms. (E.72)
Substituting this result in Eq. E.66 we finally obtain
Bk [w 1
B _ vl =z - _ —Pw
Vi () J(Zﬂ')3 [2 + Bln(l e )] (E.73)

One can prove that the first integral is the one-loop effective potential at zero temperature (see Ref. [64]
for details). Therefore we focus on the temperature dependent part that can be written as

d3k B 1 9 9
ﬁ )= o2 Jp[m*(¢:)B7], (E.74)
where the thermal bosonic function Jpg is defined as

Jp[m*B?] = f dzaIn [1— e vertpim?] (E.75)

0
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E.2.2 Symmetry restoration

As we have seen in the previous sections when the mass term has a negative sign a non trivial vacuum
exists leading to a spontaneous breaking of the symmetry. On the other hand, we expect that if a particle
moves in a hot medium, it must pick up a temperature dependent effective mass, and this temperature
corrections come with a positive sign. Therefore, we expect that above a certain temperature, this
temperature correction will take over the tree level negative mass squared term and symmetry will
be restored. The main point is that at finite temperature, the equilibrium value of the scalar field ¢,
{¢(T)), does not correspond to the minimum of the effective potential V.1=%(¢) at zero temperature,
but to the minimum of the finite temperature effective potential Ve%(gzﬁ). Thus, even if the minimum of
the Vi=%(¢) occurs ar (¢p) = v # 0, for sufficiently large temperatures, the minimum of Veﬁﬁ(qb) oceurs
at (¢(T")) = 0. This phenomenon is known as symmetry restoration at high temperature and gives rise
to the phase transition from ¢(T) = 0 to ¢ = v. The cosmological scenario can be drawn as follows:
In the theory of the Hot Big Bang, the universe is initially at very high temperature and it can be in
the symmetric phase (¢(T)) = 0, i.e. ¢ = 0 can be the stable absolute minimum. At some critical
temperature 7T, the minimum ¢ = 0 becomes metastable and the phase transition may proceed.

E.3 Derivation of thermal mass of the scalar singlet

As we have seen in Sec. E.2 we expect that if a particle moves in a hot medium, it must pick up a
temperature dependent effective mass. Therefore, to compute the one-loop correction to the mass of
the scalar singlet ® we can first compute the one-loop effective potential and then by taking its second
derivative we will find the effective mass. First we parametrize the Higgs doublet and the scalar singlet
in terms of real scalar fields

1 Ixa+ixe
= [h i ] (E.76)
1 .

With these parametrizations, the potential in Eq. (5.43) becomes

2 2
7 A
VO —— —2¢ (6% +62) + —f(q&z +02)2 - BH (321024 024 2

N \ 2 (E.78)
+ 0+ X3 08+ B+ T (07 )G 0+ G+ 1)
To compute the effective potential we use Eq. E.35 and we shift the scalar fields as
h —he+ h
¢ —¢e+ @
E.79
90 (E.79)

where h. and ¢. are constant backgrounds. We have chosen this shift since we know that after SSB the
field 6 will be the Goldstone boson and after EWSB we have 3 Goldstone bosons y; ¢ = 1,2,3. With



E.3. DERIVATION OF THERMAL MASS OF THE SCALAR SINGLET 123

this shifting, the quadratic part of the V (see Eq. E.35) will become?

13 3 A 13
Vauad = = (8" + 0%) + S0e020° + 520207 = 2 (03 + X3 + 08 + 1)
3 Al A
+ SRR + R0 03 ) + TG00 G+ ) (E-80)
AHG 2,2 | AHé 2 2 | AHg ;2
——¢<h ——h ——hi6°.
t o ehT = T hedT + = he
We can rewrite this potential as
Vouad = 1M2¢2 SRSV NS VLIV Vo SIS VE IV SRV TA (E.81)
quad — 2 13 9 % 9 Xle 9 X2X2 9 X3X3 2 h .

where

2
Mg

A
— 3 + BAs02 + “o2h2
2
A
Mj = =i+ N2 + 5002

A
M, = —pi + Wb + =52 62
AQ (E.82)
M, =~ + b + =52 67

A

M2 = —p2 + \h2 + %ﬁ
A

M? = —p2 +3agh? + —g"’ o2

and we see that these masses correspond to the effective (or shifted) masses. At this point the effective
potential at one loop can be written as (see Eq. E.34)

Ve, he) = —% J ggl[ln(—kQ + MZ)+In(—k* + M2) +1In (—k* + Mj) +1In (—k* + M,f)]. (E.83)

To find the one-loop potential at finite temperature T we need to go in imaginary time, and, in order
to do that we have to rotate to Euclidean space with the energies taking discrete values (Matsubara
frequencies) and the integration over energy will be replaced by a sum. Thus the effective potential
becomes

3
V(e he) = %EJ% [ln (w2 + wi) +1In (w2 4+ w?) + In (w2 + wi) +1In (w? + w%)], (E.84)

where with w,, we indicate the Matsubara frequencies, which, in the case of bosons are w,, = 2n7/3; and
with w; = k2 + M2, with i = ¢, 0, h, X1, X2, x3- In order to find an expression for the effective potential,
we evaluate a generic expression of the form [98]:

-] Eom((22) -0
- [ a5

4We consider only the quadratic part since we are interested in computing the thermal masses only.

(E.85)
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where w? = k2 + M2. Taking the derivative of T (w) with respect to w, we obtain

ol(w) 1 w
_ = _ E.86
ow Jé] an w? + (2nm/f3)? ( )
This sum can be evaluated by using the identities:
& 1 T
n=—oo
coth (fz) = 1+ 2np(2x) (E.88)
where ny, is the Bose-Einstein distribution function ng = ﬁ Therefore we obtain
ol(w) 1 1
== E.89
ow 2 + ePw —1 ( )
Finally, by integrating we obtain
oI(w) - w 1
— ] =— 4+ _-In(1—e P E.
de&w @ =5+ 5= (E.90)
Therefore we can write 5
d’k (w 1
IM)=| —=(=+=In(1—e™ E.91
o) = [ (5 + 5ma—e) (B91)

From this expression we can notice that for vanishing temperatures, i.e. 8 — o0, only the first term con-
tributes and it corresponds to the one-loop effective potential at zero temperature. Instead, the second
term (which will be indicated as I®(M) in the integrand represents the true temperature corrections.
This term cannot, in general, be evaluated in closed form. However, the first few dominant term can
be calculated and is enough to give an approximate critical temperature for symmetry restoration. In
fact, we can notice that

7.‘.2

1 Q0
(M = 7f dre*ln(l—e ™) = ——— E.92
o =g | - =g (.92
oI’ (M 1 (” 1
(2)‘ _ HJ dr—" = — (E.93)
OM? |2y 4232 Jo et —1 248
Therefore we can write ) )
M
B(M) = —— E.94
(M) = 5051 T 24 + (E.94)
At this point we can put everything in in Eq. E.84 to compute the integral, and we can write
‘/(qua}lC) ::‘/(O)(QbCa}lC) + L/(l)(qua}lC)
6m2 M2+ MZ+ M2 + M? (E.95)

i y4(V) —
V ((bC?hC) 9054 + 2462

The second derivative of the zero temperature effective potential V(?) would give the renormalized mass
of the theory, while the thermal masses will be obtained by computing the second derivative of the
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one-loop potential in the minimum of the theory. Notice that at high temperature we have a symmetry
restoration (see Subsec. E.2.2), therefore the minimum will be given by ¢. = 0 and h. = 0.

*V O (e, he)
097

1
0:07 0:0

PV (de, he)

ahz Ao + 6Apr) (E.97)

1
Therefore we can write the thermal mass of the scalar ® as
2 2 T
M¢(T) =—-M"(0)+ —

2 (4)\¢ + 2)\H¢) (E.98)

where M?(0) is the renormalized tree level mass. Notice that from this derivation we can also find the
thermal corrections to the mass of the Higgs scalar. It is important to notice that, since we have shifted
the scalars as in Eq. E.79, the Majoron with this choice does not get a thermal mass.



Appendix F

New interactions computation

In this appendix we present the computations that led to the thermal averaged rates presented in the
main text in Sec. 5.2.1.

F.1 Scalar decay

First, we consider the scalar decay ¢ — NN

First, we compute the square amplitude of this process

<NZ«Nj|T(2\/i§ f d4o:¢NCN>|¢>
—<NiNj|T(2?% f d4x¢NCCNT)|¢>

1
=— ——ynu;Cu; x 2
9N
—l B
Y N,
2\/§yN I

126
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where in the first line we have used N¢ = N and N¢ = CN7, while in the last step we multiplied by 2
since we can exchange i <> j in the RHNSs in the final state and we have used the relation v; = Ca? .

1 o 1 o
IM(¢ = NiNj)opor = 2 §y12v(viujuj”0i) = gyzszT(viujujvi)

= %yJQVTT((?j + mN)(]JZ — mN)) = y7NTT(ﬁ3}J2 - mf\,)

= 2y12v(173 “Pp2 — m?v)

(F.2)

In the center of mass frame we have that the decaying particle is still, thus we have that the four-
momentum is

P (F3)
0
and from momentum conservation we have Py = P, + P53, so My = P, 4+ P3. From this relation, we can
2_9m2
derive an expression for the scalar product ps - p3 = %. Finally, the square amplitude is
‘M(¢ - NiNj)‘inpol = y]2V (Mq% - 4m?\f) (F4)
At this point, we can compute the decay rate width:
1 2
dl' = m|M|unpoldH2’ (F5)

where M is the energy in the center of mass frame, which corresponds to the mass of the decaying
particle, and dIl, is the two-dimensional phase space element in the center of mass frame

1 [ply _J L |ply
Jdﬂg—f b deﬂzm. (F.6)

We can find the expression for |pf| by considering the four-momenta: P = (M, 6)T and py, =
(E3, p»)T.So, we obtain

M2 _2m?

(p2 —|—p3) - P2 m?\, + —2 K ) X M¢
P-po=M, -Er— Ey= = = — F.7
P2 ¢ 2 2 My My 2’ ( )

and, from the mass-shell relation |pf| = \/E3 — m%

M3 _ My | 4m3
2 Mo 1— N F

Therefore, the integrated 2-phase space element becomes

1 My 4m?\, 1 1 m?\,
T, — 1— — =, /1- X F.
J dily J 1672 2\ M2 My 8x\lT M2 (F.9)

Finally the decay rate width is

—m3 N we finally obtain

B 1 4m?3 Y2 Am2,\*?
I = M2 —4m3)—, |1 — —N = N ppof1 - ——N) F.1
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At this point we consider the thermal averaged decay rate:

§ dII; dIT,dIT5 |M1—>23\ 2m)* 6@ (ppin — pin) [

<F¢4>NN> szns (Fll)
n
<i>
First, we focus on the numerator and, from Eq. F.11 and by taking f;q = e F4+/T we can compute
d*p d*pa d*ps 2 4miy 4
N MZ2(1— om)i6™® — pg)e BT
um = J 572, (3m)*2E, (2r)32F, yn M 2 (2m)6" (p1 — p2 — p3)e
d*p1 d®p> A3 5 o 4m3, 4 (F.12)
- M?(1- N )2n)* (B - B, - E
J (27)32E, (27)32E, (21)32E, "N ¢ M2 (2m)"0 (Ey = Bz — Fy)

5O (B — fa — p3)e BT

now we integrate over the 3-delta using the fact that in the center of mass frame py = (M, 6)

d°py d*pa 2 712 dmy 1
= MZ (11— —2)(2m)*6 (B — By — Eg)e P75, :
f (2m)32E; (2m)32E52E; N7 M2 (2m) 07 (B = By — Es)e po=psr  (F.13)
now we go in polar coordinates d*py = |p]|?dpsin §dfd¢ and, from the condition |j3| = |p3| = § and the
fact that mo = m3 = my we have Fy = E3 = Ey
d*py [pPPdp 5 ) o 4mN
- Mm2(1— 5O (B, — 2Ey)e BT, ,
J @maE, angg, N Mo\~ gz )0 (B — 2B e (F.14)
to integrate over the delta we use the property
Sz —
2 (@ x’“ (F.15)

k

and we obtain

2
5 _ @ 1— am%;
p2dp <p 2 M3 1 ) 4m?,

N Rl (F.16)
E% fgf 2 M2
by inserting in Eq. F.14
Epr 1, 4m3\ 1 4m’
| = 22 (1 SN ) o 1 SN BT
f (2m)32E, 4n INé M2 )2 Mz e
[ i v M (- 4m%v)3/2E1/T
(27)32E, 2 M2
_ ([ ExpdBEy yRME (1 Amd 3/267E1/T F.17
@n)72E; 2 M2 (F.17)
A B3 — M dE 3/2
1 1— 4m3 / o—B1/T
o (2n)34 M; M?

3/2
32737 ¢ M3
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where we have used the fact that pdp = EdE and p = v/ E? — m?2. Now to integrate over the energy we

use the identity
oy (z J V22— x%e” (F.18)

and, by changing variables z = F1/T in Eq. F.17 we finally obtain

2 2\ 3/2 M
Yn 3 dmy ¢
Num = 327T3TM¢ (1 - 735 ) /C1( T ) (F.19)

Now, we can compute the denominator:

3 3
n® = f 4Py 4 = fid Pe e Be/T, (F.20)

eq

Going in polar coordinates we find

nd, = 53 14/152 M2Ese="e/TdE,. (F.21)

This integral can be solved by considering the integral representation of Bessel functions [100]:

(%) ( ) —zt (42 v—1/2
)= T L (12 — 1) 12qy. (F.22)
For v = 2 we obtain: 2
Ka(z) = (FQ()zi(f))L e P (2 — 1)%2dt, (F.23)

by changing coordinates tz = x and by performing an integration by parts we finally find:

Ka(z) = Z—12 Jefrsm/ x? — 22dx. (F.24)

Therefore Eq. F.21 becomes

/ M2 TM2 M
—z [ ¢
eq 9 PYsY J‘ L B} Z@ dz = K:Q( ) ( 5)

where we have performed a change of variable E4/T = z. From these considerations we conclude that

Am?, )3/2K1(M¢(T)/T) (F.26)

Tgnn) = My(T) (1 - My (T)? Ko(My(T)/T)"

F.2 2 — 2 process

Now we consider the ¢¢p — NN process. To compute the amplitude we follow the method illustrated
in Ref. [101] and we fix a fermion flow in this way: The amplitude of this diagram is given by:

A ] — 2 —
iM = _DVSYN 1 vj _ zy—Nﬂl bi— ps+ PN 4 i, (P1— p4) ;- MmN (F.27)
22 8 t—m% 8 uU—my
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) N; N;
\{‘
WP1 p3/
\ p1+Dp2 D3
\ —_—
Palntaiute N b1 — p4l
4 N P4
//Pz p4\
/ Pz h‘ ,/v
¢ N; N; 0] N;

We have chosen the reference order of the external fermions to be (4, j). At this point we can compute the
square amplitude. The trace contractions have been computed with the Mathematica package FeynCalc
[102-105]. The square amplitude is:

M2 = M2+ [Ma]* = | Ms]* + 2R(MFMz) — 2R(MFM3) — 2R(MIM;) (F.28)

and we obtain the following expression®, which has already been simplified using the identity of Man-
delstam variables s + t + u = 2m%; + 2M¢2,:

, 1 2 8AZvg(s —4m?)  8v2Aymugyn (8m* — 2m?%(s + 4u) + 2su + (t — u)?)
M EEvI < (M2 —5s)2 (m? —t)(m? —u)(M? —s)
2:(—=16m8 + 4mS(s + 8u) — m*(8su + 3t? — 6tu + 19u?))
(2 = D22 — w)?
Y3 (m? (4su® — 3 + 5t%u — Ttw® + 3u?) + (t — u)*(tu — M*))
" (m? = 0°(m? — u)? )

(F.29)

[\v]

To determine the cross section we consider the process in the c.o.m. frame and we assume that the
collision axis is parallel to the z axis, therefore

E,y Es Es E,
0 0 0 0
P1 0 ’ P2 = 0 ) P3 = p/ sind |’ Pa = _p/ sind |’ (F30)
D —p p’ cos @ —p’ cosf
where we assumed p3 to be in the yz-plane, and, since py = pj + P2 — p3, P4 must be in the same
plane We have p = |py| = |p2|, since in the c.o.m. we have ] + pa = 0, 6 is the scattering angle and
= |p5| = |pa]. To derive the cross section we first derive the differential cross section with the usual
formula in the c.o.m. frame: p 1
o
S pmp, (F.31)

dQ ~ 64r2s Din
where dQ) = 2wd cos 6. From the Mandelstam variables definition we can substitute
t =m3 +m3 —2p; - p3 = M? + m? — 2(E,E3 — pp’ cos 0); (F.32)
u=m?+m3—2p,-ps = M?* +m?* — 2(E,E, + pp' cos0); (F.33)
and, using the mass-shell relation: p? = E? — p?, we get
V(B2 — (m1 +mg)?(E? — (my —ma)?)
2F ’

1To simplify the notation we will wrtie my = m and My(T) = M

(F.34)
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and similarly for p’ = p rin. From this relation, and taking into account the fact that m; = mo, mz = my
and that in the c.o.m frame E; = Ef = E,,,/2 = /s/2, we finally obtain:

Ecm Ecm
2 2

By substituting these relations in Eq. F.31 we obtain the differential cross section, which can be inte-
grated to obtain the final cross section:

— M? Pfin =

i = —m?2. (F.35)

1

o =27 B j—gdcosﬁ (F.36)
b1 2\/(8—4m2)(5—4M2) 16)20%(s — 4m?)
~ 102477 s (M2 — 5)2

2
4(2m?—M?) coth™! _2(s2M7)
V(s—am?2)(s—aM?) 1)

V/(s—4m?)(s—4M?2)
s— M?

64+/2\muy (

+

1
(s — 2M?2)\/(s — 4m2)(s — AM?) (4m2(s — 4AM?) + 16M* — 12M25s + 352)

X (4y2(—2(2M2 — 5)4/ (5 — 4m?2)(s — 4M?2)(64m* + m?(4s — ASM?) + 3(8M* — 4M?s + 5?))
+2(16m* (8M* — 6M?s + s°) — 8m®(28M° — 31M*s + 13M°s* — 25°)

+96M® — 136MCs + 82M*s2 — 24M2s® + 35%) log(—\/(s “Am?)(s — 4M2) — AM? + 23)
—2(16m*(8M* — 6M?s + s%) — 8m?(28M° — 31M*s + 13M?s* — 25) + 96 M*®

— 136M5s + 82M*s2 — 24M2s® + 35%) log <\/(5 “Am?)(s — 4M2) — AM? + 25) >>

(F.37)
To find the thermal averaged cross section, defined as
§Pp1d®pafi? f3 010012
ov12,) = eq re ’ F.38
< ! > Sd3p1d3p2f1q 2q ( )
we follow Ref. [106] and we cast the numerator in a covariant form:
d*py d*py
Num = e F.
. J (@r)2E, @n)2E, L 2 (F-39)

where we have assumed that the scalar ¢ follows a Maxwell-Boltzmann distribution, thus f;¢ = e BT
and fy? = e~P2/T Wy, is the unpolarized annihilation rate per unit volume corresponding to the
covariant normalization of 2E colliding particles per unit volume and is related to the cross section
through:

Wia = 4p1o+/s0 = 40\/(])1 p2)? —m3m3 = 4E; Esovqa, (F.40)

where p12 = p, see Eq. F.34 and v;5 is the relative velocity, defined as

Vo paP —mimg _ 1 [s(s —40%)
E\E, s/2 4 '

(F.41)

V12 =
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The integral in Eq. F.39 can be reduced by rewriting the momentum volume element as
1
Bpidips = 47r|]5'1|E1dE147T|]5'2|E2dE2§dCOSG, (F.42)

where 6 is the angle between pj and p> and the integration region is Fy > my, Es > ma, |cosf| < 1.
Now we can change variables by defining:

E, =FE +E;
E_=F —-E (F.43)
s =(p1 +p2)* = m? +m3 + 2E, By — 2|p||Pa] cos b,

and the integration region becomes

5> (m3 4+ m3) = 4m?

By >s (F.44)

2 2 2
ms —m E: —s
|E_ — E+%| < 2p12\/ +S ,

Finally, we can find the new integration variables by considering the Jacobian

6yi > 1
J=det| =— )| = 5= F.45
<awj A (F.45)

where y; = F, E_,s and x; = F, Ey,cosf. So we have found

d’p d’po 1

1
(27)32E; (27)32E, 8 (2m)

LB, dE_ds. (F.46)

Now the product of the equilibrium distribution functions depends only on £ and not on E_ and the
invariant rate Wi depends only on s. Therefore, the integral over dE_ is trivial and led to

E. —
J-dE, = dpia\| = i (F.47)

d*py Bpa 1 pp |Ei—s
(2m)32F; (21)32E,  (2m)* 2

The volume element becomes

dE. ds. (F.48)

We can notice that the solution of the integral over dF, can be written in terms of the modified Bessel
functions of the second kind Ky, i.e.

Ky (z) = JOO V22 —x2e *dz. (F.49)

So the numerator in Eq. F.39 becomes

T [ Nz
32? LM2 dSWlQPlQ’Cl <T> . (F50)

For what concerns the denominator, we use Eq. I.25. Finally, to obtain the cross section rate I'gpnn =
nfq<av12>. This expression has been numerically integrated and the results are shown in Fig. 5.4 in
Chapt. 5.2.1.
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