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ABSTRACT

We present a theoretical framework for generating squeezed microwave and magnonic frequency combs achieved through the parametric
coupling of magnon modes to a cavity. This coupling exploits the intrinsic non-linear magnon modes of a ferromagnetic sphere. When
subjected to a strong, coherent microwave field, we show that the system exhibits spontaneous generation of squeezed frequency combs. Our
exploration crosses various regimes of comb generation, prominently highlighting phenomena such as squeezing and squeezed lasing. This
study paves the way for a pioneering room-temperature, multi-frequency maser characterized by both its magnonic and microwave squeezing
properties. The implications of our findings hold promise for advancements in spintronics, quantum sensing, information processing, and

quantum networking.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution-NonCommercial 4.0
International (CC BY-NC) license (https://creativecommons.org/licenses/by-nc/4.0/). https://doi.org/10.1063/5.0245193

INTRODUCTION

Microwave cavity-magnonics emerges as a powerful platform
for continuous-variable quantum computing and quantum infor-
mation processing due to its strong coupling between magnons in
a large ferromagnetic crystal and microwave cavity photons.' This
strong interaction sets the stage for efficient transfer and fast oper-
ation of quantum information. High-fidelity quantum information
processing fundamentally relies on the generation of nonclassical
states.”' Realizing such states involves exploiting strong nonlinear-
ities. In the optical realm, optical parametric coupling has played
a major role in quantum engineering endeavors.'' '’ Optical fre-
quency combs (FCs),'""” squeezed laser,”’ and squeezed optical
frequency combs'” have gained recognition as formidable tools for
precision metrology and spectroscopy, positioning themselves as
strong contenders for quantum processing.2 e

The landscape of frequency comb (FC) research has seen a
rich tapestry of studies delving into nonlinear processes, unveil-
ing techniques for generating bosonic FCs."””'"”>*! Of particu-
lar interest in the emergence of magnonic quantum computing
is the generation of quantum magnonic frequency combs (FCs).

The generation of magnonic FCs is demonstrated by leveraging
intrinsic magnon nonlinearity and various nonlinear magnon scat-
tering processes’ *° or through the use of nonlinearly coupled
hybrid magnonic systems.”” * However, while promising, the gen-
eration of squeezed magnons often faces challenges tied to the
necessity of strong magnon nonlinearity’' or a squeezed microwave
source.””"’ Standard sources of magnonic FCs'* " are incompat-
ible with the generation and control of squeezing. Recognizing
these hurdles, our work proposes a novel theoretical framework
for parametric cavity-magnon coupling, offering efficient genera-
tion of squeezed magnons and squeezed magnonic FCs. Squeezed
magnons find potential applications in enhanced ground state
cooling of macroscopic mechanical systems,** increased entangle-
ment,” and microwave storage.”® Squeezed magnonic FCs offer
promising prospects in continuous-variable quantum computingg’m
and multiplexed quantum networks.”” Besides the generation of
squeezed magnons, our system produces squeezed microwaves and
squeezed microwave FCs, presenting significant opportunities in
high-precision sensing, magnetic resonance imaging,** and commu-
nication” and serving as a nonclassical source for superconducting
quantum computing.”””'
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Historically, the parametric excitation of magnons has been
extensively studied and has proven crucial in generating and ampli-
fying spin waves.” *” In open geometries, this process typically
results in pairs of coherent spin waves propagating in opposite
directions.”® Diverging from this standard paradigm, we focus on
coupling a ferromagnet’s magnetostatic modes to a cavity’s stand-
ing mode. This coupling is anchored in the noncircular precessional
motion of spins, giving rise to novel nonlinear energy exchange
processes.”” °' While conventional cavity-magnon studies have
been limited to the Kittel magnon mode, we explore the broader
spectrum of magnon modes present in a spherical ferromagnet. By
harnessing this broader understanding, we unveil new avenues for
parametric cavity-magnon coupling. This coupled system driven
by a strong coherent microwave field leads to the spontaneous
generation of squeezed microwave and magnonic FCs. Beyond
just generation, our approach offers unparalleled control over
these FCs.

NONLINEAR PARAMETRIC CAVITY-MAGNON
INTERACTION

We consider a single crystalline sphere of yttrium iron
garnet—Y3FesO12 (YIG),”” an excellent magnonic system that
is uniformly magnetized to its saturation value M; along the
z-direction by applying a large bias magnetic field Hoe, > Mse./3
and placed inside a microwave cavity, as shown in Fig. 1. In a spher-
ical crystal, an infinite number of magnon modes exist,’” and each
mode is characterized by three indices (#,1,q), where # is an inte-
ger, m is the azimuthal wave number with m € [-n, n], and the third
index g takes values from 0 to g, , (1, m) depending on the number
of allowed modes for each (n,m).°* These three indices collectively
determine the frequency and spatial structure of the magnon mode.
A YIG sphere supports many high-Q magnon modes with damp-
ing rates ~MHz.”*° The discrete nature with differing spatial mode
structures allows us to focus on any particular magnon mode.””
Let us assume that the total induced magnetization of the YIG sphere
has a magnitude | M| = Ms, which is mostly along the e, direction,
the direction of the bias magnetic field. Due to the conservation of
angular momentum, the magnetization of the sphere retains this

A T

[T &,

FIG. 1. Schematic of the system: a spherical ferromagnetic insulator is placed
inside a microwave cavity. The sphere is uniformly magnetized to saturation mag-
netization along the z axis by a homogeneous bias magnetic field u,Hoe; and
placed at the maximum of the cavity B,. For this study, we specifically chose to
excite the noncircular precessing magnon mode (2,0,0) and make it interact with
the cavity through its magnetic field B,.
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magnitude even when it is slightly rotated or precessing. Letting
i be the magnetization operator for the spin wave mode, which is
typically very small, (|#i|) < M, and lies in the xy-plane, we can
write M = 11 + mze,. Since M§ = tir- i+ my, we can express the
total magnetization in terms of only M and 1 as

M:m+\/M52—m-mezmm+(Ms]I— WL )ez. (1)

The nonlinearity in the z component is necessary to correctly define
the magnitude of the total magnetization.””*” The spin wave mag-
netization couples to the cavity field through the magnetic dipole
interaction Hine = — f M - BdV, where B is the cavity magnetic field.
Within the spin wave approximation ({|r|) < M), # is confined
on the x-y plane.** Conventionally, one uses a cavity mode whose
magnetic field is polarized in the x—y plane to directly couple the
magnon modes.’ * This direct cavity-magnon coupling is strong but
linear. As seen from Eq. (1), the magnons can be coupled nonlin-
early to the z-component of the microwave field. There are magnon
modes, namely orbital angular momentum eigenmodes, where the
collective spins precess circularly about the z-axis.”’ Such circu-
larly precessing magnon modes have no dynamics with respect to
their projection onto their z-component, making the excitation of
these modes difficult by z-polarized time-varying magnetic fields
(microwaves). Interestingly, most of the magnon modes of a spheri-
cal ferromagnet are hybrid orbital angular momentum modes and
noncircular precessing modes. Such a motion of spins modulates
the longitudinal component of the magnetization that can be para-
metrically coupled to the microwave field at a frequency twice the
magnon frequency. Here, we focus on the lowest order noncircular
precessing magnon mode, namely the (2,0,0) mode,”"”"”” which can
be excited via the application of a non-uniform magnetic field and
can be selectively addressed via tuning the cavity mode to the mode’s
specific frequency, as shown in previous experimental studies.”"’”
The (2,0,0) magnetization precession can be written as

= A((wox —iwsy)ex + (iwsx + woy)ey)$ + He,  (2)

R\/w;swo

where § is the magnonic annihilation operator, My
=\/(5yAM;)/(4V) is the zero-point magnetization, y is the
gyromagnetic ratio, w; =\/wo(wo + 4poyM;/5) is the resonance
frequency of the magnon mode, wy = yuo(Ho — M;/3), and Rand V
are the radius and volume of the sphere, respectively. Considering
the cavity magnetic field to be polarized along the z axis and placing
a small YIG sphere with R < A, where A is the wavelength of the
cavity field, at the antinode of the cavity magnetic field, we can
write B = iBoez(sz — &), where a is the annihilation operator of the
cavity mode, By = |/ % is the zero-point magnetic field, w, is the
resonance frequency of the cavity, and V. is the cavity volume; the
cavity-magnon interaction is given by Hine = — /M- BdV = [U dV.
Using the expression for the total magnetization from Eq. (1), where
the spin-wave mode is expressed as Eq. (2), and taking the cavity
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magnetic field as above, we can evaluate the integrand U involving
the magnon operators as

iBoM . i 2in atN2 2.n  atn2]s2 2
:W(a—a )x[ws(s—s ) —LUO(S +S ) ](x +y )

s s
(3)

One can now perform the volume integral over the YIG sphere of
radius R to obtain
. iVBMj
Hin = 5220 (4 -
S5M;wswo

al)x [l =87 - wp(s 45 @)
where V is the volume of the sphere. The magnetization modula-
tion caused by the noncircular precessional motion can be made
to interact efficiently by considering the cavity frequency w, to
be nearly twice the magnon frequency, w, ~ 2w,."””" When the
cavity-magnon coupling strength is not in the deep strong limit
(£ws, wa) and by undertaking a rotating wave approximation, one
can approximate the above interaction Hamiltonian to be of the
form

. . M 2 2 120 ata2y 12 ata2
Hin =iVBp———— (wj — as'"—a's") =ihg(as' -a's"),
int =1 05M5(()5(4)0( s wO)( ) 1 g( )
(5)

where g is the parametric cavity-magnon coupling strength. Near

8 which

is independent of the particle size. For a YIG sphere (M; = 5.87 x 10°
Am™ and y =27 x 28 GHz),” in a microwave cavity of dimen-
sion Ve ~1 cm® supporting a frequency of w, =27 x 10 GHz,®
the nonlinear cavity-magnon coupling strength g ~ 27 x 0.047 Hz.
This parametric coupling strength is nine orders larger than the
intrinsic Kerr nonlinearity in an mm-sized YIG sphere,“”‘”’70 mak-
ing the nonlinear Kerr effect negligible. We study the nonlinear
response of the system by driving the cavity mode at the frequency
wy ~ wa ~ 2ws. The total Hamiltonian of the driven cavity-magnonic
system is

the subharmonic resonance w, = 2ws, g = gyz‘qus

Hih = wita+ os's+ig(as™ - a's?) v ify(ale ™ - ae),
(6)

where f; is the microwave cavity drive amplitude related to the
input microwave power P and the cavity damping rate y, ~MHz’ by

fa = \/Pya/hwa. The dynamics of the system are then described by

the semiclassical nonlinear Langevin equations,”” "
. Ya . 2
a=- ?—ZA,; a-gs + fa+/yala(t),

i= _(% - iAS)s+ 2gas* + JE(1),

?)

where A, = wg — wg, As = % ~ws, Y, is the magnon damping rate,
§; is the stochastic noise operator describing the thermal distribu-
tion of the mode j € a,s with the mean thermal occupancy 7; that
obeys the quantum correlations (;(¢)) = 0, (fj(t)fj(t')) =(nj+1)
§(t-t"), and (f}(t)fj(t')) =7;0(t—t'). The damping rate of the

(2,0,0) magnon mode in a large mm-sized YIG sphere is ~MHz."'

pubs.aip.org/aip/apq

At room temperature, i1s(ws = 10 GHz) ~ 625 and 7;(w; = 5 GHz)
~ 1250.

ANALYSIS OF MASER AND COMB PROPERTIES

First, we study the mean dynamics of the system. In the
absence of noise, the drive-microwave-power-dependent spectral
response, which is the fast Fourier transforms (FFTs) of the mean
cavity-magnon dynamics, in the long timescale is shown in Fig. 2.
This consists of three distinct regions separated by two different val-
ues of the threshold drive power. Above a certain threshold of drive
power f, > f'¢, the amplitude of the cavity field saturates and the
magnon mode starts to lase at a frequency equal to half the drive
frequency. This is shown by the lower dashed line in Fig. 2. Further
increasing the power for a specific range of detunings, another drive
power threshold exists, f, > £, beyond which the dynamics of
both the cavity and the magnon modes are nonsinusoidal, consisting
of multiple equally spaced frequencies.

We now investigate the generation of this FC. When the drive
field strength is below the FC threshold f, < ™, we linearize the
Langevin equation [Eq. (7)] around the mean steady-state constant-
amplitude response and completely characterize the dynamics of
the system. The steady-state noise power spectral density S+ (w)
= [c"(w)c(w")dw', where ¢ = (a,5), is obtained by solving the lin-
earized Langevin equation in the frequency domain, and these spec-
traare shown in Fig. 3. Atlow powers, from Fig. 3(a), we observe that
the cavity noise spectrum is unaffected. In contrast, from Fig. 3(b),
the coherent cavity photon driving of the two-magnon transi-
tion pulls the resonance frequency of the magnon mode toward

ws = wg/2 and narrows the spectral line. Eventually, the spectral

linewidth goes to zero at the drive power threshold f, = /¢, where

V(07 +482) (57 + 482)

lase
fa = > (8)
8g
FFT of cavity mode: a(w) FFT of magnon mode: s(w)
- - T B 1
VL] 150
{1 ||
100 10
To ERRREEL oSSR AR R L L | S o
3145 Frequency|comb Threshold %‘ 1010
e z
77777777777777777777777777777777777777777777777777 107"
Lasing|Threshold
10 20-20 -10 0 0%

w/Ya W/Ya

FIG. 2. Cavity-magnonic FC generation: the FFTs of the cavity (left) and magnon
(right) modes. (a) FFT of the rescaled cavity mode yla(w) and (b) FFT of the

rescaled magnon mode ;‘ls(w), as a function of the input power (left axis labeled

in gf,/y? and right axis labeled in mW) and as a function of frequency w/y,. The

dashed lines in both figures represent the threshold drive values ( f/2%¢, feomb),
where phase transitions occur, as defined by Egs. (8) and (9), respectively. Here,
we chose the following parameters: (y,, y,, Aa, As)/2m = (1,1,-1,1) MHz and
g = 2m x 0.047 Hz.
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FIG. 3. Noise power spectral density: the
drive amplitude-dependent noise power
spectra of the cavity (a) and the magnon
(b) modes, at room temperature. The
gray dashed lines indicate the thresh-
old values defined through Egs. (8) and
(9). Panels (c) and (d) are the squeezed
(blue) and anti-squeezed (red) quadra-
ture variances of the cavity and magnon,
respectively. Panel (e) illustrates the
squeezing angle for the cavity (solid line)

SB s wn

and magnon (dashed line). The para-
meters are the same as in Fig. 2, for
which we have gfe/y2 = 0,625 and
gfeemb/y2 = 1.64.

gfalvd

gfalvd

at which the magnon mode goes into the lasing phase. In the lasing
phase, the magnon dynamics has a well-defined amplitude with two
possible phases that are opposite to each other.”” We note that for
AN A >y s the system shows bistability with downward thresh-
old fi = |y,Aa + y,A|/(4g). Above the lasing threshold, the coherent

gfalve

magnon mode strongly couples the cavity and the magnon fluc-
tuations. The strong coupling splits the resonance frequency. For
the detunings 4A,(Aq + 2A;) + Ya(ya + 2y5) < 0,°° both the spectra
exhibit narrowing, and at the threshold value of the drive f, = 5
where

>

f;omb _

yays(va +4A%) (487 + (ya +2y5)°)

(Aa)/s + yuAs)z . 1
16g° 256¢°

the spectra are extremely narrow at two frequencies,

et [P

2 (ya+7s)°

| 70— 480+ 290y) - 88aB(ya + 1)
AN (Aa + 2405) + ya(ya + 2y5)

, (10)

at which both the modes start to lase. At this threshold, the wave
mixing between all the coherent components at the frequencies
w=w_,0,w; gives rise to a comb of frequencies with an equal
spacing of |w.|.

We further investigate the quadrature fluctuations around the
mean dynamics. From the linearized Langevin equation, we also
obtain the quadrature spectral density Sxx(w) = [ X(w)X(w")do’
for the quadrature operator X(¢) = (ce ™+ c'é?)/2?" and com-
pute the mean-variance by integrating the spectrum, (AX(¢)*)
= [ 7 Sxx(w)dw. Here, ¢ is the polar angle in phase-space, indi-
cating the direction of X with X(¢ =0) =x and X(¢ =n/2) =p

(Ya +5)* (48a(Aa + 2A¢) + Ya(ya +295))

2
—29ays + 8AaAS) , &)

being the position and momentum quadratures, respectively. The
squeezed and anti-squeezed quadrature variances are shown in
Figs. 3(c) and 3(d), respectively, and are determined by the phase
¢, at which AX(¢) is at its minimum or maximum. In Fig. 3(e),
the angle ¢ represents the direction of squeezing corresponding to
the minimum AX(¢). At thermal equilibrium, the quadrature vari-
ance of the undriven system is independent of ¢, i.e., (AX(¢)?)
= (7 + 1/2)/2. Below the magnon lasing threshold, the parametric
coupling squeezes the magnon mode. Above the lasing threshold,
the strong cavity-magnon coupling also squeezes the cavity mode.
With a proper choice of detunings, one can achieve squeezing in
both the cavity and magnon modes <(7; + 1/2)/2.

Now, we investigate the fluctuations in the FC regime. Above
the FC threshold, the linearization fails. Hence, we numerically
solve the nonlinear Langevin equation (7) to quantify the quadra-
ture variances. The quadrature spectral density and the phase-space
probability distribution in the different regimes are shown in Fig. 4.
When the system is in the FC regime, the dynamics exhibit limit
cycles in the steady state with undefined phases ¢. We observe an
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FIG. 4. Squeezed cavity-magnonic FC:
the spectral density of the squeezed
(blue) and anti-squeezed (red) quadra-
tures for both cavity (a)—(c) and magnon
modes (d)—(f) for different driving
strengths: [FC regime: (a) and (d)]

(b)

=
o
Sy

Sxx(w/ya)
i
< = o
=]

f.g/y% = 2.0, [above magnon lasing:
(b) and (e)] fag/y% = 1.0, and [below
magnon lasing: (c) and (f)] fg/y2 = 0.5
The black lines represent the quadrature
spectral density obtained after lineariz-
ing the nonlinear Langevin equation (7).

In addition, this figure presents the

~100
40| 3

—40 -20 0
W[Ya W/Ya x—(x)

corresponding phase-space probability
distribution for both the cavity (g)-(i)
and the magnon modes (j)—(I). Note that
in panels (g) and (j), the fluctuations
have been magnified by 10* to highlight
the squeezing in r(¢). In order to be
consistent with Fig. 2, we chose the
same physical parameters.

20 40

FIG. 5. Phase-locked phase-space distri-
bution: In this figure, we plot a dynam-
ical representation of the squeezing at
some definite coordinates of phase-
space (x,p,t) for both cavity (a) and
magnon (b) modes. The black line is
the mean phase-space trajectory, which
is a limit cycle. The dots on the limit
cycle are the phase-locked response at
different time coordinates. We illustrate
the magnified Q-function at different time
points along the phase space trajec-

tory. Panels (c) and (d) are the cavity
and magnon power spectra, respectively.

Here, we chose the same parameters as
in Fig. 2 and used an input drive power of
P =100 mW and an additional weak
injection power of 1 uW at a frequency
of wg + 2.5 MHz.

w/Ya W/Ya

extremely slow phase diffusion over time, similar to the conventional
lasers.””®" The slow phase diffusion or the long phase coherence
leads to a substantially narrow comb spectrum, as shown in Figs. 4(a)
and 4(b). In the limit of infinite time, the phase ¢ becomes com-
pletely uncertain [Figs. 4(g) and 4(j)]. However, the amplitude r(¢)
is squeezed, and the squeezing depends on ¢, as shown in Figs. 4(g)
and 4(j). Although the generated FC has a long coherence time, the
FC with a well-defined phase is more powerful. To solve this issue,
we employed the so-called phase locking method to synchronize the
FC.%! This method involves injecting an additional weak driving sig-
nal into the system of the form if ka(afe_i“"“‘*t - aei“”"‘”), where
Wiock 18 the frequency of the comb tooth adjacent to the central fre-
quency. By implementing this technique, we successfully locked the
phase and obtained the squeezing of the quadrature AX(¢) along
the trajectories in phase-space for both cavity and magnon modes,

as shown in Fig. 5. This figure provides a visual representation in
time of the squeezing phenomenon in the phase-space coordinates,
shedding light on the intricate dynamics and correlations between
position (x) and momentum (p). Observing the squeezing effects
in both the cavity and magnon modes gives us insights into these
systems’ potential precision enhancement and control.

CONCLUSION

We have investigated the generation of cavity magnonic FCs
in a driven cavity-magnon system that is parametrically coupled.
By analyzing the mean dynamics and quadrature fluctuations, we
find that when driven appropriately, the system exhibits squeezed
lasing at multiple frequencies, developing a tunable FC in both the
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microwave and magnon sub-systems. We have fully characterized
the different regimes explored by this hybrid setup and obtained
the threshold conditions under which the modes enter different
phases. We have shown that the generated FCs are extremely nar-
row and have long coherence. We employed a phase-locking method
to overcome the issue of phase diffusion and studied the dynamical
squeezing of the quadratures Ax and Ap. Our findings demonstrate
the potential of cavity-magnonic systems through the design of a
room-temperature compact squeezed multi-frequency maser with
potential applications in high-precision metrology and quantum
information technology.
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