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Abstract

In twistor theory the nonlinear graviton construction realises four-dimensional anti-self-dual
Ricci-flat manifolds as Kodaira moduli spaces of rational curves in three-dimensional complex
manifolds. We establish a Newtonian analogue of this procedure, in which four-dimensional
Newton-Cartan manifolds arise as Kodaira moduli spaces of rational curves with normal bun-
dle O ® O(2) in three-dimensional complex manifolds. The isomorphism class of the normal
bundle is unstable with respect to general deformations of the complex structure, exhibiting a
jump to the Gibbons-Hawking class of twistor spaces. We show how Newton-Cartan connec-
tions can be constructed on the moduli space by means of a splitting procedure augmented by
an additional vector bundle on the twistor space which emerges when considering the Newto-
nian limit of Gibbons-Hawking manifolds. The Newtonian limit is thus established as a jumping

phenomenon.

Newtonian twistor theory is extended to dimensions three and five, where novel features emerge.
In both cases we are able to construct Kodaira deformations of the flat models whose moduli
spaces possess Galilean structures with torsion. In five dimensions we find that the canonical
affine connection induced on the moduli space can possess anti-self-dual generalised Coriolis
forces.

We give examples of anti-self-dual Ricci-flat manifolds whose twistor spaces contain rational
curves whose normal bundles suffer jumps to O(2 — k) & O(k) for arbitrarily large integers k,
and we construct maps which portray these big-jumping twistor spaces as the resolutions of
singular twistor spaces in canonical Gibbons-Hawking form. For k£ > 3 the moduli space itself
is singular, arising as a variety in an ambient C**!. We explicitly construct Newtonian twistor
spaces suffering similar jumps.

Finally we prove several theorems relating the first-order and higher-order symmetry operators
of the Schrédinger equation to tensors on Newton-Cartan backgrounds, defining a Schrédinger-
Killing tensor for this purpose. We also explore the role of conformal symmetries in Newtonian

twistor theory in three, four, and five dimensions.
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Chapter 1
Introduction

Twistor theory takes local solutions of equations in mathematical physics and recasts
them as natural global holomorphic data on complex manifolds called twistor spaces.
This is a reversible procedure, allowing one to take generic holomorphic structures on
twistor spaces and construct spacetime models equipped with local geometry automat-
ically obeying familiar integrability conditions. These conditions are often nonlinear
partial differential equations and are, on inspection, highly nontrivial to solve; twistor
theory thus provides a back-door solution in such situations, and often this solution is

general.

One of the field’s most important results is the nonlinear graviton construction of Penrose
[66]. This provides the general solution of the anti-self-dual vacuum Einstein equations
by establishing a bijection between four-manifolds equipped with anti-self-dual com-
plexified Riemannian Ricci-flat metrics and cohomology classes of a line bundle over a
twistor space. This powerful result can be upgraded to consider Einstein manifolds and
a variety of other possibilities [21}80]. How it works in practice is that the class is used
to deform the complex structure of the twistor space, and the spacetime arises as a Ko-
daira moduli space of rational curves embedded in the twistor space [49]. That is to say,
we build a spacetime manifold by associating each of its points to a rational curve in the

twistor space.

The field began algebraically with Penrose, as a way of unifying the homogeneous and

13



14 CHAPTER 1. INTRODUCTION

inhomogeneous sectors of the Poincaré group, resulting in a notion of twistors as spinors
of the conformal group [64]. Soon followed contour integral formulas for linear wave
equations [65], the nonlinear graviton construction [66], Ward’s solution of the anti-self-
dual Yang-Mills equations [78], and the impact of twistor theory on integrability [55, 21].
In the present day twistor methods are finding employment at the forefront of theoretical
physics (see, for example, [81}, 54, 1}, 13]). Faced with such a wide variety of approaches
[4], we wish to emphasise at this stage that the aspect of twistor theory with which we
are primarily concerned in this thesis is that of constructing Kodaira families of rational

curves and their induced local geometry.

It is not only four-dimensional Riemannian geometry which is amenable to this treat-
ment; Hitchin described two additional twistor theories in which one constructs two-
dimensional projective surfaces and three-dimensional Einstein-Weyl manifolds as Ko-

daira moduli spaces of rational curves [42].

The central strand of this thesis establishes several novel twistor theories pertaining to
Newton-Cartan geometry in dimensions four, three, and five. Newton-Cartan manifolds
are the non-relativistic equivalent of a Riemannian manifold, a setting where gravity is
felt via the curvature of a connection [17, 28]. We construct Newton-Cartan manifolds
as Kodaira moduli spaces of rational curves in complex twistor spaces in chapter 3, ex-
plicitly building the affine connection from twistor data. This Newtonian twistor theory
contains some surprises, one of which is that the twistorial version of the Newtonian
limit is a jumping phenomenon in four dimensions. The normal bundles to the family of
rational curves suffer a discontinuous change as the speed of light tends to infinity; this
makes the four-dimensional theory unstable with respect to Kodaira deformations [22].
Another surprise comes when the theory is extended to three and five dimensions [41];

we find that deformations result not in a jump but in the introduction of torsion.

We study other jumping phenomena in twistor theory and Newtonian twistor theory
in chapter 4, where we review the construction of the first examples of twistor spaces
containing rational curves suffering arbitrarily large numbers of jumps [23], as well as

proving some related theorems regarding the nature of such twistor spaces.
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The development of Newtonian twistor theory led the author to prove some theorems
on the conformal symmetries of Newton-Cartan geometry [40]. In chapter |5 we estab-
lish a correspondence between a non-relativistic analogue of conformal Killing vectors
on a curved Newton-Cartan background and the first-order symmetry operators of the
Schrodinger equation; we define a Schrodinger analogue of a conformal Killing tensor
and identify such tensors as the higher symmetry algebra of the free-particle Schrodinger
equation, a non-relativistic lesser cousin of the famous result of Eastwood [31]; and we
construct the conformal symmetry algebras induced on Newton-Cartan manifolds by

the algebras of global holomorphic vector fields on Newtonian twistor spaces.

Finally in chapter[f| we take the first steps towards building a twistor-theoretic approach
to the free-particle Schrodinger equation. We derive contour integral formulas from
twistor theory for its solutions in (3 + 1) and (2 + 1) dimensions, before proving that all

plane-wave states lie within their range.

Conventions

o We denote the complex projective line P! (instead of CP'); RP' appears nowhere

in the remainder of this thesis.

o The complex projective line is a complex manifold coordinatised by two patches U

and U with respective coordinate functions A and A obeying A = "' on U N U.

o Standard line bundles on the complex projective line are denoted O(n) — P' for

first Chern class n € Z and have transition functions A™".

¢ The symmetrised tensor product is denoted ©, i.e.

A@B:%M®B+B®m.

4 e 4 £

¢ The phrases “twistor lines”, “projective lines”, “rational curves”, and (where ap-
propriate) “global sections” are freely interchanged when describing the compact

complex submanifolds of twistor spaces constituting Kodaira families.
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¢ The abbreviation (A)SD always stands for (anti-)self-dual.

o Let M be a (d + 1)-dimensional moduli space. Lower-case Latin indices (a, b, c...)
run from 0 to d; lower-case Latin indices (3, j, k...) run from 1 to d and will usually

be spatial in nature.

¢ On a D-dimensional twistor space Z lower-case Greek indices (p, v, ...) will run
from 0 to D — 1. (The exception is in section where a second set of spacetime

indices is required.)

o A vertical slash on the right of a symbol indicates that the quantity represented by

that symbol has been restricted to a rational curve in the Kodaira family.

¢ Inhomogeneous twistor variables are preferred and will generally be denoted by
upper-case symbols; homogeneous twistor variables will generally be denoted by
lower-case symbols. The exceptions are in chapter 4} where ( denotes an inhomo-
geneous twistor variable, and in chapter |6, where T4 is homogeneous of weight

one.

¢ The description of special kinds of geometry follows the standard syntax so that,
for example, a Newton-Cartan manifold is a smooth manifold equipped with a Newton-

Cartan structure.

o The word “spacetime” will sometimes be used in place of “moduli space”, “Newton-
Cartan manifold”, or “Riemannian manifold” when we wish to emphasise the role

of these spaces in physical models.

¢ Spinor indices are raised and lowered with the standard symplectic forms accord-

ing to the “down and to the right” convention: ¥ = ePvyp and 14 = Pepa.



Chapter 2
Preliminaries

Here we discuss the technical background against which the main body of the thesis is

set.

2.1 Kodaira moduli spaces

Twistor theory models spacetimes with local geometry as moduli spaces of rational
curves within a complex manifold; the mathematics describing the precise nature of
such moduli spaces is due to Kodaira [49, 50, 51]]. In particular there is a criterion which
must be satisfied for the moduli space to itself be a complex manifold. To frame the

theorem we must establish the following definition, following [56].

Let Z and M be complex manifolds. Their product space Z x M is equipped with the
natural projections

[y : ZxM—=Z

and

Iy« Zx M — M.

Definition 2.1.1. A holomorphic family of compact complex submanifolds of Z with moduli
space M is a complex submanifold

FcZxM

17



18 CHAPTER 2. PRELIMINARIES

such that v := Il | is a proper regular map.

By regular we mean that the rank of the differential of v is everywhere equal to the di-

mension of M.

Writing i := 11| we have a double fibration.

N4 . (2.1.1)

In twistor theory we study examples of these families, where Z is the twistor space; M is
the spacetime; and F is called the correspondence space. For x € M we have an associated
submanifold X, = pov~!(x) C Z, which in all cases of interest in this thesis will be
X, =PL

Let
(TZ) |x,

TX,

be the normal bundle to a submanifold X,. There is then a canonical map K due to

N, =

Kodaira;

K. : T,M — H°(X,,N,) ,

and we will explicitly construct this map for the twistor theories under consideration.

Definition 2.1.2. If IC, is an isomorphism for all x € M then the family F is said to be complete.

There is one more technical point, with which we will not be concerned again in this

thesis.

Definition 2.1.3. A holomorphic family F' of compact submanifolds is called maximal if all other
holomorphic families of compact submanifolds F' = Z x M" in Z which have some points v € M
and x' € M’ associated to the same submanifold admit holomorphic maps j : M' — M in the

neighbourhoods of «' such that v'=* (") = v~ (j(2")) for all 2" in the neighbourhood of x'.
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We are now in a position to state the relevant theorem.

Theorem 2.1.4. (Kodaira [49])

Let X C Z be a compact complex submanifold with normal bundle N — X. If
H'(X,N)=0 (2.1.2)

then X is a member of a complete maximal holomorphic family of compact complex submanifolds

{X, | © € M} whose moduli space is of dimension dim H° (X, N).

We will say that a compact complex submanifold X C Z is Kodaira if it satisfies (2.1.2).
Note that this theorem implies that M is a complex manifold, as this is contained in the

definition of a complete holomorphic family of submanifolds.

Thus one can picture taking a particular Kodaira submanifold X C Z and then build-
ing out from X a complete holomorphic family labelled by coordinates which come to
constitute a chart in M. One reason we study this way of constructing M is that it of-
ten comes equipped with canonically-induced geometrical structures such as metrics
and/or affine connections which are relevant to physics. Prescribing additional data on
7, such as (unconstrained) vector bundles £ — Z leads to further induced structures on

M such as Yang-Mills fields via, for instance, the Ward transform [78].

2.2 The nonlinear graviton construction

Penrose’s seminal paper [66] provides the twistor-theoretic context for much of this the-
sis. In it he described the nonlinear graviton construction, a theorem providing a highly
significant family of twistor spaces whose Kodaira moduli spaces of rational curves are
relevant to four-dimensional theoretical physics. The class of moduli spaces to be con-
sidered were named gravitons by Penrose, in the belief that they would come to represent

such a particle in the semi-classical description of a future theory of quantum gravity.
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2.2.1 Theorems

The moduli spaces are equipped with an anti-self-dual conformal structure, which we’ll
now define. Let C be the (conformal) Weyl curvature associated to a conformal structure

[g] on an n-manifold of Euclidean signatureﬂ and let
*: AP (M) — A" (M)

be the associated Hodge operator on p-forms. For n = 4 the Hodge star is an involution

on two-forms, and has two eigenspaces with eigenvalues £1;
A (M) =A"(M)® A~ (M)

where the right-hand-side is the direct sum of the self-dual (eigenvalue +1) and anti-self-
dual (eigenvalue —1) two-forms. The self-duality property extends to C' by considering
the action of x on a skew pair of indices. Let e be the volume-form associated to a repre-

sentative of [g].

Definition 2.2.1. A conformal structure [g] is said to be anti-self-dual (ASD) iff

1
Cabcd = _ieabefcefcd-

The importance of this definition for twistor theory is exposed by the following theorem.

Theorem 2.2.2. (Penrose [66])

There is a one-to-one correspondence between

o three-dimensional complex manifolds Z equipped with a four-parameter family of rational

curves X, with normal bundle O(1) @ O(1)

and

o four-dimensional complexified manifolds M equipped with an ASD holomorphic conformal

structure [g].

'One could also include neutral signature; see [27] for a discussion of anti-self-dual conformal struc-
tures in neutral signature.
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This theorem establishes a large class of interesting examples of theorem note that
the isomorphism class N, = O(1) & O(1) of the normal bundles to X, ensures that
H'(X,,N,) = 0. We refer the reader to [66, 21, 55, 46, [80] for various self-contained
proofs of this theorem; in this thesis demonstrations of how the theorem works can be

found throughout, such is its importance.

Theorem can then be upgraded by requiring additional structures on the twistor

space Z. We'll now detail two essential upgrades.

Theorem 2.2.3. (Penrose [66])

There is a one-to-one correspondence between

o three-dimensional complex manifolds Z equipped with
— afibration o : Z — P?,
— a four-parameter family of rational curves X, with normal bundle O(1) & O(1),
— and a non-degenerate holomorphic two-form {¥} on the fibres of o with values in the
pull-back of O(2) from P!,
and

o four-dimensional complexified manifolds M equipped with an ASD Ricci-flat metric g.

The presence of the two-form ensures that the induced ASD conformal structure con-
tains a Ricci-flat representative; moreover it explicitly constructs that representative in
the following way. Restricting the two-form to the family { X, } of global sections induces

three two-forms Y45 on M:
Z| _ EO'O’)\Q + QEOIIIA + 21’1’

(because X is global and takes values in the pull-back of O(2)). Linear combinations of
these forms constitute a hyperKahler structure’]on M, and hence determine a volume-

form XY AX%Y on M. This volume-form can then be fixed to be the metric volume-form,

2For a definition of a hyperKéhler structure see definition and for a fuller explanation of how
$A'B" determine such a structure see [21].
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determining the conformal factor. Ricci-flatness follows from the equivalence of the ASD

Ricci-flat condition to the hyperKahler condition [21].

Twistor theory thus provides the general solution of the (complex) ASD Ricci-flat equa-
tions, as complex manifolds Z with the required properties as quite straightforward to

write down, as we shall see shortly.

The second upgrade allows one to consider real moduli spaces.

Theorem 2.2.4. (Penrose [66, 83, 5])

There is a one-to-one correspondence between

o three-dimensional complex manifolds Z equipped with

a fibration Z — P?,

a four-parameter family of rational curves X, with normal bundle O(1) & O(1),

a non-degenerate holomorphic two-form { ¥} on the fibres with values in the pull-back

of O(2) from P,

and an involution » : Z — Z such that »* = 1 on the (projective) twistor space

which acts as the antipodal map X — —\~" on the rational curves,

and

o four-dimensional real manifolds M equipped with an ASD Ricci-flat metric g of Euclidean

signature.

The involution allows one to single out a real moduli space M. Rational curves pre-
served by s form a (real) four-parameter non-intersecting family: thus Z is fibred by
such curves, and we can take the family to be a real slice of the usual Kodaira moduli
space [83]].

One can upgrade these theorems further to consider, for instance, moduli spaces which
are ASD Einstein rather than just Ricci-flat [80], hyper-Hermitian [20], or scalar-flat Kidh-
ler [70].
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To end this section we will briefly describe how examples of theorem can be readily
constructed by deforming the complex structure of the flat model Z = O(1) & O(1)
equipped with the natural family of rational curves provided by the global sections of

7 — PL.

2.2.2 Flat model
Consider Z = O(1) @ O(1) with patching

Q=210 A=)t (2.2.1)
for A = 0,1 and global sections

QA = 249\ + 2 (2.2.2)

A4 are coordinates on M parametrising the family of global section According

where
to the twistor theory we should label as null those vectors tangent to the submanifolds
in M (called alpha-surfaces) defined by setting Q4 and ) to be constant in Q4 = Q4,
i.e. defined to encompass all points x in M whose associated twistor lines X, contain

(24, X). The conformal structure which singles out those same vectors as null is then
lg] = dz®datt — da® da'. (2.2.3)

The two-form ¥ = A\~2X is given by ¥ = dQ° A dQ!, which fixes g to be the representative
on the right-hand-side of (2.2.3).

2.2.3 Deformations
Consider instead a complex manifold Z with patching

OA = A4 — eABa(% A=A,

a Kodaira deformation [50, 51] of (2.2.1), where f (2%, )) is a function representing a
cohomology class in /! (O(1) & O(1), O(2)omyson))-

30ver U the counterparts to (2.2.2) are Q4| = 24 4 241\,
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Following [46, 51], H' (X,,End (N,)) = 0 means that the isomorphism class O(1) @
O(1) is stable with respect to the deformation, and the four-parameter family of global
sections still exists. Thus one can find functions Q*| (x, \) more complicated than
and again single out the vectors tangent to the alpha-surfaces Q4 = Q4| in M, the Kodaira
moduli space of the sections. The resulting conformal structure will be ASD, and is

guaranteed to contain a Ricci-flat metric.

Example: a plane wave

To illustrate how this works in practice we will consider the simple twistor space (due

to Sparling [75,/46]]) described by the patching
Q0 =27100 Q' =2 4 ea 2 (Q0)° (2.2.4)
and possessing twistor functions
Ql=ur+2z Q=2 +y—eu’)?

where ¢ is a deformation parameter and z* = (u, z, x, y) are coordinates on M. Vectors
tangent to the alpha surfaces Q4 = Q4| lie withing the kernel of a conformal structure

admitting the representative
g = dadz — dydu + 3eu’dz? | (2.2.5)

and it is straightforward to check that that this representative is the Ricci-flat one. The

metric (2.2.5) is that of a plane wave.

2.3 Induced frames and metrics

Given a Kodaira family of rational curves there are various ways of constructing the in-
duced geometry on M/, all relying on the Kodaira isomorphism of definition In
Penrose’s original approach one looks at the special surfaces called alpha surfaces in-

duced on M by the pull-back of the twistor coordinates to the correspondence space
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and then uses the alpha surfaces to single out preferred vectors [66], as described in the
previous section.

Alternatively, in the case of the nonlinear graviton, one can directly find the contravari-
ant conformal structure as (the image on M of) the zero section of H°(Z,TZ ® TZ).
A third approach would be to construct an integral formula from twistor cohomology
classes and then compute the differential operator(s) on M for which the twistor classes

constitute the kernel.

In this section we’ll describe another method, in which (families of) frames of one-forms

are directly computed on M.

Theorem 2.3.1. [41]

Let M be the moduli space of a complete holomorphic family of rational curves X, = P! ina
complex manifold Z — P with normal bundles N, — P'. M is equipped with a preferred family
of one-forms - the frame - defined uniquely up to an invertible element of H (X, N, ® NZ) per

section X,.

Proof

Let Z be (k + 1)-dimensional. The family of one-forms on the moduli space M arises
as a section of N, ® Al (M) for each = € M. Cover P' by two patches U and U with

coordinates \ and \ respectively, with holomorphic transition function

~

A=t

on U N U. We can describe ¢ : Z — P! concretely as a complex manifold by exhibiting
its patching. If w" (w", \) is this patching (for y,v = 0,1, ..., k — 1) then we can describe
the global section X, (over U) by the equation w* = w"| (z, \) for + € M parametrising

the space of sections and where w"| are functions extracted from the patching.

One then finds that
du*| = Fhdw"|
where

ot
ow”

"TJ; ($’)‘): (wa|7>‘)
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is the patching of the normal bundle V,. (We recall the use of a vertical slash to denote
the restriction to X, throughout this paper.) By the Birkhoff-Grothendieck theorem [39]
we can write

F=Hdiag (A\™™ A7, ") B

where H and H are holomorphic maps to GL (k,C) from U and U respectively, and
where the integers (n1,ns, ..., n;) specify the isomorphism class of N,. We then ex-
tract the frame from a section (H ') dw”| (or equivalently (H *)Z dw|]), and the non-
uniqueness results from the fact that we can multiply A (and H) by an invertible global

section of N, ® N (which may vary arbitrarily with = € M). We denote
v(z) = H 'dw| € H° (F|,, N, ® A} (M))

the frame section.

The frame section then gives rise to a collection of one-forms etA'B'--C" on M, where the
index p arises from the component-structure of v and A'B’...C" (each running from 0’ to

1') arise from the dependence of v on the base P*. For example, in the case where
N, =0(2) @ 0(2)

we write

/ !
vt = 6”A1A27TA/17TA/2 ,

where [74/] are homogeneous coordinates on the base P! and where p = 0, 1. One then
extracts the frame er4i4 = i1 (2b) da. O
In this thesis we will include in v the result of the most general element of H° (X, N, ® N?)
per line X, in the guise of arbitrary functions. (This is analogous to writing a conformal
structure [g] as a single metric g = ag, for some representative g, € [¢] and some arbi-

trary non-vanishing function o.)

In the case of k = 2 we often revert to the notation ;1 = A = 0, 1 and make use of

0 1 0 1
€EAB = and €A B = . (231)
-1 0 -1 0
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Definition 2.3.2. [41]. All tensor fields on M which can be constructed from the frame using
only the tensor product and the symplectic forms e s and € 4 g are induced on M as the span of

V.

Often, pleasingly, the span of v contains a metric (which may depend on some number
of arbitrary functions), and in the nonlinear graviton construction this metric is exactly
the conformal structure we could induce in a more traditional way (i.e. via the presence

of alpha surfaces in M as is done in [66]).

To see this consider the following example, in which the twistor space is three-dimensional

and the normal bundles to the rational curves are O (2n — 1) O (2n — 1) for n > 1.

Theorem 2.3.3. [41]

Let Z — P! be a complex three-fold containing a rational curve X, with normal bundle Ny =
O(2n—1) & O(2n — 1) for some integer n > 1. Then the Kodaira moduli space of rational

curves X, is a (4n)-dimensional complexified conformal manifold.

Forn = 1 Z is a standard Penrose twistor space described in section[2.2} and in a different
context this class of normal bundles is the setting for the heavenly hierarchy described

in [24].

Note that theorem is a different construction of 4n-dimensional moduli spaces to
that in [71}163], where the authors induce quaternionic structures on Kodaira families of

global sections of manifolds with normal bundle &2"O (1).

Proof

Since

H' (PL,O02n-1)®0(2n—-1)) =0

the rational curve X, is a member of a family of dimension

dim H° (P, O (2n—1)® O (2n — 1)) = 4n ,
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and by theorem we obtain a section of Al (M)® N, at each pointz € M which gives

AALLLAY

rise to a frame e n—1 via

A AAL AL
— 1 2n—1
€ TAy---TA,

v

and so a metric

QAN A,

g=ean,..A,

The non-uniqueness acts acts by multiplication of an invertible global section of N, ® N,

which takes

’ ’ _ ’ 111 _ ’ ’
600 ...0 )\271, 1 + 600 ...0"1 )\271, 2 + o+ 601 1

/ / / rq1 _ ’ ’
610 .0 )\271—1 + 610 .01 )\Qn 2 + .+ 611 .1

! / / 11/ I !
ao by 000/ \2n—1 4 (00%..0' \2n—2 | | 011
H
o do L0710/ \2n—1 4 (1001 \20—2 | 1
- A ap by o
for any four functions ¢ = : C — GL (2,C), resulting in
co dy
PAAL Ay ¢%€BA’1...A’2,171
and so
D A _B AlLLAL
g — €apP o e Ay @ O A1 = (det @) g.
We thus obtain a conformal transformation. O

Using alpha surfaces to find the induced conformal structure (or otherwise) becomes
increasingly complicated in higher dimensions, but the frame method of theorem 2.3.1]

does not.

Example: alpha-surfaces for Z = O(4)

Via theorem [A.1.1 one can construct some five-dimensional Riemannian manifolds M
as the Kodaira families of curves with normal bundle O(4) in a complex two-fold Z, the
flat model being Z = O(4). In this example we’ll consider how the conformal structure

on M arises via the presence of alpha surfaces. The construction is considerably more
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complicated than that of the frame advocated throughout this paper, but its existence is

nonetheless reassuring.

The (inhomogeneous) patching for O(4) is
S=1"3
and so the global sections are
S| =t + du) + 62\% + 4v)\* + wA?

for z® = (t,u, z,v,w) € M.
The direct calculation of the frame (the case n = 2 in theorem |A.1.1)) is trivial in the flat
A'B'C'D

case and clearly gives us e = adz?"P'“'D’ for arbitrary a : M — C*, and the span

contains the metric

! ! ! !
g=a*dzypop ® dg A B D"

According to the usual way of proceeding we take the null vectors éz* to be those for
which
0 = 0t + 46uX + 662X* + 460X° 4 dwA!

has a unique solution in A. The classical theory of quartic equations tells us that this

happens when 2 solves simultaneously the three conditions

Ag = —0t35w? + 12612 6udvéw? + 276t%6v* — 545t26v*wdz
+ 186t26w?6x? + 66touov?dw — 540tdu’dw?dx — 1085tdudv>dx
+ 1806tdudvdwdz? + 546tdv?6x — 815tdwdz* + 275u*dw?

+ 645u>6v° — 1080udvdwdr — 365u?6v26x? + 54dudwdx® = 0
Ay = —0téw? + 4dudvéw? + 126v* — 245v* 5wz + 9ow?dz? = 0

Ay = —5téw + 4dudv — 36x% = 0.

Claim: The vanishing of Ag, A4, and A, is equivalent to dz“ falling into the union of the

kernels of the span of the frame e4'5'"?",
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¢ The latter condition A, = 0 is exactly what one would expect for the metric, giv-
ing us the symmetric two-form ¢ above. (It agrees exactly with the g one would

calculate from the direct frame method.) Concretely,

[g] = —dtéw + 4dudv — 362>

¢ The vanishing of A, and Ag simultaneously is equivalent to 6z lying in the kernel
of both g and a symmetric three-form G; (which is also consistent with the direct

frame calculation). In particular
[Gs (027, 62%, 62%)]” o Ag when A,=0,

for

Gs (0%, 02, 02") = —0tdv? + Stéwdx — du*dw + 20udvdz — 6.

¢ Finally, when A, = Ag = 0 the vanishing of A, is equivalent to having

[53:(510 —6?=0 and 6tdx — ou’ = O]

and either Jwét — 62> =0 or dudv —dz>=0. (2.3.2)

These (effectively three) conditions are the requirement that dz* lie in the kernel
of three rank-three symmetric two-forms which we identify as %%, 5 ® ”4'F,

0’1’ 0'1'A'B’

1171 AT R/
€ yp Qe ® e AB

117
,and el 5

1 AT R .
E'F'A'B" 3150 arise, but as

o The rest of the canonical symmetric two-forms e“'%, ,, ® e
redundant conditions equivalent to (2.3.2). (One could choose to isolate three other
conditions, say one rank-three symmetric two-form and two rank-four symmetric
two-forms, and fit those to canonical forms instead, but for concreteness we have

chosen the three rank-three symmetric two-forms.)

Thus we can obtain the induced metric via either direct calculation or (in a more compli-
cated fashion) by the usual twistor theory arguments. Once one has the frame one has

every canonical form discussed above.
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2.4 Canonical connections

The construction of affine connections on moduli spaces of complete holomorphic fami-
lies of submanifolds was considered by Merkulov [56,57]. This work led to the solution

of the holonomy problem [58].

First consider torsion-free affine connections more generally, taking [56] as a reference.
Let J be the ideal of germs of holomorphic functions on M which vanish to order & at
x € M. The second-order tangent bundle 7%/ M is defined to be the union over all points

in M of second-order tangent spaces
TPM = (72/32)".

An element (V, V) of TP M consists of the first two non-vanishing terms of the Taylor
expansion of a function vanishing at x; a section of TRIM gives rise to a second-order

linear differential operator
VP = (V& V) s V0,0, + V0,
where for brevity’s sake we put 0, = 5. There is a short exact sequence
0—TM — TEM — &>*TM — 0 (2.4.1)
with maps
(V9= (0,V% and (V" V) = (V).

A torsion-free affine connection V on T'M is then equivalent to a (left) splitting of (2.4.1),
i.e. a linear map

v TEM - TM (2.4.2)
acting as
v (VO V) e (VO TSV

for functions I'}, on M which we identify as Christoffel symbols. We’ll now describe
(following [56]) two ways of constructing such a map in twistor theory, as well as a gen-

eralisation by the present author (following [41]). The original treatment in [56] is con-
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siderably more sophisticated than that given here, as Merkulov describes the construc-
tion for a general Kodaira moduli space. In the case Z — P! the construction is much

simpler.

241 The =-connection

Cover P! with two open sets U/ and U with respective inhomogeneous coordinate func-
tions A and A subject to the transition function A\ = A~! on U N U. Again consider a

general fibred twistor space ¢ : Z — P! characterised by the holomorphic patching
=Wt (W, \) (2.4.3)

where w* are the twistor coordinates on the fibres. Henceforth restrict to cases in which
one has

a' (PN, ® N}) = 0;
the reason for this will soon become clear.

A section V = (V®, V) of TPIM gives rise to a differential operator V9,8, + V0,
which following [56] we’ll now apply to (2.4.3).

VP0,000" + V9t = VO FLO,0pw” + VO FhOaw” 4+ V© Fh Ogw” Opuw?, (2.4.4)
where again we have

owt
ow”

Fi =G

and
v _ O ]
P Qwrowe
(Recall that a vertical slash indicates that one restricts to w” = w”| (2%, \).) If we can

write (2.4.4) as a global section of N, then we have (via the Kodaira isomorphism 7, M =

H° (P!, N,)) constructed a map 7. The only problematic term is the last one. The =-

connection is constructed by splitting

Fp0aw” = =X0oF ) + FoX'pa (2.4.5)
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for a 0-cochain {x} of N, ® N} ® T*M per point z € M. The left-hand-side of (2.4.5)
is always (in the Z — P! case) a 1-cocycle of N, ® N} ® T M, and since by assumption

H' (P!, N, ® N}) = 0 the splitting is always possible.

Equation (2.4.4) then becomes
V0,00 + VaDui + VORY O™ = Fly (V@ 0,05w” + VO9aw” + VXY (,Opyw’)

and so we have constructed a global section of IV, per point z. The connection symbols

for the map thus constructed can be read off as
(9a8bw” + leo (aab)wp = Fcabacw”.

There is, though, a possible source of non-uniqueness. If H° (P!, N, ® N) # 0 then
one is free to add any element of that group to both x* , and x*, ,. Therefore what one
obtains is an equivalence class of connections (the =-connection). As with the frame
we will choose to describe the equivalence class by a single most-general representative

containing arbitrary functions.

Example: Z = O(1) & O(1)
The flat model in the nonlinear graviton construction was described in section in-
spection of the patching (2.2.1) and twistor lines (2.2.2) reveals
Fho=0  Fh=six
(where we put © = A = 0, 1 as is conventional for N, = O(1) & O(1)).
The Christoffel symbols for the =-connection are then given by

/

AA A A’ A A’
F cC'DD! — XD CC/5D’ + XC DD/(SC/ 5 (246)

where x4, are four arbitrary one-forms on M constituting a global section of N, ® N} ®

T M per point x € M.
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2.4.2 The torsion =-connection

Later in this thesis we will describe the twistor theory of three- and five-dimensional

Newton-Cartan manifolds. For certain deformations (see sections[3.2.2]and [3.3.2)) of the

complex structure the A-connections (to be discussed in section fail to exist and
the =-connections cannot be made compatible with the induced frame data. The frame
section suggests that the reason for this is that the moduli space’s connection possesses
torsion. In this section we will generalise the =-connection of [57,56] to include torsion.

This simple generalisation was first made by the author in [41].

Consider a general (possibly torsional) affine connection to be a map
v: T(TM x TM) — T (TM).

As in the constructions of the previous two sections, we’ll build such a map from the
twistor data via the Kodaira isomorphism. Let V' = V*J, and W = W*“9, be vector fields
on M. We want to use the complex structure of the twistor space Z to build a torsional

connection by directly constructing ViV =~ (V,W).

Apply V to the patching (2.4.3) to obtain

Vet = FrAV 9w (2.4.7)

as usual. Then apply W to (2.4.7) to obtain

WOV gt + WOV 001"
= WP, FLV e 0uw” + WO FLO,V  0pw” + WO FLV 9,0,w”.

As in the torsion-free case the only obstruction to this line (evaluated at x € M) consti-
tuting a global section of N, is the first term on the right-hand-side, and one must decide
what to do with it.

If we can write

OFy = ~flonFo + Fhl, (248)
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for some 0-cochain {p} of N, ® N} @ AL (M) for each x € M then
WP,V 00" + WPV 0,050 + WM, V0™
= 7 (W, Vet + WOV D’ + WV a0,

constitutes a global section of N, (for each x € M), and hence a vector field on M via the

Kodaira isomorphism. One can then extract the connection symbols from
[, 0wt | = 0,0yt | + pt)  0uw”| (24.9)

(or its counterpart over ) just as in the torsion-free case.

The connection symbols arising from (2.4.9) generically possess torsion, and the torsion-
free part of the connection agrees with the torsion-free =-connection exhibited in section

We accordingly call the connection of this section the torsion =-connection.

Just like the =-connection the existence is determined by the non-vanishing of
H' (X, N ® ;)
and the connection is defined up to an element of
H° (X, No ® N;) @ Ay (M)

per x € M, giving us a family of connections induced on M.

2.4.3 The A-connection

An alternative twistor construction of a class of maps gives rise to the so-called
A-connection, which we now briefly summarise. This class of connections often degen-
erates into a single affine connection, and in as much as it is necessary and useful to
make such a distinction, it is the A-connection which should be considered the physical

connection.

Consider again the patching for a general fibred twistor space Z — P":

Wt = B (w”, ) |
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where w* are the coordinates on the fibres, and again consider the equation (2.4.4) re-
sulting from the action of the section V' of T M. To construct the A-connection we do

the splitting differently.

We instead choose to solve

Fly = —6h FUF + Flo’ (2.4.10)

n- apf

for a 0-cochain {o} of N® (N* ® N*) — P!, and the Christoffel symbols for the resulting

map 7 can be read off from

14

I, 00w"| = 0w | + 0¥t Dy | D] (2.4.11)

(or the equivalent expression over /). In the Z — P! case the left hand side of (2.4.10) is
always a 1-cocycle of N ® (N* ® N*).

The difficult part of this construction is the solution of the splitting problem (2.4.10),

which in some cases is not possible, and is often not unique.

Uniqueness is determined by whether there are global sections of N @ (N* ® N*); if
these exist then one is free to add one to {o} and so construct a different connection. In
Penrose’s case we have

H°(P',N® (N*®N*)) =0

and so the connection is always unique. This is unsurprising; we can always call upon

the Levi-Civita connection.

There are Kodaira deformations (giving rise to F7, ;) for which (2.4.10) cannot be solved
iff
H'(P',N® (N*®N*) #0,

and there are several reasons this may occur. One is that the spacetime suffers a jump
in the normal bundle; another is when the torsion-free requirement essential to the con-
struction is broken. In Penrose’s case we can calculate that ' (P', N ® (N* ® N*)) van-
ishes, so all Kodaira deformations lead to torsion-free connections, in line with the non-

linear graviton construction.
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Example: the plane wave revisited

Consider again the plane wave example with patching (2.2.4).

Without reference to the metric (2.2.5), one can construct a unique affine connection on

M by calculating

At 0
Fh = : (2.4.12)
3¢ (uh +2)° A2 A1

Foo = 6e(ur+2)A~? ; and all other F, = 0. (2.4.13)
The splitting problem (2.4.10) can be solved uniquely to give
Gyg = —6ez ; ogo = 6Geu ; and all other {07} =0, (2.4.14)
leading to a connection whose only non-vanishing components are
r< =r<,="IY, = 6eu. (2.4.15)

One can check that this agrees with the Levi-Civita connection one would calculate from

the Ricci-flat metric (2.2.5)).

2.5 Folded hyperKihler geometry

The gravitons constructed by Penrose are ASD and Ricci-flat. In four-dimensional Eu-

clidean signature this means that they are hyperKihler.

Definition 2.5.1. A hyperKihler structure on a smooth Riemannian four-manifold (M, g) con-
sists of three complex structures J; = (J1, J2, J3) satisfying
JP=Jl=J=—1
and
JiJj = Ez'jkjk fOT’i #j
such that g is hyperHermitian'|with respect to J; and such that the three two-forms §; defined by

(U V)=g(U V) (YU V eT(TM))

A Riemannian metric g is Hermitian with respect to a complex structure J if g(JU, JV) = g(U, V) for
all vectors U, V, and hyperHermitian with respect to J; if it is Hermitian with respect to all three.
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are symplectic, meaning that they are closed and non-degenerate:

dQ;, =0 Qi NQ; #£0 (no summation).

For a proof that an ASD and Ricci-flat metric is hyperKéhler (and vice-versa) the reader

is referred to [21].

In section 4.1 we will be concerned with a generalisation of the above definition, called

the folded case. Here we allow the Kéhler forms to degenerate:
QiNQ; =0 (no summation)

on a three-dimensional submanifold called the fold, X. On M\ one obtains hyperKah-
ler metrics either side of the fold, respectively positive-definite and negative-definite.
The notion of such folded hyperKahler metrics is due to Hitchin [43]; here we'll follow
the definition of Biquard in [12].

Definition 2.5.2. A folded hyperKdihler manifold is a quadruple (M, X, ;, 1) consisting of

o a smooth four-dimensional manifold M;

o a three-dimensional embedded submanifold X called the fold which divides M into two

disjoint connected components;

o a triplet of two-forms Q; which define a hyperKihler structure either side of the fold with

metrics g+ and are such that
M|x #0 Qolx #0 Qslx =0
with ker Q1| x @ ker Q| x a contact distribution;

o and an involution v : M — M which fixes X, exchanges the two sides of M\X , and is

such that
g+ = — 09+ LQg = —Qg LQl = Ql LQQ = QQ.
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We will call the metrics g, folded hyperKihler metrics. The global construction of folded
hyperKéhler manifolds due to Hitchin [43] suggests that metrics of this type should come
in infinite-dimensional families, and Biquard proves in [12] that all infinitesimal defor-
mations of folded hyperKéhler metrics can be integrated to give folded hyperKahler

metrics, confirming this intuition.

The definition above is that of an alpha-folded hyperKéhler manifold, where, following
Hitchin [43], we must have locally

QgZdZ/\Oég—i‘Zﬂg/\’}/g

and Q) =zdzANoa1+ L1 A7 we=zdzANas+ P2 Ay

for a fold z = 0 and where (o, §;,7;) possess no dz components.

Alpha-folded hyperKahler manifolds have appeared in several places in theoretical physics:
in particular the Gibbons-Hawking [35] metrics

1 o
9= g (dv + A) + Vi de'd? (2.5.1)

for dV = x3dA

are often examples of folded hyperKéhler metrics. These metrics are significant in su-
pergravity [60].

The classic example of a folded hyperKéhler metric is a Gibbons-Hawking spacetime
with V = z,

1 1 1 S
g=—(dv+ Emdy — §ydm) + 20;;dx"dx’ .
z

Not all metrics are, strictly speaking, examples of folded hyperK&hler metrics. If
V has vanishing points then one or more of the Kédhler forms may vanish, but key to the
notion of a folded metric is that it must be the same Kéhler form which vanishes all over
the fold. When the form (2; which vanishes changes at different points on the fold we

have an example of an ambipolar metric, a generalisation defined in [60].

Definition 2.5.3. An ambipolar hyperKihler manifold is a triple (M, X, );) where
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o M is a smooth four-dimensional manifold;

o X is a three-dimensional embedded submanifold called the fold which divides M into two

disjoint connected components;

o and §Y; is a triple of two-forms with the property that span {$);| x } is two-dimensional, with

the corresponding union of kernels being a contact distribution.

A relevant example of an ambipolar hyperKahler metric which is not a folded hyper-
Kéhler metric is the Taub-NUT spacetime with negative mass, which will be discussed

in section 4.3

Ambipolar metrics play a role in the microstate geometries program [37], where in five-
dimensional supergravity they are the four-dimensional base space from which a smooth

five-dimensional solution is constructed [60].

The alpha-folds above are to be contrasted, in passing, with a slightly different kind of
fold also discussed by Hitchin in [43] called a beta-fold. In a beta-fold all three K&hler

forms are non-vanishing when restricted to the fold; locally we must have
Qi:ZdZ/\Oéi—i-ﬂi/\%

where z = 0 is the fold, and where ; A 7; is non-vanishing when restricted to z = 0.

2.6 Newton-Cartan geometry

Newton-Cartan spacetimes are the non-relativistic analogues of Lorentzian manifolds in
general relativity: they are the geometrical setting for non-relativistic physics [17]. Just
like in general relativity we have a four-dimensional manifold playing the role of the
spacetime, and particles travel on geodesics of a torsion-free connection. There’s a metric
too, though unlike in general relativity the connection and the metric are independent
quantities. In this section we will describe Newton-Cartan spacetimes in some detail,

taking [28] as a reference.
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Before introducing the full Newton-Cartan geometry we’ll begin with a subordinate def-

inition.
Definition 2.6.1. A (d + 1)-dimensional Galilean manifold is a triple (M, h, 0) where

o M isa (d + 1)-dimensional manifold;

2
o h is a symmetric tensor field of valence ( ) with signature (0 + +...+) (and so has rank
0

d) called the metric;

o and 0 is a closed one-form spanning the kernel of h called the clock.

The pair (h, 0) is called a Galilean structure, and the number of spatial dimensions is d.

Since 6 is closed we can always locally write § = dt for some function ¢ : M — R. This
function is then taken as a coordinate on the time axis, a one-dimensional submanifold
over which the spacetime M is fibred. We call the fibres spatial slices and when restricted
to such a slice the metric h is a more familiar signature (+... + +) d-metric. (Recall that
throughout this thesis the indices a, b, ¢ will run from 0 to d and the spatial indices i, j, k

will run from 1 to d.)

Spatial Fibres

\—’/

Time Axis

Definition 2.6.2. A (d + 1)-dimensional Newton-Cartan manifold is a quadruple (M, h, 0, V)

where



42 CHAPTER 2. PRELIMINARIES

o M isa (d + 1)-dimensional manifold;
o (h,0) is a Galilean structure;

o and V is a torsion-free connection compatible with the Galilean structure in the sense that

Vh=0and VO = 0.

We emphasise that V must be specified independently of the metric and clock, and we
recall the syntax that a Newton-Cartan manifold (M, h, 6, V) is a smooth manifold M
equipped with a Newton-Cartan structure ( h, 6, V).

Newton-Cartan geometry with some appropriate field equations models Newton-Cartan
gravity. The appropriate field equations arise as the Newtonian limit of the Einstein
equations [52]. They are

Ry = 4G pb,0, (2.6.1)

where R, is the Ricci tensor associated to V; GG is Newton’s constant; and p : M — R is

the mass density. Alongside the field equations we have the Trautman condition [28]
a | —
hPR 4, =0, (2.6.2)

where R, is the Riemann tensor of V. This ensures that there always exist potentials
for the connection components, which is needed if we are to make contact with Newto-
nian physics; accordingly connections which satisfy (2.6.2)) are referred to as Newtonian

connections.

The field equations imply that % is flat on spatial slices, and we can always introduce

Galilean coordinates (¢, z') such that

h:Wé%@é% and 0 =dt (2.6.3)

fori = 1,2, ...,d. For notational convenience we can then raise and lower purely spatial
indices with 6 and 4;;. We'll refer to (2.6.3) as the standard Galilean structure.
Only connections compatible with 6 and h are allowed by definition; one can show [19]

that the most general such connection has components

1
% = Ehad (Ovhed + Ochia — Dahue) + 0wbe)U" + O Frpah™ (2.6.4)
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where
o U®is any vector field satisfying 6(U) = 1;
o Fyp is any two-form;
o and hy, is uniquely determined by h®hy,. = 6¢ — 0.U® and h,,U® = 0.

The possible connections are then parametrised by a choice of (U, F'). The Trautman
condition is equivalent to the statement that F is closed, and hence for a Newto-
nian connection we can locally write F' = dA. Thus we could refer to a Newton-Cartan
spacetime as a quintuple (M, h, 8, U, A), implicitly considering a Newtonian connection.

Clearly there is a gauge symmetry in A, as we can always shift
Avr— A+dy

for any function x on M.

There is a further redundancy in this description; there exist Milne boosts which can be
thought of as gauge transformations of (U, F') which leave I'% . unchanged [28, 48]. One
can choose to work with a non-trivial vector field U, which is taken up in [73]. Usually
we will gauge-fix to U = 9;, which can be implemented by a Milne boost for any initial
choice of (U, F').
With d = 3 the most general vacuum Newton-Cartan spacetime satisfying and
then has

I, =670,V and I,

where 5”818]‘/ -+ 25”819839 =0 and (5”(91(%9 = O, (265)

i ilk
=T tj = j1E 8,€Q

with all other connection components vanishing. The corresponding two-form F' is
given by

F=—dV Adt + €;,0"0Qd’ A da?.
The geodesic equations suggest that we should interpret the function V' as the Newto-
nian (gravitational) potential and the function (2 as a potential for generalised (spatially-

varying) Coriolis forces. Note that although the degrees of freedom in a Newton-Cartan
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connection appear similar to that of an electromagnetic field the equations (2.6.5) gov-
erning them are more complicated. This is somewhat analogous to the way in which
the FEinstein equations in Ashtekar variables reduce to a problem in which Yang-Mills

degrees of freedom obey equations more complicated than the Yang-Mills equations [3]].

Two harmonic functions are sufficient to solve the vacuum Newton-Cartan fields equa-

tions, because (with V2 = §%9,0,) we can rewrite (2.6.5) as

VI (V4+Q*) =0 and V2Q = 0.

Of recent interest has been torsional Newton-Cartan geometry [34, 9,7, 18| 41], in which
the connection is allowed to have some torsion. This is manifest in the clock failing
to be closed because df} # 0 is incompatible with V# = 0 for a torsion-free connection.
Equation is modified to include the skew part of 9,6, too, giving rise to the torsion.
Later in this thesis we will construct Kodaira families with induced torsional Newton-

Cartan structures, featuring clocks which aren’t closed.

2.7 Non-relativistic symmetries

A menagerie of symmetry algebras relevant in Newton-Cartan geometry is discussed in
[28]; we will here provide a brief review of those relevant to this thesis, following that
paper. The reason that there are many algebras to describe compared to the relativis-
tic case is that a Newton-Cartan structure (h, 6, V) is more intricate than a Riemannian
metric g, and so there are a lot of ways of interpreting what the non-relativistic analogue

of
Lxgoxg

ought to be.

The first definition is a fairly straightforward one to make; we simply preserve the Galilean

structure up to changes of scale.
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Definition 2.7.1. The conformal Galilean algebra cgal(d) of a (d + 1)-dimensional Galilean
structure (M, h, 8) is the Lie algebra of vector fields X satisfying

Lxh=fh (2.7.1)

and

Lx0 = g0 (2.7.2)

for some smooth functions f and g on M.
On the standard Galilean structure (2.6.3) the general element X € cgal(d) is
X=at)o+ (of] )27 + @' () + " (t) 227 — 2207 (¢) x5 + p(t) xl) 0;

for arbitrary functions of time (w;; (¢) € so(d), ¢ (¢) ,9" (¢), 1 (), (t)). The Lie algebra

is thus infinite-dimensional.

Matters become more complicated when we have to decide how X is to preserve V, and

we’ll define several options.

Definition 2.7.2. The conformal Newton-Cartan algebra enc(d) of a Newton-Cartan spacetime

(M, h,0,V) is the Lie algebra of vector fields X which are elements of its conformal Galilean
algebra cgal(d) and permute the null geodesics of V, satisfying and

Ly, = =0if8(30) + (Ouf + Dig) v* 08 + (f + ) W0 Foya. (27.3)

The reader is referred to [28] for a motivational derivation of (2.7.3). On (2.6.3) and with

I'Y. = 0 a general element of cne(d) is
X=at)d+ (W{t)a) + ¢ (t) + p(t)z') ;
for arbitrary functions of time (w;; (t) € so(d), ¢" (¢), (), « (t)). We note that
ene(d) C cgal(d),

and the algebra is again infinite-dimensional.
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Definition 2.7.3. The expanded Schridinger algebra sch(d) of a Newton-Cartan spacetime (M, h, 6,V )

is the Lie algebra of vector fields X which are elements of its conformal Galilean algebra cgal(d)

and effect projective transformations of V, satisfying and
LxT. = 6(,00) (2.7.4)
with functions (f, g) and a one-form ¢, constrained by

LxVh=0 and LxV=0. (2.7.5)

Condition (2.7.4) ensures that the unparametrised geodesics are unaltered by the trans-

formation.

On 1} and with I'}, = 0 we have that X € sch(d) iff

X = (oth + [t + 7) O + (w?xj + atz’ + pat + Vit + pi) 0; (2.7.6)
for (o, B,7, 1, V%, p') € R4 and wy; € so(d). The dimension of fﬁ)(d) is therefore finite
and given by 1 (d? + 3d + 8).

Definition 2.7.4. The Schrédinger algebra sch(d) is the Lie subalgebra of sch(d) defined by the

additional condition

f+g=0.

This amounts to setting 5 = 2x in (2.7.6); in the case (2.6.3) and with I'}, = 0 we thus
have that X € sch(d) iff

X = (at® +2ut +7) 0, + (wia? + ata’ + pa’ + V't + o) 9. (2.7.7)

Physically, this algebra contains translations (v, p°), spatial rotations (w’), boosts (+*), a
special-conformal transformation («), and a dilation (12). The dimension is now 3 (d* + 3d + 6).
We also note that

sch(d) C ene(d).

This algebra is named Schridinger because of its well-known link (see e.g. [73, 128,140,130,

72]) to the free-particle Schrodinger equation: a first-order linear differential operator
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D = 5%x)d, + s(x) commutes with A = i, + 5-6"0;0; in the sense that
AD = A

for some linear differential operator ¢ iff S0, € sch(d).

In [33] the authors take a ¢! — 0 limit of the conformal algebra, constructing a non-
relativistic conformal algebra which they also call the “conformal Galilean algebra” but
which is distinct from cgal(d). We will refer to their algebra as the CGA and consider it
only in d = 3.

Definition 2.7.5. The CGA in (3 + 1) dimensions is the fifteen-dimensional Lie algebra obtained
by a Wigner contraction of the conformal algebra in four dimensions as the speed of light is taken

to infinity.

The limit is taken by scaling each generator of the conformal algebra by an appropriate
factor of c such that the leading order term survives the limit (and is finite); this means

that the dimension of the algebra is unchanged by the procedure.






Chapter 3

Newton-Cartan Kodaira families

Penrose’s nonlinear graviton construction constructs ASD Ricci-flat manifolds as Ko-
daira families of rational curves; in this chapter we will describe an analogous construc-

tion of Newton-Cartan manifolds, constituting a Newtonian twistor theory.

The strategy is to begin with ordinary four-dimensional twistor theory, take its non-
relativistic limit, and explore resulting the complex geometry. Having come to terms
with the four-dimensional setting we will then be in a position to extend Newtonian

twistor theory to three and five dimensions, finding novel features.

3.1 Newtonian twistor theory in four dimensions

3.1.1 Galilean structures

Recall from definition [2.6.2] that a Newton-Cartan structure consists of a Galilean struc-
ture and a connection. It will turn out that the twistor description of the connection is
more complicated than that of the Galilean structure, and so this section will be con-
cerned purely with Galilean structures; in section[3.1.2lwe will introduce the connection

and promote the twistor theory to that of a full Newton-Cartan manifold.

49
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3.1.1.1 The Newtonian limit of twistor space

The following theorem constitutes the construction of a four-complex-dimensional man-

ifold equipped with a Galilean structure arising as a limit of Penrose’s twistor theory.

Theorem 3.1.1. [22]

Let Z. — P! be a one-parameter family of rank-two vector bundles on the Riemann sphere with

patching
T T
| =F (3.1.1)
Q Q
over the intersection, where
1 —(eN)?
ARG
0 A2

The four-complex-dimensional moduli space M of global sections Z, — P! is always a Kodaira

moduli space. The nature of its induced geometry depends on c.

o When ¢ > 0is finite Z. = O(1) & O(1) and M is equipped is a complexified Riemannian
metric g in accordance with theorem[2.2.3

o When c is infinite Zo, = O & O(2) and M is equipped with a conformal metric [h] and

clock 6 constituting an equivalence class of Galilean structures.

We note that the moduli spaces constructed here are complex; real slices will be dis-
cussed in section|3.1.1.2] The Galilean structures comprising the equivalence class differ
only by a change of conformal factor on the metric i, and the clock is unique (up to usual

diffeomorphisms).

Proof

In the case of finite ¢ we can split the patching matrix and write

(A0 .
F.=H H-
0 A
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where

H:U—-GL2C) and H:U—GL(2C)
are holomorphic. Explicitly we have, for instance,

1 0 . 0 —c!
H = and H=
cA 1 c At
exhibiting the isomorphism class of Z. as O(1) @ O(1). We are thus in the realm of the

nonlinear graviton construction [66] and so expect a non-degenerate conformal structure

to be induced on the moduli space. To find the four-parameter family of global sections

of we first consider the lower row
Q=27Q,
which is the patching for O(2) and thus has a three-parameter family of global sections
Q=EN—22A—¢& Q| =€—22A—EN (3.1.2)

for <§ & z) € C3. Recall that we denote with a vertical slash the restriction of a twistor
space quantity to a global section, giving us twistor functions on the projective spin bundle
PS" — M. (Recall that the primed spin bundle PS' is a trivial P' bundle on M, to be
identified with the correspondence space F in the double fibration picture (2.1.1).) The

upper row is then

T=T- N+ 207 2 4 T TENT!

and so we can take the global sections to be
T|=t—clz4c N T| =t+c 24N (3.1.3)

where ¢ € C is the fourth parameter enumerating the global sections. We write 2% =
(t, £,¢, z) for the moduli space coordinates. A global section specified by picking z“ is a
P! submanifold in Z,, that is to say, a rational curve in Z.. We refer to the rational curve

associated to z® as X, in accordance with the machinery introduced in section The
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normal bundles to these rational curves ard]]
N, = TZ)lx: /rx, = O(1) & O(1) ,

which characterises the twistor theory of relativistic spacetimes [66].
We have
H' (X, N,;) =0
so the global sections constitute a complete holomorphic family of submanifolds and the
moduli space is a Kodaira moduli space, making it a complex manifold.

The twistor correspondence is now that of Penrose.

o A point z* in M corresponds to a rational curve (T'|(\), Q|())) in Z, and

o apoint (7, Q, \) in Z. corresponds to a two-complex-dimensional plane in M via

(3.1.2) and (3.1.3) called an alpha surface.

The induced geometry on M arises via the twistor principle: a vector dx® is null iff it is

tangent to an alpha surface.

In practice this means that we find the condition(s) on dz® such that

a—T|5x“ =0 and a;m(h“ =

o o~ 0 (3.1.4)

have a unique simultaneous solution in . (We can equivalently use the sections over the

patch U instead if we wish.) From (3.1.2) and (3.1.3) we thus calculate

St—c z+c¢TINE=0 and  A6E—2X\z—0E =0,
which have a unique simultaneous solution iff
Aot2 — 622 — 6666 = 0.

Therefore we conclude that for a vector to be null it must lie in the kernel of a conformal
structure
[9] = 2dt? — dz? — dede. (3.1.5)

!One way to see this is to consider the patching of a holomorphic vector field with components only
in the ) and T directions; this will again be F..
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(One could alternatively construct a frame of one-forms via theorem which repro-

duces (3.1.5).)

The conformal factor can be fixed using two-form 3 described in theorem [2.2.3}
dT A dQ = \~2dT A dQ (3.1.6)

on the fibres of Z. — P'. When restricting 3 := dT' A dQ to twistor lines one obtains

three self-dual two-forms 4’5" on M arising as

Z| _ 20'0/)\2 + QEOIIIA + 21'1/

which determine the full conformal factor by ensuring that the metric volume-form is
equal to

n/ 11/
v=00 An

This confirms that one should single out the representative exhibited in (3.1.5) as the

Ricci-flat one, though of course this was obvious in the flat case.

When ¢ = co we have

1 0
—Foo: )
0 A2

which is simply the patching for O @ O(2). We henceforth refer to
Zwo =0 ®0(2)
as a Newtonian twistor space in the four-dimensional setting. The global sections are
TI=t T|=t (3.1.7)
and
Q=N —2:2A—€ Q| =¢&—22)—EN2, (3.1.8)

which coincide with the ¢ — oo limit of the relativistic global sections (3.1.2) and (3.1.3).
We continue to refer to the spacetime coordinates as z* = (t, £,€, z) . The normal bundle
is now

N, =0&0(2)
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for all rational curves, and so we again have
H' (X, N,) =0

and thus a Kodaira moduli space. The isomorphism class of the normal bundle can be

seen directly from the patching.

The twistor functions (3.1.7) and (3.1.8) again provide a twistor correspondence.

o A point z* in M still corresponds to a rational curve X, = P' described by T'|(\)

and Q|(A), but

o apoint (T, @, ) on Z, corresponds to a plane with ¢ = constant, soon to gain an

interpretation as a spatial plane.

The induced geometry can be constructed in a variety of ways. Using theorem we
can build a frame of one-forms by splitting the patching for the normal bundle in the

most general way possible. The splitting problem is

1 0 (1 0
H=H
0 A2 0 A2

which has the general solution

" m 0
—ag — 2\ +ag)* b

where (ag, a., ag,m, b) are five arbitrary functions on M subject to m # 0 and b # 0. The

frame section is then

1 b 0 dt

V= — .
mb \ ag +2a. ) — agX® m | \Ndg — 2Xdz — d€

m~ldt
= v = - ;
bt <)\2 (d€ — m~agdt) — 2X (dz — m~a.dt) — (dg - m’laédt»

and the frame one-forms can be read off:

0 =m 't (3.1.9)
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P S L (dz — m_lazdt) .

The span of these (see definition 2.3.2) then comprises family of Newton-Cartan clock
(3.1.9) parametrised by a choice of non-vanishing function, and a family of degenerate
covariant metrics

_ 1 ¥l 'n
h 1— §€A/B/60/D/€AC ®€BD

= Bl = QU0 g Il O ) O
=hl=—p"? [(d§ —magdt) © (dé - m_laédt) + (dz — m™"a.dt) © (dz — m_lazdt)]
(3.1.10)

parametrised by a choice of five functions, two of them non-vanishing. (The significance

of b # 0 and m # 0 is now revealed by the factors of m ™' and b™' in (3.1.9) and(3.1.10).) At

this point it’s pleasing to reflect that the structures induced by the twistor principle are
in agreement with those obtained from theorem the conditions on ¢z for (3.1.4)

to have a unique solution in \ are
St=0 and 022+ 0606=0.

However, the former allows us to modify the latter by adding to dz' = (55 ,02, 55) any
amounts of ¢, giving rise to arbitrary functions a;. For a vector to be called null it must

therefore lie in the kernel of the conformal tensors (3.1.9) and (3.1.10).

One can calculate the projective inverse of h™!, despite its degeneracy. This is done by

finding the unique vector field U such that
O(U)=1 and h'(,U)=0,

which here is
— - + - + - + ~—
U =m / Clg § a, > CLg 5 .

The projective inverse is then the unique » € I' ("M ® T'M ) such that

h(,0)=0 and  K®(R7"), =62 —U"..

be
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We find

and (h, ) then constitute a family of Galilean structures on M parametrised by two arbi-
trary non-vanishing functions m and b. The closure of the clock requires that m = m (¢)
only.

Note that the significance of m is tied up with diffeomorphisms of the time axis: a diffeo-
morphic change of time coordinate ¢ = ¢ (¢') results in nothing more than a change in m.
Thus m isn’t a true degree of freedom parametrising the family of Galilean structures; it

merely allows for coordinate invariance.

Hence a family of Galilean structures ([h], #) parametrised by conformal factors b # 0 is

induced on M.
]

In the Newtonian context we see that the concept of a null direction has become that of
a spatial direction. Alpha-surfaces, which in the relativistic case are totally null, are here

totally spatial. That is to say, they lie on ¢t = constant fibres of M.

Spatial Fibres

This reinterpretation of nullness is physically intuitive: as ¢ — oo the gradients of the
light cones decrease until at ¢ = oo they have entirely flattened out. The speed of prop-
agation of information in non-relativistic physics is infinite; Newtonian interactions are

instantaneous.
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3.1.1.2 Newtonian spinors, Lax pairs, and real slices

Here we will develop a spinorial version of the twistor theory thus far introduced, find-
ing that the use of a Killing vector naturally allows us to decompose the spinors in a
Newtonian way. The Lax pair formulation to be discussed below will give us an alter-

native way of considering the Newtonian limit which will be of use later in this work.

Spinors

An alternative to the inhomogeneous coordinates (), ) on P! are the homogeneous coor-

dinates [m4/| for A" = (/, 1’. In this context we have
Pl = ((CQ_{O}>/T
for 74 € C? and

0

aﬂ'A/'

T = T A (3111)

The quotient is along the equivalence relation
(mor, ™) ~ (amy, amy))
for any non-vanishing o € C. We can then identify the patches used previously as
U={[ra] €P|my £0} and U ={[ra] € P'|my #0}

and so identify

A =m0/, and A =m0/

The fibre coordinate for O(n) also makes sense in this homogeneous language; sections
are represented by functions homogeneous of weight n in 74,. Taking O(2) as an exam-

ple, we write the patching as

LS5
I
=)

and the global sections as

A'B’ .
q| =7 TA'TTR!

the inhomogeneous version is then Q| = 4l/(x,/)2.
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Penrose’s twistor theory is more often described using two homogeneous coordinates of
weight one called w? = (w° w') than the variables (T, Q) introduced in theorem m
The latter are more suited to our purposes in this chapter, but we should consider also

the former, so we will give a brief outline of this material, following [21]. Let
S—=M and S —->M

be rank-two symplectic spin vector bundles on spacetime, whose sections are two-component

spinors 4 (2%) and ¢4 (z?) for A = (0,1) and A’ = (0', 1"). The isomorphism
TM=S®¥ (3.1.12)
allows us to write vectors on M as V44" and the metric as
g = eapeape @ PP (3.1.13)

for the symplectic forms €45 and €4 5 on S and S’ explicitly given by (2.3.1) and where
eA4" is a tetrad of one-forms (such as can be calculated from theorem [2.3.1). The sym-
plectic forms can be used to raise and lower spinor indices according to the conventional

rules
ot =Py and a=Pepa
with identical conventions for primed spinors.

A null vector is, as a consequence of (3.1.13)), a matrix of determinant zero. Basic linear

algebra then implies that null vectors can therefore be written as a pair of spinors:
VAA/ — wAﬂ.A'
The properties of the complex conjugation on spinors depends on the signature of g.

o If g is Lorentzian, then the spinor complex conjugation is a map S — S’ given
)0

by v = A = w_ . Linear SL (2, C) transformations on S induce Lorentz
1/}1

transformations on vectors, and

SO(B, 1) - SL(27C)/Z2.
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¢ On the other hand if g is Riemannian, then complex conjugation preserves the type
of spinors, i.e. it maps sections of S to sections of S and sections of S’ to sections
/ (o o A A V! 7 A
of §'. It is given by ¢* — ¢+ = | and Yu — Y4 = ~|. In the
—y° Yo

Riemannian case the structure group is not simple, and we have
SO (4,R) = SU@)xSU@)/z, |

where the spin groups SU(2) and SU(2)’ act linearly on sections of S and S’ respec-

tively. (See [21),83] for more details on spinor conjugation in twistor theory.)

One can choose a Killing vector field
T=T"ean
(where e 4 4 is the dual tetrad) giving us a preferred map
T:S—=¥¢

which acts as
T wh e T4 0",
When considering the Newtonian limit in theorem one is forced to make a space-

time decomposition and so there is an obvious preferred vector field

0
7'—&.

This allows us to get rid of unprimed spinors all together in the non-relativistic limit,

giving us a dual tetrad e g with two primed indices. We thus have
TM =S' @ ¥ (3.1.14)

which decomposes as
TM =S oS +A*(S).
This decomposition, in terms of the dual tetrad, is a space-time 3 + 1 decomposition,

with
0

CWB) = 5
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being the three spatial directions and

0

—1
e[A’B’] = C EA/B/a

being the time direction.

Lax pairs

The map p : I’ — Z featuring in the double-fibration picture discussed in section
is the map induced by quotienting the correspondence space F' by a distribution of
vector fields {£4} called the twistor distribution or, in the context of integrability, the Lax
pair [21].

In the case of Penrose’s nonlinear graviton construction the Lax pair is constructed by
first taking the dual tetrad e 4. Via the isomorphism the Levi-Civita connection
induces connections on S — M and S’ — M individually, telling us how to covariantly
differentiate spinors. The connection on ', whose components we write as ', pro-
vides a canonical way of lifting the vectors e44 to sections of T'S": we lift e44 to the
unique vector €44 which is horizontal with respect to the connection [21]. Concretely we
have

0

Ean = ean + r%,AA,wC/W (3.1.15)

and we write

La=1%ean. (3.1.16)

We must also projectivise, which means quotienting " — M by the Euler vector field

(3.1.11):
S/y = PS'

and we obtain the projective primed spin bundle, which we take to be the correspon-

dence space F' = PS'. The horizontal lifts (3.1.15) descend to PS'to give us the Lax pair
{La} = {La}/r. (3.1.17)

Penrose considered the Frobenius integrability of this distribution in the nonlinear gravi-

ton construction of section 2.2l
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Theorem 3.1.2. (Penrose [66])

The distribution is integrable and hence has a four parameter family of integral surfaces
iff (M, [g]) is ASD.

Recall the definition of anti-self-duality. This integrability restriction remains the
most significant problem in twistor theory; generically spacetimes are not ASD and ex-
tending twistor theory to general spacetimes remains an unsolved problem. (For some

recent thoughts on this problem from Penrose see [67].)

For the complexified Minkowski spacetime (¢ # oo) in theorem we have that

0 L0 0
£0—285—>\(C — )

and

0 0 0
_ (. _
Lr= (C ot + 8z> 2Aag

for the Lax pair over U. When we take the Newtonian limit we see that the % parts
drop out of the Lax pair entirely, which ties in with the results of theorem the time

coordinate itself becomes a twistor function, so we have
T =t

and the remaining spatial derivatives combine to ensure that (3.1.8) is still a twistor func-

tion. In terms of the Newtonian spinors we have
. B B . 0
,CA/:7T CA/B/:’]T 6(A’B’)+C EA/Bla
so the Lax pair post-limit is simply

{EA/} = {TFBle(A/BQ}/T.
Real slices

Theorem 3.1.3. [22]

For any ¢ # 0 (finite or not) there exists an involution » : Z. — Z. which restricts to an
antipodal map on each rational curve. The s-invariant sections form a real four-manifold M,

with real analogues of the induced structures from theorem
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Proof

The Euclidean real slice M, of the complexified Minkowski space M is characterised by

an involution » : Z, — Z. given by

T ~T +c'2\1Q
x: Q| —-\72Q
A !

so that »* = 1 on the (projective) twistor space Z.. This involution has no fixed points,
and so for any (7', @, \) € Z. there is a unique line joining (7, Q, A) to » (T, @, A). These
give rise to the real twistor curves, which correspond to points in the Euclidean slice M,

of M. These s-invariant sections are characterised by
Ql=x(Q) =-17?Q

= N2\ f= 2 AN

which means that z must be real and € = ¢, so we can set

E=x—1y and E=ax+1y

for (z,y) € R% For T we then have

T| =5 (T|) = =T|+c¢'A'Q|
which reduces to

t=—1, (3.1.18)

so we must set

for 7 € R.
After fixing the conformal factors this yields a real Galilean structure

0 0 0 0 0 0
O+ —O0—+—0 (3.1.19)

b=dr and  h=5 05 45,9, 8: %o
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in the ¢ = 0o case and a Riemannian metric
g = Adr? + da? + dy? + d2?

in the ¢ # oo case, completing the proof.

Limit of the null hypersurface

When considering the case of finite ¢ one usually divides Z. up into two regions sepa-
rated by a five-real-dimensional hypersurface PN, called the hypersurface of null twistors

[46]. This is done by equipping Z. with an inner product, which in homogeneous coor-

dinates
Zf[ = (T17QI7 (WA’)l) Zél = (T27Q27(7TA')2)
is given by
1 \/§ (WO’)Q (WO’)1
Y (2878 = — (17 + T / / / 1)) — — )
A28.25) = = (T + T () () + () (r0)y) =2 (202 + o 28
We then have that

PN, :={2% € Z,|% (2%, 2%) = 0}.

The null twistors are interesting because these are the twistors whose associated alpha

surfaces descend to real null rays when a real Lorentzian slice is taken.

In the Newtonian limit though, we have

Bu(20,2%) = 5 (T+T) (frol? + o)
and so the real twistor curves of theorem[3.1.3|(which satisfy the condition (3.1.18)) hap-
pen to lie on the limit of the null hypersurface. The difference between the Riemannian
and Lorentzian reality conditions disappears as ¢ — oo. This makes sense because the
difference between the two signatures themselves is destroyed by the limit, with the

temporal eigenvalue vanishing in both cases.
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3.1.2 Connections and deformations

In the nonlinear graviton construction one moves away from the flat model and intro-
duces curvature by making Kodaira deformations of the complex structure [50, 51}, 46].
In this section we will pursue this idea on the Newtonian case, finding (and solving) a

serious problem.

3.1.2.1 Kodaira instability and the jump to Gibbons-Hawking

The problem with introducing curvature via Kodaira deformation in the Newtonian set-
ting is that the non-relativistic normal bundle N, = O ¢ O(2) is unstable with respect to
general deformations and so may experience a discontinuous change in its isomorphism
class. That is to say, N, may experience a jump. The relevant fact (see, for example, [46]
or [51]) is that the isomorphism class of the normal bundle N, — P! to a submanifold

X, C Z is stable with respect to general Kodaira deformations of X, iff
A" (P',End (N,)) =0 .

The sections of End (V) can be written as two-by-two matrices of functions whose weights
ensure that the matrix is a homogeneous map from N, to IV,, or more practically we can
write

End (N,) = N, ® N*

where N is the dual bundle, whose fibres are the dual vector spaces to those of N,.. For

O(n) — P! we have

as well as

O(n) ® O(m) = O(n+m).
In the relativistic case we have N, = O(1) ® O(1), so
H (PL(O1)e01)e (0(-1)a0(-1))=H (PL,O0s0a0a0) =0.

Therefore Penrose’s normal bundle is stable, and one doesn’t have to worry about the

isomorphism class jumping.
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On the other hand in Newtonian setting we can calculate

H (PL(0202) e (0ae0(-2))=H"(P,O(-2)2 008 0(2) =C,
so we expect some instability.

Theorem 3.1.4. [22, 23]
Let Z — P* be a Kodaira deformation of the Newtonian twistor space Z., = O & O(2) whose
patching is

T=T+f(Q,\ (3.1.20)

Q=22Q (3.1.21)

where f represents a cohomology classin H' (O(2), Oo ) ). The normal bundle to rational curves
is generically N, = O(1) @ O(1) and the moduli space of such curves is a complexified Rieman-
nian manifold equipped with a Gibbons-Hawking conformal structure of the form

1

o (dt+ A +V (do? + dy? + dz?) (3.1.22)

[9]

where the Gibbons-Hawking potential is

1

21 Jr

of

— : 1.2
50 (@) ax (3.1.23)
The normal bundle to twistor lines X, forx € X = {z|V =0} is

The reader is reminded that Gibbons-Hawking metrics [35] are a family of ASD Ricci-flat
metrics spanned by a choice of harmonic function V. The one-form A is determined up

to gauge equivalence by

AV = +3 (dA) |

and we note that the formula (3.1.23) ensures that V' is automatically harmonic.
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Proof

Consider first the normal bundle, a vector bundle whose patching is

9
Fo|t @
0 X2

where as usual the vertical slash denotes the restriction to a twistor line X,, which for

the O(2) part are again
Ql=EN2—220—¢€ or equivalently q| =z rymp. (3.1.24)

We know from the fact that the undeformed twistor space Z., has rational curves with
N, = O @& O(2) and the fact that the sum of the degrees 0 + 2 = 2 is a topological
invariant that we must have N, = O(2 — k) & O(k) for some integer k [21]. To calculate
we must solve the Riemann-Hilbert splitting problem for F; that is to say we must find

holomorphic maps
H:U—-GL2C) and H:U—GL(2C)

such that

(A0
F=H H
0 Ak

for some k (on each rational curve). Write

hy h . hy h
=" " and H=|_ ! . ?
h3 h4 h3 h4

DU
and then consider component-by-component the equation FH = H .
0 A~
. of
hi = N"Fhy + N7F = |h 12
1= A 1+ A 20 |3 (3.1.25)
R of
hy = Ahy + A\ = |h 12
2 2+ 20 |hy (3.1.26)

hy = A\""hg (3.1.27)
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hy = \F2h, (3.1.28)

We seek global sections of over each rational curve X, = P!. First consider
trying to find solutions for k£ > 2. In that case has no global sections, so 7, =
hs = 0 and so becomes h, = \¥h, which also has no global sections, so hy = hy =
0. This means though, that det (H) = det (ﬁ > = 0: there are therefore no invertible

solutions for £ > 2.

This leaves twof| possibilities; either k = 1 or k = 2. In the k = 2 case (3.1.28) becomes

the trivial patching and so we set
iL4 =hy=a, €C

for each rational curve. The only potential obstruction to finding global solutions is
then in (3.1.26)), where we have what looks like the patching for an affine bundle with
underlying translation bundle O(—2). Recall H' (P',0(—2)) = C # 0; the obstruction
to finding global sections is to be found in the order-) term in the expansion of )\2g—£|h4.
Now note that %] is, for fixed %, a function on the annulus U N U: expanding

af - AR

gl = 2 e
we can identify the obstruction as v_;(z*), which generically does not vanish. If £ # 2
then we must have £ = 1. Therefore we can conclude the first part of the proof: on
generic points where v_;(z%) # 0 we have N, = O(1) @ O(1) and on special rational

curves where v_;(2%) = 0 the isomorphism class jumps to N, = O ® O(2).

To calculate the conformal structure we will first calculate the global sections of (3.1.20),
restricting to (3.1.24). The quantity f(Q|,)\) is a section of O — P' and so, because
H' (P!, 0) = 0, we must be able to split f (Q|, \) into coboundaries:

FQILA) =R (2" X) = h(z", N).
The global sections are then

T|=t—h and T|=t—h.

2Without loss of generality we can consider k > 1.
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In fact there exist contour-integral formulas for h and h (see, for example, [21}46]), which

are most easily manipulated using homogeneous coordinates. We can write

1 e =%
h=— _(r-a) f (xAB pApr',PA/) p-dp
2mi Jr (- p) (p- @)
for [pa] € P! and ' C P! a contour enclosing both py = 0 and pa = 74, and for ay a
choice of spinor parametrising the non-uniqueness in the splitting. (This spinor can be

absorbed into ¢ but is included here for completeness.)

Rather than directly calculate the conformal structure via the twistor principle we will
instead use the Lax pair formulation. We must find vector fields on PS’ whose kernel is
spanned by the twistor functions (7|, ¢|, 74/). By inspection and direct calculation one

can see that
0

ot

B/

B/
axA/B/ -7 ¢A’B/

L A = T
where

/ . Oh 1 ragr O
7TB¢A’B':7TBWZ B pa B—f
Ox 27 Jp (p-«) Oq

(xA'B'pAprI, pAf) p-dp.
By inspection one can then extract the (inverse) conformal structure

‘B orpy 3} 0 3} 0
- A'B' _C'D
g7 ] =" (8xA'C' - ¢A/Cl§> © (W - ¢B/D'§) ;

which is in the Gibbons-Hawking form (3.1.22) with a Gibbons-Hawking potential given
by

V= 6A/B,GZMB' = ﬁ ) g—"; <$A/B,PA'PB', PA/) p-dp, (3.1.29)
a naturally harmonic function. Note that the formula means that V' oc v_1(z%).
Earlier in the proof we noted that v_; was the obstruction to the normal bundle being
isomorphic to OG0O(2), i.e. to the normal bundle suffering one jump on these lines. Thus
the jumping lines are characterised by the vanishing of the Gibbons-Hawking potential.

This completes the proof.
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Other deformations

The above theorem shows why general Kodaira deformations are not a way of introduc-
ing curvature in Newtonian twistor theory, but one might ask whether there are other
ways of obtaining complex three-folds containing Kodaira families of rational curves
with normal bundle bundle N, = O & O(2), and the answer is yes. One such kind
involves leaving the O part unaltered and attaching it to a deformed minitwistor space
[42, 62]. This will give a curved metric on the spatial fibres of M, which is therefore
inappropriate for Newton-Cartan geometry, but may nevertheless constitute an inter-
esting avenue of research. One can also construct jumping Newtonian twistor spaces as

Kodaira deformations of O(—1) @ O(3), as is described in section

3.1.2.2 Building connections

We saw in section 2.4 how one can construct canonical connections on Kodaira moduli
spaces, and in particular how the so-called A-connection is, in the N, = O(1) & O(1)
case, the Levi-Civita connection. In this section we will apply this construction to the

Newtonian setting. The normal bundle is N, = O ¢ O(2) and so we can calculate that
H°(P',N® (N*®N*)) #0 (3.1.30)

and

H' (P',N® (N*®@N*) #0, (3.1.31)

so Merkulov’s construction doesn’t quite work as one might like. There are two failures

with which to come to terms.

The non-vanishing is harmless provided we don’t make any Kodaira deforma-
tions, so we will restrict attention to Z., = O & O(2) only for this section.

The non-vanishing turns out to be interesting, as it neatly encapsulates the fact
that Newton-Cartan connections are not metric and so something must be specified inde-
pendently: we have a cohomological interpretation of this fact. In the following theorem

we find out what can be salvaged from the construction.
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Theorem 3.1.5. [22]

Let Zo, = O ® O(2). The moduli space M of its global sections X, comes equipped with a family
of torsion-free affine connections parametrised by five arbitrary functions (¢°, x,n) on M, whose

only non-vanishing Christoffel symbols are
Iy =¢' Fijt = Fitj = 5;')( [y =n.

Proof

As described in section we wish to solve (2.4.10) for {¢'}. For the undeformed 7,

we have

1 0
Fog=0 —and FU=
0 272
where w# = , and so (2.4.10) consists of the six equations
Q
0=—6TA2+0%,  0=—69A2+ 1209, (3.1.32)

_ _A —4 T . AQ y—4 -2 Q

These equations are each the patching for O(n) for some n, and so their general solutions

are straightforward to work out. The only non-vanishing parts of {c} over U are
ohr=n  ofg=x  0fp=(¢"—id") N’ = 20°\— (¢ +i¢")

for arbitrary functions (¢, x,n) on M. (Note that the splitting problem is being solved
for each twistor line individually, leading to functions on A/.) The Christoffel symbols

can then be read-off from (2.4.11)) to give
Fitt = Cbz Fijt = Fij = 5§X Fat =1,

completing the proof of the theorem.
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We can give interpretations to each of these five functions.

¢ n is a function which must be present in the Newton-Cartan connection to ensure
that V6 = 0 for all § € [¢] before the temporal diffeomorphism factor of the clock
has been fixed by global data. Therefore the fixing of § = dt € [6)] fixes 7 also.

o x plays the same role for Vi = 0, and so is also determined when the conformal

factor on h is fixed.

o ¢' is the Newtonian force of gravity and as discussed in section[2.6|are a part of the
connection which is not determined by the Galilean structure. At present then, Z,
comes naturally equipped with all Newtonian gravitational forces g(z). The next

section will be devoted to a natural twistor-theoretic way of fixing ¢'.

Coriolis forces

No generalised Coriolis forces have been constructed in theorem in four dimen-
sions these do not form part of the global {¢} and so if they are to be constructed at all
then they must be either via a special class of Kodaira deformation or via some entirely
different method. In section3.1.3|we will examine a construction which, whilst less sat-
isfying aesthetically, can induce the required data on M to include generalised Coriolis

forces.

3.1.2.3 Fixing connections: Gibbons-Hawking revisited

In order to make use of the family of connections naturally induced on Z,, we must
decide upon a way to fix a preferred {c}. It turns out that the Newtonian limit of a

certain Gibbons-Hawking ansatz provides a natural way to do this.

Theorem 3.1.6. [22]

Let Z. — P! be the twistor space with patching

T=T-(c\)"Q—c?g(Q. N
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Q=)7%Q,

where g represents a cohomology class in H' (O(2), Oo()).

1. The moduli space M is Gibbons-Hawking;

1

v (cdt + c_QA)2 +V (dx2 + dy® + sz)

g =
with potential
V=1+c?W
where W is the (harmonic) minitwistor transform of g, and where A is determined up to

gauge equivalence by dW = x*dA.

2. Taking the limit ¢ — oo yields a Newton-Cartan spacetime with the standard Galilean
(h,8) given by (3.1.19) and with a connection V whose only non-vanishing components
are

. 1 ..
L'y = Sh0,W. (3.1.33)

3. The calculation of {c}, for Z. yields a 0-cochain which survives the ¢ — oo limit and
can be used to fix the Newtonian 0-cochain. The resulting {o}__ is naturally determined
entirely by the Ward transform of a line bundle E — Z.

Proof

The proof of part one is a straightforward application of theorem Simply take
f==()"Q-c"g(Q
in (3.1.20) and calculate

RIS SRR P
V_Qm' r{ (eN) c aQ}d)\— c(1+cW)

= g (cdt + ¢ 2A)° + (14 ¢2W) (da? + dy? + dz?) . (3.1.34)

1 +c2W

The global data fixes ¢ to be the representative displayed in (3.1.34).
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For the second part with simply calculate the Levi-Civita connection of g and then take
the Newtonian limit of the triple (ga, g°,I'},). For the sake of brevity we omit the pre-
limit Christoffel symbols and proceed to take the limits.

lim (c’2g) — dt?

c— 00
and so we identify 6 = dt. Similarly we have

lim(_l)—>2@2 2@2 2@3
chros I Or ~O0x Oy Oy 0z 0z

so we identify the Newton-Cartan metric.

All components of the connection are finite or zero in the Newtonian limit, a fact guaran-
teed by a theorem of Kiinzle [52], which requires that the leading order term in g (i.e. the
part of order ¢?) be the tensor-square of a hypersurface-orthogonal one-form in the limit.

The only non-vanishing parts of the connection are the Christoffel symbols (3.1.33).
For the third part we must solve the splitting problem (2.4.10) with

5T 0 0 7o _ 00
K O ,35‘)@%' M 0 O
Fu 1 — (c)\)_1 3 69 \
“\o A2

This is possible without the introduction of new ideas, but difficult. The equations to be

and

solved for {c}, are

1 9%g AT 1 1 89

. _9 . 1 1 0g 1 1 dg
_ T 2 T T Q .
0——UQT)\ + o7p (54—0—3@0 +UQT— (a-{—g@O Tor (3.1.36)
. 1 1 Og
0= —O'%:T + 0_71:T - <a + g@l) O'C%T ; (3137)

0=—69 +12%%, ; (3.1.38)
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. I 1 1 g _
0= o9\ 0% (4 5 I51) 0 taly (3139

1 1399\ . 1 19y -
and 0= —65,\ " +265,\" 2( +5 aQ) %( +—3—Qy> +A%03,, . (3.1.40)

Sparing the reader some arduous steps, the (abridged) solution of (3.1.3513.1.40) can be

written as
2= b0 (L) e) s o (3.1.41)
T 2w Jp 202" c o
and all other o¢%, = 0O (%) , (3.1.42)

where I' is a contour enclosing £ = 0 and £ = A. Thus one finds that the only parts of {¢}

which don’t vanish in the Newtonian limit are ¢2_and 69

TT/

constituting a global section
of O(2) and giving rise to a non-zero I'}, via the construction above. This provides a way
of fixing the Newtonian 0-cochain {c}_: we simply identify it with the ¢ — oo limit of

the Gibbons-Hawking 0-cochain.

{7} = lim [{o}.] (3.1.43)

9| at orders A1, A 72,

The integral in (3.1.41) has the effect of pulling out the parts of 2 aQ2

and A~?. These are the parts of 6Q2| which represent a 1-cocycle of O(—4); our global

section of O(2) arises from a cohomology class in H' (P!, O(—4)), an instance of Serre
duality.

Moreover, the class in H' (P!, O(—4)) is always the the restriction to twistor curves of a
second derivative of a function representing a class in H' (Z,,, 0. ). Thus we conclude
that the limiting procedure fixes {o}__ to be determined entirely by a cohomology class

g € H' (Zy,0y..), via the Ward transform of its associated line bundle
E—Z.

This fixes the Newtonian potential, via {c}_, to be given by the minitwistor transform

of g, making it naturally harmonic.
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In light of theorem [3.1.6)it makes sense to state that a Newtonian twistor space is a pair
(Zss, E) consisting of a complex three-fold Z,, containing a four-parameter family of
rational curves with normal bundle O & O(2) and a line bundle £ — Z, trivial when
restricted to the rational curves, since this data is what is obtained from the ¢ — oo limit
of Gibbons-Hawking twistor spaces. Schematically we can thus describe the Newtonian

limit on both sides of the twistor correspondence:
Spacetime (9) — ((h,0),V)

Twistor Space (N=01)®20(1)) » (N=030(2), E).

The twistor data surviving the limit pleasingly mirrors what occurs on the spacetime

side of the correspondence.

3.1.2.4 The =-connection for O & O(2)

It is tangentially interesting to calculate the larger family of torsion-free connections
called the =-connection. The construction of section in this straightforward case

amounts to taking a global section
XY, € H (Flysy Ny ® Ni @ AL (M)
per point z € M and extracting the connection I'}, from
['%.0,w"| = 00w | + X'\ Ocw” | + X%, LOpw”|.

v

For Z = O @ O(2) we have

so the most general x* , is
T,=A 2.=0 ® —F
XTa a XQa XQa a

X%, = By + \C, + XD,
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for five arbitrary one-forms (A,, B,, Cq, D, E,) on M. One can then read off the connec-
tion components;
r,=24, Th=4, I\ =0
ry=2D, T%,=-C T%=-2B
3 3 z 1 z 3 3
Iy = E;0}, + Ey0;.
The connection can therefore be any connection provided that I';; = 0 and that the spa-

tial sector is that of a flat projective structure in three dimensions. Note that this includes

all generalised Coriolis forces.

3.1.3 Vector bundles on twistor space

Via the Penrose-Ward correspondence (see [21]]) one can equip twistor spaces with vector
bundles which are trivial when restricted to twistor lines and find that the spacetimes
are then naturally equipped with ASD gauge fields. In the case of a line bundle this is
completely equivalent to a procedure called the twisted photon, in which a non-projective
twistor space is deformed by a Maxwell field whilst leaving the projective twistor space

untouched [80].

3.1.3.1 The twisted corpuscle

We will briefly consider first the Penrose case. The (projective) twistor space Z = O(1) &
O(1) can be constructed as a quotient of the non-projective twistor space C* — C?, a

rank-two (trivial) vector bundle on C?, by the homogeneity operator
4 0 0

T=w — Ty

8wA on A’ '
Ward showed (see, for example, [80]) how to deform the non-projective twistor space

whilst leaving Z untouched; one starts with the homogeneous Lax pair (3.1.16) and adds

(a priori) any multiple of 74 87%/, so that we work, in the flat case, with

~ ~ , 0
L =LA+ Paprlay—o
A A AB A EI
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where © 44/ (z%) are four functions on M. The inhomogeneous twistor functions are then
the same as in the undeformed case. The Frobenius integrability condition then requires
that

oA B = ¢ (3.1.44)

(where 044 = ﬁ and indices are raised and lowered with € and €'). Equation (3.1.44)

then implies that ® 44 is a potential for an ASD Maxwell field
bap =05 Ppu.

Thus one can harbour an electromagnetic field by “twisting-up” the non-projective twistor
space; this procedure is called the twisted photon construction.
In the Newtonian setting a similar procedure makes sense: we add a multiple of 7 4 %

to the homogeneous Lax pair in the language of the primed Newtonian spinors of section

3.1.1.2i

> / / / a
_ B B _C
;CA/—TI' W—'—@AIB/W m GWC/.
Integrability now requires that
AO’O’ % (Aolll —+ V)

Dy = (3.1.45)

5 (Ao = V) Ay

obey the Abelian monopole equation dV' = *3dA, where A g = A(a gy, meaning that
V' must be harmonic. We note that this is the required data for fixing the 0-cochain
of theorem and we call this variant on the twisted photon the twisted corpuscle,

recalling Newton’s name for a particle of light.

The twisted photon (and corpuscle) are entirely equivalent to taking the Ward trans-
form [80, 78] of a line bundle on the (Newtonian) twistor space which is trivial (i.e. has
isomorphism class O — P') when restricted to twistor lines.

More generally Ward considered equipping Z = O(1)®O(1) with a rank-k vector bundle
E — Z suchthat E|x, = O & ... ¢ O. The space of global sections of E|x, defines point-
wise a trivial rank-k bundle over M, and the patching gives rise to a way of defining a

covariant derivative on that trivial bundle on M. The pleasing result of [78] is that the
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connection associated to the covariant derivative is automatically an ASD Yang-Mills
field, giving the construction enormous application in the field of integrability. (See [55]

for further details.)

3.1.3.2 Sparling bundles

Instead of bundles £ — Z which are trivial when restricted to (relativistic) twistor lines
Sparling considered in [74] vector bundles which have an isomorphism class other than
O @ ... & O when restricted to twistor lines. Here we will discuss the case of a rank-two
vector bundle £ on the Newtonian twistor space Z., = O & O(2) whose restriction to a
twistor lines X is

Elx, = O(n) & O(m). (3.1.46)

A rank-two vector bundle on Z is characterised by a patching relation

) foim  fom | (¥
¢ fom  fan ] \ @

on U N U, where <@/A), gﬁ, Y, gb) are homogeneous fibre coordinates and where
fnm f’l’L?’L
is a patching matrix of four functions f;; (of weight i — j) representing cohomology
classes in H' (Zw, O (i — j) pr._ ). Then the property (3.1.46) is realised if
E ‘ X, = ]:] H!
for holomorphic maps
H:U—-GL2C) and H:U—GL(2C)

whose matrix entries have homogeneous weights.

Just like with the Ward transform we define a trivial vector bundle V (of rank n +m + 2

for n,m > 0) on M fibrewise by

V], = H° (P' Elx,) .
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Taking v € C? at some point = we then have a global section

¢

L=H v (3.1.47)

¢

of E|x, per v . These extend across alpha-surfaces and define a connection on V by

the requirement that the sections (3.1.47) be covariantly constant on alpha surfaces. The

connection arising in this way is given by
/ —
™ App (v,70) = H ' Lo H |

which itself possesses weighted matrix entries (which is different to the case of a Ward
transform) giving rise to connection fields in each coefficient. (We take 24'Z’ to be the
four coordinates on M using the language of the Newtonian spinor indices from section

3.1.1.2land L4 is the weight-one Newtonian Lax pair.)

Example

Now consider taking n = 0 and m = 2. We then have that H has matrix entries

- O O(-2
ot taking values in =2

Vo V_2g O O(_Z)

and H 'L 4 H has entries

1 fvaLaug—ugLavy voLaug —ugLav s (3.1.48)
UgV_9 — U_20) uoﬁA,fUO — UOEA’UO uoﬁA/U—2 - ’UOﬁA/U—Q
taking values in
o(l) 0O(-1)
03) 0(1)

Thus (3.1.48) gives rise to spacetime fields as

’
@A/B/ (J})']TB 0

’ ’ ’ /

"}/A/B/C/D/’]TB’]TCW'D \IJA/B/’]TB
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Fields constructed in this way obey zero-rest-mass field equations automatically, and in
particular we note that ® 45 and V¥ 4 5 constitute a pair of Abelian monopoles .
(We can use these, if desired, as an alternative (and somewhat ad hoc) way of construct-
ing a connection, since we recall that Newton-Cartan connections depend upon two har-

monic functions.)

3.2 Newtonian twistor theory in three dimensions

There has been considerable recent interest in the application of three-dimensional Newton-
Cartan geometry to non-relativistic field theory [73,12,16,[10]. The twistor theory of com-
plexified three-dimensional manifolds with non-degenerate metrics is called minitwistor
theory and is well-understood [42]. In this section we will consider the twistor theory
of three-dimensional Newton-Cartan manifolds. The relevant twistor spaces are three-

dimensional and will be characterised by the normal bundle to twistor lines X, being

Families of rational curves with normal bundles isomorphic to O & O(1) have been con-
sidered in [38], where it is described that the tangent spaces of the three-dimensional
moduli space come equipped with preferred one-parameter families of null rays. As we
shall see below, this makes the isomorphism class O & O(1) well-suited to describing

Newton-Cartan structures in three dimensions.

It is straightforward to see that
H (P',N,)=0 and H°(P.N,) =C
and so a three-dimensional moduli space is feasible. Additionally
H (P',N,®N;)=0 and H°(P",N,®@N;)=C"

so that the isomorphism class is stable; the =-connection always exists and always de-

pends on four arbitrary one-forms. Finally we see that

a'(PLN,® (N)®N)=C and H°(P',N,® (N;®N)) =C*
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so that the A-connection fails to exist for some Kodaira deformations, and when it does
exist it is not unique, depending on four arbitrary functions. The case in which the A-

connection fails to exist is when the deformation introduces torsion.

We'll begin by considering the undeformed case Z = O @ O(1). After calculating the

canonical connections and the Galilean structure we will then proceed to deform Z.

3.2.1 The flat model

In this section we’ll discuss the canonical geometry induced on the moduli space of

global sections of Z = O @& O(1). The patching is
T=T Q=)"'Q
and A = \~! as usual for the base P'. The global sections are

T t
w'u| = =
Q| Y+ zA
for z® = (t,y, z) € C*> = M. (Recall that a vertical slash indicates the restriction to rational
curves.) We'll also wish to use homogeneous coordinates [ 4/| on the base and w for the
O(1) fibre, writing

A

’
w|l=a"ma

for the global sections.

Theorem 3.2.1. [41]

Let Z = O & O(1) with global sections X,. The moduli space M > x of these rational curves
is a complex three-dimensional manifold equipped with a family of Newton-Cartan structures

parametrised by three arbitrary functions on M and an element of GL (2, C).

Two of these functions determine the gravitational field; the other is a conformal factor

for the Galilean metric. The connection is the A-connection of section 2.4.3
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Proof

To begin we will construct the frame induced on M using theorem which is done
by splitting the patching F for the normal bundle; we must solve

1 0 . (1 O
0 X! 0 Mt
for
hi h . h h
g=[""" and H = Al AQ
h3 h4 h3 h4

as holomorphic maps from U and U to GL(2,C). This amounts to the four individual
splitting problems

hl - hl iLQ - )\hg

hs=A"'hy  hi=hy

whose general solution is

m 0
H =

ap + Gl)\ k
for four arbitrary holomorphic functions (m, k, ag, a;) on M constrained only by m # 0

and k # 0. The frame section can then be read off from v = H'dw|, giving us a clock
0 =m'dt (3.2.1)

and spatial one-forms
eV =kt (dmol — m_laldt>
el =kt (dxll — m’laodt) .
We thus have arrived at a natural decomposition of the tangent bundle: TM = C @ §'.

To proceed further we must calculate the A-connection on M as described in section

The splitting problem to be solved is

0= 5" FULF5+ Flo'
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for a 0-cochain {c} valued in N, ® (N} ® N}) on each twistor line X,, which amounts to

&YC;TZO-gT 57:;92)“7?9 5{292)‘20{29
6% = Aoty 6% = 0'q 600 = Aohg
and so
O = X orqQ =
0G0 =0 o'tr = do + Ay
Ora =X oo =10

for any four functions (X, x, ¢o, ¢1) on M. The connection symbols are then
ry=x T,=0 T,=0

FZt = ¢o Fit =

F%t:X %, =0 th:O Iy =x

(-
iy = 0.

The result is that the moduli space comes equipped with a family of connections con-

taining gravitational forces (described by the functions ¢, and ¢,).
The connection allows us to restrict the clock by imposing V6 = 0, which tells us
that

Y=—0Inm

and

8A/m:O,

so that m is a function of ¢ alone. Given that m is now just a non-vanishing function of ¢,
we see that (3.2.1) is a standard Newton-Cartan clock, where the function m just allows
for diffeomorphisms of the time axis, with ¥ ensuring that upon such diffeomorphisms

the clock remains parallel.
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To complete the proof we must construct a family of Newton-Cartan metrics. The data
already induced defines a metric as follows, by requiring the usual conditions ~ (6, ) =0

and Vh = 0. These imply that we must have 2* = 0 and that 4"/ obeys
Oh¥ 4 2xh =0

and
Oh¥ = 0.
We deduce that A must be any element of GL (2, C) multiplied by an arbitrary non-

vanishing function of ¢, and we also have that y = x (¢) only. Constant non-degenerate

two-by-two metrics are all equal up to (restricted) diffeomorphisms

y— ay+ Bz z2 =y +0z

« ~ ..
for v € GL (2, C), so we are free to take any such member 2" as our metric, giving
o)
us
R = i (t) B
where

{2 [l

is non-vanishing and determined by the arbitrary function .
Thus we have a family of Galilean structures (h, §) and a family of connections V spanned
by a choice of three arbitrary functions, two describing gravitational forces and one (non-
vanishing) specifying a conformal factor.

U
To fix a specific gravitational sector for the Newton-Cartan manifold we require, as in
[22]], some additional data on Z. The following theorem provides one way of specifying

this data.

Theorem 3.2.2. [41]

Equip Z = O & O(1) with a 1-cocycle taking values in its canonical bundle K — Z. This

induces a preferred global section of O(1) which can be used to fix a complex Newton-Cartan
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structure out of the complex Newton-Cartan structure of theorem where the gravitational
sector is locally of the form T, = ¢' for g divergence-free and determined uniquely by f.

Proof

A simple calculation shows that K = O(—3)z, and so a 1-cocycle is represented by a
function f of weight minus three in homogeneous coordinates, and provides a (Serre-

dual) global section of O(1) by

1
b (8) = 5o f o (7)ol ) 7
™ Jr

/
A a = ymy + zmy. We have

a A/
5pr? =0

where w| = =

automatically. Taking this to fix 0, we have
F‘;‘;@A/w\ = ¢A/7TA/

and so
My=0¢" Th=9¢"
Thus the gravitational sector is fixed to be a unique divergence-free g given by the global
¢
U

We note that the divergence-free condition ensures that the Newton-Cartan spacetime

is vacuum according to the field equations (2.6.1).

Torsion-free =-connection

Theorem employed the A-connection because it is the most powerful construction
available in terms of constraining the moduli space geometry. It is interesting, however,
to consider the Z-connection also so as to compare the flat model of theorem [3.2.1] with
the torsion-inducing deformations of theorem where the torsion =-connection is

the only connection available.
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Here we’ll calculate the canonical torsion-free =-connection for Z = O @ O(1). The

calculation is straightforward; since 9,F% = 0 one must solve

0= =Xt T+ Fix'y

for the most general 0-cochain {x* .} of N, ® N} @ AL (M) for each € M, where

1 0

F =
0 A!
This becomes the four individual splitting problems given by

Xre=Xra Xoa=MNaa

X%a:/\ilx%a XQa:X%aﬂ

which have the general solution

X%a:Ag_l—)\A(lz X%a:Ba
for arbitrary one-forms (A, B, C, k) on M. We then read-off the connection from
I'$.0,w"| = 0,0 w*| 4+ X" ,0cw”| 4+ X" Opw"|
which here leads to
I, =20, I, =c; Ftl-j =0
le/tt = Az[t) I = A%
r,=A+B IY%Y=A47 T3, =A+B T =4
I, = 2B},

Thus the =-connection comprises all connections which have I'}; = 0 and have flat pro-
jective structures as their spatial sectors. Compatibility with the (closed) clock § = m~'dt
then imposes

I, =6imd, (m™")



3.2. NEWTONIAN TWISTOR THEORY IN THREE DIMENSIONS 87

so (recalling that the connection is torsion-free) one must put C; = 0 and

G = gmd (m ™).

The remaining freedom in (I"¢,, 6, is then given by three one-forms and one non-vanishing

function on the time axis.

3.2.2 Deformations and torsion

A natural next step is to consider deforming the complex structure of Z = O ® O(1), and
a case of interest is when we write O @ O(1) as a trivial affine line bundle on O(1) and

then deform the patching for the affine line bundle so that we have
T=T+f(2N (3.2.2)

O=)10

as the patching for Z — O(1) — P!. The analogous deformation in four-dimensional
Newtonian twistor theory [22] leads to a jump in the isomorphism class of the normal
bundle to everyf| twistor line from O & O(2) to O(1) @ O(1). In the three-dimensional
case this cannot be what occurs, because the isomorphism class of the normal bundle is

stable.

The deformation leading to (3.2.2), when restricted to twistor lines, corresponds exactly
to the part of N, ® (N} ® N¥) which causes H! (P!, N, ® (N ® N)) to fail to vanish.
Thus we expect something to go wrong with the torsion-free affine connection on M; in

fact what happens is that the connection fails to be torsion-free.

Theorem 3.2.3. [41]

Let Z be the total space of an affine line bundle on O(1) with trivial underlying translation bundle
whose patching is

T=T+f

3 Almost every twistor line; see section
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where f represents a cohomology class in H* (O(1), Oo() ). The three-parameter family of global
sections X, have normal bundle X, = O @& O(1) and the moduli space M of those sections is
a complex three-dimensional manifold equipped with a family of torsional Newton-Cartan struc-
tures parametrised by two arbitrary one-forms on M, two functions on M, and an element of

GL (2,0).

Proof

The proof will proceed in stages.

1. Using theorem we will construct a clock one-form § on M depending on one
non-vanishing function m on M; this clock will not be closed, meaning that it can-

not be made compatible with a torsion-free connection.

2. We will then construct the torsion =-connection described in section [2.4.2} its con-

nection symbols will depend on four arbitrary one-forms (A%, A, B,C) on M.

3. Imposing V6O = 0 for the torsion Z-connection is then possible, and results in the

fixing of C.

4. The remaining piece of data, the Newton-Cartan metric », will then be constructed
by imposing h (6, ) = 0 and Vi = 0. This restricts the remaining one-forms by a
closure condition and determines the metric up to a choice of constant two-by-two

non-degenerate matrix h.

To begin we must construct the twistor functions by finding the global sections of Z —
P!, as these are required for theorem It'll be useful to expand the representative f
when restricted to sections of O(1). For Q| = y + 2\ (with y and z coordinates on M) we

can write

FE@LA) =D

where 7, (y, 2) are functions one can extract via integration. (Recall that f (2|, )) is a

function on the annulus U N U.)
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We then have
T=T-+ Z Y A"

n=—oo

and so the twistor functions are
00 0
Tl=t=) %A Tl=t+ ) 7\
n=1 n=—00
where we have chosen to put the 7, term into T| (without loss of generality: we could
always effect the diffeomorphism ¢ — t — 7). Stage one of the proof is then to use these

twistor functions to calculate a frame section via theorem This involves solving the

splitting problem
U SEN (b ha\ [l ha\ (10
0 X! hs hy ilg iL4 0 X!
where as usual
hy h . hy h
_ 1 he and i A1 " 2
hg h4 h3 h4

constitute holomorphic maps to GL (2,C) from U and U respectively for each global

section X,. Expand the first derivative of f in a similar fashion to above, putting

of < .
50 = > dn (3.2.3)

n=—oo

for functions ¢, (y, z). We then have
hy=A"'hy =  hy=a+b)

and

iL4:h4 = h4:€

for functions (a, b, e) on M. The other two components of the splitting problem are then

ﬁ2:Ah2+A(Z gbn/\”>e

n=—oo

= b= —ei G A"
n=0
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and

hy = hy + ( > gbn)\"> (a+bX)

n=—oo

= hi=m— <Z d)nA") (a +bX)
n=0

where m is a new function on M parametrising the non-uniqueness in the splitting. We

have det H = em so we must impose e # 0 and m # 0. The frame section is then

v=H"! a _1 € € o Pn A" dt — Y dy, A"
dQf) O\ = (a+0A) m— (0 6aX") (a+ bA) dy + Ad=

N . 1 e (dt + ¢ody)
€M \'m (dy + \dz) — (a + bA) (dt + ¢ody)

and the clock can be read off:
0=m™"! (dt 4+ pody) . (3.2.4)

Recall that ¢y = ¢y (v, 2) and so for any choice of m # 0 we have that df # 0 (provided
that d¢y A dy # 0 which is generically true), suggesting that the moduli space possesses
Newton-Cartan torsion. The clock (3.2.4) cannot be made compatible with any torsion-

free connection as we must have
Villa = by — 0. = 0

= T, =mdb, — I, 0. (3.2.5)

If "¢, were torsion-free then skew-symmetrising over ab in (3.2.5) would give df = 0.

In stage two of the proof we construct the torsion =-connection of section with

respect to which the clock can be made parallel. We must solve the splitting problem
OFy = ~onFs + Fisploy (32.6)

in the case
O Fr =0 1 g£| . 0 §Q€|(55+5§>\)
b v b -
0 M\t 0 0



3.2. NEWTONIAN TWISTOR THEORY IN THREE DIMENSIONS 91

Equation (3.2.6) constitutes four coupled splitting problems; we must find the global

sections of the following four patchings:

. of
Ty =0Tyt aQ|pr ; (3.2.7)
of R 32f .
Pap= Apﬂb+>‘aQ| (P%b—PTTb) aQQ (0 + 05 A) (3.2.8)
Do =A"010 (3.2.9)
. o 0
Pon = P~ M| (3:2.10)

Equations (3.2.7), (3.2.9), and (3.2.10) are immediately tractable if we again make use of
the expansion (3.2.3)). Their most general global sections are given by

pry =AY+ AN %, = AA) + Al

Py =Ch—= > dnX"A) = > ¢ A" A

n=0 n=-—1

Py =Co+ > N A+ o A" A
n=1 n=2

POy =Bu+ D> GuN"AY+ D uA\"TA]

n=1 n=0
Por=DBo— > ¢ nA"A) = ¢ \"TA
n=0 n=1

where (A% A', B, C) are arbitrary one-forms on M carrying the non-uniqueness in the

splitting. The remaining equation (3.2.8) is, after a little work, given by

Poy=M0p+ > GmA " (By— Cy)

m=—0oQ

+ i ([Z Z ] ¢n¢m/\n+m+1A0 f: Z ] ¢n¢mAm+n+2A1>
=—00 n=—00 n=—oo .
— ’\a_QJ; (0] + 07 N) .

This equation is the patching for an affine line bundle on P! with underlying translation

bundle O(—1) (for each direction 2° on M) and hence always has a unique solution.
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If we expand the second derivative of f such that

0? .
a—QJ; = > Um\"

m=—00

then (after a calculation) we can write the solution to the splitting problem as

Pob == SmA" (Bo—Cy) = > N "W+ Y (00t + 05tbm1) A™
m=0 k=1 m=0

P =3 6 uA" ™ (By— )+ S MWy = 37 (80 + 50 ug)) A7
m=1 k=0 m=1
where for convenience we define
ka = Z [Ag (¢n¢k,1,n — ¢7n¢k—l+n) + Al% (¢n¢k727n - ¢fn¢k72+n)}
n=1

+ AZ% (¢O¢k72 + ¢71¢k,1) .

Having solved the splitting problem it is straightforward to extract I'¢, from (2.4.9); we

have
I (62 - Z (Ocvn) An) == Z (0aOym) A"+ pTry (52 - Z (Oayn) )‘n> + 00, (64 + 52N)
n=1 n=1 n=1
and
mﬂﬂ+¥M=¢h<%—23%%Mﬂ+W&Q$W9)
n=1

from which we can read off
F?fzb = 62 [ps’}b]o + 53 [p%b]o
o =04 [PT0], = (0am) [070] + 0% [P6], + 02 [P]
Ftab = 5(t1 [p?b]o + 53 [p:?lb]o
where we adopt the notation [p/,,]  for the coefficient of " in p;,. The Christoffel sym-

bols hence can be written

I, =0LA) +6YB,

%, = 0 Ay + 0Yo Ay + 05 (By — doAp)
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Iy =68 (Cy — oAy — d_1Ay) + 6% (—¢o (By — Cp) — Apdpod_1 + 0o + 050_1) -
This is the torsion =-connection, a family of connections parametrised by four arbitrary
one-forms (A%, A, B, C') on M which generically possess torsion arising from the second

derivative of f via the v, terms in I ,. For example,

Dy = % (—¢0 (B. = C.) — Aldod1 + )

cannot be set to zero by a global choice of (A°, A', B, C') provided ¢_; # 0 and provided
¢o has vanishing points, which is generically the case.

It is precisely the presence of this torsion which allows the above connection to be made
compatible with the clock in stage three of the proof. To carry out this stage we
impose V6 = 0 for the torsion =Z-connection.
VO=0 = T =mdb.— %0
which results in the one-form C being fixed to be
Cp=mdy, (m™") + ¢_14;
which simplifies I, to
Iy = 6L (mdy, (m™") — ¢ Ay) + 0% (pomdy (m™") — ¢o By + 6o + 510_1) -
Thus the moduli space comes equipped with a family of compatible connections and

clocks with torsion parametrised by three arbitrary one-forms (A", A', B) and one non-

vanishing function m.

In stage four the construction is completed with the calculation of a family of Newton-
Cartan metrics compatible with the connections and whose kernels are spanned by the

clock. The latter condition, h (6, ) = 0, requires
het £ b, = 0 (3.2.11)

so it is only necessary to calculate the spatial components 1 of the metric; one can al-
ways reconstruct the other components by factors of —¢,. Moving to the compatibility

with the connection,

Vh=0 = k7 +2h" (B, — ¢4y) = 0. (3.2.12)
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The Frobenius theorem (see, for example, [21]) tells us that there exists a unique solution
h' (z*) for given initial data h*/ (z}) iff the one-form B — ¢y A’ is closed. Thus we may

henceforth consider A to be free and B to be constrained to be given by
B = ¢yA° +dB (3.2.13)

for an arbitrary function B on M. (We assume the first De Rham cohomology of the rele-

vant domain in M is trivial; otherwise (3.2.13) is reduced to a local statement.) Equation
(3.2.12) then has solutions

hi = b exp {—2/ (By — ¢oAy) dxb} = hi exp {—2B}

where h%/ are constants, and for the purposes of constructing a metric we may choose
any i/ € GL (2, C). Recall that the h* components can then be found from (3.2.11). The

final form of the connection is then

I, = 0L A} + Yo A} + 020,

%, = 6L A} + 6o Ay + 620,

Tl = (00 + 0%¢0) (mdy (m™") — doAy) — 84d00pB + 64010 + 0U071 1.

This completes the construction of the Newton-Cartan structures; the free data consists
of two one-forms (A°, A'), two functions (B, m) (subject to m # 0), and a choice of h/ €
GL (2,C). O
Note that, compared to the case of theorem we have a larger family of Newton-
Cartan structures (depending on more arbitrary degrees of freedom). This is because
we had to use the torsion Z-connection rather than the more powerful torsion-free A-

connection. It would be pleasing to be able to construct an analogue of the A-connection

which allows torsion; we defer such prospects to future investigations.

3.2.3 On jumping hypersurfaces of Gibbons-Hawking manifolds

We end this section with a tangential result, in which three-dimensional torsional Newton-

Cartan structures arise on certain hypersurfaces of Gibbons-Hawking manifolds. Recall



3.2. NEWTONIAN TWISTOR THEORY IN THREE DIMENSIONS 95

that a Penrose twistor space is in the Gibbons-Hawking class if it admits a fibration over

O(2) [35,1771.

Theorem 3.2.4. [41]

Let Z — P! be a twistor space in the Gibbons-Hawking class and let (M, g) be its associated
moduli space with

g=Vldt+ A2+ V (d22 + dgdé)
where the Gibbons-Hawking potential V satisfies dV = x3d A. On twistor lines satisfying V = 0
the normal bundle is O & O(2) and the twistor-induced local geometry is that of a (generically-
torsional) (2 + 1)-dimensional Newton-Cartan spacetime, provided that the restriction to V = 0

of the flat three-metric dz* 4 d&dE is of rank two.

Proof

Consider first the isomorphism class of the normal bundle to twistor lines. The patching
for the normal bundle is
B
Fo !
0 A2
and we can make an expansion
of - n
agl = 2\
(The intersection U N U C P! is an annulus so this is always possible.) The splitting

problem is

gl (e f” ?2 N (3.2.14)
0 A2 hs hy hs hy 0o ™

and if there exists a holomorphic solution to this for some m on some line X, then the

normal bundle to that line is O(2 — m) & O(m). We're interested in the exact form of

H on the set of twistor lines described by V' = 0, which is when v_; = 0 and where we

can solve the splitting problem for m = 2. Henceforth assume that %| is restricted to

7-1=0.
- of
hi = hi + aQ\hg
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. of
ho = 2 27
> =Mhy+ A 8Q|h4
;13 = )\72;13
;Al4 == h4.

So
hy = bo hy = ag + a1\ + ap\’?

for four functions (ay, a1, as, by) on M and

ho = —bg i%)\n hy = co—ag i%)\n — i%/\nﬂ — G2 i%)\"H-
n=0 n=1 n=0 n=0

Then
det H = det H = bycp.

One can now set
ag — a1 = Qg = 0
and
b() = Cy = 1

to get a simple solution to (3.2.14). The twistor functions are
Q= N2 — 22\ — & for i = (g,é,z) e C?

and

T| =t —h(a*,\)

where

fl=h-h

for h and h holomorphic on U and U respectively.

~

T
Now let w = andw =1 _|;

Q Q

dib| = Fdw)
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o o)
= H™'dw| = H™ dw|
0 A2

is a global section of N ® A! (M) which determines the frame (0, eA'?") for the moduli
space.

1Y g dt — dh

0 1 dEN2 — 2dz)\ — dE

( 0 ) (dt — dh+ (T2 X) [deN? = 2d2) dé])
= | =

VN2 — 20\ — (1 dEN? — 2dz) — dE

H 'dw| =

Now consider

df| = dh —dh =dQ| Y 7\"

n=—0o0

=  dh= [dg i Va2 — 2dz i YA — dE i A" | +a [v_Qdf + 0dé
n=0 n=0 n=1

for any choice of a (parametrising how we choose to share this term between dh and dh).

The spatial part of the frame defines a conformal structure in the two remaining spatial
dimensions provided that the rank of the restriction of dz? + d¢ dé to V = 0 is of rank

two, as required in the theorem.

We can now extract the clock:
0 = dt — ay_odé — (1 — a)yodE (3.2.15)

and the triad is the standard flat triad <d§ ,dz, dé ) restricted to V' = 0. Choose o = % for

definiteness. The torsion of the Newton-Cartan connection is determined by
1 1 -
df = —§d7_2 AdE — §d70 Y3

which does not generically vanish. O

Note that the torsion originates from A.
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3.3 Newtonian twistor theory in five dimensions

In five dimensions the twistor spaces will be four-dimensional, and the normal bundle

to twistor lines will generically be
N, =030(1)®O1).
This is appropriate for a five-dimensional moduli space because
H® (P',N,) =C°

and in the following section we will show that in the flat model the moduli space comes

equipped with a Newton-Cartan structure.

As in three dimensions we have that
A" (P', End (N,)) =0

so the isomorphism class is stable with respect to deformations of the complex structure
of the twistor space; the consequences of such deformations will be discussed in section

3.3.2

3.3.1 The flat model

We'll begin by constructing the geometry on the moduli space for the undeformed case

Z=0a0(1)®0(1), equipped with its canonical A-connection.

Theorem 3.3.1. [41]

Let Z = O® O(1) @ O(1). The induced geometry on the complex five-dimensional moduli space
M of global sections of Z — P! is a family of Newton-Cartan structures (h,0,V), where the
connection components of V depend upon a choice of one conformal factor and seven arbitrary

functions,

o four of which are the Newtonian gravitational force T,;

o and the remaining three of form an anti-self-dual spatial two-form W;; describing Coriolis

forces.
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Proof

The normal bundle to twistor lines is N, = O©O (1)@ O(1), which satisfies H' (P!, N,) =
0. By the Kodaira theorem[2.1.4]the moduli space M is a complex manifold, with dimen-
sion dimH° (P!, N,) = 5.

To construct the conformal Galilean structure (5, #) we first find the twistor lines explic-

itly. In homogeneous coordinates the patching is
T=T (weight zero)

and
o = wh (weight one),
with twistor lines
T|=t and Wl =27y

for coordinates (t, xAA') on M. To find the frame (via theorem D we need to solve

1 0 0 hy hy hs hy hy hs) (1 0 0
0 )\_1 0 h4 h5 hﬁ = il4 ]Alg, Itbﬁ 0 )\_1 0
0 0 MN1) \hs hg he h: hs he] \O 0 A°!

for the most general
H:U—-GL(3,C) and H:U — GL(3,C).
The solution is
< 0 0
H? = | 55 (kb — hag) W B
# Z;lazo (k?)ap - klbp) AP _%3 %
for nine arbitrary functions (m, ag, ai, by, b1, k1, ko, k3, k4) on M which must be chosen

such that m # 0 and k := (k1k4 — kok3) # 0 anywhere. These functions will parametrise

the family of induced structures on the moduli space. The frame section is therefore

given by
o 0 0 dt
V= o Zzl;:o (koby — kaap) NP B0 B2 | [ da® - dz®' A
k

LS (ks — kaby) NP B ] gt g0y
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from which we can read off the frame

O =m"tdt
e ]Z*d 00° klfd 1 m%k (koby — kyay) dt
el = %d or' ];:d 1 nik (kaby — kaag) dt
el = ]Z”d 00’ ]‘:d 1 T;k (ksay — kyby) dt
e = k;jd orr ]Zld 1 m%k (ksag — kibo) dt ,

leading to the natural decomposition of the tangent bundle

TM=C&(S®S).

The clock is therefore § = m~! dt, and the covariant metric is

_ /
h 1 = GABEA/BleAA X GBB

L
Lol (—bodxoo’ 4 byda® + agdz'? — aldx11/>

+ m_Qk‘_l ((Ilbg — aobl) dtQ

The metric is rank-four, as one would expect for a five-dimensional Newton-Cartan space-

time. The contravariant metric is obtained as the projective inverse in the following way.
First find a vector U such that

oU) =1 and U, )=0,

which uniquely determines

U = m@t + 60811/ + blalol + Cboa()l/ + alaool.

The contravariant metric £ is then the unique solution to

h%®hy. =6 — U0, and  h(0, ) =0,
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which determines

h = k_IGABEA/B/ a a

Oz AN §yBB
Thus we have a Galilean structure (1, h, §) depending on arbitrary functions. (We could
also equivalently have used the more traditional twistor theory method of calculating the
null vectors from the twistor functions as was done for the case of four dimensions in
[22].)

It only remains to calculate the physical induced connection, i.e. we must construct the

A-connection. Denote by

A

T T
wh = and w" = (3.3.1)

~A A
w /ﬂ'O/ w /7T1/

column vectors of inhomogeneous twistor coordinates on the fibres, and for ease of no-

tation set

e =gt = . (3.3.2)

Following the discussion in section the construction of V occurs in two stages, the

tirst being the solution of the splitting problem

J—_-,;p _ _&iﬁfﬁé"rﬁ + FHo7 (333)

7Y vp

for a 0-cochain {o} of N ® (N* ® N*) — P!, where

ow® 0wt
(T
and F% 0= B dwr

|.
The solution of (3.3.3) depends on nine arbitrary functions (on M) because
H (P',N® (N* o N*)) =C",

and is explicitly given by
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o7r = At + 9 ofp = ¢* + WA,
(The nine functions are ¥, ¢*, ¥4, and x%.)
The second stage of the construction is the reading-off of I'% from the map T M — T M
determined by {c} via the Kodaira isomorphism 7'M = H° (P!, N). Concretely we read
off T'¢_(x?%) from

[4.0aw" | = 0p0.w"| + o), 0pw” | 0w’ |
giving us

I, =3 (3.3.4)
Iy =¢" TYy=9" T =9¢" T} =y
My =T =xo T =T%=x
re,=ry,=x5 I',=T% =x0 (3.3.5)
with all other components of I'}, vanishing. Two of these functions are related to ones

we already have by the compatibility conditions
Vo =0 Vh=0,

which give us
1
Y=—-9Inm and tr(y)=x%+x}= —§8tlnk: :

as well as

om ok
Op AN T GpAA T 0

so these two factors are functions of time only. The function m can be set to one without

loss of generality by a diffeomorphism of the time axis.

The four components I}, are completely arbitrary (given in terms of ¢ and ¢*), whilst
the remaining I';, components depend on three arbitrary functions from the traceless
partof x%;. Thus we get only three functions’ worth of ', instead of the most general case
depending on six functions. Given that this is twistor theory it is perhaps no surprise
that the three functions form an anti-self-dual two-form on spatial fibres. Concretely we
have

I, = 0" Wi,

jt =
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with
W= (x = x}) [du Ady + dz A dv] + 2x5 [dz A dy] + 2x( [dv A du] . (3.3.6)

It is then straightforward to check that (3.3.6) is the most general anti-self-dual two-form

on spatial fibres with respect to a volume-form
€space = dx Ndy N\ dv Adu ,

completing the proof.
U

We thus conclude that Newtonian twistor theory in five dimensions admits generalised
Coriolis connection components as arbitrary functions in its A-connection, but only half

of them.

E-connection for 7 = O & O(1) ® O(1)

As described in section the calculation amounts to taking a global section x* , of
N, ® N @ AL (M) per pointz € M. For N, = O & O(1) & O(1) we have

N.oN:=|o1) o @,
o1 o O
giving us
X’ga = Ca Xj;la =0 Xlg“a = AéA,ﬂ'A/

for nine arbitrary one-forms (C, A**’, B4) on M constituting forty-five arbitrary func-

tions. We extract the connection symbols by reading off from

['%.0,w"| = 00 w”| 4+ X" ,0cw”| + X .Opw"| ,

v
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which gives us

I, =68C.+0.Cy
Fé&?/ﬂ'/y/ = 2A?B/7TB/
FAéL‘JIB'tWA’ = A%%/WC’ + B%tﬂB’
M3pcoma = B ppme + B comp:.

The =-connection therefore contains every connection which has I';; = 0 and for which
the four-dimensional spatial sector resembles that of the =-connection (2.4.6) for O(1) &
O(1).

3.3.2 Deformations and torsion

In this section we’ll study deformations of the form
T=T+ef (9" (3.3.7)

over the total space of O(1) ® O(1), where ¢ is a deformation parameter. Of course, from
one point of view this is nothing more than a Ward bundle on the twistor space for flat
four-dimensional spacetime [80, 78]. The approach adopted in this paper is instead to

study the geometry of the full five-dimensional moduli space of global sections.

Given that the normal bundle N, = O & O(1) & O(1) is stable with respect to all Ko-
daira deformations we must therefore possess a five-dimensional Galilean structure,
but the connection is more subtle. H! (P', N, ® (N* ® N¥)) # 0, so some deformations
will result in a moduli space which does not possess a A-connection. Like in the three-
dimensional case, whatis going wrong is that a A-connection is, by construction, torsion-
free, and deformations of the form give rise to moduli spaces whose Newton-

Cartan structures possess torsion.

Theorem 3.3.2. [41]

Let Z be a complex four-fold fibred over P* with patching given by whose five-parameter
family of global sections X, have normal bundle X, = O & O(1) & O(1). The moduli space M
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of those sections is a complex five-dimensional manifold equipped with a Galilean structure with

torsion whose clock admits a representative with

]. 2 / ’ !/
df = (—:{— 8—f|7T—B7r~d7r}deB A dz,

21t | OwAOwB ' my
0

(Recall that w” are the homogeneous versions of (24.)

Proof

Take the global sections of the base O(1) @ O(1) to be 247 4 as in (3.3.2), or in inhomo-
geneous coordinates

Ql=u+vr  Q=z+y\

Now restrict f to these lines and expand it in a Laurent series in \;

= Z YA for ygf (QA, A) A-0Fg
2m

n=—oo

The global sections of Z — P! are then completed by

T| :t—ei%)\".
n=1

The next task is to calculate the frame section. We must solve

1 e25 €20\ (h hy hy hi he hy\ (1 0 0
0 )\_1 0 h4 h5 hﬁ - }Al4 iL5 il6 0 )\_1 0
0 0 A h: hs ho h: hs he) \O 0 A1

Written out in full we must therefore solve

) of of
h1 = hl —I—EaQo|h4+€an|h7
hg )\h2+€)\aQO|h5+€)\an|h8

of
hg )\h3+€)\890‘h6+6)\891‘h

hy=X"thy  hy=\"'h;

h5 == h5 }A'LG == h6 iLg = hg iLg - hg.
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Put
hs  he ki ko
hg hg k’g k‘4
and
h4 CL0+CL1)\
hy by + b1 A

Now expand the derivatives of f (restricted to twistor lines) in Laurent series;

8QA|_ Z G A" for :_958914' A~y

n—=—oo

We then (uniquely) obtain

(0.9}

hy=—€Y ($nokr + Gniks) A"

n=0

[e.9]

hs = —¢ Z (Pnoka + Gpaks) A"

n=0

and we can solve for the remaining piece h; up to the arbitrary function m to obtain

hi=m—eY X'[pno(an+ar) + dn1 (bo+ bi))].

n=0

Define k = kiky — koks. The determinant of H is then given by

det H = mk
so we must impose m # 0 and &k # 0.
We can then calculate
(H_l)j;:m ! ( —em_lngnA)\
(H_l)A o # Z;):O (kaP k4a’p) >\p
=
ﬁ zglz:o (kS% klbp) AP
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(), =~ 55 Gty ki
p=0 n=0
(), = 5 4 55 ok — ) 4

p=0 n=0

- k’ i 1 o] .
(H 1)11:?%%22 n1 (ksa, — kyby) AP,
p=

The clock is therefore given by

0 =m™'dT|+m e ¢ a\"dQ|

= 6 =m (dt—eZd%A”JreZngA”dQﬂ).

n=0
Now, we have

AV = bpadz™ + ¢,y ada™”

SO

0 =m" (dt + eqﬁo,Ada:Al/) .

As in the five-dimensional case this is not closed for any m # 0 (and € # 0). Now take a
representative with m = 1; we then have
df = edppr o adrPl A dzAY
1 an mRg ’ /
= df=€ed — D ———= 7 dr y deBB A de
{ 27 | OwAdw?B - o
The Newton-Cartan metric arises, as in theorem [3.3.1] from the projective inverse of de-

generate covariant metric arising from the frame section, completing the construction of

a Galilean structure with torsion.
O

In theorem we chose to merely construct the torsional Galilean structure, exhibiting
the torsion via the non-closure of the clock. We could, however, go further and explicitly
construct the torsion =-connection of section[2.4.2las was done for the three-dimensional

case in theorem In the interests of brevity we omit this cumbersome calculation.






Chapter 4
Jumps, folds, and singularities

It was observed in section that the twistor-theoretic Newtonian limit is a jumping
phenomenon in which the normal bundles to twistor lines suffer a jump from O(1)&O(1)
to O®O(2) as the speed of light is varied. In this chapter we will study a different kind of
jumping phenomenon, in which jumps occur as one moves from twistor line to twistor

line.

4.1 Bigjumps

Let Z be a three-dimensional complex manifold and {X,} a Kodaira family of rational
curves in Z with normal bundles N, which are generically isomorphic to O(1) & O(1).

Some lines may suffer single jumps to N, = O & O(2).

Definition 4.1.1. A rational curve from such a family whose normal bundle is N, = O(2—k)®

O(k) for k > 2 will be said to have suffered a big jump.

In section 4.1| we are concerned with the construction of moduli spaces whose twistor
spaces possess rational curves suffering big jumps. We already know that a single jump
results in a singularity in the induced metric (the Newtonian limit); we will find that

for two or more jumps the metric is also singular, and that for three or more jumps the

109
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moduli space itself also becomes singular. The first consequences of jumps in twistor

theory were discussed in [76]].

41.1 The normal bundle

Theorem 4.1.2. [23]

Let k > 2 be an integer and let Z % P' be a complex manifold fibred over O(k) described by two
patches o= (U) and o~ <U ) with holomorphic patching

C = M2 4 er28? (4.1.1)
S=\"*s (4.1.2)
A=

for a deformation parameter e € C* and for coordinates (C, S, \) and (¢, S, \).

o Generic global sections of Z % P' have normal bundle N, = O(1) @ O(1);

o at least one global section has normal bundle O(2 — k) & O(k).

For k > 4 the moduli space M arises as a complex subvariety in the space of global
sections of O(k).
Proof

To find the isomorphism class of the normal bundle to twistor lines one must first cal-

culate the global sections of (4.1.144.1.2) which describe those twistor lines. Equation
(4.1.2) is nothing more than the patching for O(k), so we can put

S‘ = X9+ LUl/\ + LUQ/\2 + ... —f—QJk/\k

for coordinates (z, ..., 7;) € C™ which parametrise the space of sections of O(k). Sub-

stituting this into (4.1.1) we have

k 2
C=MN"2C+er? (Z m) .
1=0
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We need to decompose the squared sum on the left-hand-side into three parts:

A2 (Z xi)\i) — (Z a; () )\i) + <i a; (2) X‘) + <Z— @ (z) )\Z) (4.1.3)

where «; (z) where are quadratic functions of the coordinates. The terms in the middle
sum are those which correspond to elements of H' (P!, O(2 — k)), and so must vanish

for the existence of global holomorphic sections. This gives (k — 3) conditions
1 = g = ... = A3 = 0 (414)

on the (k + 1) coordinates z;, which for k£ > 3 defines a four-dimensional subvariety in
C**1 which is the moduli space. The other two parts of the sum in (4.1.3) then fall into ¢

and f , giving us twistor functions

2k—2 k
(== D a(@NF g =3 aN
1=k—2 1=0

over U and
0 k
f|:eZai(m);\_i §|:sz;\k_’
i=—2

- i=0
over U, all subject to (4.1.4).

With these in hand we are in a position to consider the normal bundle to a twistor line

X, = P’ The patching for the normal bundle is

| o k—2 —2
85| 88 -k
ol o3 0 A

To calculate the isomorphism class on each twistor line one must find holomorphic maps
H:U—-GL2C) and H:U—GL(2C)

such that

F=H H! (4.1.5)
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for some m € Z on each line X, (which enters the calculation through S|). Note that m

will generically vary with X,. Writing

hi h . hi h
H= b and H= b
h3 h4 h3 h4

as in previous proofs in this thesis we find that (4.1.5) constitutes the four equations

hy = N "™hy 4 2eAS |y (4.1.6)
hy = X"TE =21,y 4 2eA™ 25| by (4.1.7)
hy = A2k, (4.1.8)

hy = \""Fh,. (4.1.9)

Now we must determine the values of m which permit a solution for a each X,. First

consider m > k. In this case we have from (4 1-D that iy = hy = 0 and so 1”' becomes
iLQ _ )\m+k—2h27

which, since m > k > 2, has only the solution hy = ho = 0. We then find det H = det H =

0, and so we conclude that there are no jumps to O(2 — m) & O(m) for m > k.

Now fix 1 < m < k, so that (£.1.84.1.9) have solutions
hs = ag(x) + ay(2)\ + ... + Qmyp_o(x) N2

hy = bo(2) + by()N + ... 4 b (T)AF™

for arbitrary functions a,(z) and b;(z) on M, and (4.1.64.1.7) become

k. m4k—2
hy=MNTThy 4260 ag(a)a AT (4.1.10)
j=0 =0
and
k k—m
ho = N"H2hy 426> Y bi(a)ap AT, (4.1.11)

I
o

7=0 1
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When z; = 0 Vi, which we note is a solution of (4.1.4) and so lies within the moduli space,
we have h; = \¥"™h; and hy = A\™+2],. We thus always have hy = hy = 0 and then the

only way to have det H # 0 and det H # 0 comes from setting m = k so that we have
hl = hl = Co(l‘)

for arbitrary ¢y : M — C. We can then choose a; = 0 and h; = hy = 1, demonstrating

that
N, =02 —-k)® O(k)

on z; = 0, which is the largest jump possible for a given £.

Consider m = 1, for which we have

k—1 k-1
hs =Y aX' and  hy=) b\,
=0 1=0

so there are 2k free functions. Equations then look like the patchings for
affine line bundles with underlying translation bundle O(1—k), and so we have to ensure
that the parts of the additive deformation corresponding to elements of H' (P', O(1 — k))
vanish. These are the terms proportional to A, \?, ..., \*=2. We can always use up 2k —4 of
the free functions to make these terms vanish. Generically (i.e. assuming the coordinates

do not generally vanish) we can put

1
as = —— (z101 + 2200)
Lo

1
az = —— (SL’QCLQ + Tol1 -+ LL’gCLg)
To

n—1
1
an>1 =~ ; Ui (4.1.12)
and similar solutions for b;. This then leaves (ag, a1, by, b;) free, and we are left with
iLl = 5\ (l’oao) + (Qflao + aliﬁo)

iLQ = 5\ (l‘obo) + (l‘lbo + bll’o)
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iLg == Clloj\ki1 + a15\k72 + ..+ ag_1
hy=bo Nt 0 N2 by

These are global on [ (and the corresponding expressions for H are global on U). It only

remains to check that the determinant is nowhere-vanishing. We calculate

k-2
det 1T = (b1 (aoz1 + a1wo) — ag—1 (boz1 + b1o)) + Z ATy

J=0

where we define
i = bjr1a0zo + bj (aor1 + arvo) — ajy1boxo — a; (b1 + bixo) -

For det H to be nowhere-vanishing we require ji; = 0. This follows from j applications

of the relation (4.1.12) to the highest indexed a; and b;, leaving only
detﬁ = bk,1 (aoxl + alxo) — Ap—1 (boxl + blxo) ,

which can be generically made to be non-vanishing by careful choice of (ag, a1, bo, b1).

The equations (4.1.674.1.9) imply that

detﬁ:detH,

so we also have that H is non-degenerate, exhibiting the normal bundle as O(1) & O(1)

on generic twistor lines.
O

Note that this theorem merely exhibits that the normal bundle is generically O(1) ® O(1)
but jumps to O(2 — k) & O(k) at some point(s), demonstrating a proof-of-concept for big
jumps. In fact the behaviour of the normal bundle is somewhat richer than this. We
will see in some examples that the biggest jump occurs at more than just one point, and
that we also obtain intermediate jumps to O(2 — m) & O(m) for 1 < m < k. Before the
examples we must consider another theorem regarding the nature of the moduli spaces

arising via the above theorem.
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4.1.2 The link to Gibbons-Hawking

It turns out that the moduli spaces arising in theorem are (almost) in the Gibbons-

Hawking class.

Theorem 4.1.3. [23]
The big-jumping twistor spaces with patching always admit a global O(2)-valued

function and their corresponding moduli spaces admit a triholomorphic Killing vector. The
twistor spaces admit maps which put their patching in canonical Gibbons-Hawking form (3.1.22),
though these are not biholomorphisms and eliminate the sections suffering big jumps. Let the re-
striction to a twistor line X, (over U) of the global O(2)-valued function be denoted Q|(x*, \);
the Gibbons-Hawking potential is

1 8k_1 ; _%
V= oo ian [Q| (#3) ]

A=0

Recall that a triholomorphic Killing vector on a hyperKéahler manifold is a Killing vector

which Lie-derives all three Kihler forms.

Proof
Rewriting the patching as
(= A2 (WPC + e5?)
reveals the global O(2)-valued function, motivating the change of coordinates
O (é, 3 X) — ¢ Q(C,S,\) = NC + €S2, (4.1.13)

The O(2)-valued function then serves as a Hamiltonian which gives rise to a Hamiltonian

vector field via the canonical symplectic structure on the fibres provided by
dC A dS = \72d¢ A dS. (4.1.14)

Such a construction makes the vector field on the moduli space naturally triholomorphic
with respect to the three two-forms induced by (4.1.14) on M, which are themselves

linear combinations of the Kahler forms. (See [21} 23] for more details.)
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After using (4.1.13) to remove S we find that 5 = A\~*S becomes
S =XFe2y/Q — NeC
. T - i Nee\ "
= S=c2) \/@—i—e 225”)‘ \/@ 6
n=1
for irrelevant numerical coefficients

(2n)!

bo = (1 — 2n)(nl)24n

coming from the expansion of the square root. The advantage of this expansion is that

we can then identify the other change of coordinates
T (5, S, 5\> =S

¢ \"
(CSA—e?Zﬁn)\ /O CS/\( CSA))

so that we have the new patching
T=T+e2A"/Q O=172Q,
which is in canonical Gibbons-Hawking form (3.1.20) with

f=ea e

representing a cohomology class in H' (O(2), Op(»)). The disadvantage of the change of
coordinates is that it is not a biholomorphism on each patch: clearly the region ) = 0 is
singular and the resulting twistor space is undefined there. That the big-jumping twistor
lines have been removed from the twistor space by this change of variables now follows
from theorem[3.1.4} in which it was shown that a twistor space whose patching is
cannot suffer jumps larger than those to O & O(2).

The explicit form of the Gibbons-Hawking potential is now also a simple application of

the formula proven in theorem We calculate

- QLm b % [ IFV/Q] Jax
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Put Q| = A* (x — y)+2A\z+ (z + y) for the global sections of the O(2) part of the patching,
so that (x, y, z) are three of the four coordinates on the moduli space. Then we can finally

calculate
1 akf 1

_ 2 _%
V= i Nz =) +2x2+ (= +y)] 2 (4.1.15)

completing the proof.

4.1.3 Two illustrative examples

We will now consider two cases of the above theorems in some detail, following the
story on the spacetime side of the correspondence rather that the twistor space, explicitly

constructing the metric both before and after the change of twistor variables.

Example: k£ =3

Consider the case k = 3 in theorem [4£.1.21 We have
C=M+ex? (2o + 1A + 2207 + :L’3)\3)2

so there is no question of restricting to a subvariety when constructing the moduli space.

The twistor functions over U are
(| = ex2X\? + 2emomi A + € (23 + 2z072)

and

5’] = 2oM% + 2 \2 4 Do)\ + 3.

(Whilst we could equivalently consider the more traditional twistor functions over U the
resulting calculations would be more complicated.) The conformal structure arises via
the twistor principle that alpha-surfaces should be totally null, which amounts here to

taking the resultant of the two polynomials in ) given by

| 5 a 08| 5 a
%533 and %51' s
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yielding a conformal structure

l9] = 23da + 205w dwads + xo (2ox2 + #7) dardes + @1 (3zoxs — 27) dwodzs + xjaide;

+ 4 (ZUQ.TQ + x%) dx1dzry + T9 (.170.73'2 + xf) drodrs + x%xzdaﬁ + 2x1x§dx0dx1 + afg’dxg.

Multiplying this representative by a conformal factor

2

T3 — x0T
yields a Ricci-flat metric. The conformal structure is ASD, as of course it must be by the

nonlinear graviton theorem [66], and the self-dual parallel two-forms are given by
EOIO/ = 2dl’3 A (l’odlEQ + Igdl’o + ZEldxl)

YOV = godes A dry + 2idas A drg + x1das A dxy + zodxs A dzg
SYY = 9 (zodas + zaday + xidxy) A dag.

These forms are all Lie-derived by the Killing vector
0

K=+
or 3 ’

making the Killing vector triholomorphic and meaning that we can always recast this

metric in Gibbons-Hawking form

1

- (dt + A +Vh

9

for some flat three-metric h. (Of course, this is something we already know from the

twistor version of the story in theorem )

One coordinate for the Gibbons-Hawking form will be
t=uw3 ;

to find the other three we have (at least) two options. We could compute a three-dimensional
Abelian subalgebra (X}, X,, X3) of the algebra of isometries of the “spatial” part of the

Gibbons-Hawking spacetime

h=V"'(g-VK&K)
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where
2
-1 _ XT1 — Tod2
="
2x;

V= (g(K,K)) (4.1.16)

is the Gibbons-Hawking potential, and then deduce that these must be translations, giv-

ing that h (X;, ) must be exact derivatives of the flat coordinates.

Considerably less work, though, is to employ the twistor theory of theorem and ex-
ploit the fact that the “spatial” coordinates there arise via the global weight-two function
defined by (4.1.13). For brevity’s sake we will henceforth set ¢ = 1. The new coordinates

can thus be read-off from the components of
Q| = (| = 23\ + 2zgm A + (27 + 2z022) .

We therefore define

T4y =t (4.1.17)
Z = oI
r—y= (aﬁ + Zxoxg) . (4.1.18)

These new coordinates agree with those obtained from the algebra of translations, and

the result is a Gibbons-Hawking spacetime in canonical form, with
h = da?® — dy?* — dz*

and
2?2 —y? — 322
4z +y)
One can easily check that this result is in agreement with the formula (4.1.15). The co-

2

ordinates used here are naturally adapted to neutral signature, and these manifolds do
not admit Euclidean real slices. The extension of this work to Euclidean signature will

be considered in section 4.2

As an aside we note that the metric admits an additional Killing vector

0, 0 0,9
Ors 20w, o

8x1 8x0

’CQ == 5$3
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which Lie-derives X" but merely rotates % and X''. The space of orbits of Ky in M

thus admits a Toda Einstein-Weyl structure; the reader is referred to [79] for details.

To complete the discussion of this example we will calculate the precise loci at which
different jumps appear, following through the calculation in theorem in more detail.
The patching for the normal bundle is

A 2€S)|
0 A3

and the splitting problem to be solved is the four equations (4.1.6{4.1.9) which now read

hy = X¥7hy + 2eN™ (20 + TA + 2202 + 230%) g (4.1.19)
ho = X" hy 4 2eX™ 2 (g + 2\ + 2202 + 2303 hy (4.1.20)
hy = A~(m D, (4.1.21)

hy = \"3h,. (4.1.22)

We know from the proof of theorem that the only possible values of m which can

give rise to solutions are 1, 2, and 3. For m = 3 we have
hg =ag + CLl)\ + (12>\2 + 0,3/\3 + CL4)\4

and

hy = by.

The most general solution of is then
hy = co + 2¢ (A7 (zoao) + A2 (zoar + m1a0) + A~ (zoaz + x1a1 + T2a0)]
for arbitrary ¢,. Turning to we have
ha = XNhy + 2eby [Awo + 2107 + 22X° + 230] |
and for this to have a global solution we must impose either b, = 0 or

To = T1 = T2 = 0. (4123)
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In the former case we would then have hy = hy = 0, implying det H = 0, so we must

have (4.1.23), leaving
hg = —26601'3 iLQ =0

and
det [:I = (Co + 2¢ [)\73 (l’oao) + )\72 (l‘oal -+ 33'1&0) -+ )\71 (onCZQ + x101 + xgao)}) bo .

Setting by = ¢9 = 1 and ap = a; = a2 = a3 = a4 = 0 then yields a valid solution for
H and H. This calculation shows that the minimum requirement necessary for a big
jump to O(—1) & O(3) is (#.1.23); the big-jumping loci is a line parametrised by x3. As
expected, this is the )| = 0 region from theorem and corresponds to where the
Gibbons-Hawking potential is undefined.

For m = 2 we instead have

iLg = CLQ/\_3 + 61,1/\_2 + &2/\_1 + as ) iL4 = bo/\_l + bl )

~

and h1 = 2¢ [)\_2 (ZEQ(I()) + )\_1 (.730@1 + l’lao)} .

This leaves

ha = Nhy + 2¢ [(0bo) + A (2oby + 21bo) + A2 (1by + 2abo) + A3 (waby + w3by) + A* (23b1)]
(4.1.24)

and so for a global solution we must ensure that the additive terms of order A and \?

vanish. This can always be done by choosing b, and b, appropriately. Assuming such

choices have been made the determinant is then
det [:[ = —261’0b0a3 + 26)\_1 [bl (QT()al + $1a0) — l’oboag] .

At this juncture we can see that for N, = O ¢ O(2) we require z, # 0 and by, # 0, meaning
that we can put b, = —z; Lr1bo. The A~! term in det H can then be set to zero using as

and the vanishing of the A\? term in (4.1.24) then requires

xz.fo—l'%:(),
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which (along with z, # 0) is the minimum requirement for a single jump to N, = O &
O(2). All other points must therefore, by a process of elimination, have N, = O(1)@0O(1).
We note that such regions correspond to V' = 0 in {@.1.16), in line with the proof of
theorem 3.1.4

Example: £ = 4

Here the situation is complicated by the fact that the twistor space is an affine bundle on

O(4) whose underlying translation group O(—2) has non-vanishing
' (P, 0(-2)) = C.

This means that the moduli space must arise as a four-dimensional subvariety in the five-
dimensional space of global sections of O(4). Locally, the different ways of restricting to

the subvariety provide a natural construction of coordinate patches on M.

First write the global sections of O(4) as

S| = 29 —f- 1'1/\ —|— I'Q/\2 + 173)\3 —|— ZL‘4)\4 (4125)

so that (4.1.1) becomes
$ = N2+ 2eA72 (g 4 24 A + 2202 + 230 + 2407

For this to have a global solution we must set the coefficient of A on the right-hand-side
to zero, which requires

Tox3 + 1T = 0. (4126)

This is the equation defining the moduli space M as a subvariety in (zg, 21, 22, T3, T4) €
C°. We see that M is a cone. With (4.1.26) satisfied a global solution is possible, giving

us

(| = —2¢ [(x% + 22123 + 2x0$4) + X (22124 + 22973) + N2 (m% + 2:1:2x4) + A3 (2w3mg) + A? (xi)}
(4.1.27)
and f\ = 2¢ [)\’2 (xg) + A7 (2271) + (:L‘% + 2x0x2)]
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over U and U respectively. The twistor functions (4.1.25) and (4.1.27) should be under-
stood as being subject to (4.1.26). In solving (4.1.26) we have to assume that one of the

coordinates (o, ..., x3) is non-zero, and each one gives rise to a different patch on M.

To obtain the moduli space metric in a patch we can explicitly eliminate one coordinate,
say x3, from the twistor functions using (4.1.26) and then apply the twistor principle,
finding the conformal structure for which the alpha surfaces are totally null. If we do

that with
T1X2

T3 = —
To

then we obtain a conformal structure containing a Ricci-flat metric
2

672 3 2 4 2
g= P ——) (xgdx; — xy1 (moxg + wl) dzydzy + 22, (xoxg — xl) dxodry

2 (9,22 2 4 2 2\ 7.2
+ 1 (2%:102 — dxoxor] + xl) dzydxy — 2z0T977 (acoxg — xl) dzy

2.2 _ 4 22 2 4 2 2\ 7.2

— moxy (2gal — a7) dwydes — zowy (w32l — 6mozan] + a7) duydag + af (zow2 — x7) das

+ 22373 (330332 + x%) dxodxg + 13 (x%x% + 4a0T02? — x‘ll) dz3),

valid for xy # 0.

(As an alternative calculational trick we could could construct the conformal structure
before eliminating a coordinate, in which case we obtain a cubic condition via the twistor
principle and thus a symmetric three-form on the five-dimensional space. On (any
choice of) restriction to M the symmetric three-form then tensor-factorises into the con-

formal structure on M and a one-form.)

The self-dual two-forms are

EOIO, = 2d1‘4 A (l‘odl’g + xgdl’o + $1dl’1)

»o = zodrs N dxy + xadxy N drg — xal (J;on — x%) dxi A dxs

— $62$2 (xgxo + x%) dri N\ dxg — 2xalx2x1dx2 A dxg

= dxg N (4x51x2$1d9&1 — 2xodxy — 23551 ($2£L‘0 — xf) dxg)
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and the triholomorphic Killing vector is

0

K

The Gibbons-Hawking potential before the change of coordinates is

71 (3T — 23)

V =
21

One can now proceed as with the k = 3 example above, finding the transformation to
Gibbons-Hawking form. The change of coordinates can again be read off from the global

weight-two twistor function

N ~

Q=

202 (:)3(2)) + 207 (2mowy) + 2 (mf + 23:0:v2)

where we have again set ¢ = 1. The change of coordinates is therefore the same (4.1.17]

4.1.18) as it was for k = 3, yielding
Vo (32% — 3y* — 5z?)

4128
4(x+y)" (41.29)

and

h = dz* — dy? — d2*
(with fourth coordinate ¢t = z, as before). As expected (4.1.28) agrees with the general
result of theorem4.1.3]

To conclude this example we will again discuss the precise jumping loci, beginning with

the jump to O(—2) & O(4). In this case the splitting problem is the four equations

hi = hi + 2N (g + 2\ + 2222 + 230° + 240 D (4.1.29)
ho = Ahy + 260 (2 + 21X + 2202 + 233° + 240 hy (4.1.30)
hy = A"5h; (4.1.31)

hy = hy. (4.1.32)

and we can solve (4.1.31H4.1.32) to obtain

6
hy = Z ap \" and  hy = by.

n=0
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For a global solution of (4.1.30) we then require
Top=T1 =T = T3 = 0 (4133)

(since by = 0 would lead to det H = 0), and we note that (4.1.33) lies within the moduli
space defined by (4.1.26). The solution is then

h2 =0 and hg = —26601’4

On (4.1.33) the splitting of (4.1.29) becomes straightforward:

6
}All = hl + 265(74 Z an)\"

n=0

6
= ]All = Coy and hy = Co — 2€xy Z an/\”.

n=0

The determinant is

detf[ = Cobo s

which we can thus always set to be a constant. The minimum condition for the normal
bundle to jump to O(—2) & O(4) is therefore ; the biggest-jumping region is a line
parametrised by x4, intersecting the vertex of the cone (#.1.26).

We can also consider intermediate jumps. Jumps to O(—1) & O(3) occur when we can

solve the splitting problem

hi = by + 26N 7% (g + 21X + 2207 + 2303 + 2,01 By (4.1.34)
ho = Nhy + 26X (20 + 1A + 2222 + 230° + 2401) hy (4.1.35)
hs = A\ "°hs (4.1.36)
hy = A" hy. (4.1.37)

The procedure should now be clear: (4.1.3674.1.37) have general solutions given by

5
hs =Y a,\" and  hy=bg+bi),

n=0
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which then allow us to split (4.1.35) as

~

hy =0 and hy = —2€[(x3by + x4bo) + A (24b1)]
provided we ensure
Toby = Toby + x1bg = T1b1 + 1209 = T2b1 + 1309 = 0. (4.1.38)
Equation can then be solved (with no further requirements) to give
hy = 2e)73 (zoag) + 2eA"2 (zoa1 + z1a0) + 2eA (20ag + 2101 + Toa0)
+ 2¢ (zoas + x1a9 + x2a1 + T300)

and

det 1'{[ = 2¢ [bl (.1'0663 + x109 + 2201 + l’gao)] .

Thus to find the jumping loci we need to solve (4.1.38) as well as det H # 0. Some

inspection reveals that resulting region is
To=21 =22 =0 ; x3 # 0 ; and r4 = anything

(which satisfies the moduli space’s equation (4.1.26) as a subvariety in C°).
Finally there are single jumps to O @ O(2) to find, for which the splitting problem is

hi = Ay + 26072 (g + 2\ + 2207 + 2305 + 240%) By (4.1.39)

ho = Mhy + 2€ (10 + 2\ + 2207 + 230% + 2401 By (4.1.40)

with
4

2
hy = Z a,\* and  hy = Z b A" .
n=0

n=0

For global solutions of (4.1.39) we need
T3ag + zoa1 + T102 + oz = 0
and for global solutions of (4.1.40) we need

$0b1 + $1b0 = xobg + l‘lbl + l‘zbo = $1b2 + $2b1 + .77360 =0.
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The determinant is
det F[ = 2¢ (bgﬂ?oCLQ + b2.’131a1 + bgl’gao — .T0b0a4) R

which we require to be a non-zero constant. We seek solutions to these conditions which

intersect the moduli space hypersurface (4.1.26).

Some thought reveals that the resulting set of points where the normal bundle jumps to
O ® O(2) are

{mo #0 ; 1 (13% — onxg) = 0}
and

{zs #0 ; xg =z =0}.

At all points other than those mentioned we have N, = O(1) & O(1).

4.1.4 Euclidean signature and reality conditions

In all of the big-jumping examples so far considered the obvious real slices have been
of neutral signature rather than the perhaps more desirable Euclidean signature. In this

section this will be rectified.

The Euclidean reality condition for a global section S|()\) of O(k) requires k to be even;

the real structure is induced by the involution
ST = (—1)2 X" (—X‘l) .

For k = 4 with
S| = xg + T\ + 227 + 23203 + 1A\ (4.1.41)

we therefore must take z, to be real and (z¢, x1, 3, 74) € C* with

Tq4 = T

and

Tr3 = —T1.
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Unfortunately this means that the equation (4.1.26) defining the moduli space as a hy-

persurface becomes the real-codimension-two condition
1701'_1 + T1x0 = 0

rather than a real-codimension-one condition. This means that the k = 4 metric above

cannot admit a Euclidean real slice.

To get around this issue we must engineer a deformation of O(—2) & O(4) for which the
condition defining the moduli space hypersurface happens to be a real-codimension-one

condition, which is accomplished in the following example [23].

Example

Let Z — P! be a twistor space fibred over O(4) with patching
(=AM + S8 (1279 (4.1.42)

S =715 (4.1.43)

As above the moduli space arises as the subvariety in the space of global sections of
O(4) described by the vanishing of the term of order A in (4.1.42). On a real slice this
subvariety is

xoxy + Toxg = 2R (rox1) =0,
which is a real-codimension-one condition.

One could proceed just as before and construct the metric via the principle that alpha
surfaces are totally null; the resulting metric is, however, quite complicated and the cal-
culation is not illuminating. Instead we will in the next section discuss a powerful gen-

eral framework which will be useful for discussing further the above example.

4.2 Self-dual two forms and the Legendre transformation

For a twistor space constructed as the total space of an affine bundle on O(k) there is an

alternative way of constructing the metric on the moduli space of twistor lines [24]. This
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is done by directly constructing the self-dual two-forms ¥4'%". In what follows we will

make use of the homogeneous coordinates described in section|3.1.1.2l The patching is

v=v+ f(s,ma) $

Il
®

where (s, §) are of weight k; (v, V) are of weight 2 — k; and f is a function of weight 2 — k&

representing a cohomology class in H* (O(k), O(2 — k)ow))-

Everything characterising the spacetime must now be obtainable from f, and there are
several ways of extracting functions on the space of global sections of O(k) from f. The
first is to restrict s to

AlLLA

!
s| = at BT AL T AL

and then multiply f| by £ — 4 spinors 74,. One can then contour-integrate out the re-

maining dependence on 7 4. We therefore define

! ! 1
B ..B'\ _
day..a;_, <$ 1 k) =5 ygﬁf“'l“'ﬂf‘kzxf (s],ma) - dm,
and note that the conditions
day.a,_, =0

define a four-dimensional subvariety in the (k 4 1)-dimensional space of global sections

of O(k) which we can identify as the moduli space M.

Now define an extra set of quantities from f:

! ! 1 af
Yy, (ﬁBl“'B’“) = —ygmfl...mgM$ (s|,7ar) - dm. (4.2.1)

271

A calculation shows that the self-dual two-forms $4'5" arising from the global O(2)-

valued form

dv Nds =dv Nds

by the restriction to twistor lines such that

dl/‘ A dS’ = EA/BIFA/TFB/
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are given in terms of (4.2.1) by

YA'B _ 1¢A’B’

B’ ...B; 1Y R Y /
8 Bi BllC C{ C]l@ dIP/Q/R/ ! k=3 /\ dIP Q R Cl.nck73
_3 Cp_ g

3 B!...B! A’ AYal ’ 1 pr
+51/}31”.3];7201.”0];72de/1 oA 0 OO, B'P (4.2.2)

(Recall that spinor indices can be raised and lowered using e 5 and ¢*'5".) The hyper-
Ké&hler metric can then be reconstructed from the self-dual two-forms by extracting from
them the Kahler potential and writing the metric locally in terms of that potential. See,
for instance, [21] for details. Note that in the case k£ = 3 this formalism is simplified by
the fact that there are no constraints (¢ does not exist) and ¥*4'? is a self-dual Maxwell

field.

Example

Consider now the Euclidean signature k£ = 4 example above, which has

1 1
2
S, Tp) = S — .
f s ma) (71'(2),7T§, 7T(8),7T%)

The global sections of O(4) are, on a real slice, given by

0’0/ 0/ 4 0/ 11/ / /1/1/ 2 2 /1/1/1/ 1/1/1/1/ 4
5| = 2% 7l 4 42V S, + 620 O 2, + 42 ToTy + T

with

0’0’0’ _ 0’0’1’ _ 0’11/ AR 111111
xOOOO =T 4ZE0001 = —7 6[[‘0011 = 4$0111 =1 xllll = Zo.

We then have

1 ;oA 2 1 1
¢ =— ($A1"'A47TA/1...7TA21> 55 — 85 3 m-dr
27TZ F ﬂ-olﬂ-ll 71-0/7-[-11
1

_ _ 2 1 1
= p=— ToTy — TIMO Ty + ToTo T2 4+ X1 To T + x07r4/) — m-dr
0 0 0T 1 1 2.8 8.2
2mi Jp TeTy  ToT

= ¢ =2r110 + 2ToT1 = 4R (o11) .

So the moduli space is, as was discussed earlier, given by the real-codimension-one con-

dition ¢ = 0.
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Now calculate ¥4, ;.

1

Vargorp = 9 TA TR T T pr2 (x_oﬂé‘, — ZE_17T8/7T1/ + xyr%m%, + xlﬂglﬂi’, + xoﬂf,)
T Jr

1 1
X = — 535 | T dm

=  Yoooo = 271 Yoo = —2Tg

Yoo =0
Yo = 2o Y = 22y.

The self-dual two-forms are then given via (4.2.2) by

‘o 1 1 3
20 o= 21’0(12['_0 N dl’g + 533'0611’1 VAN dl'_l — éxldx_l VAN dxo — 5.1'_1611'_0 N dl'_l — 2:1:_0d:1:_0 VAN d.TQ

| 1 1
ZO 1 51‘_0 (dl'_o/\ dl‘o — gdﬂfl A\ dx_1> - (gxl + gx0> dx—l/\ de

1 7 7 1
+ 5 (l’l — Zﬂ_l) d.ﬁCQ A d.flf_() - 1—613_0d.§62 A d.flf_l — (ESL’Q — ELCl) dﬂfl A dIg
o 1 1 3
= 5 (T1 — 4T0) dTg A dxg — 6 (T1 + 8%g) dxy N dTy — §$1d$0 A dxy

1 3 9
+ El’_ldl’g VAN dl’_l - gx_ldxl VAN dlE_O - él’gdl’o N d(L’g s

restricted to the moduli space ¢ = 0. From these we could reconstruct the metric, but

this is not illuminating and so we will not reproduce it here.

This setup allows us to make contact with [59], in which a generalised Legendre trans-
formation is used to generate hyperKéhler manifolds. Using the Kodaira isomorphism

we can identify the gradient d¢ with a binary quartic:
dp — Q = At + 4ps\® + 6207 + 4y X + g

where

Ha = oz,
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and z, are as in (4.1.41). The two classical invariants associated to the binary quartic are

T = puapio — 4puspiy + 3403

and
Ha 3 2
J=det | uz pp

M2 M1 Ho
The jumping loci can then be identified by the vanishing or otherwise of Z, 7, and d¢.

o Iff dp = 0 we have N, = O(—2) @ O(4). For the Euclidean example we find that

this occurs when zy = ; = 0, and so is a line parametrised by z, € R.
Now consider d¢ # 0. For the Euclidean example we have
1= 4%’037_0 + ﬂfl.fE_l

and

J = —2R (2377) -

o Iff T = J = 0 then we have N, = O(—1) & O(3). This occurs nowhere on the real
slice, a consequence of the fact that for odd £ we can never have a Euclidean real

slice.

o Iff 7 =0 and Z # 0 then we have N, = O & O(2), which occurs on the intersection
of

R (2571) =0 and R (zozi) =0.

¢ Finally at generic points with Z # 0 and J # 0 we have the usual normal bundle
N, =0(1) @ 0(1).

The generalised Legendre transform of [59] can be used in this context to construct the
Kéhler potential for the moduli space metric. Following that paper we define G by

9G (S, \)

35 = TE2fATE
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where 7}, f is the inhomogeneous version of f. For the Euclidean example we have
1
G = 553 (A2=27%).

The next step is to define

1
F=— )\’QG(S],)\) dX ,
2mi Jp
which in the example is
1
F = —LL’gl’_l + 2$0.Z‘1:L’2 — Z’_02131 + 21’03}11’2 + gxi’ + §I_13

In this context the real moduli space M arises as the subvariety defined by

oF
¢ = Oy AR (voz1) |

in agreement with the earlier treatment. We then perform the generalised Legendre
transform of F' (zg, z1, To, Z1, 22), defining

_OF

= —— = 2wy1y — Tg° + 27 (4.2.3)
8:1:1

U
as the new coordinate and
Q (zo, To,u,w) = F — xyu — 710 ,

eliminating (x1, Z71, z2) in favour of (u,w) using (4.2.3) and ¢ = 0. The surprising result
of [59] is that (2 is the Kdhler potential for a hyperKahler metric g on M. In the example
we have been following we find
_ — \ 32
: _ UTH — UTo
0= -2 -7 (1~ g )
which satisfies the first heavenly equation [69]

0’ 9*Q 0*Q  9*Q

- =1.
0xo0To Oudu  OxgOu Oudxy
The metric, if desired, can be explicitly computed from
0*Q 0*Q 0*Q 0*Q
= dudt + ——dudTy + ———=dxodu dzodTg.
9= uan ™ udm T G M T Grgamy O

We note that the big-jumping line parametrised by x» has been blown-down to a point

u =z = 0 in the Legendre transformation.
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4.3 Physics on folds

The jumping moduli spaces discussed in this section are generically singular at the jump-
ing points. This makes it somewhat remarkable that in [36] Gibbons and Manton, whilst
pursuing an unrelated strand of research on the motion of monopoles, make use of
smooth normalisable solutions to the time-independent Schrédinger equation on a back-
ground whose metric is that of Taub-NUT with negative mass. This background is an
example of a jumping spacetime, being in the Gibbons-Hawking class with

1

V=1- v
@ +y2+ )

By the proof of theorem we know that this metric will suffer a jump to O & O(2)
when V' = 0, i.e. on the submanifold defined by

4= 1

Taub-NUT with negative mass is an example of an ambipolar metric [60] (see definition
rather than a full folded hyperKéhler manifold [43} 12].

The existence of normalisable solutions to the time-independent Schrodinger equation
in [36] motivates the question of whether jumping spacetimes generically admit normal-
isable solutions, potentially making them more relevant to theoretical physics.
Gibbons-Hawking spacetimes with linear potentials are the standard example of a folded
hyperKéhler manifold, so we here address the question for these spacetimes. Without

loss of generality we can consider V' = z,

1 1 1 ?
g="= (dw - §xdy - 5ydaz> + 2 (da® + dy* + d=?) .
z

The determinant and inverse are respectively given by

(3:2+ 2) z
< 4zy + Z) % T2z 0
L L o9 0
|g| — 22 and g,uzz — 2z z
T 1
~2 0 0
0 0 o0 1
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We aim to investigate how solutions of the time-independent Schrodinger equation

1

Vgl

behave with respect to the fold and determine whether there are any smooth L? solu-

0u (VIglg™0,0) = Eo

tions.

Written out in full, the Schrédinger equation is

L1, 5 o T y Lo

;(Z(x +y*) + 2%)0yp 0y — ;@,&W + ;818%25 + ;5 10,0;¢0 = E¢. (4.3.1)
To begin tackling this problem we will consider first the simple )-independent ansatz

o(h, x,y,2) = ¢(x,y,2)

giving us

1 ...

We can legitimately consider ¢-independent solutions if we take v to be an angular co-
ordinate, making normalisability still possible. The equation separates if we write
o(x,y,2) = f(2)B(z,y) to give

foo — Ezf =\f (4.3.3)

and B, + By, = —AB (4.3.4)

where ) is the separation constant, and could be complex. The equations (4.3.3) and
(4.3.4) are respectively the Airy equations and the two-dimensional Klein-Gordon equa-

tion up to coordinate shifts. Consider the latter first.

Equation (4.3.4) is nothing more that a two-dimensional time-independent free-particle
Schrodinger equation. This has no smooth normalisable solutions; the stationary states

are “scattering” states representing free particles, expressed as plane waves.

Now consider the Airy equation (4.3.3). There are two possibilities: either £/ = 0 or
E # 0. If E = 0 then we have

fzz—)\f:() = f:a/le\/xz_i_aQe*\/XZ
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For normalisability we then require A to have non-vanishing real part, allowing us the
continuous solution f ~ e~ VAl This, however, is not smooth at the fold, and so we
can reject it. There are then no smooth normalisable solutions with £ = 0 which are
independent of .

If E # 0 then we can make the change of variable £ = Lz + 2; and f(z) = h(€) to arrive

at the canonical manifestation of the Airy equation,
d*h
de?
The two linearly-independent solutions to this are known as the Airy functions Ai(¢)

—¢h=0.

and Bi(¢). For negative ¢ they both oscillate (out of phase with each other) and decay
as ¢ becomes more negative, but for positive £ they’re quite different: Ai({) decays ex-
ponentially and Bi({) diverges exponentially. Thus to have a chance of a normalisable

solution we must consider Ai(¢).

Unfortunately, for large negative £ we have

i) ~ It (31t + 7).

On a flat back-ground this |£ |4 fall-off is sufficient to ensure that Ai(¢) is normalisable,
but in our case we have the “extra” factor of \/|g| = |z| to consider in our integrals. The

relevant part of the integral is

+o0o . 1 A )
/_OO iz 2] |A1(Ez+ﬁ>| |

At large negative z the integrand goes as |z| 2, and so on the folded background the
Airy functions can not give us a normalisable solution, unless one is prepared to suffer a
discontinuity in the first derivative, just as in the £/ = 0 case. Thus there are no separable

smooth ¢-independent L* solutions.

Consider now solutions of the form

qb(w? m? y? Z) = elsw(p(x7 y? Z)
for s a non-zero integer. This is a sensible ansatz because v is an angular coordinate on

the folded background. The Schrodinger equation (4.3.1) becomes

52

1 18 18y 1
—— (@ + )+ 2o — O+ —p+ —670,0,0 = By,
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which separates as ¢ = G(z,y)F(z) into

2
%—(SQZQ—FEZ-}-)\)F:O
and
1 18T 15 1
— 1@y - F 0,6+ Eyaxc; + 5@+ 3G +A=0. (4.3.5)

We'll focus first on the F'(z) equation, which has the form of the Schrodinger equation

describing a displaced harmonic oscillator. This is readily solved to give

ro=i, (v () o 4 (++ 2) 1

where H.,(£) solves the Hermite equation

SH  dH
TH et o
g e Ty

1 [ E?

If v is a non-negative integer then H, is a Hermite polynomial and thus F(z) is clearly

with

normalisable for s > 0 (even with the folded background’s factor of y/|g| = z) due to the

exponential fall-off at large z.

Let us now proceed to consider the G(z,y) equation (4.3.5). This has the form of the
Schrodinger equation describing motion in a constant magnetic field (see for example

[11]). In the usual manner let us then define the canonical (Hermitian) momenta

1 1
I, = —i0, + Esy II, = —i0, — gsx

and ladder operators
a=1Il, +dl, o =TI, -,

The G(z,y) equation is then
(a'a+s— NG =0

and we can construct some solutions (choosing A = s) by solving aGy(x,y) = 0, and then

applying copies of a' to Gj.
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For example, one solution is

G(r,y) eXlD{—;llS(ﬂc2 +y2)},

and thus we conclude that there do exist normalisable solutions. One class of normalis-

able solutions is

o= I, (\/' <z+ ;)) exp{_gs (z+ %)Q}exp{—ismuy?)}exp{z'sw}

with s a positive non-zero integer and £ chosen such that

is a positive integer, which is always realisable.

4.4 Jumps in Newtonian twistor theory

Jumping phenomena are not constrained to the twistor theory of (complexified) Rie-
mannian spacetimes. In section 4.4/ we will examine a novel construction of jumping

Newton-Cartan spacetimes.

Theorem 4.4.1. [41]

Let Z — P! be a three-dimensional complex manifold fibred over O(3) with coordinates (¢, S, \)
and ((, S, \) such that

C= A+ f(5)
S =\389
A=)\t

on the intersection of patches, where f (S) is a polynomial of at least quadratic order. Z is a New-

tonian twistor space: the Kodaira moduli space M of global sections is locally Newton-Cartan.

o The normal bundle is generically N, = O @ O(2).
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o At special points the normal bundle jumps to O(—1) & O(3); at these jumping points the

Newton-Cartan clock vanishes.

The special points are characterised by the vanishing of the three two-forms induced on M by the
global two form d¢ A dS on the fibres of Z — P*, or equivalently by the vanishing of the constant

term ~y, in the Laurent expansion of % .
Proof
Write the global sections of O(3) as
S’ =20+ 1A+ IEQ)\2 + 1‘3)\3.

First we will consider the normal bundle; we will show that generically the isomorphism

class of N, is O @ O(2). The patching for N, is

0,
o (5]
0 A3

and the splitting problem to be solved is

. of
hi = \h —h 441
1= Ay + 85| 3 ( )

. of

hy = \3h A2 |h 442
2 2+ 85’ 4 (4.4.2)

}Alg == )\73}13

hy = A""hy.

As usual we put

3
hy = Zaw and  hy = by + by
n=0

To proceed further we make an expansion:

af > n



140 CHAPTER 4. JUMPS, FOLDS, AND SINGULARITIES

where 7 is a function of z, only. For a global solution of (4.4.2) we then require

bovo =0, (4.4.3)
leaving
hsy = 0.
We also have
ill = 7YoQo-

The determinant is then

detf] = 70a0b1 s
and we conclude that N, = O @& O(2) for 7y # 0. A straightforward calculation then
shows that N, = O(—1) & O(3) for any twistor line X, with , = 0.

Since we generically have N, = O @ O(2) we anticipate that the moduli space will be a
Newton-Cartan spacetime; to see this in detail we must construct the twistor functions.

In this case it is very straightforward: over U we have

¢=f(S|(A=10)):=T(xo)

and
S\ = 2oA\% + 21 0\% + To\ + 2.
We note that v, = %. The geometry induced on the moduli space is, as usual, found
by identifying null vectors as those tangent to alpha surfaces. The conformal clock is
therefore
[0] = a (20) 70 (o) do

for any non-vanishing o and the conformal covariant Galilean metric is
[h7'] = B (da3 — Adzdx;)

for any non-vanishing . The geometry is therefore Galilean at generic points (and in-
deed Newton-Cartan if one chooses to include the canonical A-connections discussed in

section [2.4.3). At the jumping points with v, = 0, though, the clock vanishes.
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One can construct a map

To t(CC()) = T(ZE()) (444)

taking M to a more usual non-jumping Newton-Cartan spacetime but the map is not a
diffeomorphism; it eliminates the jumping points. This situation is entirely analogous

to the map taking the jumping spacetimes of section4.1]to Gibbons-Hawking form.

The three two-forms arising from the restriction to twistor lines of
dC A dS = X2dC A dS

clearly vanish on and only on the jumping points. 0

Example

The simplest example of a jumping Newtonian twistor space is when f (S) = 5% The

conformal clock admits a representative
0 = Zlfode'O s

vanishing at one point 2y = 0. The map (4.4.4) is

1
t:§$g,

and so the Newton-Cartan spacetime is thus a 2-fold cover of the standard
Newton-Cartan spacetime (with time coordinate ¢), branched over the spatial fibre

t=0.






Chapter 5
Non-relativistic conformal symmetries

Twistor theory and conformal symmetries are closely linked [64)68]. It is therefore nat-
ural when constructing a twistor theory of Newton-Cartan manifolds to consider some
related questions to do with the analogues of conformal series in non-relativistic geome-
try. The reader is reminded that, following [28], some details regarding such symmetries

can be found in section 2.7

5.1 First-order symmetries and Killing vectors

In this section we will construct a duality between the conformal Schrodinger symme-
tries of a curved Newton-Cartan spacetime and the first-order symmetries of a Schrédinger

equation coupled to a potential and magnetic field.

5.1.1 Schrodinger-Killing vectors on curved spacetimes

The equations defining the expanded Schrédinger algebra ;ci)(d) and Schrodinger alge-
bra sch(d) in section 2.7/ make sense for a curved Newton-Cartan spacetime as well as a

flat one: we simply use
h = 5”618] 0 =dt Fitt = 5”(9]‘/ Fijt = Fitj = jlﬁilkakQ (511)
with all other connection components vanishing instead of (2.6.3) and I'}, = 0.

143
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In order to prove theorem it will be useful to write out in more detail the equations

defining the Schrodinger algebra on (5.1.1). Thus we collect for reference

X' =0 (5.1.2)

O'XI + X" = 0,X'67 (5.1.3)

QOX' + XI9;0V + 20V X" + 26,,0"Q0, X7 — PV X" =0 (5.1.4)
€k 0 X" + 2X7 0,000 + 20100, X" + 0, X70,Q — & X1,0;,Q2 = 0. (5.1.5)

(Recall that spatial indices are raised and lowered throughout with Kronecker deltas

because (h, 0) is the standard Galilean structure.)

Example

Take the (3 + 1)-dimensional Newton-Cartan spacetime with the linear Newtonian po-

tential V' = z, adopting z* = (z,y, z). The Riemann tensor vanishes, so we expect the

symmetry group to be of maximal dimension. Solving (5.1.215.1.5) yields
X = (at® +2ut +7) 0 + (Wa! + ata’ + pa’ + v't + p') 9;
1 1 2
+ Ew“tQ@m + §wyzt28y — (gat?’ + Q;Lt?) 0,.

We thus indeed find a twelve-dimensional algebra, though the vectors come with some

additional terms which result from the strange choice of coordinates.

Example

The Schrodinger-Killing vectors of the (3 + 1)-dimensional Newton-Cartan spacetime

with V = (22442 + 22)"2 and Q = 0 are
X =0, + wijxj@l-

for v a constant and w;;, € so(3). The presence of a point mass at the origin has reduced

the symmetry algebra to just time translations and spatial rotations.
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5.1.2 Symmetries of the covariant Schrodinger operator

In this section we will consider the first-order symmetries of the operator
" 1 .
A = z@t - %(Vk (—’iaj —+ mA]) (—z@k -+ mAk) — mV,

where V' and A; depend on space only. That is to say, we will seek first-order linear

differential operators

D = S%(z")9, + s(a?)

which obey

AD = 5A (5.1.6)

for some (otherwise irrelevant) linear differential operator 9.

We will now consider the well-known Schrodinger algebra spanned by vectors which are
the non-relativistic analogue of the conformal Killing vectors of flat spacetime and take
the definition of these Schridinger-Killing vectors in a general Newton-Cartan spacetime,

proceeding to prove the following theorem.

Theorem 5.1.1. [40]

The first-order symmetries of the Schrddinger equation
. 1 .
Av) = iOp) — %&'ﬂ (—i0; + mA;) (=i0), + mAg) » —mVy =0 (5.1.7)

have the Schrédinger-Killing vectors of the Newton-Cartan spacetime with Galilean coordinates
(t, x") and non-vanishing connection components
I'y=6"0;V  and T, =T' = 6",

J

as their principal symbols, where Q(a?) is a function satisfying dQ = x*d A.

Equation (5.1.7) is the covariant Schrodinger equation exhibited in [29].
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Proof

If we calculate the left-hand-side of 1} then we get DA, which is already in the right
form, and some additional operator terms. These additional terms arrange themselves

into A iff

9;S" (5.1.8)
'S + St = §99,S (5.1.9)
— im0, S’ — imA’9;S" +imSI9; A" + imA'9,ST = I's (5.1.10)
m

In order to prove theorem we must find the conditions on S such that one can

always find s solving these equations. To that end we use (5.1.10) to rewrite 5-9;0's —

A'9;sin (5.1.11)) in terms of S only. Then (5.1.1015.1.11) have the form

X =ds
for ¥, = £,(S° A", V). By the Poincaré lemma the conditions we are looking for are

dy. = 0. (5.1.12)

Explicit calculation reveals that (5.1.8[5.1.9)5.1.12) are then exactly the equations (5.1.2
5.1.5) defining Schrédinger-Killing vectors with d2 = **dA, completing the proof of
theorem 5.1.1]

Note that the gauge symmetry

A — A + 0ix

has not here been fixed. The Schrédinger-Killing vectors of the curved Newton-Cartan

spacetime are the symmetries of the whole gauge equivalence class of operators A.
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5.2 Higher symmetries and Killing tensors

In this section we will define Newton-Cartan analogues of Killing tensors and conformal
Killing tensors and prove that the latter, Schridinger-Killing tensors, are the symbols of

the higher symmetry operators of the free-particle Schrédinger operator.

5.2.1 Non-relativistic Killing tensors and conserved quantities

In this section we will define the non-relativistic analogues of Killing tensors by ex-
hibiting Newton-Cartan geodesics as the projection of the integral curves of a Hamil-
tonian vector field on the cotangent bundle. This Hamiltonian formalism is an intrinsic

Newton-Cartan analogue of the Eisenhart-Duval lift discussed in, say, [16].

Lemma 5.2.1. [40]

Geodesics of the Newton-Cartan spacetime (M, h, 0, A, U) with connection components
1
I = §had (Obhca + Ochpa — Oahpa) + Opbeyv® + e(ch)dhad (5.2.1)

and with F' = d A are the projection from T M to M of the integral curves of the geodesic spray

0 0
Opa ox®

(where 11, := p, + A, and (z%, py) € T* M), which is the Hamiltonian vector field associated to

+ (U* = h*1I,)

1
g - (§8athHcHd + thHcaaAd - aanHb - Ub@flAb)

1
H = §h“bHaHb — U°T1,.

The proof of this lemma is straightforward (but tedious); we omit it for brevity.

This Hamiltonian (and therefore also the following definitions) are Milne-boost invari-

ant.

Definition 5.2.2. [40]. A rank-n Killing tensor of a Newton-Cartan spacetime (M, h,0,V) is

a symmetric contravariant tensor field X such that functions x& %" on M can be found

m

obeying )
{Xalmanpal"-pan _|_ Z X%wampal“'pam , H} — O , (522)
m=0

where { , } is the canonical Poisson structure on T* M.
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The quantity
n—1
X por . Pay, + Z Xon """ Pay +-Pam
m=0

is a constant of motion.

Here we have provided an intrinsic Newton-Cartan definition of the usual concept of a

hidden symmetry, entirely in line with the familiar concept from classical dynamics [21].

Taking n = 1 in (5.2.2) we arrive at the conditions

Lxh=0 (5.2.3)
LxU—h(LxA, )= —h(dxo, ) (5.2.4)
(LxA) (U) = dxo(U). (5.2.5)

Solving (5.2.3{{5.2.5) on a given Newton-Cartan spacetime will give us the Killing vectors

of that spacetime.

Example
X = X“9, solves with
h=699,0;, 6=dt U=09, A=0 (5.2.6)
and is thus a non-relativistic Killing vector of the flat Newton-Cartan spacetime iff
X =~0, + (w"jxj + V't + pi) 0;

for any ten constants (v, V', p', w;; € 50(3)).

For the boosts (1) we have y, # 0 and thus boosts generate gauge transformations of

the flat Newton-Cartan spacetime.

Example

The (3 + 1)-dimensional Newton-Cartan spacetime

h=698,0, 0=dt U=208, A=—(spa'z") 2dt
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modelling the Kepler problem admits the following three rank-two non-relativistic Killing
tensors
X7 = Nabopo? — Az Xt =X"=0
(for A € R?). The lower order terms are
)\i 52 '.Tj
X¢=0 and Yo = —2 .
! ’ (51 kZL'lZL‘ k) %
and the three associated conserved quantities together form the famous Laplace-Runge-Lenz

vector (see e.g. [15]).

5.2.2 Schrodinger-Killing tensors

In generalising the Schrodinger algebra sch(d) to the case of Schrodinger-Killing tensors
we will again make use of the Hamiltonian formalism introduced above. The follow-
ing definition is, in the Hamiltonian formalism, a natural way to define a notion of a

conformal Killing tensor.

Definition 5.2.3. [40]. A Schridinger-Killing tensor of a Newton-Cartan spacetime (M, h, 0, V)
is a symmetric contravariant tensor field X *% for which functions x %" on M can be found

m

obeying

n—

1
Sy P )H, (527)

m=0

n—1
{Xalmanpay--pan + Z X%'..ampay“pam ) H}
m=0

for some symmetric tensor fields fa1—*m .

A Killing tensor as defined above is a special case of a Schrédinger-Killing tensor.

If n = 1 we have

Lxh = foh (5.2.8)
LxU—h(LxA, )= foU— h(dxo, ) (5.2.9)
(LxA)(U) =dxo(U). (5.2.10)

Using the flat Galilean Newton-Cartan spacetime (5.2.6) reduces this definition to that
of sch(d) above.
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In order to prove theorem we will display in more detail the conditions describ-
ing the Schrodinger-Killing tensors of the flat Newton-Cartan spacetime. The defining
condition (5.2.7) becomes the coupled family of equations

i yvai...a ]' 17 cOn—
— 0" X" " piPay .. -Day = §6stl—1 "PiDjPay +-Pan— (5:2.11)

atXal‘..anpal ---pan _ aixfbl_n]:anflpipal ...pan—l

ai...an—2

aj...Gp— 1 i
= - n1—1 1ptpa1"'pan71 + §5an—2 pipjpay“panfz

ai...an—1 al...an—2

8tXn—l Pay---Pan—1 — aan—2 PiPay ---Pa,,_o

ay...ap—2

1.
= —Jn-2 PtPa;---Pay_o + édj

f[ll...an73

n—3 pipjpal"'pan—?)

ai1a2

7. Q a 1 1]
04 X3 *ParPas — O'X1' PiPay = — J1 ' PtPay + §5jfopipj
DX Pay — O xopi = — fop
Oxo=0 . (5.2.12)

We can rewrite these concisely using the Schouten brackets of X with i and U, denoted

Lxhand LxU. They become

Lxh= f,_1h (5.2.13)

Lo h—2LxU = fu_sh —2fu U (5.2.14)

Ly, h—2L, U= f,sh—2f, oU (5.2.15)
: ete.

with this pattern continuing on the understanding that for negative m we have f,, =

Xm = 0, and where all indices on the right-hand-side products are symmetrised.
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5.2.3 Higher symmetry operators

The higher symmetries of the Laplacian and of various Schrédinger operators have been
calculated and are to be found in the literature [8], 131}, [61]. In this section we will define
such symmetries, following those papers, and then proceed to prove theorem[5.2.4} iden-
tifying the higher symmetries of the free Schrodinger operator with the Schrodinger-

Killing tensors of the flat Newton-Cartan spacetime.

The Laplacian

In [31] Eastwood finds the higher symmetries of the Laplacian. These are linear differential

operators
on o 1

D — V,Ufl---,un V/Jfl-ulln—l
" Oxk1Qxkz .. OxhHn Vo Oxk1Qxkz .. Oxtn-1

+ ..+ V" +W

Oxm

which commute with the Laplacian Ay, in the sense that
ALD =0A,

for some linear differential operator § (determined by D). The functions V""" (for
0 < p < n) are the components of totally symmetric rank-p tensor fields on flat space,
and the tensor of highest rank is called the symbol of the symmetry operator. Eastwood
finds that if D is a symmetry of the Laplacian then its symbol is a conformal Killing

tensor on flat spacetime, i.e.
@(uovnmmun) _ g(uom H2-kn) (5.2.16)

for some rank-(n — 1) tensor field k& (which itself is determined from (5.2.16)) and inverse
(tflat) metric g*”. Furthermore, when (5.2.16)) is satisfied for some symbol V,/*-#» one can
uniquely solve for lower order operators (V!;#=1 VI #n=2 1 1) determined in terms

of the symbol such that D is a symmetry of the Laplacian [31]].

The free Schrodinger operator

The analogous higher symmetries of the free-particle Schrodinger operator

S
A= z@t + %(5%9,@]
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can be found in the literature [61]. Here we will summarise and make use of the ap-
proach of [8], where the symmetries of A in d 4 1 dimensions arise as the light-cone

reduction of conformal Killing tensors in d + 2 dimensions.

Consider the wave equation in d+2 dimensions, written in light-cone coordinates (z%, 2+, 27):
Ao = (690,0; —20,0_) ¢ = 0.
Restricting to fields of the form
oz’ xt,z7) = (2t 2") exp {—ima~} (5.2.17)
reduces the wave equation to
04 + L(S”@@- Y(xt,x") =0
+ om ] ) ;

which is just Ay = 0 if we identify 2 with time.

Let D be a symmetry of the Laplacian, allowing us to write
ALDo = 0ALo.

Restricting to the ansatz reduces this to

A,D (e—m‘@z)) — §e~™ Ag. (5.2.18)
Applying D to e~ ¢) results in a new symmetry operator D:

D ((im‘w) — eI Py,

The left-hand-side of (5.2.18) rearranges into A iff 9_D = 0, giving us

ADy = 6Ny for §_D = 0.

We can reverse these steps, giving us the statement that the higher symmetries of A are

the operators D, arising from conformal Killing tensors.

Theorem 5.2.4. [40]
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The higher symmetries of the free Schrddinger equation
, Lo
Zaﬂb = —%6 7(9,-@1/1

are linear differential operators which have the Schrédinger-Killing tensors of the flat Galilean

Newton-Cartan spacetime
h == (5”818] 9 = dt F%C = 0
as their principal symbols.

Proof

To prove theorem we will consider the conformal Killing equation in d 4 2 dimen-
sions with coordinates 2* = (2%, 2%, z7). We will calculate the resulting conditions on
D and compare them to the equations (5.2.1115.2.12) characterising Schrodinger-Killing

tensors.

For a tensor of rank n the conformal Killing equation is

(Ko Gr1-pn) g(uoul H2-bn)
where the only non-vanishing components of the metric are

95 =05 g4— =g-4 =—1L.

Recall that we are only interested in solutions which do not depend on ™.

Consider first the case (p...1tn) = (ag...a,), i.e. no (—) indices are included. We can then

identify
gab — hab 9% = habﬁb ’
giving us
hb(aoabsal...an) _ h(aoal k}aQ'“a").
Writing X1~ = §%- and k* -1 = —1 f17°"! we then have

£Xh = fnflh )
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the first of the equations (5.2.1115.2.12) characterising the Schrédinger-Killing tensor

X Similarly we can start to set one index to (—) and the rest to (a;...a,), giving
H~ §at--an + na(al Saz...an)— _ 2g—(a1 kaQ"’a") + (TL . 1>g(a1a2ka3.,,an)—

= aJrsal...an . nhb(mabsag...an)f _ 255?1 kag...an) . (TL . 1)h(a1a2ka3...an)7.

Again, this equation is the same as (5.2.14) with the identifications

YOO = g Gt ey g )2, (5.2.19)

n

In fact, all of the equations (5.2.11}5.2.12) can be reproduced in this manner from the
conformal Killing equation, one for each number of indices set to (—), and with simi-

lar identifications to (5.2.19). The equation with ¢ indices set to (—) and the rest set to

((Il...an+1_q) is

qafsf...fal...a,&l,q + (Tl +1— q>a(a1 Sag...a,,prl,q)—...—

1
_ 2%(” + 1— q)g—(alkjag...anjqfq)—...— + ﬁ(n + 1— q)(n _ q)g(alagkag.._an+1,q)—_,,—

= qa+s—...—a1...an+1—q _ (n +1-— q)hb(al8{)5@2,_,@”_‘_1_(1)_“._

a 1
_ 22(71 +1— q)5i1ka2...an+1,q)—“.— i _(n 41— Q)(TL . q>h(ala2ka3...an+17q)—“.—‘
n n
We can then identify
a a n
an,"q' = St n—aTm forg>1
q
n—1
and Zi’;]'a"’q = -2 korOn—am forqg > 1.
qg—1

These equations are now exactly those above characterising Schrodinger-Killing tensors,

completing the proof of theorem
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With this achieved, a natural question to ask is whether this result extends to curved
Newton-Cartan spacetimes and the covariant Schrodinger equation. The situation here
remains unclear, just as it does in the case of the curved Riemannian manifold and the

Laplacian, and we defer this question to future investigations.

5.3 Symmetries and twistor spaces

In the nonlinear graviton construction the conformal symmetries of the spacetime are in
one-to-one correspondence with holomorphic vector fields on twistor spacd} that is to

say the conformal symmetries on M arise as global sections of TZ — Z.

It is natural then to ask whether anything similar can be said in Newtonian twistor the-
ory, and if so, to ask which of the many non-relativistic conformal symmetry algebras

are singled out.

5.3.1 Four dimensions

We’ll focus mainly on the case of Newtonian twistor theory in four dimensions, where
we’ll first identify the algebra of global vector fields and then characterise two interesting

subalgebras.

5.3.1.1 Global holomorphic vector fields

Let Z = O & O(2) in accordance with the twistor theory of section[3.1]

Theorem 5.3.1. [40]

The global sections of T'Z — Z are in one-to-one correspondence with the vectors of the confor-
mal Newton-Cartan algebra ene(3) associated to the Newton-Cartan spacetime M with standard

Galilean structure and I'S, = 0.

The algebra cnc(3) is defined in section Both ¢nc¢(3) and H°(Z,TZ) are infinite-

dimensional Lie algebras.

!This fact is “well-known”, and is proven carefully in [53].
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Proof

We will prove theorem by directly calculating the holomorphic vector fields 3 €

H°(Z,TZ) on. Write the inhomogeneous twistor coordinates as column vectors

T T
Z'=10qQ and 2= 10
A A
The patching
VA
P o
iy
can be expanded to give
BT _ BT
Be =759 — 227>
B)\ _ _)‘_26)\’

By considering an ansatz in which 3% are arbitrary polynomials in (@, \) whose co-
efficients are arbitrary holomorphic functions of the trivial coordinate 7" we find that

pe H(Z,TZ)iff

B = h(T)a% + (a(T) + B(T)Q + e(T)A + d(T)AQ + e(T)N?) %
+ (f(T) +9(T)A + %A%z(T)) a% (5.3.1)

for (a,b,c, ..., h) any eight holomorphic functions of 7. These sections form an infinite-
dimensional Lie algebra (under the usual commutator).

Pushing this algebra to )M is a two-stage procedure. First we consider an arbitrary vector
A € T(PS') and it’s push-forward to Z:

o _ 0(2%) %
(/‘L*A) - axz A )

where 2* = (2, \) are coordinates on p~'(U) C PS'. Thus setting * = (1,A)* we have

r_at ge_ 9@ _ 9@ A AN
Br=A pO-TEUR NTEL BN
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and we can uniquely determine a vector A such that A* does not depend on A (necessary

for the next step). The second half of the procedure is to simply push-down Ato Y = v, A

on M, giving
;0
Y = A2’ .
(+, 1) ox®
Doing this for the general global vector (5.3.1) yields
0 . . . .
— Il ] j i i T
Y = h(t) 5+ (W' (t)a? 4+ x(t)z' +n'(1)) oy
where

7'(t) agjil) = a(t) + c(t)\ + e(t)\?,

revealing Y to be an arbitrary element of ¢n¢(3). The procedure is reversible: the 0
component of the lift of Y to PS' is calculated by requiring that the resulting vector field
should descend to a vector field on Z. This completes the proof of theorem [5.3.1]

O

Note that the factors of i above do not prevent Y from being real; it is possible to choose

the real and imaginary parts of (a,b,c, ..., h) such that Z is any element of the real cne(3).

5.3.1.2 The expanded Schrédinger algebra

The expanded Schrédinger algebra sch(3) in a finite-dimensional subalgebra of cnc(3),
and so it is to natural to ask what characterises the corresponding holomorphic vector
fields on Z. On M we pick out the subalgebra (as described in section[2.7) by a require-
ment that the vector must generate projective transformations of a connection. In this

section we will describe an analogous procedure which takes place in twistor space.
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In order to have a notion of a projective holomorphic vector field on Z we must first es-
tablish some kind of affine connection on the twistor space. Considering local geometry
on twistor spaces is an eccentric maneuver; usually one wishes to emphasise that global

data on Z reduces to interesting local information on M.

Using the standard law for transforming connection components we can write down the
patching for a new bundle G — Z, whose sections are (the components of) torsion-free

affine connections on twistor space. The patching is

o 02°07v0Z° . 0ZV9ZF O°Z°

«

By T 0z 978927 P 9728 977 0ZvdZr

(5.3.2)

One might expect that we could now identify /°(Z, G) and then proceed to consider the
projective vectors of global connections. Unfortunately there is an issue: the bundle G
admits no global sections, as can be seen from, for example, the % =3, component of
the patching,

[\ = =N, — 4AQT g, — 4Q°Th, — 2. (5.3.3)

The final term here cannot be (holomorphically) included in any of the other terms, so

there can be no global solutions to (5.3.3); H°(Z,G) = 0.
Inspection of (5.3.2) reveals that if one considers only vectors in the Z4 = (T, Q) di-

rections then the patching for the relevant connection components does admit global

sections. Thus it is sensible to decompose the tangent bundle as
T(PTy)=hav
with respect to the fibration Z — P!, i.e. such that
g eviff d\(5)=0.

The general global section of the reduced bundle G, is then

FTZ:T = X(T) FC%Q - F%T 2(T)

[, = O(T) + O (T)A + Do(T)N2 4+ U(T)Q, (5.3.4)
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with all other components I'},. set to zero, and where (3, =, &g, ®;, ®y, V) are six arbi-

trary holomorphic functions of 7T'.

In the spirit of the spacetime characterisation of the expanded Schrédinger algebra we
will consider, out of all the possibilities in , the case in which all T}, = 0. We then
define the subalgebra S, C v to be the algebra of vertical holomorphic vector fields /3
obeying

LT = (ko) (5.3.5)

for x a one-form on Z to be determined in solving (5.3.5). Not unexpectedly, « is always
an element of H°(Z,T*Z7), which is populated only by one-forms %(7)dT for holomor-

phic k corresponding to the conformal clock on M.

To get the twistorial analogue S of the expanded Schrodinger algebra we must then re-

include the 0 parts of the vectors. This is done by taking the closure under Lie bracket

of
S, @ { (f(T) +g(T)A + %AQd(T)) a%} |

The thirteen-dimensional Lie algebras S on Z and %(3) on M are then in one-to-one

correspondence, a subcorrespondence of that in theorem [5.3.1]

5.3.1.3 The CGA

In [33] the authors discuss a particular non-relativistic limit of the conformal algebra, in
which one sends ¢ — oo but scales each generator by an appropriate factor of ¢ such that
the leading term survives. The number of generators is therefore unchanged, and the

resulting fifteen-dimensional algebra is known as the CGA (conformal Galilean algebra).

We can realise Z as the ¢ — oo limit of the twistor space Z, associated to Minkowski
space as in theorem [3.1.1] and so we can take a limit of the (fifteen) holomorphic vector
fields on Z, in the CGA style to give a representation of the CGA on Z. The conformal
Killing vectors on Minkowski space M, and their resulting limits on Z are shown in the

following table.
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Vector on M, Limit on PT,,
Translations % %
L -1,
o —i(N+ 1)
o —22%5
Dilation t2 +al + ya% +z2 T2 + Q%
Rotations xa% —y Z'Q% +irZ
Yo~ 2oy —iINQL — (N - 1)&
N S
Boosts t2+22 (22— 1)T%
ty, + & i1+ )T
tE+54 —2\T %
Special 2t (z-0) — (zv-x) 52 1?2 QTQ%
2 (x-0)— % (x x)% ()\2—1)T2%
2y(x-9)— % (z- 1) a% —i(\? + 1)T2%
22(x-0)— % (z x)% —2/\T2%

The CGA on Z is a finite-dimensional subalgebra of H°(Z,TZ), giving us another sub-
correspondence of that in theorem [5.3.1}

5.3.2 Three and five dimensions

In this section we’ll identify the algebra of global vector fields for the flat models of three-

and five-dimensional Newtonian twistor theory.

Three dimensions: Z = O ¢ O(1)

We now compute H° (Z,TZ) for the flat model Z = O @ O(1) and pull the elements back
to sections of M — M. The patching for T'Z — Z is

L 82& -
[e = PPr 5P (5.3.6)
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where

- . A N\T
78 = (T, 0, )" Z‘“z(T,Q,A)

and where we write /5 for a section of 7'Z. The components of (5.3.6) read
BT _ ﬁT BQ _ )\flﬁQ - )\fZQﬁ)\ B)\ _ _/\726)\.

The most general global section is then given by

B = dy + di ) + o + asQA + b Q2
B = ag + arh + asA? + boS2 + b1 QA
for nine arbitrary holomorphic functions (ag, a1, az, by, b1, do, d1, €g, ho) of T

Now let A be a vector field on PS’ — M, so we have

9 9 9
_ A_: A a
A=Az =MtV

over U C P'. Then 8 = u.A is a vector field on Z with components

07"
- OzA

B AN

so we have
A = hy
A = ag + ar) + a4 bo (y + 2A) + by (y + 2A) A
= N = dy + ey + biy? — zag — boyz
and A =dy + (eg — ay) z + agy + biyz — byz>.

We can then push A down to M to obtain
Y :=v,A = hoO, + (Ai + Bijxj + xiCj:Uj) 0;

where

AY =d, A*=d,
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. €o —Aayg
(2
Bj =
Q2 €y — ay

C,=b  C.=—b.

This is a nine-dimensional Lie algebra under the usual bracket; it does not fit automati-

cally into any of the algebras discussed in section 2.7}

We can interpret this algebra heuristically as follows. Take the eight-dimensional algebra
of projective vector fields on the two-dimensional spatial fibres, add time translations,
and then promote the nine-dimensional algebra to an infinite-dimensional one by allow-
ing the nine components to carry arbitrary holomorphic functions on the time axis. We
can write

H°(Z,T7) = {p(2,@) ® {a%}} ® H (O7)

eight
one
where p (2, C) is the algebra of projective vector fields on the (flat) two-dimensional spa-

tial slices, and where H (O7) are the holomorphic functions on the time axis.

Five dimensions: Z = O ¢ O(1) & O(1)

Now we will study the image on M of H° (Z,TZ) for Z = O & O(1) © O(1).

As usual let Z* run over w* and ), with analogous definitions for UU. The patching for

TZ — Zis

BT =T
AO( 82& ﬂ A~
Ve STVE = Ao aigh o ap (5.3.7)
B/\ _ _)\—25)\

and there is one global function of weight zero to consider, 7 = T. The general global

section of (5.3.7) is

5= alT) 2+ (WT) + g )N+ T + AT )t + fo(Dputut) 2
+ (W(T) + e(T)A + d(T)N? + ea(T)w? + fa(T)w?N) % , (5.3.8)

depending on sixteen (holomorphic) functions of 7". Whilst we won't explicitly include

the calculation of the image on M, it is clear that the global vector algebra (5.3.8) has the
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decomposition
§ o)
H°(Z,TZ) = {5[(4, C) & {0_T} } ® H (Or)
fifteen one
into conformal symmetries of the flat degenerate metric and time translations, where

H (O7) are the holomorphic functions on the time axis.






Chapter 6

Twistor theory and the Schrodinger

equation

One of the early successes of twistor theory was Penrose’s solution of the zero-rest-mass
equations by contour integrals on twistor lines [65]. Later formulas could handle massive

states by means of more complicated integrands and domains [44) 45} 46, 47].

In this chapter we will begin to develop analogous contour integral formulas in the New-
tonian setting. For four dimensions we’ll coordinatise Z = O®O(2) homogeneously over
Uby (T,q, 7 ) as in section3.1.1.2} The obvious starting point is to integrate a function f
(homogeneous of weight —2) representing a cohomology class in /' (Z, O(—2) ;) around

a contour v homologous to the equator in P!. We then find, however, that

1
— T N7 d
27”,%]8( |aQ|a7TA>7T ™

merely solves the spatial Laplace equation as in minitwistor theory [21], with the extra

twistor coordinate 7" playing no role.

The situation becomes more interesting when one considers the free-particle Schrodinger

equation.

165
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6.1 Integral formulas and derivations

Here we will derive contour integral formulas which provide solutions to the free-particle

Schrodinger equations in (2+1) and (3+1) dimensions.

6.1.1 (2+1) dimensions
Let (w”,114/) be homogeneous coordinateﬂ on Z = O(1) @ O(1) which restrict to
W = wiy + ully and wh| = vy + 711y

on global sections, and let G € H' (Z,O(—2)7) be represented by a function homoge-

neous of weight —2.

Penrose’s seminal paper [65] unveiled the integral formula

! 515 G(W°], w|, ) IT - dII (6.1.1)

QZS(U),T,U,U) = % 9

giving rise to solutions to the wave equation
(0wOr — 0u0y) 6 =0, (6.1.2)

where 7 is a choice of contour homologous to the equator in P*.
Under the ansatz
d(w, T, u,v) = (T, u,v) exp {iw} (6.1.3)

equation (6.1.2) reduces to the two-dimensional free-particle Schrédinger equation
(i0; — 0,0,) 9 = 0. (6.1.4)
Now note that
p=1ve” & (0y—i)p=0
and so apply (9, — ) to (6.1.1):

1
(O —1)6 =5 ;5 (Hy (0,0G) | — iG]) TT - dIL.

ISince the formula for (2 + 1) dimensions will play a role in the derivation of a formula for (3 + 1)
dimensions we choose to reserve the usual notation 74, for the latter case and instead switch to IT4. as
homogeneous coordinates on P! in this section.
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Thus (0, — i) ¢ = 0 if and only if
My 0,0G — iG = h(w?, T14) (6.1.5)
where 1 is any function (also of weight minus two) satisfying
§1§ h|I1 - dII = 0. (6.1.6)
Y

There are lots of non-vanishing functions i with this property; for instance we can take
h = o/m3,. Of course, one such function is A = 0. We choose to proceed by taking » = 0
and the justification for this will be that the resulting integral formula has a significant

range, to be shown in section The solution to (6.1.6) is then

N ) iw®
G(w >HA/) :F((JJ ,HA/)exp H_
0/

yielding the integral formula

iqul

(T, u,v) = Ly{ F(w1|,HA/)eXp{ T

271 5

}qu (6.1.7)

0/
previously presented in an appendix of [22]. By construction (7, u, v) solves the (2+1)-
dimensional Schrodinger equation (6.1.4), but if desired it is straightforward to verify

this is the case from (6.1.7)).

Example: an elementary state

Let F = wl;nll . We then have

iqu,

= il I1- dIl
w_ %é (UH0/+TH1/)H1/ .

and putting n = g—‘l’: in the patch U we then have

1 e
w‘%é (vn—l—T)d

Now let  be any contour centred on the origin in U and excluding n = —7v™?; using the

residue theorem we then have

¢=v*(€%”—ﬁ (6.1.8)
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which does indeed solve (6.1.4). The region 7 = 0 is explicitly excluded by our choice of

contour, so the singularity there is of no concern.

Putting in u = 3 (z +1iy) and v = 3 (z —4y) and taking (z,y,7) to be real spacetime

V= g;_QZ-y <eXP{—£(w2+y2)} —1>

* 1 c 2 ($2+y2)
= ¢ ¢ X WSIH <—— .

coordinates then gives

8T
Thus this elementary statd’] arising has the quantum mechanical interpretation of a state

localised around the origin at early times whose probability density diffuses radially in

the plane.

6.1.2 (3+1) dimensions

To solve the Schrédinger equation in (3+1) dimensions we employ a similar strategy,
the difference being that we start with a two-twistor formalism in the style of [44)] 47].

Henceforth in this chapter the material presented is original to this thesis.

Consider a function

g Lo X Ly — C

where Z,, = O @ O(2) is Newtonian twistor space, the total space of O & O(2). We will

label the two copies of the twistor space by a = 0, 1 and use homogeneous coordinates
(T, qas (Ta) 41) € Zoo X Zog
where T}, and ¢, are respectively of weight zero and two, pulling-back to
Tol=it gl = (z—iy) (Ta)y — 22 (Ta)y (7a)y — (@ + i) (7o)

(for the same (¢, ') € M.) If we take any such g of weighff|(—2, —2) then we can construct

a function

@D(t»xi): ; 2§£ 7T0'd7T0§£ 7T1'dﬂ-lg(T0|7T1|7QO|7QI|7(WO)A’a(ﬂ-l)A/) (6.1.9)
(271'2) Io N}

ZPenrose referred to the solutions of the zero-rest-mass equations arising from the simplest twistor
functions (like that of this example) as elementary states [65].
SWe'll refer to the weights mo with respect to a = 0 and m; with respect to a = 1 as (mq, m1).
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on M by restricting both twistor spaces to the twistor lines corresponding to the same
point in M. We take the contours I', to be homologous to the equators in the two P*

bases.

Equation (6.1.9) describes a completely arbitrary function 7 on M. One can convince
oneself of this by considering the temporal and spatial dependence separately. The time
coordinate is obviously arbitrary: we have two coordinates which both pull back to 7'| =

it and nothing else.

The spatial dependence is a little more subtle. A function on Z,, (when pulled-back)
assigns a complex number to every real straight line (null ray) on the spatial fibres of M.
Integrating out the m-dependence sums up the values assigned to each of the straight
lines passing through the point at which the function is being evaluated. This is clearly
insufficient to define an arbitrary function; the value at one point is to some extent de-
termined by values at other points. Of course we know that this is not so: a function

defined this way is automatically harmonic.

Now consider pulling-back a function on Z,, x Z,. What this does (for spatial depen-
dence) is to assign a complex number to every pair of real straight lines on the spatial
fibres of M. If we restrict to the twistor lines corresponding to the same point (¢, z") € M
and integrate out the (two sets of) T-dependence then we are effectively summing up the
values assigned to each pair of lines both passing through (¢, z*). However in this case
the value (¢, 2") is completely unrelated to the value at any other point because there
is always a unique straight line joining two points in Euclidean R?; none of the pairs of

lines passing through one point can possibly both pass through any other point.

Now apply the Schrédinger operator

A—'2+8_2_|_a_2+a_2
STt T o2 T By ' 922

to (6.1.9): we find that

2
Ast) =0 = o - dw0§1§ m - dm (—2i — 4(my - mp)? 0 ) gl=0 (6.1.10)
To I

oT 0q00q



170 CHAPTER 6. TWISTOR THEORY AND THE SCHRODINGER EQUATION

where T := T + T3 pulls back to 7| = 2it. The situation is now similar to that in (6.1.5);
we require the integrand in (6.1.10) to lie in the kernel of 951“0 o - dg Sﬂrl 7 -dm;. Asin the

case of (2 + 1) dimensions we’ll choose to proceed by taking the zero of that kernel.

Thus (after multiplying by 7 for convenience) we must solve

. a . 2 82
(ZW + 22(7’(’0 : 7T1> aqoaql) g = 0

Fortunately this is an equation we learned how to solve twistorially in the previous sec-

tion: it a free-particle Schrodinger equation in (2 + 1) dimensions. By careful identifica-
tion of the spacetime coordinates (7, u, v) in the previous section with the twistor vari-
ables of this section we will be able to use the contour integral (6.1.7). We must choose
(7,u, v) such that they are weight zero functions of the homogeneous twistor variables,

which involves factorising

<7T0 : 7T1)2 = po(WO, 7T1)]91(7T0, 7T1)

where p, and p; are respectively sectionsﬁ of O(2,0) and O(0,2). This factorisation is

highly non-unique. One choice is to take

Po = (7'('0)3, and P11 = <<7T1)1, — (71'1)0, (71'0)1,) . (6111)

(m0) g
With a factorisation chosen it is straightforward to express the “old” twistor functions
from the (2 + 1) setup in terms of the “new” (3 + 1) twistor variables; we write

w0| = 'lUHO/ — iﬂﬂlz
2po

W =Ly — 710
P

and the resulting formula for solutions of the (3+ 1) Schrodinger equation (using (6.1.7))

is

N Ol i, ,
w(tvx ) - (27_”)3 ﬁl é‘oé f (pl HO 2ZtH1 ) (WO)AU (71—1)A’7 HA)

Hl/CIO’ 3
—_— 1,12
X exp { 2o o P, (6 )

“We denote by O (m,n) the line bundle whose sections are represented by functions of weight m in
(m0) 4» and weight nin (71) 4,.
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where we have defined the weight (2, 2, 2) measure
dSP =T * dﬂ'oﬂ'l 'd7T1H' dIl .

One can then verify directly that (6.1.12) is in the kernel of Ag.

We note that a fuller cohomological understanding of the integral formulas in this chap-

ter remains an avenue for future research.

6.2 Plane waves

The integral formulas of the previous section give solutions to the right equations, but it
is not yet clear how many such solutions are in their range. In this section we will prove
that any plane wave solution lies within this range, meaning that at least all Fourier

analysable solutions are available.

Twistor functions giving rise to plane waves will turn out to be unwieldy, containing
divergent series. They do, however, make sense under the integral and it is reassuring
to see in appendix [Bf that similarly difficult twistor functions arise when considering

plane waves in minitwistor theory.

6.2.1 (2+1) dimensions

Theorem 6.2.1.
All plane wave solutions
Y = exp {iET +ik,x + ik,y}

to the (2 + 1)-dimensional free-particle Schrédinger equation are in the range of the integral

formula , where k, and k, are real and E = k2 + k2.

Proof

Consider the two-parameter family of twistor functions

1

6% > HO/ "
F(whTI4) = h—— f b 2 2.1
(@ Tar) = ;%( Hl,) or (a,b)eC (6.2.1)
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and a contour v enclosing Iy = 0. In the (2 + 1) integral formula (6.1.7) these twistor

functions yield

. 11,/
1 exp {av—i—(aTqL@u)H—é/} <\ "
= — b— | II-dII.
vlru ) = 5o ?g Ty 11, ( Hl,)

n=0
This integral is most easily computed in the patch U, where n = g—‘;j is a good coordinate.

We then have

1/}_Lﬁw%dnexp{(aT—i—iu)%}i(bn)n

271 n =

1 av S G 1 dn - m n_n—m
= ¢:%e nzzomzzo%?g?(cw—i-w) (b)"n

= ¢ =exp{av +ibu + abr} ;

the family of twistor functions (6.2.1) leads to a generic plane wave solution of the (2+1)
Schrodinger equation with complex momenta. Restricting to the case of real momenta
is achieved by writing

1 1

U:§($+iy) U:§(1’—iy)

for real x and y, as well as
a=1(k; +ik,) b= (k, —iky)
for real k, and k,. Therefore we conclude, by admitting the possibility of integrating

(6.2.1) over k, and k, with some momentum density, that the range of the twistor integral

formula (6.1.7) includes all Fourier-analysable states.

6.2.2 (3+1) dimensions
Theorem 6.2.2.
All plane wave solutions
Y = exp{—iEt + ik,x + ik,y + ik.z}

to the (3 + 1)-dimensional free-particle Schrédinger equation are in the range of the integral

formula (6.1.12), where (k,, ky, k.) € R® and E = k2 + k + k2.
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Proof

Here the situation is more complicated: use the factorisation (6.1.11)) and use inhomoge-

neous coordinates

Iy (70) o (71) o
A = A = .
Iy °7 (mo)y T )y

The integral formula (6.1.12)) then becomes

)\2
( ;31_“7 —2it, Ao, M1, >exp{22;|2} dndhd);  (62.2)
0

’r]:

I'y JTo Jy

where
Qa‘ = é)‘i - 2Z/\a _g ;
~ encloses n = 0; and I, encloses A\, = 0.

Take the ansatz

o M E [ Qin\2 . AR

n n=0

for complex parameters (a, ) and a function f left arbitrary at present. On computing

the 7 mtegral in ( we find

f >\07 >\1

I, JT

= (2;)2 yg yg dAod Ay JE(A(),)\l)

2 £)\2
X exp {/\% (552)\0 { > + A1 (—E2X] + 2ialthg) + (%ﬂ — 862)\0 - iozé’b\%) } .
0

{@Qo| 5Q1|/\(2)

2)\2 9 - ’l()égt()\o — )\1)2} d)\od)\l

=

Any singularities in \; must thus come from f. Now choose f to be

o0 o0

f= M [Z (um”] [Z <6Ao>”]

n—=—oo m=—0oQ

for two non-vanishing complex parameters (u, ). The remaining two integrals are read-

ily computed using the lemma

N N
n_X:OO 5 % — exp {; ai)\bi} (M)\)n = exp {; /j;l }
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for any contour enclosing A = 0 and any 2N complex parameters (a;, b;), which follows
from the residue theorem. Thus we compute first the )\, integral, finding

- A 270

K o > | T

m=—00

and then the ) integral, finding

. 1 1)\’ £ £ (& B
@”:exp{‘”“g(z‘;) *f(w+§)”(w—“ﬁ)“(—z—ﬁz—%)}

which for

=xz—iy E=z+1uy

can be written as

¢ = exp {—iEt + ik,x + ikyy + ik.z} (6.2.4)
where
i€, _ 1o
A 625
k——iigf%uj—9@+ﬂﬂ
v T ope 2 ’
i€
k= — +iafB ; 6.2.6
e B (6.2.6)
2 2 2 1 1 2
and E=k +k,+k=af(-——] .
Bow

We have arrived at a four-parameter family of plane wave solution of the free-particle
Schrodinger equation, where the parameters are («, 5, i1, £). In order for this family to
range over all plane waves we must ensure that we can find values of the parameters for

any k = (k, ky, k) € R3.
If we invert (6.2.5[6.2.6) for (o, i, £) then we find

_ (ko — Bk) —iky
M= (Bky + ko) + Bk, 6.2.7)

iB? (Bk. — ky +ik,)”

52@%—1M&+m%,+u1+5%@
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B i (k2 + K2+ k2
a=- (B2 = 1) ky + 28k, + i (1+ B2k, (6.2.8)

where 3 # 0 has been left free. Generically the ansatz thus constitutes a one-parameter

family of twistor functions giving rise to a given plane wave. The only possible cases for
concern are then ™! = &1 =0, u = 0, and ! = 0. (Recall that u # 0 was required
when 1 was introduced.) However inspection of reveals that if a given k
were to fall onto one of these special cases then 3 can be adjusted so as to remove that
k from the special case. (The only remaining case is the trivial £ = 0 for which we can
take a« = &€ = 0 with § # 0 and p # 0.)

We therefore conclude that any plane wave solution of the free-particle Schrodinger

equation lies within the range of the integral formula (6.1.12)), and hence so does any

Fourier-analysable solution.
U
The twistor functions (6.2.1) and (6.2.3) giving rise to plane waves are unwieldy sums

which are generically divergent. They nevertheless lead to finite solutions and make
sense under an integral. One might hope that this is revealing how in twistor theory
plane waves are a poor basis choice, and that elementary states such as (6.1.8) can replace

them.






Appendix A

Line bundles on P!

Twistor spaces with families of submanifolds X, having N, = O(k) for some k > 1 are
about as simple as it gets; they are, though, sufficiently sophisticated as to require some

careful treatment of their canonical connections, particularly when £ is odd.

Applied in these cases theorem amounts to the construction of a paraconformal struc-

ture on M, i.e. a bundle isomorphism

TM = &FS/

’

as is studied in [26)} 32} 14], concretely given by the frame egi M,

A.1 0Odd dimensions

When £ is even the treatment is relatively straightforward: the span of the frame will give

us a conformal structure and the A-connection can pick out a preferred representative.

Theorem A.1.1. Let Z — P' be a complex two-fold containing a rational curve X, with normal
bundle Ny = O (2n) for some n > 1. The Kodaira moduli space of rational curves X, is a

(2n + 1)-dimensional complex conformal manifold.

For n =1 Z is a minitwistor space [42].
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Proof

Since H' (P', 0 (2n)) = 0 the rational curve X is a member of a dim H° (P*, O (2n)) =
(2n + 1)-dimensional family of rational curves, and by theorem we obtain a section

of AL (M) ® N, at each point 2 € M which gives rise to a frame via

A AL

— 2n
(% € 7TA/1...7TA/2n

and so a metric

g=ea a, ®eMtn (A.1.1)
of maximal rank in the span of v. The redundancy acts as

oA Ay Al A,

for any o : M — C*, resulting in conformal transformations g — a?g. O

In the case for which the patching for Z is that of O(2n) (even if the sections are de-
formed) one may fix a particular metric from the conformal class by constructing the

A-connection, which is in this case unique and exists for the O(2n) patching.

We can equip Z with an involution which singles out Euclidean signature metrics. (See,
for example, [23, 21].) The metric (A.1.1) is the same as that arising from the classical

invariant theory described in [25]].

A.2 Even dimensions

When £ is odd the situation is more complicated because the span contains no (non-
degenerate) metric. In the following theorem we consider one option of what one can do

with the frame, though this is by no means the only geometry induced on M.

Theorem A.2.1. [41]

Let Z — P! be a complex two-fold containing a rational curve X, with normal bundle Ny =
O (2n — 1) for some n > 1. Then the Kodaira moduli space M of rational curves X, is a (2n)-

dimensional complex torsional projective manifold.
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Restricting to torsion-free connections only, for n = 1 this is the standard twistor the-
ory of projective surfaces due to Hitchin [42] and for n = 2 the normal bundle O(3) is
that associated to exotic holonomies in the work of Bryant [14], whose twistor theory is

described in terms of solutions spaces of ODEs in [26].

Proof

Since H' (P*, O (2n — 1)) = 0 (for n > 1) the rational curve X is a member of a
dim H° (P',0 (2n — 1)) = (2n)

-dimensional family of rational curves, and by theorem we obtain a section of

Al (M) ® N, at each point x € M which gives rise to a frame via

/7 /
Al"'AQ”—lﬂ'All LT A

vV=e¢e .
2n—1

Unlike the case of odd dimensions the span does not contain a metric of maximal rank.
We can, though, construct a family of connections out of the frame. A change of global
section of N, ® N acts as

V= Qu (A.2.1)

for o : M — C*, so write the frame as

! /
eAll"‘A/2n71 — (ZE) gfl“‘AQ'nfl (33) dz®.

. . . . . . U /
We can construct a canonical family of affine connections on M by requiring VeA1+42n-1 =

0. Concretely, this gives us

T8 = Goa, a2 00 Ina (A2.2)

!

. . AlLLAL . . .
where <%, ,, istheinverse of ¢, ' *"~'. The connections described in (A.2.2) possess
1 2n—1

torsion whenever de1+42:-1 £ (; their torsion-free parts (and hence their geodesics) con-
stitute a projective structure, in that a change of « leaves the unparametrised geodesics

unaltered.
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Now consider the canonical connections induced on M without reference to the frame
section. We have N, ® N = O, so the torsion =-connection always exists and depends on
a single one-form on M. In the case Z = O(1) the torsion-free =-connection is a standard

flat projective structure.

On the other hand we have
N, ® (N;®N})=0(1-2n)

SO

H° (P',N, ® (N; ® N})) =0

and

JiL (]P’l,Nx ® (N ©® N;)) — 22
Thus the A-connection, when it exists, is unique.

For Z = O(1) we find that I'}, = 0, so the moduli space comes equipped with a preferred
representative of the projective structure, and moreover one which is metrisable. There
is thus in this case an important corollary: M is equipped with a flat metric h,,. We
simply impose Vi = 0 and the torsion-free condition (by analogy with the existence
of the Levi-Civita connection), giving us a metric with constant coefficients (which is
unique up to diffeomorphisms in two dimensions). This is be important for theorem
(Note that this does not imply that all such A-connections give rise to metrics: the

connection is not guaranteed to be metrisable.)

In theorem we chose to make the whole frame parallel, but we had other options.

Another would be to construct a family of connections by declaring the forme;. 4, ®

e41+421-1 to be parallel. In two dimensions this form is complex symplectic, and the

connection is known as a symplectic connection.

A.3 Limits in 4n dimensions

Let D = 4n where n > 0 is an integer.
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Theorem A.3.1. [41]
Let Z. — P! be a one-parameter family of vector bundles with patching

S

S =)\Pg.

For ¢ # oo the normal bundle to all rational curves X, is N, = O (2n—1) & O (2n — 1) and

the homogeneous frame section is

A _ AALLAL

2n—19T o1 ’
Al"‘A2n71

v = where v

giving rise to a non-degenerate metric

_ AALLAL,
g=caa. A, Qe Trrimol

on M. For ¢ = oo the normal bundle to all rational curves X, is N, = O @ O (4n — 2) and the

homogeneous frame section is

0
v = , ,
AlLLA
1 An—2
€ n 71A/1...71A2m_2

giving rise to a Galilean structure with clock 6 and

-1 AlLLA
h — eAll-“Ai;n,g ® el An—2

The induced geometry is subject to a redundancy, which in the ¢ # oo case amounts to
a conformal ambiguity and in the ¢ = oo constitutes the non-metric nature of the con-
nection’s gravitational sector. For n = 1 this is the standard Newtonian limit of twistor
theory presented in [22], and for ¢ = oo the manifold is a Newton-Cartan manifold with

arbitrary gravitational sector.

Proof

We need to begin by identifying the isomorphism class of N, which will be the same for

all x € M because Z, is the total space of a vector bundle. For ¢ = oo the patching for V,
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is
1 0
0 AP
and so the isomorphism class is obvious: N, = O & O (D — 2). We thus obtain a frame

section
dT]

ds|

v=H"
where H ! is a general global section of N, ® N;. The rational curves are given by
T’:t S‘ :I0+$1>\+...+I‘D,2>\D72

and span of v is the Galilean structure which was advertised.

For ¢ # oo the patching of N, splits as

[xr o

F=H H!
0 /\172n
where (for instance)
1 0 . 0 ¢t
H = and H= X
_C)\anl 1 —c /\2an

This exhibits the normal bundle’s isomorphism class as O (2n — 1) & O (2n — 1), and the

frame section is

1 0\ [d1] dT|
V= HO = HO
et 1) \ds) dS| + A2 1dT|

for an arbitrary non-degenerate matrix of functions H,. The rational curves are given by

2—2n

1 m
T| =t — E Z_O xm+2n)\1+

S| =z + 1A+ ... Fap AP,

which results in a frame section of the advertised form. O



Appendix B
Plane waves and minitwistors

When constructing the plane wave solutions of the free-particle Schrodinger equation
in section[6.2]a useful preliminary exercise is to construct the analogous solutions to the

three-dimensional Laplace equation from minitwistor theory:.

Let f € H* (0(2), 0(=2)0(2)) be a function of weight —2 modulo coboundaries on the
minitwistor space O(2) — P! equipped with homogeneous coordinates g (of weight two)

and 74 (of weight one), where ¢ pulls back to S’ — R? as
q| = &md — 2zmy Ty — éw%, (B.0.1)

for coordinates z* = (£, &, z) € R®. The minitwistor distribution £ 4 is

0 0 0 9,
£0—27T1/a—€+71'0/& Ll _W1/$_2ﬂ-0l8§ i (BOZ)

It is then well-known (see, for example, [21]) that

$(£,€, 2) 515 f(ql,ma)m - dm (B.0.3)

2m

solves the Laplace equation

0? 0?
(48€0§ RE 2) =

The contour I' is homologous to the equator in P'.
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What are the twistor functions f(q, 74/) which gives rise to plane wave solutions of the

Laplace equation via (B.0.3)?

A plane wave solution to the Laplace equation is of the form

¢ = exp {kgg + ke + kzz} (B.0.4)

where
Akeks + k2 =0

constrains the three complex parameters (momenta) k; = (ke, kz, k.). Thus we expect a
two-parameter family of twistor functions spanning the possible plane waves.
Explicitly constructing the field ¢ when given a twistor function f is straightforward: we
plug f into and integrate. The inverse process is, however, more complicated[] We
will here only need to adapt a concrete construction [82] due to Woodhouse.
A function g(z*, w4/) of weight —2 on S’ which gives rise to a particular ¢(z") is straight-

forward to find: we can always write

gz, ma) = M = L §ég7r cdm = ¢ . (B.0.5)

o 71/ 211
This useful function g does not descend to a minitwistor function (on O(2)) though,

because £ 49 # 0. The strategy is to add to g a coboundary A + h such that
fi=g+h+h (B.0.6)

satisfies £, f = 0 and hence descends to a minitwistor function. Since adding a cobound-
ary can’t alter the resulting contour integral we will then have that f is the twistor func-

tion corresponding to ¢. Thus we need to solve
Lah+ Lah = —Lag (B.0.7)

for coboundaries / and /, and these equations are integrable iff ¢ is harmonic.

The calculation of f for fields of the form (B.0.4) goes as follows. General coboundaries

hand hon S are
ZOO an(z") (7m0 \" - ZOO bo(z') (T \"
n=0 ﬂ—% (ﬂ-l/ ) an =0 7T(2)/ o

1See [83] for a fuller treatment of the inverse problem.
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for arbitrary functions a,(z%) and b,(z"), and so becomes

2 Loaan(@) (10 \" = Laby(z)) (71 \" L
> L) Ty 5 L) (o) Lad
0 T N 0 Ty o T Ty

Consider the A = 0 equation first.

> 2 Oa, Ty Oay, 7o \" ~= [ 271y Ob, 1 0b, T ni 2ke ki \ o
S i) (0 2w wa) () = (Grn)

n=0 n=0

Assuming k; # 0 the particular (as opposed to the complementary) solution to this equa-

tion is
i BN (m\" i 26\ 1 (me\"
SR G B )
; 2ke 71'%, Ty et k. 7r(2), Ty
for any k;. This then solves the A = 1 equation iff 4k¢k; + k2 = 0, giving us
ekixi o k T n
= —= : B.0.8
! To Ty nz_:oo( 2’@?1/) (B08)

Since L4 f = 0 we must be able to write f = f(g|, 7a/), and a short calculation shows that

(B.0.8) is the same as

1 keql| — koo \"
_ - B.0.9
f T 71/ eXP { 7T8, n:z—oo 2]{3571'1/ ’ ( )
which is the answer to our preliminary question. Note that the process of writing f =

f(ql,ma) given f(z*, 7a/) satisfying £4f = 0 does not appear to be unique. For example,

we could instead of (B.0.9) take

1 sz| - kzﬂ-O’ "
= — - . B.0.10
f e exXp { 27T0/7T1/ } n:zoo ( 2]€£7T1/> ( )

Whilst these two ways of writing f look different they must (by the one-to-one nature

of the Penrose transform) represent the same cohomology class: their equality is simply
being obscured by the infinite series.

To finish this section we will perform the contour integral to check that does
indeed lead to a plane wave solution to the Laplace equation. The integral is most easily

done in the patch U where A\ = 2% is a good coordinate.
1/

1 1 k.q| - komor \"
= 5= S s— —0 - d B.0.11
(b 271 %ﬂ o7y <P { 27’(’0/7'('1/ } n;oo < 2]{/’571'1/) T T ( )
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1 [d\ k. . = k\"
- ek Se{ om0} £ () o

1 ., — ko \" [ d\N _kex ki
= ¢=gc nz <—2k£> D 5O T eRA (B.0.13)

=—00

o0 oo o0

1, 1 ko \" (6.€\ [ k&N [N
- ot 3 S () (5) () fe

(B.0.14)

Since the contour is homologous to the equator we always enclose A = 0 and so the

integral imposes n = m — [, removing the sum over n,

o b (RN (RE)T (kg
> p=eb Z;W<_2k§> (2 ) <_ : ) (B.0.15)

m=0 [=
> 1 [ K2\ 1
. kzz z l
= ¢=c¢ mzzo% (—4]%) Zﬁ (ke€) (B.0.16)
S )
L b= e ek — o {kgf + kel + k;z} (B.0.17)

k2
for l{:g~ =~

So the twistor function (B.0.10) does indeed yield a plane wave solution

Notice that the twistor function (B.0.10) is expressed as a series which is in general di-

vergent and is only defined under the contour integral.
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