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Abstract

In this thesis, we mainly study the structure of Dg-brane Chan-Paton factors in Type
IT orientifold O;,t theories. An explicit structure is found through a thorough and system-
atic derivation. For this purpose, we give a complete analysis of the worldsheet parity
square action for all p-q open strings (i.e, the strings starting from D,-branes and ending
on D,-branes), which is an extension of Gimon-Polchinski’s work on the parity square
action for p-q strings with p — ¢ even. We also formulate the rules for computing the
scattering amplitudes of open strings ending on D-branes. These are important to build
phenomenological models in string theory. As an application to the mathematical aspects
of string theory, we confirm the proposal that the D-brane charges in Type II orientifolds

are classified by the KR-theory groups. All these results will appear in our paper [1].

We also show some preliminary results on the B-type D-branes in the orientifolds
of linear sigma models. A typical linear sigma model has both a geometric phase and a
Landau-Ginzberg phase over its Kahler moduli space. The B-type D-branes are described
by suitable categories in a linear sigma model and its phases. The orientifold projection
induces parity mappings on the various categories. By looking at the transportation of
invariant branes in the moduli space, we find the relations among the parity mappings of

different phases in the quintic model.
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Chapter 1

Introduction

The theoretical particle physics has been extremely successful. A lot of phenomena have
been understood very well in terms of a small number of underlying principles and build-
ing blocks. The principles that underly our current understanding of nature are quantum
mechanics and quantum field theory. There are four known fundamental interactions in
nature: the electromagnetic, the weak, the strong and the gravitational interactions. By
the late 1970s, it was found that the first three fundamental interactions can be described
by the so-called Standard Model(SM) of particle physics, which is a renormalizable quan-
tum gauge field theory with the SU(3)c x SU(2)r x U(1)y gauge group. In the SM,
the fundamental interactions are mediated by the so-called gauge bosons which are spin-
1 particles. Photons mediate the electromagnetic interaction. The W= and Z bosons
mediate the weak interactions. The gluons mediate the strong interaction. All visible
matters in nature are described by spin—% elementary particles, called fermions. In the
SM, there exist three generations of fermions, called quarks and leptons. Quarks take
part in all three interactions, while leptons only take part in the electromagnetic and the

weak interactions. The SM also includes the spin-0 Higgs boson which is needed for the



spontaneous symmetry breaking. The SM has passed a variety of experimental tests and
is consistent with virtually all physics down to the energy scale of 100GeV. The only
unobserved particle in the SM is the Higgs boson. Searching for it is one of the main chal-
lenges of the Large Hadron Collider(LHC), which is being built at CERN and is going to

operate in 2009.

Despite all the success of the SM, it is surely not a complete theory of particle physics.
First, the gravity does not seem to be able to fit into the framework of a local quantum field
theory. The gravitational interactions are mediated by spin-2 particles, called gravitons.
Einstein’s general relativity theory provides a good description of the gravity. If we try to
quantize it in the spirit of quantum field theory, we would end up with a nonrenormalizable
quantum field theory. In other words, the general relativity and the SM are incompatible.
Second, the SM contains nineteen parameters: 9 fermion masses, 3 gauge couplings, 4
CKM matrix entries, 2 Higgs couplings and one QCD vacuum angle. The values of these
parameters are unrelated and arbitrary. What determines these parameters? Third, the
SM has the so-called hierarchy problem, i.e, some parameters in the SM Lagrangian are
much smaller than one would expect. Put the problem in another way. We can ask why the
gravity is so weak. Let us compare the weak interaction with the gravitational interaction.
The typical ratio of the gravitational force to the weak force is (my/m,;)?, where the W-
boson mass my is about 100GeV, and the Planck mass m,; is about 10®GeV. We can
easily see that the gravitational force is 1073% times weaker than the weak force. Adding
up all the evidence, it is widely believed that the SM is only an effective theory valid up

to the energy scale of 100GeV.

Several proposals have been put forward to solve the problems of the SM. Each pro-
posal has its own attractive features. One is the grand unification theory(GUT). The

gauge group of the SM is a direct product of three Lie groups. It contains three gauge



coupling constants, corresponding to the three interactions, respectively. Thus, it is not
a real unification model of the three interactions. On the other hand, the GUT unifies
the three fundamental interactions into one, i.e, embedding the SM gauge group into one
larger simple Lie group such as SO(10) or SU(5). There is only one gauge coupling con-
stant. The GUT also predicts relations among the fermion masses. These are the nice

aspects of the GUT.

The second proposal is the extra dimensions. The idea is that our spacetime has more
than four dimensions, and the extra ones are so highly curved as to be unobservable at
current experimental probe. This is logically consistent. Actually, Einstein’s general rela-
tivity theory does not determine the dimension of our spacetime. It makes the unification
of gauge interactions and the gravity possible, through the so-called Kaluza-Klein mech-
anism. The original Kaluza-Klein model was proposed to unify the electromagnetic and
the gravitational interactions. The model extended Einstein’s general relativity theory
to a five-dimensional spacetime. The extra spatial dimension was compactified on a cir-
cle of very small radius. The resulting effect theory in the noncompact four-dimensional
spacetime contained Einstein’s general relativity for the gravity and Maxwell’s theory for
the electromagnetism. It is straightforward to generalize the Kaluza-Klein mechanism to

higher extra dimensions.

The third proposal is called supersymmetry. Supersymmetry has been widely stud-
ied both in physics and mathematics [2, 4, 5]. Unlike spacetime symmetries and gauge
symmetries, supersymmetry is a symmetry that relates two particles whose spins differ
by % The two particles are superpartners to each other. A quantum field theory with
supersymmetry is called a supersymmetric quantum field theory. There are many su-
persymmetric extensions of the SM in literature. The simplest one is just to add the

superpartner of each SM particle into the Lagrangian. The superpartners of gauge bosons



are called gauginos. The superpartners of quarks and leptons are called squarks and
sleptons, respectively. The resulting theory is called the minimal supersymmetric stan-
dard model (MSSM). Technically speaking, the MSSM has 4d A'=1 supersymmetry. If
supersymmetry exists at the energy scale of 1TeV, it will solve two major problems in
the SM: the hierarchy problem and the unification of the electromagnetic, the weak and
the strong interactions. On the other hand, up to now, there is no direct evidence that
supersymmetry is a symmetry of nature. The superpartners of the SM particles have not
been observed. This suggests that if supersymmetry exists, it must be a broken symmetry.

Searching for the superpartners of the SM particles is also one of the main challenges of

the LHC.

String theory starts from a totally different viewpoint from the local quantum field
theories [3, 4, 6]. The fundamental objects in string theory are one-dimensional strings.
There are two types of strings, open strings and closed strings. Both of them can be either
oriented or unoriented. An oriented string is a string with an internal orientation so that
the string is distinguished from the string with the opposite orientation. While for the
unoriented string, there is no such internal orientation. The open string has two endpoints.
One can attach additional degrees of freedom to both endpoints, called the Chan-Paton
factors. When moving in the spacetime, the strings will sweep out a two-dimensional
surface, called the worldsheet. The graviton and all the other elementary particles can
be regarded as the oscillation modes of the closed and open strings, respectively. The
only input parameter in string theory is the string’s tension, T = ﬁ, where o/ is the
Regge slope. (The Regge slope was first introduced in particle physics. In the 1960s, it
was found that the spin of a hadron is proportional to its mass squared, J = a/m?. o is
called the Regge slope, with a value of about 1(GeV)~2. In string theory, o’ becomes an

input parameter.) This defines a characteristic length of string, I; := v/, which means

that the interaction in string theory does not happen at a point, but is smeared out into
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a region on the string worldsheet. On the other hand, the characteristic energy scale 1/
of string theory is very big compared to the scale of particle physics. Then at energies
much below 1/l (corresponding to the limit o/ — 0), the string excitation modes can be
ignored and the strings can be well described as point-like states. The string Feynman

diagrams will reduce to the quantum field theory ones.

There are two classes of string theories: bosonic string theories and superstring the-
ories. The bosonic string theory is phenomenologically uninteresting because it does not
contain spacetime fermions. The superstring theory contains all the attractive features of
the grand unification, the extra dimensions and supersymmetry. It is believed to be the
most promising candidate for a unified theory of all the four fundamental interactions in

nature. So we will focus on superstring theories in the following.

Let us first look at the open superstring theory. The worldsheet action in the conformal
gauge is:

1 1 . .
Shulk = - / d20(&a+X FO_X A+ ithy - Oy +ipo - 019,
>

where the ¢ and ¢" are the left-moving and right-moving worldsheet fermions with
pw = 0,1,--- d — 1, respectively. X is the open string worldsheet, parameterized by

<o < Fand —oo <t < o0. At the boundaries of 3, the Poincaré invariant boundary

ol

condition on the bosonic field X* is the Neumann condition, 9, X* = 0. There exist two
types of boundary conditions on the worldsheet fermion fields which are consistent with
the Lorentz invariance. They are denoted by the Ramond(R) and the Neveu-Schwarz(NS)

sectors:

R: wi(—g,t)ziwﬁ(—g,t) ¢i(g,t):i¢ﬁ(g,t)

NS: o @h(mg ) =g t) (G0 = FUR (G,



The mode expansion of the worldsheet fields is:

1 .
XH(o,t) = 2" + (2a)2alt 4 i(2a/)'/? Z ﬁaZcos[n(a — g)]e_’"t, (1.1)
n#0
. ,r 1
Yrot) = e 3 reZ (R) and r€Z+ 5 (NS), (1.2)

where af = v2a/p* is the zero mode for the bosonic field. Then the bosonic and fermionic

parts of the energy-momentum tensor can be written as

00 L,
TB(Z) - Z om+2’
G, 1
Tr(z) = ZW , where r € Z (R) 0rr€Z—|—§ (NS). (1.3)

T

We have an enlarged Virasoro algebra

[Lm> Ln] = (m - n)Lm-l—n + %(m?) - m)5m+na
(G, G} = 2LT+8+1_(32(47~2-1)5T+5,
1
(L, Gr] = §(m—2r)Gm+r, (1.4)
(1.5)
with

R o -+IZ(2 ) )
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Gy = ) ety (1.6)

n

In the above, c is the central charge term which gives the conformal anomaly. Its value

is d + d/2, where d is from the d worldsheet bosons and d/2 is from the d worldsheet



fermions. It turns out that the superconformal ghost fields contribute another -15 to
the conformal anomaly term. Then the demand for the conformal anomaly cancellation
determines that d = 10. This explains why superstring theories can only be consistently

defined on 10d spacetimes.

In order to achieve spacetime supersymmetry, the spectrum is projected to states
with even fermion number. This is called the GSO-projection. Massless states in ten-
dimensional spacetimes are classified by representations of the little group SO(8) of the
10d Lorentz group SO(1,9). They are the 8, and the 8 representations for the NS and R
sectors, respectively. (Actually, there is a physically equivalent representation 8. for the
R sector.) The NS-sector corresponds to the spacetime gauge bosons and the R-sector
corresponds to the superpartners of the gauge bosons. Including the Chan-Paton factors
at the ends of the open string, one can get a U(N) gauge theory for the oriented open

strings and an SO(N) or an Sp(N) gauge theory for the unoriented open strings.

For the closed superstring, the discussion is very similar to the open string case.
The difference is that the closed string worldsheet ¥ (parameterized by 0 < ¢ < 27 and
—00 <t < oo with 0 = 04 2m) is closed and does not have boundary. Its spectrum is just
the product of two copies of the open string spectrum. One can take the GSO-projection
on the two copies independently. Take the same GSO-projection on both copies, we get
the Type IIB string theory which is chiral. Taking opposite projections gives the Type

ITA string theory which is non-chiral. The massless states in the two theories are

Type TIA: (8y ®85) ® (8, D 8¢),

Type 11B: (8, ®8s) ® (8, P 8y) .



The NS-NS sector is the same in Type ITA and IIB theories,
8 ®8, =D B, ®gu =128 35,

where ®, B, and g, are the dilaton, the antisymmetric tensor and the graviton, respec-

tively. The R-R sectors in Type ITA and IIB theories are

Type IIA: 8 ® 8. = [1] ® [3] = 8y @ 564,

Type IIB: 8,08, =[0]®[2]®[4); =1® 283 35,.

The [n] denotes the n-times antisymmetric representation of SO(8) and is also called the
R-R C,, form. In particular, [4]; is self-dual. The NS-NS and R-R sectors together
form the bosonic components of 10d Type ITA and IIB supergravities, respectively. The
NS-R and R-NS sectors are the fermionic components. In Type I and Type II theories,
there exist higher-dimensional objects, called D,-branes, which have p 4 1-dimensional
worldvolumes. The open strings can end on them, giving rise to the gauge field theories

on the D-brane worldvolume.

There are two more closed superstring theories, called the heterotic string theories. As
we know, we can treat the left-moving and the right-moving sectors of the closed string
independently. The heterotic string theory is a hybrid of superstring and bosonic string
theories. The left-moving sector is a purely bosonic string, and the right-moving sector is
a pure superstring. To achieve the conformal anomaly cancellation, we need to introduce

32 fermionic fields in the left-moving sector. The worldsheet action is

gL / Lo {iaX“éXu + MO + 9oy ),
47T » O/ ’



Type String Gauge| Chiralityy 10d | Massless bosons
group SUSY

ITA Closed None | Non- N=2 | NS-NS: &, Buvv v
Oriented chiral R-R: C1, C;

I1B Closed None | Chiral N=2| NS-NS: @, B, g
Oriented R-R: Cy, Cs, Cy
Open& Closed| SO(32) | Chiral | N=1 | @, g,,,,,C,

I Unoriented A, in Adj. of SO(32)

heterotic || Closed so2) | Chiral | N=1|®, B, g,

SO(32) || Oriented A, in Adj. of SO(32)

heterotic || Closed EsxEs | Chiral | N=1|®, By, g,

Eg x Eg Oriented A, in Adj. of Es x Es

Table 1.1: The five 10d consistent superstring theories.

where g runs from 0 to 9, and ‘A’ runs from 1 to 32. Depending on the choice of
boundary conditions to the 32 left-moving fermions, there are two heterotic string theories
with spacetime supersymmetry. In the SO(32) heterotic string theory, all the left-moving
fermions have the same boundary conditions. In the Fg x Ejg heterotic string theory, the
fermions are split into two groups with two different boundary conditions. We summarize
the five superstring theories in Table(1.1). From the beginning of the 1990s, a lot of
research progress has been made. One of the most important findings is the various
dualities in string theory. The study of the strong-weak dualities suggested that there
exists an 11-dimensional theory, called M-theory [8, 9, 10]. All the five superstring theories

can be regarded as a limit of it.

Since superstring theory is only consistently defined in ten-dimensional spacetimes, we
have to explain what happens to the six extra dimensions to make contact with the real
world particle physics. The idea is again based on the Kaluza-Klein mechanism. The six
extra dimensions are so tiny that they are undetectable, and the visible spacetime is effec-
tively four-dimensional. This procedure is also called the string theory compactification.

In other words, in string compactifications, we assume the ten-dimensional spacetime



to be of the form R'3 x M6, where RY? is the four-dimensional Minkowski spacetime
and MP° is the six-dimensional compact internal space. Depending on MS, the resulting
theory can have different supersymmetries in the four-dimensional spacetime. By far,
the most promising candidates for realistic models are from the so-called 4d N'=1 string
compactifications, i.e, the string phenomenological models with N'=1 supersymmetry in
the four-dimensional spacetime. There are two main methods to perform 4d N'=1 string

compactifications.

The first method is to compactify the heterotic string on a Calabi-Yau threefold. In
mathematical language, a Calabi-Yau manifold is a Kahler manifold with a Ricci-flat
metric. This is the traditional way to achieve 4d N'=1 supersymmetry. After compactifi-
cation, the massless particle states in the physical spacetime are the 4d N'=1 supergravity
multiplet (g, and the gravitino), the 4d N'=1 vector superfield (gauge bosons and gaug-
inos in the adjoint representation of gauge group), and other chiral superfields (scalars
and fermions). The low energy effective field theory, describing the massless fields at tree
level, is very complicated. Depending on the choice of the Calabi-Yau threefolds, one can
build many models (For example, see [25, 26, 27, 28]). When we consider the corrections

due to the finite o/, a lot of hard problems will show up [58].

Another method is called Type II orientifold compactifications with branes and fluxes.
When we compactify Type II string theory on Calabi-Yau threefolds, we will get the 4d
N=2 supergravity. If we add D-branes into Type II string theory compactifications, we
will break the 4d N'=2 supersymmetry down to the 4d N'=1 supersymmetry and obtain
the gauge fields from the open string sector. To cancel the R-R charges carried by D-
branes, we need to add the orientifold. An orientifold in string theory is obtained by
gauging a discrete symmetry involving the worldsheet parity. In string compactifications,

there usually exist a large number of unobserved neutral scalars (called the moduli fields).

10



Geometrically, their expectation values determine the size and shape of the compact
internal space, the gauge coupling, the masses of the SM particles, etc. Their existence
creates a big problem. Unless we have some controllable mechanism to determine the
expectation values of the moduli fields, the string models have no predictive power. This
is the moduli problem of Calabi-Yau compactifications. In recent years, introducing the
R-R fluxes into the string compactifications provides a controllable way towards solving
the moduli problem [30, 31]. The two classes of 4d N'=1 string models can be related to

each other through a web of dualities.

In this thesis, we focus on some physical and mathematical problems in Type II ori-
entifold compactifications. We first study the structure of Dg-brane Chan-Paton factors
in Type II orientifold O;t theories systematically. We find that the Dg-brane Chan-Paton
factors and the orientifold projection operators should satisfy certain constraints which
only depend on the type and the dimension of the orientifold plane O;,t. The rule of
writing down the open string scattering amplitudes is also discussed. All of these are
necessary and important ingredients towards building the 4d A'=1 string phenomenolog-
ical models. As applications of the above results, we study some mathematical aspects of
D-branes. Witten showed that the D-brane charges in Type II theories are classified by
the K-theory groups and those in Type I theory are classified by the KO-theory groups
[17]. Later on, it was proposed in [21, 22| that the D-brane charges in Type II orientifolds
are classified by the KR-theory groups. We confirm the proposal by showing that the set
of invariant tachyon configurations under the orientifold projection is isomorphic to the
classifying space of the KR-theory group. We also discuss the B-type D-branes in the
orientifolds of linear sigma models. The linear sigma model provides a unifying descrip-
tion of various 2d N'=(2,2) theories on the worldsheet. In mathematical language, there
exist different categories associated to the various phases of a linear sigma model. The

orientifold projection induces parity mappings of the various categories. By looking at

11



the transportation of invariant branes in the moduli space, we find the relations of parity
mappings among the different phases in the quintic model. Of course, there exist many
unsolved problems in building the 4d N'=1 string models, which are beyond the scope of

this thesis.

The rest of this thesis is organized as follows. First, we give some necessary physical
background in chapter 2. In chapter 3, we discuss the orientifold projection, the D-
brane Chan-Paton factors, and the scattering amplitudes. In chapter 4, we discuss the
isomorphism between the space of invariant tachyon configurations and the classifying
space of the KR-theory group. In chapter 5, we discuss the orientifolds in linear sigma
models and the orientifold projection as the equivalent mappings among the different
categories. Chapter 6 is the conclusion. Some necessary mathematical background and

detailed calculations are put in appendix A.
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Chapter 2

Review of D-branes and Orientifolds

2.1 D-branes

There are various ways to discuss D-branes in string theory (e.g., see [4, 6, 11, 12]). Here
we describe them from the spacetime point of view. When an open string moves in the
ten-dimensional spacetime, it will spread a two-dimensional worldsheet with boundaries.
The boundaries will be mapped to some submanifolds of spacetime. These submanifolds
are called D-branes. In other words, D-branes are submanifolds of spacetime where open

strings can end.

Suppose we have a D,-brane spanning the directions X*, u = 0,1, -+, p and transverse
to the directions X*, u = p+ 1,---,9. Consider an open string with both endpoints
on the D,-brane. For the bosonic worldsheet fields, we have the Neumann boundary
condition, 0, X"(0,t)|s=+r/2 = 0, in the directions along the D-brane worldvolume, and

the Dirichlet boundary condition, 9,X*(0,t)|s=4+r/2 = 0, in the transverse directions. This

13



is the reason why it is called the D,-brane.! For the fermionic worldsheet fields, there also
exist two types of boundary conditions, called the (+)-type and (—)-type. Denote the
normal component of the supercurrent by G = Fi1 - (9; £9,)X. At the right boundary
(0 = %), the (£)-type boundary conditions are chosen to be G + G = 0. While at the

left boundary (0 = —Z), the (&)-type boundary conditions are GL F GL = 0. In the

2
NS-sector, the boundary conditions at the two boundaries are of the same type, called
the (+4) and (——) NS-sector in short. The (++) and (——) NS-sector are related by
(—=1)¥® (or by (—=1)r) and hence are gauge equivalent to each other. In the R-sector,
the conditions at the two boundaries are of opposite types, called the (—+) or (+—) R-
sector. The spectrum of this open string is slightly different from what we have before.
In particular, for the massless states in the NS-sector, instead of an 8y representation,
we have a U(1) gauge field A* and 9 — p real scalar fields propagating in the D-brane
worldvolume. In general, we can have N D-branes at different positions. When n of them

overlap, we get the gauge group U(n) xU(l)N_". If all of them come together, we get the

gauge group U(N).

Actually, D-branes are dynamical objects. They interact with both open strings and
closed strings. The open strings and D-branes interact through various open string modes.
The closed strings interact with D-branes gravitationally. Away from the D-branes, only
closed strings propagate. Of course, in an interacting string theory, the closed strings
can break into open strings and open strings can rejoin into closed strings. The closed
string has two 10d spacetime supersymmetries, while the open string boundary conditions
(i.e, the D-branes) are invariant under at most one 10d spacetime supersymmetry. The
D-branes preserving 10d spacetime supersymmetry are called BPS D-branes. The BPS D-

branes must carry conserved charges. In string theory, there exist various antisymmetric

In string theory T-duality will map the Neumann boundary condition to the Dirichlet boundary
condition and vice versa. Depending on the T-dual direction, a D,-brane can be transformed to either a
D,y or a Dy brane.

14



R-R forms. The worldvolume of a BPS D,-brane naturally couples to a R-R C(,41) form,

i [ Cpan 2.1)
D p—brane worldvolume

where 41, denotes the R-R (p + 1)-form charge of the D,-brane. It turns out that each
BPS D,-brane carries one unit of the corresponding R-R charge. In this convention, the
anti-D,-brane (denoted by D,) has —1 R-R charge. Type ITA theory has BPS D,-branes
with p =0, 2, 4, 6, 8. The higher rank BPS D,-branes exist because there are R-R Co_,,
forms, magnetic dual to the C), forms, in Type ITA theory. Similarly, Type IIB theory
has BPS D,-branes with p = —1, 1, 3, 5, 7, 9. A BPS D_;-brane is a Dirichlet instanton,

defined by Dirichlet conditions in the time direction as well as all spatial directions.

There also exist non-BPS D-branes in string theory [13, 14, 15]. They are found by
studying the coincident D-D-brane system. We know that the D-brane and D-brane
preserve different halves of the 10d supersymmetry. So the D-D-brane system is non-
supersymmetric and unstable. In other words, its spectrum contains tachyonic modes.
This will cause the system to decay. Naively, the D,~D,-brane system (p even for Type
ITA and odd for Type IIB) would decay into a closed string vacuum. No interesting thing
would happen. In fact, the tachyon field of the system has non-trivial field configurations.
The potential for the tachyon mode is of a Mexican-hat type (See Fig(2.1)). It is argued
that the negative energy density associated with the tachyon potential at its minimum
(|T| = Tp) cancels the tension of D, and D, branes. Although the tachyon field is complex,
one can still consider a kink solution with Im(7T") = 0. From Fig(2.1), it is easy to see
that this real kink configuration is unstable and may decay into the vacuum state. This
tachyonic kink configuration can be identified as the unstable non-BPS D,,_;-brane of the
D,~D,-brane system [14]. There exists a real tachyon field in the non-BPS D,_;-brane

worldvolume theory. The kink configuration of this real tachyon field can be interpreted as

15
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Figure 2.1: The tachyon potential of the D,~D,-brane pair system.

a D,_o-brane. This kink configuration is topologically stable. Thus it gives a stable BPS
D,_s-brane. Actually, it can be shown that this two-step kink construction is equivalent
to the vortex solution of the D,~D,-brane system. To summarize, Type ITA theory has
non-BPS D,-branes with p = —1, 1, 3, 5, 7,9; while Type IIB theory has non-BPS D,-
branes with p = 0, 2, 4, 6, 8. Similarly, Type I theory has non-BPS D,-branes with
p=-1,0,23,4,6,7,8.

2.2 Orientifolds

An orientifold in string theory is obtained by gauging a discrete symmetry which involves

the worldsheet parity [23, 24]. The worldsheet parity €2 is a projection on the string
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worldsheet ¥ that reverses the orientation,

Closed string :  Q: (0,t) — (27 — 0, t);

Open string:  Q: (0,t) — (—0,t). (2.2)

The worldsheet parity will exchange the left-moving and right-moving sectors of a closed
string and flip the two endpoints of an open string. In particular, the worldsheet parity

action on open string fermionic worldsheet fields is,

Q: Yi(o,t) = FE(—0o,t). (2.3)

It is clear that the type of open string boundary conditions is preserved by (41)'Q. That
means the NS-sector is invariant under (£1)¥Q while the R-sector is not. Let us define a

dressed worldsheet parity Q,
Q= (1) Y(o1) = ¢ (—o,0) (2.4

The type of open string boundary conditions is reversed by (41) Q. So the R-sector is
invariant under (1)"Q and the NS-sector is not. Note that (41)"Q squares to (—1)F

while (£1)FQ squares to the identity,

@ = (D" =(-D", (2.5)

Q* = ((-1)FQ)? =d. (2.6)

In general, the worldsheet parity €2 can be combined with other symmetries to form a
larger symmetry group of a string theory which can be written into the form G = G;UQG,.

(g1 is a subgroup of G consisting of purely internal symmetries of the string worldsheet
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theory, and (G5 is a collection of target spacetime symmetries. Given a string theory A
with a symmetry group G. When gauging the group G, one can construct a new theory
A" = A/G, called an orientifold of theory A. The group G is called the orientifold group.
The states of A" are from the states of A which are invariant under the symmetry group G.
The spacetime points which are invariant under the spacetime symmetries G5 are called
fixed points. The set of fixed points under G, is called the orientifold plane (denoted
by O-plane). An Op-plane is a (p + 1)-dimensional hyperplane in the spacetime, with p
even for Type ITA orientifolds and p odd for Type IIB orientifolds. Like a BPS D,-brane,
it carries the corresponding R-R charges. The O,-plane with negative R-R charges is
called the O -plane, while the one with positive R-R charges is called the O; -plane. The

O-planes are not dynamical objects, i.e, they have no open strings ending on them.

Type [ string theory can be regarded as an orientifold theory of Type IIB string theory
with orientifold group G = Zy = {1,Q}. The invariant R-R forms are Cy, Cs and Cjg. So
the BPS D,-branes in Type I theory are Dy, D5 and Dy branes. All other branes are non-
BPS branes. Because the spacetime symmetry in G is trivial, the whole spacetime can be
regarded as an Og -plane. The Og-plane carries -32 R-R charges. We need 32 Dy-branes
to cancel the R-R tadpole. The 32 Dy-branes give the SO(32) gauge group. By T-duality,
a Dy-brane in Type I string theory is equivalent to a Dg-brane in Type II orientifold O
theory. The next chapter will focus on the structure of Dg-brane Chan-Paton factors in

Type II orientifold theory.
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Chapter 3

Worldsheet Parity and Chan-Paton

Factors

In this chapter, we will discuss the structure of Dg-brane Chan-Paton factors' in Type 11
orientifold O, theories. Of course, by T-duality, it is equivalent to the study of D,-brane
Chan-Paton factors in Type I string theory. The idea is to use the so-called boundary
fermions (See [17, 44, 45]) living on the one dimensional worldsheet boundaries of the
open string ending on D-branes (See the left part of Fig(3.1)). After Witten’s work, the
boundary fermions are widely discussed in the boundary (open) string field theory (See
[40, 41, 42, 43]). The boundary string field theory focuses on the open string sector. That

is, the closed strings are treated as an on-shell background, while one doesn’t require the

In open string theory, one can put additional degrees of freedom to open string endpoints. When we
quantize the theory, the states of the open string will carry more labels. Each end is labeled by i or j
running from 1 to N. In other words, a generic open string state ® can be written into the form,

N
[Bsa) = Y [®, i) (3.1)

3,5=1

Normally, the N x N matrices Af; are called the Chan-Paton factors [12].
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equation of motion on the open strings. A lot of studies on tachyon condensation and
string scattering amplitudes have been done in the framework of boundary string field

theory.

This chapter is organized as follows. We first summarize the main results of this chap-
ter: the structure of Dg-brane Chan-Paton factors and orientifold projection operators
in Type II string theories in section 3.1. Then in section 3.2 and 3.3, we derive our re-
sults in terms of boundary fermions. After that, we discuss how to write down the string

scattering amplitudes in section 3.4.

3.1 Summary of The Main Results

3.1.1 Some Linear Algebra

To fix the notation, we first need to give a brief introduction on the duality operations in

Zo-graded vector spaces.

Let V be a (Z,-)graded finite dimensional complex vector space, i.e, V = V@V Ifv
is in V(or V1), the degree of v is [v|=0 (Jv|=1). Suppose V and W are both graded vector
spaces. The direct sum of the two is again a graded vector space: (V & W)? = V%@ W
and (VW) = V@ W?! The tensor product of two graded vector spaces is constructed
as (VW) =V'eW) e (VieW!l)and (VeoW) =1V Wh e (Vo W°. The
dual vector space to a graded vector space V' is defined by V* := Hom(V,C), with the

natural bracket (-,-) : V*xV — C. Then the double dual vector space to V' is defined by
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V** = Hom(V*,C). There is a canonical isomorphism ¢ : V' — V** which is defined by

(t(v),w) = (=) w, v), Yo eV, we V™

Consider a graded linear map A : V; — V5 between two graded vector spaces V; and
Vy. Ais called even if A : V}' — V3! (the degree of A is |A|=0 mod 2). While A is called
odd if A: Vi — V,1med2 (we have |A|=1 mod 2). The (Z,-)graded transpose of A as a

linear map A : V¥ — V}* is defined by

(Ang,wl) = (—1)‘A”w2|(w2,Aw1>,V wy € ‘/1, Wy € ‘/2* (32)

Note that we use A’ to denote the ordinary transpose of a linear map defined as usual
(A'wq, w1) = (wy, Awy). If we choose the bases of V; and V5 in such a way that V; =

V2@ Vi and Vo = V) @ V', then A can be written into the block matrix form

a b
A=
c d
It is easy to find that
o at —ct
vt d

The graded transpose has some different properties compared to the ordinary transpose

(A7) = (=)™, (3.3)
AT = At (3.4)
(BA)T = (—-1)AIBIAT BT, (3.5)
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where A and B are linear maps A : V; — V5 and B : V5 — V3. The tensor product
of the graded transposed maps is constructed as follows. Suppose we have linear maps
Ay Vi — Wiand As - Vo — W, then the tensor product map A;®As : ViV, — WiW,
is defined by

(A1 @ Ag) (v @ vg) = (=1)12l1l(A0y) @ (Agws). (3.6)

It is easy to show that the graded transposed map (A; ® Ax)T : W @ Wy — Vi @ Vy
satisfies

(A @ A))T = AT @ AT, (3.7)

3.1.2 The Dg-brane Chan-Paton Factors in Type II Orientifolds

Dy-branes are important in Type II string theories. It is known that any lower dimensional
D-brane in Type IIB string theory can be realized as a configuration of tachyon and gauge
fields on a system of Dy-Dg-brane pairs. Dg-branes support a gauge bundle E°, and Ds-
branes support another gauge bundle E'. It is convenient to write them into a Z,-graded

vector bundle on X,

E=E"g E",
with the Zs-grading operator
id o 0
OfE —
0 —idg

22



The tachyon becomes an odd endomorphism of E. It is assumed to be hermitian, 77 = 7.

The gauge field A is an even unitary connection of E. They can be written as

0 Tt A% 0
A
T 0 0o Al

Any lower dimensional D-brane in Type IIA string theory can be realized as a config-
uration of tachyon and gauge fields on a non-BPS Dgy-brane system. Non-BPS Dg-branes
support a gauge bundle F without a Zs-grading. The tachyon T is an endomorphism of
E, which is hermitian 77 = T. The gauge field A is a unitary connection of E. It is

convenient to introduce a Zs-graded double of E,

E=E6®FE,
and an odd operator
0 —idg
=1
idg 0

The gauge field A commutes with £ and the tachyon 7 anticommutes with £. Then the

tachyon and gauge field on E can be written as

The main result of this chapter is about the structure of Dg-brane Chan-Paton factors
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in Type II orientifolds on R1°/Z,, where Z, acts on the coordinates as

xﬂ7 :u:0717"'7p7
Tzt — (3.10)

_:Lnu" M:p_i_l,...’g'
The set of fixed points under this involution is the O,-plane. The tachyon and gauge
field configurations should be invariant under the orientifold projection, which is the

combination of Z and the worldsheet parity 2. This means that there exists a linear

isomorphism U : Z*E* — E such that

T =¢(-DYurTTU, (3.11)

A=U(-T" AU +i'udU . (3.12)

The factor ¢ in eq(3.11) comes from the time reversal operation on the worldsheet fermions,

which is Fi for the (+)-type boundary conditions, respectively.

It turns out that the isomorphism U must obey a constraint that depends on the value
of p as well as the type of the orientifold p-plane. Take k=(9 — p) modulo 8 for an O,

plane and k=(5 — p) mod 8 for an O, plane. The constraint is

U U = (™o, (3.13)
in which
k, k even (IIB),
ng = (3.14)
Bl kodd (IIA).
In addition, for Type IIA orientifolds, we require that U obeys
(-)Vyetu—t = ¢e. (3.15)

24



Figure 3.1: The parity action on the open string with boundary fermions n% and nf.

One can show that eq(3.13) leads to
U ogU ™" = (—1)™0p. (3.16)

In other words,

y 1,  k=0,4,3,7,
(1)Ul = (—1)™ — (3.17)
~1, k=1,526.

3.2 Boundary Fermions and Parity Actions

Consider an open string with r real boundary fermions n% (' = 1,2,---,7) on the left
boundary (¢ = —%), and s real boundary fermions 7/ (i = 1,2,---,s) on the right
boundary (0 = 7). Take the orientation of the worldsheet to be upward (¢ increasing) on
the right and downward (¢ decreasing) on the left (See Fig(3.1)). The action on the right

boundary takes the form

o i — d
Sright bdry = / dt {Z ZWREUZR + } ; (3.18)
—o0 i—1
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where the ellipses stand for the interaction terms which will be discussed in detail when

we study the scattering amplitude. The action on the left boundary is of the form

o - d o - d
—00 =1 —00 i'=1

where t’ is the time coordinate in the opposite orientation. If we quantize this boundary

fermion system in the orientation of t, the canonical commutation relations are

{7 ni} = =260, {nfnf} =26, {nfni}=0, (3.20)

and the hermiticity is

e N A (3.21)

The relations (3.20) are those of the Clifford algebra Cl, 5. If we quantized the system in

the orientation of ¢, the commutation relation and the herniticity would be inverted.

The space of open string states is the product of the Chan-Paton factor space and the
bulk Hilbert space,

Hto (.5 = HiE @ Hollf (3.22)

Here o and [ are labels for boundary conditions on the bulk fields. One important
problem is to define a Z,-grading operator (—1)¥ on the space of open string states that
anticommutes with n%, 7 as well as the bulk fermions. Actually, if r + s is even, we can
define a Zs-grading operator on the Chan-Paton part and the bulk part separately. If
r+ s is odd, the bulk part must have an unpaired fermionic mode so that the total system

has a unitary irreducible representation with a Z,-grading operator.

Let us now look at the worldsheet parity action on the boundary fermions. Take a

trivial involution on the flat space R'°. The parity acts on the bulk fields as X*(o,t) —
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XH(—o,t) and ¢ (0,t) — i (—o,t), where ¢4 are signs. This orientifold theory is
nothing but the Type I string theory. We are interested in D-branes which are invariant
under this orientifold projection. This requires that the parity action on the boundary
fermions maps the boundary action on the left to the one on the right, vice versa. Since
nF’s are hermitian and n’’s are antihermitian, we find that the transformation is i = v/—1
times an orthogonal transformation. First consider the case of a single real fermion, s = 1,

for which the transformation must be of the form
" — ¢t 0t —Of, (3.23)

where ( = 4i. The phase ( is determined by the type of the boundary condition. The
phase for the parity on the (4)-type boundary condition must be opposite to the one for
the parity on the (—)-type boundary condition. This is to ensure the relations (2.5) and

(2.6). As a simple example, it is easy to check that Q% acts on 7 as a minus sign

0 e = 200 £ (O s = s (3:24)
and Q2 acts on 7 as the identity

T < PR s ¢ (FO s = (3.25)

For a general number s, the parity action must be of the form mR L <> i Oiij H for

an orthogonal matrix O;; which squares to the identity. With a change of basis, it can be

written as
it — Comy’,  my — Cony (3.26)
for some signs 0; = +1. The numbers s, and s_ of 0; = 1 and 0; = —1 eigenvalues are

the invariants of the parity transformation.
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Once the above notation for the parity action on the boundary fermions is fixed, let us
proceed to discuss the parity action on open string states for an open string that carries

s and r fermions on the right and left boundaries. We will consider three different cases.

(i) » and s even

In this case, we can quantize the boundary fermions on the left and right boundaries
separately. The boundary fermions on the right boundary generates a unitary irreducible
representation H of the Clifford algebra Cly 5. The construction is the standard one. Take
the complex combinations of the generators x; = (92i—1 +i72;)/2, Xi = (N2i—1 — i12;) /2 for

i=1,2,---,s/2, which obey the commutation relations

{xi-x;} =65, {xi x5} ={xi-x;} =0.

The H, is spanned by the vectors |0), X;|0), -+, X1+ - Xs/2|0), where |0) is a vector an-
nihilated by all x;’s. This representation has dimension 2%/2. It has a Z,-grading. For
example, even multiples of x; on |0) are even and odd multiples are odd. Similarly, the
boundary fermions on the left boundary, when quantized with respect to the time ¢,

generate the representation H, of Cly,.

The open string Chan-Paton factor space is then the space of linear homomorphisms

H% = Hom(H,, H,). (3.27)

Since both H, and Hj are Zs-graded vector spaces, so is H,%. The boundary fermion
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operators act on the Chan-Paton factor space as

nZRhcp =" hcpa nil;hcp - (_1)‘hcp‘hcp sty (328)

for any he, € H%. It is easy to check that this operator action satisfies the commutation

relation (3.20) and the hermiticity (3.21).

The parity transforms the boundary fermions as nf — ComnF for i = 1,--- s and
nk — okt for i/ = 1,---  r. We can write the parity operator into the factorized form
P = P(Q) : hep® hy = (1)1 P (o) @ Pog(u,). (3.29)

We require that it is even,
(=)l = (—1)lFerl(—1)1Poe] = 1. (3.30)

This means that we have | P.,| = |Py|. Focus on the Chan-Paton part, P, : Hom(H,, H,) —

Hom(Hs, H,). We assume the form
Pep(hep) = (=))Wl BT 071, (3.31)

for linear maps

U:H! — H, and U:H: — H,. (3.32)

These linear maps can be determined by the requirement that the transformation rule of

the variables nf* and n must be realized for the operator action (3.28). That is,

Unfu=" = (=1)YIcom;, (3.33)
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and similarly for U’. This condition can fix U up to an overall constant multiplication.
Let us explicitly construct such U for the case where all the signs o; are +1 (i.e, sy = s

and s_ = 0). Rewrite the condition (3.33) in terms of the complex combinations y; =

(M2i—1 +im2;) /2 and X; = (2i—1 — i) /2 for i = 1,--- , 5 := 5,

Uxi U = (=), Uu™ = (=) (3.34)

From the first set of equations, we find x?U~!|0) = 0, which means that U~!|0) is
proportional to (0]x; - - - xs. This shows that (—1)IUl = (=1)* = (—1)3. Using the rest of

the conditions, we find that

U 'y Xl 0) = (=) k{0 x1 - X5Xiy ** * Xias (3.35)

for some constant k. Construction of U for a more general o; is equally straightforward.

One important result is

S+7S,

() = (=1)"= . (3.36)

The most important constraint comes from the algebra of the parity operators. Note

that the algebraic relations (2.5) and (2.6) for the transformations (+1)"Q and (1)

will be promoted to conditions on the corresponding parity operators

P?=P(Q)? = (-1)", (3.37)

P? = P(Q)? = id. (3.38)
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Let us first check the condition (3.37). The P? acts on a state he, ® by € H,% @ H'4F as

hep @ by, s (—1)helPorl (1Y eV BT U= @ Py (ha)

P ()l D ()RR D [ (O BT YU @ PR ().
Using (U'RL U = (— 1)UV kel VR 107 (7 =1)TRITUT e find that

P’(hey ® hyyy) = (—D)IVHFPg@HTRITUTU @ Py (hu)

= UWU")'hTUTU T @ P (hu).

In the second equality, we used the general identity (U~1)7 = (—=1)IV/(UT)~L and (—1)/Fl =
(=1)!Perl = (=1)IUHU'L Finally, using the relation hZ? = th.,//~! for the canonical iso-

morphisms ¢ : Hy — H:* and ¢/ : H, — H}*, we find that
P?(hep @ hyy) = UUT) b, (U (U2 @ P2 (hok). (3.39)

We can further fix U(UT)'.. Tt turns out that

S84 —s

UUT) e =¢"7 op.. (3.40)

The computation is the following. To be explicit, take all the 0;’s to be +1. Compute the

pairing ((UT)tw,w) for v = x4, - -+ X:,|0) and w = X, - - - X;,]0):

(U w,w)y = (1)U w, w)
= (=1)AHY , U )
(_1)a\U|—HU|(_1)a(b—',-|UD<U—1w7 U>

= (—1)ab+|U‘(—C)bk<0‘X1 S XEXgn T X Xin © Xia|0)
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In the last equality, we used eq(3.35). On the other hand, we have

(U onv,w) = (1)U v, w)
= (=1)"(=Q)"k{0lx1 - XsXir ** Xia Xis *** X5 ]0)

= (=) (=) R{0lx1 -+ X5+ Xy X+ * Xia|O)
Note that these are non-zero only when a + b = 5. We find that
(U w,w) = (1)U op,0,w) = LU o3, 0, w).

This gives eq(3.40) for the case s; = 25 and s_ = 0. Computation for other cases is
easy to carry out. One important remark is that the result (3.40) does not depend on the
choice of the Zy-grading. If the grading is inverted oy, — —o9,, then we find ¢ — —¢
as well as U — (—=1)YIUT. And moreover, s, and s_ are exchanged since the graded
transpose of odd elements 7] appears in the condition (3.33). All together, the eq(3.40)

remains invariant.

Using the result (3.40), we find that P? acts on the state as
P2 (hey @ ho) = (% ¢ (=1) ey © P (hus), (3.41)

where As = s, —s_, Ar = ry —r_ and (—1)f is the Z,-grading operator of the

Chan-Paton factor space, (—1)frh., = oy, hcpa;{i. Especially, the phase factor is

As Ar As—Ar
2 2

¥ =¢

¢ (3.42)

in the NS-sector in which ¢ = ¢’. In order to have the relation (3.37), we need P32 to

be equal to (—1)* times a phase that compensates C%(’_%. This imposes a strong
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constraint on the boundary conditions for given values of As and Ar (mod 4).

Let us next consider the parity square, P? = P(Q)2

The calculation is slightly
different from the one for P2. Note that the U’s in the second operation of P must be
the ones for the opposite values of (’s. Looking at the condition (3.33), we find that the

U for the opposite ¢ may be obtained by multiplication by the Z,-grading operator o,
(— (<= U — onU. (3.43)
A straightforward computation shows that

PP(hep @ i) = 0w, UUT)  ihey(op, U'(UT) )™ @ B (how)

= (T F by © P (hu). (3.44)

Thus, the relation (3.38) holds if P2 is the identity times a phase that compensates

/_H

¢

(ii) » and s odd

In this case, if we try to quantize the boundary fermion system, we would get a
representation of the Clifford algebra Clj, with odd n. However, it is known that the
Clifford algebra Clj, with odd n does not have a Zj-graded irreducible representation.
On the other hand, it would be convenient to have a Zjy-graded Chan-Paton vector space.
For this purpose, we introduce auxiliary boundary fermions, one at each boundary—nZ
on the right and n% _ on the left. We assume that the signs of the auxiliary fermions’
kinetic terms are natural with respect to the orientations of the respective boundaries.

Quantizing the system of boundary fermions and auxiliary fermions, we will get a space
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Hom(H, 11, Hs41) which is an irreducible representation of the Clifford algebra Cl, 41 s41.
The Chan-Paton factor space is enlarged by the auxiliary fermions. To find an irreducible
representation of the original fermion algebra (3.20), we need to impose a projection

condition on Hom(H, .1, Hsi1),

U= e = 1. (3.45)

Using the Clifford algebra relations, it is easy to see that u? = 1 and that u commutes
with all the original boundary fermions 7/* and 7%, but anticommutes with the auxiliary
boundary fermions nft and nZ . In particular, the u = 1 subspace of Hom(H, .1, Hsi1)
is isomorphic to the irreducible representation of the algebra (3.20). In other words, the

Chan-Paton factor space can be realized as

Hrcfg = HOm(Hr+1,HS+1)‘u:1. (346)

Note that the v = 1 condition amounts to

naumhcp = <_1>|h6p‘hcp * Nauz - (347)

Further more, u = 1 has a distinguished meaning only for the NS sector of the open string
stretched between the same D-brane. For a string stretched between different branes or
between different types of boundary conditions, we may as well replace u = 1 by u = —1,
since the two conditions can be exchanged by a sign flip of one of the 7,,,’s. This seems to
imply that there is an ambiguity in choosing the projection condition for an open string.

Actually, there is no such ambiguity, which will be discussed in detail in section 3.4.2.

We can extend the parity transformation to auxiliary fermions as n%_, — (nk . and

nk — ('nf  where ¢ and ¢’ depend on the types of boundary conditions. In the NS-
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sector (¢ = (') the u = 1 condition is invariant under the parity while in the R-sector
(¢ = =) the u = 1 condition is mapped to the u = —1 condition. With this remark
in mind, the parity operator can be constructed in the similar way as in case (i). In

particular, we see that the square of parity P = P({) is

ext

(_1)Fcp hczr ® szk(hbk)a (3'48)

As+1 — Ar+1
2

P2(hcp X hbk) = C 2

where (—1)Fe " is the Z,-grading operator of the extended Chan-Paton factor space.

Again, in order to obey the relation (3.37), we need P2 to be equal to (—1)* times

As+1

a phase that compensates ¢ 2 At

¢

(iii) » even and s odd (resp. r odd and s even)

As we know, the Chan-Paton part does not have a Zs-grading in this case. There must
exist an unpaired fermionic mode in the bulk part so that the total system can have a Z-
grading operator (—1)¥". Just as before, it is convenient to have a Z,-graded Chan-Paton
vector space at each boundary. We may introduce auxiliary fermions and impose some
projection condition. Put one real auxiliary fermion 7,,, on the right boundary with odd
s (resp. on the left boundary with odd r) and introduce another auxiliary fermion 7/, to
the bulk part. We assume that 7,,, and 7, have opposite orientations, i.e, have kinetic
terms of opposite signs. Quantizing the system of the original boundary fermions and the
auxiliary one 1,,,, we get an extended and Z,-graded Chan-Paton factor space

HET = Hom(Hy, Hi)  (resp. Hom(Hei, Hy)). (3.49)

r,s

Likewise, the bulk part extended by 7/, also has a Zy-grading. Again, the total space of

open string states is enlarged. To get rid of the extra degrees of freedom coming from the
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auxiliary fermions, we need to impose the projection condition v’ := 1,,.7,,, = 1 on the
extended space. After the projection, the original total space of states can be written as

H(i?é),(s,ﬁ) = Hcp—l—aux ® Hab?ﬁlk+aum‘u:1. (350>

T8

We may replace the condition v = 1 by v/ = —1. Again, there is no arbitrariness in
choosing the projection condition for an open string. The determination of the projection

condition will be discussed in section 3.4.2.

We will discuss the parity action of this case in the next section. As a rule, in the
NS-sector (¢ = (') the ' = 1 condition is invariant under the parity while in the R-sector

(¢ = —(’) the v/ =1 condition is mapped to the v’ = —1 condition.

3.3 D-branes and Parity Actions

We have discussed the worldsheet parity action on boundary fermions. Of course, what
we are interested in is the worldsheet parity action on D-branes. So we have to find out

a relation between boundary fermions and D-branes.

This was first discussed in Witten’s paper [17]. It is known that there exist non-BPS
D-branes in Type I theory. There are also 32 Dg-branes, giving rise to the SO(32) gauge
group. Witten considered how to quantize the open strings spanned between Dy-branes
and Dg-branes. (For briefness, we denote the open string spanned between D, and D,
branes by the p-q string.) Suppose the Dy-branes are located at #' = ---2% = 0. In the
NS sector of the 0-9 string, there are 9 bulk fermion zero modes, ¥4, i = 1,---,9. There is

no satisfactory quantization of a system with odd number of fermion zero modes because
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of the failure of defining a GSO-projection operator (—1). To solve this problem, Witten
made a proposal that there exist a boundary fermion field 7(¢) on the boundary of an
open string that ends on Dy-branes. We will generalize Witten’s proposal by a careful

study of the parity action on various p-q open strings.

Let us first discuss the parity action on a 9-8 open string?. Of course, Dy-brane fills
the whole spacetime. The worldsheet bosonic fields, X*(o,t) for p = 0,---,9, obey the
Neumann boundary condition at the left boundary ¢ = —7. Suppose the Dg-brane is
located at 22 = 0. Then the fields, X#(o,t) for u =0, -+ ,8, obey the Neumann boundary
condition and X?(c,t) obey the Dirichlet boundary condition at the right boundary o = 5
For short, let us call 2° the ND direction and z* (u = 0, - ,8) the NN directions. The
T-duality will change a ND direction to a DN direction, and a NN direction to a DD
direction. Focus on the worldsheet fermionic field in the ND direction, 14 := 9. In the

(++) NS-sector, the mode expansion for v is

Vilo,t) = £ g DeTmlom i (3.51)
ne”Z

The modes obey %(19—8)1 = w_gn ® and {@D(g 8 (o= 8)} = Op+mo. We need to consider how
to define a GSO-projection operator (—1)F ™ for the 14 system of the 9-8 string, which
should anticommutate with all the fermionic fields. It is easy to find that (—1)% =
iy PO 0-8) . .
e &n=1¥—n ¥n g the right one for the non-zero modes. However, there is no way to
define (—1)F for the single real zero mode w(g %), The solution is to associate a free
real fermion 7 to the Dg-brane, which satisfies {7, PP } = 0 and n* = 1. The full
GSO-projection (—1)F“™ is now defined to be \/_znwog 9(-1 )F’gg ¥ Once we have a

consistent definition of (—1)% it is a standard procedure to do the GSO projection [46].

2By T-duality, it is equivalent to a p-q string with |p — ¢|=1.
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Figure 3.2: The determination of the GSO-projection for the 9-8 string.

Note that once the GSO-projection for the 9-8 string is fixed as above, the GSO-
projection for the 8-9 string is also fixed. The derivation is as follows. Consider an
amplitude, shown in the left part of Fig(3.2). Suppose the inserted vertex operator ¢
of the 9-8 string is the (—1)F(978) = 1 ground state |+)¢_g. There is also an operator
0= (\/§¢((]9_8) —1n) on the contour ¢ surrounding ¢. Then O - ¢ is proportional to the
(=1)F“™ = —1 ground state |—)g_g. In order for the amplitude to be non-vanishing, the
vertex operator ¢’ must be proportional to the (—I)F(H) = —1 ground state |—)g_g. On
the other hand, the operator O can be continuously deformed into an operator @’ on the
contour ¢’ surrounding ¢'. It is convenient to conformally map the amplitude into the
upper half plane, shown in the right part of Fig(3.2). Now the insertion points locate at

w = £1. In order to give a globally defined mode expansion for the v fields, we need to

write them into half-forms,

b= Y (w—“)_n_lpw—l)—l@,

1—w
nez
_ 1 —n—1/2
- _Z% (%) (w —1)""Vdw. (3.52)
nez
In the neighborhood of w = —1, the above mode expansion should be identical to the
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canonical one,

O = SO (w + 1)V dw,

nez
f—s) _ _ngg—s)(u—hLl)—nqp /_d’U_J.
nez
Then we have the relation ™ = —27=1/2,  In the neighborhood of w = 1, the 1y

should be identical to the following,

¢gs—9) _ Zws 9) —n— 1/2\/—

nez
f—g) — Z 7\p(S 9 —n—1/2 /d
nez
Thus we have the relation 1 = —i(—1)"27=1/2y_,. Construct a one form b = w=¢_ +

wT,, where

1/2
o= (B oV
i (

1—w (w + 1)
_ 1/2

wt = wtl : ! dw.
1—w mi(w + 1)

It is easy to see that b is closed and vanishes on the boundary. So b can be parallelly

transported from the neighborhood of w = —1 to the neighborhood of w = 1. This shows
that the operator O is conformally deformed into the operator O = —iy/2 @D(S 9 _
Using the condition that O'- ¢’ should be proportional to the ground state |+)g_g, we find
, (8-9) ,(8-9)
that the GSO-projection of the 8-9 string is (—1)" " fn¢(8 9N i Lz ¥ 9
The above mode expansion (3.52) is also useful to determine the parity action on the

modes ¢£L9_8). The subtle point is how to determine the parity action on vdw and v/ dw.

We know that far from the poles w = +1, the (3.52) should reproduce the mode expansion
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for the 9-9 string. The parity action on the 9-9 string modes is clear. In the upper half

plane, the standard mode expansion for the 9-9 string is,

wgy—g) _ Z ¢£9—9)w—r—1/2 /_dw,

TEZ-I-%
f—g) _ Z wﬁg—g)w—r—lﬂ /di.
TEZ-I-%

The worldsheet parity action (2.3) on the 9-9 string is generalized to  : wig 9

FO $ " and ¥ — e Thus we get
Q" (Vdw) = ivVdw, Q(Vdw)=—ivVduw. (3.53)

If we require the same parity action on 94, that is, € : 1L — FQ*P, we find that
U™ e (1), (3.54)

Now, the parity action on the 9-8 string depends on how we extend the worldsheet parity
action to n. We have two options, 2: 1+ —in and €2 : n+— in. Using the above result,
one can show that the two options transform (—1)7“™ to (=1)F*™ and —(—1)F*"",
respectively. In other words, the first option does not change the (—1) representation,
while the second option changes a (—1) representation into an opposite one. So only
Q: n+— —inisallowed. A similar computation shows that the parity actionis Q2 : 7 — in

for the (——) NS-sector. In summary, the parity action is Q : 7 +— (7, where ( = Fi for

the (4)-type boundary conditions, respectively.

Next, let us discuss the worldsheet parity square action on the p-q string with p — ¢
even (i.e, p and ¢ are both even or odd). We can use Gimon and Polchinski’s argument

[23]. Suppose the D,-brane is located at 2! = - .- = 2? = 0, and the D,-brane is located
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at 277t = ... = 29 = 0. In the NS-sector, the worldsheet fermionic fields ¢% have integer
modes in the DN directions 4 = p+1,---,¢ if p < ¢ and in the ND directions y =
q+1,---,pif p > q. They contribute a factor ¢y, = e¥17F¢la-r1/2)/2 to the bulk vertex
operator, where p; with i = 1,--- ,|¢—p|/2 are the bosonization fields of /" in the DN or
ND directions. Then Py (¢ ) - dpr Will be a bulk vertex operator corresponding to the state
(PP AP F2) g oo (DI i) 1 0]0) and (YT +apTFE) - (PP +0UP) 1 2]0) Of
the p-p string for p < ¢ and p > ¢, respectively. Using the parity action (2.3), it is easy

to find that

(r=a)/2p, for th NS
Por(Por (dok) - dvr) = e be(guk) - du, - for the (++) NS sector, (3.55)
(—i)~P=D/2Py (dor) - do,  for the (——) NS sector.

Here, we have to be careful with the expansion of Py action on the bulk operator product

in the left hand side of eq(3.55).

Let us do a little digression. Consider a general operator product, ¢*~¢ - ¢~ where

Pt = by b ® ¢& % is an operator from brane a to brane b, and ¢*7¢ = qﬁﬁ; ‘®

b—c

¢ is an operator from brane b to brane c. We require that P*~¢(¢?~¢ . ¢*~t) =

(= 1)l 19" pab(ga—by . pb=e(¢b=c) and |Py| = |P.,|, which have already been used

b—c . a—>b) —

in the previous discussion. Using eq(3.31), it is easy to derive that Pg~¢(¢e, o

(—1)l08 oty eI lot, 1P| pab(ga—-b) . phoe(gb-¢). Then the above requirement together

with eq(3.29) lead to the following bulk parity action expansion,

Pa—>c( b—c It)zk—>b) — ( 1)|¢§;?b||¢lg1?c\+|¢aﬂb\\Pbﬁc\+|P‘lﬁbHPé’kﬁc\Pbc;€—>b( a—>b) Pb—>c( b—>c)

Back to our current case, the left hand side of eq(3.55) is then expanded as Py ( Py (P )-
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Gor) = (—1)19 P Py (dpr) - P2 (dyr,). Thus, we get the result
Pbg _ (_1)\Pbk\<};€(p—‘1)/2(_1)Fbk’ (3.56)

where (p, = @ for the (++) NS-sector and (, = —i for the (——) NS-sector. On the other
hand, we have the relation (3.41) from the previous section. Insert eq(3.56) into (3.41),
we find that

P2 — C(AT_AS)/2<;;€(p_q)/2(_]-)F- (357)

In order to obey the relation P? = (—1)¥, we get the condition C(AT‘AS)/2C§€(”_‘Z)/2 =11t
is also known that Dg-branes carry an SO-type Chan-Paton factor in Type I theory(which
can be regarded as an Oy orientifold theory) and a Sp-type Chan-Paton factor in the Og
orientifold theory [47]. This means that |[U|=0, U = U" in the Oy theory and |U|=0,
U = —U" in the Of theory. Compare with the result (3.40), one can see that the Dy-
brane carries Ar = 0 mod 8 boundary fermions in the Oy orientifold and Ar = 4 mod
8 boundary fermions in the Of orientifold. It is natural to put forward a proposal that
the D,-brane carries Ar=(9 — p) mod 8 boundary fermions in Type I string theory and
Ar=(5 — p) mod 8 boundary fermions in the O orientifold theory. The phase ( is
determined to be Fi for the (£)-type boundary conditions, respectively. Then eq(3.40)
becomes
(O, for Type I theory,

UUTy Y = for p odd. (3.58)
CO=P2q,, for the Of theory,

Although the above result (3.58) is obtained by using boundary fermions, it is more
general than that. In fact, the result applies to any dimensional Zs-graded Chan-Paton

vector space H, not just to the one generated by the boundary fermions. In other words,
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the result (3.58) only depends on p. By T-duality, a D,-brane in Type I theory and the
O4 theory is equivalent to a Dg-brane in the O, orientifold theory, respectively, whose
spacetime involution is given by eq(3.10). So a more precise statement is the following:

the U operator for the Dg-brane in Type IIB orientifold theory satisfies
U UT) = ¢/ %0y, for p odd, (3.59)

where n,, is (9 — p) mod 8 for the O, theory and (5 — p) mod 8 for the O, theory.

For a general p-q string with p — ¢ odd, there exist |p — g| worldsheet fermionic fields
which have integer modes in the NS-sector. r boundary fermions are associated to the
D,-brane and s boundary fermions are put to the D,-brane. The constraint is that r + s
is odd. Of course, we can quantize the bulk fermionic modes and boundary fermions
together. The parity action on this p-q string is treated in the way similar to the 9-8
string case. As we mentioned in the last section, it is convenient to have a Zy-graded bulk
Hilbert space and Zy-graded Chan-Paton vector spaces on both boundaries by introducing
auxiliary fermionic fields. Then the question would be how we determine the parity action

on this extended system.

To be explicit, let us again take the 9-8 string as an example. We introduce one aux-
iliary boundary fermion field 74, and one auxiliary bulk fermionic zero mode 7/,.. The
projection operator is u' = 7guzMh,,- 10 the (++) NS-sector, we have an extended bulk
fermionic mode system, 7/, w(()g—s) and w,&g‘8> with non-zero integer n. Quantizing it,
we get an extended Zs-graded bulk Hilbert space. The GSO-projection on this extended

ext, (9—8)

Hilbert space is (—1)% =2 mauxzbog 2 ( 1) %Y Note that by a similar consider-
ation as before, the GSO-projection on the extended 8-9 string bulk Hilbert space turns

out to be (—1)F "7 = /2 2L I (1) +2” The extended boundary fermion system
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consists of n and 7,,,. Quantizing it, we get an extended Zs-graded Chan-Paton space.
The GSO-projection on it is chosen to be (—1)%e " = inguen. To recover the original space
of states, we need to apply the projection condition u' = 1 to the extended systems of

both 9-8 string and 8-9 string, which will be explained in section 3.4.2.

To study the parity action on the extended fermion system, we first need to know how

to extend the worldsheet parity action to 7/,,. There are two options,

a’) Q: ntlzu:c = _zntlzux and b) Q: ntlzux = Zntlzu:c

Using the relation(3.54), one can show that the two options transform (—1)F " %o

(_1)F;:t “ and —(—1)F5§t’(879), respectively. The bulk parity square action on the ex-
tended bulk system is determined by looking at the property of the bulk parity square
action on the bulk vertex operators of the 9-8 string. Suppose ¢y, denotes some bulk ver-
tex operator of the 9-8 string, and P (¢ ) is the parity image of ¢pr. Then P (duk) - duk
is in the (—1)f = +1 representation of the 9-9 string for parity action a) and b), re-
spectively. On the other hand, all the states in the (—1)f* = 1 representation of the 9-9
string can be written into the form ¢_,, ---¢_, |0)g_g with even s, while all the states
in the (—1)" = —1 representation are of the form ¢_,, ---¢_, |0)g_g with odd s". It
can be shown that a pair of fermionic operators, ¢, %, , gives a trivial phase contri-
bution under the parity action. Thus, non-trivial phase contributions to the operator
products in a) and b) are from [0)g_g and 1)_1/5|0)9_g, respectively. Using the fact that
Py(]0)9—9) = |0)9—9 and Pbk( 1/2 \O>9 9) = —ip®? 12 \O>9 9, we can do a simple compu-

tation for the two different parity options on 7,

a) . P PE () - ) = (—1)\ PR Pert (g, ) - (PEY2 (i) = PEH () - dones
b) 1 PP i) - doi) = (=)0 Peat () - (P (i) = —i P (dor) - Dok
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From the computation, we find that

Option a) :  (P&ty? = (— )Rl ()"
Option b) : (P42 = —j(—1)1F'l(—1)F ", (3.60)

For the parity action on the boundary fermion, we have €2 : n — (7. For the auxiliary
boundary fermion, we have two choices for Mgy 1) Q @ Nauz — (Nawe and i) Q @ Ngye —

ext, (9—8)
cp

—(7aus- By a similar derivation as above, we can find that (P%")* = ¢~'(—1) for

option i) and (Pg")* = (—1)F&" ™ for option ii).

To satisfy the condition P2 = (—1)¥ on the extended fermion system and make the
u'=1 projection condition invariant for both 9-8 string and 8-9 string, we find that there
are only two choices of the parity action. The first one is the parity action b) on 7.,
combined with the parity action i) on 7,,,. The second one is the parity action a) on 1/, ,
combined with the parity action ii) on 7,,,. In both choices, the phase ( is found to be
—i for the (4)-type boundary condition. In other words, the two choices are physically
equivalent. For convenience, we pick the first choice in our discussion. Repeat the same

calculation, we can find that ¢ =i for the (—)-type boundary condition.

For a general p-q string with p — ¢ odd, the analysis is the following. Consider
the case where p is odd and ¢ is even. (The discussion for the p even and ¢ odd case
is similar.) In the NS-sector, there exist |p — ¢| bulk fermionic zero modes, > "
with ¢ = 1,-+- ,|p — ¢q|. Suppose we put even number of boundary fermions, n’ with
i’ = 1,---,7, on the left boundary and odd number of boundary fermions, n? with
1 =1,---,s, on the right boundary. In order to have a Z,-graded bulk space of states
and Chan-Paton factor space, we introduce one auxiliary bulk fermionic zero mode 7.,

and one auxiliary boundary fermion 7,,, to the right boundary. The projection oper-
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ator is v’ = Ny Lhen, the GSO-projection on the extended bulk fermion system

is (_1)Ff]ft’(""” = /2ilP=al(lp—al+1)/2py (p—a).l .¢ép_q)"p_q|(—1)F75§7q), where the phase

aux 70

ilP=al(lp=al+1)/2 i5 needed to make ((—1)Fk " )2 = 1. The Z,-grading on the Chan-Paton
vector space of the left boundary is (—1)FC(PL) = 7 r=D2pL . pk The Zy grading on
the Chan-Paton vector space of the right boundary is (—1)Fc(11’2) = *(HD2p B
Thus the GSO-projection on the extended Chan-Paton factor space is (—1)% ERR hep =
(—1)F & Bep(—1)T %’ . There exist several physically equivalent choices of the parity action
on the extended system. To be explicit, we choose the following one, Q2 : 1. — in, ..,
Nawe = Filauz, N7 — Fint and nf — Fink, where the upper and lower signs are for the

(++) and (——) NS-sector respectively. By the similar derivation to the 9-8 string case,

we get

FEIEt, (piq)

(B = ()" @m0 () A (1) o

(Pt = () s/ (—1)Fa”

To obey the condition P? = (—1)¥, we have the relation that r=(9 — p) mod 8, s=(9 — q)
mod 8 and r=(5 — p) mod 8, s=(5 — ¢) mod 8 for Type I theory and the Of theory,

respectively. For the D,-brane with p even, eq(3.40) changes to

¢10=P/2g,  for Type I theory,
U(UT)_lbz " for p even, (3.61)
(6=P)/2g,, for the Of theory,

where ( = Fi for the (£)-type boundary conditions, respectively. As argued before,
the above result (3.61) only depends on p and thus applies to a more general Chan-Paton
vector space H. Then, after T-dualizing the D,-brane in Type I theory and the Of theory

to the Dg-brane in Type ITIA O/ orientifold theory, respectively, the precise statement is
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that the U operator for the Dg-brane in Type IIA orientifold theory satisfies
U U= ¢t 26, for p even, (3.62)

where n,, is (9 — p) mod 8 for the O, theory and (5 — p) mod 8 for the O} theory. Then,
eq(3.59) and eq(3.62) together produce the result (3.13). Furthermore, the auxiliary field

Naue takes the role of the odd operator &, defined in section 3.1. The parity action on 7,
leads to eq(3.15).

Actually, from the discussion in this section, we have extended Gimon-Polchinski’s
analysis of the parity square action on the states of the p-q open string with p — ¢ even
case to the p-q string with p — ¢ odd case. Thus, a complete analysis of the parity square
action on the states of all p-q strings is also obtained. This complete our discussion on

the parity action on D-branes.

3.4 The Scattering Amplitude

After finding out the relation between boundary fermions and D-branes, we can use it
to study the open string scattering amplitudes in the framework of boundary string field

theory.
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3.4.1 The Full Boundary Action

We will use the worldsheet metric g = diag(+1,—1), and o = t £ 0. The bulk open

string worldsheet action can be written as

1 1
Stk = — / Po(—0.X - 0-X tithy - Otby +itp - O,p). (3.63)
b

Under the bulk N'=1 supersymmetry transformation

oXH = i(€+wﬁ_€—wi)7
= —Leo xn
(6]

1
o = —e 0",

the Sy, varies by

5Sbulk = _—Z/ dt(E_a_X . ¢+ + €+8+X : ¢_)
[)))

2o

It is easy to see that a diagonal N'=1 SUSY, €, = ce_ = € with ¢ = +1, is preserved by

a modified action S, ;, which is

’ 1C
T Jox

The coefficient ¢ is determined by the type of boundary conditions, defined in section 2.1.
For example, in the NN direction, ¢ = 41 for the (£)-type boundary conditions at the

left boundary and ¢ = F1 for the (£)-type boundary conditions at the right boundary.

Let us first derive the general boundary interaction for a system of 2™~! Dy~ Dy pairs

in Type IIB string theory, which preserves the diagonal N=1 SUSY. The method is to
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use n = 2m real boundary fermions. It is convenient to work in the Euclidean metric
after Wick rotation: ¢ — —i7. We introduce the worldsheet boundary superfield X*(7) =
XH 4 Va0 (where i = ot — cy™), the boundary fermion superfield I';(7) = n; + 0F;
with ¢ = 1,--- ,n and the derivative D = 9y — 00, with conformal dimension 0,0 and
1, respectively. The F;’s are auxiliary fields which will be eliminated after quantization.

The N = 1 invariant boundary interaction term is
Sint = —/ drdo{ fo(X) + fi(X)Ts + fi (X)L + - - + fro.n(X)T--- T}, (3.65)
0%

where the f’s are functions of X and are antisymmetric with respect to the indices. We

only keep the terms of the lowest conformal dimension. That is,

fo(X) = DXFA,oX)+---,
[i(X) = VaTy(X)+---,
fi;(X) = DXF*A,;(X)+ -,

fr(X) = VaTy(X)+-+

So the full boundary action for n = 2m boundary fermions is

2m

1 1

Shiry = — / drd6{-T:DT; + ) =M (X)Ty, - - Ty, }. (3.66)
o5 4 £ 2k

We know that the I';’'s will become SO(2m) gamma matrices after quantization. So

the coefficients M "’s can be regarded as the coefficients of a 2™ x 2™ matrix M(X)
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expanded in SO(2m) gamma matrices. M(X) can be written into the form

iAY(X)DX*  Va'T(X)T
M(X) = (3.67)
Va'T(X) AL (X)DX*

For convenience, we decompose M into M(X) = My(X,v) + 6M;(X,¢). As discussed

in [41], carrying out the #-integral and integrating out the F;’s, we get

2m
1. 1 PR
dery = — /82 dT{i'ﬂﬂh + Z %(Ml — M(Z)) ! k7h’1 e nzk} (368)
k=0
The second term is the interaction term which was omitted in section 3.2.

Doing the path integral of the 7;’s on a closed worldsheet boundary 0%, depending
on the anti-periodic or periodic boundary condition, we get a trace over a path ordered

exponential,

w|po (= [ ara)| or o |ma.pen (- [ ara)] G

where
A, —id X — %o/ MY it - DT + o' T2, (3.70)
A%(X) 0
a0 = | Y , (3.71)
0 ALX)
0 T(X)!
T(X) = , (3.72)
T(X) 0
Fow = 0uA, — 0,A, +i[A,, A, (3.73)
D,T = 0,T +i[A,, T). (3.74)
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A, is the gauge field, which is an even operator on the Chan-Paton factor space. While,
T is called the tachyon field, which is an odd operator on the Chan-Paton factor space.

For the open boundary, we get a path ordered exponential,

7y
Gir=Pexp (—/ d’TAT) . (3.75)

Although the above result eq(3.70) is obtained in terms of boundary fermions, the
generalization to any system of Dy and Dy branes is straightforward. For a system of N
Dg-branes and M Dg-branes, the boundary interaction A is still given by eq(3.70), with
the change that the gauge field A, in eq(3.71) and the tachyon field 7 in eq(3.72) are now
regarded as (N + M) x (N + M) matrices. In other words, in Type IIB theory, Dy-branes
support an N-dimensional vector bundle E° and Dy-branes support an M-dimensional
vector bundle E! on the spacetime X. They combine into a Z,-graded Chan-Paton vector
bundle E = E° @ E', with the Zy-grading operator

id o 0

OfE —
0 —idgm
The tachyon 7 becomes an odd hermitian endomorphism of E. The gauge field A is an

even unitary connection of E.

As for the non-BPS Dy branes in Type IIA string theory, the derivation is slightly
different. The difference is from the fact that there is no Zy grading operator defined on
the Chan-Paton factor space of non-BPS Dg branes. Let us start with 2! non-BPS
Dy branes. They can be described by 2m — 1 boundary fermions. There is no satisfying
way to quantize this system. So it is convenient to introduce an auxiliary boundary

fermion 7),,,. This amounts to double the number of non-BPS Dy branes. To recover the
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original system, we have to apply the projection (3.45). For a closed worldsheet boundary,
introducing the auxiliary boundary fermion is by multiplying 1 to the path integral of the

2m — 1 boundary fermion system. For the anti-periodic boundary condition, we multiply

1 / 1
l=— Dnau:c exXp (_/ _ﬁauxnauxdT) s (376)
V2 ox 4

where the factor % is explained in [17]. For the periodic boundary condition, we multiply

1 1
1=— D auzlauzx € - - ‘aux auxd ) 3.77
\/5/ NauzTawz (To) Xp( /8Z 7 o) T) (3.77)

where 7y is any point on the closed boundary. Then we can mimic the above calculation,

and find that

1 1
—tr | Pexp (—/ dTAT)] or —=tr {O’ oo Nauz P €XD (—/ dTAT)] , 3.78
V2 [ % V2 el % ( )

where the first expression is for the anti-periodic condition and the second one is for the
periodic condition. The boundary interaction A, is again given by (3.70). The gauge
field and tachyon field are now in the Zs-graded form. But they have to subject to the

projection condition v = 1. That is,

A= nau:cAnau:ca T = _nauxTnau:c-
By a suitable choice of the basis of Chan-Paton vector space, we can write 1,,, into

0 —1I
Navx = l / 0 . (379)
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Then the gauge field and the tachyon field are found to be of the form
0 T
T = , A= , (3.80)

where T = T1 and A = AT,

Once the result for the system of 2! non-BPS Dy branes is obtained, we can easily
generalize it to the case of arbitrary number of non-BPS Dg-branes. For N non-BPS Dy-
branes in Type IIA theory, the boundary interaction is still given by (3.70). The gauge and
tachyon fields in eq(3.80) are viewed as 2N x 2N matrices. The operator 7, becomes the
odd operator £ introduced in section 3.1. The projection condition is generalized to the
statement that the gauge field A commutes with £ and the tachyon field 7 anticommutes
with €. The boundary interaction A, commutes with £. In the vector bundle language,
non-BPS Dg-branes in Type ITA theory support an ungraded vector bundle F on the
spacetime X. The gauge field A is a unitary connection of £ and the tachyon field T is
a hermitian endomorphism on E. In order to write down the boundary interaction, it is
convenient to introduce a Z,-graded double of F, E = F & E, with an odd operator £.

We require that the boundary interaction A, commutes with &.

In Type II orientifold theory, the orientifold projection is the combination of the
spacetime involution Z and the worldsheet parity €2. €2 reverses the orientation of the
time coordinate 7. The worldsheet fields are transformed as: X*(o,7) — X*#(0, —7) and

Vi (0,7) — —iypf (o, —7). Then the boundary interaction will be transformed as
A, o T (AT = —iAX)T - X + %a’f,ﬁww" + o'y - DT(X)T 4+ /(THT, (3.81)
where X = Z(X) and the (+) signs are for the (£)-type boundary conditions, respectively.
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The invariance of a D-brane under the orientifold projection means that the infrared
limit of the boundary interaction A is isomorphic to the infrared limit of the boundary
interaction Z*Q*(A,)T. Obviously, if there exists a gauge transformation between A, and
7*Q*(A,)T, it will naturally induce an isomorphism between the infrared limits. In fact,
there exist other isomorphisms between the infrared limits, which will be discussed in

chapter 5.

Here, we focus on the case where there exists a gauge transformation between A, and
7**(A,)T. This gauge transformation is a linear isomorphism U : Z*E* — E. The

invariance condition of a brane leads to the following conditions

AX) = —-UAX)TU + i 'UudUu ™, (3.82)

T(X) =¢(-D)VuT(X)Tu. (3.83)

This explains the reason why we have the relations (3.11) and (3.12). The discussion in
the last section shows that the operator U must satisfy the constraint (3.13) for all Type

IT orientifolds. For Type IIA orientifolds, it has to obey one more condition (3.15).

3.4.2 The Scattering Amplitude

According to the classification of open string states in Type I string theory in section
3.2, we will discuss the scattering amplitudes of three different cases. By T-duality, it is
straightforward to transform the scattering amplitudes of Type I theory to those of Type

II orientifold theories.

e The scattering amplitude involving open string states of type (i) only
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Figure 3.3: The scattering amplitude involving type (i) states only.

A typical s-point scattering amplitude is shown in Fig(3.3). The open string states
Vi, Vy are inserted for the open strings, 1,--- ,s. For the segment between open string
i and j along the boundary 0%, we put the path ordered exponential G; ; defined in (3.78).

Then the scattering amplitude is given by

M= /DXDwe_Sb“lkt’f’(‘/lGLnggGQ,g s ‘/sGs,l)- (384)

e The scattering amplitude involving open string states of type (ii) only

As discussed before, we have to introduce an auxiliary boundary fermion 7., to the
scattering amplitude by multiplying 1, defined in (3.76) for the anti-periodic boundary
condition. Then we define a projection operator (3.45) and apply projection conditions to
the extended system to recover the original system. We have to consider what projection

condition to apply at each open string state of the extended scattering amplitude.



odd 17 4 odd 1

Figure 3.4: The scattering amplitudes involving type (ii) states only.

Let us start with the scattering amplitude involving two open string states of type
(ii), shown in the left part of Fig(3.4). The dotted lines denote the flow of the auxiliary
boundary fermion 7,,, along the boundary of the worldsheet ¥. The boundary of the
worldsheet is broken into two segments by the insertion of two open string states, V; and
V5. The 14y, is extended to the left and right sides of the strip-like end of each open
string state. We have to consider how to connect the flow of 7,,, at each strip to form
a closed flow. Suppose we take the projection condition to be u = nf nk =1 for

the state V;. If 7, flows continuously along the the two segments, then nf —and nk

R

- for the second state. The v = 1 condition for V; deforms into the

deform to 7L, and 7
w=nk nk =nk nk = -k nk = —1 condition for V5. On the other hand, if 74y,
flows discontinuously along one of the segments, say along the right segment, a minus
sign will be generated. n%f,_ and nZ = deform to —7iZ ~and 7% _ for the second insertion.
Then the v = 1 condition for V; deforms to the v = 1 condition for V,. We thus obtain
a rule: if the two insertion points have opposite projection conditions, then 7,,, flows
continuously along the boundary; if the two insertion points have the same projection

condition, then there must be a minus sign produced when 7,,, flows along the boundary

of the worldsheet.
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We can generalize this rule to all scattering amplitudes involving open string states of
type (ii). For example, the right part of Fig(3.4) shows a 4-point scattering amplitude
with the flow of 7,,,. We have the following rule. If the number of © = —1 projection
conditions is odd, then 7,,, flows continuously along the boundary. While if the number
of u = —1 conditions is even, 74, flows discontinuously somewhere along the boundary

and a minus sign is generated.

For an s-point scattering amplitude involving only type (ii) states with anti-periodic

condition, the scattering amplitude is given by

1
M = 7 / DX Dipe™ vttty (ViGy VoGl - - VoGl ), (3.85)

where the factor % comes from the path integral of the auxiliary fermion.

e The scattering amplitude involving open string states of type (iii)

For this case, we have to introduce both auxiliary boundary fermion 7,,, and auxiliary
bulk fermionic mode 7., to the scattering amplitude by multiplying 1, defined in (3.76)
for the anti-periodic boundary condition. For example, the 2-point and 5-point scattering
amplitudes are shown in the left and right parts of Fig(3.5), respectively. The dotted line
denotes the flow of 74, and the dashed line denotes the flow of n},,.. We need to explain
a bit about how to draw the scattering amplitudes. At the strip-like end of a type (iii)
state, we have a pair of auxiliary fermions, 74, and 7., at the boundary with odd number
of fermions, with opposite orientation. We extend both of the pair along lines near the
boundary component with odd fermions. If the component ends with another strip of
type (iii), we let the pair end there. If the component ends with a strip of type (ii), then

Naue €nds there and the 7/, . line continues to the next boundary component, without
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going into the strip. In this way, a unique diagram can be drawn for every scattering

amplitude involving type (iii) states.

even

Figure 3.5: The scattering amplitudes involving type (iii) states.

Again, we have to apply projection conditions to the extended scattering amplitude
to recover the original one. The projection operator for a type (ii) state is the same
as before u = nft nL . For a type (iii) state, the projection operator is defined to be
U = NoueNhue- We have to determine the projection condition at each open string state

in an extended scattering amplitude.

Let us first look at the 2-point scattering amplitude, shown in the left part of Fig(3.5).
There are two type (iii) open string states, V; and V5. The boundary of the worldsheet is
divided into two segments by the insertion of two open string states. We have to consider
how to connect the flow of 74, and 7., at each strip to form a closed flow. Suppose
U = Nawzoye = 1 for V1. If n4u and 1), flow continuously, then 7, and 7., deform
t0 Taus and 7)., at the second insertion. Thus, the v = 1 condition for V; deforms
into the v = N, = 1 condition for V5. (This explains the reason why we need to
keep the v/ = 1 condition invariant under the parity action for the 9-8 string in the last

section.) On the other hand, if either 7., or 7., flows discontinuously to the second
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insertion, then the ' = 1 condition for V; deforms to the v’ = —1 condition for V5. So
we have a rule: if the projection conditions are the same at both insertions, then 74,
and 7., connect continuously at one insertion and discontinuously at another one. If the
projection conditions are opposite for V; and V3, then 7,,, and 7/, connect continuously
at both insertions and there is a discontinuity in the flow of 74, and 7,,. A minus sign

is generated during the flow.

We can easily generalize this rule to all scattering amplitudes involving type (iii)
states. For example, a 5-point scattering amplitude is shown in the right part of Fig(3.5),
containing two closed flows of auxiliary fermions. The rule for the projection condition
is the following. For each closed flow of auxiliary fermions in a scattering amplitude, if
the number of u = —1 and v’ = —1 conditions is odd, there is a discontinuity in the flow
of Nauz Or M., somewhere along the segments with odd number of boundary fermions,
and a minus sign is generated. While if the number of u = —1 and v’ = —1 conditions is
even, Ngy, and 7., flow continuously along the segments with odd number of boundary

fermions.

For an s-point scattering amplitude involving type (iii) states with the anti-periodic

condition, the scattering amplitude is given by
M = Ny / DXDan;ux€_Sbulktr(‘/lGl’g‘/QGQ’g s V;G&l), (386)

where the normalization coefficient Ny = (%)" and n is the number of closed flows of
auxiliary fermions in the scattering amplitude. Sen discussed similar things for the Type
I non-BPS Dy-branes [48]. Our results generalize Sen’s results to scattering amplitudes

involving more general non-BPS D-branes.

Note that the structure of Chan-Paton factors of D-branes in Type I theory was also
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discussed in [19, 20]. They claimed that they obtained the result of the D-brane Chan-
Paton structure and a subset of our results of the parity action on tachyon configurations
in Type I theory. We find explicit results of the D-brane Chan-Paton structure and
parity actions on gauge and tachyon fields, not only for Type I theory but also for Type
IT orientifold theory, through a thorough and systematic derivation motivated by using

boundary fermions.
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Chapter 4

Orientifolds and K-theory

It is known that in Type II string theories there exist both BPS D-branes and non-BPS
D-branes. Witten argued that the D-brane charge takes value in the K-theory groups of
the spacetime X, that is, K(X) for Type IIB theory and K~!(X) for Type ITA theory [17].
Motivated by Witten’s work, Hotava [18] gave a natural explanation of why the Type ITA

D-brane charge takes value in the K~(X) group.

The mathematics underlying Witten’s work is basically the use of vector bundles to
define the K-theory group. The D-branes located at a submanifold of the spacetime X
support a complex vector bundle E, and the D-branes support another vector bundle F.
We label this configuration by the pair (E, F). The tachyon field is a map T': E — F.
If £ and F' are isomorphic, the brane-anti-brane system will decay into vacuum. That is,
the pair (F, F) is said to be equivalent to the pair (E® H, F@® H) for any H. The D-brane
charge is classified by the equivalence classes of the pairs (E, F') which form nothing but
the K(X) group. Hofava’s paper used a different definition for K~(X) which is given

in Karoubi’s book [34]. The idea is that one starts with the pair (E,a), where E is a
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complex vector bundle on X, and « is an automorphism on E. A pair (F,[) is called
elementary if 3 is homotopic to the identity on F' within automorphisms of F'. Two pairs
(E1, 1) and (B, ag) are said to be equivalent to each other if there exist two elementary
pairs (Fy, 31) and (Fy, 32) such that (Fy @ Fi,a; @ 61) = (Ey @ Fy, a3 @ (). The set of
all such equivalence classes of pairs (E, ) on X forms the group K~!(X). Hofava showed
that the bundle £ is the bundle supported by the Type ITA non-BPS Dg-branes and the

role of the automorphism « is played by a = —e™T, where T is the tachyon field.

In the paper [21], Hori used the operator algebra to discuss the classification of D-brane
charges. In mathematics, this corresponds to a third way to define the K-theory group.
Suppose Hc is a separable infinite dimensional complex Hilbert space. Let F'(Hc) denote
the space of Fredholm operators on H¢ and F +(Hc) denote the the space of neither positive
nor negative skew-adjoint Fredholm operators on H¢. Mathematically (See [32, 33]), it
is known that F(Hc) is the classifying space for the K-theory group and F,(Hc) is the

classifying space for the K ~!-theory group. That is,

Index : [X,F(Hc) — K(X):

Index : [X,F.(Hc)] — K Y(X).

Based on the study of the transformation of D-brane charges under T-duality, it was
proposed in [21, 22] that the D-brane charges of Type II orientifold on a spacetime X
with involution (3.10) are classified by KR~®7#)(X) if there are O, -planes only and by
KR~®=P)(X) if there are Ol‘f -planes only. Our purpose here is to confirm the statement
by using the results in the previous chapter. We will show that the space of invariant

tachyon configurations is isomorphic to the classifying space of the KR-theory group.
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4.1 The Orientifold O, Theory and The K R "»-theory

Group

Consider the Dg-branes in Type II orientifolds O, on R!Y/Z,, where the involution is
given in eq(3.10). As before, define n,=(9 — p) mod 8 and (5 — p) mod 8 for the O, and

Oy theories, respectively.

N Dy-Dy pairs in Type IIB orientifold theory support a 2N-dimensional Z,-graded
vector bundle H = H° @ H!. The Chan-Paton factor space H for the 9-9 open strings
is Hom(H,H). The gauge field A is an even connection of H and the tachyon 7 is an

odd endomorphism of H.

0 bof a’ 0
A
b 0 0 a'

where a° = (a°)f, a' = (a')" and b is a map b : H® — H .

N non-BPS Dg-branes in Type IIA orientifold theory only support an ungraded N-
dimensional vector bundle H’. As mentioned before, it is convenient to introduce a Zo-
graded double H = H' @ H’ with an odd operator £. The gauge field A commutes with &

and the tachyon 7 anticommutes with £. They can be written into the form

In Type II orientifold theory, the gauge field and the tachyon field have to satisfy

the invariance conditions (3.82) and (3.83), respectively. Define the set of tachyon field
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configurations,

§ = {T e [Hom(H,H)]**}. (4.3)

For the orientifold O, theory on a spacetime X with involution Z, we have the following
result

Index : [X, 32 = KR (X), (4.4)

where the Z, action on the operators is given by eq(3.83). This confirms the proposal in
[21, 22]. When restricted to the set of fixed points Xy of X under Z, the KR~ group
reduces to the KO~ group as it should be. Next, we will confirm this statement by

showing that the classifying space and the symmetry group match case by case.

For the constant operators U and fixed points & = z, eq(3.82) and eq(3.83) become

A = —UATU, (4.5)

T = ¢(-n)YluTtu-1, (4.6)
Denote the set of invariant tachyon field configurations by

T, = (8)%2 = {T € [Hom(H, H)]*" | T = ¢(-)VIUT U}, (4.7)

~
~

We will show that €, ~ §,, and that the symmetry group matches.

We first consider the n, even cases. Motivated by the result (3.33) of the parity action

on the boundary fermions, we have a generalized relation,

T

0 il 0 il
U Yol o= e . (4.8)
ily 0 ily 0
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n, = 0 mod 8

Eq(3.13) determines U into the form

U= , (4.9)

where A' = A and D' = D. Using eq(4.8), we can find that D = —CA. Using eq(4.6), we
find that

b = —CAODN'D™?
= —C?ApA™?

= AbA™!

Because A is symmetric, it can be made into the identity matrix Ix. Then we have b = b.

That is, b : H°|g — H!|r is R-linear. So Ty ~ 3’0.

Let us determine the symmetry group. From eq(4.5), we find that a® = —A(a)!A™?
and a' = —A(a')’A7'. Then the symmetry group is determined to be SO(N)xSO(N)

which matches the result in Table(A.3).

n, = 2 mod 8

Eq(3.13) determines U into the form

0 B
U= . (4.10)
(Bt 0

Using eq(4.8), we can find that B = B!. Define F := U 7T |y : H — H*°. From
eq(4.6), we can show that F' = —F* If we define T := c.c.FF : H° — H°. Then T is
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C-antilinear. It is easy to see that T — _T. So Ty ~ Fy. From eq(4.5), we find that
a® = —B(a')!B~!. This means tr(A) = 0. Together with the condition A = AT, the

symmetry group is found to be U(N).

n, = 4 mod 8

Eq(3.13) determines U into the form
U= , (4.11)

where A" = —A and D' = —D. Using eq(4.8), we can find that D = —CA. From

eq(4.6), we find that b = AbA~'. Because A is antisymmetric, it can be made into

0 Iy
A=J= . Suppose,

—Iy 0

b= . (4.12)

b= . (4.13)

Then b : H® — H'is H-linear. So T, ~ §4. From eq(4.5), we find that a® = —A(a®)! A~ =
—J(a®)tJ! and ' = —A(a')!A7' = —J(a')'J7!. Then the symmetry group is deter-

mined to be Sp(N)xSp(N).

n, = 6 mod 8
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Eq(3.13) determines U into the form

0 B
U= . (4.14)

—¢B' 0
Using eq(4.8), we can find that B = —B'. Define F := U™ 'T|no : H* — H*". From
eq(4.6), we can show that F* = F. If we define A" := c.c.F : H* — H°, then A" is
C-linear. It is easy to see that (A')f = 4. So T ~ Fs. From eq(4.5), we find that
a® = —B(a')!B~!. This means tr(A) = 0. Together with the condition A = AT, the

symmetry group is found to be U(N).

Next, we discuss the n, odd cases. The difference from the even cases is that the U
operator has to satisfy the condition (3.15). The gauge field commutes with the operator

¢ and the tachyon field anticommutes with it.

n, = 1 mod 8

The matrix U is given in eq(4.10) with B = B*. From eq(4.6), we find that
b=—-BYWB™' = -BbB .

Because B is symmetric, b is purely imaginary. Define F' := {7 |y = —ib : H' — H'.
Then F' is R-linear and skew-adjoint. So %; ~ 31 Next, we determine the symmetry

group. Eq(4.5) gives the condition a = —Ba’B~!. Then the symmetry group is SO(N).

n, = 3 mod 8

The matrix U is given in eq(4.11) with D = —(A. From eq(4.6), we find that b = AbA~".
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Because A is antisymmetric, it can be made into .JJ. Suppose

B, B
b= 7|, (4.15)

Bs B,
By the condition b = JbJ™!, b is determined into the form

B B
b= S (4.16)

Then b is H-linear. Define F' := €7 |3y = b: H' — H'. We can show that F is H-linear
and self-adjoint. So T3 ~ Fs. Bq(4.5) gives the condition a = —Aa’A™' = —Ja'J L.

Then the symmetry group is Sp(N).

n, = 5 mod 8

The matrix U is given in eq(4.14) with B = —B*. From eq(4.6), we find that
b=B"YB'=-BbB".

Define b’ := ib, then we can show that b is H-linear. Define I := T |y = —b : H' — H'.
We can show that F'is H-linear and skew-adjoint. So T5 ~ 3. Eq(4.5) gives the condition

a = —Ba'B™!. Then the symmetry group is Sp(N).

n, = 7 mod 8

The matrix U is given in eq(4.9) with D = —CA. From eq(4.6), we find that

b= —iDbA™" = AbA™". (4.17)

Because A is symmetric, it can be made into the identity matrix In. So we can show
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that b is R-linear. Define F':=i¢T |30  =b:H — H'. We can show that F" is R-linear
and self-adjoint. So T ~ 7. Eq(4.5) gives the condition a = —Aa’A~' = —a'. Then the

symmetry group is SO(N).
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Chapter 5

D-branes in Orientifolds of Linear

Sigma Models

In this chapter, we will study the D-branes in orientifolds of the 2d A'=(2,2) linear sigma
model(LSM). In Witten’s paper [52], the LSM is used to provide an unified description
of the closed string worldsheet theory over its moduli space. This property makes the
LSM become more and more important in Type II orientifold model buildings [54, 55].
Recently, Herbst, Hori and Page [57] used the LSM on the worldsheet with boundary to
study the B-type D-brane transformation in the moduli space. This chapter is to extend

their work to the B-type D-branes in orientifolds of the LSM.

5.1 The Linear Sigma Model and Its Phases

Before introducing the LSM, we first discuss a little about the supersymmetry in two-

dimensional manifolds. The supercharges associated with the supersymmetry are Weyl-
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Majorana spinors. We can have N left-moving supercharges Q4 and N right-moving
supercharges Q4. The supersymmetry algebra is called the 2d N'=(N N ) algebra. We
focus on the 2d N'=(2,2) supersymmetry. Introduce a 2d N'=(2,2) superspace, denoted by
the coordinates (¢, s,07,07,0%,07). There exist the so-called vector and axial R-rotations

on the superspace coordinates:

Vector R — rotation : (¢, s,6%,0%) — (t,s,e7"0%, '07F),

Axial R — rotation : (¢, s,0%,0%) — (t,s,eT0F eF4*).

Suppose we have a classical 2d N'=(2,2) field theory. There are four supercharges:
Q+,Q+,Q_ and Q_. From the Poincaré invariance, we obtain three conserved charges,
the Hamiltonian(H), the momentum(P) and the angular momentum(M). If the theory
also has the vector and the axial R-rotation invariance (R-symmetry), there are corre-
sponding conserved charges: Fy and F4. The 2d N'=(2,2) supersymmetry algebra is the

following,

QlI=Q2 = Q}=Q2=0,

{Q+.Qs} = H+P,

[iM,Q+] = TQx, [iM,Q+] = FQx,
[iFyv, Qi) = —iQx, [iFy,Q4] =iQ4,
[iFa, Qi) = FiQy, [iF4, Qi) = £iQ4.

All the other commutation relations vanish.

There are several widely studied 2d N'=(2,2) theories. One is called the non-linear

sigma model(NLSM). Suppose we have N chiral superfields ®;. The Lagrangian is given
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where K (®;, ®;) is a general real function. The field space spanned by ®;’s is called the
target space of the NLSM. Of course, we can add a F-term to the above model. The total

Lagrangian will become

- 1
L= /d49K(q>,-, ;) + 5(/ d?OW (®;) + c.c.), (5.2)
where d?0 = d0—df+. W (®,) is called superpotential which is a holomorphic function of

®;, -+, ®y. This theory is called the Landau-Ginzburg model(LG) in literature.

We are interested in the LSM with abelian gauge group = = U(1); x --- x U(1); and
chiral superfields ® = (®,---,®y), where ®; has the charge Q¢ under the a'® gauge
group U(1),. The vector superfield for U(1), is denoted by V, and its field strength

Y, = D, D_V, is a twisted chiral superfield. The bulk part of the Lagrangian is

where

4 =t — if° (5.4)

is a complex combination of the Fayet-Iliopoulos (FI) parameter r* and the theta angle 6
for the a™ gauge group U(1),. The first term in eq(5.3) is the kinetic term for the vector
superfields and e is the gauge coupling. The second term is the kinetic term for the chiral
superfields with minimal coupling to the gauge fields. The third term is called the twisted

superpotential term (note that d20 = df~df*) and the last term is the superpotential
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term where W (®) is a gauge invariant holomorphic polynomial of ®y,---, ®y. There is

an axial U(1)4 R-symmetry in the classical LSM:
U()a: @(t,s,0%,0%) — @Fad,(t, s, eTi00F eFofh). (5.5)
The classical LSM will also have a vector U(1)y R-symmetry
ULy : ®(t,s,0%,0%) — eFid(t, s, e 0%, '07F), (5.6)
if the superpotential W (®) is of a quasi-homogeneous form,
WD, NDN) = N2W(Dy,..., DY), (5.7)

where Ry, ..., Ry are called the (vector) R-charges of the fields @, ..., ®y.

The classical potential for the scalar fields ¢; and o,, which are the scalar components

of ®; and V, respectively, is

The first term is from the coupling of & and V. The second term is called the D-term
potential and the last term is called the F-term potential which is from the superpotential
W. We want to find out the vacuum locus, U=0. It depends very much on the value of

the FI parameters r* through the D-term equations,

N
Qe —rt =0  Va=1,... .k (5.9)
i=1

The space parameterized by FI parameters will be divided into a finite number of chambers
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by the solutions to U=0. The chambers are called the phases and the walls separating

them are called the phase boundaries.

A geometric phase is a phase in which = is completely broken and all modes transverse
to U=0 are massive. The low energy theory is a non-linear sigma model with target space
(U =0)/=. For the superpotential W = 0 case, the space (U = 0)/= can be regarded as

the quotient by the complexified gauge group =Zc,
X, =(CY - A,)/=c, (5.10)

where A, consists of points whose Z¢ orbits do not pass through solutions to (5.9). X, is
a so-called toric manifold. If W # 0, the vacuum locus is a submanifold of X, defined by

the F-term equations

ow
o

0 Vi=1,...,N. (5.11)

There are various phases in which some of the transverse modes to U=0 are massless.
The extreme cases are the so-called Landau-Ginzburg phases in which the vacuum locus
(U = 0)/Z is one point and all modes transverse to the Z¢ orbit are massless. In the
limit where 7 is scaled up to infinity, the modes tangent to the Z¢ orbit decouple and the
theory reduces to the Landau-Ginzburg model for the transverse modes. In some cases,

there possibly exists a residual discrete gauge symmetry, then the theory is called the

Landau-Ginzburg orbifold(LGO) model.

Next, we want to discuss the quantum behavior of the FI parameters. They run as
ro(p) = r(u) + S, Q¢ log(u/ i) under the renormalization group(RG) where y is some

energy scale. In general, this induces a flow between different phases. However, if the
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condition
N

Q=0 Va=1,... .k (5.12)

i=1
is satisfied, the FI parameters do not run and are genuine parameters of the quantum
theory. It is also easy to show that all the k theta angles 0% are also genuine parameters.
In other words, if the two conditions (5.7) and (5.12) are satisfied, the quantum LSM
has both axial and vector U(1) R-symmetries. From now on, let us assume that the two
conditions (called Calabi-Yau conditions) are met. A singularity of the LSM is a point
in the moduli space where there exists an unbroken continuous subgroup of = and the
corresponding o, is unconstrained. The singularity can be determined by computing the

effective potential at large values of ¢’s, which is

k P~ —~—
> o) OWetr OWer (5.13)

0o, Oop
a,b=1 a b

1
Ueff:§

2

e2, (o) are the effective gauge coupling constants which approach their classical values as

lo| — oc. /V[fo(a) is the effective twisted superpotential whose first derivatives are given

by

W A LN
oo (o)==t =) Qtlog | Y _Qloy |- (5.14)
a i=1 b=1

It is easy to see that the effective potential is zero if the derivatives (5.14) vanish modulo

27 times integers [52]. In other words, the solution to the vacuum equation is given by

N k
t" = - Qlog (Z Qg’ab> . (5.15)
=1 b=1

According to eq(5.12), this equation is invariant under the uniform rescaling of o,’s. So

the existence of one solution means the existence of a non-compact Coulomb branch.

—a,

After eliminating o,’s one can get an equation for e ’s that determines the location of a
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quantum Coulomb branch. Denote the set of singular points by S and the set of complex

parameters {( ¢!, ..., ¢/')} by (C*)*. The Kahler moduli space is the complement

My = (C)F\ S.

5.2 D-branes and Orientifolds of The LSM

The D-branes in the LSM with a non-zero superpotential W can be regarded as the
boundary of the worldsheet and can be described by adding the corresponding boundary

interaction to the bulk Lagrangian, which is

0
O

N N
1 1 Z. IREAA;

Ai=p.(vo = Re(0) +5{Q, Q" = 5 D v'o-Q+ 5 Zw%@, (5.16)
i=1 i=1 v

where we have an odd operator Q(¢;) on the Zy-graded Chan-Paton vector space, V =

Ve @ V°d and a representation p of the gauge group U(l)k on V. This is nothing but the

Wilson line interaction term, so the brane is also called the Wilson line brane W(g). Since

the Chan-Paton vector space has dimension larger than one, the boundary interaction

term is in the path-ordered exponential form

ty
Uty t;) = Pexp (—z/ Atdt) :
t;

The total Lagrangian, the boundary term combined with eq(5.3), is supersymmetric if
and only if Q) is a matrix factorization of W, i.e., Q> = W -idy. Another thing to notice

is that the total theory only depends on the combination g—; + ¢*. In other words, the
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theory is invariant under

0% — 0% +27rm®, and ¢* — ¢* — m°, (5.17)

for integers m',---,mF. Because the worldsheet has boundaries, the §%’s are no longer

periodic parameters. The transformation 8 — 6%+ 27 with no change in ¢® is a non-trivial
operation. Depending on what combination of the N'=2 supersymmetry is preserved, we
have two types of D-branes in 2d N'=2 theories. One is called the A-type D-brane (also
called the A-brane) which preserves the supersymmetry generated by Q4 := Q, + ¢ “Q_,
where « is some phase. The other is called the B-type D-brane (the B-brane for short)
which preserves the supersymmetry generated by Qp := QL + e “Q_. The two types of
branes can be related by the so-called mirror symmetry [53]. We will focus on B-branes in
this thesis (taking « to be 7). To make a connection with what we have studied in chapter

3, the tachyon configuration is nothing but 7 = iQ — iQ'. After this identification, the

two boundary interaction terms (3.70) and (5.16) agree with each other.

A B-brane in the LSM can be represented as B = (V, p, Q(¢), R(\)), satisfying

p(9)7'Qg- d)pl9) = Q(9), (5.18)
RNQ(Ry-9) RN = AQ(9), (5.19)
p(g)R(A) = R(ANp(9), (5.20)

R(e™) = oy, (5.21)

where R(\) is the R-symmetry operator of the model(\ is a phase), oy is the grading

operator on V and ¢ - ¢ is the gauge transformation of ¢ = (¢1, -+ ,én). Eq(5.18) is
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required because we want A; to transform under the gauge transformation as

iAy — p(g)iAp(g) ™" + p(9)0p(g) ™" (5.22)

Eq(5.19) is from the fact that the superpotential W (®) has R-charge 2 and Q* = W -id),.
Eq(5.20) is because we want the R-symmetry action to commute with the gauge group

action. Eq(5.21) is from the following consideration. Suppose we have two B-branes,
By = (V1,p1,Q1(9), Ri(A)) and By = (Va, p2, Q2(9), Ra(A)). Consider any polynomial ¢

of ¢1,--+ ,on in Hom(Vy,Vs). We have the equation

Ry(=1)¢(Reri (6)) R1(=1) " = (=1)¥lp(9).

This requires that R(—1) = oy. The collection of all B-branes (i.e, matrix factorizations)
in a LSM with gauge group = and superpotential W (®) forms a category, called the

category of matrix factorizations. We denote it by M Fz . (W).

The 2d N'=2 superspace has A- and B-type involutive parity symmetries: Q4(t, s, 0%, 6F)
=(t, —s, —0F, —07F) and Qp(t, s,0%,0%) = (t, —s, F0F, F0T). We focus on the B-type par-
ity in the following. It will induce B-type worldsheet parities PZ = 7* - Q7 in the LSM,
where 7 denotes some involution on the field space. PP transforms the fields and the

superpotential as
; — M ®,), Vi — 0,5V, and W (e d,)) — W (D)),

where (0,%) denotes permutation on the worldsheet fields.

The parity operation P? can be regarded as a parity functor on the category M Fx.(W).
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In other words, it is a contravariant functor

PP MFs. (W) — MF=.(W), (5.23)

satisfying the condition P? o PP = idyr (W) It acts on the B-brane by

Py B P (B) = (V" g"p(g)"", —ir"Q(d)", N R(A\)™"). (5.24)

A B-brane is called an invariant brane if there exists an isomorphism

U:PE(B)— B. (5.25)

As we mentioned before, this isomorphism should be regarded as the isomorphism be-
tween the infrared limits of the boundary interactions associated to brane B and brane
PE(B). A gauge transformation between the boundary interactions naturally reduces to
an isomorphism between the infrared limits. As discussed in [57], there exist other oper-
ations on D-branes that lead to isomorphisms in the infrared limit. Two classes of such
operations were discussed, the boundary D-term deformations and the brane-antibrane
annihilation. They are called D-isomorphisms. In the NLSM, the D-isomorphisms are

nothing but the quasi-isomorphisms of complexes.

For the category M Fz. (W) of the LSM, U is a linear isomorphism in Hom(V*, V)

such that

U(=ir" Qo)) U™ = Q(¢), (5.26)
Ulg™p(g) U = plg), (5.27)
UMNRN) U™ = R(N). (5.28)
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As we know, a typical LSM contains several different phases. It is interesting to see
how a B-brane transports among the different phases and how the worldsheet parity acts
on the branes in different phases. In the following we will use the quintic model to show

this.

5.3 The Quintic Model

The quintic model is a LSM with a single U(1) gauge group, and 6 worldsheet fields

P X, ..., X5 with charge —5,1,...,1. The superpotential is
W = PG(X) = P(X] + X5 + Xj + X + X2). (5.29)

It has two different phases, the r > 0 phase and the r < 0 phase. In the » > 0
phase, the theory reduces to the non-linear sigma model on the Calabi-Yau hypersurface
Xg = {G = 0} in the projective space CP*. In the 7 < 0 phase, the vacuum manifold
breaks the gauge group down to a discrete group I' = {w € U(1)|w® = 1} = Z;. In the
r — —oo limit, the theory reduces to the Landau-Ginzburg orbifold theory of X, ..., X5
with the superpotential Wy = G(X) and the orbifold group I'. The singularities are

located at e' = —5°. The phase diagram of this quintic model is shown in Fig(5.1).

According to our notation, a B-brane in the quintic model is denoted by B = (V, p(g), Q(p, x),
R())). The category of matrix factorizations in the quintic model is denoted by M Fex (PG(X)).

Choose a basis of the 2n-dimensional space V such that p(g) and R(\) are simultaneously
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Figure 5.1: The phase diagram of the quintic model.

diagonalized. We can write the data into an explicit matrix form:

0
Qp,x) = d :
g 0
p(g> = diag(gqla"'vngn)v (530)
R(\) = diag(\, .. An), (5.31)

where f-g = g-f = pG(x)-idy. Denote a B-brane in the NLSM by B = (V, 3(g), Q(p, z), R(\))

satisfying

p(9) Qg 7%p, gx)plg) = Q(p, ), (5.32)
RAQNp,x)RN)™ = AQ(p, ), (5.33)
plg)R(N) = R(\)j(g), (5.34)
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where R()) is the R-symmetry operator of the NLSM phase, §(g) is the representation on
the space V and @(p, 7)? = 0. We can decompose V into a direct sum of even components
(R-charge even) and odd components (R-charge odd) ¥V = V @ V°¢. Then the data of
a brane can be translated into a complex in the NLSM. It is found that the collection of

B-branes in the NLSM forms a derived category of coherent sheaves over X [58]. Let us

denote it by D*(Coh Xg). Denote a B-brane in the LGO by B = (V, p(w), Q(z), R()\)).

@) Qur)p(w) = Q(x), (5.35)
ROVQW)RN™ = AQ(), (5.36)
pWRM) = RO)p(w), (5.37)
R(e™)p(e*™?) = oy, (5.38)

where R()\) is the R-symmetry operator in the LGO phase, p(w) is a representation of
Zs on V and Q(x)?* = G(x) - idy. Obviously, the collection of B-branes in the LGO phase

forms a category of matrix factorizations, denoted by M Iz, (G(X)).

A brane can transport between the two phases freely along a path (not hitting singular
points) in the moduli space of the quintic model. This will induce equivalence relations
among the categories M Fx (PG(X)), D*(Coh X¢) and MFz,(G(X)). In other words,
we pick up a brane in a phase, say the LGO phase, lift it to the corresponding brane in
the quintic model. Transport the brane inside the quintic model moduli space to another
phase, the NLSM phase. And then project the brane down to a brane in the NLSM. The
problem is that when we lift a brane in the LGO or the NLSM to a brane in the quintic
model the lifting is not unique. In the paper [57], the authors studied the problem and
gave a so-called grade restriction rule. In the quintic model, the singular points are located

at r = 5Inb and 0 = 27Z + 7S, where S := ZQQQ Q; is b for the quintic model. We
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Figure 5.2: The brane transportation in the orientifold of the quintic model.

want to transport branes along a path avoiding singular points. That is, the path must
go through the windows between singular points (See a typical path in Fig(5.1)). The
grade restriction rule says that the Wilson line brane W(q) can be transported smoothly

between two phases if and only if the following inequality is satisfied

S 0 S

If we have a complex of Wilson line branes W(g;) or a matrix factorization, each ¢; must
satisfy the inequality (5.39). For a given window, this inequality determines the allowed
values of the gauge charges. For example, in the quintic model (S = 5), for the window
m < 0 < 3w, the allowed charges are {—3,—2,—1,0,1}. When the window changes, the
allowed charges also change. For a general abelian gauge group = = U(1)*, there is a
band grade restriction rule:

S S
—— < — 4 ¢ < =, (5.40)
T
fora=1,--- kand S =} .., QF
Denote the category of the grade restricted branes of a LSM by 7,ind0w- The paper
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[57] constructed the equivalence relations among the categories explicitly. We will discuss

the worldsheet parity functors on the categories (See Fig(5.2)).

5.3.1 The Worldsheet Parity Functor on Categories

Let us start with the worldsheet parity in the LGO phase. From [55] we know that the
B-type parity in the LGO is simply PZ = 750%. The action of 75 is now the phase

rotation X; — e2™/5X; = w™ X; where w = ¢*"/% which maps G(X) — G(X).

According to [55], the RCFT invariant branes are those with M = 0, 5. For simplicity,
consider the case L = (0,0,0,0,0), M =0 and m = (0,0,0,0,0). In the matrix factor-
ization language, the invariant brane B = (V, p(g), Q(x), R()\)) can be obtained as the

tensor product of branes of minimal models. For example, we have

Qx); = Qu(11) ®id®id®id®id+ .. +id ®id ®id ® id © Qp, () | (5.41)
where
_ 0 aft! 10
Qr, () = , id = : (5.42)
| 0 1
_ 5
A more compact way to write this expression is Q(z); = (27 ', + 2} 7"7;) which is
i=1

also called the Recknagel-Schomerus brane in literature. The space V is the 32-dimensional

representation space spanned by {[0),7;|0),---,7;---75/0)}. We also find the corre-
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sponding representation p(w) and R(\)

®5

_ _ A5 0
R\ = RN = o

0 A3

®5

) es w0 .
pw) = po(w)*” = w" (5.43)

0 w!

In order that R@ = 0 is obtained, we can take %n = —2,0orn=—>5.

The parity will transform the brane B to 7539(5) = (V*,9%p(g9)77T, —z'TgQ(x)T, Mo R(A)T).
For an invariant brane, there is an isomorphism between 75(? (B) and B. According to [56],
for the category M Fy, (G(X)) of the LGO, U is a linear isomorphism U : V* — V such

that

U(—iQ(x)") U™ = Q(x),
weUp(w) "0 = p(w),

MNeURN) U™ = R(N). (5.44)

By looking at the worldsheet parity operator in the minimal model, we can find the

worldsheet parity operator in the quintic model

®5

U=US" = . (5.45)

Then it is easy to find that §,=0 mod 5 and p,=—3. Following the paper [57], we can lift
the brane B in the LGO to a brane B obeying the grade restriction rule. Similarly, the

worldsheet parity operator U of the LGO is lifted to the parity operator U in the LSM. The
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B-type parity 7359 will transform a brane B to PéB(B) = (V*, g%p(g)~ ", —iT:Q(p, )T, AP R(N)7T).
Looking at Fig(5.2), there are two different ways to lift the brane and apply the world-
sheet parity: B <4 B = PE(B) and B 7 PE(B) “% w;(PP(B)). The two ways should be

equivalent. That is, PZ(B) = w;(PZ(B)). Then it is easy to find that

2

Go = Qo mod 5 s Do =DPo— EQO ) (546)

The value of ¢, determines the window of the grade restriction rule. The reason is the
following. Under the worldsheet parity, § — —6 and ¢; — ¢; + q,, the invariance of % +qi
means that % = ¢,. This invariant value of 6 determines the window. For explicit, we
may take the window —7m < 6 < w. The grade restriction rule gives the allowed values

q; € {0,£1,+2}. Using the relations

- 2
¢G=¢ modbd , R;=R;— 20 (5.47)

and the LGO data

vector || |0) ﬁﬁjm) ﬁiﬁjﬁkﬁl‘m 7:10) ﬁz’ﬁjm‘m 7y -+ 75|0)
Ri 0 _ 12

5

o
|

[Si )
|
W

\)

1 —

—_

2 0

Gi 0 —

the charge assignments in the LSM for the basis vectors of the Clifford module are found

to be
vector 0) ﬁﬁj|0> ﬁﬁﬁ;ﬁzIU) 7;/0) ﬁﬁjmlm 7y -+ 75(0)
R; 0 —2 —2 -1 -1 -3
di 0 —2 1 -1 2 0
W(0), | W(=2)E° | WD) | W(=1)%F | W(2)%[° | W(0)_,




The grade restricted lift of the RS brane By, is given by the complex

X X
—xr WOE 5 weER”

@ %4 @

X
W(=2)5°" = x= WEDE — x5 W),

W(0)

-3

-2 1

5 5
where X = Y x;m; and pX* = p>_ 2!7,. On the other hand, the lift of the worldsheet
i=1 i=1

operator U is trivial noticing
Po = =3 = Rjo) + Ry, 50y = Rmy10) + Baaymilo) = Bayjoy + Raamnijo) (5.48)

and so

Up) =U. (5.49)

Following the procedure in [57], we transport the above brane to the NLSM phase and

project it down to a brane in the NLSM. We get the following semi-infinite complex

X4

O(-1)%" X 0(0), =2+ 0(1)° X 0(5), X -

X4 4
PR T AN
X 4 10X

O(-2 )EBlOX 0(2)@10 0(3)6910X 0(7@

e e

)& = O(10),
It is easy to show that this complex is exact at almost all the entries except the entries

0(0)

-3

0(—2)%3", O(—1)%3 and O(0). Then this semi-infinite complex is quasi-isomorphic to a

simpler finite complex O(—2)#1° % 0(=1)#5 & 0(0). The worldsheet parity image of
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the semi-infinite complex is

XT (X4)T XT (X4)T XT
- ——— 0(10), —— O(6)% O(5), O(1)® «— 0(0)
(xHT xT (xHT X7
S > S S

S O(7)10 (XHT 0(3)210 X 0(2)810 T O(—2)®10

(X4)T@y@&m@ y

4\T T a4N\T T

2

This parity image complex is exact except the entries O(—2)%, O(—-1)%* and O(0),.

XT

Then it is quasi-isomorphic to a finite complex O(0)3 ol O(—1)%° — O(=2)%'°. This

shows that the worldsheet parity image complex is isomorphic to the original one shifted

by —3.
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Chapter 6

Conclusion

In this thesis, we have studied the D-brane Chan-Paton factor structure in Type II ori-
entifolds. We find the explicit structure for both BPS and non-BPS D-branes, and inves-
tigate the properties of orientifold projection operators. We give the rules for computing
the scattering amplitudes of open strings ending on D-branes. A direct application of our
results is to build string theory phenomenological models. In other words, for a Type
IT orientifold compactification with branes and fluxes, we know what the gauge group
is and how to write down the effective Lagrangian by calculating the string scattering
amplitudes. Of course, these results only provide us some necessary information on the
string phenomenological model building. We need to do further work to fully build string

phenomenological models in the future.

We have shown some preliminary results on the B-type D-branes in orientifolds of the
quintic model. The Kéahler moduli space of the quintic model is of complex dimension one
with a geometric phase and a LGO phase. The worldsheet parity produces O-planes of the

same type. It is interesting to study the orientifold projection in more complicate linear
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sigma models. For example, some orientifold projections in the so-called two-parameter
model produce O-planes of different types. The moduli space of the two-parameter model
has more complicate phases than the quintic model. So the relations among the worldsheet

parity operators of different phases will be more complicated and interesting.
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Appendix A

Basic Mathematical Background

A.1 Category Theory

In mathematics, category theory deals with mathematical structures and relationships
between them. Categories now appear in most branches of mathematics. We will give a

brief introduction to some basic definitions and notations of category theory [49, 50, 51].

Category
A category C is given by

e A collection of objects A, B, C, --- € Ob(C).

e For each pair of objects A and B, a collection of morphisms Hom¢(A, B).

e Composition: For all A,B,C € Ob(C), for any f € Home(A, B) and g € Home(B,C),
then gf € Home(A, C).

e Identity: ids € Home(A, A).

It satisfies the following axioms:
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e Associativity: For all A B,C,D € Ob(C) and all f € Hom¢(A, B), g € Home(B, C)
and h € Home(C, D) we have h(gf) = (hg)f.
e Identity: (ida - f)=(f-idg)=f.

An object A is called an initial object if Home(A, B) consists of exactly one element
for all B € C. And A is called a final object if Home(B, A) consists of exactly one element

for all B € C. An object is called a zero object if it is both an initial and a final object.

Functor
Let B and C be categories. A functor F : B — C is defined by
e A map Ob(B) 5 A F(A) € Ob(C);
e For all A\B € Ob(B), Homp(A, B) > f +— F(f) € Home(F(A), F(B));
o F(ida) = idga) for all A€ Ob(B);
o F(fg)=F(f)F(g) for all f € Homg(B,C) and g € Homg(A, B).

Let F: B — C and G : B — C be two functors. A natural transform ¢ : F — G
is a family of morphisms {p(A) : F(A) — G(A)} for all A € Ob(B) such that we have
©o(B)F(f) = G(f)e(A) for all f € Homp(A, B). A natural transform ¢ is called a
natural isomorphism if there exists a natural transformation ¢ : G — F such that ¢¢ =

id]: and (pw = ng

Two categories B and C are said to be equivalent to each other if there exist two
functors F : B — C and G : C — B such that there are two natural isomorphisms
¢ : FG —ide and ¢ : GF — idg. The categories B and C are isomorphic to each other
if G = ide and GF = idg. In other words, if two categories are isomorphic, both the
objects and morphisms of the two categories are in one-to-one correspondence. While if

two categories are equivalent to each other, only the isomorphism classes of the objects and
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isomorphism classes of morphisms of the two categories are in one-to-one correspondence.
We can see that isomorphisms of categories are very strong conditions. Therefore, it is

important to study the equivalence relations of categories.

Additive and Abelian Categories

An additive category C is a category satisfying axioms A1-A3. An abelian category C is
a category satisfying axioms A1-A4.

e Axiom Al: Any set Home(A, B) is an abelian group for all A, B € Ob(C).

e Axiom A2: There exists a zero object O€ Ob(C).

e Axiom A3: For any two objects A; and A,, there exist an object B and morphisms

A B A 2 B, Ay 25 B and Ay <22 B such that
piin = ida,, p2iz = ida,, 11p1 +iap2 = idp, paiy = prig = 0.
e Axiom A4: For any morphism ¢ € Hom(A, B), there exists a sequence
cta 1 LB

satisfying the following properties: i) ji = ¢; ii) C is the kernel ! of ¢ and C’ is the

cokernel 2 of ¢; iii) I is both the kernel of ¢ and the cokernel of k.
A complex C* in an additive category C is a sequence of objects and morphisms in C

oo Iy n+1f”_+1>...’

!The kernel of ¢ : A — B is defined to be a morphism f : D — A such that ¢f = 0, with the universal
property: Ve : D' — A st. we =0, 3 a unique morphism ¢’ : D’ — D s.t. ¢ = fe'. D is called a kernel
object.

2The cokernel of ¢ : A — B is defined to be a morphism f : B — D such that fo = 0, with the
universal property: Vg : B — D’ s.t. go =0, 3 a unique morphism ¢’ : D — D’ s.t. g = ¢'f. D is called
a cokernel object.
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satisfying the condition f,.; - f, = 0, where n € Z labels the position of an object
C, in a complex. If C; = 0 for all ¢ < 4y, the complex is called a left-sided bounded
complex, while if C; = 0 for all i > 4y the complex is called a right-sided bounded
complex. If a complex contains finite number of non-zero objects, it is called a bounded
complex (or a finite complex). The i-th cohomology group of a complex C° is defined as
HY(C") = Ker(f;)/Im(f;_1). The translation operation T'[i] on a complex C* is denoted
by T[i](C") := Ci]", defined by C[i]; := C, .. A complex is called ezact at position n
if Ker(f,) = Im(fn,—1). If a complex is exact everywhere, it is called an exact complex,
ie, H(C") = 0 for all i € Z. A morphism of two complexes f : C° — D® in an
abelian category is called quasi-isomorphic if the corresponding cohomology morphism

Hi(f): H(C") — HY(D") is an isomorphism for any 1.

(Bounded) Derived Category

Let C be an abelian category and Kom(C) be the category of (bounded) complexes over
C. There exists a category D(C) and a functor @) : Kom(C) — D(C) with the following
properties:

e (f) is an isomorphism for any quasi-isomorphism.

e Any functor F : Kom(C) — D transforming quasi-isomorphisms into isomorphisms
can be uniquely factorized through D(C), i.e, there exists a unique functor G : D(C) — D
with F =G - Q.

The category D(C) is called the derived category of the abelian category C.

Any object A in an abelian category C can be considered as an infinite complex
+—=0—-0—-A—0—0—---(with A at the 0-th place, denoted by A). Similarly
we can translate the place of A to the i-th position, and denotes the resulting complex by

A[—i]. In this way, we define the i-th extension group Ext((A, B) := Hompc)(A, Bli]).
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Category of Sheaves

Let X be a topological space. A presheaf F on X is defined by the following data

e For every open set U C X we associate an abelian group F(U) (sections of the
presheaf F).

e If V. C U are open sets we have a restriction map vy : F(U) — F(V).

This data satisfies the conditions

ywu =id, yow = ywwyoy for WV CU.

A presheaf F is called a sheaf if the following additional condition is satisfied
e For any open covering U = U;¢;U; and for any family of sections s; € F(U;), such
that for all 7,5 €

fyUngiﬂUj (Sl) = ’ij,UiﬂUj (Sj)7

there exists a unique section s € F(U) satistying s; = yy,u,(s) for all i € 1.

One important example of sheaves is the so-called structure sheaf of a complex man-
ifold X, denoted by Ox. Its group F(U) is the group of holomorphic functions over U
under addition. Actually, Ox has a ring structure under addition and multiplication of
functions. Then we can introduce the concept of sheaf of Ox-modules. A sheaf £ on X is
called a locally free sheaf of rank n if there is an open covering U = U,;¢;U; of X such that
E(U;) =2 Ox(U;)®™ for all i. There is a one-to-one correspondence between holomorphic
vector bundles of rank n on X and locally free sheaves of rank n on X. Unfortunately,
the category of all locally free sheaves on X is additive, not abelian. For this purpose,
we have to use coherent sheaves. A coherent sheaf on X is a sheaf of F of Ox-modules
satisfying the following two properties:

e F is of finite type, i.e, for any point z € X, there is an open neighborhood U such
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that there exists a surjective morphism from Ox(U)®" to F(U).

e For any open set U C X, any natural number n, and any morphism ¢ : Ox(U)®" —
F(U), the kernel of ¢ is of finite type.
The category of coherent sheaves on X, denoted by Coh X, is an abelian category. The

derived category of Coh X is denoted by D(CohX) which is important in string theory.

A.2 K-theory

K-theory was first introduced by Grothendieck. We will give a brief introduction to the
(topological) K-theory [32, 33, 34] which is constructed from the category of vector bundles

on the compact space X.

Manifold
An m-dimensional topological space M is called an manifold if

a) M is provided with a family of pairs {(U;, ¢;)}.

b) {U;} is an open covering of M, i.e, | J,c; Ui = M. ¢; is a homeomorphism from Uj;
onto an open subset U] of R™.

c¢) Given U; and U; such that U; (U; # 0, there is a transition function ¢;; = ¢; - <pj_1.
Note that v;; = j_il and VY0 = 1.
If the transition functions are differentiable, the manifold M is called differentiable, and

it is called smooth if the transition functions are smooth.

Vector bundle

A fibre bundle (E, 7, M, F,G) consists of the following data [35]:
a) A differentiable manifold E is called the total space.

b) A differentiable manifold M is called the base space.
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c) A differentiable manifold F' is called the fibre.

d) A surjection 7 : E — M is called the projection. The inverse image 7~ 1(p) :=
F, = F'is called the fibre at p.

e) A Lie group G is called the structure group, which acts on F.

f) An open covering {U;} of M with a diffeomorphism ¢; : U; x F — 7~ (U;) such
that 7¢;(p, f) = p. The map ¢; is called the local trivialization.

g) If we write ¢;(p, f) = ¢ip(f), the map ¢;, : FF — F, is a diffeomorphism. On
U;NU; # 0, the t;;(p) := ¢;,¢;p : F — F is an element of group G. {t;;} are called the

transition functions.

If all the transition functions can be taken to be identity maps, the bundle is called a
trivial bundle which is simply a direct product M x F. A section of a bundle s : M — F
is a smooth map which satisfies s = idy;. The set of sections is denoted by I'(M, E). We
often use the notation £ —— M or simply E to denote the fibre bundle (E,, M, F,G).
If the fibre F' is a vector space, then the bundle is called a vector bundle. The dimension

n of the fibre is called the rank of the bundle, denoted by rank(E).

A principal bundle (or gauge bundle) P over M with group G is defined to be a man-
ifold P with a group G action on it, satisfying the following conditions:

e GG acts freely on P on the right: P x G 5 (u,a) — ua € P.

e P is locally trivial. In other words, for every point x € M, there is a neighborhood U
such that 771(U) is isomorphic to U x G in the sense that there exists a diffeomorphism
YN U) — U x G st Y(u) = (7(u),p(u)), where ¢ is a map from 7= 1(U) to G
satisfying ¢(ua) = p(u)a for all u € 7~}(U) and a € G.

A gauge bundle P — M is also denoted by P(M,G) and is often called G-bundle over
M.
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We can define a lot of operations on bundles. Let £ — M be a fibre bundle with
fibre F', and give a map f : N — M. The pair (E,f) defines a new bundle with fibre F'.
Let f*E be a subspace of N x E which consists of points (p,u) such that f(p) = 7(u).
The f*E is called the pullback bundle of E by f. Given two vector bundles £ —— M
and E' = M. The product bundle E x E' ™% M x M is a bundle with fibre F @ F’. If
M' = M, we can define the so-called Whitney sum bundle E & E’ which is the pullback
bundle of Ex E" by f: M — M x M defined by f(p) = (p,p). The tensor product bundle

E ® E' is defined by the tensor product of fibres Fj, ® F) at every point p € M.

K-theory group K(X)

Three different ways to define the K-theory group will be discussed here.

e K(X) as the Grothendieck group of a category.

What is a Grothendieck group? Let us consider an abelian monoid M, i.e, a set with a
composition law (denoted +) which satisfies all the properties of an abelian group except
the possible existence of inverses. One can naturally associate an abelian group S(M) to
M by the quotient construction S(M) = M x M/ ~, where ~ is an equivalence relation
on M x M. There are various possible quotient constructions. They all give the same

result up to isomorphism. One choice of ~ is

(m,n) ~ (m',n') & Ip suchthat m +n"+p=n-+m'+p, Vm,n,m',n’ € M.

Another commonly used ~ is

(m,n) ~ (m',n’) < Ip, q suchthat (m,n) + (p,p) = (m',n’) + (¢, q), Ym,n,m',n" € M.

For example, for M = N under addition, S(M) = Z; while for M = Z — {0} under

multiplication, S(M) = Q — {0}. Another important example is the application to an
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additive category. Let C be an additive category and ®(C) be the isomorphism classes of
objects in E € C which is denoted by [E]. ®(C) becomes an abelian monoid if we define
[E] + [F] := [E & F]. The Grothendieck group of C is defined to be K(C) := S(®(C)).
Every element of K(C) can be written as a formal difference [E] — [F] (which is suggestive

by the quotient construction).

Let X be a compact manifold and let Cc(X) be the category of complex vector bundles
on X. (Sometime we omit C without confusion.) We use Vect(X) to denote the set of
isomorphism classes of complex vector bundles on X. Vect(X) is an abelian monoid under
the Whitney sum of bundles. Define the K-theory group K (X) as the Grothendieck group
of Vect(X), i.e, K(X) := S(Vect(X)). If E € Vect(X), we shall write [E] as the image of £
in K (X). Then every element of K (X) is of the form [E] — [F]. Define n to be the trivial
bundle of rank n over X, i.e, n = X x C". Bundle E on X is said to be stably equivalent

to bundle F', if there exists a trivial bundle n such that

12

Een=Fon. (A.1)

In K(X), [E] = [F] if and only if F and F' are stably equivalent.

If X=point, then K(point) = Z. This motivates us to introduce a reduced K-theory
group K (X) such that K (point) = 0. Take a base point zo of X, the reduced K-theory
group is defined to be K (X) = ker(if : K(X) — K(x0)), where the map ig : 7y — X is
the inclusion map. Suppose X is a compact topological space and U is a closed subset of
X. We define K(X,U) by K(X,U) := K(X/U). In particular, K(X, ) = K (X). We now

introduce the smash product N\ operation on compact topological spaces X and Y as

XAY =X xY/X VY,
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where X VY = X X yoUxo X Y, 29,y being the base-points of X and Y, respectively.

The smash product has a property

XANYANZ)=(XAY)ANZ.

Especially, for the n-sphere S™, we have

St SEASTA-- A ST (nfactors).

Normally, we use S"X := S™ A X to denote the n-th reduced suspension of X. For this

notation, we can define several higher K-theory groups:

K(X):= K(5"X), K™"(X,U) = K""(X/U), K™"(X):= K "(X,0).

For the K-theory group, we have the so-called Bott periodicity theorem:

K(X) = K" 2(X).

In other words, we only have two inequivalent K-theory groups, K (X) and K ~(X), for a
manifold X.

e K(X) as the Grothendieck group of a functor.

This way to define K-theory group was given by Karoubi [34]. We need to give several
definitions first. A Banach space is a vector space V over R or C with a norm |- || such that
every Cauchy sequence ? (with respect to the induced metric d(z,y) = ||x—y/||) in V has a

limit in V. Let C be an additive category. A Banach structure on C is given by a Banach

3A sequence, 1, 9,23, - - , is Cauchy, if for every positive number € > 0 there exists a natural number
N such that for all m,n > N, d(2m,,x,) < . The limit of a sequence in V may not always exist within
V.
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space structure on all the morphism groups Home(E, F'), where E, F' € Ob(C). A Banach
category is an additive category provided with a Banach structure. Let ¢ : C — C’ be
an additive functor between two additive categories C and C’. ¢ is called quasi-surjective
if every object of C’ is a direct factor of an object of the form ¢(FE); while ¢ is called
full if the map Home(E, F) — Home (p(E), o(F)) is surjective for all E, F € Ob(C).
If C and C’ are Banach categories, the functor ¢ is called a Banach functor if the map

Home(E, F) — Home (p(E), o(F)) is linear and continuous.

Let ¢ : C — C' be a quasi-surjective Banach functor. Let I'(p) denote the set of
triples (E, F,«), where a : ¢(F) — @(F) is an isomorphism for E, F € Ob(C). A
triple (&, F,a) is called elementary if ' = F' and a is homotopic to idyg) within the
automorphisms of ¢(£). Two triples (E, F,«) and (E', F’,a’) are called isomorphic if
there exist isomorphisms f : F — E' and g : F' — F’ such that o - o(f) = ¢(g) - a.
The sum of two triples is defined to be (E @ E', FF & F',a ® ). We can do the quotient
construction of I'(¢) by the equivalence relation: o ~ ¢’ < 3 elementary 7 and 7’ such
that o + 7 = ¢’ + 7. We denote the quotient by K(¢) and use d(E, F, «) to denote the
class of (E, F,«a) in K(p). If we apply the result to the case C = C(X) and C’' = C(Y),
where Y is a closed subspace of the compact space X and ¢ : C(X) — C()) is the functor
induced by the restriction of bundles. Then we get the K-theory group K(X,)) = K(¢).
When Y =0, K(X) = K(X, 0).

In the similar spirit, we can discuss K~ (X). Let C be a Banach category. Consider
the set of pairs (F, (3), where E is an object of C and 3 is an automorphism of E. A pair
(E, B) is called elementary if 3 is homotopic to idg with the automorphisms of £. Two
pairs (F, 3) and (E', 3') are isomorphic if there exists an isomorphism f : E — E’ in the
category C such that f -5 = '+ f. The sum of two pairs is defined to be (e ® E', 5 & ).

Define K~1(C) as the quotient of the set of pairs by the equivalence relation: o ~ ¢’ < 3
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elementary 7 and 7’ such that ¢ +7 = ¢’ + 7/. Apply the result to the case C = C(X),
we have K~1(X) = K~!(C(X)). The nice thing of this definition is that we don’t need to

introduce higher dimensional space S'X as in the former discussion.

e The Hilbert space interpretation of K-theory group

There is a third way to discuss the K-theory group in terms of the Fredholm operators on
Hilbert spaces. Let Hc be a separable infinite-dimensional complex Hilbert space, and let
a(Hc) be the algebra of all bounded linear operators * on He. An operator T € a(Hc) is
a Fredholm operator if the Ker T and Coker T are finite dimensional. Let F(Hc) denote
the set of all Fredholm operators on H¢. For any topological space X, denote the set of
homotopy ° classes of mappings X — F(Hc) by [X,F(Hc)]. There is a theorem states

that we have a natural isomorphism:

Index : [X, F(Hc)] — K(X).

F(Hc) is called a classifying space for K-theory. Similarly, let F,(Hc) denote the set of
neither essentially positive nor essentially negative skew-adjoint Fredholm operators ¢ on

Hc. A similar theorem says that there exists a natural isomorphism

Index : [X, F.(He)] — K1(X).

In the above, we have discussed the K-theory group of complex vector bundles on X,

4A bounded linear operator L on a Hilbert space H is a linear transformation satisfying the condition:
there exists some M > 0 such that ||[Lv| < M]v| for all v € H. The smallest such M is called the
operator norm of L.

5 A homotopy between two continuous functions f : X — Y and g : X — Y is defined to be a continuous
function H : X x [0,1] — Y such that, for all points x in X, H(x,0) = f(x) and H(z,1) = g(x). Note
that [0,1] denotes the unit interval.

6 A Fredholm operator T is skew-adjoint if 7T = —T. A skew-adjoint Fredholm operator T is called
essentially positive (negative) if ¢T is positive (negative) on some invariant subspace of Hc¢ of finite
codimension.
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denoted by K(X). There are many variants and refinements of the K-theory. We can
extend our discussion to the K-theory of real vector bundles on X, denoted by KO(X) in

literature. The higher KO-theory groups are defined as:
KO "(X):= KO(5"X), KO™X,U):=KO (X/U), KO™X):=KO™X,0).
The Bott periodicity theorem says:

KO™(X) = KO~ 8(X).

We can discuss K-theory of a space with involution. An involution on a topological
space X is a homeomorphism 7 : X — X of period 2, i.e, 72 = id. A point z € X is
called a fixed point if 7(x) = x. A space with involution is also called a Real space. A
Real vector bundle on a Real space X is defined to be a complex vector bundle E with
an antilinear involution 7 : £ — FE which commutes with the involution of X. The
Grothendieck group of the category of all Real vector bundles on a Real space X is called
K R(X). The relative group K R(X,U) is defined in the usual way as ﬁ(X/U), where U
is an invariant subspace under the involution 7. The higher KR-theory groups are defined
as follows. Let S (respectively BP9) denote the sphere (the ball) in RP*4, provided
with the involution (z,y) — (—z,y), for z € R? and y € RY. For a pair (X,)) of Real
compact spaces, we define K RP4(X,)Y) = KR(X x B4 X x SP1UY x BP1)., If Y = (),
KRP(X) = KRP(X,0). The usual suspension groups K R~? are given by

KR™(X) = KR"(X).
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The Bott periodicity theorem for KR-theory is:
KR™™X)= KR " %X).
There is a natural isomorphism:
KR(X x S*) = K(X).

If the involution on X is trivial, we have K R~"(X) = KO~"(X). The classifying spaces

for KO- and KR-theory will be discussed in the following sections.

A.3 Clifford Algebra and Index Theory

The Clifford algebra C1, , over R-field is generated by the following fundamental genera-

tors

2 = —1,i=1,...p

e2 = +1,i=p+1,...p+q
We adopt the convention that Clj, := Clj . It is known that
Cl, = CIY @ Ol

where C19 is generated by € := ege;, i = 1,...,k — 1. The Clifford algebras over R-field
and C-field are given in Table(A.1).

Here we discuss the index theory for Fredholm operators briefly. Much more details
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k| Cleo Clo Cly
0 R R C

1 C R&R CocC
2 H R(2) C2)

3| HoMH C2) |C@aC@)
1| HQ) T(2) C[@)

5| C@4) |H2) e H2) |C@) e C@)
6] R@) F(4) C(8)
7TIRE)®RE) | C©B) | C(B) ®C(s)
8] R(16) R(16) C(16)

Table A.1: The Clifford algebras over R and C

can be found in [37, 38, 39]. We mainly discuss the Clj-valued Fredholm operators. The
story for the complex Clifford algebra Cli-valued Fredhold operators is similar. Let H be
a separable infinite dimensional real Hilbert space and let F'(H) denote the space of all
Fredholm operators on ‘H and F (H) denote the space of skew-adjoint Fredholm operators
on H. H is said to be a Hilbert module for Cl; if we have a representation p : Cl, —
bounded operators on ‘H with J; = p(e;) and

JP=—-1,i=1,---,k and JiJj = —=J;Ji, i # J.

(2

For simplicity, we shall usually omit the symbol p. A Cl-module H is called a Zs-graded

module for Cl;, if it has a decomposition H = H" @& H' such that

ClL-H =HEHD med 2 for 0 < i, j < 1.

A Fredholm operator T" on ‘H is called Clg-linear, if it satisfies

T(av) =aT(v), VaeClCl, veH.
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A Fredholm operator T on H is called Clg-antilinear, if it satisfies

T(av) = a(a)T(v), Vae€Cl, veH,

where « is the canonical parity operation on Clj defined by a(e;) = —e;, i = 1,--- | k.

We define the following spaces of Fredholm operators

F, = {T' € F(H)| T is Zy—graded, Cl;—linear and self —adjoint.},
F, = {T e F(H)| T is ungraded, Cl;_,—antilinear and skew—adjoint.},
where Cl;_; is generated by € := eze;, i = 1,...,k — 1 and the convension is Fy =

F(H), Fy = F(H). Any T € F, can be written into the following form

0 T,
T = .,
T, 0

where Tp : HY — H!' is a Cl;_;-linear Fredholm operator. It is easy to show that Fj, = ﬁ’k

Because the Clifford algebra Cl is not simple for £ = —1 mod 4, we refine our
definitions as follows. For k # —1 mod 4, we define §} := F} and Ty = F,. For k= —1
mod 4, We define

St = {T € Fi| T is neither essentially positive nor essentially negative.}; (A.2)

~

S = {T € F,| T is neither essentially positive nor essentially negative.}. (A.3)
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S
{Ty : H® — H' is R-linear; H° and H' are R-vector spaces.}
{T : H — H is R-linear skew-adjoint; H is a R-vector space.}
{T : H — H is C-antilinear skew-adjoint; H is a C-vector space.}

WIN| =[O

{T : H — H is H-linear, neither essentially positive nor essentially negative,
skew-adjoint. H is a H-vector space.}

{T* :H" - H" is H-linear; H* and H~ are H-vector spaces.}

{T, : Ht — HT is H-linear skew-adjoint; H* is a H-vector space.}

{A":'H' — H' is C-antilinear self-adjoint; H' is a C-vector space.}

{A":'H' — H' is R-linear, neither essentially positive nor essentially negative,
self-adjoint. H' is a R-vector space.}

3| oo | i~

Table A.2: The classifying space g for the KO~*-theory group

It is known that ), and § are the classifying spaces for KO-theory groups. That is,

Index : [X,3,] — KO*(X): (A.4)

Index : [X, ] — KO™*(X). (A.5)

In the next section, we will discuss a third space of Fredholm operators § in detail.
(The definition is given in Table(A.2).) We will show that § is also a classifying space

for KO-theory groups by showing that the three spaces are homotopic

Sk~ Sk ~ Sk

A.4 The Classifying Space @k

Because the periodicity of the KO-theory group is 8, we have 8 cases to discuss.
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k=20
Take T € Fo, and a Zy-graded R-module H. Then H = H§ & Hj and T can be written
into the following form when acting on H

0 T,°

T = :
T, 0

where Ty : H) — Hg is a R-linear Fredholm operator. Clearly, there is a one-to-one

correspondence between 1" and Ty. Thus, §g ~ 3:0.

k=1

Take T € F1, and a Zo-graded Cly-module H. Then H = Hg @ iHg. Define
T := €1T\ﬁR : Hg — Hg. (A.6)
Then

(T)' = Tlelln,
= —T‘eﬂﬁR
= —612r|ﬁR

= -T.

This shows that T € 3:1. So we have §; ~ 3:1.
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Take T € §o, and a Zs-graded Cly-module ‘H. Then H can be written as

H = HzoCl
= (Hp®ClY) & (Hy ® CL)

= ﬂ(c D egﬂ(c.

Define
T = 62T|'Hc : ﬂ(c I ﬂ(c.

It is easy to show that T € @2. Then §o ~ @2.

k=3

Take T € §3, and a Zs-graded Cl3-module H. H can be written as
H = Hy D Hyy.

Define
T = eregesT |+ HY — HY.
HO H H

It is easy to show that T € §3. Thus, §3 ~ ;§'3.

k=4

Take T € §4, and an ungraded Cl3-module H. The volume element of Cl3 is w = ejeqes

and w? = 1. So H can be decomposed into the submodules
HE = (1 +w)H.

Because w commutes with Cl3, H;; and Hy are both Clz-modules. Also Tw = —wT, so
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we can define

T =Tl Hf — Hy.

T+ is Cl3-linear. Then T' can be written as

This shows that T+ € §4. So &4 ~ T,

k=5

Take T € 35 and an ungraded Cly-module H. H can be written into the form
H = Hy @ H?.

The volume element of Cl, is w = ejesesey and w? = 1. According to w = £1, H can be

decomposed into H = H, & H_. Because w1 = Tw, we can define
T =Ty, : Hi— Hx.

T+ is Cly-linear skew-adjoint, so Tt € §4. Follow the same thing we did for k = 4 case.

The H, can be decomposed into subspaces according to the volume element w® = e{eJe)

of Clg
Hy = Hi & Hy.

Because THw? = wOT*, we can define

Ty =T 0 Hyi— Hy.
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T, is Cl-linear and skew-adjoint, so T, € §5. Thus, §5 ~ §5.

k=26

Take T € §s and an ungraded C'ls-module H. Then H can be written as

H = He @c CL

We know that there is an involution o on Cl; defined by a(e;) = —e;,i =1, ..., 5. We can

show that there exists an operator J on Cl5 such that

a(¢) = JoJ ' \V¢ € Cls,

where ¢ means the complex conjugate. J also satisfies

Then
T(¢v) = ()T (v) = JoJ ' T (v).

Define a C-antilinear operator C' : ' H — H by

C:a®@w—a®J Yw), Yae HeweCh

Define
T =CT: H-—MH.
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We can show that T is C(4)-linear,

T(a® ¢pw) = CT(a® pw)
= C1®JopJ HT(a®w)
= C1®JpJ ! Za,@w,
= CY a;®JoJ  (w)
S T
= iai@@w‘lwi
= (f ® ¢)CT(a ® w)

= (1@¢)T(a@w).
So T can be written into 7 = A ® Idyya, where A is a C-linear operator on H(,C. Thus,

T - C_l'(A®Id4><4)

= (A cc)® (ce.-J),

where c.c. denotes the complex conjugate operation. We define A" := A - c.c. and A’ is

C-antilinear. Next, we will show that A" is C-antilinear self-adjoint on H.

First, let us discuss the definition of the C-antilinear hermitian conjugation. On H,

we have inner products defined over both R and C. They are related by

<h1 & cq, ho & CQ>R = Re(h1 & cq, ho ® CQ)(C, Vhl, hy € H(/C, C1,C2 € (C4. (A7)
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For a C-antilinear operator F, in the R inner product sense,

<Fh1 X cq, hg (%9 CQ)R = <h1 X cq, FThg & 02>R. (A8)

That is,
Re(Fh1 ®Cl,h2 ®Cg>(c = R€<h1 ®01,FTh2 ®CQ>(C. (Ag)

We also have

Im(Fhy®c1,hy ® e2)c = Re(—i(Fhy ® c1,hy ® ca)c)
= Re(Fh ® ¢1, —ihy ® ¢2)c
= (Fhi ® c1, —ihy ® co)r
= (h ® ¢y, FT(—ihy @ ¢2))m
= Re(hy ® ¢y, FT(—ihy ® ¢3))c
= Re(hy ®c1,iFThy ® ¢o)c
= Re(i(hy @ c1, Fthy ® ¢3)¢)

— _[m<h1 ®Cl,FTh2®C2>C

So we get

(Fhi® c1,ha @ ca)c = (h1 ®@cy, FThy ® ea)¢

= <FTh2 ®Cg,h1 ®CI>C- (A10>

This is the definition of the hermitian conjugate of a C-antilinear operator F.
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Then go back to the operator T'. T is Cls-antilinear skew-adjoint

(TThz ®co, b @ci)c = —(Thy®co, by @ c1)c
= —((A/ X c.c. - J)hg (29 Co, hl & Cl)(C

= —(A/hg, h1>(c : <C.C. . JCQ, Cl)(C-
On the other hand,

<TTh2 X Co, hl X Cl>(C = <Th1 ® C1, h2 X 02>(C
= <(A' ®c.c.- J)h @ ¢, hy ® o)

= <Alh1, hg)(c . <C.C. : JCl, CQ>(C.

<C.C. . JCl, CQ>(C = <J_Cl, CQ)(C = <J01, 62>(c
= (G, Jo1)c = (JTe, ¢1)c

= —((J-cc)ea,c1)c = —(cc. - Jea, 1)

Finally, we get
(A'hy, ho)c = (A'hg, b (A.11)

Thus, A" is C-antilinear self-adjoint on Hzc. That is, Te ~ Te.

k=17

Take T € 37 and an ungraded Clg-module H. Then H can be written as

H = Hp Qr RE.
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Define

T/ = 616263646566T : H — H.
It is easy to show that 7" is Clg-linear and self-adjoint on . Then T can be written into

T = A ® Idsys, (A.12)

where A" is R-linear and self-adjoint on H]'R. So §§7 ~ {§7.

A.5 The Maximal Symmetry Group Preserved by <

This section is a further discussion of the classifying space Fr. We will study the maximal

symmetry group (denoted by M) preserved by Fr. Again, we have 8 different cases.

k=20

Suppose ‘H® and H! are N-dimensional R-linear spaces. The symmetric condition is
g1 " Thgo = Ty, where gy x g1 € SO(N)xSO(N). Take an invertible T, € %0, and we find

that g1 = Tpgo(Ty) ™. That is, g; is totally determined by go. So M=SO(N).

k=1

Suppose H is a 2N-dimensional R-linear vector space. (For the odd dimensional H case,

it is totally determined by the even case.) The symmetric condition is

g 'Tg=T, ge SO2N).
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To determine M, take
_ 0 Iy
T—J—
—Iy O

For an element F in the Lie algebra so(2N), F* = —F. Writes F' into the form

We have A' = —A, B' = —B,C" = —C, D' = —D. The symmetric condition determines

that

A B
F =

-B A

Define X := A +iB. Then XT = X. X generates the Lie algebra u(N). So M=U(N).

k=2

Suppose H is a N-dimensional C-linear vector space. The symmetric condition is
g 'Tg=T, geU(N).
Take T = c.c.J. We get conditions ¢'JG = J and g'g = gg' = I. So M=Sp(N/2).

k=3

Suppose H is an N-dimensional H-linear vector space. The symmetric condition is

g 'Tg=T, ge Sp(N).
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Take
Ins 0

M.
I

0 —Inp

Write g as
A B

g:
C D

The symmetric condition determines that C' = B = 0. Because ¢ is in Sp(N), we find
that M =Sp(N/2)xSp(N/2).

k=4

Suppose Ht and H~ are N-dimensional H-linear vector spaces. The symmetric condition
is "' Trg, =T%, g.xg_ € Sp(N) xSp(N). If T is invertible, g_ is totally determined
by g+. So M=Sp(N).

k=25

Suppose H*t is an N-dimensional H-linear vector space. The symmetric condition is

g T g=T,, ge€Sp(N). Take

Iy O
T+ =1
0 —Iy
and write g as
A B
9= o
-B A

The symmetric condition determines that B = 0. From the condition ¢'g = gg' = I, we

get ATA= AAT =1. So M=U(N).
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2 ¢ | M |
0 | SO(N) x SO(N) SO(N)

1 SO(2N) T(N)

> T(N) Sp(N/2)

3 Sp(N) Sp(N/2) x Sp(N/2)
4| Sp(N) x Sp(N) Sp(N)

5 Sp(N) U(N)

6 U(N) SON)

7 SO(2N) SO(N) x SO(N)

Table A.3: The symmetric group G for a Cly-module and the maximal subgroup M
preserved by @'k

Suppose H' is an N-dimensional C-linear vector space. The symmetric condition is
g 'Ag=A", g€ UN). Take A" = c.c.Iy, then we get g~'g = Iy and g'g = gg" = Iy.
So g'g = gg* = I. Then M=SO(N).

k=717

Suppose H is a 2N-dimensional R-linear vector space. The symmetric conditionis g 'A'g =

A", g € SO(2N). Take

and write g as

A B
g:
C D

The symmetric condition determines that B = C' = 0. Because ¢ is in SO(N), we get
A € SO(N), D € SO(N). So M=SO(N)xSO(N).

We summarize our results in Table(A.3).
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