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Abstract

The ZX-calculus is a powerful graphical language for reasoning about and optimizing
quantum computations, being able to represent and rewrite both quantum circuits and
measurement-based quantum computations (MBQCs) in a natural way, along with acting
as a tool to translate between the two aforementioned types of quantum computation.
Finding a circuit that is equivalent to a ZX-diagram can be #P hard [I1] - it is therefore
important to look at the classes of ZX-diagrams that we have efficient circuit extraction
algorithms for. The most general of these classes are ZX-diagrams with a property known
as Pauli flow - this is a property from measurement-based quantum computing which
ensures that computations remain deterministic despite quantum measurements being
inherently probabilistic. The standard ZX-calculus rules are not particularly well suited
to‘ measurement-based quantum computing as they often do not preserve the existence of
Pauli flow nor preserve the MBQC structure itself. Thus by developing our understanding
of ZX-calculus rewrite rules which preserve the existence of Pauli flow, we can better
understand which ZX diagrams we are able to efficiently extract a circuit from as well as

which Measurement-based computations we can perform deterministically.

In this thesis, I introduce new ZX-calculus rewrite rules and prove that these rules preserve
the existence of Pauli low. These rules have a variety of applications across many areas
of quantum computation which will also be explored - to start, I show that these rules
give us a procedure for rewriting any measurement-based quantum computation with
arbitrary planar measurements along with X, Y and Z Pauli measurements into a diagram
containing only XY-planar measurements and X and Y Pauli measurements (that is, only
containing green spiders in the ZX-calculus). T then show that when we restrict to the
stabilizer fragment of quantum computing - where we only have Pauli-measurements in
measurement-based quantum computations - we are able to find a complete set of rewrite
rules which preserve the existence of Pauli flow. To do this, I introduce a procedure for
rewriting any stabilizer ZX-diagram into a unique normal form using only flow-preserving

rewrite rules.



Finally, I examine the flow preservation of the “neighbour unfusion” rule of [60]. This rule
was used in an optimization procedure for reducing 2-qubit gate count but the authors did
not know in what cases this rule preserved gflow which was important for their algorithm
to function. Neighbour unfusion is a special case of one of the rules which I proved to
preserve Pauli flow and so it also preserves Pauli flow, but it is not as simple in the case
of gflow. I find a condition that is both sufficient and necessary for neighbour unfusion
to preserve the existence of gflow, along with providing less strict conditions for gflow to

be preserved that can function as useful heuristics in their algorithm.
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Chapter 1

Introduction

Quantum computing is a powerful and impactful field of research which is currently going
through a boom - investment in quantum computing from governments around the world
is at an all time high [56] and many companies and countri,ies are racing one another to
have the most powerful quantum computer (currently being dominated by Quantinuum
with their quantum computers H1-1 and H2) [54]. There are various different experimen-
tal methods that are being worked on to build quantum computers, including trapped
ions, superconducting qubits and photonics. Among the companies working on quantum
computers, IBM, Google and Rigetti are all working on superconducting qubits, Ion() and
Quantinuum are working on trapped ions, while Xanadu, PsiQuantum and Quandela are

working on photonic quantum computers.

Alongside the experimental work done to build quantum computers, there is much theoret-
ical work being done on many areas important to quantum computing, including quantum
algorithms, quantum error correction and quantum circuit optimization. Quantum algo-
rithms research involves finding new algorithms that can be run on quantum computers
to solve problems faster than classical computers, with the most famous examples be-
ing Shor’s algorithm [57] for factoring large numbers. Quantum error correction focuses
on finding ways to correct for errors that occur in quantum computations as quantum

computers are inherently noisy and errors can occur during the computation. Quantum



circuit optimization is a field of research which focuses on finding ways to reduce the
number of gates in a quantum circuit, as well as reducing the depth of the circuit (the
number of sequential gates that need to be applied) and the number of qubits used in the

circuit.

As quantum computaions are easily impacted by noise and we currently are not easily able
to perform wide-scale error correction, it is said that we are in the Noisy Intermediate scale
Quantum (NISQ) era [12] - it is therefore especially important to focus on optimization
of quantum circuits while we are not fully able to perform error correction as a more
optimized computation requiring less gates leads to less errors caused by the imperfect

implementation of said gates.

There have been many different approaches to optimizing quantum circuits, from directly
re-writing circuit diagrams [20], using path-sum techniques to using machine learning
techniques to brute-force the optimization |19 B32]. One particularly interesting tool for
optimization of quantum circuits is the ZX-calculus, a graphical language for reasoning
about (and rewriting) quantum computations. The ZX-calculus is universal, meaning
that any linear map between Hilbert spaces can be represented by a ZX-diagram, as well
as complete, which means that any two diagrams that represent the same linear map
are able to be rewritten into one another using the ZX-calculus’ rewrite rules. These
qualities have led to the ZX-calculus being used for a wide variety of applications in
quantum computing, including circuit optimization |27, [43] 60|, error-correction [23] [41]

and classical simulation [44] [6T] among other applications.

The ZX-calculus is inspired by Roger Penrose’s original graphical calculus for reasoning
about tensor networks and was developed initially by Bob Coecke and Ross Duncan [21]
(based on Coecke’s earlier work on categorical quantum mechanics with Samson Abram-
sky [1]), with large contributions by many others including Aleks Kissinger and Miriam
Backens. Of paricular importance to this thesis is the work done by Backens [6] on
the completeness of the ZX-calculus for stabilizer quantum mechanics, which is a class

of quantum mechanics that is efficiently simulable on a classical computer. After this,



completeness results were found for other fragments of the ZX-calculus, including the
Clifford4+T fragment [35] and the full universal ZX-calculus [52]. Other graphical cal-
culi have also been developed for reasoning about quantum computations, including the
ZW-calculus [34] and the ZH-calculus [8], both of which are also universal and complete -
these calculi are not as widely used as the ZX-calculus and T will not be discussing them

in this thesis.

One particularly interesting feature of the ZX-calculus is that it is also a natural model
for measurement-based quantum computation (MBQC) [9, 29|, a different paradigm of
quantum computing where one prepares a large entangled “resource state” and performs
the computation by sequential measurements of different qubits in said resource state.
Instead of sequentially applying quantum gates to qubits as in the quantum circuit model,
the measurement of physical qubits essentially applies the unitary maps to logical qubits

carrying through the measurement-based computation.

Measurement-based quantum computations are inherently non-deterministic as each mea-
surement has two possible outcomes - we therefore require extra conditions to be satisfied
for measurement-based computations to have a deterministic outcome. In particular, we
need to be able to correct for any undesired measurement outcomes by changing the mea-
surement angles of qubits to be measured in the future. Conditions which ensure these
corrections are possible are known as flow conditions [15, 24|, with Pauli flow [15 58|

being the most general of these flow conditions.

To be able to optimize quantum circuits using the ZX-calculus, it is important to be
able to effecively translate between quantum circuits and ZX-diagrams. While it is easy
to convert any quantum circuit into a ZX-diagram (as each quantum gate has a simple
translation to a ZX-diagram), the reverse problem of finding a circuit that is equivalent as
a linear map to an arbitrary ZX-diagram is in general #P hard [I1]. Diagrams with Pauli
flow are the most general class of ZX-diagrams for which we have a polynomial time circuit
extraction algorithm [58|, thus if we are able to apply Pauli-flow-preserving rewrite rules

(rules for which if the left side of the equality has Pauli flow, the right side of the equality



also has Pauli flow) to a ZX-diagram with Pauli flow, we know we will be able to easily
extract a circuit back out at the end. As ZX-diagrams corresponding to circuits (those
which can be constructed from only rotations, Hadamards and CNOT gates) naturally
have Pauli flow [58], flow-preserving rewrite rules provide us with a powerful tool for

performing circuit optimization tasks.

Another important area of quantum computing research is that of blind quantum com-
putation [31, 45]. As quantum computers are expensive and difficult to produce and
maintain, it is likely that most people using quantum computers will be doing so by re-
motely accessing a quantum server. This leaves room for interference from the owner of
said server, or for a bad actor to spy on the computation and discover the results. Blind
quantum computation protocols restrict the amount of information, whether it be inputs,
outputs or the algorithm itself, able to be obtained by a bad actor trying to interfere
with the computation. Flow-preserving rewrite rules have also found applications here,
allowing the user to add new qubits to be used as "traps" or to disguise the connectivity
of the algorithm they are trying to implement while maintaining determinism and still

implementing the same linear map [17].

For a graphical language like the ZX-calculus to be used optimally, we need to be able to
rewrite any two equivalent diagrams into one another using only the rules of the language -
this is a property known as completeness. Since Backens’ original stabilizer completeness
proof [6], there have been a multitude of completeness results for different fragments
of the ZX-calculus [39] [35], [52]. These results are not so applicable in the context of
MBQC as the rewrite rules used often break the MBQC-form structure of a diagram or
do not preserve any flow conditions and thus can lead to non-determistic computations
when applied to a diagram with flow. It is therefore interesting to consider whether it is
possible to find a set of MBQC-form-preserving and flow-preserving rewrite rules that are

complete for different fragments of the ZX-calculus.

Chapter 2 introduces quantum circuits and the ZX-calculus, explaining the rewrite rules

which make up the Stabilizer ZX-calculus’ ruleset and covering Backens’ original com-



pleteness result for the Stabilizer ZX-calculus [6]. Chapter 3 covers Measurement-based
quantum computing (MBQC) as well as each of the flow conditions, from least to most
general, then discusses flow-preserving rewrite rules that have been used previously in the
literature [27]. Chapter 4 contains all of the ZX-calculus rewrite rules which we proved to
preserve the existence of Pauli flow in both of our published papers [[46] and [46]]. Chap-
ter 5 contains our work on complete flow-preserving ZX-calculus rewrite rules published
in QPL2022 [46], while Chapter 6 contains our work on neighbour unfusion published in
QP1.2023 [47].

All of the work that was published (i.e. chapters 4, 5 and 6) is co-written by Miriam
Backens. They contributed largely to the sections on complete flow preserving rewrite
rules, specifically the parts involving the holant literature, as well as contributing to many
of the proofs throughout the work. They also provided me with the idea of looking further

into Pauli-flow preserving ZX-calculus rewrite rules.
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Chapter 2

Quantum Circuits and the

Z.X-calculus

In this section we shall introduce quantum circuits, give an overview of the ZX-calculus
and show that the ZX-calculus is complete for the stabilizer fragment of quantum me-

chanics.

2.1 Qubits

Quantum computation has traditionally used a circuit model similar to the logic-gate
model for classical computations. New developments in diagrammatic reasoning have
allowed us to find a much more powerful language - known as the ZX-calculus - in which
we can represent quantum algorithms in a similar way to circuits, but are also able to easily
manipulate the diagrams to perform optimization tasks - we are able to rewrite /optimize
circuits directly, but due to the rigid structure of quantum circuits and the complexity
of the rewrite ruels, this is not ideal. The ZX-calculus is more flexible than quantum
circuits and the rewrite rules are intuitive, often having some algebraic meaning. We
will first introduce the concept of quantum circuits and use them to motivate the ZX-

calculus.
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The circuit model of classical computation involves applying logic gates to bits. In much
the same way, the circuit model of quantum computation involves applying quantum gates

to qubits. We shall now define these terms.

Definition 2.1.1. A qubit is an element of C2, that is to say that it takes the following

form, where a,b € C.

A qubit is normalised if it has norm 1, i.e. |a|’ + |b|° = 1.

Using only normalised qubits removes a lot of un-needed complication from calculations
without losing anything of importance, thus henceforth we shall implicitly mean “nor-

malised qubit” whenever we say qubit.

Much like how bits can be in the state 0 or 1, qubits can be in the following two important
states, known as the standard, canonical or Z basis.

0) = ! and |1) =

0 1

The key difference between classical and quantum computing is that qubits can exist in
any superposition of |0) and |1) - in general, we may write the state of any qubit as
|Y) = a|0) + b|1) with a,b € C. Qubits ‘live’ in a Hilbert space, which is a vector space
with a distance function such that the space is a compete metric space with respect to
said distance function. Given two Hilbert spaces H and H’, we can form the combined
space H ® H' where ® is called the tensor or monoidal product. The combined state
of two independent quantum systems is equal to the tensor product of the states of the

individual systems.

|0) and |1) do not form the only basis over C2. We will also regularly use the following

basis, known as the Hadamard or X basis.
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[+ = 00+ =35 |

and
S =0 - =
Here the \/Li term is needed for normalisation.
The two aforementioned bases are known as the Z and X bases as these states (vectors)
are the eigenstates (eigenvectors) of the Pauli Z and Pauli X operators respectively. The
Pauli operators commonly appear throughout all of quantum mechanics and computing,

and are defined as follows.

0 1 0 —i
X = , Y = and Z = .
10 1 0 0 -1
The eigenstates of a matrix/operator are the states for which the operator only acts as
a scalar when applied to said states - that is, for a matrix M, its eigenstates |¢)) are

those that satisfy M [)) = A |¢) for some A € C. We can then see that |0) and |1) are

eigenstates of Pauli-Z and that |+) and |—) are eigenstates of Pauli-X.

1 0 1 1
Z10) = = [=10
0 —1_ 0 0
1 0 0 0
Z1) = = | =-m
0 —1] |1 —1
X|4) L 0 1|11 . 1 )
v 1 0f |1 V2 1
1 1 —1
X|-) =4 =5 [ =-1
v 1 0] |—1 v 1

Another important property of qubits that distinguishes quantum computing from regular
computing is entanglement. We say that a product state of two (or more) qubits is

separable if it can be written as the tensor product of two single qubit states. A multi-

13



qubit state that is not separable is said to be entangled. The most commonly used

entangled states are the Bell states (or Bell basis), given below.

%) = Z5(10) ® |0) + 1) ® 1))
7)) = 75(10) @ |0) = 1) ® |1))

[97) = Z(10) @ 1) + 1) @10))
) = 5(10) ® 1) = 1) ®0))

We can now see how measuring one of the entangled qubits tells us the state of the other
- say we measured the first qubit of a pair in the state |¢™) and found it was in the state

|0). We then know that the second qubit is also in the state |0) by the following;

(0¢) = 5((0110) @ [0) + (0] [1) @ |1)) = 5(1®[0) + 0® |1)) = 75 |0)

2.2 Quantum circuits

2.2.1 Single Qubit gates

The most commonly used model of quantum computing is the quantum circuit model.
This involves applying a sequence of quantum gates to qubits and then performing mea-
surements to read out data at the end of the computation. We shall define quantum gates

and give examples of them here.

Definition 2.2.1. A unitary map is a linear map U : H — H on a Hilbert space H

satisfying UTU = UU' = I, where I : H — H is the identity map.

A quantum gate on d-dimensional qudits is a unitary map U : C*" — C?" between two
Hilbert spaces corresponding to the state spaces of qudits. As we shall be working with

only qubits, quantum gates will be unitary maps from C?" to C*".

Examples of single qubit gates include the Pauli matrices (X,Y and Z) defined in the

previous section, along with the following three important gates.

14



1115 1 0 . 1
2 y P = and 1 = v
ﬂ1—1 0 i 0 e7

H—

Note that 72 = S and S? = Z. Moreover, we can define arbitrary Z and X ‘rotations’ as

follows.
1 0
Rz(a) = ,
0 eza
cos(2) —isin(2)
RX(OZ) _ 2 2
—isin(§)  cos(%)

We can then see that Z = Rz(m), S = Rz(5), T = Rz(}) and X = Rx(m), where =
means equality up to some scalar s with |s| = 1 (there are several valid definitions of Ry
- with this definition of Rx(a) we have X = iRy (m)). Phases (scalars with modulus 1)
have no effect on the overall computation and can be corrected for classically, thus we are
able to ignore these without any impact on the validity of our calculations. This is also
the reason why there are several valid definitions for Rx (and also Ryz) - ¢’“Rx is a valid

definition for all o due to phases not changing anything.

A Z-rotation of angle a sends a state a|0) + b|1) to a|0) + b |1), introducing a phase
of € between the two Z-basis states. Similarly, an X-rotation of angle o sends a state
al+) + b|=) to a|+) + €b|-), introducing a phase of €™ between the two X-basis

states.

The aforementioned H-gate, known as the Hadamard gate, is the basis-change matrix
taking the Z-basis to the X-basis and vice versa. This will appear frequently going
forward and thus it is important to develop a good understanding of its uses. We have

the following.
H|0) = |+) and H |1) = |-).
H|+) =10) and H|-) = |1).

HoRz(a)oH = Rx(a) and Ho Ry(a) o H= Rz(«)

15



H o H = id, where id is the identity.

2.2.2 Two qubit gates and universality

All of the quantum gates we have introduced so far have only applied to one qubit -
to be able to perform any useful computations, we must also be able to have different
qubits interact with each other in some way. The most commonly used two qubit gate is
the CNOT or Controlled-NOT gate - this requires us to have one qubit be the ‘control’
and the other the ‘target’. If the control qubit is in the state |1), the CNOT gate acts
by applying a NOT (Pauli-X) gate to the target, and acts as the identity if the control
is in the state |0) (extending to all other states by linearity). Explicitly, we have the

following.

CNOT =10) (0| ®id + |1) (1] ® X

In quantum circuit notation, CNOT gates are represented as follows.

[ —

_69_
The two-qubit CNOT gate along with single qubit Rz(«) and H gates are sufficient

to represent all quantum circuits [53]. Alternatively, the CNOT gate along with single
qubit S, T, Z and H gates are sufficient to approximate any quantum circuit to arbitrary

precision - this gate set is known as Clifford+T [14].

It is often not practical to only use the aforementioned gates, and can be useful to define
some other quantum gates even if they are simply composites of CNOTs, Z rotations and
Hadamard gates - in particular, the Controlled-Z (CZ) gate will be of much use to us
later on. The C'Z gate again has a control and a target and applies a Pauli-Z to the
target if the control is in the state |1), however this gate is symmetrical and so it does not
actually matter which qubit we choose to be the control and which is the target. Again,

explicitly we have the following.

16



CZ =0) (0| @id+ 1) (1] ® Z

The C'Z-gate can be written in terms of CNOT gates and H-gates as follows.

———

——  ArleHrl-

2.3 The ZX-calculus

Quantum circuit diagrams are useful for graphically representing quantum computations,
but are not so suited for use in optimization or reasoning about quantum computations in
general due to their rigid structure and due to the circuit rewrite rules being unintuitive
and confusing. The ZX-calculus is an alternative to quantum circuit diagrams that allows
us to both represent and reason about quantum computations easily and will be the focus
of this thesis. We will provide a brief introduction to the ZX-calculus here; for a more

thorough overview, see [22] 64].

2.3.1 ZX-diagrams

A ZX-diagram consists of spiders and wires. There are different conventions for how to
read the diagrams - we will use the convention that diagrams are read from left to right:
wires entering a diagram from the left are inputs while wires exiting the diagram on the
right are outputs, like in the quantum circuit model. ZX-diagrams compose in two distinct
ways: sequential composition, which involves connecting the output wires of one diagram
to the input wires of another, and parallel composition (or the tensor product), which just
involves drawing one diagram vertically above the other. The linear map corresponding

to a ZX-diagram D is denoted by [D].

ZX-diagrams are generated by two families of spiders which may have any number of
inputs or outputs, corresponding to the Z and X bases respectively. Z-spiders are drawn

as green dots and X-spiders as red dots; with m inputs, n outputs, and using (-)®* to

17



denote a k-fold tensor power, we have:

L] = e e e e e | - 1 e e

Spiders with exactly one input and output are unitary, in particular [-(@-] = |0) (0| +
¢ 1) (1] = Rz(e) and [-@-] = [+) (+] + € |=) (= = Rx(a).

Two diagrams D and D’ are said to be equivalent if [D] = 2z [D'] for some non-zero
complex number z. For the rest of the paper, whenever we write a diagram equality we
will mean equality up to some global scalar in this way - as long as there is no non-zero
scalar, we know that we could have used the ZX-calculus with scalars and tracked the
scalars if needed, and so we can take equality up to any non-zero scalar when using the
scalar-free ZX-calculus. For treatments of the ZX-calculus which do not ignore scalars see
[7] for the stabilizer fragment, [39] for the Clifford+T fragment and [35] [40] for the full

ZX-calculus.

The Hadamard gate H = |+) (0] + |—) (1] = Zz o Xz o Zz will be used frequently. The
bra-ket definition of H is somewhat obvious as it is defined as the gate which sends |0) to
|+) and |1) to |—) - the decomposition as Z and X rotations is less obvious and we shall
show that this holds now.
ZeoXso0Zs = 1 0 cos(§5) —i sin()%) 1 0

0 €%| |—isin(%) cos(2



Figure 2.1: A complete set of rewrite rules for the scalar-free stabilizer ZX-calculus. Each
rule also holds with the colours or the directions reversed.
The Hadamard gate has two common graphical representations — a yellow square, or a

blue dotted line — with the latter only used between green spiders:

- = 5@G —O00— = —O—{}—0—

2.3.2 ZX-calculus rewrite rules

The ZX-calculus is equipped with a set of rewrite rules which can be used to transform a
ZX-diagram into another diagram representing the same linear map. We give a rule set
for the stabilizer ZX-calculus in Figure [2.3.2] - we shall give a formal definition of what
“stabilizer” means in section 2.4, Note that each rule also holds with the colours swapped

from green to red and vice-versa and also hold with directions reversed.

Together with the definition of {1— and the meta-rule “only topology matters”, this set
of rewrite rules is complete: any two stabilizer ZX-diagrams which correspond (up to
non-zero scalar factor) to the same linear map can be rewritten into one another using

these rules [0].

The stabilizer ZX-calculus is only complete for diagrams where each phase is a multiple of
7 — there exist complete sets of rewrite rules for the Clifford+T fragment [35, 39] (where
each phase is a multiple of §) as well as the ZX-calculus with arbitrary phases [40, [52],
but these just add extra (complicated and less intuitive) rules onto the stabilizer ZX-
calculus’ set of rewrite rules, and so we shall focus on the Stabilizer rules here. In the

following sections we shall explain each of the Stabilizer ZX-calculus rewrite rules in more
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detail.

2.3.3 Only Connectivity Matters

ZX-diagrams form a dagger compact category (more specifically a PROP - we shall not
be covering category theory in detail here as it will not be relevant for the rest of our
work; for more on this see [36]). Additionally, ZX-diagrams satisfy a property known as
flex-symmetry which allows legs of spiders to be swapped and bent around arbitrarily [I§].
As a result of this, we are able to treat ZX-diagrams as graphs - only the connectivity
of the diagram matters and not how the diagram is embedded in the plane. This allows
us to move around spiders at will and arbitrarily stretch, bend and twist wires without

affecting the interpretation of the diagram. Some examples of this meta-rule in action are

—

A

given below.

O—

2.3.4 Spider Fusion

The first rule in is known as spider fusion and it says that connected spiders of the
same colour can be merged together, summing their phases. We can also read this rule
from right to left and arbitrarily decompose a spider, splitting off any subset of the wires

entering and leaving the spider as well as splitting off whatever phase we like onto a new

spider (providing the phases still sum to the original phase).

Spider fusion is easily seen to hold when each spider has only two legs - this then says that
doing a Rz(«) rotation then a Rz(/) rotation is the same as doing a single Rz (a + f3)

rotation, as seen below.

—@@— - -@»

When the spiders have multiple legs, we can see that spider fusion holds from the definition
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of the spiders and by thinking of the spiders as copy maps for their corresponding bases.

Consider the one-input, two-output phaseless spiders.

—C mma o =R

If we input |0) or |1) into the green spider, we get two |0)s or two |1)s output (similarly
with |0) and |1) replaced with |[+) and |—) in the case of the red spider). We can therefore
see the one-input, two-output spiders as copy maps for the basis elements. We can
generalise this to copying a basis element more than once by connecting many of these
one-input, two-output spiders together — we then see that this operation being associative

is a consequence of the spider fusion rule.

Similarly, if we look at the adjoint of the copy maps, that is the 2-input, 1-output phase-

less spiders, we see that we can generalise these to n-input, 1 output maps in a similar

D o
O =

-

We can therefore think of more complex spiders with multiple inputs and outputs as

way.

compositions of the copy maps and their adjoints via the spider fusion rule. We can
introduce phases by connecting a 1-arity spider with a phase onto one of the legs of our

spider which through spider fusion adds the phase to the spider as a whole.

In Dirac notation we have (|07) (0|17} (17[)(|0) ke | 1)) = |07) (07| +-eier [17) (171,
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We can see that spider fusion holds here simply through the Dirac notation interpreta-
tion of the diagrams. We can therefore think of generalised spiders with phases as a

composition of copy maps, their adjoints and single-legged phase spiders.

2.3.5 Strong Complementarity

The families of green and red spiders satisfy a property known as strong complementarity.
In the language of the ZX-calculus, this means the following rules hold (as well as with

directions and colours reversed).

T >

The first rule, known as the copy rule, holds as 0-phase 1-legged spiders are the ba-
sis elements that are copied by spiders of the other colour - in Dirac notation we have
(10™) (O] + |1™) (1])]0) = |0™) (and similarly with the X-basis when the colours are re-

versed).

Example 2.3.1. The second rule is not quite as easy to see where it comes from. This is
known as the bialgebra rule as it comes from the copy maps of one colour and the adjoint
of the copy map of the other colour form an algebraic structure known as a bialgebra.
A simplified way of thinking of this is that for Z-basis elements, the 1-input, 2 output
phaseless green spider acts as the copy map and the 2-input, 1-output red spider acts as

an XOR (again with the same holding for the X-basis with the colours reversed).

o -~ =)

We then see that on basis elements, applying an XOR to two inputs and copying the
result is the same as copying both inputs and applying two XOR gates, each with one

copy of each of the inputs, seen diagrammatically as follows.
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For more on the bialgebra rule and to see a full proof of why this holds, see [22].

2.3.6 m-commutation

The final stabilizer ZX rewrite rule to explain is m-commutation, given diagrammatically

as follows.

This essentially boils down to Ry (w) gates acting as NOT gates for the Z-basis (and
similarly Rz(m) gates acting as NOT gates for the X-basis). We can see this holds in

Dirac notation.

(10™) (O] + e [17) (1)(|0) (L] + [1) (O]) = 10") (1] + €™ [1)" (0]
= (0) (1] + 1) (D= (11") (1] + € 0") {0])

= e"([0) (1] + [1) (0D =" (10") (O] + e~ [17) (1)

Here the first map corresponds to the diagram on the left hand side of the equality in the
m-commutation rule and the final map is the same as the diagram on the right up to a
global phase of ¢**. Viewing the green spider as a generalised copy map, this essentially
says that applying a NOT before copying is the same as applying a NOT to each copy

(as long as we correct for the phase change).

23



2.3.7 Other useful derivable rewrite rules

From the rules given in [2.3.2] we are able to derive many other useful rules. We shall
introduce a few of the more important derivable rules here =- to read more on this see [10].
We shall begin by deriving the Hopf law which is used to disconnect two opposite coloured
spiders with two legs connecting them - this rule is often given as an axiom of the calculus

but is derivable from the other rules we have given.

Proposition 2.3.2. The “Hopf law” given below is derivable in the ZX-calculus.

@:o%

Proof. Consider the following sequence of rewrites.

T

Here the first equality uses the identity rule for two-legged phaseless spiders, the second

uses spider unfusion and “only connectivity matters”, the third uses the bialgebra rule
and the forth uses the copy rule. The final equality is because diagrams with no inputs
or outputs correspond to scalars (moreover this scalar is equal to (|+) + |—))((0] + (1]) =
|4+) (0] + |—=) (0] + |+) (1] + |—) (1] = |+) (0] + |—) (O] which is non-zero) and we take

equality to be up to some scalar factor. O

Proposition 2.3.3. The “m-copy” rule given below is derivable in the Zx-calculus.

Proof. Consider the following sequence of re-writes.

SEE S

Here the first equality uses spider unfusion, the second uses m-commutation, the third

uses the copy rule and the last uses spider fusion. O
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2.4 Stabilizers

Stabilizers are an important concept in group theory that also appear heavily in the
Quantum computing literature and will be of importance going forward. We have already
mentioned the stabilizer fragment of quantum computing and in this section we shall
properly define what this means. We begin by introducing how we can act upon elements

of a set with elements of a group.

Definition 2.4.1. If G is a group with identity id and X is a set, a (left) group action «
of G on X is a function o : G x X — X satisfying the following axioms for all g,h € G
and all x € X:

1. a(id,z) =x
2. a(g,a(h,z)) = a(gh,z)

An example of a group action could be applying elements from the group of unitary maps
on a single qubit to the set of all ZX-diagrams. The maps of particular interest to us here
are those which shall act as the identity on certain ZX-diagrams - this is exactly what a

stabilizer is, as we shall define below.

Definition 2.4.2. Suppose we are given a group G and a set X. For every x € X, the
stabilizer subgroup of G with respect to x is the set of all elements of G that act as the

identity map on x:
Gy ={g € Glgz =z}

Going forward the stabilizers of quantum states will be of particular use to us - the reason

for this is most easily demonstrated using an example.

Example 2.4.3. Consider the following Bell state on two qubits:

™) = J5(100) — [11))

Notice that the following equalities hold:

Z\Zy|o7) = —Z1|¢7) = |¢7)
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X1 X3 [¢7) = =X1(55(101) — [10))) = = (|11) — [00)) = |¢™)

Therefore 7175 and —X; X, are stabilizers of |¢~) (alternatively we say that |¢p~) is
stabilized by Z; Z5 and — X7 X5). More importantly (and less obviously), |¢ ™) is the unique
two-qubit quantum state that is stabilized by Z;7Z5 and —X;.X, - sometimes quantum
states can be more easily described by their stabilizers, which is why we care so much

about them [53].

In the previous section, we introduced the stabilizer ZX-calculus rewrite rule set, without
fully defining what this means - we shall introduce this properly now. First, recall that

the Pauli operators are given by the following matrices;

01 0 —i 1
X = LY = and Z = .
10 ¢t 0 0 -1

Definition 2.4.4. The Pauli group on n qubits, P,, consists of all tensor products of

Pauli and identity matrices with phase factors in {1, i}, i.e.
P,={ag1 ¢ ® ... ® gpla € {£1,+i} and g; € {[, X,Y, Z} fori =1,2,...,n}
An n-qubit quantum state is called a stabilizer state if it is stabilized by P, [6].

Of particular importance are the Clifford operators, which always map stabilizer states
to other stabilizer states. We shall also give the formal definition for Clifford operators

here.

Definition 2.4.5. The Clifford group on n-qubits, denoted C,,, is the group of operators

which normalize the Pauli group;
C,={U|Vge P, :UgU' € P,}

Importantly, it can be shown that the Clifford group is generated by S, H and CNOT [53].
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2.5 Completeness of the ZX-calculus for the Stabilizer
fragment

In this section we shall introduce everything necessary to show that the ZX-calculus
is complete for the stabilizer fragment. Completeness means that any two diagrams
representing the same linear map can be rewritten into one another using the rules of the
calculus - we focus on the stabilizer fragment here as it is most relevant to our work later

in this thesis and also is the most simple to understand.

Definition 2.5.1 ([28]). A graph state diagram is a ZX-diagram where each vertex is a
(phase- free) green spider, each edge connecting spiders has a Hadamard gate on it, and
there is a single output wire incident on each vertex. A ZX-diagram is in graph state with
local Clifford (GS-LC) form if it is a graph state up to single qubit Clifford operators on

the input and output wires.

As we are working in the stabilizer fragment, there are a finite number of possible single

qubit Clifford operators - it is useful to classify these somehow.

Lemma 2.5.2. Any single qubit Clifford operator can be written uniquely in one of the

two following forms:

@@

with a, B,y € {0, 5,7, —5}.

Proof. The fact that any Clifford operator can be rewritten into these forms follows from
applying the spider rule, the m-commutation rule and the Euler decomposition of the
Hadamard, noting that S = —SZ. The uniqueness comes from that there are 24 distinct

normal forms shown here which is equal to the size of the single qubit Clifford group [6].

]

All stabilizer diagrams correspond to a stabilizer state diagram under map-state dual-

ity |22] (also known as the Choi-Jamiolkowski isomorphism) - essentially, we can attach
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caps to each input of a stabilizer diagram to turn these inputs into outputs, turning the

process into a state as seen below.
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All stabilizer states are local-Clifford equivalent to some graph-state [51] and thus every
stabilizer state can be rewritten into GS-LC form. The proof that each stabilizer state

can be written in GS-LC form is covered in detail in [6].

The stabilizer completeness result largely depends on the following rewrite rule which will

be used frequently throughout the rest of our work.

Definition 2.5.3. The following rewrite rule, known as Local Complementation, holds

in the ZX-calculus [28] and is derivable in the stabilizer ZX-calculus.

Lot Lot .
.7 ) .7 )
v / ’
S N S
' s N
H o S
' /, /,
' ,
[ ;.
H . ST
’, . o .
1, : g . (:)

We can use local complementation to change the Clifford operators applied on the outputs
of spiders as well as to change the connectivity of the diagram. Given two connected
vertices u and v, doing a local complementation on u, then another on v, then a third on
u is known as a pivot and has some important properties that will be useful throughout
this thesis. Here it is important as it applies Hadamard gates to the outputs of both
uw and v as seen below, allowing us to turn two connected red vertices into two green

vertices.

28



We have now defined the tools needed to show that the stabilizer ZX-calculus is complete.
We shall do so by rewriting diagrams to a (pseudo) normal form and then showing that
any two diagrams in this form that are equivalent can be rewritten into one another. In
the following, a “vertex operator” means the local Clifford operators that are applied on

the output of a green spider in a graph state.

Definition 2.5.4. A ZX diagram is in reduced GS-LC (rGS-LC) form if it is a graph-state
diagram where the single-qubit Clifford operators are all in the set {5}, F5-@-} for
some k € Z, and if no two qubits with red phases in their vertex operator are connected

to each other.

Using local complementation and pivoting, we are able to rewrite any diagram into rGS-

LC form.

Theorem 2.5.5. Any stabilizer state is equal to some rGS-LC diagram in the ZX-calculus.

Proof. As previously mentioned, each stabilizer state can be rewritten into GS-LC form
using stabilizer ZX-calculus rewrite rules. By each vertex operator can be brought

into one of the following two forms

—@—0— o —@EEG

A local complementation about a vertex v pre-multiplies the vertex operator of v with a red
== phase spider, allowing any vertex operator to be brought into one of the forms of
by applying some number of local complementations. Applying a local complementation
to a vertex v also toggles the connectivity of its neighbours along with applying a green
5 phase spider to each neighbour - premultiplication by a green 7 does not map the
vertex operators in to itself, but does not increase the number of red nodes in vertex
operators. Therefore, the process of removing red nodes with local complementations
must terminate after at most 2n steps for an n-qubit diagram, at which point all vertex

operators will be in the set defined in [2.5.4]

Once all vertex operators are in the right form, any two neighbouring vertices with red
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nodes in their vertex operator can have their red nodes removed using a pivot and poten-

tially extra local complementations, leaving the diagram in rGS-LC form. O]

To obtain completeness, it remains to show that any two equivalent rGS-LC form diagrams
can be rewritten into the same diagram. The proof of this is long and will not be covered

in extensive detail here, but we shall describe the process - for the full proof, see [10].
The proof begins with the following definition;

Definition 2.5.6. A pair of rGS-LC diagrams on the same number of qubits is called
simplified if there are no pairs of qubits p,q such that p has a red node in its vertex
operator in the first diagram but not the second, ¢ has a red node in the second but not

the first, and p and ¢ are adjacent in at least one of the diagrams.

It is then shown that any pair of rGS-LC diagrams can be simplified. The proof concludes

by proving the following theorem.

Theorem 2.5.7. The two diagrams making up a simplified pair of rGS-LC diagrams are

equivalent (correspond to the same quantum state) if and only if they are identical.

Therefore the process of simplification of a pair of rGS-LC diagrams is sufficient to rewrite
any two equivalent rGS-LC diagrams into the same diagram. We can therefore rewrite any
two equivalent stabilizer states into one another using only the stabilizer ZX-calculus rules

(along with other rules derivable from the standard stabilizer ZX-calculus rules).
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Chapter 3

Determinism in Measurement-based

Quantum computing

3.1 Quantum Measurements

One of the more confusing concepts in quantum computing is the concept of measure-
ments. Consider some qubit in an arbitrary state [)) = a|0)+b|1). If we were to perform
a Z-basis measurement on this state, we could obtain either |0) or |1) as the result, with

probabilities a? and b? respectively.

Example 3.1.1. Consider the following diagram, consisting of two qubits with a C'Z-gate

applied between them.

If we were to prepare the top qubit in the positive eigenstate of the Pauli-Y operator,

then measure it in the Pauli-Z basis, we would obtain the following.

@ @& _ @

4@7

This is then equivalent to a circuit with just one qubit where we have applied an S-gate.

We can now see that measurements can also be used to implement unitary maps, which
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will be an important concept in the rest of this thesis.

When using measurements to implement linear maps, we need specific measurement out-
comes to occur to obtain the exact linear map that we want. As we don’t know that each
measurement will give the desired result, we need to know that we can correct for an error

by adapting future measurements in order for things to be deterministic.

3.2 Measurement-based Quantum computation

Measurement-based Quantum computation (MBQC) is a particularly interesting model of
quantum computation with no classical analogue. In MBQC, one first constructs a highly
entangled resource state that can be independent of the specific computation that one
wants to perform (only depending on the ‘size’ of the computation) by preparing qubits
in the |+) state and applying C'Z-gates to certain pairs of qubits. The computation
then proceeds by performing single qubit measurements in a specified order. MBQC is
a universal model for quantum computation — any computation can be performed by
choosing an appropriate resource state and then performing a certain combination of

measurements on said state.

MBQC restricts the allowed single-qubit measurements to three planes of the Bloch sphere:
those spanned by the eigenstates of two Pauli matrices, called the XY, Y Z and X Z planes.
Each time a qubit u is measured in a plane A\(u) at an angle «, one may obtain either the
desired outcome, denoted (4 ()|, or the undesired outcome (—xw).a| = (+a@w),atx|- The

allowed measurements are described by the following for o € [0, 27][[24] p.292):

v = 0+ 1) |—xva) = 5(0) — e 1))
[+x2,0) = cos(5) [0) +sin(5) |1) |—x2z,a) = sin($) [0) — cos($) [1)
[+vza) = cos(§)|0) +isin(5) [1) |=vza) = sin(§) |0) —icos(5)[1)

Measurements where the angle is an integer multiple of 7 are Pauli measurements; the

corresponding measurement type is denoted by simply X, Y, or Z. The ZX-diagram
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Table 3.1: MBQC measurement effects in Dirac notation and their corresponding 7ZX-
diagrams.

corresponding to each (desired) measurement outcome is given in Table [3.1]

Remark 3.2.1. Throughout this thesis, we will use green spiders with an angle «a to
represent XY measurements - this is due to it being inconvenient to add a minus sign
every time we talk about XY measurement. If one was to try implement any of the
measurement based computations used throughout the paper, they should note that a
green measurement with a phase of a corresponds to a measurement in the XY-plane at

an angle of —a.

Measurement-based computations are traditionally expressed as measurement patterns,
which use a sequence of commands to describe how the resource state is constructed and

how the computation proceeds |25].

Definition 3.2.2. A measurement pattern consists of a collection V' of qubits with dis-

tinguished subsets I,O C V of inputs and outputs, and a sequence of commands from;
e Preparations N, initialising qubit v & I to |+);
e Entangling operators E,,, applying a C'Z gate between distinct qubits u and v;

e Destructive measurements M, projecting qubit u onto either |+, ) with outcome

0 or |—x4) with outcome 1;

e Corrections [X,]" or [Z,]", conditionally applying an X or Z gate to qubit u € V' if

the outcome of measurement v was 1.
A measurement pattern is runnable if additionally:
e All non-input qubits are prepared exactly once;

e A non-input qubit is not acted on by any other command before its preparation;

33

@




e All non-output qubits are measured exactly once;
e A non-output qubit is not acted on by any other command after its measurement
e No correction depends on an outcome not yet measured.

As the resource states are graph states, a graphical representation of MBQC protocols
can be more intuitive; we shall therefore focus on the representation of MBQC with

ZX-diagrams.

Definition 3.2.3. [9, Definitions 2.18, 2.23] A ZX-diagram is in MBQC-form if it consists
of a graph state diagram in which each vertex of the graph may furthermore be connected
to an input (in addition to its output), and a measurement effect instead of its output.
A 7ZX-diagram is in MBQC+LC-form if it is in MBQC-form up to single qubit Clifford

operators on the input and output wires.

Much of the literature on MBQC focuses on labelled open graphs which are a graph
theoretical description of measurement patterns that are equivalent to MBQC-form ZX
diagrams. We shall introduce labelled open graphs briefly below and may use MBQC-form

diagram and labelled open graph interchangeably going forward.

Definition 3.2.4. A labelled open graph is a tuple I' = (G, 1,0, \), where G = (V, E)
is a simple undirected graph, I C V' is a set of input vertices, O C V is a set of output
vertices, and A : V' \ O — {X,Y, Z, XY, XZ, Y Z} assigns a measurement plane or Pauli

measurement to each non-output vertex.

3.3 Corrections in MBQC

3.3.1 Causal flow

When performing a measurement-based quantum computation, the outcome of the com-
putation depends on the outcomes of each individual measurement. To ensure that the
computation gives a deterministic outcome (i.e. gives the same result every time we per-

form said computation), we need to be able to apply corrections each time we obtain
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the undesired outcome from a measurement. When measuring a qubit at an angle «,
the undesired outcome is equivalent to measuring said qubit at an angle of a + 7. The
following examples illustrate how we can correct for an undesired measurement using the
Z X-calculus’ rewrite rules - we shall begin with diagrams only containing XY -measured
qubits and generalise this to allow all planes along with Pauli measurements in the fol-

lowing sections.

Example 3.3.1. Consider the following MBQC-form diagram.

O----O——
a b

Here, we consider a to be measured at an angle «, but we have obtained the undesired
outcome of said measurement. Using spider fusion and unfusion, we can move the 7 error

as follows.

We can then apply the colour change rule to pass the green 7 through the Hadamard

gate, followed by applying m-copy to obtain a red 7 on the output wire.
@ @ @
= O——(@®-0 = O—o—0@)
a b a b a b

Clifford gates on output wires can be corrected for by re-interpreting the measurement
outcome, thus we have found a way to correct the error obtained from measuring a. Here

we say that we can correct a on output b.

This example illustrates that it is possible to correct for undesired measurement outcomes
but is an extremely basic example of this. We shall now consider a slightly more complex

case.

Example 3.3.2. In the following diagram, we shall consider measuring a first and ob-

taining the undesired measurement outcome. We can correct the error on a as follows.
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It now looks like b has an error on it, however if we measure b after a then we can just
change the angle we measure b at from 3 to 8+ 7. We thus see that we need a (partial)
order on the vertices to be able to perform corrections. If we then measure b and obtain

the undesired result, we can correct for this on output vertex d.

Generalising the result from the previous example, if we correct an error by applying a
red 7 to a vertex v, we must apply green 7s to each of v’s neighbours due to the m-copy

rule.

We can now define a condition on diagrams which ensures they can be corrected in this

way. In the following, f assigns a corrector to each measured vertex.

Definition 3.3.3 ([I5], Definition rephrased). An MBQC-form diagram I' = (G, I, 0, \)

has causal flow (f, <) if, for all measured vertices v € V'\ O, we have the following.

1. v and f(v) are neighbours..

2. v < f(v)

3. If w e Ng(f(v)) and w # v then v < w.

Causal flow is a sufficient condition for ensuring strong, stepwise and uniform determinism
of MBQC-form diagrams with only XY -measured vertices. This means that all branches
of the computation should implement the same linear operator up to a phase, any interval
of the computation (along with the associated corrections) should be deterministic on its
own, and the computation should be deterministic for all choices of measurement angles.
We shall say deterministic to mean strong, stepwise and uniformly deterministic from
henceforth. In the next subsection we shall develop a condition that is both sufficient and

necessary for this.

36



3.3.2 gflow

For causal flow, we only allowed ourselves to 'push forward the m-error’ once. Generalised
flow (or gflow) is essentially what we obtain when we allow ourselves to push forward

errors as many times as we like.

Example 3.3.4. Consider the following diagram [I5].

This diagram can never have a causal flow as each output is connected to two or more of
the measured vertices - no matter which order we measure the qubits in, an error on the
last measurement would require us to apply a green 7 correction to an already measured

vertex which is not allowed.

For example, suppose we tried to correct a with vertex d, b with vertex e and ¢ with
vertex f. Correcting a with d would put a green m on b as seen in the diagram below,

thus a must be measured before b.

©
™ (@ @ PO o-@—
a a a
o S— —O0— o{(m)-8—0 @0 @ . d
7 d o d
/;r b b N AN

= —b@j od— = %@; e - b '\ 0

Similarly, correcting b with e would put a green 7w on ¢, thus b must be measured before

N
Y

\}{/ N\ e
PN \
- ~el

c. Then, correcting ¢ with f would put a green m on both a and b, meaning that ¢ must

be measured before both a and b, giving a contradiction.

Nonetheless, we are still able to correct for errors in this diagram. By pushing the afore-
mentioned green 7s that would appear on a and b (when correcting for an error on ¢) onto

output d, as seen in the following diagram, we find a way to correct for errors on ¢ using

37



only future vertices.

We call {d, f} the ‘correction set’ of ¢ here.

Pushing errors around the diagram as done previously can get complicated - often it is
easier to use another property of graph states to find correction sets. Given some subset
D of the vertices of a graph GG, we denote the set of vertices which have an odd number of
neighbours in D by Oddg(D). Using this, we can define the ‘fixed-point property’ which

allows us to perform more general corrections for undesired measurement outcomes.

Proposition 3.3.5. Given some graph state G and any subset D of the vertices, applying

XpZoade(p) leaves the state invariant.

We shall demonstrate this fixed-point property with a graphical example.
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Now, suppose we obtain a green 7 error on the qubit second from the top. We then know
that if we apply a red 7 to the third, forth, fifth and sixth qubit along with a green 7 to
the third, fifth and seventh qubit, this is the same as ‘undoing’ the green 7 error on the
second qubit. We should therefore think of the elements of D as the correction set (those
vertices that obtain Pauli-X (red m) corrections), while the elements of Oddg(D) should

be thought of as the vertices which obtain Pauli-Z (green ) corrections.

Up until this point, we have only considered XY -plane measurements. The fixed point

property also tells us how to correct for errors from Y Z and X Z measurements.
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Obtaining the undesired result from a Y Z-measurement is the same as obtaining a red =
error, and thus we require that Y Z-measured vertices appear in their own correction sets
and not their odd neighbourhood so that they only obtain a red = when applying the fixed
point property. Similarly, obtaining the undesired outcome from a X Z-measurement is
the same as obtaining both a red 7 and a green 7 error, thus we require X Z-measurements
to appear in both their correction set and its odd neighbourhood so that they obtain both

a red m and a green m when applying the fixed point property.
We are now able to define extended gflow.

Definition 3.3.6 (|[I5], Definition 3 rephrased). A labelled open graph (G, 1,0, \) has
(extended) generalized flow (or gflow) if there exists a map g : V\ O — P(V \ I) and a

partial order < over V' such that for all v € V'\ O,
1. If w € g(v) and v # w then v < w,
2. If w e Oddg (g(v)) and v # w then v < w,
3. If A(v) = XY then v € g(v) and v € Oddg (g(v))
4. If A(v) = XZ then v € g(v) and v € Oddg (g(v))
5. If A(v) =Y Z then v € g(v) and v ¢ Odd¢ (g(v))

The partial order restricts the time order in which the qubits need to be measured. The
set g(u) denotes qubits that are modified by Pauli-X to compensate for an undesired

measurement outcome on v and Oddg(g(u)) denotes the set of vertices that are modified

by Pauli-Z.

In simple terms, an MBQC-form diagram has extended gflow if each qubit comes before

every other qubit that obtains a red or green m when correcting for an error on said
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qubit, along with each qubit receiving the right correction depending on which plane it is

measured in.

Example 3.3.7. Consider the following diagram which has measurements in all three

planes [9].

a
@<
S
O o—
®
@

This has an extended gflow with partial order a < b < ¢ < d < e, f and correction set

function defined as:
g(a) = {b}
g(b) = {c}
g(c) =A{c,d}
g(d) = {d,e, f}

3.3.3 Pauli flow

In the case of gflow, we require every measurement to be arbitrary planar measurements.
However, some MBQC-form diagrams are only deterministic if we force some of the mea-
surements to be at specific angles (specifically Pauli measurements with angles restricted
to integer multiples of 7). This is due to the following equations holding for Pauli mea-

surements.

DT - @ETH- —C3

In words, X-corrections do nothing to Pauli-X measured vertices, Z-corrections do noth-

ing to Pauli-Z measured vertices, and an X and Z correction together does nothing to
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Pauli-Y measured vertices. This means that already measured Pauli-X vertices can ap-
pear in the correction set of other vertices as this does not change the interpretation of
the diagram (similarly, Pauli-Z vertices can appear in odd neighbourhoods and Pauli-Y’
vertices can appear in correction sets if they also appear in the odd neighbourhood of said

correction set).

Combining this with the definition of gflow gives us Pauli flow, the flow condition we will

be focussing on for the majority of this thesis.

Definition 3.3.8 (|15, Definition 5]). A labelled open graph (G, I, O, \) has Pauli flow
if there exists a map p: V' \ O — P(V '\ I) and a partial order < over V such that for all
ueV\O,

1. if v € p(u), v # u and A(v) & {X,Y}, then u < v.

2. if v € Oddg(p(w)), v £ u and A(v) € {Y, Z}, then u < v.
3. if —(u < v) and A(v) = Y, then v & p(u) A Oddg(p(u)).
1. if A(u) = XY, then u ¢ p(u) and u € Oddg(p(u)).

5. if A(u) = X Z, then u € p(u) and u € Oddg(p(u)).

6. if A(u) = Y'Z, then u € p(u) and u ¢ Odde(p(u)).

7. if A(u) = X, then u € Oddg(p(u)).

8. if A(u) = Z, then u € p(u).

9. if A(u) = Y then either u € p(u) and u ¢ Oddg(p(u)) or u & p(u) and u €
Odde(p(u)).

Pauli flow is a sufficient condition for measurement patterns corresponding to MBQC-form
diagrams to be deterministic [I5] p. 5]. Recently, a new condition known as Shadow Pauli
flow has been found that is both sufficient and necessary for patterns with both arbitrary
planar measurements and Pauli measurements to be deterministic [49]. Every diagram

that has a Shadow Pauli flow has a Pauli flow (when all of the Pauli measurements are
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done first), thus our work on diagrams with Pauli flow largely also applies to the case of

Shadow Pauli flow.

Example 3.3.9. Consider the following diagram Pauli-Y measurements on qubits ¢ and

d and XY -planar measurements on qubits a and b.

This has a Pauli flow with p(d) = {d},p(c) = {¢,d, f},p(b) = {e, f}andp(a) = {d, e}
and partial order a,b,c,d < e, f. We can have d € p(c) and d € p(a) with a,c A d as
d € Odd¢ (p(c)) and d € Oddg (p(a)) and thus an error on a or ¢ leads to both an X and
a Z gate appearing on d - then as d is Y-measured, X o Z acts as the identity on d as in

the beginning of this subsection.

3.3.4 Focused Flows

Given some diagram with gflow or Pauli flow, there may be several different correction
set functions and partial orders that satisfy the flow conditions. We shall introduce some
special types of flow that have important properties - for example, it can often be useful
to ‘maximally delay’ the measurements, allowing us to keep as many qubits around to
correct for errors on for as long as possible. We shall formalise this below - as every gflow
is also a Pauli flow, we shall just refer to Pauli flows, though all of this applied to gflow

also.

Definition 3.3.10 (Definition A.1 [58]). For a given labelled open graph (G, I,0, \) and
a given Pauli flow (p, <) of (G, 1,0, \), let

V< = max (V) ifk=0
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where max~(X) := {u € X s.t. Yo € X,—=(u <v)} is the set of maximal elements of X.

Definition 3.3.11 (Definition A.2 [58]). For a given labelled open graph (G, I, O, \) and
two given Pauli flows (p, <) and (p/, <') of (G, 1,0, \), (p, <) is more delayed than (p’, <’)
if for all £,

>

k k
Uvs| = Uv”
1=0 1=0

and there exists a k where this inequality is strict. A Pauli flow (p, <) is maximally

delayed if there exists no Pauli flow on the same open graph that is more delayed.
Maximally delayed gflows are particularly useful due to the following theorem.

Theorem 3.3.12 (58|, Theorem 4.5). There exists an algorithm that decides whether a
given labelled open graph has a Pauli flow, and that outputs such a Pauli flow if it exists.
Moreover, this output is mazimally delayed, and the algorithm completes deterministically

wmn time that grows polynomially with the number of vertices in the graph.

Another interesting type of flow is known as a focused Pauli flow - with only XY, X and Y
measurements (those corresponding to green spiders), this corresponds to pushing forward
each green 7 correction as much as possible. Generalised to all possible measurements,

we get the following.

Definition 3.3.13 ([58], Definition 4.3 reformulated). A Pauli flow (p, <) on a labelled
open graph I' = (G, 1,0, \) is focused if the following is satisfied for all v € V' \ O;

1. wep)\ {v} implies w € O or A(w) € {XY, X, Y}
2. w € 0ddg (p(v)) \ {v} implies w € O or N(w) € {XZ,YZ,Y,Z}
3. w € p(v) AOddg (p(v)) implies w € O or A(w) #Y

Lemma 3.3.14 (|58|, Lemma 4.6). If a labelled open graph has a Pauli flow, then it has

a mazimally delayed, focused Pauli flow.

This allows us to always use a maximally delayed, focused Pauli flow in proofs about

43



Pauli flows if the properties of being maximally delayed and/or focused are of use in said

proof. One of said useful properties is the following.

Proposition 3.3.15 ([48], also [9] Corollary 2.47). Suppose we have a labelled open graph
I'=(G,1,0,)\) with \N(v) = XY for allv e V\O, |I| =|0| and suppose I" has a focused
gflow (g,=<). Then this gflow can be reversed in a very strict sense - let I" = (G, 0,1, X)
be the reversed pattern with the roles of inputs and outputs swapped and N mapping all
non-outputs to XY . Then there exists a focused gflow (Grev, <rev) for I where <., is the

reverse of < and u € gre,(v) if and only if v € g(a).

Example 3.3.16. We shall now provide an example of a focused and reversed flow.
Consider the following MBQC-form diagram:;

9 .

s

This has an obvious Pauli flow with p(a) = {c}, p(b) = {d} and a < b < ¢, d, however
this Pauli flow is not focused - we have Odd(p(a)) = {b} which is not allowed by the
focussing conditions. If we instead take p(a) = {c,d} (keeping p(b) the same), we get a
focused Pauli flow with a,b < ¢, d - this is then reversible, with the reversed flow having

Prev(€) = {a, b}, prev(d) = {b} and partial order ¢, d <, a,b.

3.4 Existing flow-preserving rewrite rules

The basic ZX-calculus rewrite rules in Figure do not generally preserve even the
MBQC-form structure of a ZX-calculus diagram. Yet there are some more complex derived
rewrite rules that are known to preserve both the MBQC-form structure and the existence
of a flow. These rules were previously considered in the context of gflow [27] and extended
gflow [9]; the Pauli-flow preservation proofs are due to [58]. The simplest of these rules is

Z-deletion:

Lemma 3.4.1 (|58, Lemma D.6|). Deleting a Z-measured vertex preserves the ezistence
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of Pauli flow.

ol

Other rewrite rules are based around quantum generalisations of two graph-theoretic

operations.

Definition 3.4.2. Let G = (V, E) be a graph and u € V. The local complementation of G
about u is the operation which maps G to G*u := (V, E A{(b, ¢)|(b,u), (c,u) € E and b #
c}), where A is the symmetric difference operator given by AAB = (AU B) \ (AN B).
The pivot of G about the edge (u,v) is the operation mapping G to the graph G A uv :=

G*u*v*u.

Local complementation keeps the vertices of the graph the same but toggles some edges:
for each pair of neighbours of u, i.e. v,v" € Ng(u), there is an edge connecting v and
v in G % u if and only if there is no edge connecting v and v’ in G. Pivoting is a series
of three local complementations, but has some special properties which make it worth
distinguishing. It interchanges the vertices u and v and complements (or ‘toggles’) the

connectivity between the following three subsets of vertices [I3] Section §]:

e Ng(u)\ ({v} UNg(v)), the neighbours of u that are neither neighbours of v nor v

itself.

e Ni(v)\ ({u} U Ng(u)), the neighbours of v that are neither neighbours of u nor u

itself.
e Ng(u) N Ng(v), the common neighbours of v and v.

From the above characterisation we see that pivoting is symmetric, i.e. G A uv = G A

vu.

Both local complementation and pivoting give rise to operations on MBQC-form diagrams
which preserve the MBQC form as well as the existence of Pauli flow (after some sim-

ple merging of single-qubit Cliffords into measurement effects, cf. [9, Section 4.2]). We
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illustrate the operations with examples as they are difficult to express in ZX-calculus in

generality.

Lemma 3.4.3 (|58, Lemma D.12|). A local complementation about a vertex u preserves

the existence of Pauli flow.

Lemma 3.4.4 ([58, Lemma D.21|). A pivot about an edge (u,v) preserves the eristence

of Pauli flow.

Observation 3.4.5. Lemmas|3.4.5 and|3.4.4| provide their own inverses since four suc-

cessive local complementations about the same vertex, or two successive pivots about the
same edge, leave the diagram invariant. Two successive local complementations correspond

to the m-copy rule.

Local complementation and pivoting have a wide range of uses, most importantly in circuit
extraction and optimization. One particular use is rewriting MBQC-form diagrams into
particular pseudo-normal forms (which we can then perform optimization procedures on).
The following form only has XY-measured vertices along with ‘phase gadgets’, which
are tools used in the ZX-calculus that correspond to Y Z-measured vertices that are only

connected to XY -measured vertices in the setting of MBQC.
Definition 3.4.6. An MBQC-form diagram is in phase-gadget form if

e there does not exist any v € V' \ O such that A\(v) = XZ, and

e there does not exist any pair of neighbours v, w € V\O such that A(v) = A(w) =Y Z.
Given some MBQC-form diagram, we can rewrite it into phase-gadget form by performing

local complementation on each X Z-measured vertex to change its plane, then pivoting
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along each edge between two Y Z-measured vertices to turn them into two XY -measured

vertices.

3.5 Circuit extraction

Previously we found that it is easy to construct a ZX-diagram from a circuit and it is easy
to turn any ZX-diagram into an MBQC-form diagram. It is then natural to consider the
following: given some arbitrary ZX-diagram, are we able to find a circuit that implements
the same linear operator? Clearly we would need the ZX-diagram to have the same
number of inputs and outputs as well as being unitary for it to be equivalent to a circuit.
However, even knowing that it is unitary is not enough — this problem has been shown to

be #P-hard|[65].

Flows are particularly interesting as polynomial-time circuit extraction procedures exist

for each type of (causal, generalised or Pauli) flow [[9],[58]].

The gflow circuit extraction algorithm begins by rewriting the diagram into phase-gadget
form, then starting from the right hand side of the diagram it makes sequential changes to
the diagram to make it look more like a circuit. We shall introduce the Pauli flow circuit

extraction algorithm of [58] in more depth here.

3.5.1 Phase Polynomials, Phase Gadgets and Pauli gadgets

Phase polynomials are the class of unitary maps generated by circuits containing just
CNOT gates and Z-rotations and have found many uses across circuit optimization and
verification [2, 3, [5, 37, 64]. A unitary constructed in this way acts on computational

basis states as follows:
) = |21y . .. 2y) — e @0T2en) | 477)

where A : B" — B" is a linear boolean function (constructed from just CNOT gates)

and f : B" — R. Note that exponentials of operators are defined similarly to regular
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exponentials; we have
(o.9]
el = Z "
n=0
where FY is considered to be the identity matrix with the same dimensions as F.

If f contains only a single XOR term, then we call the unitary implementing this map
a Phase gadget. A phase gadget adds a phase to the state if the number of qubits in
the |1) state is odd, demonstrated by the XOR term in the exponent. Phase gadgets
have a natural representation as a ZX-diagram, an example of a which is given below,

corresponding to the implementation of e~#2%1%2%3,

We can show that the form on the left-hand side is equivalent to the right hand side
easily when there are just two qubits and extend to larger numbers of qubits by induc-

tion [64].

—~
—
~

®
O——
I
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We can similarly define gadgets where the rotations are in any Pauli basis, not just Z.
These are known as Pauli gadgets and an example (the implementation of e=#3X1Y2%3) jg
shown below - a red square means the gadget is acting on the qubit in the X-basis, a
green square corresponds to the Z-basis and a half-red, half-green square corresponds to
the Y-basis. This notation for Pauli gadgets is used to remove the need for the changes

of basis that appear on the left-hand side of the diagram below.

] ]
L] L]
(T / (R

2/

Pauli exponentials (unitaries of the form e¢'2% for some P/in{I, X,, Z}*") benefit from

elegant relations with stabilizers.

Lemma 3.5.1 (Product Rotation Lemma, [58] Lemma 3.1). Let A and B be commuting

operators such that BC = C for some linear map C. Then ¢*4C = ¢"*4B(.

Lemma 3.5.2 (Reorder rules, [58] Lemma 3.2). For any Pauli Strings A, B € {I, X,Y, Z}*"

and angles «, B, if A and B commute, then
eiaAB — BeiaA
eiaAeiﬁB — eiﬁBeiaA

Lemma 3.5.3 (Reorder rules, [58] Lemma 3.2). For any Pauli Strings A, B € {I, X,Y, Z}*"

and angle B, if A and B anticommute, then

1B = (iAB)e'i4

ezZAezﬁB _ ez,B(zAB)ezZA
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One key property of Pauli gadgets (which shall be referred to as “Pauli Gadget Telepor-
tation”) is that anywhere one sees a Pauli-X or Pauli-Z in a stabilizer, one can instead
connect a Pauli gadget where this Pauli rotation was with the corresponding coloured
square. Explicitly, the following holds (where each of the Z and X rotations come from

a state’s stabilizer);

To prove this holds, one can take each generator from the stabilizer fragment of the
ZX-calculus, find a generating set of stabilizers and show that, in each case, one can

add/remove legs of a Pauli gadget exactly where 7 phases show up [59].

12
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An example of this in use, which will be important in the following section on circuit

12

extraction, can be seen below. Consider the following diagram;
0O

i
O LI

Applying a Pauli-Z to the input and a Pauli-X to the output is a stabilizer of this diagram
(as one can colour change through the Hadamard gate and cancel out the other). This
can be used to rewrite the diagram using the aforementioned Pauli gadget rules as follows
(also noting that two green legs of a Pauli gadget meeting cancel each other out by spider

fusion and the Hopf law);
o

9
° )
—o—@ = O

3.5.2 Circuit extraction for ZX-diagrams with Pauli flow

To motivate the following, note that each planar basis measurement can be constructed

as a basic rotation of some Pauli basis [58].

(£xval = (£xol e'z?
(£xz.al = (20 ez

(£yzal = (£20] e 2 X
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We are thus able to write the different planar measurements in terms of Pauli gadgets as

follows.

In the Pauli flow circuit extraction algorithm, one represents all planar measurements
by Pauli gadgets and then use the rule which lets us add or remove legs of a Pauli
gadget wherever we see Z or X rotations in stabilizers to teleport the Pauli gadgets onto
outputs. This is done by considering an error occuring when measuring the qubit one
wants to extract, as well as the corrections on vertices it is corrected on - this adds several
Pauli-X and Pauli-Z gates which one can use to attach or remove legs from the Pauli

gadgets.

Theorem 3.5.4 (58|, Theorem 4.7). Let (T', ) describe a measurement pattern where I'
has a Pauli flow. Then there is an algorithm that identifies an equivalent circuit requiring

no ancillae which completes in time polynomial in the number of vertices in I

Proof. For details on the proof of this, see [58]. To summarise how this works, the Pauli
flow gives us the order to extract vertices and the specific stabilizer needed to use the
rules of to teleport all planar measurements onto the outputs, leaving us with a
stabilizer diagram (to the left of the outputs) which can always simply be converted into
a circuit. We shall give more details on how this circuit extraction algorithm works with

an example. O

Example 3.5.5. Consider the diagram from Example |3.3.9
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This had a Pauli flow (p, <) with p(d) = {d},p(c) = {¢,d, f},p(b) = {e, f} and p(a) =
{d, e} and partial order a,b,c,d < e, f. Moreover, this flow is focused - for all vertices
v €V, wehave w € p(v)\{v} implies w € O or A(w) =Y and w € Oddg (p(v)). Similarly,
for all v € V, w € Oddg (p(v)) implies w € O or A(w) =Y and w € p(v), satisfying the
focussing conditions. One can replace the planar measurements with Pauli gadgets to

obtain the following diagram.

NS
D ™

Q Q
7 4 \\
SN \
| N
i N
( : —a \ O— : )
N (
AN /
AN I \\ //
N \ /
! b N/
BEN ol
%. 7
O

Due to the partial order given by the Pauli flow, either a or b can be extracted first - we
will start with b. Consider an error occuring upon the measurement of b. As p(b) = {e, f}

and Oddg (p(b)) = {b}, we can correct the error on b using the following stabilizer:

Then, using the “gadget teleportation” rules of one can rewrite all of the m phase

spiders introduced by the stabilizer into Pauli gadget legs, obtaining the following.

Then, by the definition of Pauli gadgets and using the Hopf rule, two connected Pauli
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gadget legs of the same colour causes both of the legs to be deleted, allowing us to extract

b’s measurement onto the outputs.

One can then begin to extract a using the same method - we had p(a) = {d,e} and

Odd¢ (p(a)) = {a,d, e, f}, therefore the following stabilizer corrects for an error on a;

)
@

a (&
N

As d is Y-measured, by we know that this acts as the identity on d and therefore we
can remove the red and green 7s from the measurement of d. Replacing the remaining 7
phase spiders with Pauli gadget legs and deleting the doubled leg on a as we did when

extracting b, we obtain the following:
€

a
O N0
Now everything to the left of the Pauli gadgets is just a stabilizer diagram which can
always be simply brought into the form of a circuit [58]. In the particular case here,
we can perform local-complementation about vertices ¢ and d and then Z-delete these
vertices - after finally unfusing a spider from a connected to vertex f we obtain the

following diagram that is equivalent to a circuit after decomposing the Pauli gadgets into

CNOT and phase gates.
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Chapter 4

Rewrite rules which preserve the

existence of Pauli flow

The content in this chapter can be found in the papers [46] and [47].

Much research has been done previously on ZX-calculus rewrite rules which preserve flow
conditions [[9], [27] etc.], but aside from the work of Simmons in [58] these have all focused
on preserving gflow. As Pauli flow is a generalisation of gflow, it is natural to question
which rewrite rules preserve the existence of Pauli flow; this forms the core question
we address in our research, along with what applications said rewrite rules may have in

different areas of quantum computing.

Furthermore, while there had been previous research on rewrite rules which reduce the
number of spiders in a Z X-diagram while preserving flow conditions, rewrite rules which
increase the number of spiders had not been studied beyond introducing new degree-
2 vertices along input or output wires (e.g. [9, Lemma 4.1]). Here we discuss several
rewrite rules which preserve the existence of Pauli flow while increasing the number of

qubits.

The regularly used ZX-calculus rewrite rules generally do not preserve the MBQC-form

structure of diagrams. We thus must look for different rules which do preserve this
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structure, as well as the existence of Pauli flow, for us to be able to effectively optimize
and reason about measurement-based computations in the ZX-calculus. Some of these
new rules will come from directly converting the standard ZX-calculus rewrite rules into

MBQC-form-preserving versions of themselves while others will be completely new.

4.1 Inserting new Z-measured qubits

By the m-copy rule and strong complementarity, measuring a qubit in the Z-basis cor-
responds to deleting said qubit. It therefore stands to reason that we should be able to
arbitrarily insert extra Z-measured qubits into a ZX-diagram without changing whether
the computation is deterministic or not. Here we prove that inserting Z-measured qubits

into a MBQCHLC form diagram preserves the existence of Pauli flow [46].

Proposition 4.1.1. Let G = (V, E, 1,0, )\) be a labelled open graph with Pauli flow and
let W C V' be some arbitrary subset of the vertices. Then G' = (V' E',I,O,\) has a
Pauli flow, where V' =V U{z}, E' = EU{(x,w) | w e W} with N(v) = A\v) if v # x

and N(z) = Z.
S
- < e e

Proof. Let (p, <) be a Pauli flow for G and define p’ : V/\ O — P(V'\ I) by p'(v) := p(v)

if v # 2 and p'(x) := {x}. For vertices from the original graph, measurement planes and
correction sets remain the same while the only change to odd neighbourhoods is that z
may be added. Thus conditions and [ remain trivially satisfied. Condition [§] holds

for z as x € p'(z), and for all other Z-measured vertices because (p, <) is a Pauli flow.

Let <’ be the transitive closure of < U {(z,v)|v € Ng/(x)}. Then <’ is a partial order
because < is a partial order and we only add successors for . Now, condition (1| of Pauli
flow is inherited from (p, <) for all w € V'\ O because u ¢ p'(z). Condition [2| is satisfied
for all w € V'\ O because A(z) = Z and (p, <) is a Pauli flow. Condition [3|is inherited

because the new vertex has only successors. O]
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Remark 4.1.2. Note that it is important that we are using Pauli flow here; this rule
may not preserve gflow if we take the new vertex to be an arbitrary Y Z-measurement.

Consider the following rewrite.

a / \
go = go

The diagram on the left has a gflow with g(a) = {b}. The diagram on the right cannot
have a gflow; as ¢ is Y Z-measured, we have that g(c) = {c} and Odd(g(c)) = {a,b} or
that g(c) = {a, b, c} and Odd(g(c)) = 0, thus ¢ < a and ¢ < b. Then, as a is XY -measured
we must have g(a) = {b} - however, then Odd(g(a)) = {a, c} and thus a must precede ¢

for (g, <) to be a gflow, giving a contradiction.

Example 4.1.3. A basic example of Z-insertion in use is given below - this easily gener-

alises to more complex examples.

° . _e
‘a ¢
d

The left-hand diagram has a Pauli flow with p(a) = {c}, p(b) = {d} and a,b < c,d.
Inserting the new Z-measured qubits preserves the existence of Pauli flow - the right hand
diagram also has a Pauli flow with p(a) = {c}, p(b) = {d}, p(z) = {2z} and p(Z') = {¢'},

with partial order z, 2’ < a,b < ¢, d.

4.2 Converting planar measurements to X'Y-measurements

In the graph-like diagrams [27] used in PyZX, all spiders are green and all edges are
Hadamard edges. ‘Phase gadgets’ consist of a degree-1 green spider connected to a phase-
free green spider by a Hadamard edge as in the left-most diagram of . When convert-
ing graph-like diagrams to MBQC-form, it is difficult to know whether to interpret phase

gadgets as a single YZ-measured vertex (middle diagram) or as an X-measured vertex
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connected to a degree-1 XY-measured vertex (right-most diagram):

>O ® >Cf >i? (4.1)

The following proposition shows that both interpretations are valid and can be intercon-

verted.

Proposition 4.2.1. Let (G,1,0,\) be a labelled open graph with Pauli flow where G =
(V, E), and suppose there exists v € V with A\(x) = YZ. Then (G', 1,0, X) has Pauli flow,
where V! =V U{2'}, ' = EU{{z,2'}}, and N(z) = X, N (2') = XY, and N (v) = \(v)

otherwise.

Proof. Consider the following sequence of rewrites.

Here we insert the Z-measured vertex x’ connected only to x, then pivot along the edge
(z,2"). Both Z-insertion and pivoting preserve the existence of Pauli flow, thus our new

rewrite rule also preserves the existence of Pauli flow. O

A similar sequence of rewrites allows us to rewrite X Z-measurements in terms of just

Y -measurements and XY -measurements.

Proposition 4.2.2. Let (G,1,0,\) be a labelled open graph with Pauli flow where G =
(V, E), and suppose there exists x € V with AN(x) = XZ. Then (G', 1,0, X) has Pauli flow,
where V! =V U{2'}, E' = EU{{z,2'}}, and N(z) =Y, N(2') = XY and N(v) = \(v)

otherwise.

Proof. Consider the following sequence of rewrites.
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Here we insert a Z-measured vertex x’ connected to the X Z-measured vertex x, perform
local complementation about 2, then pivot along the edge (z,z’). Each of these rewrites

preserves the existence of Pauli flow, thus the resulting pattern has Pauli flow. O

Using the two previous propositions, we are able to re-write any X Z- and Y Z-planar
measurements into a Pauli measurement plus an XY-measurement. This implies the

following.

Proposition 4.2.3. Let (G,I,0,)\) be an arbitrary MBQC-form diagram with Pauli
flow. Then there exists an equivalent diagram (G',1',O', N') with Pauli flow where X' (v) €
{X,Y, XY} forallveV'.

Proof. We begin by applying Z-deletion (Lemma [3.4.1)) to all Z-measured vertices, leaving
us with only X, Y, XY, XZ and Y Z vertices. It remains to remove all XZ and Y Z

measurements.

By Proposition [£.2.1] we can convert every Y Z-measured vertex into an X-measured
vertex connected to an X'Y-measured vertex while preserving the existence of Pauli flow.
Then, by Proposition we can convert every X Z-measured vertex into a Y-measured
vertex connected to an XY -measured vertex. We now only have X, Y and XY measured
vertices remaining, and each rewrite rule used to get here preserves the existence of Pauli

flow, thus the resulting graph has Pauli flow. O]

Remark 4.2.4. Note that Pauli flow is important here: the gflow conditions need not
be satisfied if the newly-introduced Pauli measurements were taken to be arbitrary XY-

measurements instead.

For example, the first of the following two diagrams has a gflow (g, <) with g(a) = {c},
g(b) = {d}, g(x) = {¢,d,xz} and a,b,z < ¢,d. The second diagram has Pauli flow by
Proposition but it does not have gflow: any flow (p,<’) on the second diagram
must have x € p(2’) to satisfy 2’ € Odd (p(z’)), as inputs a, b do not appear in correction

sets. Similarly, ' € p(x) as it is the only neighbour. Thus the gflow conditions would
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require r <" 2’ and 2’ <’ x simultaneously, which is not possible.

NI O

? %

v 0@ vl @
b% d bé@ “d

4.3 Subdividing an edge

The obfuscation protocol for blind quantum computing of [I7] used an unpublished rewrite
rule which Backens had proven to preserve the existence of Pauli flow with certain re-
strictions to measurement planes. The following proposition generalises this to cover all

possible measurement planes.

Proposition 4.3.1. Let G = (V, E) be a graph with vertices V and edges E. Suppose the
labelled open graph (G, 1,0, \) has Pauli flow. Pick an edge {v,w} € E and subdivide it
twice, i.e. let G' :== (V' E'), where V' := V U{v',w'} contains two new vertices v',w’,
and

E = (E\{{v,w}}) U{{v,w'} {w', o'}, {v/, w}}.
Then (G',1,0,)X) has Pauli flow, where N'(v') = N(w') = X and N(u) = Au) for all
ueV\O.

Proof. We may subdivide an edge by inserting two Z-measured vertices as shown in the

following diagram, then pivoting about these two Z-measured vertices.

e 3= 3G 0 8

As inserting Z-measured vertices and pivoting both preserve the existence of Pauli flow,

subdividing an edge also preserves the existence of Pauli flow. O]
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4.4 Splitting a vertex

Each of the previously mentioned Pauli-flow preserving rewrite rules only changes mea-
surement angles by integer multiples of 7. Here we introduce the first Pauli-flow preserving

rewrite rule which allows us to change measurement angles arbitrarily.

To simplify the proof, the proposition requires that all measurements in the pattern are

XY, X or Y; by Proposition this is without loss of generality.

Proposition 4.4.1. Let G = (V, E) be a graph with vertices V' and edges E. Suppose
the labelled open graph (G, 1,0, \) has Pauli flow and satisfies A(u) € {XY, X, Y} for all
u € O°. Pick a verter a € O° such that Na) = XY and split it, i.e. let G' .= (V' E'),
where V' :=V U{x,d'} contains two new vertices x,a’, and choose some (possibly empty)

subset W C N(x) such that
E = (E\{{a,w} |weWhHUu{{d,w}|weW}U{{a,z},{x,d'}}.

Then (G',1,0,)X') has Pauli flow, where N(x) = X, N(a') = XY, and N (u) = \u) for
allueV\O.

Proof. We begin by showing that this rule is valid in the ZX-calculus. Here the first
rewrite uses spider unfusion, the second uses the identity rule for 2-arity spiders, the

third uses the colour change rule and the final step uses spider unfusion again.
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Let (p, <) be a focused Pauli flow for (G, 1,0, \); this exists as the labelled open graph
has Pauli flow. Since all measurements are XY, X or Y, the focusing conditions from

Definition reduce to:
e Forallu e V\ O, if v € Oddg (p(u)) \ (O U {u}) then A\(v) =Y.

e Forallu € V\O and all v € V'\ (OU{u}) such that A\(v) =Y, we have v € p(u) <>
v € Oddg (p(u)).

Now, for all u € V'\ O, define

(

plu) U{x,a'} ifa€p(u)and |p(u) NW|=1 (mod 2)
p(u) U{a'} if a € p(u) and |p(u) NW| =0 (mod 2)

p(u) U{z} if a ¢ p(u) and |p(u) NW|=1 (mod 2)

p(u) if a ¢ p(u) and |p(u)NW| =0 (mod 2),

then it is straightforward to check that Odde (p'(u)) = Odde (p(u)). For example, in the

first case, note that U can be replaced by A since x, a’ are new vertices that cannot appear
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in p(u). Thus

Odder (p'(u)) = Odder (p(u) A {x,a'})

= Oddg (p(u)) A Odder ({z,a'})

wep(u)\(Wu{a}u0)

:Odd 1\ a A
o' (a) ( wep(an W)\

Oddgr (w)) A( ) A _ 0dde; (w))
Afa,z,d} AW

— 0dde (a) A A 0dd )A( A 0dd A )
¢ (@) (wep(U)\(WU{a}UO) ¢ (w) we(p(u)NW)N\O o (w) & o, a'y

A{a,d'}

= Oddg (p(u)),

where the third step uses Oddg (@) = Oddg (a) A W A {z}, and the final step uses
Ip(w) NW|=1 (mod 2).

If a is an input in G, then it remains an input in G’ (the ‘input’ is not a neighbour so
cannot be transferred to @’ during the splitting process). This is without loss of generality:
if a’ is desired to be an input, replace W by Ng(a) \ W and swap the labels o/ and o to
get a labelled open graph that is equivalent to the desired one up to relabelling a <> a'.
Having a be an input is compatible with the correction set for x in the next step below.
If a is not an input, there is actually a choice of whether to correct z via a or a’; we shall

always choose the latter for some slight notational convenience.

Let p'(x) := {d'}, and let p'(a’) := p'(a) A {z}, resulting in the following odd neighbour-
hoods: [1

Oddc (p'(z)) = Odder ({a'}) = WU {«} (4.2)

!Note there is a choice for p/(z), since & can be corrected either via a or via a’; we pick the latter for
some slight notational convenience.
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and

OddG/ (p'(a’)) = OddG/ (p/(CL)> A OddG/ ({l’})
= 0dd¢ (p(a)) A {a,d’}
= (Oddg (p(a)) U{a'}) \ {a} (4.3)

where the final step uses the fact that a € Oddg (p(a)) and o' € Oddg (p(a)) (since o’ is

not even in G).

Let <’ be the transitive closure of

< U {(w,a') | w < a} U {(a’,w) | a < w} U {(I,w) | w e W} U {(x,a')}.

This is a partial order since o’ has the same relationships as a (except for being a successor

of x) and x only has successors.
We shall now show that (p/, <’) satisfy the nine conditions of Pauli flow.
Claim 1: For all uw € O°, if v € p/(u) and u # v and X (v) ¢ {X,Y}, then u <’ v.

e For original vertices v € V' \ O, v € p/(u) implies v € p(u) or v € {z,d’}.
If v € p(u) then either u < v and thus u <" v by the definition of <" or
AMu) = N(u) € {X,Y}. If v=2xthen N(v) = X and thus we don’t need
to consider this case. Finally, if v = o’ then a € p(u), thus u < a which

gives us u <" v = @’ by the definition of <’.
e For u = z, the only element of p(z) is ¢’ and we have z <’ @'

e For u = d/, v € p/(d') implies v € p(a) or v = z. For the latter case,
N(x) = X and thus we do not need to consider this. In the former case,
v € p(a) gives us that a < v or A(v) = N(v) € {X,Y} as (p, <) is a Pauli
flow. So either ¢’ < v by the definition of <’ or the property is trivial

anyway.

Claim 2: For all u € O°, if v € Odde (p/'(u)) and u # v and N (v) ¢ {Y, Z}, then u <" v.
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e For original vertices u € V' \ O, we have defined p’ in such a way that
Odde (p'(u)) = Oddg (p(u)), thus this property is inherited from (p, <)

being a Pauli flow.

e For u = x, we have Oddg (p'(z)) = W U {z}, and z <" w for any w € W

by the definition of <’.

e Foru=d',v € 0dds (p'(a)) and v # o' implies v € Oddg (p(a)) by (4.3).

As d’ has the same successors as a, we get that @’ <" v as desired.

Claim 3: For all uw € O, if =(u <’ v) and u # v and N (v) =Y, then v € p'(u) «+— v €
Odder (p'(u)).

e For original vertices u € V' \ O, this is inherited from (p, <), as the only
changes to correction sets and odd neighbourhoods involve adding or re-

moving x or a/, which are not Y-measured.

e For u =z, we have p/'(z) UOdde (p'(z)) = W U {x,a’}. By the definition
of the partial order, z < o' and z <’ w for all w € W, so the claim is

trivially true.

e For u=4d/,

N(v) =Y and v € p/(a’) implies v € p(a).

As (p,<) is a focused Pauli flow, we must have v € Oddg (p(a)), thus
v € Oddg (p/(a)) and finally v € Odde (p'(a’)) by (4.3)).

For the other direction,
N(v) =Y and v € Odde (p'(a’)) implies v € Oddg (p(a)) .

As (p, <) is a Pauli flow, v € p(a) thus v € p'(a) and finally v € p/(a’), as

desired.
Claim 4: For all u € O° if N (u) = XY, then u ¢ p'(u) and u € Odde (p(u)).

e If u = d/, then this is true by inspection.
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e If u = x, then the claim is true trivially since X' (z) # XY.

e If u € V' \ O, then this property is inherited from (p, <).
Claim 5: For all uw € O°, if N'(u) = XZ, then u € p'(u) and u € Odde (p'(u)).

e This is trivially true as we have no X Z-measured vertices.
Claim 6: For all u € O, if N'(u) = YZ, then u € p/(u) and u ¢ Oddg (p'(u)).

e This is trivially true as we have no Y Z-measured vertices.
Claim 7: For all u € O° if X' (u) = X, then u € Oddg (p/(u)).

e if u = a’, then this is true trivially since \'(a’) # X.

e If u = z, then the claim is true by (£.2).

e If u € V'\ O, then this property is inherited from (p, <).
Claim 8: For all u € O° if N (u) = Z, then u € p'(u).

e This is trivially true as we have no Z-measured vertices.

Claim 9: For all u € O° if N (u) =Y, then u € p'(u) and u ¢ Oddg (p'(u)), or u & p'(u)
and u € Oddg (p'(u)).

e This is true trivially for a,  and o/, and inherited for all other vertices.

All nine properties are satisfied, therefore (p/, <’) is a Pauli flow for G'. O]

We are able to obtain other useful rewrite rules as immediate corollaries of this.

Corollary 4.4.2. Using Proposition|{.4. ] with W = () and o’ = 0, we obtain the following

rule used in [17].

This rule can alternatively be derived in a more round-about way from Z-insertion and

pivoting, but we next prove a rule that truly requires vertex splitting.
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Corollary 4.4.3. By applying vertex splitting with |W| = 1, we obtain the following
‘neighbour unfusion’ rule, where & = o + & (the measurement for the right-most vertex

is not drawn as it can be measured in any plane, or even be an output).

b Ey
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Chapter 5

Completeness with flow-preserving
rewrite rules for Stabilizer MBQC

diagrams

The content in this chapter can be found in the paper [46].

In Backens’ original proof that the Stabilizer ZX-calculus is complete [6], local comple-
mentation and pivoting are used to rewrite any two GS-LC form diagrams that represent
the same linear map into the same diagram. Using local complementation and Z-deletion
allows us to rewrite any diagram into GS-LC form (up to map-state duality) - as local
complementation is its own inverse and Z-insertion is the inverse to Z-deletion, using the
Z-insert rule, local complementation, pivoting and Z-deletion rules allows us to rewrite
any two equivalent stabilizer MBQC-form diagrams with Pauli flow into one another. We
shall do this by rewriting each diagram into a unique normal form using these rules -
this section will introduce the first unique normal form for stabilizer ZX-diagrams, then

introduce the aforementioned flow-preserving rewrite procedure.
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5.1 A canonical form for stabilizer state diagrams

Stabilizer state diagrams in the ZX-calculus have a pseudo-normal form: the rGS-LC
form, which arises from the representation of a stabilizer state in terms of a graph state

and local Clifford operators [6].

Here, we propose a new pseudo-normal form, based on the representation of a stabilizer
state in terms of its affine support and a phase polynomial [4]. Like the rGS-LC form,
this is closely related to the stabilizer graphs of Elliott et al. [30] but it translates them
into the ZX-calculus differently. The new normal form allows (and in most cases requires)

both green and red spiders, meaning it is not strictly ‘graph-like’.

Based on a recent proposal by Hu and Khesin [38], we then show how to make this new
pseudo-normal form unique, yielding a canonical form for stabilizer state diagrams in
the ZX—calculudﬂ In the process, we simplify the uniqueness proof of Hu and Khesin by

making use of formalisms and results from the literature about holant problems.

We first prove some lemmas about the algebraic representation of stabilizer states which
will be useful in proving uniqueness of the canonical form. Next we introduce to the
new pseudo-normal ‘phase polynomial form’ and show how it corresponds to stabilizer
states in phase-polynomial representation. Finally, we define the canonical form, prove its
uniqueness, and give an algorithm for rewriting diagrams into canonical form. Throughout
this section, diagrams contain red spiders and thus are not in MBQC+LC-form; yet by
colour changing all of the red vertices and unfusing phases these can straightforwardly be

transformed into MBQC-+LC-form diagrams.

1At QCTIP 2022, we learned that an analogous result was independently derived by John van de
Wetering [65].
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5.2 Stabilizer states in terms of affine support and phase
polynomial

It has long been known [26], 62] that an n-qubit stabilizer state can be written (up to

normalisation) as

SOy ), (1)

€A

where A is an affine subspace of Z3, I(z) = >_; d;x; for some fixed d; € Zs is a linear
function computed modulo 2, and q(z) = >, cjpz;zy + >, ¢jo; for some fixed cjp, c; €
Zs is a quadratic function. The functions [ and ¢ together form a phase polynomial for

the state, while A determines the support.

Assuming dim(A) = n —m, the elements of the affine space A are the solutions to a set of
linear equations Rx = b, where R is an m x n binary matrix of rank m (with 0 < m <n)
and b € Z7'. Each component of = is considered a variable. With respect to this linear
system, the variables x1,...,z, can be partitioned (not generally uniquely) into a set of
(n — m) free variables and a set of m dependent variables such that every assignment
of values to the free variables induces exactly one assignment of values to the dependent
variables which satisfies all the linear equations. This follows from a standard process
of solving the system of linear equations, which also yields a linear equation in terms of
the free variables for each dependent variable. In the following, we will denote the set of
indices by [n] := {1,2,...,n} and the free variables by a subset F' C [n] of the indices,
and write the dependent variables as x; = a; © @, p a;xTr, Where a;,a;, € Zy and the

sum is modulo 2. If a;; = 1, we say the variable x; depends on xy.

It will be useful to give a canonical choice of free variables, this is inspired by Hu and
Khesin’s normal form for stabilizer states [38], and will lead us to an analogous normal

form for stabilizer diagrams.

Definition 5.2.1. We call the result of the following procedure the canonical set of free
variables. Start with z; and consider the variables in ascending order. For each j, if the

value of z; is fixed by the requirement to satisfy Rz = b given values for all free variables
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among 1, ...,x;_; then we say that x; is dependent. Otherwise we say that z; is free.

Lemma 5.2.2. Given an affine space A, the canonical set F' is the unique set of free

variables with the following property: if x; depends on the free variable xy, then k < j.

Proof. Let F' be another set of free variables for A which also has the property that if x;
is a dependent variable and depends on the free variable z;, then k < j. In other words,
for each j € [n]\ I, there is an equation x; = a;+ >, _; ajrxy, where furthermore a;; =0

if k ¢ F'.

Now suppose for a contradiction that F' # F’. The two sets must have the same size
|F| = |F'| = dim(A). Thus, there must be a smallest element j € F such that j ¢ F'.
Then F’ induces an equation
rj=a; D GB QKL (5.2)
kEF!, k<j
Suppose a;;, = 1 only if £ € F'. Then the value of x; is fixed by the free variables of lower

index in F, so j should not be free according to Definition [5.2.1] a contradiction.

Otherwise, there exists some k' ¢ F' such that a;; = 1. But then by the definition of
F', there exists some equation xp = by & @Zeﬂ st bire. Thus we can substitute for zp
in (5.2) while preserving the property that x; only depends on variables of lower index.
The process eliminates one variable which is not in F' from the decomposition and does
not introduce any new variables which are not in F'. Hence repeated application will
terminate, at which point we have an equation that fixes x; from only variables in F' of

index less than j. Again, this means j should not be in F', a contradiction.

Hence we must have F' = F”. O

As pointed out in the holant literature, it is possible to express the functions [ and ¢
solely in terms of the free variables, while keeping their other properties the same [16],

Definition 8|.

Lemma 5.2.3. Suppose I denotes a set of free variables for the affine space A, and
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|1) is some stabilizer state with support on A. Then there exists a linear function | and

a quadratic function q, both depending only on the free variables, as well as a scalar

A€ C\ {0}, such that:
[) =AY i (=1)7 ).

z€A
Proof. In (5.1)), the functions  and g are allowed to depend on all components of the bit
string z, i.e. [(z) = €D; d;x; for some fixed d; € Zy and q(x) = D, cixrjzr & D, ¢z

for some fixed cji, ¢c; € Zo.

Given the set of free variables F', solving the defining system of linear equations for A

yields linear equations x; = a; ® @, p ajuxy for every j € [n] \ F, where a;, a;, € Zo.

Now suppose d; # 0 for some j ¢ F. Then we can substitute

0= D= | D d | c0.oPur—0s @ o,

Jj€ln] J€m\{s} ter J€MI\{s}
where we define a,; = 0 if j ¢ F. The a, is constant and the factor i* can be absorbed
into the overall scalar A. Since [ is computed modulo 2, the new function satisfies the same
properties as the original one but no longer depends on z,. Furthermore, as a,; = 0 for

all j ¢ F, this process does not introduce any new dependencies on dependent variables.

Therefore, the substitution process strictly decreases the number of dependent variables
that [ depends on and successive applications will eventually yield a function that depends

only on free variables. An analogous argument holds for q. O]

There are generally multiple ways of expressing the same state in the form of (5.1). Yet
if we pick a set of free variables F' and require [ and ¢ to depend only on free variables,
the representation becomes unique. Moreover, we can even give a unique representation

in terms of a phase polynomial (evaluated modulo 4, rather than 2).

Lemma 5.2.4. Given an n-qubit stabilizer state |¢) and a set F' C [n], there ezists a
unique polynomial p(x) =3 i p 1T +2 5 cp jop, SikTiTx with 1; € Zy and sji, € Zy and

scalar X € C\ {0} such that [¢) =AY, |z).
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To prove this, we first need to prove the following lemma.

Lemma 5.2.5. Let |¢) and |¢) be two stabilizer states with the same support A, and let

F be a set of free variables for A. Suppose there exists A\, € C\ {0} such that

) =AY ) and g = Y1) )

TEA €A
! / /
where for some d;, dj, Cjks Cjy Cgs € € s,

I(x) = @ d;z; q(x) = EB CikT T D @ i,
jEF j,k€EF, j<k j

/ _ ! / _ / /

() = P dj; ‘@)= P dme@da;.
JEF J,kEF, j<k j

Then |¢) and |¢) are linearly dependent if and only if for all j,k € F we have d; = d;,

_ o
Cjk = Cjy, and ¢j = ¢},

Proof. The ‘if” direction is straightforward: if d; = d}, cjx = ¢j;, and ¢; = ¢} for all

j.k € F, then p ) = A|¢).

For the ‘only if” direction, note that [(x) = I'(z) = q(z) = ¢/(z) = 0 if all variables in F’
are assigned 0, so by rescaling such that A = p, we get [¢) = |¢) if and only if they are

linearly dependent.

By definition, each assignment of values to the free variables in F' induces one assignment
of values to all the variables that is in A. Suppose there exists a j € F' such that d; # d,
wlog assume d; = 1 and dj = 0 (otherwise the argument is symmetric). Let & be the
bit string in A that has every free variable set to 0 except the one with index 5. Then
(€] 1) is imaginary while (£ | ¢) is real, so since the two states have the same non-zero
amplitude for the assignment induced by setting all free variables to 0, they cannot be

linearly dependent.

Similarly, suppose there exists j € I such that c¢; # ¢}, then for the same § we have

(€] ) =—(£] ¢), so again the two states cannot be linearly dependent.

So without loss of generality, assume that d; = d;; and ¢; = ¢ for all j € F'. Now suppose
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there are j, k € F' such that ¢, # ;. Let ¢ be the bit string induced by the assignment
where z; = x;, = 1 and all other free variables are 0. Then again, (¢ |¥) = —(C | ¢) so

the two states cannot be linearly dependent.
Therefore, linear dependence implies that for all j, k € F' we have d; = d;, cjx = ¢, and

0
¢ = ¢j. O

We are now able to prove Lemma [5.2.4

Proof of Lemma[5.2.4 Via Lemmas [5.2.3] and [5.2.5] we can uniquely write

[0y =AY (1)1 [)

z€A
where I(z) = @D,cr djz; and q(x) = D, 1ep jor CinTiTr ® D, ¢jo; with all coefficients

taking values in Z,.

As y mod 2 = y? mod 4 for all y € Z, we have

2
EB djx; = (Z dj:rj> mod 4 = (Z djxj + 2 Z djdkxjxk) mod 4,

Jjer JeFr JeFr JkeF, j<k
where we have used the fact that d;,z; € Z, for all j and hence (d;z;)* = d;z;. We can

thus write

Zil(x)(_l)q(w) |z) = Zip(w) |z)

T€EA €A

where

p(z) = Zdjasj +2 ( Z CikTiTy + Z cj:r:j> +2 Z d;dyx iy
J

JEF J,keF, j<k J,kEF, j<k

=D (d+2e)z+2 Y (e +dydi)aay

jeF j.kEF, j<k
Now, r; := (d; 4+ 2¢;) € Z4. The coefficient s;;, := cji + d;dj, could take value 2, but as p is
in the exponent of 7 and sj; is multiplied by 2, we may without loss of generality replace

it with s, := ¢ @ d;dy, so that s;, € Zs.

Conversely, we can find functions [ and ¢ from p by setting d; := r; mod 2, ¢; := %(Tj—dj),
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and c¢;i, 1= s, ® d;d. Thus, by uniqueness of [ and ¢, the phase polynomial expression is

also unique. O

5.3 A new pseudo-normal form related to phase poly-
nomials

In the rGS-LC form for stabilizer state diagrams, local Clifford operators on the graph
state are expressed in terms of green and red spiders. Alternatively, it is also possible to
express local Clifford operators in terms of green spiders and Hadamards (and this is what
is done in the stabilizer graph formalism of [30]). In ZX-terms, this means the allowed
local Clifford operators are @ and «@m—1-, where k € Z4 and a € Z,. As for red
nodes in rGS-LC diagrams, qubits whose local Clifford operator contains an H are not
allowed to be connected to each other; therefore we can ‘push’ the Hadamards through
and get the following pseudo-normal form. It is possible to convert between the two kinds
of local Clifford operators via local complementations on the qubits that have red nodes

or Hadamards.

Definition 5.3.1. A stabilizer ZX-calculus diagram is in phase-polynomial form if the

following hold:

e [ach dangling edge is connected to a unique red or green spider.

Red spiders have phases that are 0 or .

Green spiders have phases that are integer multiples of 7/2.

There may be edges connecting spiders of different colours.

Furthermore, green spiders may be connected to other green spiders via Hadamard

nodes.

Observation 5.3.2. An rGS-LC diagram can be brought into phase-polynomial form

via the following process. First, apply local complementations to all qubits that have red

nodes in their local Cliffords. This maps to {1+ and to 11+—@-.
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Then, change the colour of all spiders which now have Hadamards as part of their vertex

operators and merge adjacent spiders of the same colour.

Example 5.3.3. Applying this procedure to the rGS-LC diagram on the left yields the
phase polynomial-form diagram in the middle. Colour-changing each red spider and
unfusing the phases leads to an equivalent GS-LC form diagram which we will say is in
phase-polynomial form up to colour changing the spiders with Hadamard gates in their

vertex operators.

o o
@ oo
o ——1F—

Diagrams in phase-polynomial form correspond directly to pairs of a state and a set of
free variables for the underlying affine support. We shall prove that this holds and then

give an example illustrating this correspondence.

Lemma 5.3.4. Ignoring scaling, there is a bijection between phase-polynomial form dia-
grams and pairs (|¢), F), where |¢) is an n-qubit stabilizer state and F C [n] indicates

a set of free variables for the affine space A which is the support of |1)).

Proof. By Lemma/5.2.4} there exists a unique function p(v) = >, 1242 0 pcp jop SikTjTk
with r; € Zy and sj; € Zy such that [¢) = >, ?@) |z). To construct a diagram from a

state and a set of free variables from this, proceed as follows:

e For each dependent variable z; with k& € [n] \ F, find the unique linear expression
Tp = ar D @jGF ar;x; which satisfies the defining linear equations Rx = b of the

affine space A.

e For each j € F, place a green spider with an output wire. The phase of this spider

: s
1S Tji'

e For each k € [n] \ F, place a red spider with an output wire. The phase of this

spider is a;m.
e Draw a (plain) edge connecting the green spider j to the red spider k& whenever
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Ay = 1.
e Draw a Hadamard edge connecting the green spiders j and j' whenever s;;; = 1.

Conversely, given a diagram in phase-polynomial form, construct the corresponding state

as below:
e The set I of free variables consists of the indices of the green spiders.

e The affine space A is defined by the set of equations {xj =a; ® ®keN(j) xk} -
JEMN\F

where a; = 0 if the phase of the red spider with index j is 0, and 1 otherwise.
e Lor each j € F' such that the phase of the green spider j is «;, define r; to be the

value in Z,4 that is equivalent to 2% mod 4.

e For each j, k € F' with j < k, define s, = 1 if there exists a Hadamard edge between

spiders j and £, and s;;, = 0 otherwise.

Let p(x) := 3 icpmiTj+23 7, vep jer SikTjTk, then the desired state is Y, 4 i?®) |z). The

two procedures are inverses of each other (noting that 2% = —Z mod 2r).

Suppose D is the ZX-diagram corresponding to some stabilizer state [¢) according to
the above translation. Then it is straightforward to see that the support of [D] and the
support of 1)) are equal. Thus, by phase-polynomial techniques, it is quick to check that

[D] equals |¢)) up to scalar factor. O

Example 5.3.5. Consider the following phase-polynomial form diagram from Exam-

ple where we have numbered the qubits from top to bottom.

Following the procedure from Lemma we construct the state corresponding to
this diagram. The state will be expressed as Y. _, i*™® |z), where p(z) = > ier TiTi +
2 Zj,keF,j<k sjpxjry. Here, F'is the set of free variables, A is the affine space on which
the state has support, and p(z) is the phase polynomial with r; € Z4 and s, € Z, for all
J, k€ F.
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e The set F of free variables corresponding to this diagram is F = {z1, 25} since

qubits 1 and 2 are denoted by green spiders.

e The affine space A is defined by the following set of equations arising from the red
spiders:

T3 — 1 D 11 Ty = X1 D xo (53)

since qubit 3 has phase 7 (giving the constant 1 on the right-hand side) and is

connected to qubit 1, while qubit 4 has phase 0 and is connected to both 1 and 2.

e For the linear terms in the phase polynomial, we get that r; = 1 and r, = 0 as the

phase of x; is § and the phase of x5 is 0.

e For the quadratic terms in the phase polynomial, we have s;5 = 1 as there is a

Hadamard edge connecting x; and zs.

Combining these, the phase polynomial is p(x) = 21 + 2z125. The state corresponding to

the diagram is therefore given by:

St gy = N7 (1) gy (1@ ) (21 © 22))

z€A T1,L2€7Ls

= |0010) + |0111) 4 ¢]1001) — 7 |1100)
It is then quick to check that applying the procedure in Lemma for constructing a
diagram from a state and a set of free variables gives back the original diagram.

Instead, we will show how to construct the diagram corresponding to the same state with
a different set of free variables F' = {x9,23}. To do this, we first rewrite the affine space
and the phase polynomial in terms of the new free variables x5 and z3, and then apply

the procedure for obtaining diagrams.

Choosing z3 to be free instead of x;, we rearrange the first equation of (5.3) and then

substitute it into the second to get:

l’lzl@l'g ZL’4:1@ZE2@I‘3 (54)
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Substituting into the phase polynomial yields p(x) = (1 ® x3) + 2(1 @© x3)xs where @
denotes addition modulo 2. Yet we want the phase polynomial to be computed modulo
4, since i* = 1. Now, as y mod 2 = y% mod 4 for all y € Z, and b*> = b for all b € Z,, this

can be rewritten to:
p(x) = (1@ x3) +2(1 @ a3)re = (1 +23)* + 2(1 + 23)%15 = 1 + 229 + 323 + 27973 (mod 4)

We thus have ro = 2, r3 = 3, and s93 = 1. The constant term in the phase polynomial is

irrelevant since we are ignoring global scalars. Up to scalar factor, the full state is

Z § 2023820273 | (1 @ ) o3 (1 @ 19 D T3))

T2,r3E€7L2

To construct the diagram corresponding to this state and set of free variables:

e We already have the equations for the dependent variables in terms of F' = {xs, 23}
in (5.

e Place a green spider with phase ry5 = 7 for qubit 2 and a green spider with phase

r3g = 37” (or, equivalently, —%) for qubit 3. Each of the spiders is connected to one

output wire.

e Place a red spider with phase 7 for qubit 1 and a red spider with phase 7 for qubit
4 since the equations for both z; and x4 contain a constant term. Again, each of

the spiders is connected to one output wire.

e Variable x; depends on 3, so draw a plain wire between the spiders for qubits 1
and 3. Variable x4 depends on both x5 and x3, so draw plain wires between the

spiders for qubits 2 and 4, as well as between 3 and 4.

e As s93 = 1, draw a Hadamard edge connecting the green spiders corresponding to

o and x3.

This yields the following diagram:
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5.4 The canonical phase-polynomial diagram

Using the bijection between phase-polynomial form diagrams and pairs of a state and
a set of free variables, we can now define a unique canonical diagram for any stabilizer

state.

Definition 5.4.1. Let |[¢)) be a stabilizer state, then its canonical diagram is the one
translated from (|¢), F') by Lemma |5.3.4] where F'is the canonical set of free variables
according to Definition [5.2.1]

Apart from the translation into our terminology, this differs from the normal form defini-
tion of Hu and Khesin [38] only by reversing the order: we ask for free variables to come
first whereas they put them last. Our uniqueness proof, making use of the properties of

the affine support of a stabilizer state is shorter and simpler than that in [38].
Theorem 5.4.2. The canonical form is unique.
Proof. This follows from the uniqueness of the canonical set of free variables proved in

Lemma [5.2.2) and from the bijection between pairs consisting of a state and a set of free

variables in Lemma [5.3.4] O

Proposition 5.4.3. Fvery phase-polynomial form diagram can be re-written into canon-

wcal form using only local complementation and pivoting.

Proof. Pick some order < on the spiders, say from top to bottom. We want each red
spider to only be connected to spiders that appear earlier in <. While this does not hold,

repeat the following procedure:

1. Let di be the minimal red spider under < such that there exists some green spider

fj connected to dj, with dj, < f;.
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2. Let f, be the maximal green spider under < such that dj is connected to fj,.

3. If f, has a phase of £7, perform local complementation about f; and then about
dy. Otherwise, pivot about the edge connecting f, and di. After applying either
of these equivalence transformations, f; is now red and dj is now green and the

diagram is still in phase-polynomial form.

4. By maximality of f,, we have that f;, is only connected to green spiders f,, with
fn < frn. By minimality of dy, we have that d is only connected to red spiders d,,

with d;, < d,,.

This procedure strictly reduces the number of connections between red spiders and green
spiders that appear later in the order. Hence repeating it will eventually terminate,

transforming any phase-polynomial form diagram into canonical form. O

Remark 5.4.4. The canonical form is unique only up to the choice of order on the qubits;
different orders may yield different ‘canonical forms’. Thus the choice of order is arbitrary
(but needs to happen in advance, independently of the diagram considered) — we have

chosen top-to-bottom for simplicity.

Example 5.4.5. Later, we shall come across the following diagram in canonical form.

This is in canonical form when we take the input (left-hand) qubits to come before the
output qubits in the chosen order - if we instead reverse the order, the canonical form of
the same state would instead be the following diagram (obtained by pivoting on the top

and bottom edges of the previous diagram).
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5.5 Complete flow-preserving rewrite rules

We are now able to assemble the main proof. In the following, we will say an MBQC—+LC-
form diagram has no interior spiders if the MBQC-form part of the diagram (i.e. ignoring
the local Cliffords) has no interior vertices (V' \ (I U O) = ). Additionally, we say an
MBQC+LC-form diagram has Pauli flow if its MBQC-form part has Pauli flow (analogous
to gflow in [0, Section 4.1]).

Theorem 5.5.1. Given two equivalent stabilizer MBQC+LC-form diagrams D and D’
with Pauli flow and satisfying [D] = [D'], there exists a sequence of rewrite rules — each

preserving the existence of Pauli flow and preserving the MBQC+LC-form — transforming
D into D'.

Proof. We begin by deleting all Z-measured vertices from both diagrams, keeping track of
which vertices we delete and their set of neighbours when deleted. The resulting diagrams
has Pauli flow by Lemma After all Z-measured vertices are removed, the MBQC-
form parts of the diagrams (ignoring the local Cliffords) only have X and Y measurements
and are thus of the kind considered in [27]. Then, there exists a terminating procedure
(consisting of a sequence of local complementations, pivots and Z-deletions) rewriting the
two diagrams into MBQC-+LC-form diagrams N and N’ which contain no interior spiders

[27, Theorem 5.4]. Since local complementation and pivoting also preserve the existence

of Pauli flow (Lemmas [3.4.3 and [3.4.4), N and N’ will also have Pauli flow.

Asonly X and Y measurements remain, they can be spider-merged and unmerged through
each qubit to become local Cliffords on the outputs, thus N and N’ are equivalent to GS-
LC form diagrams. By [6, Theorem 13|, every GS-LC form diagram can be rewritten into
rGS-LC form using a sequence of local complementations, thus this step preserves Pauli
flow. By Observation we can then rewrite each diagram into phase polynomial form,
again using only local complementations (along with some operations on the local Cliffords
that do not alter the flow), thus preserving Pauli flow. Finally, by Proposition ,

we can rewrite each diagram into canonical form!. The rewrite steps use only local
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complementations and pivoting, so they preserve Pauli flow. The resulting diagrams
are equivalent and the canonical form is unique, so we have found a sequence of local
complementations, pivots and Z-deletions rewriting D and D’ into the same canonical

form diagram C.

By Observation local complementation and pivot can be inverted. Furthermore,
Z-insert is a Pauli-flow preserving inverse to Z-delete. Thus the sequence of rewrites
from D’ to C' can be inverted while still preserving Pauli-flow. By rewriting D to C, then
rewriting C' to D', we obtain a sequence of flow-preserving rewrite rules transforming D

into D’. This completes the proof. H

Example 5.5.2. We shall give a short example of this rewrite procedure in action. Con-
sider the following two MBQC-LC-form diagrams, which we will call D and D’, and

which satisty [D] = [D’] by (non-flow preserving) diagram simplification techniques.

Using the procedure from the proof of Theorem [5.5.1], we first rewrite D to phase polyno-
mial form. Perform triple local complementations (i.e. ‘inverse local complementations’)
about both the left-most and right-most qubits in the MBQC-form part, then apply Z-
deletion to these qubits. A local complementation about the top left qubit gives us the
fourth diagram, which is in rGS-LC form and in fact is equivalent to the left-most diagram
in Example up to map-state duality. We then obtain the final diagram by following
the procedure in Observation note that this diagram is already in canonical form
(up to map-state duality and colour changing spiders with Hadamard gates in their vertex

operators) assuming that the input qubits have lower indices than the output qubits.

1Up to map-state duality and colour changing vertices with Hadamard operators.
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For D', we perform local complementation about the two interior qubits of the MBQC-
form part (here we have done this about the top qubit first, then the bottom qubit), and
Z-delete both qubits.

J % H&@F ,,,,,, B

ﬂé %@W % Co®— ﬂg — e —

This final diagram is already in phase polynomial form (up to map state duality and

colour changing the spiders with Hadamard edges in their vertex operators) without us
having to go through rGS-LC form. To rewrite this diagram into canonical form, all that
remains is to pivot along the edge connecting the bottom left qubit to the bottom right

qubit, giving the following diagram:

We have therefore rewritten D and D’ into the same canonical form diagram. Every rule
used to re-write D and D’ to canonical form is invertible and the inverses preserve Pauli

flow, giving us a sequence of flow preserving rewrite rules taking D to D’.

85



Chapter 6

Neighbour unfusion

The content in this chapter can be found in the paper [47].

In [60], a rewrite rule called neighbour unfusion was used to reduce the number of two-
qubit gates in circuits via the ZX-calculus. Using neighbour unfusion allowed for the
two-qubit gate count to be greatly reduced, but introduced a new problem: neighbour
unfusion, which introduces two new qubits in each application, was found to not always
preserve gflow. Yet a flow is needed to be able to translate back to a circuit after the
application of the two-qubit gate count reduction algorithm. We now show that neigh-
bour unfusion preserves the existence of Pauli flow, so circuit re-extraction is always

possible.

Corollary 6.0.1. By applying vertex splitting with |W| = 1, we obtain the following
‘neighbour unfusion’ rule, where a = o + & (the measurement for the right-most vertex

is not drawn as it can be measured in any plane, or even be an output).

L

As wvertex splitting preserves the existence of Pauli flow, we then have that neighbour

unfusion also preserves the existence of Pauli flow as it is a specific case of vertex splitting.

Switching to using Pauli flow in the algorithm of [60] ended up being slower than using
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gflow due to the circuit extraction procedure undoing a lot of the extra uses of neighbour
unfusion, as well as the circuit extraction being slower itself. It is then natural to question
under what conditions neighbour unfusion preserves the existence of gflow. Staudacher et
al. [60] state that, in the case of only XY -measurements, neighbour unfusion empirically
fails to preserve gflow if the two vertices to which neighbour unfusion is applied are
extracted to different qubits in the circuit extraction. This was stated without proof and
it is not immediately obvious which qubits are extracted onto the same qubit, thus finding

the right condition remained an open problem.

We originally struggled to find a condition that is both sufficient and necessary for neigh-
bour unfusion to preserve gflow and instead developed separate sufficient and necessary
conditions. Since then, we have been able to find the “correct” condition that is both
sufficient and necessary. We shall begin by introducing the separate necessary and suffi-
cient conditions for neighbour unfusion to preserve the existence of gflow, give examples
of where these fail, then provide the proof of the condition that is both sufficient and

necessary.

6.1 A sufficient condition for preservation of gflow

Proposition 6.1.1. Let I' = (G, 1,0, \) be a labelled open graph and suppose a,b are two
adjacent vertices in G with A\(a) = A\(b) = XY. Suppose I has focused gflow (g, <) where
be gla) and for allw € V\{a,b}, w<b = w<aanda<w = b<w. Let I" be
the labelled open graph after applying neighbour unfusion to a and b. Then I has gflow.

The same holds with the roles of a and b reversed.

This condition is sufficient but not necessary - we will illustrate the neighbour unfusion
process with an example that shows some choices of unfusion which do preserve gflow and
others which do not, then give an example of when neighbour unfusion preserves gflow

without this condition being satisfied.

Example 6.1.2. Consider the following MBQC-form diagram, which appeared in a dif-
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ferent context in [50].

This has a focused gflow (g, <) with ¢g(i1) = {a, 02}, g(i2) = {a,b, 02}, g(a) = {b, 02} and
g(b) = {01,092} and partial order iy,i5 < a < b < 01,05. Then neighbour unfusion along

one of the edges (is, a), (a,b) or (b,0,) preserves gflow by Proposition [6.1.1]

On the other hand, the pair (is, 0) satisfies the condition oy € g(i5) but satisfies neither
W< 0y => w <1y NOT 19 < W = 09 < w since a and b sit in between the pair in the
partial order. Applying neighbour unfusion to i, and o, does not preserve the existence
of gflow since the odd neighbourhood of {o01,0:} would become {is,i}, b} and thus no
vertex can be corrected solely using the outputs in the resulting diagram. An analogous

argument holds for the pair (iz,01) for which o1 ¢ g(is).

Example 6.1.3. The condition in requires that there are no vertices measured at
the same time as a or b. This does not have to be the case for neighbour unfusion to

preserve gflow - consider the following diagram.

This has a (focused) gflow with g(a) = {c}, g(b) = {d} and a,b < ¢,d. Applying neighbour
unfusion along the edge between a and ¢ (or between b and d) preserves the existence of
Pauli flow despite the condition Vw € V' \ {a,c}, w < ¢ = w < @’ from [6.1.1not being

satisfied.
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6.2 A necessary condition for preservation of gflow

We now show that, for MBQC-form diagrams with equal numbers of inputs and outputs,
the condition b € g(a) (or instead a € g(b)) is necessary for neighbour unfusion to preserve

gflow.

Proposition 6.2.1. Let I' = (G,1,0,)\) be a labelled open graph with |I| = |O| with
focused gflow (g, <). Suppose a,b are two adjacent vertices in G with \(a) = A(b) = XY.
Let TV be the labelled open graph after applying neighbour unfusion to a and b in I', and

suppose I has gflow. Then we must have b € g(a) or a € g(b) for the focused gflow on T.

Proof. Suppose we have a pattern I'” with the subdiagram and assume that I'" has a
focused gflow (¢', <'). Let I'" = (G", 1,0, \") be the induced sub-pattern containing only
those vertices of G’ that are either outputs or measured in the XY-plane; this must include
all inputs since those cannot be measured in planes X Z or Y Z. This new measurement
pattern still contains the subdiagram and it has gflow [9, Lemma 3.15]. In fact, since
(¢',<") is focused, it implicitly follows from [9, Proposition 3.14 and Lemma 3.15] that
the gflow of the new pattern is just the restriction of the old gflow function to a smaller

domain, and this is still focused; denote it by (¢”, <").

Now every focused gflow in a pattern with only XY-plane measurements and equal num-
bers of inputs and outputs can be reversed in a very strict sense: Let I' = (G”, 0, I, ")
be the reversed pattern with the roles of inputs and outputs swapped and A"/ mapping all
non-outputs to XY. Then there exists a focused gflow (g, <", ) for T” where <", is

Tev rev

the reverse of <" and u € ¢/, (v) if and only if v € ¢"(u) [48], cf. also [9, Corollary 2.47].

Tev

As x is XY-measured and has two neighbours, to satisfy x € Oddg (¢”(x)) and z €

Oddgr (g2, (x)) we require the following to hold, where @ is the exclusive-or operator:
(acg’(x) v eg'(d) @ (d eg'(x) Nw e g'la))

As d’ is also XY-measured and has two neighbours, by the same reasoning we obtain:
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(beg'(d)nd €g'(x)®(ze€g"(d)Nd €g"(D)).

Then, as we cannot have both = € ¢”(d’) and o' € ¢"(x), we have either that a € ¢"(x),
z € ¢"(d') and o’ € ¢"(b) or that b € ¢"(d’), a’ € ¢"(x) and x € ¢”"(a) for (¢”,<") to be a
gflow for I'”. But (¢”, <") is the restriction of (¢’, <’) to the XY-measured vertices in I".

Thus either a € ¢'(z), z € ¢'(a') and o’ € ¢'(b) or that b € ¢'(d’), ' € ¢'(x) and x € ¢'(a).

Now, consider the following sequence of rewrites corresponding to the inverse of neighbour

unfusion:

o3 ,

) %% ) ;% R a 7777777777777 % b=a a" b

where we first pivot along the edge (x,d’), then apply Z-deletion to @’ and finally apply
the phase gadget identity rule of [43] to add the phase of @’ to that of a. Each of these
rules preserves the existence of gflow, thus the inverse of neighbour unfusion preserves
the existence of gflow. Moreover, if z € ¢'(a), a’ € ¢'(z) and V' € ¢'(a’), then after
applying the inverse of neighbour unfusion we get a focused gflow (g, <) for I with b €
g(a) (and similarly if a € ¢'(z), x € ¢'(¢’) and a' € ¢'(b) we get a focused gflow with
a € g(b)). Therefore, if the measurement pattern after neighbour unfusion has gflow,
then the original pattern has a focused glow where b is in the correction set of a, or a

focused gflow where a is in the correction set of b. m

An analogous argument to the above works if b is an output, in which case the only option
is for b to be in the correction set of a. Therefore the above proposition covers all the
cases relevant to Staudacher et al.’s work on patterns where all measurements are in the

XY-plane.

Example 6.2.2. The following two measurement patterns are related by neighbour un-

fusion along the edge between vertices a and b:
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G d
In the first pattern, a and b are both inputs and thus cannot appear in correction sets.
Hence the pattern does not have a gflow where a is in the correction set of b or where b
is in the correction set of a. Yet it does have a gflow (g, <) with g(a) = {c}, g(b) = {d}

and a,b < c,d.

For the second pattern to have a flow (p, <'), we require a’ € p(z) and = € p(a’) since
both vertices need to be in the odd neighbourhood of their correction set and inputs
cannot appear in correction sets. This diagram can therefore not have a gflow, as the
gflow conditions would require that z <’ @’ and o’ <" x simultaneously, so <" would not
be strict. This diagram does have a Pauli flow however, as the X-measured vertex x does

not need to come after a’ in the partial order in the case of Pauli flow. The Pauli flow

satisfies p(a) = {c}, p(b) = {d}, p(z) = {d,d'} and p(a') = {c, 2} with x < a,b,d’ < ¢, d.

6.3 The ‘correct’ condition to ensure neighbour unfu-
sion preserves gflow

We shall now introduce the condition that is both sufficient and necessary for neighbour

unfusion to preserve the existence of gflow.

Theorem 6.3.1. Given some labelled open graph I' = (V,E,I,O,\) with |I| = |O)|
and neighbouring vertices a,b € 'V such that AM(a) = XNb) = XY, the graph T" =
(VI E' 1,0,XN) obtained by applying neighbour unfusion to a and b in I' has gflow if
and only if there exists a focused gflow (g, <) on I such that a < b and there is no vertex

v satisfying a < v < b (or equivalently with the roles of a and b reversed).

Proof. Consider a labelled open graph I' which has a focused gflow (g, <) and contains

the subdiagram
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Assume without loss of generality that [ has a focused gflow (g, <) satisfying a < bA /
Juv:a <v<b Then as A(a) = A(b) = XY, we have that b € g(a).

Neighbour unfusion yields a labelled open graph IV = (G’,I,0,)\) with the following

o i? b (6.1)

We can construct a focused gflow for the new pattern by defining the correction sets as

subdiagram, where o/ + o = «:

follows: )

g(w)U{z,a’} ifae g(v)Abe gv)
gw)Ufa}t  ifa€g(v)Abég(v)
gw)u{z}  ifadgv)Abeg(v)
gy Uld}  ifv=z
g(a) if v =

g(v) otherwise.

This choice leaves invariant the odd neighbourhoods of the correction sets of any original

(non-output) vertices. Furthermore we have
Odde (¢'(x)) = Odde (g(b) U {a'}) = Odder (9(b) A {a'}) = Oddg (9(b)) A {x, b}
since a,a’ ¢ g(b), and
Odder (¢'(a’)) = Odder (9(a)) = Oddg (g(a)) A{a,a’}

since b € g(a). Therefore z € Oddg (¢'(z)) and o € Odde (¢'(a’)) as desired, and
furthermore the correction sets for the new vertices are focused. Take <’ to be the

transitive closure of

<UA{(a,z),(z,d),(d,b)} U{(w,x)|lw <bAw £ a} U{(d,w)la < wAbA w},
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then (¢, <’) is a focused gflow for I'": Firstly, the relation <’ is a strict partial order.

As <’ is a transitive closure, it is transitive by construction. Is then remains to show
that it is asymmetric or irreflexive. We shall assume that there exist v, w € V' satisfying

v <" w and w <" v for a contradiction. We then have the following cases to consider.
1. v=2x and w = d’ (or equivalently with v = @’ and w = x)
2. ve{x,d} and w e V'\ {z,d'} (or equivalently v € V'\ {z,d'} and w € {z,d'}).
3. veV'\{x,d} and w e V' \ {z,d'}

In the first case, if v = z and w = @’ then w £’ v by the definition of <’.

For the second case where we have v = x and w € V, w <’ v implies that w = a, w < a
orw < band w £ a. v <" w implies that w = b, b < w or a < w and b £ w, none of
which are compatible with the conditions implied by w <’ v as < is a strict partial order.

Therefore the second case cannot hold.

For the final case, if we have v, w ¢ {x,a’} then the condition w <’ v implies that either
w=<vorw <"z <"ad <" v. If w=<wvthen as < is a strict partial order, we could not

have v <" w as this would give both w < v and v < w.

If w <"z <" a" <" v then we either have that w =a, w <aorw <band w £ a. fw=ua
or w < a then w <’ v implies w < v and v <" w implies v < w, contradicting the fact

that < is a strict partial order.

We then must have that w < b and w £ a. From w <" z <" o’ <’ v we obtain v = b,
b<vora-<wvandbAwv. In the first two cases, w < v and thus these cases are trivial as
before. We therefore have that w <’ v implies that a« < v and b £ v as well as w < b and

w £ a. Visually, we have the following (with arrows representing the order).

Nl
7NN

Then, v <" w then gives us that a < v < w < b, contradicting the assumption that Au
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such that a < u < b. Therefore we have that w <" v implies v A" w - as <’ is transitive,

it is therefore a strict partial order.

To show that the gflow conditions are satisfied by (¢’, <’), it suffices to consider that the

modified correction sets are compatible with the new partial order:

For any v € V, we have a’ € ¢'(v) only if a € g(v). The latter implies v < a and

thus v <" a <" a'.

e For any v € V| we have x € ¢'(v) only if b € g(v). The latter implies v < b and

thus by assumption v < a. Then, as in the previous case, v <" a <’ z.

If w e ¢'(x), then either w = o’ or w € g(b). The former is straightforward as
x <" d by definition. For the latter, we have b < w since (g, <) is a gflow, and thus

xz <"b<"w.

If we ¢'(d'), then w € g(a). This implies a < w since (g, <) is a gflow, and

furthermore b < w by assumption. Thus, a’ <" b <" w.
All of the other gflow conditions are satisfied as (g, <) is a gflow for T

For the other implication, suppose I has gflow. Then it has a focused gflow (¢, <').
Every focused gflow with |I| = |O| is reversible, thus as x and o’ are XY -measured and
have two neighbours, both must be in the correction set of one of their neighbours and
have the other neighbour in their own correction set so that they are in their own odd

neighbourhoods in both ¢’ and its reversed version.

In particular, we have the following two statements.

(a€g@)nweg(d)V(deg () Az eqda)

(zeg(a)na €g(b)V(aeg(x)nbeg(a)

As we cannot have both x € ¢'(a’) and o’ € ¢'(z) as this would mean = <’ @' and
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a’ <" x, we get that either x € ¢'(a), ' € ¢'(z) and b € ¢'(d') or a € ¢'(z), x € ¢'(d)
and a’ € ¢'(b). We shall assume that we have the former case where a <" = <" o’ <" b
without loss of generality. Note that we must have ¢'(a’) = {b} A\ AweNG/(b)g’(w), g (z) =
{d’} Ag'(b) and ¢'(a) = {z} Ag'(d’) for (¢, <’) to be focused. We then also have that

Oddg:(9'(a)) \ {a} = Oddg:(¢'(a)) \ {a'} and Oddg:(¢'(x)) \ {x} = Odde:(¢'(b)) \ {b}-

Suppose there exists some vertex v ¢ {z,a’} satisfying a <" v <’ b. We have the three

following cases.

lLa<'v<'z<"d <'b

2.ax'z<v<d <D

J.ax'z<'d <"v<"b
As (¢',<’) is focused, <" only depends on ¢’ - thus in the first case, if v is XY -measured
we have that v € ¢'(a) (similarly v € Oddg (¢'(a)) if v is XZ or YZ measured). As
g (a) = {z} Ad'(d) and Odde(g'(a)) \ {a} = Odde (g (")) \ {a'}, we then have that

v € ¢'(a) and v & {a,z,2’,b} implies v € ¢'(a’) (and similarly for odd neighbourhoods)

and thus @’ <" v, contradicting the statement that v <" a'.

In the second case, we have v € ¢'(x) if v is XY measured (similarly v € Oddy,¢'(z) if v is
XZ orYZ measured). As ¢'(z) = {a’} A ¢'(b) and Odde (¢'(x))\{z} = Odde (g’ (b)) \{b},
we can deduce that v € ¢'(x) and v € {a, z,2’,b} implies v € ¢’(b) (and similarly for odd

neighbourhoods) and thus b <" v, contradicting the statement that v <’ b

For the final case, v <’ b implies b € ¢'(v) if b is XY-measured. Then as ¢’ is focused, we
must have z € ¢'(v) so that o’ € Odd(¢'(v)), implying that v <" 2 which contradicts the

statement that x < v.

We shall now use the fact that v cannot be between a and b in the partial order of the post
neighbour unfusion diagram to show that it also cannot be between a and b in the pre-
neighbour unfusion diagram. Consider the following sequence of rewrites corresponding

to the inverse of neighbour unfusion:
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21

2399, 92000, Q0 O @2 O

where we first pivot along the edge (x,a’), then apply Z-deletion to @’ and finally apply
the phase gadget identity rule of [43] to add the phase of @’ to that of a. Each of these
rules preserves the existence of gflow, thus the inverse of neighbour unfusion preserves the
existence of gflow. Moreover, if a <" b and Av € V' \ {z,d'} such that a <" v <’ b then

we have that a < b and Av € V such that a < v <.

Therefore, if the measurement pattern after neighbour unfusion has gflow, then the orig-
inal pattern has a focused gflow where b is in the correction set of a, or a focused gflow

where a is in the correction set of b, and no vertices are measured between a and b.

O
We now have a full classification for when neighbour unfusion preserves the existence
of gflow. This should allow for a speed-up in the runtime of the two-qubit gate count

reduction algorithm of [60] as we now can easily find exactly all cases where we can apply

neighbour unfusion while maintaining the existence of gflow.
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Chapter 7

Conclusions and future work

In this thesis, I have shown that there are multiple Pauli-flow-preserving rewrite rules that
have not been previously considered, with applications in many areas of quantum com-
puting. Previously, only rules which reduce the number of spiders had been considered,
which is natural as reducing the number of spiders is one of the goals in optimization —
however, I have shown that rules which increase the number of spiders can be powerful

and are worth investigating further.

I have shown that using the Z-deletion and local complementation rules along with our
newly introduced Z-insertion rule, we are able to rewrite any two stabilizer MBQC-form
diagrams into one another. In the process of doing this we have introduced the first
unique normal form for stabilizer ZX-diagrams, a result has since been generalized to the

stabilizer qupit ZX-calculus for all prime dimensions [55].

Finally, T have also proved that neighbour unfusion, a specific case of our "splitting a
vertex" rule, preserves the existence of Pauli flow in all situations but only preserves
gflow in specific cases, of which I have found a sufficient and necessary condition for. On
top of this, I have introduced a weaker necessary condition which is easy to check for and

can quickly tell us when neighbour unfusion will not preserve the existence of gflow.

There are several avenues of future research which arise from this work.
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7.1 Further work: More flow-preserving rewrite rules
and completeness

Flow-preserving rewrite rules are clearly very powerful and have been used long before
the work in this thesis [27]. It is therefore interesting to consider what other rewrite rules
we can find that preserve the existence of Pauli flow and in which cases these rules also

preserve the existence of gflow.

While T have shown that the MBQC-form ZX-calculus is complete for the stabilizer frag-
ment, this fragment is classically simulable. If someone was able to find a flow-preserving
rewrite rule set for a more general (ideally universal) fragment of quantum computing
such as the Clifford+T or the universal ZX-calculus, this would have a big impact on the
field of circuit optimization as we would then be able to do all of our optimization using
flow-preserving rewrite rules and then know that we would still easily be able to get a
circuit back out at the end without undoing a lot of the optimization, which is a problem

with current ZX-based circuit optimization techniques.

Additionally, the unique stabilizer normal form I have introduced has been generalized
to the stabilizer qupit ZX-calculus [55] as well as the qufinite ZXW-calculus [63]. If this
normal form could be generalized to a universal fragment of the ZX-calculus in some way
then this would be incredibly powerful both as a theoretical result and as part of a circuit

optimization process.

7.2 Further work: Applications of our How-preserving
rewrite rules

The work I have done on flow-preserving rewrite rules has been theoretical, yet has already
found applications in blind quantum computing [17] and in circuit optimization [60]. It is
therefore interesting to consider which other areas of quantum computing research these

rules may find applications in.
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Circuit optimization strategies - both those using the ZX-calculus and using other, more
traditional methods - regularly focus on the stabilizer fragment, for example by removing
as many stabilizer spiders as possible as in [27]. Since we have now found a unique normal
form for stabilizer ZX-diagrams, there may be applications of our complete rewrite ruleset

to circuit optimization which are worth further consideration.

A normal form similar to the unique stabilizer normal form we introduced has recently
found applications in quantum compilation [42] and so it is also interesting to consider
what else we can learn from the ability to find a unique normal form for stabilizer MBQC-

form diagrams.
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