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Abstract Noncommutative (NC) geometry provides an elegant framework for addressing quantum-
gravitational corrections at the Planck scale, thereby introducing a fundamental length scale that regularizes
spacetime singularities in black-hole solutions. In this work, we investigate the electromagnetic and dynamical
properties of charged test particles around non-commutative black holes surrounded by an electric current loop
positioned at the innermost stable circular orbit (ISCO). We derive exact analytical solutions to the Maxwell
equations for the electromagnetic four-potential and magnetic-field components in both the interior and exterior
regions of the current loop, thereby extending Petterson’s pioneering approach to the NC geometry framework.
The resulting magnetic field configuration exhibits a quasi-uniform structure inside the loop and dipolar
behavior in the exterior region, with both components being significantly modified by the non-commutative
parameter ©. We analyze the effective potential governing charged-particle motion and determine the
characteristic orbital parameters, including the ISCO radius, angular momentum, energy, and energy efficiency,
as functions of both the radial coordinate and the NC parameter. Our results demonstrate that increasing ©
systematically modifies the spacetime structure, leading to measurable deviations in particle dynamics and
magnetic field configurations. These findings provide testable signatures of noncommutative geometry effects
in the strong-field regime around astrophysical black holes and contribute to understanding the interplay
between quantum-gravity corrections and electromagnetic phenomena in extreme gravitational environments.
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I. INTRODUCTION

The study of black holes in extreme gravitational environments represents one of the most fascinating frontiers in contempo-
rary theoretical physics. While General Relativity (GR) has achieved remarkable success in describing gravitational phenomena
at astrophysical scales, it predicts the existence of spacetime singularities at the centers of black holes where classical physics
breaks down [1]]. The resolution of these singularities requires a quantum theory of gravity, yet a complete and consistent frame-
work remains elusive. In this context, noncommutative (NC) geometry has emerged as a promising approach for incorporating
quantum-gravitational effects at the Planck scale [2} [3]].

The pioneering work of Nicolini and collaborators [2} 4, |5] demonstrated that non-commutative geometry provides an elegant
mechanism for regularizing black hole singularities by introducing a fundamental length scale into the spacetime structure.
This approach, inspired by string theory and M-theory considerations [0, [7], replaces the point-like mass distribution with a
Gaussian-smeared mass density characterized by a non-commutative parameter ©. The resulting black hole solutions exhibit
remarkable properties: they are singularity-free, possess a de Sitter core at small scales, and smoothly transition to the classical
Schwarzschild or Reissner-Nordstrom geometries at large distances [8, [9]. Recent observational constraints and theoretical
investigations have renewed interest in NC black holes as viable alternatives to classical solutions, with potential observational
signatures in strong-field regimes [[1O} [11]].

Alongside the geometric properties of spacetime, electromagnetic phenomena play a crucial role in understanding black hole
physics and their astrophysical manifestations. The interaction between black holes and magnetic fields is fundamental to
explaining energy extraction mechanisms, jet formation, and particle acceleration processes observed in active galactic nuclei
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and X-ray binaries [12} [13]. The seminal work of Wald [13]] established the exact solution for the electromagnetic field of a
rotating black hole immersed in an asymptotically uniform magnetic field, revealing the existence of a gravitationally induced
electric field with profound implications for black hole electrodynamics. Petterson [14] extended this analysis by deriving
the magnetic field configuration generated by a current loop positioned in the equatorial plane of a Schwarzschild black hole,
demonstrating that the field exhibits quasi-uniform behavior inside the loop and dipolar structure in the exterior region.

The study of charged-particle dynamics around magnetized black holes has attracted considerable attention due to its relevance
to accretion disk physics and high-energy phenomena. Extensive investigations have been conducted on particle motion in
various black hole spacetimes immersed in external magnetic fields [15H17]. Recent work has explored the effects of modified
gravity theories and quantum corrections on charged particle trajectories and the innermost stable circular orbit (ISCO) radius
[18420]. The ISCO plays a critical role in accretion disk theory, as it defines the inner boundary of the disk and determines
the efficiency of energy extraction through the Novikov-Thorne mechanism [21}22]]. Understanding how quantum-gravitational
corrections modify the ISCO and related orbital parameters is essential for interpreting observational data from black hole
systems and for potentially distinguishing among different gravity theories.

Despite extensive research on NC black holes and on electromagnetic phenomena around classical black holes, a comprehen-
sive investigation of electromagnetic fields and charged-particle dynamics in NC black-hole spacetimes with realistic magnetic-
field configurations remains lacking. Previous studies have primarily focused on either the geometric properties of NC black
holes [23| 24] or particle dynamics in classical black hole magnetospheres [25, 26]. The present work addresses this gap by ex-
tending Petterson’s pioneering approach [14] to the framework of noncommutative geometry, thereby deriving exact analytical
solutions to Maxwell’s equations for a current loop located at the ISCO of an NC black hole.

In this paper, we investigate the electromagnetic and dynamical properties of charged test particles around non-commutative
black holes surrounded by an electric current loop positioned at the innermost stable circular orbit. Our analysis encompasses
several key aspects: (i) derivation of exact solutions to Maxwell’s equations for the electromagnetic four-potential and magnetic
field components in both the interior and exterior regions of the current loop; (ii) comprehensive analysis of the magnetic field
structure and its modification due to the non-commutative parameter ©; (iii) investigation of the effective potential governing
charged particle motion and determination of characteristic orbital parameters including ISCO radius, angular momentum, and
energy; and (iv) evaluation of energy efficiency in the context of accretion disk physics. Our results demonstrate that the
noncommutative parameter systematically modifies the spacetime structure, leading to measurable deviations in both magnetic
field configurations and particle dynamics, thereby providing testable signatures of quantum-gravitational effects in the strong-
field regime around astrophysical black holes.

II. BLACK HOLES IN NC GRAVITY

The spacetime of the spherically symmetric spacetime around black holes in Non-Commutative geometry is described through
the spherical coordinates z* = {t,r, 6, ¢} by the line element [2]:

1

$2 — _ f(r)dt2
d f(r)dt +f(r)

dr? 4+ r* (d6? + sin® 0d¢?) 1)
where the lapse function is

flry =1 - 2 SMVO
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where O is the Non-Commutative parameter, [©] = M?2.
The standard mathematical way of determining the event horizon is g,.. — 0o (¢"" = 0) or equivalently f(r) = 0 and we
have the radius of event horizon at

VM\//TM —8/6
I

ry— M 3)

0, in GR (© — 0) it takes r, = 2M.

III. MAGNETIC FIELD SOLUTIONS OF MAXWELL EQUATIONS IN SPACETIME AROUND BLACK HOLES IN NC
GRAVITY

In this section, we seek solutions to Maxwell’s equations that describe the magnetic field generated by a current loop in the
vicinity of static black holes within aether theory. Petterson initially examined the problem in the context of Schwarzschild
spacetime in Ref. [14]. When expressed in curved spacetime, Maxwell’s equations assume the following form:
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In these equations, F'*¥ represents the electromagnetic field tensor, with its dual given by ,F*" = %EWW’FW. The tensor
NaBo~ €an be written in terms of the Levi-Civita antisymmetric symbol €55~ as:

1
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eaﬂaw
)

NaBoy = V —Y€aBoy » n ’ (5)

with the metric tensor determinant from (1) being g = —r*sin® . The four-current vector J# serves as the source term for
the black hole’s magnetic field. We assume a current-carrying loop positioned in the equatorial plane near the innermost stable
circular orbit (19 = r75c0), with the electric current possessing solely an azimuthal component (J¢ = J™ = .J 0 = 0):

J¢ = Tiz\/f(r)é(r —19)d(cos ) . (6)

Obtaining analytical solutions to Maxwell’s equations requires exploiting the symmetry properties of the spacetime metric
to enable separation of variables in the differential equations. For instance, in his groundbreaking work on black hole electro-
dynamics, R. Wald derived exact solutions by utilizing time-like and space-like Killing vectors associated with the spacetime’s
axial symmetry.

Given the loop’s equatorial placement and the spacetime’s axially symmetric nature, we can treat the vector potential as
dependent solely on the r and 6 coordinates (A, (r, #)). For axially symmetric and stationary electromagnetic fields, the Maxwell
equation in Eq.(#) becomes the following in the spacetime (I)):

Lo
sin @ Or

1 9,1 0
r7emd 0 g g6 24 )
= —4nl\/f(r)d(r — rg)d(cosf) . (7

We seek a solution to Eq.(7) that can be expressed in separable form:

(1) Au(r,0)) +

Ay(r,0) = R(r)O(0) , (®)
which yields two decoupled equations:
. d /1 do)h) B
sme@(sme - )+ U+ 1) +2)01(0) =0, ©)
d dR
2 (1) P (44 2Ri =0, (10)

where [ denotes the multipole number, restricted to integer values. Solving Egs. (9) and for general values of [ proves
quite involved. Therefore, we simplify by focusing on the | = 0 case. Henceforth, we denote R (r) simply as R(r) and O (0)
as O(0). For this case, Eq. yields the regular solution ©(6) = sin? 6, reducing the radial function equation to:

[(r CM)? - M2(1— a)] R"(r) + 2M <1 + oz]\f) R'(r) — 2R(r) = 0. (11)

Upon solving Eq.(TT), we obtain the vector potential through the following procedure:
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where the current loop around the aether BH is responsible for the magnetic moment p:
2
) (14)

p=mra/f(ro)l (1 +a—5
To

Now, it is possible to get non-zero components of the magnetic field around the ather BH in the interior and exterior regions

of the ISCO, where the current loop is located using the expression Ref. [27] B® = (1/2)n*#77 F, B~ Uq, With respect to proper
observer, where u, = —+/ f(r)(1,0,0,0), in the following form [28]:
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FIG. 1: Graphical illustration of the loop radius along ©.
Copyright © 2025

56



Journal of Fundamental and Applied Research Vol. 5, Issue 4, (2025) 20250028

250 ‘ ‘ ‘ 1 100}

\ — 0=001

200 09s}

— 0 =002

085+

0.80+

/™M /M

FIG. 2: Variation of the normalized magnetic field component B? in the interior region (left) and exterior region (right) as
functions of the radial coordinate /M, for different values of the non-commutative parameter ©.

In Fig[I]We can easily see, the loop radius shows a monotonic decrease as © increases.

Fig. displays the angular component of the magnetic field B? normalized to the GR case for the interior (left panel, 7, <r <
ro) and exterior (right panel, > r() regions of the current loop. The profiles are shown for three values of the NC parameter:
© = 0.01M? (black line), © = 0.02M? (blue line), and © = 0.03M? (red line). In the interior region, the magnetic field
strength increases monotonically with radius. It is significantly enhanced compared to GR, with larger values of © producing
stronger deviations—reaching ratios up to 2.5 at 7 ~ 5M for © = 0.03M2. Conversely, in the exterior region, the magnetic
field is suppressed relative to GR, with the suppression being more pronounced for larger © values. The exterior field gradually
converges to the GR limit at large distances (r 2 14M), demonstrating that NC effects are localized to the strong-field regime
near the black hole.
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FIG. 3: Variation of the normalized magnetic field component B in the interior region (left) and exterior region (right) as
functions of the radial coordinate r /M, for different values of the non-commutative parameter O.

Fig.|3| presents the radial component of the magnetic field B" normalized to the GR case for the interior (left panel, ry <r <
ro) and exterior (right panel, » > r() regions of the current loop. The profiles correspond to three values of the NC parameter:
© = 0.01M? (black line), © = 0.02M? (blue line), and © = 0.03M? (red line). In the interior region, the radial magnetic field
component exhibits a modest enhancement compared to GR, with the normalized ratio 3fn / Bé p Teaching approximately 1.4 at
r ~ 5M for © = 0.03M2. The enhancement grows monotonically with radius and becomes more pronounced for larger values
of ©. In the exterior region, as with the angular component, the radial field is suppressed relative to GR, with the suppression
increasing for higher ©. The exterior field asymptotically approaches the GR limit at large distances (r 2 14M), confirming
that NC modifications are predominantly effective in the vicinity of the black hole.

IV. DYNAMICS OF TEST PARTICLES AROUND NC BHS

Now, we investigate the dynamics of electrically charged test particles around an aether BH, paying our attention to consider-
ing only circular stable orbits.
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The Lagrangian for test particles with rest mass m, orbiting a BH reads as [29]

1
Ly = 5mgpud" ", (18)

It isn’t easy to find analytical solutions to the equations of motion unless integrals of motion are introduced. Fortunately,
in an axially symmetric and stationary spacetime, it is possible to introduce the Killing vectors generated by the symmetry of
the spacetime, which are responsible for the conservation of energy and angular momentum of the particle along the geodesic
motion.

The corresponding conserved quantities can be calculated using the Killing vectors,

gé)au = 6157 fé;)a,u = a(ba (19)
where 5(“0 = (1, 0, 0, 0) and {f 5 = (0, 0, 0, 1), which are corresponding to the energy and angular momentum of the

particles £ = E/m and £ = L/m, respectively, with equations,

=" ¢=— (20)

Here, we derive the equations of motion using the following normalization condition,
guutu” = —1. 1)

Equations of motion for test particles that are around a static BH take the following form using Egs. and (21,

K
i = &+ gu (Hrz) , (22)
: 1 L2
0?2 = — (K- , 23
ggg< Sinze) ( )

with the Carter constant .
In this work, we investigate the particle’s motion in the constant plane py = 0. At the equatorial plane, the constant X will be
K = £2 and one can get,

2= Vg (24)

where Vg is the effective potential, and it has the following form,
The effective potential for the interior region (r < r < rg) is given by:

2

R2/FR) (14 245 ) (2 + al?) F(R)w
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is a new constant.

In the above expression, w = eB/(2m) is responsible for the magnetic interaction between the particle’s electric charge and
external magnetic fields. In our further analysis, we assume the current loop’s position at ro = 6)/. The effective potential for
the exterior region (r > 7q) takes the form:

, 2
o f wRQ\/m 1+ oM (r2 + aMZ) R(r)
v =D 1+ ( . fa))m 10, 9)
where
2VT+aM(r+2M) B 2MV1+a
R(r) = r2 + aM? —|—ln(1 r—M(l—\/l—l—a))’ (30)

with f(r) and « defined as above. Here, R = r( denotes the radius of the current loop at ISCO, L is the angular momentum,
and w is the angular frequency parameter.
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FIG. 4: Variation of effective potential the interior region (left) and exterior region (right) as functions of the radial coordinate
r /M, for different values of the non-commutative parameter ©.

A. Effective potential

Fig.[]illustrates the effective potential Vg for test particle motion in the interior (left panel, 1.5M < r < 5M, withw = 0.1)
and exterior (right panel, » > 5M) regions around NC black holes. The profiles are displayed for three values of the NC
parameter: © = 0.010/2 (red line), © = 0.02M? (blue line), and © = 0.03M?2 (black line). In the interior region, the effective
potential exhibits a characteristic barrier structure with a maximum around » ~ 3M. As O increases, the potential barrier
becomes more pronounced, with Vg reaching higher values for larger NC parameters—the black curve (© = 0.03M?) attains
approximately Vog ~ 1.4 at the peak. In contrast, the red curve (© = 0.01M?) reaches only Vg ~ 1.2. This enhancement
indicates that NC effects strengthen the effective gravitational barrier, potentially affecting the stability and location of circular
orbits near the black hole. In the exterior region, the effective potential decreases monotonically with radius and shows a clear
separation between different © values at intermediate distances. Higher values of © correspond to elevated potential values, with
the black curve (© = 0.03M?) maintaining the highest potential throughout the plotted range. All curves exhibit logarithmic
decay behavior at large radial distances, asymptotically approaching unity as » — oo, which reflects the diminishing influence
of NC corrections in the weak-field regime.

B. Angular momentum

To study the circular motion of the test particle, consequently, we consider the conditions that imply there are no radial motion
(7 = 0) and no forces in the radial direction (7 = 0) [30]. Using this condition, one can get expressions for the specific angular
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momentum and a specific energy for circular orbits in the equatorial plane (8 = 7/2) where the effective potential as given in

Eq.(25) and is maximal

(aM2 +2M7’7r2)2
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FIG. 5: Variation of angular momentum the interior region (left) and exterior region (right) as functions of the radial coordinate
r /M, for different values of the non-commutative parameter © and w.

Fig. 5| presents the specific angular momentum £ of charged test particles as a function of radial coordinate for the interior
(left panel, 3M < r < 5M) and exterior (right panel, r 2 6M) regions around NC black holes. The profiles are shown for three
parameter combinations: © = 0.01M?, w = 0.1 (black line), © = 0.02M?2, w = 0.1 (blue line), and © = 0.01M?2, w = 0.2
(red line). In the interior region, the angular momentum increases monotonically with radius for all configurations, reflecting
the requirement for higher angular momentum to maintain stable circular orbits at larger radii in the strong-field regime. The
red curve exhibits significantly higher angular momentum values, reaching £ = 12M at r ~ 5M, compared to the black
curve which attains £ =~ 4M at the same location. This substantial enhancement demonstrates that particle charge dramatically
increases the angular-momentum requirements for circular orbits due to electromagnetic interaction with the magnetic field. The
blue curve lies between the black and red curves, indicating that increasing the NC parameter also increases the required angular
momentum, albeit to a lesser extent than doubling the particle charge. In the exterior region, the angular momentum exhibits
distinct behavior across different radial ranges. At intermediate distances (6 M < r < 10M), all three curves show rapid growth,
with the red curve maintaining the highest values throughout. Beyond r ~ 10M, the angular momentum profiles begin to level
off and eventually decrease, asymptotically approaching zero at large distances. This behavior reflects the transition from the
strong-field regime, in which electromagnetic and NC effects are significant, to the weak-field regime, in which Newtonian
dynamics dominate. The ordering of the curves (red > blue > black) is preserved throughout the exterior region, confirming
that both particle charge and the NC parameter play persistent roles in determining the orbital characteristics of charged particles
around NC black holes.

V. CONCLUSION

In this work, we have conducted a comprehensive investigation of electromagnetic field configurations and charged-particle
dynamics around noncommutative black holes with a current loop at the innermost stable circular orbit. By extending Petterson’s
classical approach to the framework of non-commutative geometry, we have derived exact analytical solutions to Maxwell’s
equations that describe the magnetic field both interior and exterior to the current loop in NC black hole spacetime, characterized
by the metric proposed by Nicolini and collaborators.

Our analysis reveals several significant findings regarding the influence of the non-commutative parameter © on electromag-
netic phenomena and particle dynamics in the strong gravitational field regime:

Magnetic Field Structure: The magnetic field configuration exhibits qualitatively distinct behavior in the interior and exterior
regions of the current loop, with both components being substantially modified by quantum gravitational corrections encoded in
the parameter ©. In the interior region (r1 < r < r(), the magnetic field components show monotonic enhancement compared

to the classical General Relativity case, with the angular component B o reaching normalized ratios up to 2.5 for © = 0.03M?
at r ~ 5M (Figure 2). Similarly, the radial component B" exhibits modest but systematic enhancement, with normalized
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ratios approaching 1.4 under comparable conditions (Figure 3). Conversely, in the exterior region (r > 7(), both magnetic field
components are suppressed relative to the GR predictions, with the suppression being more pronounced for larger values of ©.
The asymptotic convergence to GR values at large distances (r 2 14M) confirms that NC effects are predominantly confined to
the strong-field regime near the black hole horizon, consistent with the expected behavior of quantum gravitational corrections.

Current Loop Radius: The position of the ISCO, and consequently the current loop radius, decreases monotonically with
increasing © (Figure 1), indicating that quantum gravitational corrections enhance the gravitational binding and allow stable
circular orbits to exist at smaller radii. This behavior is fundamentally different from modifications induced by black hole spin
or charge, providing a potential discriminant for NC effects in observational contexts.

Effective Potential and Orbital Stability: The effective potential governing charged particle motion exhibits significant mod-
ifications due to both the non-commutative parameter and electromagnetic interactions (Figure 4). In the interior region, the
potential barrier becomes more pronounced with increasing ©, with the maximum value of Vg rising from approximately 1.2
for © = 0.01M? to 1.4 for © = 0.03M? at the characteristic radius 7 ~ 3M. This enhancement of the potential barrier has
essential implications for the stability and location of circular orbits near the black hole. In the exterior region, the effective
potential shows a clear separation among different © values at intermediate distances, with higher NC parameters correspond-
ing to higher potential values. The monotonic decrease and asymptotic approach to unity at large radial distances reflect the
diminishing influence of quantum corrections in the weak-field regime.

Angular Momentum Requirements: The specific angular momentum required to maintain circular orbits shows strong de-
pendence on both the non-commutative parameter and the electromagnetic coupling parameter w (Figure 5). In the interior
region (3M < r < 5M), particles with higher charge-to-mass ratios (larger w) require substantially greater angular momen-
tum, with values reaching £ ~ 12M for w = 0.2 compared to £ ~ 4M for w = 0.1 at » ~ 5M. The increase of the NC
parameter also elevates the required angular momentum, though to a lesser extent than electromagnetic effects. In the exterior
region, the angular-momentum profiles exhibit rapid growth at intermediate distances, followed by an asymptotic decrease at
large radii, confirming the transition from strong-field to weak-field regimes. The consistent ordering of curves (with higher w
and © producing higher angular-momentum requirements) demonstrates the persistent role of both quantum-gravitational and
electromagnetic effects in determining orbital characteristics.

Astrophysical Implications: Our results have important implications for understanding observational signatures of quantum
gravitational effects in black hole systems. The systematic modifications of magnetic field configurations and ISCO parameters
induced by the NC parameter © could be constrained by observations of accretion disk spectra, particularly the iron Ko line
profiles, which are sensitive to the inner disk radius. The energy efficiency of accretion, which depends on the ISCO location
and binding energy, would be systematically affected by NC corrections, potentially providing another observational constraint
on ©. Furthermore, the modified magnetic field structure could influence jet formation and collimation processes, affecting the
observable properties of relativistic jets from active galactic nuclei and microquasars.

Comparison with Modified Gravity Theories: The effects of non-commutative geometry on particle dynamics and electromag-
netic fields can be compared with those arising from other modified gravity theories, such as Einstein-Maxwell-scalar theory,
modified gravity (MOG), and Rastall gravity. While these theories produce qualitatively similar modifications to the ISCO
radius and energy efficiency, the specific functional dependence on the respective parameters differs, potentially allowing ob-
servational discrimination. The unique feature of NC black holes is the regularization of spacetime singularities, combined
with modifications to strong-field dynamics, which together offer a physically motivated framework rooted in quantum gravity
considerations.

Future Directions: Several promising avenues for future research emerge from this work. First, extending the analysis to
rotating (Kerr-like) NC black holes would enable investigation of frame-dragging effects on magnetic field configurations and
particle dynamics in quantum-corrected spacetimes. Second, incorporating more realistic magnetic field geometries, such as
those arising from magnetohydrodynamic simulations of accretion flows, would provide a more complete picture of black hole
magnetospheres in NC geometry. Third, investigating radiation processes such as synchrotron emission and bremsstrahlung
from charged particles in NC black hole magnetospheres could yield direct observational predictions testable with current and
future X-ray observatories. Finally, exploring the role of NC corrections in extreme particle-acceleration scenarios, such as the
Penrose process and magnetically driven acceleration mechanisms, could shed light on the origin of ultra-high-energy cosmic
rays.

In conclusion, our investigation demonstrates that noncommutative geometry induces measurable, systematic modifications
to electromagnetic field structures and to the dynamics of charged particles around black holes. These findings contribute to
the broader effort to understand quantum-gravitational effects in strong-field regimes and provide testable signatures that could
be constrained or detected through multi-messenger astronomical observations of black hole systems. The interplay between
quantum gravity corrections and electromagnetic phenomena is a rich area for future theoretical and observational research, with
implications that extend from fundamental physics to high-energy astrophysics.
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