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THE HIERARCHIES OF IDENTITIES AND CLOSED PRODUCTS

FOR MULTIPLE COMPLEXES

DANIEL LEVIN& AND ALEXANDER ZUEVSKY˚

Abstract. We consider infinite ZZ-index complexes C of spaces with elements

depending on a number of parameters, complete with respect to a linear associa-
tive regular inseparable multilinear product. The existence of nets of vanishing

ideals of orders of and powers of differentials is assumed for subspaces of C-spaces.

In the polynomial case of orders and powers of the differentials, we derive the
hierarchies of differential identities and closed multiple products. We prove that

a set of maximal orders and powers for differentials, differential conditions, to-

gether with coherence conditions on indices of a complex C elements generate
families of multi-graded differential algebras.
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1. Introduction

The main purpose of this paper is derive hierarchies of differential identities and
closed products following from sets of natural conditions on orders and powers of dif-
ferentials applied to elements of a multiple complex. In contrast to ordinary wedge-
product case for differential forms reflected in [12, 15] we work with the universal
enveloping algebra constituted by N-valued powers of elements of complexes, in par-
ticular, given by differentials applied to such elements. Note that in general we do not
specify commutation relations for elements of C. Nevertheless, the structure given in
the paper reproduces the structure of a differential algebra. The differential identi-
ties for elements of complexes with multiple indices endowed with regular associative
products is an important way to study various algebraic and geometric structures. In
particular, they are extremely useful to find closed products in cohomology classes
computations of invariants associated to a multiple complex. Differential conditions

Key words and phrases. Differential identities for multiple complexes; combinatorics of closed

products; graded differential algebras.
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applied to elements of a multiple complex C provide a system of multiplication rules
and form the resulting algebra. The full algebra associated to all possible choices
of differential relations is quite huge. For differential forms considered on smooth
manifolds, the Frobenius theorem for a distribution leads to orthogonality conditions
on forms. Motivated by the notion of integrability for differential forms on foliated
manifolds [12, 15], we study systems of differential identities with respect to a multi-
ple product of elements of a multiple-index complex. We then show that differential
conditions endow a multiple complex with the structure of a graded differential al-
gebra. Assuming existence of a net of differential power/order vanishing ideals in
subspaces of a multiple complex C, and requiring natural orthogonality conditions for
completions of a set of C elements, the hierarchies of differential conditions arise in
terms of closed products.

Ideologically, closed products containing powers of multiple action of mixed differ-
entials represent a geometrical idea of ”codimension” one products. Namely, there
are two possibility. First, a product contains a combination of differentials which
vanishes due to the critical orders or powers of differentials as the result of applica-
tion of differentials. Second, an initial candidate to closed products, does not contain
maximal orders or powers but after an application of a differential identity, the total
maximal powers of elements appear, and a product can be reduced to the first case.
The hierarchies of differential identities are of non-trivial nature since we assume that
maximal orders of differentials as well as maximal powers of C-elements depend on
elements themselves (see explanations in Section 2). Certain non-trivial examples of
multiple product identities are given in Sections 3–5. We provide examples of closed
products with respect to multiple products of differentials da and da “ da

The hierarchies we derive from the conditions on a complex are useful in the theory
of continual Lie algebras [19, 20, 21, 23, 1] and in the theory of completely integrable [2]
and exactly solvable [16, 18, 3, 9] dynamical systems. In particular, similar to invari-
ants associated to foliations, one is able to use the identities from a hierarchy to prove
integrability as well as to find invariants of corresponding dynamical systems. It is
important to mention that the hierarchies of identities and closed products (i.e., prod-
ucts annihilating by a single differential) constitute the tools for direct computation
and classification of cohomology invariants of the corresponding complex. Therefore,
we are interested in generating all possible closed products. We will present such a
classification in a forthcoming paper. The next step in finding invariants is to prove
their independence with respect to replacements of a complex elements. The classi-
fication problem of cohomology invariants associated to a complex endowed with a
multiple product will be treated in a separate paper.

As for possible applications of the material presented in this paper, we would
like to mention computations of higher cohomology for grading-restricted vertex al-
gebras [14], search for more complicated cohomology invariants, and applications in
differential geometry and algebraic topology. It would be interesting to study possible
applications of invariants we constructed to cohomology of manifolds. In differential
geometry there exist various approaches to the construction of cohomology classes
(cf., in particular, [17]). We hope to use these techniques to derive counterparts in
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the cohomology theory of vertex algebras. The results proven in this paper are also
useful in computations of cohomology of foliations [4, 6].

2. Multiple complexes and the main result

Introduce a system of families of multiple horizontal and vertical complexes C “
´

C pΘn
mq , d

n1

m1 , d
n2

m2

¯

with n P ZZ and m P ZZ, i.e., an infinite number of up and

down Z-valued indices, and n “ n1Yn2, m “m1Ym2. These indices correspond to
increasing and decreasing indices of parameters Θn

m for spaces C pΘn
mq under actions

of C-differentials correspondingly. Here dn
1

m1 denotes a family of differentials for each

pair of entries n1i of n1 and m1i of m1, i P Z. The action of a differential d
n1i
m1i

:

C pΘn
mq Ñ C

´

Θ
...,n1i`1,...,

...,m1i´1,...

¯

, i P Z, for . . . , n1i ` 1, . . . and . . . ,m1i ´ 1, . . . means that

all entries of the multiindices n1 and m1 ´ 1 remain the same except for n1i ÞÑ n1i ` 1
and m1i ÞÑ mi ´ 1, that increases or decreases by one correspondingly. Other indices
n2 and m2 remain unchanged.

The family of vertical differentials d
n2

m2 : C pΘn
mq Ñ C

´

Θ
...,n2j`1,...

...,m2j´1,...

¯

, j P Z, change

n2j and m2j indices similarly, while the indices n1 and m1 remain unchanged. A subset
of horizontal and vertical complexes corresponding to subsets of upper indices in n and
lower indices in m are supposed to be chain, cochain, or chain-cochain corresponding

to the differentials pdq
n
m and d

n

m. When we write χ P C that means that an element
χ belongs to a subspace of C. The i P Z, j P Z and k P Z-th slice of the full diagram
of a complex C is described by the following diagram

...
...

Ó d
...,n1i´1,...,n2j´1,...

...,m1i,...,m
2
j ,...

Ó d
...,ni´1,...,nj´1,...

...,m1i´1,...,m2j ,...

. . .
d
...,ni´1,...,nj,...

...,mk`1,...

ÝÑ C ...,ni,...,nj ,......,mk,...

d
...,ni,...,nj,...
...,mk,...

ÝÑ C
...,ni`1,...,nj ,...
...,mk´1,...

d
...,ni`1,...,nj,...

...,mk´1,...

ÝÑ ¨ ¨ ¨

Ó d
...,ni,...,nj ,...

...,mk,...
Ó d

...,ni`1,....nj ,...

...,mk´1,...

. . .
d
...,ni´1,...,nj`1,...

...,mk`1,...

ÝÑ C ...,ni,...,nj`1,...
...,mk,...

d
...,ni,...,nj`1,...
...,mk,...

ÝÑ C
...,ni`1,...,nj`1,...
...,mk´1,...

d
...,ni`1,...,nj`1,...

...,mk´1,...

ÝÑ ¨ ¨ ¨

Ó d
...,ni,...,nj`1,...

...,mk,...
Ó d

...,ni`1,...,nj`1,...

...,mk´1,...

...
...

Introduce the following notations. Since indices of differentials and indices of C-
subspaces are taken to be always coherent, let us denote da “ pdaq

n
m, where the

index a denotes either of the differentials d or d, a denotes the opposite choice, and
da “ da. A combination of differentials is notated by dr1a1 . . . d

rk
ak

, where r1, . . ., rk are
orders of corresponding differentials. We call q of pφqq the power of an element φ.
For all possible combinations of l elements of C we assume the existence of a formal
multi-linear associative inseparable ¨l-product

¨l “ ¨
l
i“1 : ˆli“1C

ni
mi
Ñ C rn

Ăm, (2.1)
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with rnpφq “
l
ř

i“1

nipφiq, Ămpφq “
l
ř

i“1

mipφiq where the summations are component-

vise. We set that the result of a ¨l-product which is an element of a C-space, is
regular in the domains of definition of all parameters Θn

m defining the product. We
assume that a ¨l-product is inseparable in pairs of two elements of C in general. Let
us introduce the notations. In the arguments of a multiple product we denote by pφqi
a C-element placed at the i-th position. The notation ps means that the value s of the
index is omitted. We assume the completeness of a complex C-spaces with respect
to the multiple product (2.1). That means that for φ, ψ P C, placed in the product
at the i-th and j-th positions, from 0 “ ¨lp. . . , pφqi, . . . , pψqj , . . .q it follows that there
exists a C-element χ, such that ψ “ ¨lp. . . , pφqi1 , . . . , pχqk, . . .q, with some i1 and k.
For a ¨l-product we set ¨lp. . . , 0, . . .q “ 0. One can also set that ¨lp. . . , IdC , . . .q “
¨l´1p. . . , 0, . . .q “ 0, where IdC is the identity element in the corresponding C-subspace.
In certain cases, a product (2.1) may have coincidences of parameters of multiplied
elements of a multiple complex C spaces. The result of a product may not allow such
coincidences leading to possible overcounting of the number of parameters. In order
avoid such a possibility, we take into account one coinciding elements/parameters
only in the result of a product. For certain ¨l-products of C-elements depending
on parameters, (e.g., for a product of vertex operator algebra complexes [14]), it is
needed to exclude a number of coinciding arguments and count them only once in the
resulting product. Examples of such products can be found in [24, 13] and others. For
an element φi P C

n
m in a particular ¨l-product let r and t be the numbers of common

parameters corresponding to upper and lower indices for φ with other elements in a
product. In that case, the conditions on indices for a resulting element of a ¨l-product

φ are npφq “
l
ř

i“1

nipφiq ´ ripφiq, and mpφq “
l
ř

i“1

nipφiq ´ tipφiq. The associativity

of a ¨l-product means pa ¨l . . . ¨l1 bq ¨l2 . . . ¨l3 c “ a ¨l . . . ¨l1 pb ¨l2 . . . ¨l3 cq. for all elements
a, b, c P C. Note that l can be taken infinite if we assure that a product ˆiě1 is
converging with infinite l. We call the product formal since elements of a complex
C spaces can be formal (in particular, geometric) objects. Then the result of a ¨l-
product is a superposition of formal objects (e.g., Riemann surfaces [24]). In that
case, convergence of a product means that the corresponding superposition leads to
a well-defined formal object.

In this paper, all the constructions are independent of actual commutation rela-
tions for elements for elements inside a ¨l-product. In addition to all that above we
assume that in a multiple complex C spaces there exist a net of subspaces constituting
vanishing products of exactly q its elements. That we call an order q ideal Ipqq Ă C.
We define a distributed ideal Ipqq of order q ď l as a union of subsets of C such that
for any set of q elements θ1, . . ., θq P Ipqq, distributed in a product, ¨lp. . ., θ1, . . .,
θ2, . . ., θq´1, . . . , θq, . . .q “ 0. A product (2.1) vanishes if at least one entry of its
arguments belonging to C is zero. Now, let us explain how we understand powers of
an element φ P C. We denote p. . . , pφqr, . . .q “ p. . . , pφqj1 , . . . , pφqj2 , . . . , pφqjr , . . .q for
φ placed at the positions pj1, . . . , jrq with r ď qpφq where qpφq is the maximal power
of an element φ, i.e., for r ě qpφq, pφqr “ 0.
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It is taken that a product (2.1) is coherent in indices with respect to all differentials
of a complex C. That means that for every set of φi P C

`

Θni
mi

˘

, 1 ď i ď l, npφq “
l
ř

i“1

nipφiq, and mpφq “
l
ř

i“1

mipφiq, and the resulting φ P C pΘn
mq, φ “ ¨lpφ1, . . . , φlq,

the action of corresponding differential d satisfies Leibniz formula

daφ “ da ¨l p. . . , pφqi, . . .q “
l
ÿ

i“1

¨l p. . . , pdaφqi , . . .q . (2.2)

Note that in general, being applied to the result of a ¨l-product, Leibniz formula
represents a map C Ñ ˆC. Therefore a result of Leibniz formula application vanishes
if in each element of the sum (2.2) an element is zero.

For a set of elements φk, 1 ď k ď l, in a ¨l-product

¨l pΦ1, φ1,Φ2, . . . ,Φi, φi,Φi`1, . . . ,Φk, φk,Φk`1q, (2.3)

we call the union of sets of C-elements tΦju, 1 ď j ď k` 1, the completion of a set of
elements φk in a ¨l-product. Due to the associativity of a ¨l-product we can view each
set Φj as a single element. The completion (2.3) for a set of elements φi, 1 ď i ď k,
with respect to a differential da is called closed if

p`1
ÿ

j“1

da,j . ¨l pΦ1, φ1,Φ2, . . . ,Φi, φi,Φi`1, . . . ,Φk, φk,Φk`1q “ 0, (2.4)

where da,j , j ď k ` 1, acts on Φj-elements of the completion only. In what follows
we will always assume that all completions in ¨l-products are closed with respect to
corresponding differentials. Thus, we will skip the completion elements Φi, . . . ,Φk`1

of C-elements φi, 1 ď i ď k, so that a ¨l-product will be denoted as p. . . , φ1, . . . , φk . . .q.
Due to the associativity property of the ¨l-product mention above, we will skip the
notation ¨l and denote all completion closed products for various l as p. . . , . . . , . . .q.
Since all actions of C differentials are coherent with the indexing of C-spaces, we will
skip also upper and lower indices from the notations of dn,κm .

In general, an arbitrary element φ P C is characterizes by its maximal power qpφq P
Z`Yt0u, i.e.,

`

. . . , pφqi1 , . . . , pφqiqpφq , . . .
˘

“ 0 with q identical elements φ distributed

in a product (2.1). Next, according to values of maximal orders and powers of a
collection of differentials dpiri , 1 ď i ď k, a C-element φ satisfies certain conditions
with respect to subsequent actions of differentials dpiri on φ.

One can also introduce the rules (possible commutation relations, chain-cochain
property, maximal orders and powes) for actions of C-differentials db, with b “ a or
a, i.e.,

dadb “ Aa,b dbda, (2.5)

with some Aa,b. Note that Aa,b can be either a complex number (in particular, zero),
a map C Ñ C, or undefined at all. We assume that for an element φ P C might exists
the maximal order qpφq P R depending on φ, such that for r P R, r ě qpφq, pφqr “ 0.
Similarly, for both differentials db, b “ a or a, and any element φ P C, might exists
ppφq P R, depending on φ, such that for any s ě ppφq, dsφ “ 0.
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We assume always that when we apply a differential da to a product pγq, then there
exists ppγq P R such that for all s ě ppγq dsapγq “ 0, even if we do not know exact
value of ppγq. In deriving identities for C-elements, we should always keep in mind
that the power of a collection of differentials applied to a C-element can overcome
corresponding maximal value and, therefore, a result of such applications vanish at
some iteration. Note again that an element dpia pγq, 0 ď pi ă ppdapγqq is characterized

by qpdpia pγqq such that pdpia pγqq
qpd

pi
a pγqq “ 0. For pi “ 0, qpdpia pγqq “ qpγq. The

property of having maximal orders of differentials and powers of elements can be
seen as a redefinition of an initial complex C to resulting complexes with differentials
defined by all possible partitions of all C differentials into pairs of differentials dσ and
dσ where σ is a particular element of a partition.

Let us introduce some further notations. For a set of double indices J “ pJ1, . . . , Jnq,

Ji “
´

ri
ai

¯

, define

DJφ “ dr1a1 . . . d
rn
anφ. (2.6)

The indices ai denote the type of differentials. The indices rj are orders of differentials
satisfying the recurrence conditions

rj ă p
´

drj´1
aj´1

. . . dr1a1φ
¯

, (2.7)

with the corresponding maximal order for the differential d
rj
aj acting on a C-element

d
rj´1
aj´1 . . . d

r1
a1φ, 1 ď j ď ni. Note, that due to the property (2.2) and the definition

of powers of an element distributed in a ¨l-product, we do not take into account
conditions on φ P C of the form pdrnanp. . . pd

r2
a2pd

r1
a1φq

q1qqq2 . . .qqn since, according to
(2.2) it is equivalent to a finite sum of powers of orders of differentials. Note that the
definitions of maximal orders and powers above characterize elements of a complex C,
and are given in the form of differential/orthogonality relations (6.1) of Section 6. In
what follows, we deal with multiple products completion of a number of C-elements
closed with respect to corresponding differentials.

Let us now formulate the main result of this paper:

Theorem 1. The conditions (2.5) together with a set of maximal orders and powers
of differentials for a multiple complex C result in a hierarchy of closed products in
terms of differential identities on elements of C given by the general formula

0 “
ÿ

J1,...,Jk

p. . . , pDJ1
φ1q

q1 , . . . , pDJkφkq
qk , . . .q , (2.8)

with 1 ď qi ă q pDJiq, 1 ď i ď k, where q pDJiq are the maximal powers for the
corresponding differentials. The differentials DJs,i are determined by all vanishing
products closed with respect to single differentials da.

Now let us give a proof of Theorem 4.3.

Proof. The idea of the proof is related to geometry. Namely, we show that the
identities (2.8) are defined by vanishing products closed with respect a differential
da. Geometrically, this corresponds to a separation of ”codimension one” differen-
tial forms [15] expressed in terms of multiple products. The main idea to generate
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differential identities for multiple products of elements of C is to pick products van-
ishing due to maximal powers of differentials action. It is easy to see that in order
to find a differential identity, one has to pick elements given by multiple products
which would give ”almost” the rule (2.7), and would vanish under actions of the dif-
ferentials da or da. Thus, the set of closed products consists of such ”almost” rule
(2.7) elements having ”almost” maximal powers. There are two general ways how to
obtain an identity starting from a vanishing product closed under a differential. Let
us start with a product containing k entries of qipφiq-powers of arbitrary C-elements
φi, i.e., p. . . , pφiq

qi , . . . , pφjq
qj , . . .q, for 0 ď qi ă qpφiq, with the maximal power qpφiq

of elements φi for 1 ď i ‰ j ď k, and, qj “ qpφjq. That product vanishes. Recall that
for elements φi of pφiq

qi may be distributed as fingle φi entries among arguments of
the product. Acting by a differential da according to the formula (2.2) we obtain two
types of summands. The action of a differential on the distributed power of pφjq

qpφjq

gives pdaφjq as one entry, and remaining distributed entries pφjq
qpφjq´1. As we see,

since the maximal power qpφjq ´ 1 is dropped now by one, that particular summand
does not vanish. There are all together qpφjq non-vanishing summands of this type.
The second type of summands with a differential acting on pφiq

qi , i ‰ j, contains
the maximal power of pφjq

qpφjq, and, therefore, vanishes. Another possibility for a
vanishing product to be closed is to collect the maximal power of an element at some
iteration of differentials application. We thus obtain the first identity of the hierarchy:

0 “

qpφjq
ÿ

s“1

´

. . . , φqii , . . . , pdaφjqs, . . . , pφjq
qpφjq´1
ps , . . .

¯

. (2.9)

This identity relates powers of elements φi, 1 ď i ď k with the differential daφj . To
obtain further identities of that branch of the hierarchy, we apply differentials da or
da to (2.9), and take into account (2.5) to derive the next identity in that branch of
the hierarchy. Continuing the process, we decrease the powers of elements pφiq

qi , and

increase powers of differentials dr1a1 . . . d
rn
anφ

qpφiq
i . Note that by assumption that the

maximal order of each differential (i.e., the power when it vanishes) applied depends on
the element it acts on. Therefore, the final form of an identity in the hierarchy depends
on a sequence of elements drtatpd

rt´1
at´1 . . . pd

r1
a1φi1qqq, d

rt´1
at´1p. . . pd

r1
a1φi1qq, . . ., d

r1
a1φi1 , where

rppφ
1
pq are lower than the maximal orders for corresponding differentials. A sequence

of identities stops when at least one order of differentials reaches its maximal value
in each summand. The whole hierarchy depends on a set of initial elements φi. That
elements may initially contain orders of differentials of some powers. �

To finish this Section we formulate

Corollary 1. The hierarchies (2.8) result in the set of closed multiple products.

Indeed, each a differential identity pχq “ 0 from the system (2.8) can be ”inte-
grated” with respect the differentials d or d to find a multiple product pΓq such that
dapΓq “ pχq “ 0. When we say integrated we mean that for an element γ P C we
find an element γ1 such that γ1 “ daγ. In addition to that relations specified by the
identities (2.8) can be used in order to derive closed products which do not follow
explicitly from the integration of identities. Let us underline that we work with a
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multiple complex spaces as grading subspaces of an associative algebra. In particular,
the multiple product ¨l can be introduces for geometric objects of general kinds. Thus,
we keep the constructions of this paper independent of commutation relations. In the
next three Sections we will provide instructive examples of identities and closed prod-
ucts of the first order of differentials actions. The full description and classification of
differential identities and closed products at higher orders and powers of differentials
action will be given in a forthcoming paper. The identities and closed products given
in Sections (3)–5 generalize to symmetrized versions with respect to permutations of
indices, positions of C-elements, and orders and powers of differentials.

3. Examples of identities for multiple products

In this Section we illustrate the proof of Theorem 4.3 by complexity-growing exam-
ples. In this and next two Sections we always assume that all completions are closed
with respect to corresponding differentials.

3.1. Two differentials, and the total maximal power two for two kinds of
elements. Consider two elements pφ, ψq P Ip2q. Recall that the notation pφ, ψq P
Ip2q means that a pair of φ and ψ (but not their differentials) placed in a product
makes it vanishing. For any two positions 1 ď i ‰ j ď l in a multiple product

0 “ da p. . . , pφqi, . . . , pψqj , . . .q

“ p. . . , pdaφqi, . . . , pψqj , . . .q ` p. . . , pφqi, . . . , pdaψqj , . . .q,

which is not a trivial identity for ppφq, ppψq ą 1. Recall that the notation pφqi means
that an element φ is placed at i-th position in a product. Therefore,

p. . . , pdaφqi, . . . , pψqj , . . .q “ ´p. . . , pφqi, . . . , pdaψqj , . . .q, (3.1)

i.e., one can transfer a differential between Ip2q-elements while changing the sign. In
particular, with dbda “ 0, b “ a or b “ a, and ppφq ą 1, ppφq ą 1, we get

´

. . . , pdaφqi , . . . , pdbψqj , . . .
¯

“ ´

´

. . . , pdbφqi, . . . , pdaψqj , . . .
¯

. (3.2)

From φ, ψ P Ip2q with a “ b it follows daφ, daψ P Ip2q. Both with dbda “ 0 or
dbda ‰ 0, by applying further choices dc, c “ a or a of differentials, we receive from
(3.1) further relations for higher differentials if the maximal powers p pdan . . . da1qφq
of sequences dan . . . da1 , (where ai, 1 ď i ď n is a choice of a and a) of the differentials
da and da permit.

3.2. Single differential, two kinds of elements. Consider dap. . . , φ
r, . . . , ψs, . . .q,

with separate maximal powers for φ and for ψ, or with total maximal power r`s “ k
for φ and ψ together. It is assumed that φ- and ψ-entries are mixed and commutation

relations are not known. Let d
αpφq
a φ “ 0, d

βpψq
a ψ “ 0, where αpφq ą 1 and βpψq ą 1
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are maximal orders of the differential da. Then, one has

0 “ da p. . . , φ
r, . . . , ψs, . . .q “

r
ÿ

i1“1

´

. . . , pdaφqi1 , . . . , pφq
r´1
pi1

, . . . , pψqs . . .
¯

`

s
ÿ

i2“1

´

. . . , pφqr . . . , pdaψqi2 , . . . , pψq
s´1
pi2
, . . .

¯

.

By continuing the process of n-times application of the differential da until the powers
of φ and ψ become zero, the sequence of identities stops.

3.3. Two differentials, identical elements of the total maximal power. For
qpφq identical elements φ, placed at all i-th positions, 1 ď i ď qpφq P N, such that
φ P Ipqpφqq, i.e., φqpφq “ 0, equivalently, p. . ., pφq1, . . ., pφqi, . . ., pφqqpφq, . . .q “ 0,
(i.e., φ is placed qpφq times in various places in the product). Then,

0 “ da p. . . , pφqi, . . .q “

qpφq
ÿ

i“1

´

. . . , pdaφqi, . . . , pφq
qpφq´1
pi

, . . .
¯

, (3.3)

which is not trivial for ppφq ą 1. In the case when dbda “ 0, b “ a or a, by applying
db to (3.3), one finds

0 “

qpφq
ÿ

i“1

qpφq´1
ÿ

1ďj‰i

´

. . . , pdaφqi , . . . , pdbφqj , . . . , pφq
qpφq´2
pi,pj

, . . .
¯

. (3.4)

With pdaφ, dbφq P Ip2q, this identity trivializes. For b “ a and daφ R Ip2q, one gets
relations on differentials of φ. Both for dbda “ 0 or dbda ‰ 0, by applying a sequence
dan . . . da1 of the differentials da and da to (3.3), the hierarchy of identities arises,

0 “

qpφq´n,...,qpφq´1,qpφq
ÿ

in,in´1,...,i1“1

is‰jr, 1ďs‰rďn

´

. . . , pdan . . . da1φqi1 , . . . ,
`

dan´1
. . . da1φ

˘

in
, . . . , pφq

qpφq´n
pi1,...,xin

, . . .
¯

,

when maximal orders and powers of corresponding combinations of differentials per-
mit.

3.4. Orders of two differentials of several identical elements. In this subsec-
tion we show how to use transfer of differentials for higher order differentials. Let

d
ppφq
a φ “ 0, and

´

dp
1

a φ
¯qpp1,φq

“ 0 for p1 ă ppφq (we do not allow the ambiguity 00).

Then, for 0 ă pi ă ppφq, 1 ď qi ď qppi, φq, 1 ď i ď k, the identity is

0 “ da

k
ÿ

i“1

´

. . . , pdp1a φq
q1 , . . . , pdpia φq

qppi,φq , . . . , pdpka φq
qk , . . .

¯

“

k
ÿ

i“1

qppi,φq
ÿ

s1“1

´

. . . ,
`

dpi`1
a φ

˘

s1
, . . . , pdpia φq

qppiq´1
xs1

, . . . ,
`

d
p
pi
a φ

˘q
pi , . . .

¯

, (3.5)

which is non-trivial if pi ` 1 ă ppφq, and qppi ` 1, φq ą 1. Applying the differential
da further times one obtains higher identities. Then we can have a finite number
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n applications of the differential and corresponding sequence of identities. Similar
products including also powers of the differential da lead to similar identities.

3.5. Two differentials, multiple elements. Recall again that the main idea of
differential identity generation is to be able to use them to transfer powers of C-
elements into orders of corresponding differentials. Let us look at p. . . , pφiq

ri , . . .q, with
distributed power of single elements φi-entries for all i, 1 ď i ď k ď l, 1 ă ri ď qpφiq,
pφiq

qpφiq “ 0, i.e., where k is the total number of various φi with individual maximal

powers depending on an element φi P C. Let d
ppφiq
a φi “ 0, ppφiq ą 1, d

ppφiq
a φi “ 0,

ppφiq ą 1, and
´

d
ppφiq
a φi

¯qppi,φiq

“ 0, qppi, φiq ą 1,
´

d
ppφiq
a φi

¯qppi,φiq

“ 0, qppi, φiq ą

1, be the maximal orders and powers of the differentials da, da depending on φi.
Consider the case of a single differential and multiple elements. In order to form

the vanishing product, we include exactly one maximal power qpφiq of an element φi,

and powers 1 ď r
pi ă qpφ

piq of other types of elements φ
pi, 1 ď pi ‰ i ď k ´ 1. For da as

before

0 “ da

k
ÿ

i“1

´

. . . , φr11 , . . . , φ
qpφiq
i , . . . , pφkq

rk , . . .
¯

“

k
ÿ

i“1

qpφiq
ÿ

s“1

´

. . . , pdaφiqs, . . . , pφiq
qpφiq´1
ps , . . . , φ

qpφ
piq

pi
, . . .

¯

. (3.6)

Further several applications of the differential da to the last identity results in further
identities. It is clear that the orders of differentials dapφiq and dapφjq are growing
until they reach ppφiq and ppφjq, and thus corresponding summands vanish. Similarly,
the powers of the differentials dpia φi and d

pj
a φj are growing until they reach qppi, φiq

and qppj , φjq, and corresponding summands vanish.

3.6. The most general polynomial case: the identities for orders of two dif-
ferentials and powers of multiple elements. In this subsection the identities for
the most general polynomical differential-order and power products are computed.
Let us first assume that the maximal orders ppφiq ą 1 and ppφiq ą 1 of the dif-

ferentials da and da correspondingly, i.e., such that d
ppφiq
a “ 0, d

ppφiq
a “ 0 and the

maximal powers qppi, φiq ą 1 and qppi, φiq ą 1 of d
pipφiq
a and d

pipφiq
a i.e., such that

´

d
pipφiq
a

¯qppi,φiq

“ 0 and
´

d
pipφiq
a

¯qppi,φiq

“ 0, do depend on elements φi P C, for

1 ď i ď k types of elements φi. Take a product with exactly one differential in the

maximal power qppi, φiq, while all orders pipφiq of the differentials d
pipφiq
a are lower

than the maximal order ppφiq, i.e., 0 ď pipφiq ă ppφiq,

0 “ da

k
ÿ

i“1

ˆ

. . . ,
´

dp1pφ1q
a φ1

¯r1
, . . . ,

´

dpipφiqa φi

¯qippi,φiq

, . . . ,
´

dpkpφkqa φk

¯rk
, . . .

˙

“

k
ÿ

i“1

qppi,φiq
ÿ

s1“1

´

. . . , pdpipφiq`1
a φiqs1 , . . . , pd

pi
a φiq

qippi,φiq´1
xs1

, . . . , pd
p
pi
a φ

piq
r
pi , . . .

¯

. (3.7)
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It is clear that if we put at least one maximal order pipφiq “ ppφiq or pjpφjq “ ppφjq
of the differential da into the first line of (3.7) then all further identities trivialize.

One can also take the case of the total maximal power elements. I.e.,
řt
i“1 qi

ppi, φiq “ q, and qippi, φiq ă qppi, φiq i.e., when the sum of powers reaches the critical

value, and ˆ
´

d
pipφiq
a φ

¯qipφiq

P Ipqq. Similarly,
řt
i“1 pipφiq “ p, and pipφiq ă ppφiq,

i.e., the sum of orders of the differentials is at its maximum, and ˆd
pipφiq
a φi P Ippq

Then in both cases

ˆ

. . . ,
´

d
pipφiq
a φi

¯qippi,φiq

, . . .

˙

“ 0. When we apply the second

differential da to the identity (3.7), all branches of the hierarchy of identities arise
with appropriate conditions on orders and powers of differentials.

4. Examples of a single element closed products

In this Section we provide examples of closed products arising, in particular, from
the identities of Section 3. Closed products and their identities are very useful in the
theory of completely integrable [2] and exactly solvable [16, 18] systems. Note also
possible applications for operads. Note that in the search of products annihilated by
a differential, we take only non-vanishing products. To use the annihilation given by
maximal powers of daφi in multi-element products after application of a differential
da once, we have to include not just one power of each element but lower powers also.
The main idea of a closed product construction is in taking into account changes both
in orders of differentials themselves and powers of their action on C-elements. For that
reason we have to include not only powers of elements acted by the differentials, but
also powers of elements not acted by them. The balance of raising and lowering
powers of elements results in extra conditions producing closed products. In some of
the examples below we use the transfer of differentials using certain identities from
Section 3. By integrating the identities of the form (3.5) one finds sets of advanced
closed products.

Note again that when we write a product in the form p. . . , pφqi, . . . , pψqj , . . .q,
1 ď i ‰ j ď l, it is not assumed that all elements ψ are positioned on the right to all
φ elements, i.e., φ and ψ elements can be mixed in the product.

4.1. A single differential, a single element. First, let us look at expressions
without differentials, k ă qpφq distributed position entries in a product, where qpφq ą
1 is the maximal order of φ, φqpφq “ 0, i.e., φ P Ipqpφqq. Let the maximal order of the

differential da is ppφq, i.e., d
ppφq
a φ “ 0, and qpp1, φq ě 1 is the maximal power of dp

1

a φ.
1.) With ppφq “ 1,

da p. . . , pφq1, . . . , pφqi, . . . , pφqk, . . .q “
k
ÿ

i“1

`

. . . , pdaφqi, . . . , pφq
k´1, . . .

˘

“ 0, (4.1)

due to each summand is zero. Since there is only one differential in each summand
the use of the transfer formula (3.1) would only changes the sign.

2.) Suppose dadaφ “ 0, i.e., ppφq “ 2, and a distributed product p. . . , pdaφqq times,...q “

0. We denote this relation as pdaφq
qp1,φq “ 0, i.e., daφ P Ipqp1, φqq. We continue with
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a distributed product containing pdaφq
k with k ď qp1, φq entries of daφ. Then

da
`

. . . , pdaφq
k, . . .

˘

“

k
ÿ

i“1

´

. . . , pdadaφqi, . . . , pdaφq
k´1
pi

, . . .
¯

“ 0. (4.2)

3.) Next, with dadaφ “ 0, include pφqr, i.e., take p. . . , pdaφq
k, . . . , pφqr, . . .q, for

1 ď k` r ď l, k ď qp1, φq entries of daφ, pdaφq
qp1,φq

“ 0, for daφ, and r ď qpφq entries
of φ, φqpφq “ 0. Then, for k ` 1 “ qp1, φq,

da
`

. . . , pdaφq
k, . . . , pφqr, . . .

˘

“

r
ÿ

s“1

`

. . . , pdaφq
k, . . . , pdaφqs, . . . , pφq

r´1
ps , . . .

˘

“ 0, (4.3)

since the total power of daφ in each of summand becomes qp1, φq and it, therefore,
vanishes.

4.2. Higher orders of a single differential, single element. Now let us proceed
with higher order closed products. Let ppφq be the maximal order of the differential

daφ, i.e., d
ppφq
a φ “ 0.

1.) With k entries of dpia φ differentials, k ă qppi, φq, pd
pi
a φq

qppi,φq “ 0, 1 ď pi ă
ppφq, i.e., one gets the product p. . . , pdpiφqi , . . .q. Then, for pi “ ppφq ´ 1 for all i,

da p. . . , pd
pi
a φqi , . . .q “

k
ÿ

s“1

´

. . . ,
´

dppφqa φ
¯

s
, . . . , pdpia φq

ps , . . .
¯

“ 0. (4.4)

2.) Now, let φqpφq “ 0. Include k ă qppi, φq, entries of dpia φ, 1 ď i ď k, and
1 ď r ă qpφq entries of φ, i.e., p. . . , pdpia φqi , . . . , pφq

r, . . .q. One has

da p. . . , pd
pi
a φqi, . . . , pφq

r, . . .q “
k
ÿ

s“1

`

. . . , pdps`1
a φqs, . . . , pd

p
ps
a φq

ps , . . . , pφq
r, . . .

˘

`

r
ÿ

t“1

`

. . . , pdpia φqi, . . . , pdaφqt, . . . , pφq
r´1, . . .

˘

. (4.5)

For pi “ 1, k ` 1 “ qp1, φq, and pi ` 1 “ 2 “ ppφq, 1 ď s ď k, both groups of
summands vanish. Note that that does not depend on r. By inclusion of an extra
summation into (4.5) one can use (3.4) to move differentials among daφ and φ with
changing the sign. The symmetry of allows to distribute the orders of differentials
among entries of φ.

4.3. Orders of a single differential, single element, powers of differentials.
1.) Let p. . . , pdpia φq

qi
i , . . .q be a product containing k various powers of the differen-

tial da, 1 ď i ď k ď l, for 0 ď pi ď ppφq, 1 ď qi ď qppi, φq, where d
ppφq
a φ “ 0,

pdpia φq
qppi,φq “ 0. We then obtain

da p. . . , pd
pi
a φq

qi
i , . . .q “

k
ÿ

s“1

qs
ÿ

t“1

´

. . . ,
`

dps`1
a φ

˘

t
, . . . , pdpsa φq

qs´1
pt

, . . . , pdpps
a φq

q
ps

ps , . . .
¯

,
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where pt denote the omission of t. That product is closed when 1.) pi ` 1 “ ppφq
for all 1 ď i ď k; 2.) dps`1

a φ, dpsa φ P Ip2q; 3.) dps`1
a φ, dpsa φ P Ipqsq; 4.) dps`1

a φ,
pdpps
a φq P Ip2q; 5.) dps`1

a φ, pdpps
a φq

q
ps P Ipq

ps ` 1q.
2.) The general expression for a closed product in the case of a single element with k

types of orders and powers of a single differential is given by
´

. . . , pdpia φq
qi
i , . . . ,

`

dpi´1
a φ

˘ri

j
,

. . .q, where for any pair pi “ pj ´ 1, 2pi ă pipφq, and qi ` rj ă qppi, φq, 1 ď i, j ď k
(such that the initial product does not vanish).

da

´

. . . , pdpia φq
qi
i , . . . ,

`

dpi´1
a φ

˘ri

j
, . . .

¯

“

k
ÿ

s“1

qs
ÿ

t“1

p. . . , pdps`1
a φqt, . . . , pd

ps
a φq

qs´1
pt

, . . . , pdpi´1
a φq

rj
j , . . .q

`

k
ÿ

s“1

rs
ÿ

t“1

p. . . , pdpia φq
qi
i , . . . , pd

ps
a φqt, . . . , pd

ps´1
a φqrs´1

pt
, . . .q “ 0,

when 1.) pi ` 1 “ ppφq and qi ` 1 “ qppi, φq, for all 1 ď i ď k; 2.) pi ` 1 “ ppφq and
pi “ ps, 2pi ě pipφq.

4.4. Two differentials, single element. For the product p. . . , daφ, . . . , daφ, . . . , pφq
r, . . .q,

with 1 ă r ă qpφq one has:
1.) For daφ P Ip2q, i.e., pdaφq

2 “ 0, and dadaφ “ 0, d2aφ “ 0

da p. . . , daφ, . . . , daφ, . . . , pφq
r, . . .q “ p. . . , dapdaφq, . . . , daφ, . . . , pφq

r, . . .q

`p. . . , daφ, . . . , dadaφ, . . . , pφq
r, . . .q ` p. . . , daφ, . . . , daφ, . . . , daφ, . . . , pφq

r´1, . . .q “ 0.

2.) For dadaφ ‰ 0, dadadaφ “ 0, d2aφ “ 0, and daφ P Ip2q, the product vanishes:

da p. . . , dadaφ, . . . , daφ, . . . , pφq
r, . . .q “ p. . . , dadadaφ, . . . , daφ, . . . , pφq

r, . . .q

` p. . . , dadaφ, . . . , dadaφ, . . . , pφq
r, . . .q `

`

. . . , dadaφ, . . . , daφ, . . . , daφ, . . . , pφq
r´1, . . .

˘

.

Note that both closed products do not depend on r.
When commutation rules for elements in a product are known, we are able to move

them around. In a distributed case, we first gather the powers of the same element
together. Then the classical formula db pd

p
aφq

q
“ qdb pd

p
aφq pd

p
aφq

q´1
(we agree to put

the extra derivative in front of the power of the derivative) for a differential applied
to a power of a C-element is true, and we can write invariant elements in the explicit
form.

5. Examples of multi-element closed products

In this Section we give examples of multi-element closed product.

5.1. Two-elements closed product. Here we have the case of dependence on two
elements φ and ψ. That case does not fall in the general idea [12, 15] of one-parameter-
element invariants. Let us see if it is possible to transpose da-differential.

1.) For pdaφ, daψq P Ip2q, and dadaφ “ 0,

dap. . . , daφ, . . . , ψ, . . .q “ p. . . , dadaφ, . . . , ψ, . . .q ` p. . . , daφ, . . . , daψ, . . .q “ 0.
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2.) With pdaφ, daψq P Ip2q, dada “ 0, then

dap. . . , daφ, . . . , ψ, . . .q “ p. . . , dadaφ, . . . , ψ, . . .q ` p. . . , daφ, . . . , daψ, . . .q “ 0;

3.) daφ, ψ P Ip2q, dadaφ “ dadaφ “ 0,

dap. . . , daφ, . . . , ψ, . . .q “ p. . . , dadaφ, . . . , ψ, . . .q ` p. . . , daφ, . . . , daψ, . . .q

“ ´p. . . , daφ, . . . , daψ, . . .q ` p. . . , daφ, . . . , daψ, . . .q “ 0.

due to property (3.1).

5.2. Two differentials, three elements. Take the product p. . . , daφ, . . . , daψ, . . . , pχq
r, . . .q

with dadaψ “ 0, dadaφ “ 0, and 1.) daφ, daψ P Ip2q; 2.) daφ, daχ P Ip2q; 3.) daψ,
daχ P Ip2q; 4.) ψ, daχ P Ip2q, dadaχ “ 0; 5.) φ, daχ P Ip2q, and dadaχ “ 0, 6.) φ,
daψ P Ip2q, and dadaψ “ 0. Then the product vanishes

dap. . . , daφ, . . . , daψ, . . . , pχq
r, . . .q “ p. . . , dapdaφq, . . . , daψ, . . . , pχq

r, . . .q

`p. . . , daφ, . . . , dadaψ, . . . , pχq
r, . . .q ` p. . . , daφ, . . . , daψ, . . . , daχ, . . . , pχ

r´1q, . . .q,

according to property (3.1).

5.3. Orders of a single differential, powers of several elements. Consider
the following case:

`

. . . , pdpia φiq
qippiq, . . . , pφjq

qj , . . .
˘

, with 0 ď pipφiq ă ppφiq, and
1 ď qippiq ă qppi, φiq, 1 ď qjppjq ă qppj , φjq, 1 ď qi ă qpφiq, 1 ď qj ă qpφjq,
1 ď i ď k, 1 ď j ď k1, the maximal order and power (here it starts from 1 to
preserve l, or keep the identical element in the product). Note that the powers are
lower than ppφiq ´ 1 and qpφjq ´ 1 correspondingly to insure that the corresponding
product does not vanish. Next, by applying conditions on pipφiq and qpφiq, we find
their combinations such that the product is closed.

1.) It is clear that for all pi ` 1 “ ppφiq, 1 ď i ď k, pi “ 1, and qip1q ` 1 “ qp1q;
2.) for all pi ` 1 “ ppφiq, 1 ď i ď k, and with pi ‰ 1 , daφi, φj P Ip2q; 3.) for all
pi ` 1 “ ppφiq, 1 ď i ď k, and with pi ‰ 1 , daφi, pφjq

qj´1 P Ipqjq the product is
closed.

da

´

. . . , pdpia φiq
qippiq, . . . , pφiq

qi , . . .
¯

“

k
ÿ

s“1

qsppsq
ÿ

t“1

´

. . . , pdps`1
a φsqt, . . . , pd

ps
a φsq

qppsq´1
pt

, . . . , pφiq
qi , . . .

¯

`

k1
ÿ

s1“1

qs1
ÿ

t“1

´

. . . , pdpia φiq
qippiq, . . . , pdaφs1qt, . . . , pφs1q

qs1´1
pt

, . . .
¯

,

where pt denotes the omission of the index t.

5.4. Powers of orders of multiple differentials, multiple elements. Consider

the product
´

. . . , pd
pn,i
an,i . . . d

p1,i
a1,iφiq

qppn,i,an,iq
i , . . .

¯

, for some 1 ď i ď k ď l, and where

we use the notation xn,i “ pxn,i, xn´1,i, . . . , x1,iq. For the product not to vanish, all

orders ps,i, 1 ď s ď n satisfy ps,i

´

d
ps´1,i
as´1,i . . . d

s,i
a1,iφ

¯

ă p
´

d
ps´1,i
as´1,i . . . d

p1,i
a1,iφ

¯

, where

p
´

d
ps´1,i
as´1,i . . . d

p1,i
a1,iφ

¯

is the maximal order of the corresponding multiple differentials,
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and the power of the corresponding multiple differentials d
pn,i
an,i . . . d

p1,i
a1,iφi is lower than

qppn,i,an,iq ă qppn,i,an,i, φq is lower than the maximal ones for all i. Then

dpn`1
an`1

ˆ

. . . ,
´

dpn,ian,i . . . d
p1,i
a1,iφi

¯qppn,i,an,iq

i
, . . .

˙

“ 0, (5.1)

when 1.) there exists i, 1 ď i ď k, such that pn`1,i

`

d
pn,i
an,i . . . d

p1,i
a1,i φq ě p

´

d
pn`1,i
an,i . . . dp1,ia1,iφ

¯

;

2.) if k ě 1, and ppn`1,i,an`1,iq “ ppn,j ,an,jq, for some 1 ď i ‰ j ď k.

6. Multiple-graded differential algebras

Let γs P C, s P Z, and Js “ pJs,1, . . . , Js,nsq be a set of choices Js,j “
´

as,j
rs,j

¯

, 1 ď

j ď ns. Let us require that for l chain-cochain spaces C
`

Θni
mi

˘

of the multiple complex

C, there exist subspaces C
´

Θ
1ni
mi

¯

Ă C
`

Θni
mi

˘

such that for all φs,i P C
´

Θ
1ns,i
ms,i

¯

,

1 ď i ď k,
DJsγs “ ¨l

`

. . . ,
`

DJs,iφs,i
˘qs,i

, . . .
˘

, (6.1)

where it is clear that qs,i ă q
`

DJs,iφs,i
˘

are less than the maximal powers of the
corresponding elements DJs,iφs,i, and the maximal orders of differentials constituting
(as in (2.6)) DJs,iφs,i satisfy the recurrence conditions (2.7). We call this a differential
condition. Symmetrizing with respect to all choices of Js for a fixed l, we obtain a
set of differential conditions

!

SymmJs,l

!

DJsγs “ ¨l

´

. . . ,
`

DJs,iφs,i
˘qpi,sq

, . . .
¯))

, (6.2)

for γs P C, s P Z. With DJsγs “ 0 for some s, we call (6.2) an orthogonal-
ity condition. For each differential condition above of the set (6.2) we have the
coherence condition for corresponding upper and lower indices of C-spaces, i.e., n

pDJsγsq “
řl
i“1

`

ni
`

DJs,iφs,i
˘

´ ri
`

DJs,iφs,i
˘˘

, m pDJsγsq “
řl
i“1

`

mi

`

DJs,iφs,i
˘

´ti
`

DJs,iφs,i
˘˘

. We will skip these coherence relations for all differential conditions
below. The notion of a set of differential and orthogonality conditions (6.2) gener-
alizes corresponding orthogonality conditions assumed in [12, 15]. One could like to
understand which part of differential conditions (6.2) are independent. Indeed, in the
case with known commutation rules for C-elements and differentials, we use (2.5) to
normalize its sequence in the definition (2.6) and in the conditions (6.2) by sending
all da to the left with respect to da. Then we use known vanishing rules for powers of
differentials. In the case when commutation rules are not known, one might use the
independence of powers of differentials. The next result of this paper is the following.

Lemma 1. The rules (2.5), the differential conditions (6.2), and a set of maximal
orders and powers for all C-elements endow C with the structure of a multiply graded
infinite-dimensional differential algebra with respect to a ¨l-multiplication, l ě 0.

Note that, apart from the value of l for a multiple product, the parameters char-
acterizing a differential algebra above are the distributions of the net of mixed or
non-mixed ideals Ippq, Ipqq P C; the distributions of orders and powers of differentials
bounded by their maximal values when applied to C-elements; domains of values of
indices for C-spaces; the set of rules (2.5) for differentials; conditions on completions
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with respect to differentials; commutation relations for C-elements (when known); the
domains of values for Θn

m parameters for C pΘn
mq, and distribution of horizontal and

vertical indices for the corresponding differentials. Now let us give a proof of the
Lemma.

Proof. The way of operation with sequences of differential and orthogonality con-
ditions follows from the rules (2.5), Leibniz rule (2.2), as well as from taking intro
account maximal orders and powers of differentials and elements, i.e., the assumption
that some of C belong to the ideals with respect to orders Ippq or powers Ipqq. Starting
from a particular orthogonality or differential condition, we act consequently by the
differentials da and da. Secondly, using the Ippq, Ipqq ideal vanishing properties ap-
plied to orthogonality conditions, and by using the completeness property of the com-
plex C with respect to the ¨l-product, we express particular elements djiφi in terms of
other C elements. With the maximal orders and powers for each particular C-element,
a differential or an C-element reaches its maximal order or power, and corresponding
summand vanishes. Continuing the process, we finally obtain the full structure of
differential conditions. A sequence of relations does not not stop as long as coherence
conditions on indices are fulfilled, of until the sequence gives the both side identical
zero. In some cases, due to the completeness condition for the ¨l-product, a sequence
of differential conditions becomes infinite in a certain branch of the hierarchy. Let us
reproduce the general structure of relations following from differential conditions for
an expression in the form of a multiple product (2.1). The most general configuration
associated to a ¨l-multiple product where several C-elements is with elements that
are situated at various places and mixed with the corresponding completions. In our
setup, we work with differential conditions containing powers of elements of C as well
as orders of the differentials. The general form of the differential condition is given
by (6.2), where DJs,iφs,i is of the form (2.6), 1 ď i ď k ď l. By applying the differ-
entials to (6.2) one arrives at further differential and orthogonality relations. Recall,
that for each differential condition in this proof, there exist a coherence relation for
corresponding C-indices. The sequences of differential and orthogonality conditions
derived above together with corresponding coherences relations for indices, taken for
all choices of Js, provide the full set of differential and orthogonality relations defin-
ing the multiply graded differential algebra. The structure of a resulting differential
algebra relations as well as the structure of corresponding closed products given by
Theorem 4.3 depends on which differential or orthogonality condition of a hierarchy
we started from. In practice, one can start with a particular set of differential or/and
orthogonality conditions. Then the resulting multiple graded differential algebra is
a reduction of the full algebra. In addition to that, one can also restrict domain of
definitions for gradings for some families of chain-cochain complexes. E.g., one can
set n ě 0 instead of Z. This will affect the coherence conditions for corresponding
identities. �
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