
Analysis of reaction dynamics considering MAD by Langevin equation

Yoshihiro Aritomo1,∗, Shota Amano1, Shinya Takagi1, and Masahisa Ohta2

1Faculty of Science and Engineering, Kindai University, Osaka, Japan
2Konan University, Kobe, Japan

Abstract. In heavy ion fusion and nucleon transfer reactions, which lead to the synthesis of superheavy ele-
ments, it is important to understand the reaction mechanisms. The fusion reaction mechanism is analyzed in
the case of deformed target nuclei such as actinide target nuclei. We have analyzed the correlation between
fission fragment mass and scattering angle (MAD) using the Langevin equation. Taking into account the ef-
fect of the collision direction between the projectile and deformed target nuclei, we present the analysis of the
experimental data for the MAD of 32S+232Th.

1 Introduction

The theoretical calculations predicted the existence of sta-
ble nuclei in the superheavy elemental region centered on
114 protons and 184 neutrons as "Island of Stability" in the
1960s. Since then, experimental studies using heavy-ion
fusion reactions with large accelerators have been actively
conducted mainly in the United States, Russia (former So-
viet Union), and Germany, aiming at Island of Stability.
With the synthesis of new elements, the number of ele-
ments on the periodic table has increased one by one. Re-
cently, RIKEN in Japan succeeded in synthesizing element
113 and named the element nihonium (Nh), leaving its re-
sult on the periodic table. Currently, the atomic number
has been named up to 118 (oganesson, Og), and the im-
pact of the synthesis of new elements has been very high
along with new element names [1–8].

Although heavy-ion fusion reactions have been con-
ventionally used to produce such unknown heavy nuclei,
the methods based on multi nucleon transfer reactions
(MNT) have recently been attracting renewed attention,
which were widely used in the 1970s and 1980s. The use-
fulness of MNT reactions for the studies in unexplored ar-
eas on the nuclear chart (unknown neutron-rich heavy and
superheavy nuclei) has been discussed [9–17]. Recently,
the advantage of MNT reactions in producing neutron-rich
nuclei (N = 126) in contrast to fragmentation reactions
[18–20] was revealed [21].

The whole reaction process in the superheavy element
region is very complicated. They are divided into reac-
tion processes, fusion-fission (FF), quasi-fission (QF), and
deep-inelastic collision (DIC) process, and the probabil-
ity of forming compound nuclei (CN) is extremely small.
The mechanisms of these reactions have not been eluci-
dated in detail, and various experimental techniques have
been treid to clarify the reaction mechanisms. One of these
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methods is the use of a correlation between fission frag-
ment mass and scattering angle is also important for un-
derstanding the reaction dynamics of fusion (MAD) [22–
28]. This has been experimentally measured by a research
group at the Australian National University (ANU). The-
oretical studies to analyze MAD have been performed
by a group at ANU using microscopic models such as
TDHF. However, not many computational methods using
the Langevin equation have been used to analyze MAD.

Studies of MAD using the Langevin equation with
spherical nuclei as target nuclei have been conducted,
and experimental data have been reproduced and analyzed
[29, 30]. However, in studies using deformed nuclei as
target nuclei, it has not been reproduced the experimen-
tal data. In this study, we try to calculate and analyze
the MAD when deformed nuclei are used as target nuclei.
We investigate the reaction system of 32S + 232Th, that the
232Th nucleus is deformed and 32S nucleus is spherical.

In the following section, the Langevin-type approach
taking into account the orientation effects is described.
The nuclear orientation effects for the mass drift in the 32S
+ 232Th reaction is followed in Sec. 3, where the mass drift
and the MAD are discussed in detail and the summary is
noted in the final section.

2 Theoretical framework

2.1 Transition to the adiabatic state

We adopt the dynamical model based on the multidimen-
sional Langevin equations [31]. Potential energy changes
gradually from diabatic potential to adiabatic potential
with reaction time [13–16, 32, 33, 41].

Therefore, we treat the transition of two reaction stages
with a time-dependent weighting function:

V = Vdiab (q) f (t) + Vadiab (q)
[
1 − f (t)

]
, (1)

f (t) = exp
(
− t
τDA

)
. (2)
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Figure 1. Geometrical diagram when both the deformed incident
nucleus and the target nucleus collide with each other in the dif-
ferent initial orientation angles.

Here, q denotes a set of collective coordinates representing
nuclear shape. The diabatic potential Vdiab (q) is calculated
within the double-folding method with Migdal nucleon-
nucleon forces [31–34]. The adiabatic potential energy
Vadiab (q) of the system is calculated using an extended
two-center shell model [33]. The interaction time t used
here is the time starting with the contact time between the
projectile and target nuclei as zero. f (t) is the weighting
function included the relaxation time τDA. We use the re-
laxation time τDA = 0.1 zs proposed in [35–37]. With the
two-center parameterizations [38, 39], the nuclear shape
is represents by three deformation parameter is defined as
follows: z0 (distance between the centers of two poten-
tials), δ (deformation of fragment), and α (mass asymme-
try of colliding nuclei); α = A2−A1

A2+A1
, where A1 and A2 not

only stand for the mass numbers of the projectile and tar-
get respectively [32, 40] but also are then used to indicate
mass numbers of the two fission (light and heavy) frag-
ments. The parameter δ is defined as δ = 3(a−b)

(2a+b) , where a
and b represent the half length of the ellipse axes in the
z0 and ρ directions, respectively [38]. In addition, we use
scaling to save computation time and use the coordinate
z defined as z = z0

(RCNB) , where RCN denotes the radius of
the spherical compound nucleus and the parameter B is
defined as B = (3+δ)

(3−2δ) . We solve the dynamical equation
numerically. Therefore, we restricted the number of de-
grees of freedom as three deformation parameters to avoid
the huge calculation time.

2.2 Consideration of the nuclear orientation

When we use the deformed nucleus, in order to consider
the orientation effects we apply the axially-symmetric po-
tential Vsym

ax the axially-asymmetric one Vasym
ax in the stage

of the diabatic potential. When two deformed nuclei col-
lide with each other, mainly there are four colliding pat-
terns: the so-called tip-to-tip (φ0

1 = φ
0
2 = 0), side-to-side

(φ0
1 = π/2, φ

0
2 = π/2), tip-to-side (φ0

1 = 0, φ0
2 = π/2) and

side-to-tip (φ0
1 = π/2, φ

0
2 = 0). φ0

1 and φ0
2 denote the initial

orientation angle of the projectile and target nuclei corre-
sponding to φ1 and φ2 shown in Fig. 1. Here, we inves-
tigae the reaction system of 32S + 232Th. We select the
various φ0

2 of the deformed 232Th nucleus fixing φ0
1 = 0 of

the spherical 32S nucleus. In the treatment of the spheri-
cal nucleus 32S, it makes sense to define angles even for
spherical nuclei, since the model used now is treated as a
classical system.

In the case of the tip collision (φ0
2 = 0), we use the di-

abatic potential of axially-symmetric states Vdiab = Vsym
ax .

If calculations for the side collision (φ0
2 = π/2) or collid-

ing patterns of the others (0 < φ0
2 < π/2) are performed,

we use the diabatic potential of axially-asymmetric states
Vdiab = Vasym

ax . Here, note that Vasym
ax depends on the nu-

clear orientation angle. Besides, while Vdiab of the axially-
asymmetric states transits to Vadiab which is the axially-
symmetric states, the ellipsoid deformations are adjusted
with restores of the systems using the time-dependent
form, and the final ellipsoid deformations δfin

i [41] finished
the restoration of the axially-symmetry is obtained as

δ̃ = δi fres (t) + δfin
i

[
1 − fres (t)

]
, (3)

fres (t) = exp
(
− t
τres

)
, (4)

δfin
i = (1 + δi)

[
δi (2 + δi) sin2φ0

i + 1
]− 3

4 − 1. (5)

fres is the weighting function including the relaxation
time τres, which performs the restoration from the axially-
asymmetric system to the axially-symmetric one. We use
τres = 1 zs in this paper. This value involved in the restora-
tion of the system is also has been used in Ref. [41]. In
the collision system using the deformed 232Th nucleus, we
treat as δi ∼ 0.18 with δi = 3β2/(β2 +

√
16π/5) [42]. The

quadrupole deformation β2 for the deformed nucleus 232Th
is 0.207 [43]. The details of the calculation method are de-
scribed in the Ref. [44]

2.3 Dynamical equations

The trajectory calculations are performed on the time-
dependent potential energy [31, 32, 40] using the multi-
dimensional Langevin-type equations [32, 40, 45] as fol-
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lows:
dqi

dt
=

(
m−1

)
i j

p j, (6)

dpi

dt
= −∂V
∂qi
− 1

2
∂

∂qi

(
m−1

)
jk

p j pk

−γi j

(
m−1

)
jk

pk + gi jΓ j (t) , (7)

dϑ
dt
=
ℏL
ℑ , (8)

dφ1

dt
=
ℏL1

ℑ1
, (9)

dφ2

dt
=
ℏL2

ℑ2
, (10)

dL
dt
= −1
ℏ

∂V
∂θ
− γtan

(
L
µRR2 −

L1

ℑ1
a1 −

L2

ℑ2
a2

)
R

+
R
ℏ

√
γtanTΓtan (t) , (11)

dL1

dt
= −1
ℏ

∂V
∂φ1
+ γtan

(
L
µRR2 −

L1

ℑ1
a1 −

L2

ℑ2
a2

)
a1

−a1

ℏ

√
γtanTΓtan (t) , (12)

dL2

dt
= −1
ℏ

∂V
∂φ2
+ γtan

(
L
µRR2 −

L1

ℑ1
a1 −

L2

ℑ2
a2

)
a2

−a2

ℏ

√
γtanTΓtan (t) . (13)

The collective coordinates qi represent z, δ, and α, the sym-
bol pi denotes momentum conjugated to qi, and V is the
multidimensional potential energy. mi j and γi j stand for
the shape-dependent collective inertia and friction tensors,
respectively. We adopted the hydrodynamical inertia ten-
sor mi j in the Werner-Wheeler approximation for the ve-
locity field [45]. The one-body friction tensors γi j are
evaluated within the wall-and-window formula [46, 47].
The normalized random force Γi (t) is assumed to be white
noise: ⟨Γi(t)⟩ = 0 and ⟨Γi(t1)Γ j(t2)⟩ = 2δi jδ(t1 − t2). Ac-
cording to the Einstein relation, the strength of the random
force gi j is given as γi jT =

∑
k gikg jk. ϑ and µR indicate

the relative orientation of nuclei and the reduced mass. R
is the distance between the nuclear centers O1O2 as shown
in Fig. 1. φ1 and φ2 stand for the orientation angles of each
nucleus (See Fig. 1). a1,2 =

R
2 ±

R1−R2
2 is the distance from

the center of the fragment to the middle point between the
nuclear surfaces, and R1,2 is the nuclear radii. Here, ℑ and
L represent the moment of inertia of the rigid body with
deformation q and the relative orientation of nuclei and
relative angular momentum respectively. The moment of
inertia and the angular momentum for the heavy and light
fragments are ℑ1,2 and L1,2, respectively. The total angu-
lar momentum Ltot = L + L1 + L2 is preserved. The phe-
nomenological nuclear friction forces for separated nuclei
are expressed in terms of the tangential friction γtan and
the radial friction γR using the Woods-Saxon radial form
factor suggested in Ref. [32]. The treatment of γtan and γR

are described in our previous papers [48, 49].

2.4 Mass ratio MR and scattering angle θc.m.

The MAD is presented by the mass-angle matrix using MR
and the scattering angle θc.m.. The projectile-like mass ra-

tio MR is determined as MR = A1/ACN. Consequently,
the target-like mass ratio is expressed as MR = 1 − MR.
Regarding the scattering angle θc.m. is determined as Ref.
[44].

3 RESULTS AND DISCUSSION

The hot fusion reaction, one of the experimental methods
in the synthesis of superheavy elements, uses actinide nu-
clei as target nuclei and has so far succeeded in the syn-
thesis of element 118. The actinide nuclei used in the hot
fusion reaction are deformed one, and the role of this de-
formation effect is significant in fusion process. A mecha-
nism that increases the fusion probability by side collision
has been reported, and such an effect is thought to have led
to the successful synthesis of the new element.

It is therefore very important to analyze in detail the
effects of deformed target nuclei in the fusion process. In
a previous study, the mass distribution of fission fragments
and the capture, fusion and evaporation residue cross-
sections were measured in the S+U and Si+U reactions by
the JAEA group [50, 51]. Experimental data on MAD tar-
geting deformed nuclei by ANU have been reported [52].
However, in our previous study [29, 30], theoretical cal-
culations using Langevin failed to reproduce the trend of
the experimental MAD, because we did not consider the
orientation effects. In this paper, we present the results
of calculations with deformed nuclei as target, using the
model described in Section 2.

In the following, the effect on our calculation taking
account of the orientation of the deformed target in the
collision of 32S + 232Th at Ec.m./Vbass = 1.108 is presented.
Here, the Bass barrier energy Vbass in the 32S + 232Th is
158.55 MeV [52]. The calculations are performed in the
range 0.15 < MR < 0.85 (to simply eliminate quasielastic
events).

Figure 2 shows the MADs of 32S + 232Th at
Ec.m./Vbass = 1.108 in seven orientation angles of the de-
formed 232Th nucleus. In Fig. 2(a), we can see that the
mass-asymmetric fission is dominant and the mass evo-
lution is restricted to producing fragments with MR =

0.3, 0.7.
This restriction in the mass evolution is due to the nar-

row neck cross-sectional area rather, because the interac-
tion energy is enough high above the barrier. The pro-
jectile and the target nucleus stick together in more than a
half rotation, and as the orientation angle of 232Th becomes
large, the mass equilibration progresses in the meantime.
In contrast with the tip collision case, although the MAD
for the side collision (See Fig. 2(g)) is dominated by the
mass-symmetric fission, a significant correlation between
mass and angle can still be seen. This result implies that
QF events are dominant even for the side collision case.
Namely, even if the mass-symmetric fission events are
dominant, many of their trajectories do not path through
the compound nucleus area.

The integrated MAD and MR distribution over the nu-
clear orientations of the deformed nucleus 232Th are shown
in Fig. 3. A strong correlation between mass and angle
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can be seen in Fig. 3(a). The experimental trend [52] is re-
produced in Fig. 3(a). Figure 3(b) shows MAD projected
onto the MR axis and the solid curve which gives a good
agreement with the experimental trend [54]. The experi-
mental results are inferred to be a mix of fission products
in all nuclear orientation angles because the incident en-
ergy is sufficiently high. The calculations were made for
all orienation angles as initial conditions, and the results
(as shown in Fig. 2) were added together to produce the
Fig. 3(b), which were composited with the same weights
for each angle. More quantitative analysis of MR is a fu-
ture task.

4 Summary

We have performed the model calculation for the MAD
and MR considering the orientations of the target nucleus.
The variation of the mass evolution and the rotation an-
gle of fragments have clarified changing the orientation of
the target nucleus from 0◦ (the tip collision) to 90◦ (the
side collision). The integrated MAD and MR distribution
over the nuclear orientations are in good agreement with
the feature of the experimental results. However, further
investigations are needed for more precise reproduction of
the experimental MR. More importantly, the strong mass-
angle correlation was also reproduced. It is found that the
fusion probability for the side collision is highest for any
orbital angular momentum.

The Langevin calculation were performed using the
cluster computer system (Kindai-VOSTOK) which is sup-
ported by JSPS KAKENHI Grant Number 20K04003 and
Research funds for External Fund Introduction 2021 by
Kindai University.
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