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Abstract The 1 + 3-de Sitter space, as a solution of Ein-
stein’s equations, provides a framework for investigating var-
ious physical concepts, including quantum mechanics. In this
context, the group Sp(2,2) plays a crucial role as the univer-
sal covering of the de Sitter space, contributing significantly
to the understanding of associated quantum mechanics. In
this study, the presentation of infinitesimal generators of the
group Sp(2,2) and quantum operators on the de Sitter space
is conducted using the coherent states quantization method,
also known as Berezin’s quantization method. This approach
allows for a systematic examination of the generators and
operators within the quantum framework. Furthermore, the
exploration of these generators and operators is facilitated
by the unitary representation of the principal series of the
group Sp(2,2), offering insights into the underlying quantum
mechanics principles governing the de Sitter space.

1 Introduction

The general theory of the relativity, proposed by Einstein, is
a great advance in the understanding the Nature, dealing with
the structure of the space-time. The de Sitter metric gμν is
one of the solutions of Einstein’s equation [1,2]:

Gμν + Λgμν = −Tμν, (1)

with a positive cosmological constant Λ and null energy-
impulsion tensor, Tμν = 0. This space is a concept in theo-
retical physics that visualizes a particular metric as a subman-
ifold of a higher-dimensional generalized Minkowski space,
specifically a 1 + 3-de Sitter space(-time). In this model, the
universe is represented as spatially flat and does not consider
the arrangement of matter, focusing instead on the effects
of the cosmological constant or dark energy. This concept
is commonly used in inflationary cosmological theories and
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can also be applied to understand the current structure of our
universe, where dark energy makes up around 69% of the
universe’s energy [3,4]. This makes de Sitter space a useful
approximation for studying both early and late stages of our
universe’s evolution.

Quantum field theory in curved space, especially on de
Sitter space, opens up a whole new realm of exploration for
physicists. The connection between fundamental particles
and the geometry of space-time is truly intriguing. By intro-
ducing infinitesimal generators and quantum operators on
de Sitter space, researchers can delve into the mathematical
structures that underlie quantum mechanics in this unique set-
ting. The choice of using the symmetry group SO0(1, 4) or its
universal covering group Sp(2, 2) is crucial for understand-
ing the quantum behavior on de Sitter space. By decompos-
ing these groups and examining their Lie algebra, physicists
can uncover the fundamental building blocks that govern the
dynamics of particles in this curved space.

The de Sitter group has 10 parameters, which correspond
to the degrees of freedom associated with space-time sym-
metries. In the associated Hilbert space, one can consider
10 infinitesimal generators, which are crucial for defining
the symmetries and transformations of the de Sitter group.
These generators represent the transformations that preserve
the structure of the group and play a key role in understanding
the symmetries of space-time within the framework of the de
Sitter group. In this work, we introduce these infinitesimal
generators.

The quantum operators for a free massive particle in de Sit-
ter space are often defined in terms of representation theory
and symplectic geometry. The phase space associated with
this system can be constructed using the co-adjoint orbit of
the group Sp(2, 2). Coherent states, which are vectors in the
Hilbert space, play an important role in quantum mechanics
and quantum field theory. These states are usually defined
as eigenstates of the annihilation operator and represent the
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most classical-like quantum states. The quantum operator, in
this context, can be expressed as an integral mapping from
the phase space of the free massive particle to the specific
Hilbert space associated with coherent states. This operator
acts on the quantum states and provides information about
the observables of the system.

We organize our paper as follows: in Sect. 2 we introduce
the 1 + 3-de Sitter space and its associated symmetry group
and Lie algebra. The infinitesimal generators on the de Sitter
hyperboloid are presented in Sect. 3. Section 4 is devoted to
constructing the Hilbert subspace (and coherent states) of a
free massive particles on this hyperboloid. In Sect. 5 we intro-
duce the Berezin integral mapping to construct the quantum
operators. Finally, in Sect. 6 we present the conclusions of
this work.

2 The de Sitter group and its Lie algebra

The de Sitterian metric gμν is a solution of Einstein’s equa-
tions with a positive cosmological constant Λ and a null
energy-momentum tensor Tμν = 0 , which means

Gμν + Λgμν = 0. (2)

The de Sitter space can be visualized as a one-sheeted
hyperboloid embedded in five-dimensional Minkowski space
(ambient space) as follows:

X ≡
{
x ∈ R5|x2 = η̆γβx

γ xβ = −H−2
0

}
, (3)

whereγ, β = 0, 1, 2, 3, 4, η̆γβ = diag(1,− 1,− 1,− 1,− 1).
The symmetry group associated to this space is the group
SO0(1, 4) or its universal covering i.e. the group Sp(2, 2).
The group SO0(1, 4) is defined as:

SO0(1, 4) = {Λ ∈ M5(R) : Λ00 ≥ 1, Λt η̆ Λ = η̆
}
, (4)

where this applies over vector x in ambient space as:

x ′ = Λx . (5)

However, the symplectic group Sp(2, 2) is described by 2×2
matrices with quaternionic coefficients as follows [5,6]:

Sp(2, 2) =
{
g =

(a b
c d

)
|detg = 1, g†γ 0g = γ 0

}
, (6)

where a, b, c, d belong to the quaternion field Q (� R+ ×
SU (2)), γ 0 =

( 1 0
0 −1

)
that 1 and 0 are respectively 2 × 2

unit and zero matrices. This group acts on the matrix X as
follows:

X′ = gXg−1, (7)

where

g−1 = γ 0g†γ 0 =
( a −c

−b d

)
, (8)

X =
( x01 −P

P −x01

)
, (9)

P =
( x4 + i x3 i x1 − x2

i x1 + x2 x4 − i x3

)
(10)

and P is conjugate of P . There is a homomorphism between
these two groups as [5]:

Λα
β = 1

4
tr(γ α g γβ g−1). (11)

In the following we use the group Sp(2, 2) for our calcula-
tions.

The sp(2,2) Lie algebra

The study of Lie algebra, and consequently the infinitesimal
generators of a group is accomplished by decomposing every
element of that group. There are three decompositions for the
presentation of the group Sp(2, 2): the Lorentz space-time,
Kartan, and Ivasava decompositions [7–9]. In this case we
will be focusing on the first decomposition. According to
the Lorentz space-time decomposition, each element of the
group is represented as [6]:

Sp(2, 2) � g = jl, (12)

j = j1 j2 =
(

η 0
0 η

)( cosh(
ψ
2 ) sinh(

ψ
2 )

sinh(
ψ
2 ) cosh(

ψ
2 )

)
, (13)

l = l1l2 =
(

ξ 0
0 ξ

)( cosh(
ϕ
2 ) û sinh(

ϕ
2 )

−û sinh(
ϕ
2 ) cosh(

ϕ
2 )

)
, (14)

where ψ, ϕ ∈ R, η, ξ ∈ SU(2) and û is a pure quaternion
i.e. û = −û ∈ SU (2). The factors l and j correspond to the
Lorentz subgroup (boosts and rotations of space) and the set
of time and space translations, respectively. This shows that
the group has ten parameters (three for space translation, one
for time translation, three for spatial rotation and three for
Lorentz boost). Therefore we have ten one-parameter sub-
groups as follows:

Si =
( eei t 0

0 e−ei t

)
, (15)

Θ =
( cosh( t2 ) sinh( t2 )

sinh( t2 ) cosh( t2 )

)
, (16)

Ri =
( eei t 0

0 eei t
)
, (17)

Bi =
( cosh( t2 ) ei sinh( t2 )

−ei sinh( t2 ) cosh( t2 )

)
, (18)

and ten corresponding algebraic bases:

Xi4 = 1

2

( ei 0
0 −ei

)
, (19)
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X04 = 1

2

( 0 1
1 0

)
, (20)

Xi j = 1

2
εi jk

( ek 0
0 ek

)
, (21)

X0i = 1

2

( 0 ei
−ei 0

)
, (22)

where i, j, k=1, 2, 3 and ek = (−1)k+1iσk that σk is Pauli
matrix (“t” is a parameter). These bases satisfy the following
commutation relations:

[Xαβ, Xγ δ]
= ηαδXβγ + ηβγ Xαδ − ηαγ Xβδ − ηβδXαγ . (23)

Equations (19)–(22) show that an element of this algebra is
given by:

sp(2,2) � X =
(−→y1 q
q −→y2

)
, (24)

where q = (q0,
−→q ) = q01+ qkek is quaternion and −→y1 , −→y2

are pure quaternions.

3 Infinitesimal generators of group Sp(2, 2)

The representation Lτ of Sp(2, 2) in Hilbert space H
=L2

C(SU (2)) is of the form [10]:

Lτ (g)F(ζ ) = (χ(ζ, g)
)−2τF(g−1 · ζ )

= (χ(ζ, g)
)−2τF((a′ζ + b′)(c′ζ + d ′)−1) (25)

where
χ(ζ, g) = det (c′ζ + d ′) if g ∈ Sp(2, 2), ζ ∈ SU (2),

g−1 =
(a′ b′
c′ d ′

)
andF ∈ H. Indeed the action ζ 	→ g−1·ζ =

(a′ζ + b′)(c′ζ + d ′)−1 is a homomorphism of SU (2). This
representation is linear. It is equivalent to a unitary repre-
sentation of the principal series if and only if (see Appendix
A.1):

τ = 3

2
+ iν, ν ∈ R. (26)

This representation in one dimension specified by a parame-
ter is called the “generator” of the group action. The infinites-
imal generator is obtained by taking the derivative of this
generator with respect to that parameter.

Now we will construct the representation of each one-
parameter subgroup of the group Sp(2,2). To do this, we
choose ζ ∈ SU(2)∼ S3 where
⎧
⎪⎪⎨
⎪⎪⎩

ζ1 = sin α sin θ cos φ

ζ2 = sin α sin θ sin φ

ζ3 = sin α cos θ

ζ4 = cos α

with 0 ≤ α, θ ≤ π et 0 ≤ φ < 2π .
For each one-parameter subgroup “g(t)” of the group

Sp(2, 2) and (α′, θ ′, φ′) = g(t) · (α, θ, φ), the infinitesimal
generator (Υ ) is denoted by [5]:

∂[Lτ (g)F(α, θ, φ)]
∂t

∣∣∣
t=0

= ∂[(χ(ζ, g))−2τ ]
∂t

∣∣∣
t=0

F(α, θ, φ)

+(χ(ζ, g))−2τ
∣∣∣
t=0

∂F(α′, θ ′, φ′)
∂t

∣∣∣
t=0

=
[
∂[(χ(ζ, g))−2τ ]

∂t

∣∣∣
t=0

+ ∂α′

∂t

∣∣∣
t=0

∂

∂α
+ ∂θ ′

∂t

∣∣∣
t=0

∂

∂θ

+∂φ′

∂t

∣∣∣
t=0

∂

∂φ

]
F(α, θ, φ) = −i ΥF(α, θ, φ)

⇒ Υ = i

(
∂[(χ(ζ, g))−2τ ]

∂t

∣∣∣
t=0

+ ∂α′

∂t

∣∣∣
t=0

∂

∂α

+∂θ ′

∂t

∣∣∣
t=0

∂

∂θ
+ ∂φ′

∂t

∣∣∣
t=0

∂

∂φ

)
. (27)

From the latter equation, along with Eqs. (13) and (14), we
can construct ten associated infinitesimal generators of the
group Sp(2, 2) as follows:

The calculation for one of the generators ( with calcula-
tions for the other generators being similar) is provided in
Appendix A.2.

1. The infinitesimal generators of “space translations”:
From Eqs. (15) and (27), we can derive the infinites-
imal generators of space translation. These generators
which are the components of the momentum generator,
are obtained as:

P1 = −i

(
sin θ cos φ

∂

∂α
+ cot α cos θ cos φ

∂

∂θ

−cot α sin φ

sin θ

∂

∂φ

)
, (28)

P2 = −i

(
sin θ sin φ

∂

∂α
+ cot α cos θ sin φ

∂

∂θ

+cot α cos φ

sin θ

∂

∂φ

)
, (29)

P3 = −i

(
cos θ

∂

∂α
− cot α sin θ

∂

∂θ

)
. (30)

2. The infinitesimal generator of “time translation”:
This generator is derived as follows (see Appendix A.2:

H0 = i

(
τ cos α + sin α

∂

∂α

)
. (31)

3. The infinitesimal generators of space rotations:
From Eqs. (17) and (27), we can derive the infinitesimal
generators of space rotations. These generators which are
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the components of the angular momentum generator, are
obtained as:

J1 = i

(
sin φ

∂

∂θ
+ cot θ cos φ

∂

∂φ

)
, (32)

J2 = i

(
− cos φ

∂

∂θ
+ cot θ sin φ

∂

∂φ

)
, (33)

J3 = i

(
− ∂

∂φ

)
. (34)

4. The infinitesimal generators of the lorentz boosts:
From Eqs. (18) and (27), we can derive the components
of the infinitesimal generator of the Lorentz boosts as
follows:

K1 = i

(
τ sin α sin θ cos φ − cos α sin θ cos φ

∂

∂α

−cos θ cos φ

sin α

∂

∂θ
+ sin φ

sin α sin θ

∂

∂φ

)
,

K2 = i

(
τ sin α sin θ sin φ − cos α sin θ sin φ

∂

∂α
(35)

−cos θ sin φ

sin α

∂

∂θ
− cos φ

sin α sin θ

∂

∂φ

)
,

K3 = i

(
τ sin α cos θ − cos α cos θ

∂

∂α
(36)

+ sin θ

sin α

∂

∂θ

)
. (37)

These ten generators satisfy the following commutation rela-
tions:

[
Ji ,H0

] = 0, (38)[
Ji , J j

] = i εi jkJk, (39)[
Ji ,P j

] = i εi jkPk, (40)[
Ji ,K j

] = i εi jkKk, (41)[
Pi ,P j

] = i εi jkJk, (42)[
Pi ,K j

] = −i δi jH0, (43)[
Ki ,K j

] = −i εi jkJk, (44)[
H0,Pi

] = −i Ki , (45)[
H0,Ki

] = −i Pi . (46)

Effect of infinitesimal generators onnormalizedhyper-
spherical harmonics

The normalized hyperspherical harmonics on S3 are given
by [5]

Yn,l,m(α, θ, φ) = MnlC
l+1
n−l−1 sinl αYlm(θ, φ), (47)

where

Mnl = l!2l+1
(

(n − l − 1)!n
2π(n + l)!

) 1
2

,

Cl+1
n−l−1 =

[ n−l−1
2 ]∑

p=0

(−1)p(n − p − 1)!(2 cos α)n−l−1−2p

l!p!(n − l − 1 − 2p)! ,

Ylm(θ, φ) =
(

(2l + 1)(l − m)!
4π(l + m)!

) 1
2

Pm
l (cos θ)eimφ,

Pm
l (cos θ) = (−1)l+m

2l l!
(

sin θ
)m( ∂

∂ cos θ

)l+m(
sin θ

)2l
.

Here we apply ten infinitesimal generators to Yn,l,m ≡
Yn,l,m(α, θ, φ).

(I) Effect of the infinitesimal generators of space transla-
tions on Yn,l,m :

In the extensive calculation, we obtain:

P1Yn,l,m = −i

2

(
p11Yn,l+1,m−1 + p12Yn,l−1,m−1

−p13Yn,l+1,m+1 − p14Yn,l−1,m+1

)
, (48)

P2Yn,l,m = 1

2

(
p11Yn,l+1,m−1 + p12Yn,l−1,m−1

+p13Yn,l+1,m+1 + p14Yn,l−1,m+1

)
, (49)

P3Yn,l,m = i p31Yn,l+1,m − i p32Yn,l−1,m, (50)

where

p11 =
√

(l − m + 1)(l − m + 2)(n + l + 1)(n − l − 1)

(2l + 1)(2l + 3)
,

p12 =
√

(l + m − 1)(l + m)(n + l)(n − l)

(2l + 1)(2l − 1)
,

p13 =
√

(l + m + 1)(l + m + 2)(n + l + 1)(n − l − 1)

(2l + 1)(2l + 3)
,

p14 =
√

(l − m)(l − m − 1)(n + l)(n − l)

(2l + 1)(2l − 1)
,

p31 =
√

(l − m + 1)(n + l + 1)(n − l − 1)(l + m + 1)

(2l + 1)(2l + 3)
,

p32 =
√

(l + m)(n − l)(n + l)(l − m)

(2l + 1)(2l − 1)
.

textbi(II) Effect of the infinitesimal generator of time trans-
lation on Yn,l,m :

H0Yn,l,m = i

2

(
(τ − n − 1)d11Yn−1,l,m

+(τ + n − 1)d22Yn+1,l,m

)
, (51)
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where

d11 =
√

(n + l)(n − l − 1)

n(n − 1)
, d22 =

√
(n − l)(n + l + 1)

n(n + 1)
.

The effect of this infinitesimal generator on Yn,l,m is to
induce a shift in the time variable of the function Yn,l,m by
an infinitesimal amount. This transformation allows us to
study how the function Yn,l,m changes under small variation
in time, providing insight into the dynamics of the system
being described.(We can explain the other nine generators in
a similar manner.)

(III) Effect of the infinitesimal generators of space rota-
tions on Yn,l,m :

J1Yn,l,m = −1

2

(√
(l + m)(l − m + 1)Yn,l,m−1

+√(l − m)(l + m + 1)Yn,l,m+1

)
, (52)

J2Yn,l,m = − i

2

(√
(l + m)(l − m + 1) Yn,l,m−1

−√(l − m)(l + m + 1)Yn,l,m+1

)
, (53)

J3Yn,l,m = m Yn,l,m . (54)

(IV) Effect of the infinitesimal generators of the lorentz
boosts on Yn,l,m :

K1Yn,l,m = − i(τ − n − 1)

4

(
b11Yn−1,l−1,m+1

+b12Yn−1,l+1,m+1 + b13Yn−1,l+1,m−1

+b14Yn−1,l−1,m−1

)
− i(τ + n − 1)

4

(
b21Yn+1,l+1,m+1

+b22Yn+1,l−1,m+1 + b23Yn+1,l+1,m−1

+b24Yn+1,l−1,m−1

)
, (55)

K2Yn,l,m = − (τ − n − 1)

4

(
b11Yn−1,l−1,m+1

+b12Yn−1,l+1,m+1 − b13Yn−1,l+1,m−1

−b14Yn−1,l−1,m−1

)
− (τ + n − 1)

4

(
b21Yn+1,l+1,m+1

+b22Yn+1,l−1,m+1 − b23Yn+1,l+1,m−1

−b24Yn+1,l−1,m−1

)
, (56)

K3Yn,l,m = i(τ − n − 1)

2

(
k11Yn−1,l−1,m

+k12Yn−1,l+1,m

)
+ i(τ + n − 1)

2

(
k21Yn+1,l−1,m

+k22Yn+1,l+1,m

)
, (57)

where

b11 =
√

(n + l)(n + l − 1)(l − m)(l − m − 1)

n(n − 1)(2l + 1)(2l − 1)
,

b12 =
√

(n − l − 1)(n − l − 2)(l + m + 1)(l + m + 2)

n(n − 1)(2l + 1)(2l + 3)
,

b13 = −
√

(n − l − 1)(n − l − 2)(l − m + 1)(l − m + 2)

n(n − 1)(2l + 1)(2l + 3)
,

b14 = −
√

(n + l)(n + l − 1)(l + m)(l + m − 1)

n(n − 1)(2l + 1)(2l − 1)
,

b21 = −
√

(n + l + 1)(n + l + 2)(l + m + 1)(l + m + 2)

n(n + 1)(2l + 1)(2l + 3)
,

b22 = −
√

(n − l)(n − l + 1)(l − m)(l − m − 1)

n(n + 1)(2l + 1)(2l − 1)
,

b23 =
√

(n + l + 1)(n + l + 2)(l − m + 1)(l − m + 2)

n(n + 1)(2l + 1)(2l + 3)
,

b24 =
√

(n − l)(n − l + 1)(l + m)(l + m − 1)

n(n + 1)(2l + 1)(2l − 1)
,

k11 =
√

(n + l)(n + l − 1)(l − m)(l + m)

n(n − 1)(2l + 1)(2l − 1)
,

k12 = −
√

(n − l − 1)(n − l − 2)(l − m + 1)(l + m + 1)

n(n − 1)(2l + 1)(2l + 3)
,

k21 = −
√

(n − l)(n − l + 1)(l − m)(l + m)

n(n + 1)(2l + 1)(2l − 1)
,

k22 =
√

(n + l + 1)(n + l + 2)(l − m + 1)(l + m + 1)

n(n + 1)(2l + 1)(2l + 3)
.

As an interesting result, we obtained the effect of generators
“ P2 = P2

1 + P2
2 + P2

3 ” and “ J2 = J2
1 + J2

2 + J2
3 ” on Yn,l,m

as follows:

P2Yn,l,m = P2
1Yn,l,m + P2

2Yn,l,m + P2
3Yn,l,m

=
(
(n2 − 1) − l(l + 1)

)
Yn,l,m, (58)

J2Yn,l,m = J2
1Yn,l,m + J2

2Yn,l,m + J2
3Yn,l,m

= l(l + 1)Yn,l,m . (59)

These equations and Eq. (54) show that “Yn,l,m(α, θ, φ)′′ is
an eigenfunction of the generators P2, J2 and J3 with eigen-
values “(n2 −1)− l(l+1)′′, “l(l+1)′′ and “m′′ respectively.
It is interesting that the effect of J2 on “Yn,l,m(α, θ, φ)′′ is
similar to the effect of the square of the angular momentum
generator on normalized spherical harmonics “Yl,m(θ, φ)′′ in
three-dimensional space.
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4 A Hilbert subspace characterized by coherent states

In order to study quantum mechanics on 1 + 3-de Sitter
space, we must introduce the associated Hilbert subspace.
This space is represented by vectors known as coherent states.
To do this, we begin by constructing the phase space asso-
ciated with a movement massive particle (on the basis of
irreducible representation of de Sitter group) on 1 + 3-de
Sitter space. Subsequently, we introduce the coherent states
corresponding to each point in this phase space.

4.1 The complex sphere “S3
C ” as the phase space

To construct this phase space, we use the orbit method [11–
13]. This method expresses that for a Hamiltonian system
with a symmetric group, the phase space can be constructed
by a co-adjoint orbit. On the other hand, for a simple group
such as the de Sitter group, the adjoint orbit is equivalent
to the co-adjoint orbit. In other words, we can define our
phase space by constructing the adjoint orbit of a movement
massive particle on de Sitter space.

To do this, we choose the point X0 =
( 0 1

1 0

)
∈ sp(2,2)

(the case −→y1 = −→y2 = −→
0 and q=(1,0) of Eq. (24)). This point

is invariant under adjoint action of “space” rotation subgroup
and “time” translation matrix i.e.

l1.X0 = l1X0l
−1
1 = X0, (60)

j2.X0 = j2X0 j
−1
2 = X0. (61)

Therefore, a point of our adjoint orbit is obtained by :

g · X0 = l2 j1 X0 j
−1

1 l−1
2

=
( sinh(ϕ) v̂ cosh(ϕ) ζ

cosh(ϕ) ζ − sinh(ϕ) (ζ v̂ζ )

)
, (62)

where ζ = η2 ∈ SU (2) � S3 and v̂ = ηûη. The equations
(60)–(62) show that the X0 is invariant under adjoint action
of SO(1, 1) × SU (2) and the adjoint orbit is identified by:

MH = Sp(2, 2)
/
SO(1, 1) × SU (2). (63)

Also, we know that the homogeneous space for a move-
ment massive particle on de Sitter space (on the basis of
irreducible representation of de Sitter group) is given by
Eq. (63) (see [5]). Therefore, Eq. (62) expresses a point of
adjoint orbit for a movement massive particle on de Sitter
space that corresponds to a point of phase space. By choosing

“ cosh(ϕ) = p0
m

′′ and “ v̂ sinh(ϕ) = −→p
m

′′ we parameterize
the Eq. (62):

g · X0 =
⎛
⎜⎝

−→p
m

p0

m
ζ

p0

m
ζ −ζ

−→p
m

ζ

⎞
⎟⎠ ≡ X (

−→p , ζ ), (64)

where m is a real parameter (like the mass), −→p ∈ R4

and p0 = ±√m2 + p2. The matrix (64) expresses that our
adjoint orbit (or phase space) is identified with cotangent
space T ∗(S3) that the (ζ,

−→p ) play the role of pair varieties
of T ∗(S3).

On the other hand , the cotangente space T ∗(Sd) is iso-
morphic with the complex sphere “SdC ” [14,15] where

T∗(Sd) =
{
(
−→x ,

−→p ) ∈ Rd+1 × Rd+1|x2 = r2,
−→x .

−→p = 0
}

,

SdC =
{−→a ∈ Cd+1 | a2

1 + a2
2 + · · · + a2

d+1 = r2 = 1
}

.

Note that “r” is radius of d-dimensional sphere and complex
vector −→a is given by:

−→a (
−→x ,

−→p ) = cosh(p) −→x + i
sinh(p)

p
−→p , (65)

where p = (
−→p .

−→p )
1
2 . Therefore by choosing d = 3, we

can say that our necessary phase space is equivalent to the
complex sphere “S3

C ” and we can obtain the coherent states
on this complex sphere.

4.2 Our coherent states

As mentioned in the previous subsection, the phase space
of a movement massive particle on 1 + 3-de Sitter space is
isomorphic to “ S3

C ”. This complex 3-sphere and its config-
uration space “S3” were introduced by [6]:

S3
C = {−→a ∈ C4|−→a = cosh(p) −→x + i

sinh(p)

p
−→p }

= {(a1, a2, a3, a4
)}

= {(sin αa sin θa cos φa, sin αa sin θa sin φa,

sin αa cos θa, cos αa)}, (66)

S3 =
{
R4 � −→x = (x1, x2, x3, x4

)}

= {(sin α sin θ cos φ, sin α sin θ sin φ,

sin α cos θ, cos α)}, (67)

where 0 ≤ α, θ, Re(αa), Re(θa) ≤ π, 0 ≤ φ, Re(φa) ≤
2π . According to −→x .

−→p = 0, −→p ∈ R4 and Eq. (67) we can
write:

−→p ≡

⎧⎪⎪⎨
⎪⎪⎩

p1 = cos α sin θ cos φpα + cos θ cos φpθ − sin φpφ

p2 = cos α sin θ sin φpα + cos θ sin φpθ + cos φpφ

p3 = cos α cos θpα − sin θpθ

p2 = − sin αpα,

where pα, pθ , pφ are three variables on tangent space of S3

that satisfy the following relation:

p2 = p2
1 + p2

2 + p2
3 + p2

4 = p2
α + p2

θ + p2
φ. (68)

For the presentation of coherent states, we use the heat kernel
on the complex 3-sphere ( S3

C) as introduced by Hall–Mitchell
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[15]. This kernel is given by:

ρ3
ε (

−→a ,
−→x ) = (2πε)− 3

2 e
ε
2

sin θ̃

∞∑
n=−∞

(θ̃ − 2πn)e
−(θ̃−2πn)2

2ε , (69)

where θ̃ is a complex angle with 0 ≤ Re θ̃ ≤ π . This kernel
is related to coherent states “|Ψ ε

3 (
−→a ) >′′ on S3

C as follows:

ρ3
ε (

−→a ,
−→x ) =< x |Ψ ε

3 (
−→a ) > . (70)

By using the method mentioned in Ref. [6], we can construct
our coherent states as:

|Ψ ε
3 (

−→a ) >=
∑
n,l,m

e− ε(n2−1)
2√N3

Yn,l,m(αa, θa, φa)|n, l,m >,

(71)

where

N3 =
∞∑
n=1

n−1∑
l=0

l∑
m=−l

e−ε(n2−1) | Yn,l,m |2< ∞,

| x > =
∞∑
n=1

n−1∑
l=0

l∑
m=−l

Yn,l,m(α, θ, φ) | n, l,m >,

and Yn,l,m(αa, θa, φa) is the normalized hyperspherical har-
monics on S3

C (see Eq. (47) for complex angles). These states
satisfy the resolution of the unity as:

Id =
∫

−→x ∈S3

∫
−→x .

−→p =0
| Ψ ε

3 (
−→a ) >< Ψ ε

3 (
−→a ) | dμ3(

−→a )

=
∑
n,l,m

| n, l,m >< n, l,m |, (72)

where

Qn′,l ′,m′
n,l,m = π2

√
(4πε)3

4
δn,n′δl,l ′δm,m′ , (73)

and the relevant measure on 1 + 3-de Sitter space is given by:

dμ3(
−→a ) = 4N3

π2

e−ε

(4πε)
3
2

( sinh(2p)

2p

)
e− p2

ε d−→x d−→p ,

1 =
∫

−→x ∈S3

∫
−→x .

−→p =0
dμ3(

−→a ).

The set of these coherent states with bases {| n, l,m >}
construct our Hilbert subspace“ H(S3

C, dμ3(
−→a ))”.

5 Quantum operators on 1 + 3-de Sitter space

As mentioned in Sect. 1, 1 + 3-de Sitter space is a curved
space. Studying quantum mechanics in this space cannot be
done using the standard quantum method. One method that
can solve this problem is the “coherent states quantization”
or “Berezin quantization” which we will present in the fol-
lowing.

The resolution of the unity (72) leads us to quantize the
classical observables (or functions in phase space) on S3

C
using Berezin’s method [16]. In this method, for each clas-
sical observable, such as f (−→x ,

−→p ) = f (−→a ), we associate
a quantum observable (operator) as follows [6]:

f 	−→ O f =
∫

S3
C
f (−→a ) | Ψ ε

3 (
−→a )〉〈Ψ ε

3 (
−→a ) | dμ3(

−→a ).

(74)

In the following we introduce two important operators on
H(S3

C, dμ3(
−→a )).

5.1 Kinetic energy operator

By using the Eq. (74) for f (−→a ) = p2

2 (kinetic energy with
unit mass) we obtain the associated operator as:

O p2
2

= 1

2

∑(
(nε)2 + 3

2
ε

)
|n, l,m >< n, l,m|, (75)

or equivalently

̂O p2
2

=< n, l,m|O p2
2

|n, l,m >= 1

2
ε

(
n2ε + 3

2

)
. (76)

These equations show that the Kinetic energy operator on 1
+ 3-De Sitter space is similar to the Hamiltonian operator of
a quantum harmonic oscillator in three dimensions [17].

5.2 Angle operator

One of the interesting aspects of Berezin’s quantization
method is that any function of the phase space, including the
angle, can be quantized. Equation (74) presents the Angle
operator as follows:

Oφ = πId + i
∑
m �=m′

Wε

m − m′ | n, l,m >< n′, l ′,m′ |, (77)

where

Wε = e−
ε
2 (n2+n′2)

π(πε)
3
2

Mnlm Mn′l′m′
[ ∫

α
dα

∫

θ
dθ sin2 α sin θ

×
∫

pα

∫

pθ

∫

pφ

dpαdpθdpφ

√
1 + p2 e−

p2
ε

( sinh(2p)

2p

)

×A∗
n,l,m (α, θ, pα, pθ , pφ)An′,l′,m′ (α, θ, pα, pθ , pφ)

]
, (78)

An,l,m (α, θ, pα, pθ , pφ) =
[

1 −
(

cosh p cos α

−i
pα sinh p sin α

p

)2
] l−m

2 [
cosh p sin α sin θ

+i
sinh p

p

(
pα cos α sin θ + pθ cos θ + i pφ

)]m

×Cl+1
n−l−1

(
cosh p cos α − i

pα sinh p sin α

p

)
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×C
m+ 1

2
l−m

⎛
⎜⎜⎜⎜⎝

cosh p sin α cos θ + i
sinh p

p
(cos α cos θpα − sin θpθ )

√
1 −

(
cosh p cos α − i

sinh p sin α pα

p

)2

⎞
⎟⎟⎟⎟⎠

.

(79)

There is an interesting connection between our Angle oper-
ator (77) and the one presented by Aremua et al. for 1 + 1-de
Sitter space [18,19].

6 Conclusion

In this work, we have made significant progress in under-
standing the quantum operators and infinitesimal generators
in this space. The eigenfunctions that we have defined and
their relation to the generators P2, J2, and J3 show a deep
understanding of the mathematical structures at play.

The construction of the phase space for a movement mas-
sive particle on 1 + 3-de Sitter space using the (co)adjoint
orbit method is a fascinating approach. It’s interesting that
each point in the phase space corresponds to a coherent
state in the associated Hilbert subspace H(S3

C, dμ3(
−→a )),

showcasing the connection between geometry and quantum
mechanics.

The derivation of the Kinetic Energy operator and Angle
operator using the coherent states quantization method opens
up new possibilities for studying the dynamics of particles in
this space. The resemblance of the Kinetic Energy operator
to the Hamiltonian of a quantum harmonic oscillator and the
similarity of the Angle operator in 1 + 3-de Sitter space to
the 1 + 1-de Sitter space further highlight the intriguing prop-
erties of this space. Exploring the potential to derive other
operators, such as annihilation and creation operators, using
this method in 1 + 3-de Sitter space indicates a promising
avenue for further research and possibly uncovering more
hidden symmetries and structures in this space.
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Appendix A

Appendix A.1: The unitarity of the representation Lτ (g)

The Lτ (g) representations of Sp(2, 2) are unitary, as shown
by the following result.

We know that unitarity in Hilbert space (H) means the
following relation:
(
F ′,Lτ (g)F

)
H =

((Lτ (g)
)†F ′,F

)
H. (A.1)

For our choice we have
(
F ′ , Lτ (g)F

)
H

=
∫

SU (2)

dμ(ζ )
(
χ(ζ, g)

)−2τ F(g−1. ζ ) F ′∗(ζ ).

(A.2)

On one hand if we use the transformation of the Haar measure
on SU(2):

dμ(g−1.ζ ) = [χ(ζ, g)
]−6

dμ(ζ ) (A.3)

and on the other hand the following relation:

χ(ζ, g g−1) = 1 = χ(ζ, g) χ(g−1 · ζ, g−1), (A.4)

we deduce that
(
F ′ Lτ (g)F

)
H =

∫

SU (2)

dμ(ζ )
(
χ(g−1 · ζ, g−1)

)2τ−6

×F(g−1.ζ )F ′∗(g.(g−1 · ζ )
) =

((L3−τ (g−1)
)∗F ′F

)
H,

(A.5)

where
(Lτ (g)

)† = (L3−τ (g−1)
)∗

. (A.6)

From this last equation we conclude that the representation
Lτ (g) is unitary if and only if:

τ = 3

2
+ iν ν ∈ R . (A.7)

Appendix A.2: Calculation of infinitesimal generator of
time translation

The one-parameter subgroup of time translation is defined
by Eq. (16). From this equation and Eq. (8), we can derive
its inverse as:

g−1 = Θ−1 =
( cosh( t2 ) − sinh( t2 )

− sinh( t2 ) cosh( t2 )

)
=
(a′ b′
c′ d ′

)
. (A.8)
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By choosing ζ as a quaternion i.e.

ζ = (ζ4,
−→
ζ ) = ζ4 + ζ1e1 + ζ2e2 + ζ3e3, (A.9)

with⎧⎪⎪⎨
⎪⎪⎩

ζ1 = sin α sin θ cos φ

ζ2 = sin α sin θ sin φ

ζ3 = sin α cos θ

ζ4 = cos α

we can write:

(a′ζ + b′) = cosh(
t

2
)ζ − sinh(

t

2
),

(c′ζ + d ′) = − sinh(
t

2
)ζ + cosh(

t

2
),

(det (c′ζ + d ′))2 = (χ(ζ,Θ))2 = cosh t − sinh t cos α,

(c′ζ + d ′)−1 = (c′ζ + d ′)
(det (c′ζ + d ′))2

= − sinh( t2 )ζ + cosh( t2 )

cosh t − sinh t cos α
, (A.10)

g−1 · ζ = Θ−1 · ζ = (a′ζ + b′)(c′ζ + d ′)−1

= (cosh t cos α − sinh t,
−→
ζ )

cosh t − sinh t cos α

.= (ζ ′
4,

−→
ζ ′ ),

(A.11)

where ζ is conjugate of ζ that is given by

ζ = (ζ4,−−→
ζ ). (A.12)

From the Eq. (A.11), we obtain

ζ ′
1 = sin α′ sin θ ′ cos φ′ = sin α sin θ cos φ

cosh t − sinh t cos α
(A.13)

ζ ′
2 = sin α′ sin θ ′ sin φ′ = sin α sin θ sin φ

cosh t − sinh t cos α
(A.14)

ζ ′
3 = sin α′ cos θ ′ = sin α cos θ

cosh t − sinh t cos α
(A.15)

ζ ′
4 = cos α′ = cosh t cos α − sinh t

cosh t − sinh t cos α
. (A.16)

Also, from these four equations we derive following rela-
tions:

∂α′

∂t

∣∣∣∣
t=0

= sin α, (A.17)

∂θ ′

∂t

∣∣∣∣
t=0

= 0, (A.18)

∂φ′

∂t

∣∣∣∣
t=0

= 0, (A.19)

∂[(χ(ζ,Θ))−2τ ]
∂t

∣∣∣∣
t=0

= ∂[(cosh t − sinh t cos α)−τ ]
∂t

∣∣∣∣
t=0

= τ cos α. (A.20)

By substituting these values into Eq. (27), we obtain the
infinitesimal generator of time translation as follows:

H0 = i
(
τ cos α + sin α

∂

∂α

)
. (A.21)
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