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away from the orbifold point from the viewpoint of topological strings. We propose how
the 't Hooft expansion can be geometrized in terms of Gromov-Witten invariants and, in
favorable settings, how it can be summed up to all orders in closed form. We consider an
explicit example in detail for which we discuss the genus expansion around the orbifold point,
as well as the divergence in the strong coupling regime. We find that within the domain
of convergence, scale separation does not occur. However, in order for the mathematical
framework to be applicable in the first place, we need to consider “reduced” Gromov-Witten
invariants that fit, as we argue, naturally to topologically twisted N = 4 strings. There
are some caveats and thus to what extent this toy model captures the physics of strings
on AdSs x S% x K3 remains to be seen.
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1 Introduction

1.1 Motivation

One of the best understood and tested instances of the AdS/CFT Correspondence [1] is
the near horizon limit of the FINS5 (resp. the dual D1D5) system. It corresponds to a
Type IIB string compactification on AdS3 x S3 x My, where My = T* or K3. It was found
that the system drastically simplifies’ for one unit of NS5 flux, ie., QY = 1 [2-9]. The
continuous spectrum of long strings collapses to the bottom, and strings nestled against the
boundary ¥ = 0AdS3 become tensionless. Also, the world-sheet theory becomes free and is
to a large extent solvable. On the other hand, the boundary theory is described by a two
dimensional sigma model with target space Sym® (My), where N = QN9QY® for M, = T*
and N = QY5QY +1 for My = K3 [10, 11]. Numerous tests, mainly for My = T*, confirmed
the equality of correlation functions [12-44] in the large N limit.

Most of the work done so far deals with computations in the tensionless regime which is
characterized by the singular orbifold Sym’" (My). There is a universal marginal operator,
given by the twist field o5, which is associated with the blow-up mode of the orbifold

Most results were found for My = T* but one expects the theory to behave analogously for My = K3.



singularity. One can perturb the theory by?
55 ~ u/Gzlézlag, (L.1)

which desingularizes Sym” (M) by deforming it into the Hilbert scheme of N points on My,
Hilb™ (My) (for an extensive review of the role of Hilbert schemes in the context of D-brane
physics and black holes, see [45]; for general aspects of this deformation, in particular from
the supergravity point of view, see eg. [10, 46-51]). Importantly, it has been known since
long that u has characteristic features of a string coupling, and in particular that it should
lead to a genus expansion [52]. It cannot however coincide with the string coupling proper,
as there is a non-trivial genus expansion already at v = 0. One of our goals is to clarify the
role of u, and address its all-order expansion globally over the moduli space.

This problem is interesting from several perspectives, and was the initial motivation
for this work. For example, the extrapolation from u = 0 to u — oo touches upon the
question of scale separation [53-56]. The AdS and string scales are tied together by the
supergravity formula [47-49, 57]:

R2
% ~ QéVS\/lJF(gloCz)Q, (1.2)

where g9 = €® is the ten dimensional string coupling and Cy =: c2(e® Ae” +eB A e?) is a
self-dual RR two-form. Assuming validity of the formula in this regime, it implies that the
scales are of the same order at the orbifold point where Q¥ S =1 and ¢y = 0. Switching
on u amounts to switching on co [10, 48, 49], so that the size of AdS would increase as
% x u for large u, but can one make it larger than the size of My in order to reach
the supergravity regime?

Relatedly one could ask how the deformation from u = 0 to u — oo fits to the general
picture of infinite distance limits [58] within the Swampland Program (see eg. [59-61]) for
reviews). It is well established that near u = 0 there is an infinite tower of weakly coupled
tensionless strings [3, 62—66], while the general expectation is that at large u, the theory
should enter a strongly coupled supergravity regime [67]. However, since geometrically u
corresponds to the blow-up mode of a Z5 orbifold singularity, the point u = 0 corresponds to
a finite distance singularity® at the center of the moduli space. Thus there seems a bit of
tension with the lore that it is not at small but at large distance limits where asymptotically
massless towers of higher spin string or KK states should appear that are weakly coupled to
gravity (in some suitable duality frame) [53-55, 68, 69]. A viewpoint to reconcile this could
be that the tensionless strings at « = 0 are in this respect analogous to the non-gravitational
tensionless strings that arise at ADE singularities in the interior of the moduli space of string
compactifications; indeed the geometry at u = 0 is strongly curved from the viewpoint of
supergravity, and is not a weakly coupled gravitational theory despite having a perturbative
genus expansion in an appropriate duality frame.

2For now, u is a real parameter. Later we will complexify it by adding a theta-angle, such that v = 0
corresponds to /27 = 1/2. Note that u = 0 then corresponds precisely to the theory with QY5 =1, with no
further shifts of background moduli.

3Due to supersymmetry, singularites due to massless states ought to appear only in corrections to higher
derivative terms.



Clearly, in order to address such kind of questions one would like to have analytical control
over the whole of the u-moduli space, including the regime where u is large. There have
been numerous computations in conformal perturbation theory, see for example refs. [70-92].
However, standard CFT methods are typically limited to the regime near u = 0, and the
situation is aggravated by the complicated combinatorics of twist fields, which makes an
all-genus expansion a tall order.

On the other hand, all-order expansions are routine in geometrical setups, such as
moduli spaces of topological strings on Calabi-Yau manifolds. Mirror symmetry and/or
localization techniques allow (in BPS protected sectors) to sum up infinite orders in conformal
perturbation theory in closed form, including all contact terms. Moreover, a geometrical
modulus can turn into a string coupling constant in another duality frame, which opens
the door to all-genus computations. This is exactly what we propose to be the case here
as well, namely that the geometrical blow-up modulus v on the CFT side will map to a
perturbative 't Hooft coupling A\ on the AdS side.

Certainly we expect such a geometric approach, if at all, to capture the physics of the
geometry AdSz x S% x Mj at best for QY° = 1, where there is no continuum of long strings
and the theory drastically simplifies [2-9]. Indeed the theory has characteristic features
of a topological N = 4 string [8, 9, 31, 39, 93], for which the sectors AdS3 x S3 and K3
have separately vanishing central charges. In the hybrid formulation, the first factor can be
described by a psu(1,1]2); WZW model with extra ghost fields, while the latter is described
by a topologically twisted N = 4 sigma model [47, 94] on K3. It is not clear to us to what
degree this describes the full theory, but we expect it to capture at least a protected BPS
subsector of it [17, 20, 21, 26, 40, 42-44, 51, 80], thereby realizing what may be loosely called
topological AdS/CFT Correspondence.*

In the next section we will outline how such a topological AdS/CFT Correspondence
could work by making use of some mathematical results for My = K3.

1.2 AdS3/CFT3 and GW /Hilb correspondences

The mathematical key statement on which we will base our discussion is a correspondence
between the quantum cohomology of the Hilbert scheme of d points on K3, and the Gromov-
Witten theory on K3 x X, which originates from the works of Oberdieck and Pandharipande
[100-103]. Our purpose is to see whether this correspondence can offer new insights into
AdS3/CFTy Correspondence in terms of algebraic geometry. A schematic representation
is shown in figure 1.

One is tempted to associate the “Hilbert” box to the far right of figure 1 with the
boundary CFT, and relate the “Gromov-Witten” box via the dotted arrow to the topological
string theory at the boundary. The curve ¥ would thus play a dual role, namely as the
world-sheet of the 2d CFT sigma-model on Hilb?(K3), as well as (part of) the target space
on the gravity side, namely as boundary of anti-de-Sitter space: ¥ = dAdS;3; we will focus
on ¥ = P! here. The string world-sheets on the AdS side would then arise via branched

“Note that several notions of a topological AdS/CFT Correspondence exist, see eg. [15, 42, 95-98].
5 Analogous correspondences exist also for geometries other than K3, see [99] for a list of references.
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Figure 1. Connecting AdS/CFT and GW /Hilb Correspondences, where ¥ = 9AdSs.

coverings of degree d of 3, so that the sum over branched coverings yields a perturbative
genus expansion, precisely in the spirit of the literature that we cited in the previous section.

Note that the mathematical GW/Hilb Correspondence is an exact duality and holds for
any d > 1, whereas the physical AdS3/CFTy Correspondence, which relates the boundary
theory based on K3 x P! to the bulk of AdS3, holds primarily in the large N limit. An
immediate question is whether these two correspondences could fit together at their intersection
K3 x P!, and what concrete benefits this connection could provide. Clearly, one new
perspective the geometric approach could offer is that the counting of covering maps is
phrased in the language of GW invariants, thereby providing a link to topological gravity and
Hurwitz theory, which in turn has the potential for solving the genus expansion to all orders.

In order to address these questions, there are several but related issues to be sorted
out. One issue deals with the enumerative counting of holomorphic covering maps from the
world-sheet to P!, another with the counting of holomorphic curves in K3 (an analogous
problem exists for Hilb?(K3) if we talk about the “Hilbert” side of the correspondence).
Their common problem is that Gromov-Witten theory is naturally based on holomorphic
geometry while the N = (4,4) superconformal AdS background is based on hyperkéhler
geometry and so canonically has a harmonic rather than a holomorphic structure. Thus,
connecting these two correspondences requires at least projecting to a suitable holomorphic
structure embedded in the quaternionic hyperkahler geometry, or in physical terms, singling
out a suitable N = (2,2) superconformal subsector of the topologically twisted N = (4,4)
string on the boundary of AdS3 x S x K3.

Let us first consider P! = 9AdS3, which is a boundary in the full geometry so there is an
interior into which world-sheets can in principle collapse. Thus an enumerative counting of
holomorphic maps can make only sense if the string world-sheets are tied to the boundary
so that there is a meaningful notion of them “wrapping” it. In fact it has been argued [5,
8, 39, 104, 105] that world-sheets of long strings are pinned to the boundary at the branch
points {z;}, but otherwise, especially for large twists, may contract to the interior; see
figure 1 for a sketchy visualization. One may expect that in the present framework where
one counts holomorphic coverings of P! of degree d, all what matters is the topology of
the branch points at the boundary.

There is indeed strong evidence that for QY = 1, the world-sheets effectively do localize
at the boundary via holomorphic maps. This mechanism has been recently understood [8,
9, 31, 39] by reformulating the psu(1,1]|2); WZW model that underlies the N = (4,4)



superconformal quantum geometry of AdS3 x S3 in terms of free twistor variables, and
showing that the associated holomorphic twistorial maps localize at the boundary. Moreover
very recently it has been argued [93] that precisely for Q¥ 9 =1 there appears a radial global
symmetry which more or less guarantees this to be true. One thus expects that the theory
on AdS3 x S2 reduces to some version of topological strings on P! (whose precise nature
needs to be clarified), and this opens the possibility to count holomorphic covering maps via
the Gromov-Witten/Hurwitz Correspondence [106], thereby producing a non-trivial genus
expansion despite P! = 9AdS3 being a boundary.

The other issue is that standard Gromov-Witten invariants of K3 (and of its associated
Hilbert schemes) vanish identically, as a consequence of its hyperkéhler structure. Indeed
for a generic choice of complex structure, there are no holomorphic curves of pure Hodge
type (1,1) at all that could be counted. In the mathematical literature one defines instead
reduced Gromov-Witten invariants [107-111], for example by considering twistor families
of complex structures on K3. For each such twistor family there exists a fixed choice of
complex structure for which curves become holomorphic so that they can be counted in
terms of non-vanishing invariants [107].

Thus for both issues there is a common underlying structure that provides the desired
connection between the (not naturally holomorphic) hyperkahler geometry and the counting
of holomorphic maps from the world-sheet to 0AdS3 x K3. We will propose later in section 2.3
how to translate the mathematical concept of reduced Gromov-Witten invariants to the
language of topologically twisted N = 4 strings [47, 94].

While these reduced invariants count certain BPS states, the precise relationship between
the correlators of the topological toy model and those of the physical theory on the AdS
space remains unclear. This also touches upon the compatibility with non-renormalization
theorems [21, 26] that are known for extremal correlators [112]. While we will make some
comments in this respect in sections 2.3 and 5, we leave a more detailed analysis to future
work. For now we stick in this paper to the right half of figure 1 and simply discuss generating
functions of certain BPS invariants, without caring about their interpretation in terms of
space-time correlators on the AdS side. Rather our focus will be on the moduli space of the
blow-up mode of the orbifold singularity and its genus expansion.

In the next section we will collect a few underlying mathematical concepts on which
we will base our discussion. We won’t add anything new here, but will in turn interpret
some of these from a physical perspective. The informed reader is invited to jump to the key
section 3 which is devoted to a discussion of the Gromov-Witten/Hilbert Correspondence.
Subsequently, in section 3.3 we will give an interpretation of the genus expansion in terms
of a ‘t Hooft expansion on top of the large-N expansion. In section 4 we discuss a simple
toy model and discuss in some detail the nature of the genus expansion, as well comment on
the strong coupling regime. Finally in section 5 we recapitulate our discussion and mention
some loopholes of our proposal.

2 Background material

We recall some facts that are well-known in the mathematical literature, with focus on
the cohomology of the Hilbert scheme of d points on K3, Hilbd(K 3), and on what are



called reduced Gromov-Witten invariants. Moreover, in order to make this accessible from a
physicist’s perspective, we propose an interpretation of the latter in terms of N = 4 topological
strings. For details on the relevant algebraic geometry we refer eg. to [100-102, 113, 114].

2.1 (Co)homology of Hilbert schemes

The Hilbert scheme, Hilb?(K 3), can be viewed as a deformation of the orbifold symmetric
product Sym?(K3) = K3%9/S, (see eg., [45, 115]). It is a hyperkihler manifold of complex
dimension 2d. For d > 1 its second cohomology is well-known to be of dimension 23, which
is one larger than that of a single K3:

H?(Hilb%(K3),Q) = H*(K3,Q) & C[y™)], d>1. (2.1)

The extra piece corresponds to the class of the blow-up mode of the Z5 orbifold singularity
on the small diagonal in Symd(K 3) where two points collide. An explicit representative
will be given below in eq. (2.10). It has been recognized since long that the corresponding
modulus, u, plays the role of a string coupling constant (see eg., ref. [52]). This will be our
main theme to which we will return later.

The full (co-)homology of Hilb%(K3) can be given a convenient Fock space representation.
We will be brief, details can be found eg. in ref. [101]. The basic ingredients are the Nakajima
creation operators

p_a(a): H*(HiIDY(K3),Q) — H*(Hilb*™*(K3),Q), «oc H*(K3), (2.2)

which lift cohomology elements v to p_,(a)y while adding cycles of length a to . In
physical terms, the p_,(_) correspond to twist fields o, that will create “long” strings of
length a on the AdS side. In this way, one can systematically generate the full cohomology of
Hilb%(K3) by repeatedly acting with p_, () on the Fock vacuum, 1. An arbitrary cohomology
representative can be assembled by pairing some (non-ordered) partition u = [p1, ... ] of
size d = " p; and length ¢(u) = d — Y- (u; — 1) with cohomology elements «; € H%% (K3, Q).
Altogether this forms what is called a cohomology weighted partition:

r o= el =1, 0. (2.3)
Specifically:
™ = () ] oy (@i)l € H®(HIbY(K3),Q), (2.4)
with symmetry factor
3(m) = [Aut(m)| J] i (2.5)

that we don’t write explicitly in the following. As indicated, one can associate with (™)
a total degree, or R-charge given by

£(m)

g = (g+(m—-1). (2.6)

i=1



Alternatively, one can consider the Poincaré duals of (2.4) which we use interchangeably with
the same notation (except with subscripts) when it fits better.

The notation should become more clear when considering examples of cohomology/curve
classes that will be relevant for us. The first originates from a generic curve class g €
Hy(K3,7Z), which will eventually be linked to a Kéahler modulus. Its image in the Hilbert
scheme

C(B) =Ymy) =p-1(B)p1(pt)" "1 € Hy(Hilb!(K3),7), (2.7)

is a curve class whose associated Gromov-Witten invariants we will consider later. It is of
partition type 75 = [(1,B), (1, pt)?~1)], where pt denotes the point class which is dual to
H*(K3,Q); note that we implicitly sum here and in the following over cyclic permutations.
The curve C(f) involves only one non-trivial length one piece, so it will eventually correspond
to a string that starts and ends at the same copy of K3.

The following class will be more interesting for us: it corresponds to the exceptional
curve that arises as blow-up of the orbifold singularity of Sym?(K3):

A =73, =pa(Pt)p_1(pt)?1 € Hy(HilbY(K3),Z), d>2. (2.8)

Its partition type is 74 = [(2,pt), (1, pt)¢~2)]. In physics language this would correspond
to a string in the twisted sector that links two copies of K3. We combine these two classes
by writing

Csr = C(B) + kA € Hy(HilbY(K3),Z), € Hy(K3,2),k € Z, (2.9)

where we understand that £k = 0 if d = 1.
Moreover, we will need a few more cohomology classes. First, the cohomology dual of A is

A"4) = p_y(1)p_1 (1)1 € H(HibY(K3),Q), (2.10)

which corresponds in CFT language to the universal Zy twist field, o9, that couples to
the blow-up modulus of the orbifold singularity. Here, 1 € H°(K3,Q) denotes the unit.
Moreover we define

+Tat) = p 1 (2)?1 € HY(HIIbY(K3),Q), (2.11)

which is of partition type m,a = [(1, )% with Kéhler class « € HV'(K3,Q). Finally we
need the class

Ame) = p_(@)p_1 (1)1 e HY (HibY(K3),Q), (2.12)
with 74 = [(1, ), (1,1)%"1], which will correspond to a marginal Kéhler deformation.

2.2 Reduced Gromov-Witten invariants

We now introduce Gromov-Witten invariants that in physics serve as building blocks for
correlation functions. Naively these are given by counting maps ¢ : ¥, — Xy of genus g
curves with n punctures into a given Calabi-Yau N-fold in question, which we keep generic
for the moment. One may in addition specify the homology class of the image, which we



denote by C' = ¢,[3gn] € Ha(Xn,Z). However what one really considers are integrals over
the suitably compactified moduli spaces, ﬂg,n, of stable maps. More generally one considers
relative Gromov-Witten invariants counting curves that pass through cycles dual to given
cohomology classes v; € H%%(Xn,Q):

XN

<71 e fy’l’b>g7n;c ]'ui'r evr (’yl) U tte 67};(’}/,,1) ° (213)

a /[(Mg (Xn.C) i}

Here ev* denotes the pullback by the evaluation map, ev : My ,(Xn,C) = Xn. In order
for these invariants not to vanish identically, the expected, or virtual dimension, given by

vdim [My,n(Xn, C), {3}]"" = (N =3)1 —g) = > (g = 1), (2.14)

must vanish.

So far this is the well-known story designed for Calabi-Yau threefolds, for which N =3
so that the genus dependence of the virtual dimension disappears. However, in the present sit-
uation where we deal with 2d complex-dimensional hyperkéhler manifolds, X4 = Hilb%(K3),
the story needs to be refined, because the GW invariants as defined above vanish identi-
cally. This can be understood in various ways. In physics this mirrors the fact that due
to the N = (4,4) supersymmetry, non-renormalization theorems protect certain correlation
functions. Mathematically, the problem originates [107-111] from the fact that a generic,
non-algebraic deformation moves a curve C' of Hodge type (1,1) to one with a type (2,0) or
(0,2) component, so that it is not holomorphic any more. Therefore it does not contribute
to the counting of holomorphic maps, and by deformation invariance the Gromov-Witten
invariants must then vanish even for holomorphic curves of type (1,1).

Nevertheless, one can define generalized reduced GW invariants, abstractly speaking
by modifying the obstruction theory such that the (2,0) and (0,2) components do not
appear [108, 109]. Concretely, one can construct reduced invariants by considering Xoq =
Hilb%(K3) as fiber of some (2d + 1)-fold [107-111]. This ensures that the fibral classes stay
at Hodge type (1,1) under algebraic deformations. There are various, basically equivalent
possibilities to implement this, and in the present context it is most natural to view Xoq4
as fiber of its twistor family Thqyq — P!, where P! is stands for the unit sphere of complex
structures on hyperkédhler manifolds.

The crucial point [107] is now that while for generic complex structure there are no
holomorphic curves, there exists a unique, fixed choice of complex structure for which
holomorphic curves in class [C] with C? > —2 exist, so that they can be meaningfully counted
in terms of non-vanishing invariants. Moreover, the modified obstruction theory leads to
a modified, reduced version of the virtual dimension,

vlim (M o (HIL(K3), C), { ) = 2d-3)(1—g) (g ~1)+1,  (215)
j=1

which is one dimension larger than the unreduced one. This allows to abstractly define
non-vanishing reduced GW invariants for hyperkéhler Hilbert schemes with d > 1 as follows:

Hilb4(K3)

0 TR = /7 evi (1) U...evs (k) - (2.16)
< >g’C (Mg (HIb(K3).C) Y red



In fact, most combinations of d > 1 and g > 1 still lead to vanishing invariants as these are
genuinely zero (the exception being for d = g = 2), but for physics only g = 0, 1 is relevant
if d > 1. In this paper we focus on ¢ = 0 only, which corresponds to ¥ = 0AdS; = P!
on the gravity side.

2.3 Interpretation in terms of the topological N = 4 string

We now suggest how the foregoing abstract mathematics can be translated to a more tangible
physical language as follows. The key structure is the topologically twisted N = (4,4)
superconformal symmetry of the sigma model on Hilb?(K3). In the left-moving sector, the
relevant “small” N = 4 superconformal algebra [116] is generated by the familiar holomorphic
currents .J, T, GT that form an N = 2 subalgebra, extended by the (super-)currents J*++, J =~
and G* = § J*GT, GT = — § JTFG™E. Its central charge is given by ¢ = 2d, which vanishes
after topologically twisting. The bosonic currents extend the U(1) symmetry to SU(2), under
which the supercharges transform as two doublets. The same applies to the right-moving
sector that we don’t write explicitly.

The SU(2) symmetry reflects in CFT that in hyperkéhler geometry, there is no a priori
notion of holomorphicity. That is, any chiral primary field, satisfying

Go = Gio = (Lo—3h)6 = 0, (2.17)

with charge ¢ = 1, can be transformed to an equivalent anti-chiral field via a local SU(2)

transformation,

/J”@- = 3" M, (2.18)
3

where M is some unspecified numerical mixing matrix [47, 94]. Thus, when combining this
with the right-moving counterparts, the (chiral,chiral) ring, which represents elements of
H1(K3), becomes identified not only with the (anti-chiral,anti-chiral) ring, but also with the
twisted (anti-chiral,chiral) ring, which formally represents elements of H~1!(K3), as well with
its complex conjugate. In geometry, this reflects the equivalence of holomorphic and complex
structure deformations, implemented by contraction with the holomorphic (2, 0)-form.

A crucial new feature of NV = 4 superconformal theories is that there is an additional,
“global” @(2), which acts as outer automorphism by mixing the supercurrents of the same
charge and so is compatible with the “local” SU(2) symmetry generated by J**. It is however
not a symmetry, and accordingly one can form the following family of supercurrents [47, 94],

GT(() = GGt +¢GT

G () =¢GG +3G (2.19)
G () = -GG +G G

GHQ) = —G G+ ¢ G

for which the inequivalent choices are parametrized by SU(2)/U(1) ~ P defined by |¢1]* +
|C2|> = 1. Tt represents a family of inequivalent embeddings of the N = 2 subalgebra
spanned by G*(¢), within the full N = 4 superconformal algebra. Translated back into the



mathematical terms of the foregoing section, [Pé corresponds to the unit sphere of possible
complex structures within the hyperkéhler structure. Fixing a point on [Pé corresponds to
picking a particular member of the family of inequivalent N = (2,2) subalgebras, relative to
which one can define a notion of holomorphic, or primary chiral fields.%

Concretely, in order to gain some intuition, consider as an example a topologically twisted,
N = 4 superconformal sigma model on an algebraic K3 surface (ie, one that is described
by a holomorphic embedding via an algebraic equation W = 0 in some weighted projected
space). Writing down an equivalent N = 2 supersymmetric Landau-Ginzburg model with
superpotential W gives a canonical definition of the N = 2 supercharges, which can be
identified with G£(¢) in (2.19) with ¢; = 1, ¢ = 0. Algebraic curves embedded in this K3
then provide holomorphic representatives of Hodge type (1, 1) that are aligned with this fixed
complex structure. Moreover, algebraic deformations of W, which are characterized by the
Picard lattice Pic(K3) := H*(K3,Z) N H“'(K3), will preserve the holomorphicity of these
curves [45, 117]. Thus, restricting to algebraic surfaces and their deformations provides a
way to define reduced invariants and count holomorphic curves.

This brings us to correlation functions, for which we write only the left-moving part
for notational simplicity. The four supersymmetries impose constraints which tend to make
correlation functions vanish unless one modifies them in a suitable way. Our purpose here is
to connect this modification to the reduced invariants of the previous section. The strategy
is to adopt some ideas of N = 4 topological strings [47, 94] and apply them to the N = (4,4)
superconformal sigma model on Hilb?(K3) under consideration.

For our application where ¥ = P!, only g = 0 is relevant. The usual procedure to
deal with vanishing genus is to consider m-point correlators with m > 3, and cancel three
of the @:1 of the integrated insertions against the three negative powers associated with
the Beltrami differentials. This amounts to mark three points on the sphere to fix its
automorphisms. In the end, the modified, genus zero correlator of N = 4 strings, as proposed
in [47, 94], takes the form

Hilb%(K3)

Fomz3() = (—2d| i:ﬁl@ (/Eﬁ)_l/J ji:[l3/@:1¢j+3>0’m . (2.20)

In the left bracket we have indicated the background U(1) charge go = é(g — 1), which arises
from the topological twist and which needs to be cancelled by the sum of the charges in
the correlator. We also indicated the dependence on the UD%—WOI‘th of complex structures
of the supercharges (2.19).

The new ingredients, as compared to correlators of standard topological strings, are
the insertions of (é+>—1 and J. They are crucial for making non-vanishing correlators of
the desired kind possible. In particular, the first insertion implements the modified charge
selection rule (2.15) of the reduced Gromov-Witten invariants (2.16). That is, if we take
for the remaining integrated insertions moduli fields with gj;3 = 1, the condition on the
unintegrated insertions is Ef’zl ¢; = 2d + 1, just like for a Calabi-Yau (2d + 1)-fold. However,

one needs to make sense of the formal inverse power of CNJ(J{ (which, when adopting a field

5Much more could be said about these matters, but this would lead us too far away. We refer the reader to
refs. [21, 45, 47, 94, 117] for more details.
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theoretical language, one may view as propagator of the form éa / {é+, éa }). There are
at least two, essentially equivalent ways to deal with that.

First, in many instances the cohomology of éa“ is trivial; this applies to the examples
for topological N = 4 strings of refs. [47, 94], which include NSR strings on K3. This

means that we can pick one of the un-integrated insertions and write it as ¢; = [ C~¥+Vj,
where V; has a U(1) charge reduced by one. Then [ G+ can be moved to J, which gives
it back and in the second step one can cancel its inverse power. In the end the genus zero
correlator takes the form

Hilb?(K3)

Fom>3(¢) = <— 2d ‘¢1¢2V3 ﬁg/@_1¢j+3> : (2.21)
j=1

0,m

If we were to consider topological N = 4 strings in NSR formulation, we can take ¢; = 1,
(o =0 in (2.19), and Gt =7, so that it can be easily inverted: (G+)~! = ¢. Here n and &
are fermions with charges ¢ = £1 that arise from bosonizing the familiar (/3,~) super-ghost
system. Hence V3 = {¢3 and the correlator takes the form (¢dd&o [1 [ G~ ¢). Thus the zero
mode of & not only ensures the correct charge balance, but also provides a modified, enlarged
Hilbert space along the lines of ref. [118]. We expect this interpretation of the formal insertion

((?Jr)*1 to be morally valid also beyond this suggestive example.
Alternatively, if m > 4 one can make use of the local SU(2) symmetry transforma-

tions (2.18) and G~ = [J~~G*, which together imply:
Gop; = Gy Y MiFey. (2.22)
k

Picking an integrated insertion and transforming it into an anti-chiral field, we can move as

before the contour of [ G first on J and then on top of its inverse to cancel it. This leads to

S med e Hilb%(K3)
FomzalQ) = (=2 | oo M [ o TT [Goiopa) 0 (229)
k Jj=1 ’
This can also be directly obtained from (2.21) by applying (2.22) if m > 4. Note that in
the twisted theory, ¢ has conformal dimension equal to one and so can be integrated over.
Being charged it is not an ordinary, symmetry preserving modulus, but rather its role is to
provide the correct charge balance for the reduced invariant.

We thus see that the inverse power of éar is not only crucial for obtaining non-vanishing
correlators in the first place, but also for obtaining non-vanishing deformations by marginal
operators. The non-renormalization theorems of refs. [21, 26] apply when this insertion is
not there: the argument uses the symmetry transformation (2.22) to map a chiral field to an

equivalent anti-chiral one, and moving [ ng to the three un-integrated insertions yields zero
by the physical state condition (2.18). More specifically, refs. [21, 26] consider the untwisted
theory which means that the background charge is carried by an anti-chiral field with charge
—2d. Thus altogether two anti-chiral fields appear in the correlator and for this configuration
the non-renormalization theorem does not apply.

— 11 —



Note that both correlators (2.21) and (2.23) can be defined just within conformal field
theory, which is what is relevant at the boundary of AdSs. This lets us to propose, tentatively,
the following correspondence between the reduced invariants (2.16) and topologically twisted
CFET correlation functions:

(o o D o (—ad | (13[1@ (/5+)_1 (H/é‘w)iibd(m), (2.24)

where G+ refers to the corresponding supercharge of the sigma model on Hilbd(K 3). Note
that we talk here about a topological CFT and not of topological strings, which means
that the n relative insertions «y; are not integrated over. On the other hand, marginal
deformations involving (1, 1) form operators with charge one, ¢, are integrated over the genus
zero world-sheet. Thus, the relevant selection rule for general n is given by

!

20+1 = Y ¢, (2.25)
j=1

where ¢\9) are the charges (2.6) of the ~;. Moreover also note, as discussed in section 2.2,
that the definition of reduced invariants implicitly involves an appropriate choice of complex
structure in order to be nonzero, and this corresponds to a definite choice of the (; for the
family of supercharges (2.19).

Concluding, we have outlined how the mathematical notion of reduced Gromov-Witten
invariants could be translated into the physical language of topological N = (4,4) strings,
which employ the specific definition (2.20) of correlation functions [47, 94]. This definition was
designed to generate non-vanishing correlation functions, in a similar spirit as reduced GW
invariants of hyperkahler manifolds were introduced as a modification of ordinary ones. While
it would be certainly desirable to have a better understanding of this tentative connection,
the following considerations are largely independent from it; the aim of this section was to
motivate the reduced invariants from a physical perspective.

The main question is clearly whether the prescription (2.24) on the CFT side leads
to physically meaningful correlation functions. Encouraging is that the exact free-field
formulation of strings on the AdS side, as developed in [8, 9, 31, 39, 93], does realize a
topological N = 4 string, which suggests that considering reduced invariants is natural. See
however the concluding section 5 for some important caveats.

For now we adopt the relevance of reduced invariants as a working hypothesis and
leave a more detailed analysis for later work. With this in mind we now proceed to the
central theme of this paper.

3 The Gromov-Witten/Hilbert correspondence

The link between the “Gromov-Witten” and “Hilbert” boxes in figure 1 can now be given a
concrete meaning in terms of the following key formula.” It has been derived and discussed

"While we focus here on the Hilb/GW Correspondence for & = dAdSs = P*, let us note that for thermal
AdSs with torus boundary, ¥ = E, there is a noteworthy difference in that the relation between invariants of
the Hilbert and Gromov-Witten sides has an extra term [102, 119] as compared to eq. (3.1). In a broader
context, it has the interpretation of a wall crossing term [120-122]. Such wall crossing is absent for & = P!
that we consider here.
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in refs. [100-103, 123] where it has been proven for n < 3 and conjectured to be more
generally valid. For d > 1 and assuming that 3 be a primitive® and effective class, we
write it in the following form:

Hilb%(K3 — K3xP! yeesZn
Z yk<’)/17 <o In >0§CH,IE ) = uNO(d7M) Z u29 2 <’Yl7 <o In >g;(ﬂ>jd) /{Z1 - } ) (31>
kez g>0

where, as will be explained later: No(d, ) := 2d — 377 Zf(“m)(,ul(-j) — 1), and the brackets
stand for connected, reduced invariants (2.16). Here we use the same symbol, ~;, for insertions
of primary chiral fields on both sides, because they encode equivalent mathematical data
despite representing cohomology classes on different spaces.

Moreover, the map between the expansion parameters on both sides is given by

y = €2m'(z+1/2) = _e U, (3.2>

Thus the identity eq. (3.1) amounts to a non-trivial resummation between two a priori
very different expansions, namely an exponential, instanton type expansion in the blow-up
modulus of Sym?(K3) on the left hand side, and a power type, perturbative genus expansion
on the right. This is analogous to the Donaldson-Thomas/Gromov-Witten correspondences
as discussed for example in refs. [113, 125, 126]. In fact (3.1) is a special example within a
much more general framework of correspondences as discussed in [120-122].

A generic feature is the symmetry y <> 1/y which is not manifest in a series or Laurent
expansion in y or 1/y. Also note that u is taken here to be complex, and its imaginary
part plays the role of a theta-angle. The shift of origin in (3.2) reflects a constant B-field
background in the sigma-model on Hilbd(K 3) at the orbifold point in the moduli space, which
is a familiar phenomenon in string geometry. On the AdS-side the role of the theta-angle is
played by a linear combination of RR zero-and four-forms, Cy and Cy, see for example [10, 49].

Let us now focus on the left- and right-hand sides of the formula eq. (3.1) separately,
for more mathematical details see eg. [100-103, 123].

3.1 The Hilbert side

The ingredients of the left-hand side of (3.1) have been extensively discussed in the preceding
sections: the reduced GW invariants count holomorphic maps of genus zero curves into the
class Cgp = C(B) + kA € Hy(Hilb%(K3),Z), subject to incidence conditions imposed by the
cohomology elements v; = ~T) e H “*(Hilb%(K3),Q) (which just means that the curves
intersect cycles Poincaré dual to the «;). Recall that these cohomology elements are defined
in terms of cohomology weighted partitions 7/ = [(,uz(j), ozz(j))] of size d = Y ;. Recall also
that the condition (2.25) for non-vanishing, reduced invariants (2.24) reads

n m
2041 = 3¢9+ 3 ¢V -1). (3.3)
j=1 j=n+1

if we add extra integrated insertions. Clearly marginal operators based on primary chiral
fields with ¢¥) = 1, j = n + 1,...m, do not contribute.

8Multicover contributions are fully determined by Hecke transforms [103, 124] and thus do not provide
independent extra information.
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Let us focus on the dependence on the most interesting of such marginal deformations,
namely the blow-up mode u, which we keep here real for simplicity. It parametrizes the
deformation by the marginal twist field,

Hilb (K 3)
_ (ra)[2]
<’Yl7"‘)r)/n eXp( u/ﬂ)lfy )>0;Cg7k ) (34)

where (74)[2] = @:15’:17(“) and v(™4) ¢ HL(Hilb?(K3), Q) is a holomorphic representative
of the two-form defined in (2.10). It represents the Kéhler form of the exceptional curve
A (2.8), such that w = 0 amounts to zero volume. It appears on the left-hand side of (3.1)

~“ and the powers of y count holomorphic maps from P! into

exponentiated via y = —e
the curve kA. In the language of the topological sigma model on Hilbd(K 3), such maps
correspond to holomorphic world-sheet instantons whose action is proportional to the volume

u of the exceptional curve. This connection can be made more explicit by first expanding (3.4)

m n
</ > H Hﬂbd K3)
oc
cM Bk

and then writing:

<H%( / (ma [21) >(Ijl:km> L

m ]7
- TA) Hilb%(K
e ea T () (3.5)
Hilb4 (K 3)
= (—D)FyF (s n>OCM .

In the first line we used the divisor axiom [127], the second line uses Cg ) = C(8) + kA as
per (2.9), and the third [, 7(™) = 1. Analogous arguments hold for holomorphic Kihler
moduli of K3 as defined in (2.12).

Note that in theories with N = (2,2) supersymmetry, such expansions are a priori well
defined for large Kéhler moduli only, which corresponds to a weakly coupled geometric
sigma model regime. In the present situation with N = (4,4) supersymmetry there is no
obstacle against tuning the blow-up modulus to v = 0, and in fact it will turn out that
the expansion is indeed best defined near v = 0. This brings us to the right-hand side
of the correspondence (3.1).

3.2 The Gromov-Witten side

The right-hand side of (3.1) is structurally more complicated. Here we sum over relative, re-
duced Gromov-Witten invariants counting genus g maps into class (3, d), where § € Ho(K3,7)
as before and d is the degree of the map to P'. Imposed on these maps are incidence conditions
implemented by the cohomology elements v; = ~() ¢ H**(K3 x P*/{2;}), which are tied
to fixed positions {z;} on P!. The partition types 1) on the Hilbert side translate into
ramification profiles over {z;} of the same types, now pertaining to the d-fold cover of PL.
This is in line with the familiar viewpoint from AdS/CFT, where one counts covering maps
from the world-sheet to P! = 9AdS; with the incidence conditions that they pass through
the preimages of the branch points {z;}. Indeed this is precisely what is meant by relative
invariants, as far as P! is concerned.

More specifically, for a given cohomology weighted partition 7 [(u )], i =
1,...,4(x9)), we have an insertion of [J; al( ), where each 04(]) H* *( ,Q) is tled to the
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Figure 2. Cohomology weighted partitions 7(/) = {(ul(-j ), az(-j ))} defining a d = 3 sheeted covering of
P! (horizontal lines). Solid vertical lines link p; sheets at the ramification points, dashed lines indicate
unramified coverings, and the shaded areas signal branch cuts that may be viewed as bridges between
the sheets. Solid dots signify insertions of o € H11(K3), while open dots indicate trivial insertions.

The three shown ramification profiles with in total 4 non-trivial cycles correspond to the connected
genus zero invariant ( o3(a)os(a)or(a)og(1) >5(3X[P1/{0’1’°°}, where the twists o,,, are as defined in (3.6)
and we denote trivial twists by o1. In physical language, the first two insertions correspond to massive,
“spectrally flowed” Kéahler classes, while the last two correspond to one massless Kahler modulus plus

one massless orbifold blow-up modulus.

corresponding cycle over z; that links ugj ) sheets together. One should consider this “product”
as short-hand for repeated entries. Thus, if individual partitions involve multiple cycles, this
may correspond to higher than n-point functions (which are possibly, but not necessarily
disconnected — see figure 2 for an example). Putting this together, we can thus write explicit

representations of the +; on the right-hand side of (3.1) in term of twist fields HORS follows:

() ) )

J J 1

v o= AW = ] (an)aEJ)) (3.6)
i=1 !

(for notational convenience, we dropped here the symmetry factor 3(m)). The twist fields

o) are the analogs of the Nakajima operators, p_,0 in (2.2), and create branch points

() Z

of order p;

at the locations z; on P1. In (3.6) we indicated by the parentheses that the
insertions of the twist fields and of the «a; are correlated and tied to particular sheets if there
are multiple cycles over a given branch point.

A priori, the charge selection rule for non-zero correlators, resp. the reduced virtual
dimension of the moduli space, looks different for the non-Calabi-Yau threefold K3 x P!,
for which the genus dependence drops. However, there is an extra contribution of 2d from
the non-zero first Chern class so that:

vdim My, (K3x P, (8,d)), {7} = (dime(K3xP)=3) (1—-g)+ /B (P +1-3 ¢
j=1
= 2d+1—zn:q(j) = 0. (3.7)
j=1

This reproduces the charge selection rule (2.25) for reduced invariants on the “Hilbert” side.
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Let us momentarily focus on maps to branched coverings of P! for some given degree d
and ramification profile {19}, the K3 going along for the ride. This data defines via the
Riemann-Hurwitz formula a curve () with arithmetic genus

1
go = 1—d+ §A(:U')a (3.8)
where
z(n(j)) 4
Ap) = > 3 (1 -1). (3.9)
j=1 i=1

We call £(©) the “bare” curve as it is defined for the unperturbed theory at u = 0. Depending
on d and {,u(j)}, its arithmetic genus can be negative, in which case the curve is necessarily
disconnected. For example, in the completely unramified case where all /ng ) = 1 so that
A(p) =0, O consists of d disconnected curves C; ~ P! with total genus go = Y(g(C;) —
1)+ 1=1-d. We will come back to this example in more detail in section 4.

Since we aim for connected invariants for arbitrary g > 0, a certain number N(g,d, pu) > 0
of extra insertions of the twist field o5 will be generally needed in order to obtain non-vanishing

invariants. Morally speaking, in the language of conformal field theory we have

N(gdp) n  Ap) A K3xP!/{z;}
(L) IT( I G00))e)) : (3.10)

9;(8,d)

2]
2

abstract, but precise mathematical expression momentarily. Importantly,

where 05, = G_{G_ 02 and where we suppressed any other insertions; we will present an

N(g,d,p) == 2(g —go) =29 —2+2d — A(p) (3.11)
=29 —2+ No(d, ),

is the genus deficit between the bare curve £(9) and the genus g curves we aim for. Remem-
bering that each power of the twist insertion comes with a factor of u, this reproduces the
u-dependence on the right-hand side of (3.1).

So far we have neglected K3. In general, if we count maps from the world-sheet to
K3 x P!, there will be extra contributions from maps into K3, which can be non-zero because
we consider reduced GW invariants. Thus, the genus of the world-sheet will distribute over
both K3 and ramified degree d covers of P!. Non-trivial maps to curves § on K3 will be
weighted by exponentiated Kéhler moduli. There can also be degenerate, degree zero maps
to points on K3, an example of which we will meet at the end of section 4.1.

In (3.10) we were writing down just a schematic expression for the Gromov-Witten
invariant, but there is a mathematically precise way of writing it [101], namely as an integral
over the relative, reduced moduli space:

n é(ﬂ(j))
K3xP/{z} _ / Ly IROINC)
om0, P ) )t 2 jl—ll(wj 1:[1 cled))

1;>0
> 1=N(d,g.)
(3.12)
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up to symmetry factors. The new ingredient is the Psi-class, which is the first Chern class
of the cotangent line bundle at the i-th point, 1; = ¢1(L;). More specifically, the canonical
interpretation of these invariants is in terms of topological gravity [128, 129], which provides
a connection between Gromov-Witten and Hurwitz theory [106] (we will make use of this
connection later in section 4.1). In order not to disrupt the current flow of arguments, we
delegated a few remarks to appendix A. We just mention here that in this formulation,
the role of the twist fields is played by gravitational descendants:® Ou; ™~ Tu—1, and in
particular, the insertions of o9 in (3.10) correspond to in total N(d, g, ) insertions of 7.
The Psi-class in (3.12) is nothing but the representative of 71 under the integral, distributed
in all ways over the n branch points.

Evidently, the question arises how to actually evaluate abstract integrals such as above
for concrete examples. Generically they can be expressed in terms of complicated, ELSV-
type Hodge integrals [130, 131], which are hard to solve. However, using localization and
degeneration methods, explicit results have been obtained for a variety of examples in
refs. [100-103], and in section 4 we make good use of one of these when making contact
with the AdS perspective.

3.3 ’t Hooft expansion

Note that depending on the ramification profiles { pl )} of the insertions y;, non-zero connected
invariants for genus g > 0 curves can arise also without extra insertions of the twist field,
ie., N(g,d, ) = 0 for particular combinations of ¢,d and {x()}. This is the “undeformed”
situation at u = 0 most often discussed in the physics literature, for which only a finite
number of possible bare curves X(°) can contribute for given d, ie., go is bounded from
above [5, 13, 22, 29]. Deforming the theory by switching on u can thus have two effects:
namely connecting initially disconnected sheets to produce non-vanishing connected invariants,
and/or inflicting higher genus corrections to ) to arbitrarily high orders.

Besides u we have in general also Kahler moduli from the K3. To be more specific, let
us specialize to curves = ), € Hy(K3,7Z) with self-intersection (8, 8r) = 2h — 2. This
is canonical for elliptic K3’s where we can take 8, = b+ h f, with b, f being base and fiber
curve classes, respectively (generic K3’s can be always deformed to this situation). Denoting
g = e?™7_ where 7 is the complexified Kihler parameter of the elliptic fiber, we can then sum
also over h and turn the r.h.s. of (3.1) into the following generating function:

d N(g,d,p) h—1
]:Eﬂ)(j)}(q’ u) = Z uN@ ’“)q GWy 3,7 (3.13)
9,h>0
K3xP/{z;
where GWy 5, = (71,... 77n>g;(ﬁ,d) Li}

This may be viewed as a generating function in the superselection sector specified by a fixed
background geometry {7T(j )}, or bare curve £(0) (possibly with extra operator insertions such

as shown in figure 2), around which we expand in ¢ and u.
Let us make the proposed connection between the GW/Hilb and the AdS/CFT Corre-
spondences more concrete, by addressing how the blow-up modulus u relates to the string

9A connection between twist fields in the AdS/CFT Correspondence and gravitational descendants has
been emphasized early in ref. [15].
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coupling constant on the AdS side. They can’t be identical, because, as said above, one can
have background geometries {7r(j)} with non-trivial correlators even at the orbifold point,
u = 0. These couple to the six dimensional string coupling g, in the usual way. Let us
therefore weigh the generating function (3.13) by the appropriate power of g5 and write

%00—9 d 290—24p . N(g,dpt) h—1
g2 HPE (qu) = Y g0 uNOA T GWy g,
9295.h>0

= Z 2907 24P 429200 h=1 GW, 3, (3.14)
9>95,h>0
9>95,h>0
_. (V)
= {ﬂ-(j)}(Q7 A).
with g§ = max{0,go}. If N(g,d, ) =29 — 290 < 0, the degree constraint cannot be satisfied
and the Gromov-Witten invariant must vanish. Moreover, if the bare curve is disconnected
so that gp < 0, g starts at zero since we consider connected invariants only. This is why we
wrote the genus expansion as starting at g = gj. Finally, p = nd — A denotes the number
of cycles, or external legs.
In the third line we made the following substitutions:

d = N, gs:\/ljv, u:\/%, (3.15)
where A\ plays the role of a 't Hooft parameter which is taken to be constant as N — oc.
Thus F, Ef&.)}(q, A) has the correct asymptotics for large N [22]. The new feature is the extra
dependence on X in terms of GW invariants relative to the bare curve (%) switching on
A adds arbitrarily many extra handles to ().

Note that there is such a ’t Hooft expansion on top of each possible bare curve; even
initially disconnected ones, as will be exemplified in the next section. Each corresponds
to a choice of fixed background geometry determined by a collection {w(j)} of partitions
of N. One may sum over such partitions, or bare curves for given N, and for N — oo
this turns into a double genus expansion in both the string and 't Hooft couplings, the

latter being subleading in 1/N.

4 A basic example

So far we have discussed the formal structure of generating functions with generic ramification
profiles. We now focus on the simplest possible example, which is also the most significant
one, since the expansion starts from the most degenerate configuration. The practical bonus
is that this setup been already discussed in the mathematical literature [100-102].

For this we consider again an elliptic K3 whose fiber and base classes we denote by
f,b € Ho(K3,Z), respectively, and count curves in the primitive class

B = b+hf, (BhsBr) = 2h—2, h=>0. (4.1)

Concretely we will consider invariants (3.1) involving two insertions of v(™a¢) and one of
~(7a) as defined in eqgs. (2.11) and (2.12), for o = f. These cohomology weighted partitions
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Figure 3. Maximally degenerate, unramified bare geometry {7 sa, 7y, 7sa} for d = 3, with notation
as for figure 2. Tt corresponds to a disconnected bare curve X(9) of arithmetic genus g =1 —d = —2.
It represents three separate string world-sheets at the tensionless point v = 0 in moduli space, with in
total 2d + 1 = 7 insertions of massless Kdhler moduli.

correspond to trivial ramifications. Thus all branched coverings will arise from insertions
of twist fields o9, so that the genus expansion is not irritated by initial ramifications over
{z;} = {0,1,00}. See figure 3 and the next sub-section.

The important point is that the connected generating function (3.13)

K3xP!/{0,1,00}

]_—(d) 7 _ ,2d—2 29 h—=1/ \(7sa) \(7f) A (7 sa) 7 4.9
{7 pam ’“fd}<q v " g%ou K <7 T >9§(5h7d) 42)

can be determined exactly to all orders by localization and degeneration arguments [100-102],
and is given in closed form by:

(d) _ ! i-1_1
]:{ﬂfdﬂrf mfd}(q,u) T (d)? p-2.(7,2) Alr)’ d=1, (4.3)
with )
V1 (7, 2) 2 4
0 _21(1,2) = ——=— = v +0(u"), (4.4)
n(r)°
where we substituted ¢ = *™7, u = —2miz. Before we will discuss some physical implications,

let us first make a few brief remarks:

o Ford =0, (4.3) turns formally into the well-known KKV formula [132]. It typically arises
as denominator of elliptic genera of Sym?(K3), where it reflects the orbital contributions
of BPS states, and its poles play an important role for black hole physics [132, 133].
However, for us where d > 1 the physics is different: there aren’t any poles, and the
blow-up mode u of the symmetric product exists only for d > 2.

Indeed, for d = 1 which corresponds to a single K3, all u-dependence disappears
from (4.3). Tt turns into the Yau-Zaslow formula >-,,(1 >5fg’;5h ¢" ' = A(q)~! which
counts genus zero curves in the K3 [134]. This reflects that we count here only those
higher genus curves that are induced by the perturbation in the blow-up mode u; in a
sense the extra inverse power of ¢_s (7, z) in (4.3) cancels out the unwanted higher
genus curves in K3.
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That the u-dependence of the (2d + 1)-point function (4.2) drops for d = 1 is also
consistent with non-renormalization theorems [21, 26], which state that quadratic and
cubic couplings are not renormalized.

The function in (4.4) is a standard generator of the ring of Jacobi forms, ¢y m : HxC —
C, of modular weight w = —2 and index m = 1. As such it shares the defining feature
of Jacobi forms, namely their modular and double periodic transformation properties,

b _me
Owm <a7'+ c ) — (CT—l—d)we%’chZQ(pwm(T, z) for <a

b
crvd ervd c d) <5L(2,2), (45)

Pw,m (Tv Z+)‘T+N) = 672mm()\27+2)\z)90w,m(7'7 Z) ) /\7N e, (4'6)

which has have important physical implications as will see further below.

Given that ¢_g1(7, 2) is essentially a theta function, we can make use of its various
canonical expansions, thereby using different parametrizations in terms of y, u or z, etc,
whichever fits best. In particular we can write

p-21(q,u) = u’exp (Z ZQQQ)!EQQ(Q)U29)' (4.7)

g>19

Here Eo4(q) =1+ O(q) are the familiar Eisenstein series, which are (quasi-)modular
forms of weight w = 2g, and By, are the Bernoulli numbers. In the limit of large K3
volume, ¢ = 0, this simplifies to the ubiquitous sine function

0 21(0,u) = S(u)? = u?+O(u), where (4.8)

S(’U,) := 2 sinh (g) — _,L'(yl/Z +y_1/2),

whose enumerative significance in GW /Hurwitz theory is well known. In terms of it, we
can express ¢_o 1 and thus the generating function in Gopakumar-Vafa form [135, 136]:
1

5 > GVygad" ! S22, (4.9)

(d)
F (q,u) =
(d!) g,h>0

{ﬂ—fd’ﬂ—f 77rfd}

where GV g, 4 are integer invariants that count BPS states. This way of writing makes
the advertised y — 1/y symmetry manifest which is not visible in a Laurent expansion
around y = 0 (resp. 00).

There are the following canonical expansion points, namely the perturbative genus
expansion around the orbifold point © = 0 resp. y = —1, potential strong-coupling
expansions around the singularities at y = {0, 00}, plus possible scaling limits involving
concurrent tuning of the K3 Kéhler modulus. We will discuss the genus and strong
coupling expansions in more detail in the next two sections.

As a side remark, note that 2d 4+ 1-point functions of Kéhler moduli being encoded in
the quantum cohomology of Sym?(K3) fits structurally together with findings made
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in refs. [137, 138]. The physical context there was very different, namely it was about
computing certain BPS-saturated, quartic gauge and gravitational couplings in D = 8
dimensions, which by supersymmetry relate to quartic derivative scalar couplings (or to
quintic ones by taking an extra derivative, which fits better to the present discussion).
The idea was to compute the couplings in the heterotic string duality frame at one-loop
order, and then to translate the result to F-theory to see what geometrical structure of
the elliptic K3 this would correspond to.

It was found that the couplings were governed by Picard-Fuchs equations pertaining
to Sym?(K3), with extra source terms that looked like as if coming from a five-fold
with Sym?(K3) as fiber. Attempts to find such a five-fold were not successful, but with
hindsight we would say today that what was computed were in fact reduced invariants
related to the twistor family of Sym?(K3); this notion was not known at the time.

Moreover, based on detailed computations [138] it was conjectured that this pattern is
more general, in that formally in D = 4d dimensions, certain protected 2d + 1-point
amplitudes of gauge/moduli fields are geometrically characterized by Symd(K 3). This
mirrors the structure that we find here.

4.1 Perturbation theory near the orbifold point

Our example exhibits the highly degenerate nature of the theory at the orbifold point, u = 0:
all ramifications are trivial, and the “world-sheet” is maximally disconnected (cf., figure 3). It
consists of d copies of P!’s, which we may interpret as decoupled world-sheets of a collection
of tensionless strings that ought to arise in the undeformed theory. Each comes with two
insertions of the Kéhler form f of the elliptic fiber of K3, except one that comes with an
extra insertion for stability. In total this gives a completely factorized, (2d + 1)-point function
of Kéahler moduli, whose connected component vanishes identically.

This is reflected by the overall factor u??—2

of the generating function (4.2): one needs
to take 2 - (d — 1) u-derivatives in order to arrive at a connected genus g = 0 invariant. This
amounts to inserting in total 2d — 2 twist fields such as to glue the d sheets together along
d — 1 branch cuts. One may view this as a binding process that merges d single tensionless
strings wrapped once along P! = JAdS; into a single, d-times wrapped long string, with
2d + 1 insertions of massless Kéhler moduli. This realizes a picture that had been advocated
in [52]. The details how this works are a bit subtle and will be discussed below. Going
the other way, ie., approaching v = 0 from non-zero wu, is nothing but the fragmentation
process described in [67] according to which branes can separate without cost in energy
when the background fields are switched off.

The combinatorics of twist fields at arbitrary orders in conformal perturbation theory is
a priori complicated, but here all is encoded in the u-expansion of the Jacobi form ¢_51(q, u).
Since for the expansion near u = 0 the K&hler modulus is not important, we set ¢ = 0 for
now; in the next section we will discuss some extra features that arise when ¢ # 0.

Dropping ¢ one expects the generating function (4.2) to be governed by Hurwitz theory
(for a review, see eg., [139]), as we count branched coverings of P! after all. At first )sight,

the relevant Hurwitz numbers ought to be the so-called simple Hurwitz numbers Hé’il that
count covering maps of degree d with given ramification p = {u;} over one fixed point, plus
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Figure 4. Examples of connected genus g = 1, degree d = 3 branched covers of P'. Left: genus one
curve arising from connecting the sheets by 2g — 2+ 2d = 6 simple branch points. The number of such
coverings is given by the simple Hurwitz number H1(133 ) = (11 (w)6>”f713 = 40. This is however not the
geometry we encounter in the perturbation expansion at order u%, rather it corresponds to what we call
a bare curve, £(9 at u = 0. Right: crude sketch of the perturbed geometry at order u8. Tt corresponds

—(13) —
to an insertion of a completed cycle with associated Hurwitz number H (1’3) (Cr) = (16 (w)>[f13 2. By
misuse of notation, we drew it in terms of slightly separated simple ramification points, but actually they

all lie on top of each other so that the genus g = 1 curve contracts to a single branch point over the base.

N(g,d,p) =29 — 2+ d+ £(u) simple branch points. As indicated in appendix A, Hurwitz
numbers can be written as correlators in topological gravity on P! [140], and concretely
for simple Hurwitz numbers we have:

)20

HY) = (] m(w)?e 220 1) 7 0] (4.10)

g,d ’
which can be summed up to a generating function:

2

(1) w242 (1)
H E ——HY. 4.11
a (U « (29 +2d —2)1 94 (4.11)

However, for our situation with trivial ramifications so that (x) = (1¢), this does not match
the (g-independent part of the) generating function (4.2) for K3 x P! which reads:

_ d
FOOu) = q@PFD @],
= S(u)??2. (4.12)
An exception is for d = 2 where:
Sw)? = 4H (u), (4.13)

and trivially for d = 1. Thus the most direct connection to simple Hurwitz numbers can be
stated as F(D(0,u) = 22d_2(H2(12)(u))d_1, which reflects the factorized geometry.

This may seem odd as it is well established [23] that certain symmetric orbifold correlators
are given by simple Hurwitz numbers Héfz} (at g = 0 for extremal correlators). How does
this tie together with our discussion?

In fact, simple Hurwitz numbers (4.10) do appear when counting covering maps for the
bare curves X(O) at u = 0 [23]. For these, all insertions are tied to fixed branch points zj of
P! — see the left hand side of figure 4. However, the perturbation theory in u we consider
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corresponds to twist field insertions, [ @_@_02, that are integrated over. Thus degenerate
situations occur where twist fields collide with each other or with the relative insertions
7(”(j))(zj). It is known [141] that in topological gravity integrated descendant insertions
contribute via contact terms, and no extra markings at fixed locations are introduced. Thus
it is no surprise that the simple Hurwitz numbers (4.11) do not appear in the perturbation
expansion.

What is then the enumerative significance of the genus expansion of F(4(0,u) = S(u)?¢2?
It is revealed by the appearance of the sine function: for Gromov-Witten theory of P! it is
known [106] to arise as generating function for Hurwitz numbers Hy(Cj1) of “completed”
cycles, Cr11. Such completed Hurwitz numbers, also called k + 1-spin Hurwitz numbers [142,
143], are generalizations of the simple Hurwitz numbers where simple ramifications are
replaced by ramifications with completed cycles.

As briefly mentioned in appendix A, these cycles are labeled by certain distinguished
linear combinations of partitions, namely precisely those that are equivalent to insertions of
the gravitational descendants: 7, = F ~ %€k+1. The coefficients of the linear combinations
are given in terms of the sine function. Specifically, denoting by (u) the conjugacy class of a
partition u = {u;} of d, the completed cycles are given by linear combinations [106]

ékJrl = Zkarl,,u (1), (4.14)
w

where Kl
Philpy = EHMZ (Sdfl(u)HS(uiUD

is the source of the sine function. The completed Hurwitz numbers are then given by

, (4.15)

wk+1

. _ P! /{0,00
H%(ngfudw(y)) = <N | T2g—2+d+£0(u) (w) | 1d >g,d/{ ' ) (4'16)
and in our situation with trivial ramification, (1) = (1¢), one obtains [140]
—(19) —
w Yy u Hgd)(CZg—H-Qd) . S(u)*t. (4.17)

=0 (dh)?

To give a geometrical interpretation, recall that the sine function prominently appears in
topological strings as summing degenerate (pinched) curves as per the GV formula (4.9). This
is what is reflected here, as we can think!'® of a completed cycle as a degenerate configuration
where a genus g curve carrying d marked points contracts via the covering map to a single
point in the base P!; see the right part of figure 4 for a crude visualization. We can view this
as the result of the transformation (A.4). Recall, however, that the representation of the GW
invariants is not unique and that there are in general several different but mathematically
equivalent representations. For example one can distribute the genus g over curves contracted
over several branch points.

Note that the foregoing formulas refer to topological gravity with target P! rather than
K3 x PL. The generating functions are closely related in that there is an extra power of
S(u)~! in (4.12) as compared to (4.17). To understand this, recall that the GW invariants we

107 thank Vincent Bouchard for explanations.
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consider momentarily count maps into curve classes (pt, d) of K3 x P!, where d is the degree of
a map to P!. These include also constant (d = 0) maps from collapsed curve components into
K 3. For example, such a map from a genus g = g1 + g2 curve can involve a degree d map from
the genus ¢g; component to P! and a degree zero map from a collapsed genus g component to
a point on K 3. Thus in general there is an extra contribution from degree zero maps to K3,
which in the present context is given by an integral over an extra, one-pointed component
Mg, 1 of the compactified moduli space. It can be written as a Hodge integral [144]

w14 e /7 A2 2 = S(u), (4.18)

g>>1 Mz 1
where \; = ¢;(AY) € H*(M,,) are Chern classes of the dual Hodge bundle, and 1 is the rep-
resentative of 71 under the integral as mentioned before. Together with the contribution (4.17)
from P!, this reproduces the generating function (4.12) for K3 x P! at ¢ = 0.

Wrapping up: our purpose in this section was to elucidate the genus expansion in the
blow-up modulus u near ¢ = 0. We argued that a natural interpretation is in terms of
degenerate, contracted genus g curves that are attached to the bare curves 3 at their
branch points. This supports the viewpoint of contact terms: the genus corrections are
integrated out and are subsumed by “renormalized” insertions, given by completed cycles.
This is reminiscent of flat operator representatives in topological Landau-Ginzburg theory
which encode renormalization due to integrating out massive states. This viewpoint also
offers an appealing physical picture where the string world-sheet touches the boundary of
AdS3 only at a few fixed branch points and not at extra marked points whose number would
depend on the order of perturbation theory.

4.2 Large-distance limit

We now turn to a potentially more interesting limit, namely y = —e™% = —e?™* — 0 (which
is equivalent to y — oo due to the y <> 1/y symmetry), while restoring the dependence of
the fibral modulus 7 of the K3. From the viewpoint of a flat coordinate on the CFT moduli
space this corresponds to a large distance limit, which by the lore of the Swampland Distance
Conjecture [58] ought to correspond to a weak coupling limit in some proper duality frame.

However, the situation is different as compared to the standard large distance limits
in Kéahler moduli space. This is because u as elliptic parameter of a Jacobi form lives
on the Jacobian torus and thus is essentially a double periodic variable. More precisely,
our generating function, which is a Jacobi form with non-zero index, transforms with an
“anomalous” prefactor (4.6), that is,

(d)

frpaim 0} (T2 TAT +1) P21 (T, 2+ AT+ p)d7t = NN ()TN (7 2)d T

(4.19)
with A, u € Z. The periodicity in p corresponds to the familiar shift of the theta-angle, while

Y

the quasi-periodicity in A is less obvious. Such a shift can always be interpreted in terms
of spectral flow!! related to a U(1) symmetry whose associated field strength, or fugacity

" The period of this spectral flow is given by the K3 fibral Kéhler parameter 7 so it appears different to the
one familiar from the literature [105].
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parameter, is given by z. Altogether there seems a whole lattice C/(Z7 x Z) of zeros that
allow for weakly coupled genus expansions in terms of suitably spectrally flowed degrees
of freedom that become light there.

However, due to the prefactor in the transformation law (4.19), the situation is not
really periodic. That is, if we increase z = iu/27 arbitrarily far in the 7-direction, we can
always map it back to the fundamental domain

F, = {z]0<Imz < Im7}, (4.20)

albeit at the expense of a divergent prefactor. This just reflects the lack of convergence

outside the fundamental domain. This can also be seen by considering the limit of (4.9) as y

becomes small, after factoring out the leading singularity y'~%:

qf{(i)fd,ﬂf oy (@Y) o<y Y ()G g0y " (4.21)

Then one may worry about the convergence of the second factor. It is a property of ¢_ 1
that its Gopakumar-Vafa expansion coeflicients obey

GVyp,2 = 0 forg>h, (4.22)

so that the leading terms in ¢q/y = —e2mi(7=2) take the form:

g 2
qf‘fi)fwf oy (@y) o<yt [Z(l)gGVg,ﬁg,d (Z) +O<qy)] oyt

2d—2 9
(1+q) +(9(q>] .
Y Y

(4.23)
The second factor indeed converges over the fundamental domain, F.

The upshot is that even for large fiber volume'? of the K3, Im7 — oo, one can take Imz
large only as far as one stays within the domain of convergence F,. The lack of convergence
outside F), signals that new degrees of freedom should come into play that were not taken
care of in the present framework. This calls for a non-perturbative completion of the theory,
quite likely in the form of a matrix model [6].

That a string coupling enters as the elliptic argument of a Jacobi form and so exhibits
(quasi-)periodicity, is a common feature in topological strings [132, 133, 145], one difference
being that we deal here with zeros rather than with poles at the integral lattice points. There
has been recent progress in non-perturbative completions (see eg., [146-148]) of topological
strings in terms of resurgence, and it would be natural to expect that analogous methods
would work here too.

2Note that (for the FINS5 system) the total volume of the K3 in the near horizon limit is linked to the
ten dimensional string coupling via g102 = d~*Vol(K3)/a’? [10, 46, 47, 49]. We can choose the volume as a
free parameter at the expense of a volume dependent ten dimensional string coupling. Thus with increasing
volume the theory runs into a non-perturbative regime at gio = 1, beyond which one needs to switch to the
S-dual D1D5 frame [51]. If we want to stay in the current framework, this puts a bound on the volume,
\/'ol(K?))/a’2 < d, and thus morally speaking on Im7. Strictly speaking Im7 gives the volume of the elliptic
fiber of the K3 only, and the total volume will depend also on the volume of the base of the fibration; this
subtlety is not important for our purposes. We just need to keep this bound in mind when talking about large
volume limits.
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As for Swampland physics, it is unfortunate that the regime of large Imz lies outside
the domain of validity of the framework we developed here, and the answer to important
questions, like about the appearance of higher spin states and scale separation, seems to be
buried in the details of the purported non-perturbative completion. On the other hand, if
we stick to the regime F, (4.20) where convergence is under control, Imz cannot grow larger
than Im7 and this translates, via (1.2), to the statement that Raqg is bounded from above
by the size (of the elliptic fiber) of the K3. In other words, scale separation, in the sense
we just explained, does not occur within the present framework.

5 Discussion

In this paper we argued how certain results in algebraic geometry [100-103] could provide
insights in topological aspects of the AdS/CFT correspondence for AdS3 x S% x K3 for

év S = 1. Our emphasis was on the moduli space and the perturbation expansion in the
blow-up deformation parameter, u, of the symmetric orbifold Sym?(K3) on the CFT side.
We showed that it corresponds to a ’t Hooft-like expansion around a given background
geometry, defined in terms of a bare curve, (9, which is specified by a given set of (in
general cohomology weighted) ramification conditions, {m;}. The effect of this expansion
is to add connections between a priori disconnected sheets and/or adding more and more
handles to X(9). Near the orbifold point, u = 0, it takes the form of a perturbative genus
expansion for the tensionless strings that dominate this regime. On the other hand, in the
large distance limit v — oo, the framework breaks down and ought to be supplemented by a
suitable non-perturbative completion. We argued that within the domain of convergence,
scale separation does not occur.

However, as pointed out at various stages of this work, there is an important issue
when attempting to connect, as per figure 1, the mathematical Gromov-Witten/Hilbert
Correspondence to the physical AdS/CFT Correspondence. The root of the problem lies
in the fact that GW theory deals with holomorphic geometry while a hyperkéhler manifold
such as Hilb?(K3) has a natural harmonic rather than holomorphic structure. In order
to get non-zero invariants in the first place, one considers in the mathematical literature
reduced Gromov-Witten invariants [107-111], which per design count holomorphic maps
in hyperkédhler geometry. While in physical language these ought to count certain BPS
invariants, it is a priori not clear what actual physical correlation functions on the AdS
side they would correspond to.

We have argued how to interpret these reduced invariants in the language of topological
N = 4 strings, as defined in [47, 94]. At first sight, this seems to fit to the recent works on
the AdS side (e.g., [8, 9, 31, 39, 93]) which indeed point to topological N = 4 strings; their
correlators boil down to counting holomorphic covering maps of the boundary, and thus rest
on an embedding of holomorphic into hyperkahler geometry as well. If this interpretation
bears out, reduced invariants for m > 4 insertions can be written as physical correlators of
the form (¢p¢ [ ¢ [ G~ ¢--- [ G~ ), for details see around eq. (2.23).

Evidently there are loopholes in this line of thought. In particular, N = 4 strings
are not unique in the sense that there is a choice of which combinations of @i(g‘ ) versus

éi(C) are inserted in correlation functions. This can be translated to the language of
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picture changing, and the prescription of [47, 94] is to sum over all pictures, or possible
combinations of such insertions. Now, in the concrete hybrid formulation of N = 4 strings on
AdSs x S3 x My alluded to above, there are extra constraints on correlators due to ighost
number conservation, and these restrict which combinations of insertions of G(¢), GE(¢)
can yield non-vanishing contributions. In other words, the issue is whether the localization
to the boundary P! = 9AdSs properly aligns the complex structure parametrized by (; such
that it leads to non-trivial reduced invariants.

While in ref. [91] marginal deformations of genus zero correlators with an insertion
of (é+)_1 have been considered recently, it is not clear at this point whether our specific
interpretation of reduced invariants is compatible with the concrete realization of N = 4
strings that is relevant for AdSz x S3. There might be a subtlety in defining the theory,
analogous to the choice in topological gravity whether to consider the “small” or the “large”
Hilbert (or phase) space, depending on the definition of physical states in terms of equivariant
cohomology [129, 141]; the latter choice includes gravitational descendants, while the former
does not. This analogy is suggested by the fact that the genus expansion we consider here
is implemented by insertions of the twist field o9, which via the Gromov-Witten/Hurwitz
Correspondence (cf., appendix A) is equivalent to insertions of the gravitational descendant 7.
In a nutshell, essentially this boils down to the question whether the topological N = 4
strings on AdSz x S® x K3 really localize to topological strings on K3 x P! that admit
such a “large” Hilbert space, or not.

Clearly, in order to put the suggested connection between the GW/Hilbert and the
AdS/CFT Correspondence on a firmer ground, a more detailed analysis of correlation functions
and their marginal deformations will be necessary. These matters also have a bearing on
non-renormalization theorems such as discussed in [21, 26]. We leave this to future work.
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A GW/Hurwitz correspondence and topological gravity

Let us briefly elucidate some of the underlying mathematical structure on the “Gromov-
Witten”, right-hand side of (3.1), which at least in principle may facilitate explicit com-
putations.

Branched coverings of P! are well-known to be the subject of Hurwitz theory, and
what is relevant here is its correspondence [106] with Gromov-Witten theory of P!. The
underlying mathematical logic is an equivalence of ramification profiles and intersection theory
of Riemann surfaces, which in the language of topological gravity [128, 129] is formulated in
terms of gravitational descendants, 7, = 71*. To leading order these correspond to the twist
fields: 75 ~ % Ok+1, but in general there are extra correction terms such that 7 correspond to
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a special basis of “completed cycles” [106]. These reflect degenerations of Hurwitz coverings,
which amount to contact terms in physics language; see the end of section 4.1 for comments
in the context of an example. There are no corrections for 7 = o9, which is associated with
the blow-up mode of the orbifold singularity.

More specifically, what is relevant here is an extension of Hurwitz theory to cohomology
weighted partitions that was dubbed “relative/descendent correspondence” in [149]. It
maps between the Nakajima Fock space basis (labeled by cohomology weighted partitions

m = [(ps, ;)]) and descendant insertions as follows:
Y™ = O] = 3 (Mg 7, (A1)
£(m)
where M = H Tr—1 (G W) , (A.2)
i=1

with w € H2(P'). The linear basis transformation is given by a matrix of relative one-point
overlap invariants of the schematic form M™™ = 3(u)(y™ |7 E3xPl/ " which can be
shown to be invertible; details are spelled out in refs. [99, 106, 119, 149]. This allows to
express invariants with ramification conditions ) at locations zj in terms of correlators
of topological gravity and vice versa. Concretely one can represent the invariants (3.12)

as linear combinations of

n (ut))
) K3xPY/{z1,..2n}
lZ;O ( ]Hlnj( g Tuﬁj)—1(o‘i] w)) >g;(ﬁ,d) ! : (A.3)
Zgizv(d,g,m

where N(g,d,m) = 2(g — go) is the genus deficit as defined in (3.11).
In fact, by repeated application of (A.1) one can map all relative insertions to just one
insertion ([119], section 5.2), schematically:

=1

n _ (%)
< Hv(ﬂm) >K3><[P1/{z1,...,zn} N <77r/ a1 (0 w) >K3><[P1/oo. (A.4)

j=1 i=1

This representation is highly degenerate as the whole genus g curve contracts over one point
of P'; see again the end of section 4.1 for an example.

Thus, in general there is a large degree of ambiguity in representing the reduced GW
invariants for K3 x P!. Specifically, it can be shown by localization and degeneration
arguments [101] that the full Gromov-Witten theory of K3 x P! can be expressed in terms
of ELSV-type [130, 131], linear Hodge integrals for K3 only. Conversely, Hodge integrals
are completely determined in terms of descendant invariants [144].
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