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Abstract
AlenaTensor is a recently discovered class of energy-momentum tensors that proposes a general
equivalence of the curved path and geodesic for analyzed spacetimeswhich allows the analysis of
physical systems in curvilinear, classical and quantumdescriptions. In this paper it is shown that
AlenaTensor is related to theKilling tensorKαβ and describes the class of GR solutions
Gαβ + Λ gαβ = 2ΛKαβ. In this picture, it is notmatter that imposes curvature, but rather the
geometric symmetries, encoded in theKilling tensor, determine theway spacetime curves and how
matter can be distributed in it. It was also shown, that Alena Tensor gives decomposition of energy-
momentum tensor of the electromagnetic field using two null-vectors and in natural way forces the
Higgs-like potential to appear. The obtained generalizedmetrics (covariant and contravariant) allow
for further analysis ofmetrics for curved spacetimeswith effective cosmological constant. The
obtained solution can be also analyzed using conformal geometry tools. The calculatedRiemann and
Weyl tensors allow the analysis of purely geometric aspects of curvature, Petrov-type classification,
and tracking of gravitational waves independently of thematter sources. It has also been shown that
the total power emitted from the gravitational system corresponds to the results obtained inGR. The
existing results for electromagnetism and gravitywere also arranged and reformulated based on
principle of least action, and the directions of generalization to all gauge fieldswere discussed. The
article has been supplementedwith a file containing a computational notebook used for symbolic
derivationswhichmay help in further analysis of this approach.

1. Introduction

Gravitational waves are awell-understood and researched issue [1], and it seems that the area of this research
will develop dynamically both in theoretical understanding [2, 3] andmethods of waves detection [4, 5].While
there ismuch evidence thatGeneral Relativity is (so far) the best description of relativistic gravity, the analysis
of gravitational waves provides further evidence and is an important area of research, providing significant
information about physical systems. The ability to describe gravitational waves is also an important
requirement for alternative toGR theories [6–8] and the theories of quantumgravity [9].

Alena Tensor is in the early stages of research. It is a recently discovered class of energy-momentum tensors
that allows for equivalent description and analysis of physical systems in flat spacetime (with fields and forces)
and in curved spacetime (using Einstein Field equations) proposing the overall equivalence of the curved path
and the geodesic. In thismethod it is assumed that themetric tensor is not a feature of spacetime, but only a
method of itsmathematical description. In previous publications [10–12] it was already shown that this
approach allows for a unified description of a physical system (curvilinear, classical and quantum) ensuring
compliancewithGR andQMequations. Due to this property, the AlenaTensor seems to be a useful tool for
studying unification problems, quantumgravity andmany other applications in physics.

Many researchers try to reproduceGR equations in flat spacetime or vice versa [13, 14] alsomany research-
ers try to incorporate electromagnetism intoGR, connecting it inmanywayswith the geometry of spacetime
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[15–22]. There are known such approaches on the basis of differential geometry [23, 24], based on field
equations [25, 26] aswell as promising analyses of spinor fields [27] or helpful approximations for aweak field
[28]. For this reason, theAlenaTensor should be viewed as a useful tool that can help in the development of
many different approaches or, potentially, as an independent theory requiring theoretical and experimental
verification. Therefore it seemsworth checkingwhether the this approach ensures the existence of gravitational
waves andwhat their interpretation is.

Another important reason forwriting this article is the fact that although theAlenaTensor equations pro-
vide consistencywith the Einstein Field equations in curved spacetime, the description of curvilinear solutions
provided by this approach has not been sufficiently discussed in the literature so far. The description of gravita-
tional waves, due to the requiredmathematical apparatus, will allow to deepen knowledge of this approach and
to narrowdown the classes ofGR solutions that are consistent with it. Such a descriptionwill not provide full
knowledge about unification, because full unification is not a task for one article andwill probably require
many years of cooperation of the scientific community.However, this article has the potential to take another
step towards unification using theAlenaTensor, providing theoretical tools and hints for further research on
unification using this approach.

In this paper it will be analyzed the possibility of describing gravitational waves using theAlena Tensor.Due
to the fact that research on this approach is a relatively young field, to facilitate the analysis of the article, the
next section summarizes the results obtained so far and introduces the necessary notation. All computationally
difficult equations and graphs can be found in the attached supplementarymaterial as computational
notebook.

In the Results section, at first it will be shown that the use of theAlenaTensor leads to the decomposition of
the electromagnetic field stress-energy tensor into components dependent on twonull vectors. Next, the gen-
eral formof themetrics for curved spacetime described by theAlenaTensorwill be obtained, the Riemann and
Weyl tensors will be calculated and presented for an example field configuration. It will also be shown that
obtained gravitational waves correspond to theGRpredictions and the correct operation of theAlenaTensor
requires the existence of theHiggs-like potential. In the last part it will be calculated that the total power radi-
ated from the gravitational systemdescribed byAlenaTensor fully corresponds to the results obtained inGR.
The article also presents tables and graphs illustrating the obtained results (Higgs potential,Weyl tensor com-
ponents, Newman-Penrose scalars) and it was shown, that the analysis of the equations lead to the conclusions
contained in the abstract.

Although at the firstmoment the paradigm shift proposed by this approachmay seem incomprehensible,
the author hopes that the readerwill trust the scientificmethod,which encourages us to calculate and check
everything based on the correctness of the results obtained.

2.Organizing and interpreting theAlenaTensor previous results for electromagnetism

Toprovide an introduction toAlenaTensor approach, onemayfirst systematize andorganize the conclusions
drawn fromprevious researchon as systemswith only electromagnetic field. In the last section, the possibility of
generalizing this approach to all gaugefieldswill be discussed. The author uses themetric signature (+, −, −, −).

2.1. Transforming a curved path into a geodesic
It is worth starting the analysis with a postulate concerning the field invariant, which follows directly from
equation (28) in [11]. Considering a systemwith only an electromagnetic field as an example, denoting the
electromagnetic field as Fμν and denoting themetric tensor bymeans ofwhich the physical system is analyzed
as gμν, onemay denote the invariant of this field as Λ. Let this field invariant be defined dually as follows

( )
µ

µ
µ

µ
µk k kF g F g g

1

4

1
; 1

o
o

2

where Λo is some unknown constant andwhere µk , as raised in [11], in this approach is ametric tensor
describing a curved spacetime inwhich allmotion occurs along geodesics. Bymaking variation on −Λ with
respect tometric gμν (Hilbert’smethod) one obtains the energy-momentum tensor of the electromagnetic field
denoted as ϒμν, which can be expressed dually as

( )
µ

=µ µ µ µ µ

k
kF g F g g

1 4
2

o

As can be seen, such approach establishes a relationship between the field and themetric tensor µk and in the
spacetime described by themetric tensor µ µkg , one obtains =k 4. The value of Λ becomes thus constant
only for such field configuration, therefore in the limit for µ µkg electromagnetic field tensor ϒμν
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vanishes,maintaining continuity of function. This is quite important, becausemost calculations in curved
spacetime are performed under the assumption that the variation of the constant Λ does not vanish. This is
indeed true, with one above exception, where the constancy follows precisely from the limit.

In this way one obtains a generalized description of the field stress-energy tensor ϒαβ which has the follow-
ing properties

• in flat spacetime ϒαβ is the usual, classical energy-momentum tensor of the electromagnetic field

• its trace vanishes in any spacetime, regardless of the consideredmetric tensor gαβ

• in spacetime for which = kg the entire tensor ϒαβ vanishes

• =k k 4 which is expected property of themetric tensor (it was already shown in [11] that k indeed
may be considered asmetric tensor for curved spacetime).

Such approach alsomeans that every field stress-energy tensor could naturally satisfy the Israel junction
condition for hypersurface [29]. For example, in electromagnetism this provides the possibility of viewing ϒαβ

as a certain hyperspace, where µkk
4 actually describes a discontinuity, eg.

µ
µ

µ
µF A F A1 1

o o
, so the

system could satisfy the holographic principle [30] and the entire volume dynamics could be described by the
surface theory and vice-versa. It will be shown later that such a perception of ϒαβ may be a simple explanation
for Alena Tensor.

The second important postulate underlying theAlena Tensor is an amendment to continuummechanics
introduced in equation (11) of [11]. Assuming ϲo as restmass density, four-momentumdensity is defined as
ϲUα ≡ ϲoγUα what takes into accountmotion and Lorentz contraction of the volume. Total four-force density
acting onmatter is therefore defined as

( )= =µ
µ µ

µf U U U U
dU

d
3

As shown in [11], the above amendment thus introduces a natural property concerning curved spacetime

( )= = =U U
d

dt
U0 0 4, ;

( ) ( )= = =U U
D U

D
U U0 0 ; 0 5; ;

The above propertymeans that the field is indeed not needed in curved spacetime and can onlymanifest itself
through curvature. This alsomeans that the four-currents Jμ have the form ρoγUμ where ρo denotes the rest
density of the transferred charge, which ensures the continuity equation.

The final postulate that explains the results obtained so far is the assumption that the density ofmatter is not
a value independent of the field, but is in fact amanifestation of the existence of the field, andwithout fields,
matter does not exist. This assumption is consistent with the general idea ofQuantumMechanics, inwhich
particles are de facto quanta of the field and it was also raised in [11]. In the systemwith only electromagnetic
field onemay thus definematter density linking it to electric susceptibility χe as

( )c 6e
2

where onemay recall from [10] other coefficients related to the electromagnetic field

• relative permittivity εr= 1 + χe

• relative permeability µ =r
1

r

• volumemagnetic susceptibility χ = μr− 1

This approach allows to associate themomentumdensitywith a certain four-current µ µJ Ue whatmakes it

dependent on themetric = µ
µc J g Je

2 2 .
Defining the Lagrangian density for the system as

( ) ( )= = +LH c 1 7r e
2

andmaking variationswith respect to themetric (Hilbert’smethod), using the three postulatesmentioned
earlier, one obtains Alena TensorTαβ for the system

3
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( )
µ

=T U U
1

8
r

whereTαβ is energy-momentum tensor of the system,which can be analyzed independently of the gαβ used for
analysis. Its vanishing four-divergence can be considered both in flat spacetime and in curved spacetime.One
may therefore denote the four-force densities due to the field +

µ µ
f f
em gr

1 1

r r
in flat spacetime,where

• f
em

is the density of the electromagnetic four-force

• =
µ

f
gr

1

r
was shown in [10] as related to the presence of gravity in the system.

andwhere vanishing four-divergence ofTαβ in flat spacetime results from the balance of the four-force
densities

( )
µ

= =T f f f0
1

9
r

em gr

In curved spacetime ( =µ µkg ) one obtains = =
µ

T U U01

r
thus the forces due to the field

are replaced byChristoffel symbols of the second kind corresponding to curvature related to themetric tensor
defined by the filed according to (2) and (5).

The reasoning carried out above for electromagnetism is universal and creates possibility to consider dually
also energy-momentum tensors associatedwith all gauge fields, what will be shown further.

2.2. ConnectionwithContinuumMechanics, GR andQFT/QM
In the sense of ContinuumMechanics, =

µ
µ

µ
µf

em
1 1

r r
may be considered as a density of the volume four-

forces, while the =µ µ
µ

f
gr

1

r
may be considered as a density of surface four-forces, related to hyperspace

described by ϒαβ, where surfacewaves are driven by the gradient of the pressure. Tomake theAlenaTensor
consistent withContinuumMechanics in flat spacetime, it is thus enough to define negative pressure p as in
[11], LHp . Such substitution yields

( )= +
k

k
k

kU U T p c
4 4

102

where η αβ is themetric tensor of flatMinkowski spacetime. Introducing deviatoric stress tensor
kkc2 4 one obtains relativistic equivalence of Cauchymomentumequation (convective form) in

which only f
em

appears as a pure volume force (body force)

( )= + +f p f 11
em

Onemay therefore construct a Lagrangian L whose variation provides the tensor σ μν responsible for the four-
force density f understood as

( ) ( )+ = + =f p f f 12e em gr e

Itmay be obtainedwith the use of the interpolating pathmethod based on path parameter λ ∈ [0, 1], where the
path is ( ) ( ) +µ µ µkg g1 . Using thismethod one obtains

[ ( )]
( [ ( )])

( )µ
µ

L d g
d g

d
13e

0

1

where

( )
( )

( )= =µ µ
µ

µ µkg g
dg

d
g; 14

Sincewhole contribution for integral is only for λ = 1, thus

[ ] [ ] ( )= =µ

µ
µ

µ
µ

L

g g
g g

2
15e

As onemay notice, L integrates along the deformation path and reflects the total deformation effect, which
can be identifiedwith the effective ‘surface forces’ at the boundary of themetric space. Therefore σ μν tensor,
createdwith L by variation over themetric gives a four-dimensional equivalent to theCauchy tensor, which
gives a local description of the energy-momentum and stress flows. Its spatial part σ ij on the surface t=const
can be thus identified as the equivalent of theCauchy tensor ofmechanical stresses. In this perspective,
Lagrangian L Lfield is responsible for all forces due to the field

µ
1

r
, and Lagrangian

L L cmatt
2 is responsible for ϲUαUβ. This reflects the classical division into the Lagrangian ofmatter
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andfields, although in this approach the existence ofmatter is also a consequence of the existence of the fields,
and =L L LH matt field because the four-divergences of the tensors resulting from themcancel each
other out.

The above also provides a connection toGeneral Relativity in curved spacetime. For this purpose, onemay
introduce the following tensors, which can be analyzed in both flat and curved spacetime

( )
k

kR U U p g G R
R

2 ;
2

4
16

( )=R R g p2 2 17

Above allows to rewrite Alena Tensormaking variationswith respect to themetric on following Lagrangian
density + = +L L LH R2 matt

1

2
to obtain

( )+ = +G g T2 18

As can be seen, the tensor (Gαβ + Λ gαβ) may be constructedwith the use ofHilbert’smethod (for any gαβ),
howeverGαβ alone and Λ gαβ cannot be constructed this way, because it is impossible to construct such a
tensor in a general way by forcing an additional trace of Λ gαβ in the prior Lagrangians. The only spacetime in
whichHilbert’smethod allows the derivation ofGαβ alone is curved spacetime ( =µ µkg ), where Λ is
constant, it is therefore possible to correct the obtained tensorswith a Lagrangian constructed froma constant.

Analyzing the above equation in curved spacetime ( = kg ), one obtains simplifications

( )+ = = =G g T U U G R R g2 2 ;
1

2
19

thus above can be interpreted in curved spacetime as themain equation ofGeneral Relativity up to the constant
G

c

4
4

whereGαβ andRαβ can be interpreted in curved spacetime, respectively, as Einstein curvature tensor and

Ricci tensor bothwith an accuracy of G

c

4
4

constant.However, in this approachR is not a source Lagrangian

density for tensorGαβ.
Denoting in general case

R ( )
R

g
U U2 2 20

1

2

onemay rewrite (18) as

R R( ) ( )+ = =G g U U R g g R2 2
1

2
21

where the trace of R must give R, since thewhole term in the brackets describes the field

R ( )
µ µ

= =R g2
1

2
2

1 2
22

r
e

r

thusmust have vanishing trace and thewhole termvanishes in curved spacetime. For this reason in curved
spacetimeGαβ andRαβ must be related to R andRplays the role of invariant of this field tensor.

Indeed, analyzing theGαβ tensor in flat spacetime (gαβ = η αβ) one can notice, that it is related to the non-
body forces seen in the description of theCauchymomentumequation

( )= = + = +G p f f 23
gr rr

whichmeans that in theAlenaTensor analysismethod gravity is not a body force, and as shown in [10] in above

• =f f
rr e em

is the density of the radiation reaction four-force

• ( )=f U c
gr

d

d
2 is density of the four-force related to gravity, where

• f = − ln(μr) is related to the effective potential in the systemwith gravity.

It can be calculated that f
gr

vanishes in two cases:

• =u u cff 0 - which turns out to be the case of free fall

• ∂αf = 0which occurs in the case of circular orbits

Neglecting the electromagnetic force and the radiation reaction force, using the above equation one can
reproduce themotion of bodies in the effective potential obtained from the solutions ofGeneral Relativity.
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Such a description has already been done for the Schwarzschildmetric [10] for

( )+ = +c
E

m c c

dr

d

r

r

L

r

1
1 1 24o

s
2

2 4

2 2

2

where co is a certain constant. The solutions obtained in this way enforce the existence of gravitational waves
due to time-varying f (except for free fall and circular orbits). Aswill be shown later in the article, such a
description of gravity can be generalized and allows for a correct description of both themotion and the energy
radiated by gravitational waves.

In the above description, gravity itself is not a force, because the above description is based on an effective
potential. However, one can see a similarity toNewton’s classical equations for the stationary case with a sta-
tionary observer, for which f

gr
can be approximated byNewton’s gravitational forcewith the opposite sign.

Thus for stationary observer f
gr

represents a force thatmust exist to keep a stationary observer suspended

above the source of gravity in fixed place.
The description of gravity obtained fromAlena Tensor is surprisingly consistent with current knowledge

both in flat and curved spacetime, despite the fact that gravity itself in this description in flat spacetime is not a
force, and the force f

gr
is not a body force but is related to surface forces on some hyperspace.

TheAlena Tensor constructed in presentedway according to [10, 12] may be also represented in flat space-
time as a symmetricNoether tensor using the obtained properties of the electromagnetic field. Denoting LN as
the Lagrangian for computing theNoether tensor, Alena Tensormay be simplified in flat spacetime to

( )
µ

= = =T F A T
1

; 25
o

00

( )
µ

=T F A
1

26
o

whereAβ is known four-potential ensuring required symmetry of suchNoether tensor, which allows analysis in
classical field theory and quantum theories. Obtained canonical four-momentum H T d x

c

1 0 3

provides = =H H H0 , and to consider charged particles onemay use

( )µ= = + =µ
µ EH X H P q L

mc
W; 27r pv

2

wherePα is four-momentum,Wpv= − ∫p d3x is pressure-volumework, andwhere Eq and −μrPα are in fact
two gauges of electromagnetic four-potential.Mentioned previously four-potential qAβ = − μrPα where
( )µ P1r is responsible for the force associatedwith gravity and radiation reaction force. It was also shown
that canonical four-momentumHμ may be expressed as

( )= + = +µ µ µ µ µSH P W
L

c
U 28

2

where µS due to its property =µ
µS U 0, seems to be some description of rotation or spin, andwhereWμ

describes the transport of energy due to the field.
The quantumpicture obtained from theAlenaTensor [10, 12] for the systemwith electromagnetic field

leads to the conclusion that gravity and the radiation reaction force have always been present inQuantum
Mechanics andQuantumField Theory. This conclusion follows from the fact that the quantumequations
obtained from theAlena Tensor for the systemwith electromagnetic field [10] are actually the threemain
quantumequations currently used:

• simplifiedDirac equation forQED: ¯ ( )= = =
µ µ

L F F F A i c D mcQED
1

4

1

2
0 0 1

2
2

o o

• Klein–Gordon equation,

• equivalent of the Schrödinger equation: ( )
ˆ= +

+
ic cqA

m

0 2 02

1

where Â is another gauge of electromagnetic four-potential, andwhere the last equation in the limit of small
energies (Lorentz factor γ ≈ 1) turns into the classical Schrödinger equation considered for charged particles.

The above resultsmake theAlenaTensor a useful tool for the analysis of physical systemswith fields, allow-
ingmodeling phenomena in flat spacetime, curved spacetime, and in the quantum image using a single,mathe-
matically consistent apparatus.
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2.3. Possible generalizations to all gauge fields
AlenaTensor could be generalized to all gauge fields, whichwould open up the possibility of further
investigation of physical systems using this approach.

A quite natural generalization of theAlenaTensor to the remaining fields seems to be the creation of a
tensorOμναβ in terms of the gauge field tensors µFA for each gauge groupA,with associated tensorQ νβ and its
traceQ, as

( )µ µ µ
µF FO Q O Q Q; ; 29

A
A A

and then constructing a generalized field tensor Fμναβ with a vanishing trace by subtracting the trace part

( ) ( )[ ] [ ] [ ]+µ µ µ µ µF O Q Q Q
1

2

1

6
30

thanks towhich it has properties analogous to theWeyl tensor (antisymmetry, pair symmetry, vanishing trace
Fμναβημαηνβ = 0). Building on the above field tensor, the stress-energy tensor ϒμν for such generalized field, as

( )µ µ µF F F F
1

4
31

and assuming that the equations ofmotion for the gauge fields A are satisfied, one obtains gauge four-currents

µ
µFJ DA A . Therefore, one obtains the total density of the Yang-Mills four-forces [31, 32] f ν acting in the

system, as

( )= = +µ
µ Ff J f 32

A
A A non linear

where f
non linear

describes the self-interactions of gauge fields in a non-Abelian theory [33]. It could allow to
define theAlenaTensor analogously as in (8) but for ϒμν defined in (31) and to obtain a consistent classical,
quantumand curvilinear descriptions for such physical system.

It can be calculated that the Yang-Mills Lagrangian density is given by the expression =L QYM
1

4
, where

( )= = µ
µF FQ Q , 33

A
A

A

soQ is the sumof the contributions of the individual gauge fields. Since

( )=µ
µ

µ
µF F F FO O , 34

A B
A

A
B

B

,

also includes inserts from trace parts, therfore it seems that according to the conclusions reached so far using
theAlenaTensor (7), the Lagrangian density of the system for theHilbert’smethod could be, actually,

·= µ
µL F F eH

1

4
, where ef plays a role similar to =

µr
1

r
in electromagnetism andwhere χm≡ ef − 1 is

responsible for the four-current associatedwithmatter, similarly as seen in (6).
Such approachwould provide a field energy density ‘cleaned’ from trace contributions in the Yang-Mills

theory, what can be seen after performing calculations as

( )=µ
µ

µ
µF F O O Q Q 35

Deriving the energy-momentum tensorTμν for the systemusing the variationalmethod on
= = µ

µk F Fo
2 1

4
where µ

µk k g as in (1) onewould obtainAlenaTensor created exactly as before,
but for all gauge fieldswhere the field stress-energy tensor has dual representation and vanishes in curved
spacetime.

Deriving theNoether tensorTμν for the system from µ
µF F1

4
one also obtains

( )=µ µ µ µ F AT F F F 36
A

A A

where the term in brackets, will be hereinafter referred to as Δ. Following the conclusions from [10, 12] seen in
(25) onemay also assume, that, similarly to electromagnetism, it gives

( )= =µ µ µ
µA AJ e U U J e c 37

A
A A

A
A A

2

where = = +µ
µ

e 1 1c

F F m

2

which is de facto the definition of amatter current coupled to the gauge

field potentials with the factor e− f (similarly to theminimal coupling in the gauge theorywithmatter).
Therefore

( ) ( ) ( )( ) ) )= =µ µ µF A AF e U U e T1 38
A

A A A

7

Phys. Scr. 100 (2025) 105026 POgonowski



Thiswould ensure correct Alena Tensor equations for the physical system also inNoether approach, which, as
for electromagnetism, leads to the same result

( )=µ µ µT U U e 39

with expected trace for the stress-energy tensor for the system (Tμνgμν = ϲc2), the existence of gravity and the
radiation reaction force as in (23). It also allows switching to a curvilinear description the sameway as described
in (18)–(19) and provides all other benefits from the application of theAlenaTensor.

The above description, of course, does not yet constitute proof of the validity of theAlena Tensor approach.
It was introduced to facilitate future research and to demonstrate the potential generalizability of this approach
across all gauge fields. The unification, as an extremely broad topic, is certainly not feasible by one person
within a single article. Therefore, the only chance for developing this idea is the involvement of the scientific
community and further research.

3. Results

Narrowing the discussion to spacetimewith only electromagnetic field, described in away provided byAlena
Tensor using notation introduced in section 2, onemay reverse the reasoning presented in introduction and
consider the field as amanifestation of a propagating perturbation of the curvature of spacetimewhich in flat
spacetime is just interpreted as a field. For this purpose, onemay define a certain perturbation hαβ of themetric
tensor k that describes the deviation fromflat spacetime, and also define its trace h as

( )= =k kh h h; 4 40

The stress-energy tensor of the electromagnetic field in flat spacetime can be thus represented as follows

( )=
k

h
h

4 4
41

As one can see in the above, considering gravitational waves in theAlenaTensor is natural and does not require
classical linearization. This wouldmean that gravitational waves inAlena Tensor approach are de facto a
propagating disturbance of the energy-momentum tensor for the field (in the case analyzed, the
electromagnetic field energy-momentum tensor).

Denoting the pressure amplitude Po and h̄ one obtains

¯ ¯ ( )=
k

P Ph h
h

h
4

;
4

42o o

which shows that the energy-momentum tensor of the fieldmay be also interpreted as propagating vacuum
pressurewaveswith tensor amplitude.

To provide an analysis of the above equation for gravitational waves and the analysis of the resulting classes
ofmetrics, a representation using null-vectors will be useful. Therefore, in the next few steps it will be shown
that Alena Tensor allows representing the energy-momentum tensor of the electromagnetic fieldwith the use
of twonull-vectors.

3.1.Decomposition of the electromagnetic field using null vectors
Todemonstrate the division of the electromagnetic tensor into null vectors, it is necessary to carry out a rather
tediousmathematical deduction. At first step onemay recall equation (28) and define new four-vectorBμ

obtaining

( )= +µ µ µ µ µ µS SB
L

c
U H

L

c
U; 43

2 2

Since it is know fromprevious publications, thatHμHμ = 0 and =µ
µSU 0, therefore above definition also

yieldsBμBμ = 0. This property allows to representUμ and µS using two null-vectorsHμ andBμ as follows

( )= + = =µSH B H B
L

c
U H B

L

c
2 ;

2 2
44

2

2 2

2

thus

( ) ( )+ = +
µ

µ
H B B H

H B

c
U U H H B B

2
45

2
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Next, onemay define auxiliary parameter α as

( )+
µ

µB

H

H B

H mc

2
46

0

0 0

and subtract the linear combination ofHα andBα fromboth sides

( )+H B B H H H
H

B
B B 47

0

0

[ ] ( )= + + +
µ

µH B

c
U U H H

H

B
B B

2
1 1 48

2

0

0

Next, usingH≡ cH0 for simplicity, onemay recall from [10] coefficients related to the electromagnetic field

• relative permeability µ = = = er p

H

Wpv

• volumemagnetic susceptibility µ= = =1r
c

p

mc

Wpv

2 2

• relative permittivity = = =
µr

p W

H

1

r

pv

• electric susceptibility = = = =1e r
c mc

H r
2 2

andnotice, that one obtains Alena TensorTαβ as

( )µ
= +

µ
µ

T
H B

H B B H H H
H

B
B B

2
49r

0

0

[ ] ( )= + + +
µ

µc
U U

H B
H H

H

B
B B

2
1 1 50

2

0

0

where electromagnetic stress-energy tensor is equal to

[ ] ( )= + + +
µ

µH B
H H

H

B
B B

1

2
1 1 51

0

0

andwhereT0 β actually simplifies, as shown in introduction, to

( )µ µ
=T

H
H 52r r0

0

Completing the definition of the first invariant of the electromagnetic field tensor Λ, onemay define the second

invariant I⊥ by electric E andmagnetic B fields as

( )
µ

I
c

E B
1

53
o

where it is known [34], that

( ) ( ) ( )= + =I4 4 542 2 0
0

Therefore from (51) one obtains simplifications

( )= = = + =
µ

µ
B

H B

H

L

cH

B

H H B

c

L4 2
1

8 1 1 4
55

e

0
0

2 2 0

0 0 0

and by defining a useful auxiliary variable j one gets

( ) ( )= =e
L

H
e

B

H2

1

2
cosh 562

0

0

Finally, defining for simplicity as below

( ) ( )+e
L

mc
I

I
sinh ; 1 57o2

2
2

2

then calculating from (51) and (54)

( ) ( )µ= = = =I
L

mc
e e

L

W
I1

2
2 sinh 58o r

pv
o

2 2 2
2

2 2 2
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and expressing µ = = er
H

Wpv
, one gets further useful expressions

( )
( )= =

I e
I e

2 sinh
; 59o

o

To simplify further analysis, onemay also normalize four-vectorsHμ andBμ using (55) as follows

( )=µ µ µ µ µ
µa

H
H b

B
B a b

1
;

1
4 60

0 0

where aμ (not hμ) was introduced to avoid confusion related to the previously defined perturbation hαβ. After
few calculations using previously derived relationships in (51)

[ ]( ) ( )µ+ = =
H B

H
cH

L

mc

L8
1

8

4 8
1

2
61

e
r0 0

0 2
0 2

( ) ( )µ+ = = +
H B

H

B
B

cB

L

mc

L8
1

2 2
62r0 0

0

0
0 2

0
2

2

onemay now rewrite the electromagnetic field tensor ϒαβ as

( ) ( )
( )µ

µ
= + +

e
a a

e
b b1

1

2 sinh 2 sinh
63r

r2

As shown in [10] element μrΛ is responsible for electric field energy density carried by light, where Λχγ2 was
shown as describing energy density ofmagneticmoment andwas linked to chargedmatter inmotion. The
element

( )
µ

e2 sinh
r is a new term andpart of equation related to this termmay be expressed as S with help of

(59) as

( )
( ) ( ) ( )( )µ

= +S
e

a a b b
I

e a a b b
2 sinh 2 2

64r o

Since S does not actually carry energy but onlymomentum, it can be associatedwith some description of
spin field effects by analogy to (44). Using (55), (56) (59) and (62), electromagnetic field tensor ϒαβ may be,
however, expressed inmore useful form. Since

( )
( )µ + = =

e

I
e

cB

L

I
e1

1

2 sinh 2 2
;

2 2 2
65r

o o
0

thus

( )= +
I

e a a
I

e b b
1

2 2 2 2
66o o

As onemay notice, (60) also allows to simplify (43) by introducing µ µSe s
H

1
0

( )= = +µ µ µ µ µ µa e
c

U s b e
c

U s
2

;
2

67

what using (56) yields

( )= = + =µ
µs s s s s esinh ; 1 cosh ; 2 680 2 2

and therefore allows to analyze the systemusing hyperbolic (and trigonometric) functions

( )+
=

µ µ
µ µa b

c
U s

2

2
cosh sinh 69

( )=
µ µ

µ µa b

c
U s

2

2
sinh cosh 70

[ ] ( )= + +a a e
c

U U s s
c

U s s U
2 2

712
2

( )= +µ µ µ

c
U

e
a

e
b

2

2 2
72

Onemay thus denote normalizedAlenaTensor in flat spacetime asKαβ with help of (49) and above as follows

( )= +µ
µ

µ µ µ µK
T

a b b a a a b b
8

1
8

73e

e
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andnotice, that itmay be presented after simple calculations using (67) - (71) as

( ) ( ) ( )= + + +µ µ µK
c

U U e a a e b b1
8

1
8

1 74e e e
2

2 2

Since the expression in the bracketsmust be equal to
µ
1 1

r
, thus

( ) ( ) ( )µ= + + + +µ µe a a e b b
1

8
1

8
1 75r

2 2

Therefore, according to (63), (64) theremust occur ( )( ) = ++e e1I

2 2 8
2o . Indeed, with help of (56) and

(59) one obtains

( ) · · ( )= + = = = =
I

e e e
I

e
2 2 8 4

cosh
2 2

cosh

2

1

2 2 2 2
76o o

and the same equalitymay be calculated for ( )+ =e e1 I

8
2

2 2
o what confirms compliancewith (66).

Since θ ismerely auxiliary variable (used only to highlight certain relationships) and thanks to simple algebraic
transformationsmay be expressed in terms of j

( ) ( ) ( )( ) ( )= = +He mc e e e2 2 sinh cosh
8

1 1 77
e

2 2 2 2

onemay thus further simplify the description of the system. This shows that further, in-depth analysis of the
system is also possible, however,modeling and simplifying the description of the electromagnetic field or
searching for elementary particles that provide stable solutions requires a separate article (probably several
articles). From the perspective of describing gravitational waves, other elements of the description are crucial,
whichwill be discussed next.

Finally, onemay notice, that property aμbμ = 4 in (60) requires analysis in a complex basis. An example of
such a basis are four-vectors

( ) ( )
( ) ( ) ( ( ) ( ))

( ) ( )
( )

+
µ µa

i i

i
b

i i i

i i

1
sinh

cosh
0

,

1
2 2 cosh 3 sinh

3 cosh 2 2 sinh
0

78

where the angle σ was introduced to facilitate further analysis. The null basis product is a simple consequence of
equation (54) as a consequence of taking only the electromagnetic field into account in the analysis. Since reality
requires other fields (e.g. electroweak), it can be assumed that changing into the field tensor
corresponding to reality, would probably provide ( )= =µ

µa b2 20
0 , which thenmakes it

possible to assume a basis in real numbers. However, since in this paper it is considered theAlenaTensorwith
the electromagnetic field only, the basis (78) will be retained for further analysis as an example, especially since
the transition to the generalized field in the discussed approach is a fairly simple procedure.

A cursory examination shows that this basis describes the electromagnetic field verywell indeed. It has a
good representation in conformal geometry (null vectors correspond to points on the equator of the Penrose
sphere), where the propagation directions are perpendicular to the time axis (purely spatial), ideal for describ-
ing a circularly or elliptically polarizedwave in the direction of Poyting vector ( )z i0, 0, 2 2 , where
aμbμ = 4 represents the constant phase relation between the electric andmagnetic fields. The proposed basis
naturally enters theNewman-Penrose formalism, allows for a full spinor representation of the electromagnetic
field, where σ is a typicalmassless wave, satisfies thewave equation□σ = 0, and since it provides a spin-helicity
of +/- 1, it is well suited for further analysis in theQFT framework as a photonwave representation, describing
a single-particle state.However, detailed analysis of these issues is beyond the scope of this article.

3.2. Covariantmetric,Higgs-like potential, Riemann tensor,Weyl tensor and gravitationalwaves
Substituting (63) into (41) using (59) and usingAlenaTensor properties one gets expression formetric k
describing the system in curved spacetime

( )= + +k k I
e a a

I
e b b

4 2 2 2 2
79o o

To avoid confusionwhen inverting themetric, it is useful to adopt the notations ( ) µ
µk k and

just k for the actual covariantmetric. It turns out that using properties ofmetrics, onemay find a general
solution for the invertedmetric k . Summarizing the key properties one obtains

( ) ( ) ( )= = = = =µ
µk k k k k k k k k; 4; det det 1; 80
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where in the last condition it is enough to check the index (0,0), because the null vectors are normalized
(a0 = 1 ; b0 = 1). To simplify the calculations, it is easiest to define auxiliary variable q and start fromanstaz with
unknownA,B,C,D in

( ) ( )+ + +µ µ µ µ µ µ
k ke

A

I

e
a a

B

I

e
b b C a b b a D

4
;

2 2
81q

o o

By eliminating the subsequent variables to provide equations (80), one obtains covariantmetric in the form

( ) ( ) ( ) ( ) ( )+ + +µ µ µ µ µ µk q

I

e
a a

q

I

e
b b q a b b a e

sinh

2

sinh

2
sinh 82

o o

q

where invariants of electromagnetic field turns out to be related to the trace

( ) ( ) ( )= = =kI

e
I

e

e
e e

1

2

1

2
; det 2 83

q o

q

q
q q

2

2 2

2

2
2 2

whichmeans that the trace k is also invariant. The supplementarymaterial contains equations confirming the
correctness of the derivation.

Using arc for simplicity, to emphasize the change to curvilinear description (since values in curvilinear

descriptionmay be different), onemay notice, that considered in curved spacetime trace =k 4 yields =q 0.
Therefore, the transition to curved spacetime can be understood as solutionswith imaginarymagnetic field

B iB . It is alsoworth notice, that for the null basis example (78), the abovemetric seems to describe a
gravitational wave in conformal geometry, where =k e q

4
plays the role of a conformal factor Ω−2. Further

analysis in this direction should allow to isolate both the polarization and the relation of k to the Ricci scalar by
classical relation ( ˜ ˜ )=R R 6 log2 .

ExpressingUμ by null-vectors as in (71) and requesting =kU U c2 one obtains ugly expression linking
( )+cosh and q (due to the complexity of the calculations and the result, it is shown in the attached supple-

mentarymaterial with calculations).

( ) ( ) ( )

( ( ) ( ))
( )

( )

+ =
q q

q q
cosh

cosh 3 sinh 1

2 cosh 3 sinh
84

q

1

coth 3

However, substituting q as the Io function according to (83)

( )=q
I

log 2
1

1
85

o
2

and denoting +V I I1 2 3o o
4 2, it appears that this ugly expression (84) actually expresses following

dependence

( ) ( ) ( ) ( )+ =
+

= + + +
V

I
V I Icosh

1

2
1 2 cosh 2 2 cosh 86

o
o o
2 2

whereV is the classicalHiggs potential and the broken symmetry in the system can be interpreted as an
apparentmismatch of coefficients related to ( )+cosh . The figure 1 shows the classic ‘Mexican sombrero’
potentialV(Io). Since ( )+cosh is related in equation (64) to the angle describing the spin, thismeans that in
this solution the spin effect of the field is described by invariant angle (depends only on Io) and, according to
(83) it is closely related to the trace of themetric and, consequently, to the Ricci scalar in the curvilinear
description and thus to spacetime curvature. This also at leastmeans that to obtain correct results in curved
spacetime in theAlenaTensormodel, theHiggs-like potential is needed.

Since this paper considers a systemwith only electromagnetic field, the above described broken symmetry
should be consideredmore as a consequence of theHiggs field in electromagnetism (equivalent to theAbelian
mechanism and brokenU(1) symmetry) visible in the curvilinear descriptionwithinGR.However, the above
resultmay contribute to a better understanding of the description of theHiggs field actionwithin theGR con-
taining electromagnetism and connections of theHiggs potential with curvature and spin seen in obtained
result. Perhaps it will also help to extendAlenaTensor description to the electroweak field, whichwill allow to
compare the quantumand curvilinear images, which, however, deserves a separate article.

For = +I 1o
1

2
thewholemetric becomes significantly simplified and symmetric

( ) ( ) ( )= + = = =I V I q I
q

I

I
1

1

2
ln 2

sinh

2 2 2
87o o o

o

o2

whichmeans that itmay be assumed that adopting the above value leads to some significant and physically
important solution of the equations for the system.

12

Phys. Scr. 100 (2025) 105026 POgonowski



Using hyperbolic identities and expressing

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )+ = + = +e ecosh cosh cosh sinh sinh cosh sinh 88

then using (59) one obtains

( ) ( )µ µ+ =
+

= +e
V

V e
1

2
2 2 1 89r r

2 2 2 2 2

which allows for further analysis of theHiggs potential. For example, using (63) and (68), the relation between
electromagnetic energy density ϒ00, angle j and spin four-vector µS zero component is therefore

( ) ( )µ µ= + =
+

=
+

+
SV

e
V c

W

1 1

2
2 sinh

1

2

2
90r r

pv

00 2
0

Above also explains the origin of j and the connection of spin and Lagrangianwith the energy density of the
electromagnetic field. Since, according to the consideredAlenaTensor approach, in curved spacetime the
energy density expressed by ϒ00 must vanish (the entire stress-energy tensor of the electromagnetic field
vanishes), thismeans, that j and thus γ in curved spacetime becomes invariant, which allows to analyze the
transition to curved spacetime.

Onemay now consider what value theAlena Tensor takes in curved spacetime. To do this, it is easiest to
analyze the behavior ofKμν. As onemay calculate, the determinant of this tensor is 0 and thematrix rank is 2,

but, as described in the introduction, it degenerates to =µK U U
c

e
2 in curved spacetime. It can be seen

that in theAlena Tensor approach themetric follows frompropagation.However, in curved spacetime the
electromagnetic field according to this approach should vanish, remaining present only in themetric and deter-
mining geodetic. This can be achieved by degenerating vectors aμ and bμ to a single vector in curved spacetime

=µ µa b . However, in such situation the equation (71) forces this vector to be the four-velocity, divided by the
Lorenz factor

( )= = + = =µ µ µ µ µ µ µ µa b U
c e

a
e

a c a a
c

U
2 2 2

1
91

which degenerates µK from (73) to the form

( )= = = = =µ µ µ µ µ µa b
c

U K a a
c

U U
1 1 1

92e2 2 2

As can be easily verified, the exact above relation of variables leads to the vanishing field stress-energy tensor in
(75) upon transition to curved spacetime.

Since themetric is known andUμ may be expressed by values of aμ, bμ in flat spacetime thanks to (71) this
allows to easy obtain the normalized Einstein tensor andRicci tensor (normalized by Λ) using the
equation (19). According to the notation used in (19) one obtains

Figure 1.The existence of theHiggs field potential as a consequence of =kU U c2.
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( )= + + =µ µ µ µ µ µk kR K G K
1

2 1
1

;
1

2 93
2

where Ricci scalar R (normalized according to notation used) may be calculated as = +R 41 2
2 .

The described system seems to be Petrov typeDor II [35], although to be sure, theWeyl tensor should be
calculated. This does not seempossible for the general case (without auxiliary assumptions about symmetries),
but one could simplify the obtained description considerably, based on the following observation.Onemay

notice, that the vanishing Lorentz factor γ in K can be interpreted as an important suggestion for the descrip-
tion ofmotion in curved spacetime. Suchmotionwould correspond to a streamof particlesmovingwithout
dilation, a strictly ordered flowwithout local perturbations, resembling a perfect, infinitely stiff fluid. This

means that K should be theKilling tensor and the system should have hidden symmetry (similar to theCarter
constant inKerr solutions).

As shownpreviously, product of the basis is in considered case aμbμ = 4, whichmeans that null vectors
have global significance for spacetime geometry, thus Killing tensor should have a strong connectionwith pro-
pagation along null vectors (it is not a random symmetry, but a deep feature of spacetime) and this wouldmean
the existence of special wave surfaces, e.g. electromagnetic waves and/or gravitational radiation. This would be
also a clear indication that spacetime belongs to the PetrovDor II class and is associatedwithwave propagation
solutions.

Also, the analysis of obtained equations drive to conclusion, that energy (energy density) is not something
external to geometry inAlena Tensor approach, but energy is defined by the geometry of spacetime itself. This is
a result in the spirit of General Relativity, but it goes even deeper:metric µk depends on ej, but at the same

time
( )
1 depends on themetric because it is trace of K in thismetric. The system itself defines its own energy

through the structure of the field, which is similar to the idea of Self-consistent Field [36] - where the field and
the source are inseparable, or EmergentGravity [37, 38] - where energy, gravity and geometry arise froma
common structure, or InducedGeometry [39] - where energy comes fromdeformation of spacetime itself, as
e.g. in Sakharov’s theory [40]. It seems impossible to ‘decree’ energy inAlenaTensor, but itmust be calculated
fromgeometry and the systemworks as a closed causal cycle.

The dependence for K of its normand trace in curved spacetime (the norm is the square of the trace) is a

key property for null space and suggests that K describes isometries related to null wave propagation, similar
to pp-wave [41] andRobinson-Trautman solutions [42], what is actually expected in considered approach
based on electromagnetic stress-energy tensor and result (79). This would alsomean that theKilling tensor is
directly related to the energy distribution in spacetime as expected, similar to otherGR solutions (eg. Kerr
solution), and lead to a rather groundbreaking but also expected result in the context of the discussed approach,
that theKilling tensor directly determines the Einstein tensor inmainGR equation.

Since K is simply theAlenaTensor (stress-energy tensor for the system) divided by Λ, it gives correct
conserved values in theNoether formalism (conserved density of energy andmomentum). From the definition

of theAlena Tensor as the energy-momentum tensor for the system it also follows that µK is symmetric and

µ
µK vanishes.

Since =K U U c2

2 this implies that along a geodesic parametrized by proper time τ, its total deriva-

tive vanishes.

( ) ( )= =
d

d
K U U U K U U0 94

Using the symmetry of µK onemay note that

( )( )=µ
µ

µ
µU U U K U U U K 95

Therefore, the condition

( ) ( )( ) ( )= =µ
µ

µK U U U K0 0 96

holds for arbitrary tangent vectorsUμ, and it indeed follows that ( ) =µK 0. Therefore normalizedAlena
Tensor is Killing tensor for considered system.

In this wayAlenaTensor theory, in curved spacetime, becomes equivalent to some specific case ofGeneral
Relativity equation expressed in the following form

( )( ) = + =µ kK G K0 2 97

where according to (19) in the above equation GG

c

4
4 is the classical Einstein tensor in commonly used

notation = *G GG

c

4
4 (classical Einstein tensor) and = *G

c

4
4 (cosmological constant).
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Thanks to the above, since theWeyl tensor is defined as the part of the Riemann tensor that does not depend
on theRicci tensor, this implies that sinceKilling tensor determines the Einstein tensor, and the Einstein tensor
determines the Ricci tensor, then one could calculate theWeyl tensor by extracting the part of the curvature
that does not contain the Ricci tensor. This would alsomean that theChristoffel symbols can be expressed as a
function of theKilling and Einstein tensors, and the Riemann tensor can bewritten directly as a function of the
Ricci andKilling tensors.

For the considered systemwith only electromagnetism (two null vectors inmetric), onemay therefore
construct a generalWeyl tensor ansatzCμναβ, whichmust contain only components that do not become zero
when the trace part is subtracted from theRiemann tensor. It should be of the form

( )+ +µ µ µ µC c c P c Q 981 2 3

where

( )= +µ µ µ µ µa b a b a b b a b a a b b a b a 99

( )=µ µ µP a a b b b b a a 100

( )=µ µ µQ a b a b 101

It is easy to check that the above tensors are linearly independent and form the basis for the representation of
anyWeyl tensor in the systemunder consideration. Analysis of their behavior indicates that

• Σμναβ is responsible for ‘pure’ directional propagation, e.g. a gravitational wave propagating along null
directions (purely conformal part of theWeyl tensor, described solely by null geometry),

• Pμναβ describes non-radiating, ‘axial’ deformation of space, e.g. tidal sequences, consistent withmass
motionwithout undulations,

• Qμναβ describes conformal distortion of the backgroundmetric itself.

The coefficients c1, c2, c3 are not known a priori, but onemay determine themwith help of Riemann tensor. To
obtainRiemann tensorRμναβ in the systemunder consideration, it is enough to assume the following ansatz

( ) ( )µ µ µk k k kR A 1021

( ) ( )+ +µ µ µ µk k k kA K K K K 1032

It has the following justification

• TheRiemann tensor satisfies the known algebraic symmetries:
Rμναβ = −Rνμαβ = −Rμνβα, 7D1Rμναβ =Rαβμν, 7D1Rμ[ναβ] = 0. The above ansatz satisfies them
automatically.

• There are only two tensor objects available in the system: themetric µk and theKilling tensor

=µ µK U U
c

1
2 2 . TheRiemann tensormust be constructed exclusively from them.

• The first termwithA1 corresponds to the geometry of a spacetimewith constant curvature, as in de Sitter
spacetime: ( )

µ µ µk k k kR onstant curvaturec

• The second termwithA2 is theminimal geometrically correct extension that takes into account the presence

of non-null energy (represented by µK ). Its construction provides correct symmetries and enables the
reproduction of a non-null Ricci tensor = µ

µR R

• Other possible combinations (e.g. K K ) are linearly dependent or asymmetric with respect to the
required properties of the Riemann tensor, and do not provide new information in the case under
consideration.

• Thewhole creates themost general fourth-order tensorwithRiemann symmetries, which canbe constructed
fromavailable geometric objects.

Computing the contraction of the aboveRiemann tensor anstaz with µk one gets

( )= +µ
µk k kR A A K3 2

1
1041 2 2

Since normalizedRicci tensorRαβ is known (93), therefore considering for simplicity aboveRiemann tensor
anstaz as normalized, one gets
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( )= + =A A
1

3
1

2
; 1 1051 2 2

Suchnormalized form is convenient to use because it allows one to easily obtain both: classical tensors
(multiplication by the cosmological constant Λ*) and tensors in theAlenaTensor notation (multiplication by
field invariant Λ).

Next, onemay consider normalized trace part of the Riemann tensor Sμναβ, which provides the necessary
symmetries and the vanishing trace in theWeyl tensor. For this to be satisfied, trace partmust have the follow-
ing, classical [43] form (whereRicci tensorR νβ is considered for simplicity also as normalized):

( ) ( )= +µ µ µ µ µk k k kS R R R R
1

2
106

( ) ( )µ µk k k kR
1

6
107

( )+ + + +µ µk k k kK K
1

2
2 1

1
2 1

1
108

2 2

( )+ + + + +µ µ µ µk k k kK K2 1
1

2 1
1

109
2 2

( ) ( )+ µ µk k k k1

3
2

1
110

2

Since all terms related to µK reduce after grouping the components inCμναβ =Rμναβ − Sμναβ, one obtains
normalizedWeyl tensor in generalized form for the systemunder consideration

( )=µ µ µC R S 111

( ) ( )= + µ µk k k k1
1

112
2

( ) ( )+ +µ µ µ µk k k k k k k k1

2
1

1
113

2

Trace of aboveWeyl tensor disappears and it has all the expected symmetries. Substituting themetric known
from (79), one obtains the coefficients postulated in the anstaz (98) and as onemay notice fromnon-zero
coefficient c1, gravitational waves exist in the system.

( )= +c
I

e1
1

8
114o q

1 2

2
2

( ) ( )= +c
I

e1
1

4
sinh 2 2 115o q

2 2

2
2

( ) ( )= +c
I

e1
1

2
sinh 116o q

3 2
2

One can also demonstrate the existence of gravitational waves using classical analysis using theWeyl tensor
components andNewman-Penrose formalism [44]. Having calculated the above-mentioned tensors and
sample basis (78), onemay notice, that four-vector aμ(σ) is purely real. Onemay thus construct aNewman-
Penrose tetrad around it, fitting to the geometry of the system, as follows

( ) ( )µ µl a 117

( ) ( )µn
1 sin

cos
1, 1, 0, 0 118

2

( ) ( )
+ + +

µm
i i

i
1

2 cos sin

cos

1 sin
,

cos

1 sin
, , 1 119

2 2

( )
+

+ +
µm

i i
i

cos sin

2

cos

1 sin
,

cos

1 sin
, , 1 1202 2

The above four-vectors satisfy all the tetrad requirements and lead to only twonon-zeroNP scalars

( ) ( ) ( )= +C i i8 2 1 sin
2

2 1 cos
2

1213 1
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[ ( ) ( )] ( )= C i4 1 2 2 cos 3 sin 1224 1

what is confirmed in the supplementarymaterials. Scalar Ψ3 can be zeroed by a rotation around nμ without
modifying Ψ4 and the systemunder considerationwith sample aμ(σ), bμ(σ) is thus Petrov type III orN.
However, taking into account the non-zero Ricci tensor and the Bel criteria, considered spacetimemust be
Petrov type III, since dueCμναβ is built from reversiblemetric (111), thus there does not exist any vector ξβ
satisfyingCμναβξβ = 0.

Therefore, finally, spacetime described byAlena Tensorwith only electromagnetic fieldmay be interpreted
as a certain formof theKundt solutionwith dust [45] and for sample aμ(σ), bμ(σ) it is Petrov type III, similar to
described in [46, 47]. Onemay also notice, that additional fields added to theAlenaTensor depending on the
newnull directions should break the obtained degeneracy leading to the general Petrov type I case.

Onemay also substitute an example basis (78) intoWeyl tensor to analyze its values. Table 1 presents the
values of the key components of theWeyl tensor in this basis.

Onemay then solve the systemof equations (59, 77, 86) presenting the results only as a function of Io and σ.
Due to the complex relationships between variables, analytical solution and obtained results are presented in

supplementary file.Weyl tensor component valueswere calculated for the value = +I 1o
1

2
adopted for

the analysis (87) and for chosen solution j(Io), θ(Io). The figure 2 below clearly shows thewave nature of the
C0212 component of theWeyl tensor, presenting the result of the calculations performed.ObtainedWeyl tensor
componentC0212 seems to encode the variation of some curvature field along the propagating direction σ.

Gravitational waves are oftenmodeled usingGaussian impulse as in [48], but this can also be done using the
dependence of Ψ4 on σ. Onemay therefore show in figure 3 the deformation effects for an example arrange-
ment of test particles on a circle. In the supplementarymaterials there are calculations and a gif file presenting

Table 1.Component values of theWeyl tensor.

Component Value

C0212 ( ) ( )( ) ( ) ( ) + C C8 sin 20 cos sini C C iC16 5 cos 7 cos 3

2 1 2
21 2 2

C1313 0

C0202 ( ( ) ( ))+C i4 1 3 cos 2 2 2 sin 21

C1010 ( ( ) ( ))+C i4 1 3 cos 2 2 2 sin 21

C2323 0

C1213 0

C1323 0

Figure 2.Weyl tensorC0212 component as awave.
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animation of this distortion. This animation reveals the typical quadrupolar nature of spacetime distortions
induced by gravitational waves (characteristic twisting and stretching).

The aboveWeyl tensor components are actually normalized.Onemay thus present themainGR equation

in theAlena Tensor notation (19) and represent it using the vacuumpressure =p2 c

G4

4

as follows

( )+ = = =kG p T K p K2 2 2 4 123

Since the obtainedWeyl tensor is normalized (by Λ) thismeans that the interpretation from (42) that
gravitational waves in theAlenaTensor approach are in fact propagating vacuumpressure disturbances also
seems to be correct.

It is alsoworth noting that the obtainedmetric term = ke q
4

can in principle be interpreted as a
vacuumenergy contribution (effective cosmological constant) as in [49, 50] playing the role of ametric scaling
factor, as e.g. described in [51].

The gravitational waves discussed here represent a simplified case for the electromagnetic field and gravity
and require generalization to all fields.However, it is possible to reason aboutmore general solutionswithout
knowing the fullmetric.

3.3. Effective description of gravity for the general case
Onemay invoke the scalar field f associatedwith the presence ofmatter, where =

µ
e 1

r
. It is known from2.2

that ef is responsible for the presence of sources and in their absence μr= 1. Therefore, interpretingwhole ϒαβ

as thewave amplitude tensor onewould get representation ¯=
µ

P h eo
1

r

whichwould also allow to search

for ef as a certainwave function.
This approach allows for a simplification related to the analysis of gravitational waves. Considering the

force f
gr

responsible for effects related to gravity as shown in (24) and extracting the acceleration A from it,

one gets

( )= =A Af
d

d
U c c

d

dt
124

gr
2 2 2

2

2

since according amendment from [11] ∂αγUα = 0.

Figure 3.Deformation visualization for particles on a circle.
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As shown in [10], f is directly related to the effective potential in gravitational systemswhich can be calcu-
lated from theGR equations. This would allow searching for propagating changes of the effective potential itself
(□f = 0) similarly as was postulated in [52]. It would significantly simplify both the calculations and perhaps
themethods of detecting gravitational waves, for example, using the approach discussed in [53].

Itmay therefore be assumed, that the field f is related to the effective potential or e.g. timelike component
of themetric µk used for curvilinear description of the systemby

( )= =k ke
1

2
ln 1252

00 00

that is, f plays the role of a local gravitational potential in the sense of effective geometry. As has been repeatedly
demonstrated previously, for such a defined potential (assuming, for example, the Schwarzschild potential)
[54], the correct effects are obtained regarding light path curvature,Mercury’s perihelion precession or the
Shapiro effect.However, the energy radiated by gravitational waves requires further discussion.

The above potential can be extended to gravito-electromagnetic (GEM) four-potential in the form

( )µA A, according to the approach presented e.g. in [55]. Themost general formof the gravitomagnetic

vector potential A in the present formalism can bewritten as amultipolar expansion of the current-type
sourcemoments, fully analogous to the electromagnetic case

( ) ( ) (ˆ) ( )
( )

=
= =

+
A r u

J u

r
Y r, 2 126

m

m
m

1
1

tor

where

• u= t− r/c is the retarded time, ensuring causal propagation of the field from the source to the observer

• ( )J um are the current-typemultipolemoments of the source (ℓ � 1), directly related to themass-current
distribution inside the source They encode the full time dependence of the gravitomagnetic field, including
both stationary and radiative contributions

• (ˆ)
( )

Y rm

tor
are the toroidal vector spherical harmonics on the unit sphere, representing the purely rotational

(divergence-free) part of the vector field on S2

• ℓ = 1 corresponds to the spin-dipole (total angularmomentumvector J ), which dominates in the far zone
for an isolated rotating body

• ℓ � 2 are the higher currentmultipoles, describingmore complex rotational structures of the source (e.g.
internal circulation, non-axisymmetric rotation)

Within theGEM formalism, the fields follow from

( )( ) ( )
= × =B A E A; 127

g g
t

andAμ contains the complete information about the ‘electric’ and ‘magnetic’ parts of theWeyl tensor

( )= =E C B C;
1

2
. 128ij i j ij ikl

kl
j0 0 0

This guarantees that for arbitrary f and J m, onemay reproduce any radiativeWeyl tensor compatible with the
Einstein equations in the linear regime. Most authors in this context adopt the classicalMaxwellian analogy,
developing the gravitomagnetic description in the linear frame [56–59]. Others rely on theWeylian approach,
formulating theGEMdirectly from the curvature tensor or proposing its extensions and generalizations
[60–63]. However, this classical reasoning can bemodified, obtaining the correct GEMdescription for
gravitational waves.

InMinkowski spacetime onemay introduce the Faraday-type 2-form and itsHodge dual

( )[ ]µ µ µ µF A F F2 ;
1

2
. 129

and introduce the projector Δμν as

( )µ µ µ
c

U U
1

130
2

The ‘electric’ and ‘magnetic’ tidal precursorsmay be obtained directly from the symmetrized gradients of F and
its dual (projected and trace-free):
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( ) ( )( )
( )µ µ µS U F U F

1

3
131E

( ) ( ( ) ) ( )( )
( )µ µ µS U F U F

1

3
132B

Removing the spatial trace as above, onemay define the total tidal precursor

( )( ) ( )+ = = =µ µ µ
µ

µ µ µ µS S S S S U S S; 0 ; 0 ; 133E B

Let nμ be a unit spacelike vector orthogonal toUμ in the far zone and

( )µ µ µ µ µ µP n n P P P P;
1

2
134

TheTT gravitational-wave field sourced by the four-potential is then

( )µ µH
c

S 135TT
2

2

where Ω is the characteristic angular frequency and λℓ is a (common) multipole-dependent normalization,
fixed bymatching the total radiated power toGRmultipole results (so that the scalar and current-type sectors
radiatewith the standard strength).

Choosing an orthonormal basis ( )e e,i i on the screenwith =e e 2ij
A A ij AA , onemay set

( )= = ++ ×e e e e e e e e e e; 136ij i j i j ij i j i j

and define the polarizations

( )= =+
+

×
×h e H h e H

1

2
;

1

2
137ij ij ij ij

TT TT

so that = ++
+

×
×H h e h eij ij ij

TT . The Isaacson effective tensor Φμν then yields, in theUμ rest frame

( )= = +µ µ
+ ×H H

dP

d
r

c r

G
h h

1

4
;

32
138rTT

TT
2 0

3 2 2 2

where κ is classical Einstein constant. For amonochromatic far-zonemode ∝e− iΩ( t− r/ c)Yℓm(θ, j) the TT
projection vanishes for ℓ < 2, while for ℓ � 2

( )!
( )!

( ) ( )=
+

+
=

E JP
c

G32

2

2
139

m
m m

3 2
2 2 2

where E m and J m are, respectively, the scalar (mass-type) and current-typemultipolar amplitudes entering
( )
µS E and ( )

µS B . Onemay now compare the above to the scalar far-zone flux fromPeters-Matthews formula [64],
treating this result as the expected emission power. By reconciling the result, one obtains

( )
( )!
( )!

( )=
+ +

1024

2 1

2

2
; 2 1402

This normalization ensures exact agreement in description of gravitational waves for ℓ � 2, while ℓ < 2modes
carry noTT tensor radiation.

In the far zone, onemay equivalently reconstruct themetric perturbation in the TT gauge from the four-
potential-built field [ ]µH Aij

TT by setting, as in (82)

( )= + =µ µ µ µg e H H; 0 141q TT
0
TT

Computing theWeyl tensor from thismetric yields

( ) ( )= = + ×C H h i h
1

2
;

1

2
142i j ij0 0

TT
4

which coincideswith theNewman-Penrose description used to fix λℓ.
The normalizedWeylCμναβ from (111) is related to the physical curvature by =µ µC Cphys , so that

projecting thisWeyl tensor onto aMinkowski tetrad gives

¯ ¯ ( )= µ
µc

C n m n m
2

1434

2

Here, Λ is the geometric scale relating the normalized tensorCμναβ to themetric-derived curvature.With

( )=µA A, defined from the sourcemultipoles, the scalar-vector formalism reproduces the radiative content
ofGRwhile retaining a simplified structure for practical computations, inwhich the ‘electric’ and ‘magnetic’
parts of theWeyl tensor followdirectly from the four-potential.

Importantly, it can be calculated that the above reasoning may simplify the calculations of gravitational
waves also for knownmetrics, e.g. theKerrmetric. Considering the stationaryKerr solution itself, the four-
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potential ( )=µA A, is time-independent, so that = =A 0t t , and the tidal precursors ( )
µS E and ( )

µS B

contain only static near-zone terms that vanish after the TTprojection.One therefore finds [ ] =µH Kerr 0TT

and Ψ4 = 0, in full agreementwith the fact that theKerr geometry (Petrov typeD) carries no radiation.
Considering instead a small time-dependent quadrupolar perturbation on theKerr background, the form-

alism reproduces the standard quadrupole emission power of general relativity: for ℓ = 2modes

( ) ( )= +
=

E JP
c

G

32

5
144

m
m m2

3 2

2

2

2
2

2
2

while all ℓ < 2 contributions vanish, consistently with the spin-2 character of the gravitational field. This
confirms that the scalar-vector construction not only suppresses spurious radiation for stationary spacetimes,
but also yields the correct leading-order gravitational-wave power for perturbedKerr sources.

4. Conclusion anddiscussion

As shown in the above article, the Alena Tensor ensures the existence of gravitational waves and allows their
physical interpretation, providing key tools for their further analysis including the ability to calculate and
visualizeWeyl tensor components. The obtained decomposition of the electromagnetic field stress-energy
tensor (79) allows for further analysis ofmetrics for curved spacetimes (e.g. extending obtained solution for
other fields) and also to use the proposed null basis for further Alena Tensor development in the framework of
conformal geometry, theNP formalism and the description of photons inQFT. It also seems reasonable to
generalize above results for all knownfields or to non-linear electromagnetism (using e.g. approach presented
in [65]) and search for a description of elementary particles that could provide relatively stable solutions to the
obtained equations, perhaps also taking into account new approaches, such as those proposed in [66].

A discussion of themain conclusions of the article is grouped into three key sections below.

4.1. Conclusions aboutGR and gravitationalwaves
As this article clearly shows, Alena Tensor narrows the class of availableGR solutions. In thismathematical
framework

• The cosmological constant is indeed constant in curved spacetime.

• The energy-momentum tensor of the system in curved spacetime becomes theKilling tensor.

• The availablemetrics take on a specific form (2+ null vectors and a backgroundmetric). Although the paper
presents themetric only for a systemwith electromagnetism and gravity, the AlenaTensormodel enforces
thismetric arrangement in general case.

• The resulting Riemann tensor describes the general case, ensures the formation of the Ricci tensor in
contraction, and allows for the derivation of theWeyl tensor.

It is worth noting that the obtained non-zero formof the normalizedWeyl tensorCμναβ (111) built

on the basis of themetric tensor µk used for curvilinear description, given as ( )= +µC 1 1
2

[ ( )][ ] [ ] [ ]+µ µ µk k k k k k1

2
has also an important property: for any tetrad considered in curved

spacetime, all NP scalars become zero, and they remain non-zero only for tetrads constructed on the back-
groundMinkowskimetric. Thismeans that gravitational waves derived fromAlenaTensor are undetectable for
curvilinear observers in their local frame of reference and can be detected only against the background of the
Minkowskimetric. Therefore, according to the postulate (41), gravitational waves are not ‘local fluctuations’ of
curvature but global effects of the difference of geometrywith respect to a flat background, similar to postulated
in [67, 68]. This result has a rather intuitive interpretation andmeans that, according to the equivalence princi-
ple, observers in curved spacetime do not experience gravity in any form, including gravitational waves,
because their tetrad ‘co-curves’ with the geometry.

This type of theWeyl tensor could thus be treated as a formal geometry of the equivalence principle and as a
requirement for every physically possible solution ofGR,whichwould, however, require a separate proof. This
direction of further research also seems very important, because it would provide a formal justification for the
fact that themeasurability of gravity is relational, not absolute, and also offers a newway of considering quant-
umgravity: not somuch as field fluctuations, but as fluctuations of the geometric backgroundwith respect to
the algebraically definedWeyl tensor. This result is of particular importance e.g. in the context of Penrose’s
Weyl curvature hypothesis [69], developed in e.g. [44], [70]. The discussion aboutwhat gravity is [71] remains
open, andAlenaTensor joins this discussion.
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The connection betweenAlenaTensor and theKilling tensor obtained in this paper reveals a deep, non-
linear connection between thematter distribution and the geometry and symmetries of spacetime. These
results show that thematter distribution in this approach is not arbitrary, but precisely tuned to the geometry
and hidden symmetries of spacetime, which allows for their further analysis in the language of Killing tensors
and conformalWeyl curvature. This also explainswhy in flat spacetimeTαβ is Noether tensor and in curved
spacetime, tensorTαβ turns into theKilling tensor, requesting, that translational symmetries in η αβ turn into
isometries of Killing vectors in k .

The obtained results regarding gravitational waves are qualitative in nature, as it is difficult to provide
quantitative experimental verification for sources understood as a consequence of the existence of an electro-
magnetic field alone. TheAlena Tensormodel, unlike othermodels, links theGR results to the fields under
consideration, treatingmatter solely as a consequence of the fields’ existence. This requires extending the
model to all gauge fields tomake realistic predictions, since generalization of theAlenaTensor to other fields
(e.g. electroweak) may correct some results, providing the possibility of experimental verification of the predic-
tions formore realistic sources. However, certain conclusions can be drawn thatmay allow experimental ver-
ification of the obtained results.

The obtained picture of Kundt spacetimewith dust would suggest, that in gravitational waves for sources
that can be treated simplistically as the result of the existence of an electromagnetic field alone, one should be
able to observe effects related to non-zero Ψ3 (visible twisted components). The obtained x and + polarizations
resulting from theWeyl tensor values (121) are consistent with the general conclusions ofGR andLIGO/Virgo
data [72]. Because thewaveformdepends strictly on the source dynamics, it cannot be analyzedwithout addi-
tional assumptions about the sources introduced into themetric. This does not seempossible directly for such
simplified sources as those discussed here and requires generalization of theAlena Tensor to other gauge fields.

However, as shown in 3.3, one can describe effective gravity for general case based on theAlena Tensor
approach, which provides an accurate representation of the energy radiated by the system for allmultipoles,
while remaining in agreementwithGR results. This approachmay allow for a simplification of the calculation
of gravitational waves also for knownmetrics (e.g. Kerrmetric) while confirming the correctness of theGEM
approach. The construction of the field f and the effective stress-energy tensor Φμν reproduces, at leading order
in the far zone, the full angular power distribution ofGR gravitational radiation for each individual (ℓ,m)
modewith ℓ � 2, including the standard quadrupolar pattern for ℓ = 2. After the proper amplitude identifica-
tion λℓ, the total emitted power and itsmultipolar decompositionmatch theGR results, where ℓ < 2modes
produce noTT radiation, in agreementwith the spin-2 character of the field.

Moreover, in the radiative far zone onemay equivalently reconstruct themetric perturbation in TT gauge
with a constant conformal factor in aKerr-Schild-type ansatz, and compute the physicalWeyl tensor. This
establishes a direct equivalence between the scalar-field formalism and themetric/Weyl description of gravita-
tional radiation, and identifies Λ as the geometric curvature scale linking the normalizedWeyl tensor to the
physical spacetime curvature, without altering any observable far-zone quantities. The obtained correct emis-
sion powers also impose the conclusion that the description ofmotion in the gravitational field, waveforms,
and dispersion resulting from theAlenaTensor schould also correspond to the results obtained inGR,
although, of course, this is still worth confirmingwith separate calculations.

4.2. Possible directions of further unification
As discussed in section 2.3, theAlena Tensor could be generalized to all gauge fields, but this requires further
research. The research on gravity and electromagnetism carried out in this article according to the approach of
Alena Tensor shows that, surprisingly, it naturally forces the existence of theHiggs-like potential and this
potential turns out to be necessary to even consider curved spacetime. The spontaneously appearing faithful
reproduction of theHiggs potentialmay of course be a completely coincidental result, but itmay also be an
indication that the proposed approach is worth further investigation and development for other fields
(electroweak, strong ormore general solutions), to obtain complete picture of unification.

This direction of research seems to be particularly important. For example, the unification of gravitywith
electroweak interactions has been analyzed so far, among others, in the context of symmetry breaking and
gauge geometry [73, 74], through the prismof the influence of gravity on the global properties of quantum
vacuum [75, 76], analogies between spin-gravity coupling and theHiggsmechanism [77] or analysis of chiral
fermions andCPT symmetry in the presence of curvature [78, 79]. It seems that the approach considered in the
article best fits into the last of these research directions, due to the possibility of analyzing the structure of the
Weyl curvature, the potential asymmetry of gravitational waves (related to Ψ3) and because it actually touches
upon chirality in the spatial and propagation sense, although not directly in the fermion sense.

An equally interesting research direction seems to be the use of the smooth transition between classical,
quantumand curvilinear descriptions provided by theAlenaTensor to reanalyze existing studies, such as [80].
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4.3. Conclusions on energy conservation in energy-momentum tensors
It is alsoworth raising the issue of the energy conservation in theAlenaTensor. As it follows from chapter 2, this
approach ensures local conservation of energy andmomentum, because the four-divergence of the tensor
describingmatter cancels the four-divergence of the field tensors. Additionally, for electromagnetism, the
AlenaTensor turned out to be a symmetric, canonical Noether tensorwith vanishing four-divergence. A similar
result can be expected after extending theAlena Tensor to all gauge fields, because this approach provides a
conclusion, that the cosmological constant is actually constant, which strengthens the argument for
conservation of energy. Although, obviously, another scenario should also be considered, especially in the
context of the dark sector.

It was e.g. shown in [81] that violating conservation of energy can generate effects corresponding to dark
energy,making such approaches attractive for cosmology. Similarly, in scalar-tensor theories in the Einstein
framework [82], the coupling of the dilaton tomatter causes energy not to be conserved locally, justifying a
reinterpretation of the field as effective. Also approaches based on non-commutative structures, such as [83],
introduce non-classical position operators, which result in four-momentumfluctuations and energy can trans-
fer between geometric dimensions, formallymanifested as a nonzero divergence of the energy-momentum
tensor.

As shown in [84], many nonconservative theories rely on geometric coupling, e.g., f (R,T) or amodified
metric structure, resulting in ∇μT

μν ≠ 0. In particular, Rastall theory [85, 86] introduces a dependence of the
four-divergence on the gradient of the Ricci scalar ∇μT

μν = λ∇νR, resulting in effective energy creation or
annihilation depending on the local curvature. This approach enables flexiblemodeling of dark energy and
darkmatter, and therefore provides a better fit to cosmological data. Violating the energy conservation princi-
ple whilemaintaining themetric,modifies the behavior ofmatter, but does not generate causality violations
and ensures formal convergencewith effective and entropy theories.

In diffusionmodels [87], the ∇μT
μν ≠ 0 describe entropy fluctuations, enabling consideration of thermo-

dynamicmechanisms of energy flow. Similarmechanisms occur inwave collapse theories in quantummechan-
ics [88], where randomperturbations to the system’s state lead to a constant exchange of energywith the
background. Thanks to such approach, violation of local conservation of energy andmomentum is not an
artifact of a flawed theory, but a deliberate extension of the classical framework, leading to new conclusions
about the nature of energy, gravity, and cosmological evolution.

In [89] awide class ofmodified gravity theories is discussed, including scalar-tensor or f (R,T) theories,
where additional geometric components coupled tomatter appear. Inmanymodels, thematter divergence is
locally nonzero, but by influencing themetric it is possible to conserve some formof global energy in an effec-
tive sense, and global boundary conditions (e.g., asymptotic flatness) determinewhether a total conserved
energy can be defined. E.g., themodel described in [90] is based on the general relativistic thermodynamics
equation (Gibbs-Duhem) and allows for fluctuations in entropy, temperature, and interactions. The lack of
local conservation thus translates into a global impact: thermodynamic actions canmodel dark energy and the
expansion of theUniverse. An important consequence is that total energy is not conserved globally, which has
key cosmological implications, e.g., extending the age of theUniverse through non-conservative dynamics.

Also in the context of unimodular gravity [91–93], the authors show that a local violation of a conservation
law, even a very small one, can generate the effect of an effective cosmological constant. If energy is not con-
served locally, a global effect (e.g., a positive accelerating influence) can be interpreted as a source of dark
energy, directly linking local divergence to global cosmological observations.

In light of the above review, in addition to generalizing to other fields, it is worth considering a potential
modifications of theAlenaTensor, adapting it to non-conserved energy-momentum frameworks. This would
open up additional possibilities for analyzing non-classical solutions andnewdirections of reasoning con-
tained in these publications, which could also increase the unification potential of theAlena Tensor.

In conclusion, it remains an open questionwhether theAlenaTensor is a correct way to describe physical
systems, but this paper shows that it exhibitsmany properties that are expected from such a description, includ-
ing the existence of gravitational waveswhose behavior and description agrees withGR. The author hopes that
the results obtained in this article will facilitate further use of discussed approach as a tool that can help develop
many different concepts. It seems that its further analysismay provide useful descriptions of the transforma-
tion between curved andflat spacetime and bring new insights that will contribute to a better understanding of
issues related to the broadly understood unification of physical theories.
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