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Abstract

In order to advance the understanding of fundamental particles and their interactions,

precision is crucial in theoretical particle physics predictions. In quantum field theory and

quantum chromodynamics (QCD), improving corrections beyond the leading order in both

perturbative and non-perturbative contributions to observable quantities are key to improv-

ing theoretical results. We analyze higher-order contributions through various methodolo-

gies, such as QCD sum rules, on observables including the 2++ tensor di-gluonium two-point

correlator and the hadronic vacuum polarization contributions to the muon anomalous mag-

netic moment. We also develop a numerical computational methodology using pySecDec,

a Python-based package for the numerical calculation of dimensionally-regulated loop inte-

grals, to evaluate loop integrals at finite temperature in the Matsubara formalism. This work

refines calculational precision and scope, both phenomenologically and methodologically, to

support the search for new physics phenomena.
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1 The Motivation for Precision

Physicists have long pondered the question, “What is matter made of?”—a curiosity that

predates even the existence of physics as a formal discipline. Modern particle physics shows

that matter is built from smaller building blocks with vast space between them, evolving

from the ancient concept of the atom (from the Greek atomos, meaning “indivisible”) to the

discovery of electrons, nuclei, and subatomic particles. Experiments like Thomson’s identifi-

cation of the electron [1,2], Rutherford’s α-particle scattering [3] and Bjorken deep inelastic

scattering [4,5] revealed deeper layers of matter all the ways to nucleon substructure. Today,

the Standard Model (SM) identifies 61 elementary particles, including quarks, leptons, and

force carriers, as the fundamental constituents of matter and the universe [6]. Regardless of

the success of the SM in providing a detailed account of particle interactions and classifica-

tions, it remains an incomplete description which only describes less than 6 percent of the

universe (see Refs. [6–8] for reviews).

The search for new physical phenomena expands our understanding of the universe and

often leads to groundbreaking insights especially with the advancements in particle collider

experiments at facilities like CERN, Fermilab, and TRIUMF. This pursuit typically involves

a critical comparison between experimental measurements and theoretical predictions. En-

hancing the precision of theoretical predictions not only strengthens the reliability of these

comparisons but also makes them more meaningful, paving the way for deeper exploration

and discovery.

One of the “new physics” phenomena involves a class of composite particles formed from

gluons, known as gluonia or glueballs. From the quark model, conventional bound states

consist of mesons (quark-antiquark pairs) and baryons (three-quark or three-antiquark states)

[9, 10]. However, the colour confinement property of Quantum Chromodynamics (QCD)

predicts additional bound states classified as exotic. These include multi-quark states (e.g.,

1



tetraquarks), hybrid states (quarks bound with gluons), and the pure gluon composites called

gluonia (see reviews in Refs. [11–13]). Despite significant theoretical interest, gluonia remain

hypothetical due to experimental challenges in distinguishing them from ordinary mesons [11]

and the perturbative and non-perturbative complexities of QCD calculations. One of our

published works on a type of tensor di-gluonium improves mass prediction accuracy via

extensive calculation and analysis of its correlation function [14].

Another prominent area of new physics exploration is the muon g − 2 anomaly, investi-

gated by the g − 2 storage ring at Fermilab (see recent reports in Refs. [15, 16]). Precision

measurements of the muon’s anomalous magnetic dipole moment reveal discrepancies from

SM predictions, suggesting possible Physics beyond the SM (BSM) interactions. However,

theoretical calculations of the hadronic (strong interaction) contributions remain contentious,

with differing results from various methodologies [17–20]. We attempt to explore this tension

and presents our contributions toward resolving these discrepancies through refined theoret-

ical approaches [21, 22].

The evaluation of particle interaction correlation functions has long been instrumental

in describing observables like S-matrix elements. Improving loop integral methodologies is

therefore critical for precision calculations. This thesis develops computational tools that not

only enhance numerical calculations in field theory but also extend to scenarios in thermal

environments and potentially, even BSM [23].

Whether by addressing missing elements in exotic particle predictions, refining theoretical

models for experimental anomalies like the muon g−2, or developing efficient computational

methodologies for field theory, this thesis is motivated to advancing precision calculations.

These efforts aim to uncover new physics phenomena within and beyond the SM.

1.1 Thesis Outline

This manuscript-style thesis is organized into five chapters. Chapter 2 introduces the founda-

tional theories of QCD and QCD Sum Rules (QCDSR), the primary methodology utilized in

Chapters 3 and 4. Key properties such as asymptotic freedom (Sec.2.2.2) and techniques like

dimensional regularization (Sec.2.3) are presented, as they are applied extensively through-
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out this work. The duality principle of QCDSR, which bridges theoretical QCD calculations

with hadronic phenomenology, underpins this thesis (see Sec. 2.5).

In Chapter 3, we enhance the theoretical predictions of tensor di-gluonium properties

using Laplace Sum Rules (LSR) to the next-to-leading order (NLO) corrections [14]. The

perturbative and non-perturbative terms for each Feynman diagram are calculated and multi-

ple renormalization schemes are applied to ensure robust results. These refinements improve

the precision of their predicted masses and couplings, providing essential benchmarks for

future experimental verification.

In Chapter 4, we employ higher-order corrections to Finite-Energy QCD Sum Rules

(FESR) and use Hölder inequalities to establish bounds on hadronic contributions to the

muon g − 2 anomaly. To improve precision, we analyze higher-loop effects, incorporating up

to five-loop perturbative corrections, along with mass corrections and condensate contribu-

tions [21, 22].

Chapter 5 presents a manuscript developing new techniques that employ the pySecDec

package to numerically evaluate finite-temperature loop integrals within the Matsubara for-

malism, introduced earlier in the chapter. We enhance the computational capabilities of

pySecDec by developing an inverse Wick rotation method, implementing dimensional regu-

larization, and adapting the tool to handle a broad range of Feynman topologies [23].

Several appendices are included for better illustration of this thesis. Appendices A, B, C,

E present, respectively, the metric conventions, SU(3) algebra properties, quantum numbers

and QCD Feynman rules referenced throughout this thesis. Appendix D provides a sample

code to supplement the Feynman diagram calculations discussed in Chapter 3.

Finally, Chapter 6 summarizes the three published works and highlights prospects for

future research. These prospects aim to integrate novel and diverse methodologies to ad-

dress complex problems in Quantum Field Theory (QFT) and QCD, thereby advancing our

understanding of fundamental particles and interactions.
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2 Introduction and Theory

2.1 History of the Standard Model

The rise of quantum mechanics in the early 1900s revolutionized our understanding of nature.

Not only did it provide a framework to describe matter at atomic and subatomic scales, but

it also introduced the discretization of physical quantities such as energy. Around the same

time, Albert Einstein introduced the theory of special relativity [24], which describes the

behaviour of objects moving at speeds close to the speed of light. These two groundbreaking

theories were eventually interwoven into the framework of classical field theory, giving rise to

QFT, which describes particles as excitations of their corresponding fields. QFT allows us

to describe particles being born (creation) and dying (annihilation) in high-energy physics

phenomena. It also sets the foundation for the SM of particle physics. As time progresses to

the latter half of the 20th century, the collective efforts of scientists worldwide culminated in

the formulation of the SM, which provides a comprehensive description of the fundamental

particles in Fig. 2.1 and the forces that govern their interactions listed in Table 2.1. The

success of the SM has been repeatedly confirmed through experimental verification, including

the landmark discovery of the Higgs boson in 2012 at the Large Hadron Collider (LHC) [25,

26].

Gravity Weak Electromagnetic Strong

Carried by graviton W±, Z γ (photon) g (gluon)

Acts on all particles quarks, leptons
quark, charged leptons,

W±, Z
quarks, gluon

Table 2.1: The four fundamental interactions with their corresponding for carrier
bosons and involved particles. Graviton is a hypothesis whose experimental search is
still ongoing.
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Figure 2.1: The Standard Model of particle physics with intrinsic properties included.
The particle masses or mass bounds [7] are labelled at the top of each block with unit
convention c = ℏ = 1 (see Appendix A). Light quark (u, d, s) masses are in the MS-
scheme at 2GeV scale while c− and b−quarks masses are at their corresponding MS-
scheme mass scale (e.g., mb(mb) = mb). The t−quark mass is from tt events kinematics.
The values in the bottom left corner stands for electric charges relative to elementary
charge e. The values in the bottom right are particle spins. The first three columns
corresponds to the first, second and third generation of quarks and leptons. In QCD,
the involved particles are the quarks (in green) and the gluon force carrier g.

From the perspective of SM, all matter is built by two categories of fundamental particles:

1. Half-integer spin particles, known as fermions, obey the Pauli Exclusion Principle and

follow Fermi-Dirac statistics [27] (see also e.g., Ref. [28]). In the SM, spin-1/2 fermions

include leptons and quarks, which serve as the fundamental building blocks of mat-

ter. There are six types (or flavors) of quarks, distinguished by their masses and the

fractional electric charges they carry, as shown in Fig. 2.1: up (u), down (d), charm

(c), strange (s), top (t), and bottom (b). Leptons, on the other hand, consist of three

generations, each comprising an electrically charged particle — electron (e), muon (µ),

tau (τ) — along with their respective neutrinos, which are electrically neutral.

2. Integer-spin particles, known as bosons, obey Bose-Einstein statistics. The gauge
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bosons shown in Fig. 2.1, represent a specific class of bosons associated with the gauge

symmetries of fundamental interaction theories (e.g., the photon γ for quantum elec-

trodynamics). These gauge bosons (g,W±, Z, γ) are the force carriers, mediating the

fundamental forces described by their respective gauge theories.

The Higgs Boson, the newest experimentally-confirmed member of SM, is a spin-0 (scalar)

particle that plays a central role in the Higgs mechanism [29] (see also e.g., Ref. [30]).

As listed in Table 2.1, all of the SM particles participate in one or more fundamen-

tal interactions among the four — strong interaction, weak interaction, electromagnetism,

and gravity. The SM incorporates a collection of theories to describe these interactions

(excluding gravity): quantum electrodynamics (QED) for electromagnetic interaction [6,31];

Weinberg–Salam theory for the electroweak interaction which unifies effects from electromag-

netism and weak interaction [32,33]; and QCD, which describes the strong force responsible

for binding quarks together to form hadrons (e.g., protons and neutrons) [9,10]. This thesis

will be focusing on the QCD sector of the SM theory.

2.1.1 The Quark Model

At the early stages of particle physics, hadrons (strongly-interacting particles) such as protons

(p) are believed to be elementary particles that could not be further divided into smaller

components. However, the Bjorken deep inelastic scattering experiments, which investigated

the proton’s internal structure via e−p scattering, provided evidence for substructures within

the proton, termed partons, later identified as quarks and gluons [4, 5]. These experiments

demonstrated that partons possess spin-1/2 and behave as free particles at high energies,

a phenomenon consistent with asymptotic freedom (discussed in detail in Sec.2.2.2). This

behaviour contradicted the then-prevailing point-like proton model and necessitated a new

theoretical framework. These findings laid the foundation for QCD, a non-Abelian gauge

theory that describes the strong interaction between quarks and gluons, revolutionizing our

understanding of hadronic structure and dynamics.

In 1964, the quark model introduced a classification scheme for hadron based on their

quark content and was independently proposed by Murray Gell-Mann [9] and George Zweig [10].
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In this framework, hadrons are understood as composite particles made up of quarks (q) and

antiquarks (q̄), specifically the u, d, and s quarks (and their antiquarks). In other words,

hadrons are bound states of quarks via the strong interaction. The quark model categorizes

hadrons into two primary families: mesons (quark-antiquark combinations, qq̄) and baryons

(composed of three quarks or antiquarks, qqq or q̄q̄q̄) [9]. The properties of these hadrons

are governed by their valence quark content, which determines their quantum numbers in-

cluding: total angular momentum (J), parity symmetry (P ), charge conjugation symmetry

(C), hypercharge (Y ), isospin (I), strangeness (S), electric charge (Q), baryon number (B)

and more. The first three quantum numbers are often expressed as a set, JPC (details about

this notation are provided in Appendix C).

Hadronic states are naturally organized into geometric structures known as multiplets

within quantum number space. For example, the lowest baryon octet states are shown in

Fig. 2.2. Baryons or mesons in the same JP set have similar properties, interact strongly, and

are related by the SU(3) flavour symmetry. The organizational scheme is called the eightfold

way, first introduced by Gell-Mann and Ne’eman [34,35].

The colour charge was first introduced to solve the ∆++ baryon violation of Dirac statis-

tics [38, 39] (see also Refs. [9, 10, 40, 41]). The Pauli exclusion principle which indicates that

fermions have anti-symmetric wavefunctions under particle exchange, while ∆++ (which has

quark content of uuu) requires a spin-3/2 and symmetric wavefunction. This violation is fixed

with a newly added quantum number exclusive to the strong interaction (hence QCD) named

colour. This colour charge has three degrees of freedom: red, green, and blue. The naming

of this QCD charge is simply an analogy to distinguish between each other rather than indi-

cation of actual colour. The ∆++ can now be expressed as an antisymmetric wavefunction:

∣∣∆++
〉
=

1√
6
ϵabc |ua ↑, ub ↑, uc ↑⟩ , (2.1)

where a, b, c are colour indices and ϵabc is antisymmetric Levi-Civita symbol. One can also

see that each quark may carry one colour charge. The formation of all hadrons must follow

the colour neutrality requirement [9]. A combination of all three colours (rbg or r̄b̄ḡ) or
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Q = 0Q = −1

Q = +1

S = 0

S = −1

S = −2

I3

Y

udd uud

dds uds uus

dss uss

n p

Σ− Σ0

Λ

Σ+

Ξ− Ξ0

Figure 2.2: Baryon octet with spin J = 1/2 and parity P = +1 (i.e., JP = 1
2

+
)

organized in two coordinates: one based on strangeness S and charge Q (in gray);
the other based on hypercharge Y and the third component of isospin I3 (in red).
The transformation between the two coordinate space follows the Gell-Mann-Nishijima
formula: Q = I3 +

1
2
Y , with Y = B + S [36, 37]. The baryons in the shown octet can

also be considered as the 8 resulting particles from every flavour rotation operating on
p reflecting SU(3) symmetry. One can classify each conventional meson or baryon in
their corresponding representation depending on the set’s JP combination.

colour-anticolour (rr̄ + gḡ + bb̄) is considered colour neutral and is called a SU(3) colour

singlet combination. These corresponds to baryons, antibaryons and mesons.

Additionally, QCD predicts the existence of exotic hadronic states such as tetraquarks and

pentaquarks, which involve combinations of quarks and antiquarks beyond the conventional

meson and baryon structures. Moreover, since gluons themselves carry colour, the strong

force charge, and can self-interact, QCD also predicts gluonia, which are hypothetical bound

states composed purely of gluons (e.g., Ref. [12,42]). These exotic states, particularly tensor

glueballs, will be discussed in greater detail in Chapter 3.

2.2 Quantum Chromodynamics

We now know QCD is characterized by three colour charges of rbg and describes the interac-

tions between quarks, mediated by gluons. Gluons are massless gauge bosons that are SU(3)
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colour singlets (colour-anticolour combination). By the exchange of gluons, quarks undergo

colour changes and experience the effects of the strong force. One can find more details

regarding the SU(3) symmetry group properties and the gluon colour octet in Appendix B.

2.2.1 QCD Lagrangian

The QCD Lagrangian is invariant under local SU(3) gauge transformation and can be written

as:

L =
∑
A

q̄Aα (iγµDµ −mA) q
A
α − 1

4
Ga
µνG

µν
a , (2.2)

where:

� qAα represents the quark field with colour index α = 1, 2, 3, and flavour index A =

1, 2, · · · , nf ;

� the gauge covariant derivative is

Dµ = ∂µ − ig TaAa
µ, (2.3)

with Ta (a = 1, 2, · · · , 8) being the SU(3)1 generators and g is the universal coupling

strength;

� the gluon field strength tensor Ga
µν is given by

Ga
µν = ∂µAa

ν − ∂νAa
µ + gfabcAb

µAc
ν , (2.4)

where Aa
µ(x) are the gluon fields and fabc are the SU(3) structure constants. The

term −1
4
Ga
µνG

µν
a contains the kinetic term for the gluon fields that has gluon-gluon

interactions. Note that Ga
µνG

µν
a is gauge-invariant.

More details of the matrices and notation convention are included in Appendix A and B

1Strictly speaking, we are using su(3) algebra. In typical particle physics convention, there is usually no
explicit distinction between SU(3) symmetry group and su(3) Lie algebra.
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Taking the gauge fixing term and the Faddeev-Popov ghosts fields ϕa(x) [43] that obeys

fermionic statistics into account, the Langrangian density can be written explicitly as [44]

L(x) =− 1

2
[∂µA

a
ν(x)] [∂

µAν
a(x)− ∂νAµ

a(x)]−
1

2ξ
[∂µAµ

a(x)] [∂νAν
a(x)]

+
i

2

(
q̄Aα (x)γ

µ∂µqα(x)
A
)
− i

2

[
∂µq̄

A
α (x)

]
γµqAα (x)−mq̄Aα (x)q

A
α (x)

+
1

2
g q̄Aα (x)λ

a
αβγ

µqAβ (x)Aa
µ(x)

− 1

2
g fabc

[
∂µAa

ν(x)− ∂νAa
µ(x)

]
Aµ
b (x)A

ν
c (x)

− 1

4
g2 fabc fadeAb

µ(x)Ac
ν(x)A

µ
d(x)A

ν
e(x)

−
[
∂µϕa(x)

]
∂µϕa(x) + g fabc

[
∂µϕa(x)

]
ϕb(x)Aµ

c (x),

(2.5)

where a gauge-fixing parameter ξ is introduced in the second term. The expression implies

a summation over quark flavours.

Equation (2.5) includes the gauge fixing term for the gauge symmetry in a canonical

covariant quantization. The process introduced unphysical particles from the theory. The

self-coupling of gluon fields necessitates a new non-physical massless scalar field to eliminate

the extra degrees of freedom and restore unitarity in the physical states, i.e., ghost fields [43]

(see also e.g., [44]). The ghost field ϕa only couples to gluon field (see Appendix. E for

Feynman rules involving ghost fields).

2.2.2 Asymptotic Freedom

The strength of the strong interaction is characterized by the dimensionless running coupling

αs(ν), which depends on a reference energy scale ν (introduced by dimensional regularization

in Sec. 2.3). One of the properties of QCD is asymptotic freedom, stating that the coupling

decreases as the energy scale increases (or equivalently, as the distance between interacting

particles decreases) [45, 46] (see also Refs. [6, 31, 44]).

The behaviour of the running coupling αs(ν) lies in the β-function which is defined as:

αsβ(αs) ≡ ν
dαs
dν

. (2.6)
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To the lowest order of αs, the β-function is given by [44]

β(αs) =
αs
π
β1 +O

(αs
π

)2
with β1 = −11

2
+
nf
3

for nf flavours. (2.7)

One can solve the differential equation for αs(ν) up to one-loop order:

αs(ν) =
αs(ν0)

1− αs(ν0)
π

β1 log
(
ν
ν0

) , (2.8)

where ν0 is the reference energy scale and α(ν0) is specified (e.g., by experiment). Equa-

tion (2.8) reveals how the coupling decreases at high energies (ν ≳ ν0) following a logarith-

mic relationship, and ultimately vanishes at asymptotically high energies. Figure 2.3 further

demonstrates the behaviour of αs(ν) as predicted by higher-loop perturbative calculations of

αs, capturing the phenomenon of asymptotic freedom. The dynamics of strong interactions

can be accurately described through a perturbative expansion series of the running αs(ν).

At lower energy scales (ν ≲ ν0), however, the strong coupling strength increases and fails

to converge. In this regime, perturbation theory becomes inadequate, calling for alternative

methods to evaluate non-perturbative effects in the study of QCD. Later, in Sec. 2.5, we will

focus on one such approach — QCDSR — that addresses the challenges brought by asymp-

totic freedom. Additionally, asymptotic freedom leads to another fundamental property of

QCD: colour confinement.

2.2.2.1 Colour Confinement

One key characteristic of QCD is called colour confinement. This refers to the phenomenon

that no coloured state has ever been observed experimentally, i.e., quarks and gluons do

not exist in isolation; they are always found within colour-neutral combinations. Colour

confinement is also the central concept of SU(3) colour symmetry as hadrons must be colour

singlets (see algebra treatment in Appendix B.1).

The confinement theory also explains the short-range nature of the strong force. The

lightest colour singlet states (i.e., pions with mass ∼ 140MeV) gives the range of the strong

interaction (∼ 1 fm). If singlet gluon state exist, the massless property of the gluon will
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Figure 2.3: QCD prediction and experimental measurements of the strong coupling
αs with respect to energy scale Q ≡ ν. The reference energy scale isM0

Z ≃ 91.2GeV [7].
The QCD prediction of αs is to the four-loop approximation and agrees with experi-
ments. Figure taken from Ref. [47].
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then mediate the strong interaction in infinite range, which contradicts all experimental

observations. Therefore, the gluon singlet states evidently do not exist and only gluon octet

are being exchanged between coloured states to realize the strong coupling [6, 48].

From the asymptotic perspective, lattice QCD (LQCD) proposed that colour confinement

can be explained by the chromoelectric flux tube model [48–50] (see also e.g., [51]). As the

quarks within a hadron, a meson for example, are being separated away from the centre of

mass of the qq̄ system, the Coulombic bound state potential of qq̄ increases linearly at large

distance r [48]:

Vqq̄ ∼
4

3

αs(r)

r
+ σr. (2.9)

At large enough separation distance, it is energetically possible to create an additional qq̄

pair in the vacuum, and distribute among the two original charges, leading to the formation

of new colour-neutral hadronic combinations. This can be experimentally observed through

hadronic jets.

2.2.3 Perturbation Theory

To study a physical process, one should construct the corresponding Green’s function with

the appropriate particle content. This Green’s function can be expressed in terms of vacuum

expectation values (VEVs) of time-ordered products of finite numbers of free field operators

ϕ(xi) [31]:

⟨Ω| T {ϕ(x1)ϕ(x2) · · ·ϕ(xi)} |Ω⟩ (2.10)

where T denotes the time-ordering operator. The |Ω⟩ represents the ground state of the

interacting theory and is replaced by |0⟩ in the non-interacting (free) theory. They are

distinguished in Chapter 2. In the literature referenced throughout this thesis, however, we

focus exclusively on interacting theories. Therefore, all vacuum states |Ω⟩ are written as |0⟩

for notation simplicity and should be understood as the interacting vacuum.
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Eq. (2.10) can be evaluated using Wick’s theorem [31]:

T {ϕ(x1)ϕ(x2) · · ·ϕ(xi)} = : ϕ(x1)ϕ(x2) · · ·ϕ(xi) + all possible contractions :, (2.11)

where : · · · : is the normal ordering symbol. In the simplest case of two scalar fields in the

free theory (i.e., i = 2), the contraction gives the Feynman propagator DF :

⟨0| T {ϕ(x1)ϕ(x2)} |0⟩ = ⟨0| : ϕ(x1)ϕ(x2) + ϕ(x1)ϕ(x2) : |0⟩

= ϕ(x1)ϕ(x2)

= DF (x1 − x2).

(2.12)

In the second line of Eq. (2.12), we used a important property that the VEV of any uncon-

tracted operators in free-field theory results in zero:

⟨0 | : · · · : | 0⟩ = 0 (2.13)

leaving only fully contracted terms. It is important to note that for the interacting-field

theory vacuum |Ω⟩, the VEV for normal-ordered fields does not always vanish, leading to

non-zero contributions to the correlator called condensate contributions (see more details in

Sec. 2.5). Since we will be working with fermion (quark) fields q(x) in the context of QCD,

we employ the fermionic free field propagator S(x1 − x2):

⟨0| T {q(x1)q̄(x2)} |0⟩ ≡

q(x1)q̄(x2) = iS(x1 − x2) = i

∫
d4k

(2π)4
/k +m

k2 −m2 + iη
e−ik·(x1−x2),

(2.14)

where colour indices are omitted, k is the internal momentum of the fermion from posi-

tion x1 to x2. The term /k = γµkµ denotes the contraction of the Dirac gamma matrices

with the momentum k (also introduced in Appendix A). Additionally, the imaginary pre-

scription with η → 0+ rises from the pole structure at k2 = m2 of the propagator. The

particle-antiparticle form originates from the spinor field nature of quarks. This can also be
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understood through [31]:

q(x1)q(x2) = q̄(x1)q̄(x2) = 0. (2.15)

Or conceptually: the q̄(x2) field represents the annihilation of a quark at position x2, while

q(x1) represents the creation of a quark at position x1. The VEV sums over all possible

quantum states through which a quark at x2 can propagate to x1. For bosons, such as scalar

bosons in Eq. (2.12), and vector bosons like gluons:

⟨0| T {Aµ(x1)Aν(x2)} |0⟩ ≡ Aµ(x1)Aν(x2)

= iDµν(x1 − x2)

= −i
∫

d4k

(2π)4

[
gµν − (1− ξ)

kµkν
k2 + iη

]
1

k2 + iη
e−ik·(x1−x2),

(2.16)

with the gauge parameter ξ. For ghost field, its propagator is

⟨0| T {ϕ(x1)ϕ(x2)} |0⟩ = i∆µν(x1 − x2)

= −i
∫

d4k

(2π)4
1

k2 + iη
e−ik·(x1−x2),

(2.17)

which will be applied in Chapter 3 to include ghost self-energy loop in the Feynman diagrams.

As shown in Eqs. (2.14) and (2.16), a Fourier transforms is applied to obtain the final

form of the propagator in momentum-space. When working with more fields in the correlator

(say i = 4 in Eq. (2.11)), the Wick theorem applying on the four-point function for gluon

fields takes the form:

T {Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4)} = : Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) :

+ Aµ(x1)Aν(x2) : Aρ(x3)Aσ(x4) : + : Aµ(x1)Aν(x2) : Aρ(x3)Aσ(x4)

+ : Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) : + : Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) :

+ : Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) : + : Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) :

+ : Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) : + : Aµ(x1))Aν(x2)Aρ(x3)Aσ(x4) :

+ : Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) :,

(2.18)
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where any two contracted operators that are not adjacent can be rearranged to reach the

form of contracted fields and/or normal ordered fields due to the commutation relations [44]:

: Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) : → Aµ(x1)Aρ(x3) : Aν(x2)Aσ(x4) :, (2.19)

: Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4) : → Aµ(x1)Aσ(x4)Aν(x2)Aρ(x3). (2.20)

Applying Eq. (2.13), only the fully contracted terms survive and the four-point correlation

function yields

T {Aµ(x1)Aν(x2)Aρ(x3)Aσ(x4)}

= Dµν(x1 − x2)D
ρσ(x3 − x4) +Dµρ(x1 − x3)D

νσ(x2 − x4) +Dµσ(x1 − x4)D
νρ(x2 − x3).

(2.21)

Although using gluon fields as the example, Wick’s theorem can be applied to any quantum

fields in a similar manner.

The connected correlation function of interacting-field theory can be represented in terms

of the free-field theory vacuum using the Gell-Mann-Low relation [31,44,52]

⟨Ω| T {ϕ(x1)ϕ(x2)} |Ω⟩ = lim
t→∞(1−iϵ)

⟨0| T {ϕ(x1)ϕ(x2) exp
(
i
∫
d4xLint(x)

)
} |0⟩

⟨0| T exp
(
i
∫
d4xLint(x)

)
|0⟩

, (2.22)

where the limit of t→ ∞(1− iϵ) provides |Ω⟩ being small perturbation of |0⟩. The term Lint

corresponds to the interacting part of the interacting-field theory Lagrangian. The numerator

of Eq.(2.22) includes all connected Feynman diagrams, which link both points x1 and x2, as

well as disconnected Feynman diagrams, also known as “vacuum bubbles” (see Fig. 2.4 for an

example). All disconnected Feynman diagrams from all external points are cancelled using

the exponentiation of the disconnected diagrams by the denominator of Eq. (2.22).

Equation (2.22) also provides the evaluation of the connected correlation function in

perturbation expansion of power series in the coupling g. The exponential in the numerator
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Figure 2.4: Feynman diagrams for gluon “vacuum bubble” (disconnected) and gluon
self-energy (connected). The wavy line represent gluon field propagator.

and denominator can be written in Taylor series:

exp

(
i

∫
d4xLint(x)

)
= 1 + i

∫
d4xLint(x) +

1

2

(
i

∫
d4xLint(x)

)2

+ · · · . (2.23)

Using Wick’s theorem, Eq.(2.22) leads to a series of perturbative corrections, which can

be illustrated diagrammatically using Feynman diagrams. In Sec.3.2, for example, we will

evaluate the two-point correlation function of tensor gluonium:

i

∫
d4xeiqx⟨0|T Jgµν(x)Jgρσ(0)†|0⟩ (2.24)

with Jgµν(x) being a gluonium current, and look for its perturbative correction to two-loop

order using Feynman diagrams. Below in Fig. 2.5 are some of them for demonstration

purpose.

Figure 2.5: Feynman diagrams showing different order of corrections to the pertur-
bative expansion of the correlation function Eq. (2.24). The double lines represent the
tensor gluonium current and wavy line represent gluon field propagator. Any inter-
section among gluon field lines represents a gluon vertex and bring up the order of
correction (power of coupling g, proportional to corresponding Lint terms). Thus, the
first diagram is a leading-order (one-loop) perturbative correction; the second and third
diagrams are NLO (two-loop) Feynman diagrams.

Feynman diagrams provide a clear and intuitive way to illustrate the correlation function,

effectively organizing perturbative contributions to the correlator according to different loop-
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order diagrams. Each diagram’s contribution can be calculated within perturbation theory

using Feynman rules—a set of prescriptions that translate components of Feynman diagrams

(e.g., propagators and vertices) into mathematical expressions. Basic Feynman rules for QCD

are widely available in references such as [31] and [44]. For the purpose of our study, we also

derived Feynman rules for specific topologies (e.g., tensor-gluonium-current-to-two-gluons

appeared in Fig. 2.5). These tailored and more complex Feynman rules required for our work

are summarized in Appendix E.

2.3 Dimensional Regularization

Directly calculating correlation functions containing loop Feynman diagrams, such as ones in

Fig. 2.5, in momentum space may result in divergent integrals. To address this, a set of rules

is needed to regularize these divergences so that the divergent integrals are parametrized and

physically meaningful [44]. For our work, we use the method of dimensional regularization [53]

(see also Refs. [44,48]).

The essential idea of dimensional regularization is to first generalize our 4-dimensional

space-time integrals to D-dimensional, where D = 4 ± 2ϵ (depending on the convention of

choice). By expanding the integrals in D dimensions as ϵ → 0, the divergences are isolated

in terms proportional to 1/ϵ or higher-order poles. These poles emerge at the limit of D → 4

dimensions, effectively separating divergent contributions from finite contributions.

With techniques including Feynman’s parametrization and Euler Γ-function (see e.g., Ref. [44]),

the basic formula for dimensional regularization takes the following form:

Φ(D,A,B) ≡
∫

dDk

(2π)D
(k2)B

(k2 − a2 + iη)A

=
i

(4π)
D
2

(−1)B−A (a2)B−A+D
2
Γ(B + D

2
) Γ(A−B − D

2
)

Γ(A) Γ
(
D
2

) ,

(2.25)

where A and B are real numbers (see e.g., Refs. [44,54]). After taking the Taylor expansions

in ϵ of the Γ-functions in the formula, one keeps the terms proportional to ϵ−1 — divergences,

and ϵ0 — finite physical terms for the final result. One, sometimes, needs to keep higher-order

terms in ϵ in combination with the renormalization factors, which includes ϵ−1 or lower orders,
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so that the final result will be in divergent and physical terms (application in Chapter. 3).

To illustrate, let us consider the one-loop quark self-energy. From the corresponding

Feynman diagram, a loop integral can be constructed using the Feynman rules (listed for

QCD in Appendix. E). Using the quark and gluon propagator Feynman rules from Eqs. (2.14)

and (2.16), the quark self-energy loop integral in Feynman gauge (ξ = 1) is:

−iΣαβ(q) = x1 x2
q

k

k − q

m q

= −g
2

4
[λaλa]αβ

∫
d4k

(2π)4
γµ

/k − /q +m

(k − q)2 −m2 + iη
γν[

gµν − (1− ξ)
kµkν
k2 + iη

]
1

k2 + iη
.

(2.26)

where colour indices are omitted and the integration applies over all four dimensions in

infinite range. The integrand at high momentum k will lead to divergent loop integral

in perturbation theory, rendering them meaningless. This type of divergent behaviour in

integrals is referred to as ultraviolet divergences. To address these divergences, we must

safely regularize Eq.(2.26) using dimensional regularization by changing the dimension 4 to

D = 4 + 2ϵ, [44, 53].

Σαβ(q) =
4

3

(gνϵ)2

(4π)2
(
ξ(/q −m)− 3m

)
[(

1

ϵ
− log(4π) + γE + log

m2

ν2

)
+ f

(
q2

m2

)]
, ϵ → 0 (2.27)

where ν is called the renormalization scale and γE ≃ 0.577 is the Euler’s constant. The

divergences are isolated in the 1/ϵ pole term and f( q
2

m2 ) represents the finite terms as a func-

tion of q2/m2. Note than when moving from 4-dimension to D-dimension, the dimensionless

g acquires a non-zero dimension of [g] = −ϵ. In order to construct a perturbation series

with a dimensionless coupling strength, an arbitrary parameter ν with dimension of mass

is introduced to compensate g so that the combined quantity of gνϵ remain dimensionless,
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i.e., [gνϵ] = 0. This leads to the definition of the dimensionless coupling:

αs ≡
(gνϵ)2

4π
, (2.28)

which is the starting point to build the running coupling αs(ν) discussed in Sec. 2.2.2. Further

details about αs will be explored in Sec.2.4. To ensure consistency, a factor of 1/νϵ must

be included for every instance of g appearing in loop integrals. As a result,
[∫

dDk
ν2ϵ

]
= 4

preserves canonical dimensions in ϵ→ 0 limit.

Dimensional regularization plays an important role throughout this thesis. We parametrize

the divergence in tensor di-gluonium NLO correlator calculation in Chapter. 3. In Chapter 5,

we use dimensional regularization to extract the divergences in both zero and finite temper-

ature two-point correlation function and show that they can cancel each other, leading to a

finite thermal effect on the target loop integral.

In the practice of explicit correlator calculation, we use the TARCER package in MATHEMATICA

to perform dimensional regularization on our one/two loop integrals with arbitrary masses [55–

58]. TARCER uses the recurrence algorithm [59,60] to reduce the divergent tensor integrals

into a combination of scalar ones, such as [58]:

TAI [D, 0, {{ν1, m1}}] =

A(d)
ν1

=
1

πD/2

∫
dDk1

[k21 −m2
1]
ν1 , (2.29)

TBI
[
D, p2, {{ν1, m1} , {ν2, m2}}

]
=

B(D)
ν1ν2

=
1

πD/2

∫
dDk1

[k21 −m2
1]
ν1 [k23 −m2

2]
ν2 , (2.30)

TJI
[
D, q2, {{ν1, m1} , {ν2, m2} , {ν3, m3}}

]
=

J(D)
ν1ν2ν3

=
1

πD

∫∫
dDk1d

dk2
[k21 −m2

1]
ν1 [k25 −m2

2]
ν2 [k24 −m2

3]
ν3 , (2.31)

which are known master integrals that can be expressed in hypergeometric function and Γ-

function (see example Refs. [44,61,62]). In Sec. 3.2.3.4, the loop integral of two-loop gluonium
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current with fermion self-energy loop can be reduced using recursion relationships to

(D − 2)2(D + 1) (9D3 − 40D2 + 44D − 16) g2q2

24π4(D − 4)(D − 1)(3D − 4)(3D − 2)
J
(D)
{1,0}{1,0}{1,0}, (2.32)

followed by expansion D = 4 + 2ϵ. The sample code using FeynCalc and TARCER for this

topology is included in Appendix D.

2.4 Renormalization

Dimensional regularization extracted the divergence into isolated order terms of 1/ϵ at one-

loop order. The goal of theoretical predictions for observables is to compare with experimental

measurements, which are finite. In this section, we will look into the theory of renormaliza-

tion which remove the ultraviolet divergences in field theories for QCD is a renormalizable

theory [53, 63]. We will cover two renormalization methods, conventional (Sec. 2.4.1) and

diagrammatic (Sec. 2.4.2), for QCD Lagrangian. Additionally, we will revisit the running

coupling (and other running parameters) in Sec. 2.4.3, only this time from the renormalization

group equation of a Green’s function.

2.4.1 Conventional Renormalization

QCD is a renormalizable theory meaning all divergences arising in Feynman integral calcula-

tions can be absorbed in finite number of bare quantities. With ultraviolet integral divergence

now properly regularized using dimensional regularization in the form of 1/ϵ (or higher-order)

coefficients, one may use renormalization to eliminate the infinities. The conventional renor-

malization approach includes applying certain renormalization constants Zi ≡ 1 + Ri to the

Lagrangian density (2.5), which in turn affects the correlation functions. The 1 will carry for-

ward the bare integral, while Ri introduces new counter-terms corrections aimed at cancelling

the regulated divergences in the Green’s function to any order in perturbation theory.

Each term in the QCD Lagrangian requires its own renormalization constant prescription:
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LR(x) =Lbare(x) + Lcounter-term(x)

=− Z3YM

2
[∂µA

a
ν(x)] [∂

µAν
a(x)− ∂νAµ

a(x)]−
Z6

2ξ
[∂µAµ

a(x)] [∂νAν
a(x)]

+
i

2
Z2F

((
q̄Aα (x)γ

µ∂µq
A
α (x)

)
−
[
∂µq̄

A
α (x)

]
γµqAα (x)

)
− Z4mq̄

A
α (x)q

A
α (x)

+ Z1F
1

2
g q̄Aα (x)λ

a
αβγ

µqAβ (x)Aa
µ(x)

− Z1YM
1

2
g fabc

[
∂µAa

ν(x)− ∂νAa
µ(x)

]
Aµ
b (x)A

ν
c (x)

− Z5
1

4
g2 fabc fadeAb

µ(x)Ac
ν(x)A

µ
d(x)A

ν
e(x)

− Z̃3

[
∂µϕa(x)

]
∂µϕa(x) + Z̃1g fabc

[
∂µϕa(x)

]
ϕb(x)Aµ

c (x),

(2.33)

effectively rescaling all the fields, coupling, mass and parameters:

Aµ
a,B ≡ Z

1/2
3YM Aµ

a,R, qα,B ≡ Z
1/2
2F qα,R, ϕa,B ≡ Z̃

1/2
3 ϕa,R

gYM,B ≡ Z1YM Z
−3/2
3YM gR, g̃B ≡ Z̃1Z̃

−1
3 Z

−1/2
3YM gR, g̃F,B ≡ Z̃1F Z

−1/2
3YM Z−1

2F gR

g5,B ≡ Z5Z
1/2 Z−1

3YM gR, mB ≡ Z4Z
−1
2F mR, ξB ≡ Z−1

6 Z3YM ξR

(2.34)

where we follow the naming convention for Zi in Ref. [44], and the notations B and R stand

for bare and renormalized quantities. gYM, g̃, gF, g5 correspond to couplings of three-gluon,

ghost-gluon, quark-gluon and four-gluon interactions, respectively, and these bare quantities

must satisfy:

gYM,B = g̃B = g̃F,B = g5,B ≡ gB (2.35)

to preserve the gauge invariance under BRST transformation [64], leading to the Salvnov-

Taylor identities for related Zis:

Z3YM

Z1YM

=
Z̃3

Z̃1

=
Z2F

Z1F

, Z5 = Z1YM
Z1YM

Z3YM

. (2.36)

The renormalized Lagrangian (2.33) essentially rewrites the original bare QCD Lagrangian

(2.5) in terms of renormalization constants Zi and renormalized quantities. The correlation
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functions using the renormalized Lagrangian (2.33) will be finite, as divergences from the bare

Lagrangian are systematically removed through renormalization prescriptions. In mathemat-

ical terms, the renormalized and bare expressions of a propagator or vertex integral D are

related by

DR(q) = lim
ϵ→0

[
Z−1
i DB(q)

]
, (2.37)

where Zi depends on the terms involved in the Lagrangian (2.33) for the integral (e.g., Z3YM

for gluon propagator). All of the renormalization constants can be derived with amputated

Feynman diagrams to one-loop order (i.e., tree level + one-loop correction) with varying field

contents (see step-by-step derivations in Ref. [44]).

The choices of Ri (hence Zi) depends on the desired divergence cancellation, and different

choices leading to various finite Green’s functions correspond to different renormalization

schemes. The minimal subtraction (MS) scheme defines Ri to be a power series of O (αs/π)

to cancel all the orders of poles in O (1/ϵ) [65, 66]. For the quark self-energy example in

Eqs. (2.27), one would have (for Feynman gauge ξ = 1)

Z
(q)
2F = 1 +

αs
π

1

3ϵ
, Z

(q)
4 = 1 +

αs
π

4

3ϵ
(2.38)

⇒ ΣR(q) ∼
αs
π

[(
− log(4π) + γE + log

m2

ν2

)
+ f

(
q2

m2

)]
(2.39)

free of divergence in MS scheme [44]. Another common QCD renormalization scheme is the

modified minimal subtraction (MS) scheme [67]. As shown in the example of Eq. (2.27),

1/ϵ always appear in the combination of (1/ϵ− log 4π + γE). The MS scheme is designed

to eliminate these specific constants along with the poles by making the substitution of

ν2 → exp(γE)
4π

ν2. We will be using MS scheme in this thesis.

The strict mathematical process of dimensional regularization and renormalization pre-

serves the integrity of the original result and isolates the physical, finite, and measurable

quantities. Therefore, the subtraction of divergences will not erase physical information.

The chosen observables (e.g., particle masses, cross-sections, scattering amplitudes and strong

couplings) are finite after renormalization which ensure the alignment between theoretical
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predictions and experiments regardless the renormalization scheme of choice. One can find

more detailed discussions on QCD renormalization in Refs. [44,48,68].

Note that all Zi in Eqs. (2.33) and (2.34) in the renormalizable theory of QCD represent

local divergences, which are polynomials of O(1/q2). When dealing with correlation functions

of composite operators, divergences may not be simply removed by the addition of counter-

term corrections (Ri) associated with Eqs. (2.33) and (2.34). These correlator divergences

are referred to as non-local divergences, demanding the consideration of operator mixing.

The renormalization for a composite operator Oi is

Oi,R =
∑
j

Zij Oj,B, (2.40)

where Zij is the renormalization matrix, which encodes how mixing of operators Oj,B con-

tributes to the renormalization of Oi,R. It is also required that the dimension of Oj,B must be

smaller or equal to that of Oi,R and that they have the same quantum numbers. As a result,

dim(Zij) ≥ 0. The determination of Zij not only includes the basic renormalization constants

Zis in Eq. (2.34), but also depends on the valence quark and gluon content of the composite

operator (current) in question. One needs to calculate the full Green’s function including

all the cross terms of bare operators with different renormalization factor combinations. For

a detailed review of composite operator renormalization, see Refs. [68–71]. The counter-

term corrections Rij from the Zij matrix will lead to additional diagrams as by-products,

to be included in the summation of all Feynman diagram for the prediction to be finite. In

practice, the renormalization constant for gluonium current mixing with quantum number

JPC = 2++ is applied in Sec. 3.2.4, generating two renormalization-induced diagrams that

resolve divergences from all possible Feynman diagrams at two-loop order for the gluonium

current correlator.

2.4.2 Diagrammatic Renormalization

Another renormalization approach is called the diagrammatic renormalization method. For

each desired Feynman diagram, all possible sub-divergences of the diagram are extracted,

and counter-term diagrams are constructed to be subtracted from the bare correlator. This
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(a) bare diagram (b) sub-diagram (c) counter-term diagram

Figure 2.6: Diagrammatic renormalization procedure on fermion two-loop (NLO)
diagram example. The possible sub-divergences of (a) are boxed using the dotted lines
and isolated in (b). The ⊗ in (c) stands for the divergent part of the sub-diagram (b).

method eliminates non-local divergences, avoiding the complicated construction of renormal-

ization factors for composite operators involving operator mixing. This method is introduced

in detail in Ref. [72] for composite operator correlation functions.

In applying QCDSR (see Sec.2.5), all local divergences in loop integrals are considered.

Diagrammatic renormalization targets non-local divergences which typically emerge at NLO

(two-loop) correction. The procedure of diagrammatic renormalization for two-point correla-

tion functions, in the assistance of QCDSR methodology, is outlined in Ref. [72]’s appendix.

Figure 2.6 illustrates the steps of this method using a fermion self-energy two-loop diagram

as an example. For each individual Feynman diagram, the process begins with construct-

ing and evaluating all bare diagrams (see Fig. 2.6a). The dimensionally-regulated result is

then filtered for non-local divergences. This involves identifying sub-parts of the diagram

that carry external momentum. These sub-diagrams should includes at least one complete

loop order (e.g., Fig. 2.6b). If one Feynman diagram has more than one non-local diver-

gences, all of the sub-diagram possibilities are required to be evaluated individually. From

there, each sub-diagram is calculated, extracting only the divergent parts (sub-divergences).

A counter-term diagram is then constructed by substituting the original sub-part with its

corresponding sub-divergence, retaining finite parts and discarding the local contribution in

the result (see Fig. 2.6c). Finally, the renormalized result for each Feynman diagram can

be reached by subtracting counter-term diagram(s) from the bare diagram. The result of

renormalized Green’s function is the summation of all its renormalized Feynman diagrams.

One may need to convert renormalization scale ν (from MS to MS scheme) for the running

coupling and mass.
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Both conventional and diagrammatic renormalization approaches are applied and com-

pared in the case of 2++ di-gluonium NLO perturbative calculation in Sec. 3.2. The results

from both approaches are identical, providing a robust verification of the calculations.

2.4.3 Renormalization Group Equation

The concept of renormalization group emerges from renormalization invariance, which states

that the theoretical predictions of physical observables using different renormalization schemes

can be transformed into each other [44]. If we expressed the relation between bare and renor-

malized Green’s functions as

GR(pi, αs, ξ,m, ν) = ZG(Ri)GB(pi, αs, ξ,m, ν), (2.41)

where m is mass, ξ is gauge parameter, pi = p1, p2, · · · , pN represents external momenta, Ri

is the renormalization scheme, and ν is the mass scale in the scheme. Then, the renormalized

Green’s functions founded in difference schemes, say R1 and R2, can be related to each other

by Z(R1, R2) ≡ Z(R1)/Z(R2).

The renormalization group (RG) equation describes how physical parameters behave at

different energy scales. Since the reference energy scale ν is an artefact of dimensional

renormalization, the bare Green’s function is independent of ν, giving:

ν
d

dν
GB(pi, αs, ξ,m, ν) = 0. (2.42)

Taking derivative with respect to ν on both sides of Eq. (2.41) with the condition of (2.42)

will lead to the basic RG equation

[
ν
∂

∂ν
+ ν

dαs
dν

∂

∂αs
+
ν

m

dm

dν
m

∂

∂m
+ ν

dξ

dν

∂

∂ξ
− 1

ZG
ν
dZG

dν

]
GR(pi, αs, ξ,m, ν) = 0, (2.43)

where the summation over quark flavour in m is implicit. Generally, if the Green’s function

has n = nYM + nF + ñ external lines from gluon, quark and ghost fields,

ZG =
(
Z

1/2
3YM

)−nYM
(
Z

1/2
2F

)−nF
(
Z̃

1/2
3

)−ñ
. (2.44)
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A set of universal functions are introduced to compensate for the explicit ν-dependence of

the theory based on (2.43):

ν
dαs
dν

≡ αsβ(αs, ξ, x), (2.45)

ν

m

dm

dν
≡ −γm(αs, ξ, x), (2.46)

ν
dξ

dν
≡ ξ δ(αs, ξ, x), (2.47)

ν

Zi

dZi
dν

≡ γi(αs, ξ, x), (2.48)

where x ≡ m/ν and (2.48) depends on the field content. Equations (2.45) — (2.48) are

obviously renormalization scheme dependent. All functions introduced above are indepen-

dent of x while β is also gauge-independent in MS and MS schemes [44]. Suppressing all

dependencies but αs, the RG equation can be rewritten into

[
ν
∂

∂ν
+ β(αs)αs

∂

∂αs
− γm(αs)m

∂

∂m
− δ(αs)ξ

∂

∂ξ
− γG

]
GR(pi, αs, ξ,m, ν) = 0, (2.49)

with

γG = −1

2
[nYMγYM(αs) + nFγF(αs) + ñγ̃(α)] , (2.50)

where the anomalous dimensions γYM, γF and γ̃ are defined by (2.48) via Z3YM, Z2F and Z̃3

respectively. The expressions of these anomalous dimensions are known and can be found

such as in Refs. [44,48].

In Sec. 2.2.2, we discussed the running coupling αs(ν) which is rooted from the RG

equation. The strong coupling is dependent on the renormalization scale ν leading to the

important QCD character of asymptotic freedom. Similarly, ξ(ν) and x(ν) are also running

gauge parameter and running mass as functions of ν and of given initial values at certain

energy. Those initial values act as boundary conditions so that one may find the running

parameters at any value of energy scale. Some numerical values (in MS-scheme) can be found
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in Ref. [7], such as

αs(Mτ ) = 0.317± 0.016, with Mτ = 1776.93± 0.09MeV,

αs(MZ) = 0.1180± 0.0009, with MZ = 91.1880± 0.0020GeV,

ms(ν = 2GeV) = 93.5± 0.8MeV,

mc(ν = mc) = 1.2730± 0.0046GeV.

(2.51)

To solve for β-function, hence the running αs(ν), in MS scheme, one needs to note that αs,

which is defined in Eq. (2.28), subjects to its own renormalization constant Zα that can be

expressed with all the other Zi in the theory based on the Salvnov-Taylor identities in (2.36)

αB
s = Zα α

R
s , Zα = Z̃1Z̃

−2
3 Z−1

3YM. (2.52)

Eq. (2.45) then gives [44,48,73]

αR
s β(α

R
s , ϵ) = ν

dαR
s

dν
= ν

d

dν

(
αB
s Z

−1
α

)
= 2ϵ αR

s − αR
s

1

Zα
ν
dZα
dν

(2.53)

in MS scheme. Since Zα is indirectly dependent on ν through αR
s ,

β(αR
s , ϵ) = 2ϵ− 1

Zα
αR
s β(α

R
s , ϵ)

∂Zα
∂αR

s

. (2.54)

General expression of the coupling renormalization constant can be written in terms of pole

expansion:

Zα = 1 +
∞∑
n=1

Zα,n(α
R
s )/ϵ

n. (2.55)

Combining with [44]

αR
s β(α

R
s , ϵ) = 2αR

s ϵ+ αR
s β(α

R
s ) (2.56)
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due to QCD being a renormalizable theory, one finds to 1/ϵ order,

β(αR
s ) = −2α

∂Zα,1(α
R
s )

∂αR
s

(2.57)

which can be used to find β(αR
s ). Using Eq. (2.52) to find Zα to 1/ϵ order:

Zα = 1 +
αR
s

π

(
11

4
− nf

6

)
1

ϵ
+O

(
1

ϵ

)2

(2.58)

resulting β-function to the lowest order shown in Eq. (2.7). The mass anomalous dimension

can be found in the similar manner

γm (αs) =
αs
π
γ1 +O

(αs
π

)2
, γ1 = 2. (2.59)

Eq. (2.46) can be solved for the quark mass in leading order (see e.g., Ref. [74])

m(ν) = m(m)

[
αs(ν)

αs(m)

] 12
33−2nf

, (2.60)

where m typically corresponds to m(m) for heavy quarks or 2GeV for light quarks, and the

running coupling αs(ν) is shown in (2.8). The dependence of nf flavour states the running

parameters also depends on the heaviest quark content of the target hadron in QCDSR

(Sec. 2.5). For instance, αs(Mτ ) in (2.51) corresponds to nf = 4 energy region as Mτ is

larger than u, d, s, c quark masses, whereas for nf = 3 range, the energy scale needs to satisfy

ms ≤ m ≤ mc. In Chapter 4, both the running coupling and the running of quark mass are

studied across different nf regimes, as well as transitions between various energy regions, to

identify the optimal energy scale that yields correlation function results providing the most

restrictive constraints for the muon magnetic moment anomaly.

2.5 QCD Sum Rules

Due to asymptotic freedom, the QCD coupling α(ν) is small at high energy scale (and short

distance). The interaction can be described using perturbation theory as the perturbative
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contributions of the correlation function, which is proportional to O(αs/π)
n−1, will converge

quickly. Here n stands for the number of loop correction order. Conversely, αs(ν) becomes

large at a low energy scale, leading to the non-perturbative region of QCD. We, therefore,

are in need to find a comprehensive approach that includes the large-distance interactions.

Among many methods trying to tackle the low energy scales region including LQCD [75,76]

which discretizes spacetime into a lattice enabling numerical computation of path integral

for quark and gluon fields with high-performance computing [75]. Effective field theories, on

the other hand, use symmetries and relevant degrees of freedom to capture non-perturbative

QCD effects. Examples include chiral perturbation theory [77] and heavy quark effective

theory [78,79]. There are also approaches such as topological solutions of instantons [80] and

anti-de Sitter/conformal field theory correspondence [81], which provide approximate models

for low energy QCD dynamics.

In the works included in this thesis, we will be using QCD spectral sum rules (or

QCDSR) [82, 83] to obtain hadronic properties with parameters called condensates. Spec-

tral sum rules, in general, relate integrals over spectral functions of hadronic correlators to

QCD quantities using dispersion relations, which are rooted in principles of analyticity and

causality. Such methods were employed even prior to the advent of QCD [84–86]. In the late

1970s, Shifman, Vainshtein and Zakhorov (SVZ) formulated the QCDSR [82, 83] by using

operator product expansion (OPE) and applying the dispersion relations on current corre-

lators. Reviews of QCDSR methodology can be found in Refs. [48, 87–89]. QCDSR relates

the theoretical QCD quantities to the phenomenological hadronic quantities. This ability of

QCDSR is called quark-hadron duality. The theoretical quark side of the relationship can be

written in OPE of a hadronic two-point function consisted of a QCD perturbative series and

non-perturbative contributions, the latter represented by condensates. The hadronic side is

dependent on spectral functions, typically extracted from experimental data (e.g., physical

observables such as spectral densities reflecting resonances). Using this duality relation, one

can determine physical quantities, such as hadron masses and current-hadron couplings, as

demonstrated in the work presented in Chapter 3.
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2.5.1 Operator Product Expansion (OPE)

A hadronic current, usually denoted J(x), is a composite operator that encodes the valence

quark and gluon field content and reflects hadronic quantum numbers JPC . A composite

operator is built by quantum fields of valence content at a space-time position, e.g., x. A

hadronic current relates QCD operators to hadronic states with same quantum numbers

in order to evaluate the amplitude for the particle propagation or excitation between two

positions. For a generic hadronic current J(x), we have the two-point correlation function in

momentum space as

Π(Q2) = i

∫
d4xeiq·x ⟨Ω| T J(x)J(0)† |Ω⟩ , Q2 ≡ −q2 < 0, (2.61)

similar to what we have seen in Eq. (2.24) for tenor gluonium current. While the high-energy

regime of QCD can be effectively described using perturbation theory, the larger value of αs

at low-energy scales requires a non-perturbative approach. QCDSR uses OPE [44,90]:

⟨Ω| : O1(x)O2(y) : |Ω⟩ = lim
x→y

∑
n

Cn(x− y) ⟨Ω| : On(y) : |Ω⟩ , (2.62)

to parametrize the non-perturbative effects by writing the uncontracted fields (such as O1(x)

and O2(y)) in Eq. (2.61) with non-zero vacuum expectation values (VEVs) as a series of local

operator On, which are called QCD condensates [44,48]. All of these condensates are gauge-

invariant and Lorentz-invariant which preserves the underlying symmetries of QCD [44]. The

OPE applies for free scalar and spinor field theories, as well as renormalized interacting-field

theories to all order in perturbation theory [44]. Here Cn are c-number functions (also called

Wilson coefficients) with n indicating the canonical (mass) dimension of the local operator

On:

[On] =Mn. (2.63)

One can consider the high-energy region as the term with On → I (the unit operator),

thus giving pure perturbative results. For example in Chapter 4, the two-point correlation
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Figure 2.7: Example diagram for non-perturbative quark condensate contribution
correspond to Eq. (2.64c). The bottom connected quark propagator corresponds to the
contracted perturbative calculation. The disconnected nodes on the top half reflects
the non-perturbative quark condensate ⟨q̄q⟩.

function for the light quark vector current has the form of Jµ(x) = q̄(x)γµq(x), the time-

ordered product from the two point correlation function (2.61) can evaluated as below:

T {q̄(x)q(x)q(0)q̄(0)} = : q̄(x)q(x)q(0)q̄(0) : disconnected diagram (2.64a)

+ : q̄(x)q(x)q(0)q̄(0) : + · · · fully contracted (2.64b)

+ q̄(x)q(0) : q(x)q̄(0) : + · · · . partially contracted (2.64c)

When sandwiched between fixed inital and final states, (2.64a) corresponds to the discon-

nected diagram, which is not of interest as discussed in Sec.2.2.3. The fully contracted terms

(2.64b) provide pure perturbative contribution (e.g., product of two quark-field propagators,

i2S(x)S(x)) in the OPE. These are represented by the c-number function C0 with the triv-

ial : O0 := I. Lastly, the partially contracted terms (2.64c) leave behind normal-ordered

components, i.e., condensates, with their time-ordered contracted components forming the

c-number functions, such as:

C4 ⟨Ω| : q(x)q̄(0) : |Ω⟩ , with C4 = iS(x). (2.65)

In Feynman diagrams, the normal-ordered condensates are represented with disconnected

field lines (see Fig. 2.7).

The normal-ordered product in Eq. (2.65) can be expressed as a power series expansion

in xµ

⟨Ω| : q(x)q̄(0) : |Ω⟩ = ⟨Ω| : q(0)q̄(0) : |Ω⟩+ xµ ⟨Ω| : ∂µq(0)q̄(0) : |Ω⟩+ · · · . (2.66)
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The ordinary derivative ∂µ in (2.66) is not gauge invariant contrary to the condensates. This

can be solved using the fixed-point gauge technique [91,92]

xµAa
µ(x) = 0, where Aa

µ(x) =

∫ 1

0

da aGa
ρµ(ax)x

ρ. (2.67)

In this gauge Aa
µ(x) can be written in terms of the gluon field strength tensor. With the

fixed-point gauge simplification, Aa
µ(x) can be expressed in an expansion with respect to

Ga
ρµ(ax) around x

µ = 0. Because Aω(0) = 0, we have the gauge condition

∂ωGωµ(0) = xω [Dω(0), Gωµ(0)] , (2.68)

which allows us to rewrite the the expansion series with covariant derivatives as opposed

to ordinary derivatives [44]. A similar approach can be applied to the quark field resulting

in Taylor expansions with only covariant derivatives [93]. And there is no conflict between

fixed-point gauge and covariant gauge approaches [94].

Higher order of xµ terms in (2.66) correspond to higher dimensional condensates. In

momentum space, the non-perturbative effect introduces power corrections of 1/Q2n, (n ≥ 1)

to the perturbative contribution. This means higher dimensional condensate terms have

smaller contribution to the correlator OPE at large enough energy. The condensates are

low-energy contributions because they become important as Q2 decreases. In our works, we

typically truncate after dimension six condensate contributions (see Secs. 3.4 and 4.3). The

important non-zero VEVs of the lowest dimension scalar operators includes [44]:

Dimension 4: mq⟨q̄q⟩ ≡ ⟨Ω| : maq̄
A
α (0)q

A
α (0) : |Ω⟩ (2.69a)

⟨αsG2⟩ ≡ ⟨Ω| : αsGµν
a (0)Ga

µν(0) : |Ω⟩ (2.69b)

Dimension 6: ⟨G3⟩ ≡ ⟨Ω| : fabcGµν
a (0)Gb

νρ(0)G
c ρ
µ (0) : |Ω⟩ (2.69c)

⟨q̄q⟩2 ≡ ⟨Ω| : q̄AγµλaqA
∑
B

q̄BγµλaqB : |Ω⟩ (2.69d)

· · ·

Of course, we also have the dimension zero unit operator I mentioned earlier in this section.
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Note that the quark-antiquark dimension-four (D = 4) condensate (2.69a) only includes light

quark contribution as the heavy quark current tends to contribute through perturbative or

effective theory approaches due to their short lifetime and large mass comparing to the QCD

scale ΛQCD [95, 96]. Heavy quarks can show up in hybrid currents with gluon fields such as

heavy quarkonium hybrids (e.g., Refs. [51, 97]).

The values of the condensates in (2.69) can be found with a combination of QCD theory

and experimental results. For example, the quark condensate (2.69a) can be found using

the Gell-Mann–Oakes–Renner (GOR) relation mq⟨q̄q⟩ = −1
2
f 2
πm

2
π for non-strange quarks by

using current algebra and the assumption of partially conserved axial vector current [98]. The

values of pion mass and decay constant are experimentally found and given in Table. 4.2 and

Ref. [7]. The · · · in the last line refers to other higher dimension (D > 4) condensates such as

the dimension-five quark-gluon mixed condensate ⟨q̄σµνT aGaµνq⟩ and dimension-eight gluon

condensates ⟨
(
fabcGµν

a G
b
ρσ

)2⟩ and ⟨
(
fabcGµν

a G
b
νρ

)2⟩ [44, 48].

Those condensate contributions in VEV form represents the non-perturbative components

in the OPE. For the tensor di-gluonium correlator, its OPE in Ref. [14] is expressed as

qT(q
2) = iPµνρσ

∫
d4xeiq·x ⟨Ω| T Jgµν(x)Jgρσ(0)† |Ω⟩ (2.70)

= C1(q
2)I+ C4(q

2)⟨αsG2⟩+ C6(q
2)⟨G3⟩+ · · · (2.71)

where Jgµν is the gluonic current, Pµνρσ is the projection operator, C1(q
2) is the perturbative

contribution, C4(q
2) and C6(q

2) correspond to the c-number functions for D = 4 and D =

6 condensates. Cn can be calculated perturbatively. In Chapter 3 while calculating the

dimension-four condensate contributions, We also used the lowest-order expansions of the
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non-zero VEVs [94,99–101],

⟨Ω| : Ga
µρ(x)G

b
νσ(0) : |Ω⟩ =

δab

8

〈
G2
〉 1

D2 −D
(gµνgρσ − gµσgρν)

⟨Ω| : fnmtGn
µν(x)G

m
ρσ(y)G

t
ωτ (0) : |Ω⟩ =

〈
G3
〉 1

D(D − 1)(D − 2)
(gµρgνωgστ − gνρgµωgστ

− gµσgνωgρτ + gνσgµωgρτ − gµρgντgσω

+gνρgµτgσω + gµσgντgρω − gνσgµτgρω)

⟨Ω| : [Dµ, [Dν , Gρσ]]Gωτ : |Ω⟩ = − g3 ⟨G3⟩
2D (D2 − 4)

(2gµν (gρωgστ − gσωgρτ )

+ gντ (gρωgσµ − gσωgρµ)− gνω (gρτgσµ − gστgρµ)

− 3

D − 1
(gµτ (gρωgσν − gσωgρν) −gµω (gρτgσν − gστgρν))) .

(2.72)

2.5.2 Dispersion Relation

The methodology of QCDSR is based on a Källén-Lehmann dispersion relation [102–104]

and will be derived analytically in this section. For a more detailed derivation, see Ref. [88].

Beginning with the two-point correlation functions of the composite operators, we use the

residue theorem for the contour integral Π(Q2) with chosen contour C shown in Fig. 2.8:

Π(Q2) =

∮
C

dz

2πi
(Q2)n

Π(z)

zn(z −Q2)

=
(Q2)n

2πi

(∮
|z|=R→∞

dz
Π(z)

zn(z −Q2)
+

∮
|z|=δ

dz
Π(z)

zn(z −Q2)

+

∫ R→∞

0

dz
Π(z − iϵ)− Π(z + iϵ)

zn(z −Q2)

)
, ϵ→ 0+.

(2.73)

As the radius R of the first subcontour in Q2-space goes to infinity, the first term (large

circle part) in the second line of (2.73) will vanish. The second integral involves the subcon-

tour of a small circle around the origin with radius δ → 0+ and leads to Q2 polynomials to

order of n at the origin. For the integral in the third line (above and below the branch cut),
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Re
Q2

t0

Im z

CR

δ

Figure 2.8: The integral contour C in the complex z = Q2 plane for the Källén-
Lehmann dispersion relation derivation. The integral poles {0, Q2}; large circular con-
tour radius R; small circular contour with radius δ are marked. The wavy line represents
the correlator branch cut with hadronic threshold t0 as the branch point.

we can use the Schwarz reflection [105] (also indicated by the contour figure), which gives

Π(z − iϵ)︸ ︷︷ ︸
bottom

−Π(z + iϵ)︸ ︷︷ ︸
top

= i2 ImΠ(z). (2.74)

Therefore, we have the dispersion relation

Π(Q2) =Π(0) +Q2Π′(0) +
1

2
Q4Π′′(0) + · · ·+ 1

n
Q2nΠ(n)(0)︸ ︷︷ ︸

subtraction terms

+ (−Q2)n+1 1

π

∫ ∞

t0

dt
ImΠ(t)

tn+1(t+Q2)
,

(2.75)

where the (−1)n+1 in the last term is from the change of integration variable t = −z, Π(n)(0) =

dn

d(Q2)n
Π(Q2)|Q2=0 and t0 is the hadronic threshold. The subtraction terms are polynomials of

Q2. The number of the subtraction terms (as in how big n is needed to be) depends on the

asymptotic behaviour of Π(Q2). The faster Π(Q2) falls at large Q2, the fewer subtractions

are needed.

The relationship between the hadronic spectral function ρhad(t) and the imaginary part of

the correlation function can be introduced in the framework of quark-hadron duality: [48,88]
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1

π
ImΠ(t) = ρhad(t), (2.76)

which enable the relation of ImΠ(t) through hadronic physics.

For an intermediate conclusion, one has the a dispersion relation from Eqs. (2.75) and

(2.76) that can be related to the OPE form Sec 2.5.1:

C1(Q
2)I+ C4q(Q

2)mq⟨q̄q⟩+ C4g(Q
2)⟨αsG2⟩+ C6g(Q

3)g3⟨G3⟩+ · · ·

= Π(0) +Q2Π′(0) +
1

2
Q4Π′′(0) + · · ·+ 1

n
Q2nΠ(n)(0)

+ (−Q2)n+1

∫ ∞

t0

dt
ρhad(t)

tn+1(t+Q2)
,

(2.77)

where C4q, C4g, C6g are c-number functions for dimension-four and six quark/gluon conden-

sates. Equation (2.77) has the correlation function with suitable composite operators cal-

culated by OPE on the LHS and hadronic spectral function from experimental model rep-

resenting the phenomenological side of the equation on RHS. The dispersion relation hence

encode the quark-hadron duality in QCDSR.

2.5.3 Hadronic Spectral Function

Typically, the hadronic spectral function ρhad(t) is related to the particle process at hand.

For example, for light quark vector current Jµ(x) = q̄γµq appearing in Chapter 4, the spectral

function is related to the e+e− → Hadrons total cross section through optical theorem with

hadronic R-ratio [106,107]:

R(t) =
σ(e+e− → Hadrons)

σ(e+e− → µ+µ−)
∝ ImΠ(t). (2.78)

Figure 2.9 shows the experimental measurement R(t) in the light quark energy sector.

One can depict the R(t) behaviour using resonance models for ρhad. The minimal duality

ansatz (MDA), also known as single narrow resonance model, parametrizes the hadronic
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Figure 2.9: Total cross section ratio R(t) in the light-flavour threshold region verses
e+e− collision energy

√
t in GeV figure from Ref. [108]. The plot in gray is experimental

data. The continuum threshold s0 locates around 1.4GeV separating the resonance
region (2mπ < s0 < O(1.4)GeV) and continuum region (O(1.4)GeV < s0 < 3GeV).
Notice that the QCD continuum region also includes some higher-energy excitations
(e.g., ρ′ hadron). The resonance region includes peaks corresponding to ρ, ω and ϕ
hadron masses. The red line is 3-loop perturbative QCD prediction which gives a good
description of the continuum R(t). The gap between ϕ and ρ resonances are included
in the QCD prediction in the sense of global integrated average, reflecting the quark-
hadron duality nature of QCDSR.

spectral function to isolate the mass and coupling properties of the ground state [89]:

ρhad = ρres(t) + ρcont(t)Θ(t− s0), ρ
cont =

1

π
ImΠQCD(t), (2.79)

where Θ(t− s0) is a Heaviside step function, s0 > t0 is the threshold of the lowest continuum

state, and the relation between continuum part of spectral function and imaginary part of

correlator is from the optical theorem [31]. ρhad(t) is separated into two parts based on energy

sector:

� a resonance piece ρres(t) reflecting low-energy region describing resonance phenomenol-

ogy;

� and a QCD continuum piece with ρcont = 1
π
ImΠQCD(t) reflecting behaviour in higher-

energy sector above s0 (i.e., s0 < t < ∞), which is explicitly marked here showing it

can be evaluated using OPE through QCD [48].

ρres(t) can be modelled based on the hadronic process in study, or measured experimentally.
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For instance, MDA represents the pole in spectral density as a narrow resonance using

ρres(t) = f 2
HM

2d
H δ(t−M2

H), (2.80)

where fH is the hadronic coupling with mass dimension of the hadronic current’s ground

state, d is the power of t in the spectral function asymptotic behaviour, and MH is the

resonance mass for the ground state.

2.5.4 Borel Transform

The dispersion relation (2.77) bridges theoretical and phenomenological aspects of the cor-

relation function. In order to retrieve hadronic parameters of target particle processes, such

as masses and couplings, one ought to solve two problems. First, the terms Π(n)(0) are di-

vergent subtraction constants that do not contribute physically to the QCDSR and are, in

general, unknown. Those Q2 polynomials are called local divergences and need to be elim-

inated. Secondarily, LHS of (2.77) are typically considered in the limit Q2 → 0 in order to

capture the non-perturbative effects by condensates, yet the RHS is only a good approxima-

tion in Q2 → ∞ limit. When QCDSR is appropriately averaged, one can find a compromise

middle-ground value (e.g., Q2 ≃ 1GeV2). To further refine the approximation and eliminate

subtraction terms, one can apply both sides of the sum rule the Borel transformation [83]:

B̂ ≡ lim
Q2→∞,N→∞,
Q2/N=M2

B

1

Γ(N)
(−Q2)N

(
d

dQ2

)N
, (2.81)

where MB is called Borel mass and is a fixed value. This transformation removes the Q2-

polynomial subtraction terms by taking sufficient derivatives with respect to the Euclidean

momentum Q2. Hence the Borel transform is perfect for this purpose and it has the following

identities [44]

B̂[Q2k] = 0, B̂
[

1

(t+Q2)k

]
= τ k

1

Γ(k)
e−tτ , B̂

[
Q2k

t+Q2

]
= τ(−t)ke−tτ , (2.82)
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C̃4

C̃3

C̃1
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C̃5

s

Figure 2.10: The integral contour C̃ in the complex s = Q2 plane for the inverse
LSR integral. The wavy line represents the branch cut with QCD threshold t∗ as the
branch point.
Contour C̃ are divided into five sections: C̃1 straight line at Re(Q

2) = b that goes from
negative to positive in imaginary space; C̃2 large circular contour with radius R; C̃3

and C̃4 line contour above and below the branch cut with their imaginary parts ϵ→ 0;
C̃5 small circular contour with radius δ.
The line integral in (2.85) corresponds to contour section C̃1 can be found using the
integration over the remaining pieces of the contour based on Cauchy’s theorem:∮
C̃
ds eτsf(s) = 0 ⇒

∫
C̃1
ds eτsf(s) = −

∑5
i=2

∫
C̃i
ds eτsf(s).

where Borel parameter τ = 1/M2
B and k > 0. Applying the Borel transform on Eq. (2.77)

using identities in Eq. (2.82)

B̂
τ

[
(−Q2)kΠ(Q2)

]
=

∫ ∞

t0

tke−tτρhad(t)dt, (2.83)

we reach a more convenient form of QCDSR with local divergences removed and hadronic

spectral function being weighted by an exponential function e−tτ emphasizing lower-energy

region and suppressing continuum contribution to study the ground state resonance. This

exponential function is playing the role of a Kernel function K(τ, t) which varies depending

on the category of the spectral sum rule of interest.
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2.5.5 Laplace Sum Rules

Eq. (2.83) is also known as Borel/Laplace sum rules (LSR):

Lk(τ) =
∫ ∞

t0

tke−tτρhad(t)dt, k ≥ 0. (2.84)

The name comes from the relation between Borel transform and inverse Laplace transform

L−1 [44, 109,110]

B̂
τ
[f(s)] = L−1 [f(s)] =

1

2πi

∫ b+i∞

b−i∞
ds eτsf(s), (2.85)

where b here is chosen to be larger than any pole or branch structure of the correlation

function so that the contour of the LSR integral can be evaluated in the similar manner as

Eq. (2.73) with Cauchy’s theorem (see contour C̃ in Fig. 2.10).

Substituting (2.79) into (2.84):

Lk(τ) =
∫ ∞

t0

tke−tτρres dt+

∫ ∞

s0

tke−tτ
1

π
ImΠQCD(t) dt , (2.86)

where both Lk(τ) and the QCD continuum contribution can be theoretically determined

through QCD. Rearranging them, we reach another common form of the sum rule:

Rk(τ, s0) ≡ Lk(τ)−
∫ ∞

s0

tke−tτ
1

π
ImΠQCD(t) dt (2.87)

=

∫ ∞

t0

tke−tτρres(t) dt , k ≥ 0, (2.88)

where the QCD quantity Rk(τ, s0) is related to phenomenological ρhad, s0 separates the

resonance parameters and continuum sectors, and t0 is the threshold of the minimum energy

squared required for the physical process to occur. When working with light quark vector

currents in Chapter 4, t0 is set to t0 = 2m2
π, as two pions are the lightest possible state that

can be created. When evaluating tensor di-gluonium in Chapter 3, a specific value for t0 is

not needed in the LSR analysis, as we adopted the narrow resonance model.

The upper bound of (2.88) is sometimes taken as s0 such as in Ref. [21] to express a cut-off
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before continuum in energy spectrum for analysis. If one is using the narrow resonance model

(2.79), then the choice of the upper limit between s0 and ∞ will not make any significant

difference. In other ρhad models, such as a Breit-Wigner (first used in Ref. [111]) or a Gaussian

distribution model (e.g., Ref. [112]), the resonance width is much larger and ρres contribution

may bleed into the continuum region.

Applying the MDA parametrization in Eqs. (2.79) and (2.80) on (2.88), we get

Rk(τ, s0) = f 2
HM

2d+2k
H e−M

2
Hτ . (2.89)

This combination of duality model and sum rule is very useful to extract hadronic mass by

using adjacent weights k

Rk+1(τ, s0)

Rk(τ, s0)
=M2

H . (2.90)

A strict upper bound forMH can be found by taking s0 → ∞: M2
H ≤ Rk+1(τ,∞)/Rk(τ,∞) [83,

113]. One can also easily isolate the coupling constant fH from (2.88) for analysis:

f 2
H = eM

2
HτRk(τ)/M

2d+2k
H , (2.91)

with MH determined by Eq. (2.90).

2.5.6 Optimization Criterion

Although one has a rough idea on finding hadronic mass and current resonance coupling

using
√

Rk+1/Rk (2.90) and Rk (2.88), the involved QCDSR are functions dependent on key

variables: the QCD continuum threshold s0, which characterizes the structure of the hadronic

spectral function, and the Borel parameter τ , introduced through the Borel transform. These

two free parameters play a crucial role in setting restrictions on the sum rule, ensuring the

accuracy and reliability of the results.

With a given s0 value, one can find a range for τ using two requirements from each side

of QCDSR:
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� On the QCD side, OPE terms should converge. One needs to ensure the OPE conver-

gence when higher-dimensional non-perturbative term are considered. That means the

OPE should be dominated by perturbation theory calculation and condensate contribu-

tion should weigh lesser as their dimension goes higher. Since condensate contribution

correspond to low-energy region, i.e., small MB values, it is suitable to set an upper

bound for τ = 1/M2
B based on when condensate remain as relatively small corrections

to OPE.

� On the hadronic side of QCDSR, one wants to avoid large uncertainties introduced

by continuum approximation. Thus, the resonance contribution for the ground state

should be larger than the continuum contribution. Since the QCD continuum becomes

more significant at high-energy scale, or large MB values, one can find a lower bound

for τ given a value of s0.

The constraint formed by above upper and lower bounds on τ is called the Borel window,

in which QCDSR is considered to be reliable with reasonable continuum and condensate

contributions to the sum rule. In the original SVZ sum rule papers, these bounds (τmin, τmax)

are found by numerically setting fixed values for contribution percentage [82, 83]. They can

also be determined using Hölder Inequalities [114]:

R0 (ωτmin + (1− w)τmax , s0) ≤ Rω
0 (τmin , s0)R1−ω

0 (τmax , s0) , (2.92)

R1 (ωτmin + (1− w)τmax , s0) ≤ Rω
1 (τmin , s0)R1−ω

1 (τmax , s0) , (2.93)

where 0 ≤ ω ≤ 1, τmin ≤ τmax, and sum rules’ weights 0 < k < 2 are favoured to avoid

introducing poorly understood higher dimensional QCD condensates.

Within the Borel window for τ , one can look at the other free parameter s0 from phe-

nomenology and search for its value where optimal resonance information can be extracted

from sum rule. The τ -stability condition

d

dτ
MH(τ, s0) = 0 (2.94)

gives the minimum value for s0 at which MH(τ, s0) depends least on the Borel parameter. In
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practice, the sum rule doesn’t always have a good minimum within Borel window and one

can choose an inflexion point reflecting optimal resonance information, which also satisfies

the stability condition. Within a stable sum rule, the upper bound of continuum threshold

can be found when MH(τ, s0) presents stability with respect to s0 given a τ inside the Borel

window (for a review, see e.g., Refs. [48, 89,115,116]).

Technically speaking, there is one more free parameter that affects the sum rule optimiza-

tion: the subtraction point µ in perturbative QCD at which the series from perturbation

theory are evaluated. This µ is related to QCD renormalization and taken as µ2 = 1/τ in

the light-quark systems (see e.g., Ref. [117]). There are more complicated behaviour of µ2

that affects sum rule analysis when involve heavy-quark content (see e.g., Refs. [118,119]).

In Chapter 3, both mass and coupling of the ground state of JPC = 2++ tensor di-

gluonium were computed and analysed using LSR with MDA parametrization.

In Chapter 4, an approach using QCD LSR is performed to find constraints on muon

anomalous magnetic moment in Sec. 4.3.4. Although the results are weaker than our primary

approach of Finite-Energy sum rules, the additional LSR analysis ensures the robustness of

our methodology.

2.5.7 Finite-Energy Sum Rules

The definition of finite-energy sum rules can be derived from LSR at τ → 0 limit (equivalently,

the high-energy limit MB → ∞). By taking a small τ expansion for Eq. (2.88):

Fk(s0) =

∫ s0

t0

dt tk
1

π
ImΠH(t), (2.95)

where k ≥ 0 is the weight (or degree) of the sum rule. FESR is a type of spectral sum rules

that exists before its application to QCD (e.g., see Refs. [120–122]). It can also be derived

using, again, Cauchy’s theorem with the same contour C in Fig. 2.8 with the integrals
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below [123]:

1

2πi

∮
C

dz znΠ(z) = 0, n = 0, 1, · · · (2.96)

1

2πi

(∮
|z|=R

dz znΠ(z) +

∮
|z|=δ

dz znΠ(z) +

∫ R

0

dz zn 2i ImΠ(z)

)
= 0. (2.97)

Only this time, we don’t have the Q2 pole and we take R = s0. Similar to the process

in Eqs. (2.73) and (2.74), the last term in (2.97) is form the paths above and below the

branch cut on real axis which lead to the Π(Q2) discontinuity and application of the Schwarz

reflection. The smaller circular integral goes to zero at δ → 0 limit. The FESR then yields

Fk(Q
2) ≡

∫ R=s0

0

dt tk
1

π
ImΠ(t) =

(−1)k+1

2π
sk−1
0

∫ +π

−π
dθ ei(k+1)θ Π(Q2),

with Q2 = s0 e
iθ

(2.98)

where RHS is from the large circular contour with radius s0 which must be larger than

any quark mass in Π(Q2) calculation [48, 124, 125]. The matching of LHS and RHS of

Eq.(2.98) results in the sum rule. Comparing to LSR as an exponential sum rule, FESR

has a polynomial Kernel function and is governed by high s0 = |Q2| region on the real

axis, especially when k increases. When applying the sum rules to correlation functions, the

FESR will typically give higher QCD continuum threshold s0 than LSR because the higher-

mass resonances in LSR are exponentially suppressed compared to FESR (see examples in

Refs. [48, 126]). One ought to proceed with caution at high-energy part of the spectral

function when using FESR.

In Chapter 4, we are interested in the structural similarity between FESR (2.95) and

the approximate form of leading-order hadronic vacuum polarization contribution to muon

anomalous magnetic moment (aHVP,LO
µ ), which we utilize to relate aHVP,LO

µ to sum rule anal-

ysis in order to find its constraints with QCDSR methodology.
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3 JPC = 2++ Tensor Di-gluonium

The publication presented in this chapter is Ref. [14]:

2++ Tensor di-gluonium from Laplace sum rules at NLO

Siyuan Li, Stephan Narison, Tom Steele, Davidson Rabetiarivony,

Phys. Lett. B 849, 138454 (2024), doi:10.1016/j.physletb.2024.138454

This published research improves the accuracy in 2++ tensor di-gluonium mass predictions

via the correlator, and thus to help interpreting experimentally-observed JPC = 2++ tensor

mesons f2(2010, 2300, 2340) listed by the Particle Data Group.

A brief research motivation is included in Sec. 3.1. In Sec. 3.2, required Feynman rules

are calculated and the JPC = 2++ tensor di-gluonium two-point correlator is evaluated to the

NLO perturbative corrections. The results for all the NLO Feynman diagrams are renormal-

ized using both conventional and diagrammatic renormalization, and the agreement between

these approaches provides a robust verification of our findings. In the following Sec. 3.3, the

dimension-four and dimension-six condensate contributions are calculated using plane-wave,

coordinate-space, and RG equation methods, with the consistency among these different

techniques further confirming the reliability of the results. The manuscript of Ref. [14] is

included in Sec. 3.4. Results from Secs. 3.2 and 3.3 are reflected in Sec. 3.4.3-3.4.5 of the

publication.

My contributions to Ref. [14] relate heavily to the perturbation theory. For the target

two-point function, I derived the necessary Feynman rules and constructed the Feynman

integrals. Using conventional and diagrammatic renormalization approaches, I calculated,

compared, and confirmed the perturbative contribution to the NLO corrections, designed

the result table and edited the manuscript. Additionally, I also performed dimension-four

and dimension-six gluon condensates calculation using the three techniques mentioned above.

46



3.1 Motivation for Tensor Di-gluonium

In QCD, gluonium is a hadronic configuration exclusively composed of gluons due to the

nature of gluons carrying colour charges (see Refs. [11–13] for reviews on glueballs). The

name of “tensor di-gluonium” suggests:

1. It is a bound state composed of two gluons (gg), each carrying spin-1.

2. It has spin quantum number S = 2 yielding J = 2, corresponds to a rank-2 tensor

(e.g., polarizations states, QCDSR operators).

This can be understood through the definitions of orbital, spin, and total angular momenta

(see Appendix C). To have both positive parity (P ) and positive charge conjugation (C),

one finds L = 0. Thus, JPC = 2++ is expected to be the ground state of the spin-2 gluon

systems.

The spin-2 state, J = 2, is the first non-trivial spin for di-gluonium (compared to J = 0),

and it holds significant experimental relevance. Spin-0 particles are challenging to detect

because they share the same spin as the vacuum, making J = 2 particles more observable

due to their distinct angular distributions (and corresponding decay products) [12,127].

The existence of gluonia remains theoretical, with experimental and theoretical searches

ongoing, heavily due to the mixing of gluonium states with nearby meson states. Radiative

J/Ψ decays have proven to be a promising method to investigate gluonium, as theoretical

predictions suggest the lowest-lying mass for gluonia to be between 1 − 3 GeV [128–131].

A recent experimental determination by BESIII [132] identified the X(2370) particle as a

pseudoscalar gluonium candidate with quantum numbers JPC = 0−+ also using the J/ψ

decay mechanism. For our research, the PDG lists three resonances for JPC = 2++ tensor

mesons — f2(2010, 2300, 2340)
1 [7, 108].

Building on the work of [133] on the 2++ tensor di-gluonium, we have extended the

calculation to the NLO corrections of perturbative QCD and to dimension-eight gluon con-

densates. The primary motivation for this research is that tensor gluonium with quantum

1see Appendix. C.1 for PDG naming scheme.
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number 2++ is one of the few gluonium particles that have not been studied in QCDSR be-

yond LO perturbation theory, primarily due to the complexity of its calculation. Our goal is

to advance the theoretical understanding of tensor gluonia and fill in this last missing piece

of the gluonium puzzle.

3.2 Perturbative Contribution Calculation

3.2.1 Feynman rules for Tensor Gluonium

In order to study the 2++ gluonium, we shall start with its two-point correlator [131]:

ψTµνρσ ≡ i

∫
d4xeiqx

〈
0
∣∣T Jgµν(x)Jgρσ(0)†∣∣ 0〉

= PµνρσψT
(
q2
)
+ · · · ,

(3.1)

where · · · stands for the possible lower spins’ contributions, Pµνρσ is the spin-2 projection

operator (see (3.3) below) and Jgµν(x) is the gluonic currents that are built from the gluon

fields [131]:

Jgµν = −G α,a
µ Gνα,a +

1

4
gµνG

a
αβG

αβ
a . (3.2)

Extending of the 4-dimensional results in [134], the D-dimensional version of the projection

operator shown in [131] and [128] has the form

Pµνρσ = ηµρηνσ + ηµσηνρ −
2

D − 1
ηµνηρσ, with ηµν ≡ gµν −

qµqν
q2

, (3.3)

whose normalization factor is

PµνρσP
µνρσ = 2

(
D2 −D − 1

)
. (3.4)

Note that we are only interested in the self-interaction of gluons, thus the two-point correlator

in Eq. (3.1) containing only the gluonic current Jgµν to probe the gluonium state. There are

conventional mesons with quantum number 2++ which would be probed by the quark current
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Jqµν .

We will be using a MATHEMATICA package called Feyncalc [135–137] for Feynman diagram

evaluation and algebraic calculations throughout this research. Feyncalc includes numerous,

powerful functions for Feynman diagram/integral analysis in quantum field theory, includ-

ing Lorentz index contraction, colour factor calculation and Passarino-Veltman reduction

which will all be applied later in Sec. 3.2.3. As introduced in Chapter 2, we will also ap-

ply TARCER package [58] in our codes along with FeynCalc to reduce two-loop propagator

integral expressions to basic integrals in MATHEMATICA.

The Feynman rules for gluon propagator, fermion (quark) propagator, ghost propagator

and vertices involving these three fields are known (e.g., Refs. [31, 44, 138, 139]). Yet there

are two specific diagram components required in gluonic current calculation that are not

included in the basic Feynman rules of QCD: gluonic-current-to-2-gluon and gluonic-current-

to-3-gluon. In this section, both of these topologies will be evaluated for its Feynman rules

from their corresponding Green’s function and application of Wick’s theorem.
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3.2.1.1 Feynman Rule for Current-to-2-gluon

To find the Feynman rule of gluonic-current-to-2-gluon, we will start with Green’s function.

G ρσ
µν ≡ i

∫
d4x d4y d4z eirx eiq(y−x) eip(z−x)

〈
0
∣∣T Jgµν(x)Aρ

a(y)Aσ
b (z)

∣∣ 0〉 . (3.5)

Eq. (3.5) is associated with the topology in the form of a gluonic-current-to-2-gluon vertex

with two gluon propagators connected to the external legs of the vertex:

Jµνg (x)

σ, a, y

ρ, b, z

r

q

p

= Zµνσ′ρ′

a′b′ (p, q)Dσ′σ
a′a (q)D

ρ′ρ
b′b (p), (3.6)

where Dµν
ab (q) are the gluon propagators and Zµνσρ

ab (p, q) (represented as here) stands

for the current-to-2-gluon vertex Feynman rule we are looking for:

Jµνg (x)

σ′, a′, y

ρ′, b′, z

r

q

p
= Zµνσ′ρ′

a′b′ (p, q). (3.7)

From Eqs. (3.2), (2.4) and (3.5), we have the current-to-2-gluon two-point function in the

form of gluonic fields:

〈
0
∣∣T Jgµν(x) Aρ

a(y)Aσ
b (z)| 0⟩

=

〈
0

∣∣∣∣T (−G α,c
µ Gνα,c +

1

4
gµνG

c
αβG

αβ
c

)
Aρ
a(y)Aσ

b (z)

∣∣∣∣ 0〉 ,
with Gc

αβ = ∂αAc
β − ∂βAc

α + gf cdeAd
αAe

β.

(3.8)
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As one can easily observe, the third term (f cdeAd
αAe

β) in each gluon field strength tensor

would lead to two types of contractions in Wick’s theorem [31]. One of the permutations is

contracting with three other gluon fields and the other is with another double-gluon. One

will then have five/six gluon fields in the operator of the Green’s function while the current-

2-to-gluon Feynman rule at tree level only requires four gluon fields. When calculating

Feynman rules, we are always evaluating a Green’s function where the field content matches

the operator content of the Lagrangian so that the result Feynman rule is at the lowest order

of interaction. Therefore, we will ignore the last (non-abelian) term in Gc
αβ and proceed to

expand Eq. (3.8).

〈
0
∣∣T Jgµν(x) Aρ

a(y)Aσ
b (z)| 0⟩

=

〈
0

∣∣∣∣T (− (∂µAα,c(x)− ∂αAc
µ(x)

)
(∂νAα,c(x)− ∂αAν,c(x))

+
1

4
gµν
(
∂αAc

β(x)− ∂βAc
α(x)

) (
∂αAβ

c (x)− ∂βAα
c (x)

))
Aρ
a(y)Aσ

b (z)

∣∣∣∣ 0〉 ,
(3.9)

which has 16 terms in total. Two of these will be demonstrated below as examples of the

calculations performed to find the Green’s function of the current-to-2-gluon Feynman rule

(Eq. (3.5)). The first example of Green’s function term is:

i

∫
d4x d4y d4z eirx eiq(y−x) eip(z−x) ⟨0 |T {∂µAα

c (x)∂νAα,c(x)Aρ
a(y)Aσ

b (z)}| 0⟩ . (3.10)

After applying Wick’s theorem, there are two possible contractions:

i

∫
d4x d4y d4z eirx eiq(y−x) eip(z−x)(

⟨0 |∂µAα
c (x)∂νAα,c(x)Aρ

a(y)Aσ
b (z)| 0⟩+ ⟨0 |∂µAα

c (x)∂νAα,c(x)Aρ
a(y)Aσ

b (z)| 0⟩
)

=

∫
d4r d4p d4q

(
qαgµσ

′
Dσ′σ
bc (q)pαgρ

′νDρ′ρ
ac (p) + pαgρ

′µDρ′ρ
ac (p)q

αgσ
′νDσ′σ

bc (q)

)
= δa′b′

∫
d4r d4p d4q

(
gµσ

′
gρ

′ν + gρ
′µgσ

′ν
)
(q · p)Dρ′ρ

b′b (p)D
σ′σ
a′a (q),

(3.11)

where in the last line the sensitivity of covariant and contravariant indices label is omitted

in the Einstein notation for the Lorentz indices.
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The second example term from Eq. (3.9) is

i

∫
d4x d4y d4z eirx eiq(y−x) eip(z−x)

〈
0

∣∣∣∣T {1
4
gµν∂αAβc(x)∂

αAβ
c (x)Aρ

a(y)Aσ
b (z)}

∣∣∣∣ 0〉
Wick’s theorem−−−−−−−−→ i

4

∫
d4x d4y d4z eirx eiq(y−x) eip(z−x)(〈

0
∣∣gµν∂αAβ,c(x)∂

αAβ
c (x)Aρ

a(y)Aσ
b (z)

∣∣ 0〉+ 〈0 ∣∣gµν∂αAβ,c(x)∂
αAβ

c (x)Aρ
a(y)Aσ

b (z)
∣∣ 0〉)

=
1

2
δa′b′

∫
d4r d4p d4q (q · p) gµνgρ′σ′

Dρ′ρ
b′b (p)D

σ′σ
a′a (q).

(3.12)

Based on the sample calculations given in Eqs. (3.11) to (3.12), the complete results for the

Green’s function can be expressed in terms of the gluon propagators Dσ′σ(q) and Dρ′ρ(p):

Gµνρβ = δa′b′

∫
d4r d4p d4q δa′b′ [ (−gµσ

′
gνρ

′ − gµρ
′
gνσ

′
+ gµνgσ

′ρ′) p · q

+ gµσ
′
qρ

′
pν + gµρ

′
pσ

′
qν + gνρ

′
qµ pσ

′
+ gνσ

′
pµ qρ

′

− gσ
′ρ′ qµ pν − gρ

′σ′
pµ qν − gµν pσ

′
qρ

′
] Dρ′ρ

b′b (p)D
σ′σ
a′a (q)

(3.13)

which corresponds to
∫
Zµνσ′ρ′

a′b′ (p, q)Dσ′σ
a′a (q)D

ρ′ρ
b′b (p). Cleaning up the indices, we, therefore,

have the Feynman rule for gluonic-current-to-2-gluon from Eq. (3.7) as shown below:

Zµνσρ
ab (p, q) = −δab [ (−gµσgνρ − gµρgνσ + gµνgσρ) p · q

+ gµσ qρ pν + gµρ pσ qν + gνρ qµ pσ

+ gνσ pµ qρ − gσρ qµ pν − gρσ pµ qν − gµν pσ qρ ]

(3.14)

3.2.1.2 Feynman Rule for Current-to-3-gluon

In some tensor gluonium NLO diagrams (e.g., diagrams f, g and h in Sec. 3.2.2), we will

encounter a diagram piece that connects gluonic current to three gluon propagators. The

process to find the Feynman rule for such topology is very similar to what we just did for the

current-to-2-gluon piece, only more cumbersome. One will start with the Green’s function
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which has an additional gluon field compared to Eq. (3.5):

i

∫
d4w d4x d4y d4z eirw eip(w−x) eik(w−y) eiq(w−z)

〈
0
∣∣T Jgµν(w)Aρ

a(x)Aλ
b (y)Aσ

c (z)
∣∣ 0〉 . (3.15)

The topology is therefore:

Jµνg (w)

ρ, a, x

λ, b, y

σ, c, z

r
p

k

q

= Eµνρ′λ′σ′

a′b′c′ (p, q, k)Dρρ′

aa′(p)D
σσ′

bb′ (q)D
λλ′

cc′ (k) (3.16)

where Eµνρλσ
abc (p, q, k) stands for the current-to-3-gluon vertex Feynman rule:

Jµνg (w)

ρ′, a′, x

λ′, b′, y

σ′, c′, z

r
p

k

q

= Eµνρ′λ′σ′

a′b′c′ (p, q, k). (3.17)

Substituting in expression for gluonic currents and gluon field strength tensors in Eq. (3.15),

i

∫
d4w d4x d4y d4z eirw eip(w−x) eik(w−y) eiq(w−z)〈

0

∣∣∣∣T (−G α
µ Gνα +

1

4
gµνGαβG

αβ

)
Aρ
a(x)Aλ

b (y)Aσ
c (z)

∣∣∣∣ 0〉 , (3.18)

To find the tree-level Feynman rule for current-to-3-gluon, one will need six gluon fields in

Green’s function for fully contracted vacuum expectation values of time-ordered products of

gluon field operators. Using Wick’s theorem, one will eventually reach the Feynman rule for
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current-to-3-gluon as below.

Eµνρλσ
abc (p, q, k) =

− igfabc

[
(p− q)λ (gµνgρσ − gρµgσν − gσµgρν) + (k − p)σ

(
gµνgλρ − gρµgλν − gλµgρν

)
+ (q − k)ρ

(
gµνgσλ − gλµgσν − gσµgλν

)
+ gρλ (gσν (p− k)µ + gσµ (p− k)ν)

+ gρσ
(
gλν (q − p)µ + gλµ (q − p)ν

)
+gσλ (gρν (k − q)µ + gρµ (k − q)ν)

]
(3.19)

Both Feynman rules found in this section are listed in Appendix E along with other non-

abelian gauge theory Feynman rules that occur in this research. In principle, one can also de-

rive a current-to-4-gluon Feynman rule by forming a Green’s function with eight gluon fields.

This current-to-4-gluon Feynman rule would contribute at 3-loop or 2-loop level diagrams.

The latter leads to a massless tadpole topology that is zero in dimensional regularization (see

a tadpole example in Sec. 3.2.3.1).

3.2.2 Tensor Di-gluonium Diagrams to NLO

In this section, one can find all the LO and NLO diagrams for tensor gluonium which will

be heavily referred to in this chapter. The LO self-energy diagram is shown in diagram (a)

below, whereas the NLO diagrams are shown in diagram (b)-(i). Note that the diagram

labeling in Sec. 3.2 is self-contained and unrelated to the manuscript, particularly Table 3.1.

q

k

k − q

q

(a) Tensor Gluonium LO Self-energy

Diagram

q q

(b) NLO Gluon Exchange Diagram
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q q

(c) NLO Gluon Self-Energy with Gluonic

Loop

q q

(d) NLO Gluon Self-Energy with Ghost

Loop

q q

(e) NLO Gluon Self-Energy with Quark

Loop

q q

(f) NLO Sunrise Diagram

q q

(g) NLO Vertex Diagram 1

q q

(h) NLO Vertex Diagram 2

q q

(i) NLO Butterfly
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The conventional renormalization method requires renormalization-induced diagrams (di-

agram j and k) for calcualtion. These two diagrams will be eveluated and applied in sec-

tion 3.2.4.

q q

(j) NLO Renormalization-Induced

Diagram 1

q q

(k) NLO Renormalization-Induced

Diagram 2

3.2.3 Method of Diagrammatic Renormalization

As outlined in Sec. 2.4.2, diagrammatic renormalization is an alternative method as opposed

to the conventional renormalization processes for QCD correlation functions. In this section,

NLO diagrams (b)-(i) will be evaluated perturbatively, and the non-local divergences will

be renormalized in the perturbative expansion of each bare correlation function diagram

following the methods of Ref. [72]. This will be achieved by subtracting all counter-term

diagrams γ for each divergent sub-diagram of bare diagram x:

Π(x)
renorm = Π

(x)
bare −

∑
γ

Π
(x)γ
ct , (3.20)

where Π
(x)γ
ct will be built by replacing the sub-diagram γ with its divergent part.

All of the bare correlation function calculation results will be given in arbitrary gauge

with gauge parameter ξ. As will be seen in Section 3.2.3.8, the gauge parameter cancels in the

sum of all NLO bare correlators showing gauge parameter independence and thus providing

consistency check on our calculation. Hence, the diagrammatic renormalization process will

be implemented in Feynman gauge (ξ = 1).
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3.2.3.1 Sunrise Topology (diagram f)

In the case of the NLO sunrise diagram, we have the topology and the bare projected corre-

lator calculated in arbitrary gauge and as shown below.

q q
= Π

(f)
bare

Π
(f)
bare(Q

2 ≡ −q2) =iP µνρσ(q)

∫
dDk

(2π)D

∫
dDp

(2π)D
Eµναβγ
abc (−k,−p,−q + k + p)

Dαλ
ad (k) D

βθ
be (p) D

γϕ
ch (q − k − p) Eρσλθϕ

deh (k, p, q − k − p)

= − αsQ
4

160π3

(
3ξ2 − 3ξ + 10

)
L, L = log

(
Q2

ν2

)
(3.21)

where all correlation function diagrams are calculated in MS scheme and in dimensional reg-

ularization scheme of D = 4+2ϵ. The renormalization factor of 1/ν2ϵ is implicit for each loop

in the NLO diagrams. This applied to all correlators evaluated in Sec. 3.2.3. Equation (3.21)

neglects the non-physical polynomial subtraction-constant terms in the dispersion relation of

Π(Q2), which correspond to local divergences that do not enter QCDSR. This approach will

be consistently applied to all subsequent NLO diagrams without repetitive explanation. The

possible sub-divergences of diagram (f) are isolated in the dotted box in the Feynman

diagram as the following sub-diagram.
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q q
=⇒

αβ ρσ

α, a λ, d

= Xαβρσγχ
ad

X
(f)µνρσγχ
ad (q, k) =

∫
dDp

(2π)D

Eµναβγ
abc (−k,−p,−q + k + p) Dβθ

be (p) D
γϕ
ch (q − k − p) Eρσλθϕ

deh (k, p, q − k − p).

(3.22)

The sunrise diagram now has the counter-term diagram expression

q q

k

= iP µνρσ(q)

∫
dDk

(2π)D
X

(f)µνρσαλ
ad (q, k)Dαλ

ad (k). (3.23)

where ⊗ stands for the divergent part of the sub-diagram Xµνρσαλ
ad as in Eq. (3.22). In

the counter-term diagram in Eq. (3.23), the topology is a tadpole with a massless gluon

propagator. The loop integral of such topology is zero in dimensional regularization [44].

Even in the case of a massive tadpole, the external momentum q wouldn’t enter the loop

integral of Eq. (3.23) — a disconnected diagram. Thus this counter-term diagram corresponds

to a subtraction constant in the QCD sum-rules dispersion relation Eq. (2.77), representing

a local divergence.

From Eq. (3.21), we can see the bare correlation function of the NLO sunrise topology has

no divergent term (e.g. logarithmic divergence) which agrees with the absence of a physical

contribution from Eq. (3.23).
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3.2.3.2 Gluon Self-Energy with Gluonic Loop (diagram c)

In the case of NLO gluon self-energy with gluonic loop diagram, there is a topology which is

not included in Sec. 3.2.2:

q q
. (3.24)

The NLO gluon self-energy diagram in (3.24) includes a massless gluon tadpole and is there-

fore zero in dimensional regularization as discussed above. We will focus on the non-zero

case in this section (diagram c):

q q
= Π

(c)
bare. (3.25)

Here the bare two-point correlation function Π
(c)
bare will be calculated by evaluating the fol-

lowing Feynman integral:

Π
(c)
bare(Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDk

(2π)D

∫
dDp

(2π)D
Zµναβ
ab (p, q − p) Dαγ

ac (p)

V γθη
cde (k − p,−k) Dηϕ

ef (k) V
ϕλχ
fhj (k, p− k,−p) Dθλ

dh(p− k)

Dχτ
jl (p) D

βζ
bm(q − p) Zρστζ

lm (−p, p− q)

=
αsQ

4

2400π3

[
(375− 90ξ)L2 +

(
−45ξ2 − 90ξ

ϵ
+ 144ξ +

375

ϵ
− 1420

)
L

]
=

19αsQ
4

1600π3
L

(
10L− 2642

57
+

10

ϵ

)
, L = log

(
Q2

ν2

)
,

{ξ = 1 Feynman gauge}

(3.26)
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where V µνλ
abc (p, q, r) stands for the triple-gluon vertex and its chosen notation convention can

be referred in Appendix E. In the gluonic loop case, the local divergence is shown by

q q
=⇒

q q
, (3.27)

corresponding to a counter-term diagram in the form of a gluon tadpole with gluonic loop

topology:

q q

k

, (3.28)

where ⊗ stands for the divergent part of sub-diagram shown in Eq. (3.27). Similar to

Eq. (3.23), the counter-term diagram in Eq. (3.28) is another local divergence.

The only non-local sub-divergence of Π
(c)
bare is located in the gluonic self-energy with gluon

loop topology, which is isolated by the dotted box as shown in the following diagrams:

q q
=⇒ γ, c χ, j = X

(c)γχ
cj . (3.29)

Only the divergent (1
ϵ
) part of Xγχ will be extracted to form the counter-term diagram:

X
(c)γχ
cj (p) =

∫
dDk

(2π)D
V γθη
cde (k − p,−k) Dηϕ

ef (k) V
ϕλχ
fhj (k, p− k,−p) Dθλ

dh(p− k)

1/ϵ−→ iδcj
g2

64π2ϵ

(
22qγpχ − 19p2gγχ

)
.

(3.30)

Note that as mentioned in Sec. 2.4.2, the 1
ϵ
divergence subtraction are performed in MS
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scheme. So the renormalized result will need conversion to MS scheme using ν2 → exp(γE)ν
2/4π.

Now we can use the sub-divergence result in Eq. (3.30) to form the counter-term for diagram

(c) by substituting the gluonic loop with tensorXγχ
cj both diagrammatically and algebraically.

q q
= Π

(c)
ct

Π
(c)
ct (Q

2 ≡ −q2) =iP µνρσ(q)

∫
dDp

(2π)D
Zµναβ
ab (p, q − p) Dαγ

ac (p)

X
(c)γχ
cj (p) Dχτ

jl (p) D
βζ
bm(q − p) Zρστζ

lm (−p, p− q)

=
19αsQ

4

1600π3
L

(
5L− 9 +

10

ϵ

)
, L = log

(
Q2

ν2

)
.

(3.31)

The non-local divergent L/ϵ terms from Eq. (3.26) and (3.31) are identical. According to the

diagrammatic renormalization method, the renormalized correlator can be found subtracting

the counter-term diagram in Eq. (3.31) from the bare diagram (c) [72]. Since the divergent

pieces from both are the same, the subtraction will eliminate the divergence from the corre-

lator. The diagrammatic renormalization method gives the renormalized result for diagram

(c):

Π(c)
renorm(Q

2) = Π
(c)
bare(Q

2)−Π
(c)
ct (Q

2) =
αsQ

4

4800π3
L (285L− 2129) , L = log

(
Q2

ν2

)
. (3.32)
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3.2.3.3 Gluon Self-Energy with Ghost Loop (diagram d)

The second gluonic self-energy diagram we are going to discuss has a ghost loop. The bare

correlator has the following form:

q q
= Π

(d)
bare,

where

Π
(d)
bare(Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDk

(2π)D

∫
dDp

(2π)D

Zµναβ
ab (p, q − p) Dαγ

ac (p) Y
γ
ecd(k) ∆

ef (k) Y χ
hjf (k − p)

∆dh(p− k) Dχτ
jl (p) D

βζ
bm(q − p) Zρστζ

lm (−p, p− q)

=
αsQ

4

160π3
L

(
L+

1

ϵ
− 79

15

)
, L = log

(
Q2

ν2

)
,

(3.33)

where ∆ab(k) stands for ghost field propagator and Y µ
abc(p) stands for gluon-ghost vertex.

Diagram (d) has identical topology as to diagram (c), which is analyzed in Section 3.2.3.2

in detail, except for the ghost internal lines. Therefore, diagram (d) has a similar form of

non-local divergence which is isolated by the dotted box as shown in the following diagrams.

q q
=⇒ γ, c χ, j = X

(d)γχ
cj (3.34)

62



The counter-term diagram for the gluon self-energy with ghost loop will be constructed

with the divergent part (1
ϵ
) of Eq. (3.34):

X
(d)γχ
cj (p) =

∫
dDk

(2π)D
Y γ
ecd(k) ∆

ef (k) Y χ
hjf (k − p) ∆dh(p− k)

1/ϵ−→ −iδcj g2

64π2ϵ

(
p2gγχ + 2pγpχ

)
.

(3.35)

Now the counter-term for diagram (d) can be found by substituting the divergent part of the

sub-diagram Eq. (3.35) in the gluonic self-energy with ghost loop diagram, resulting in the

following counter-term diagram.

q q
= Π

(d)
ct

Π
(d)
ct (Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDp

(2π)D
Zµναβ
ab (p, q − p) Dαsγ

ac (p) X
(d)γχ
cj (p)

Dχτ
jl (p) D

βζ
bm(q − p) Zρστζ

lm (−p, p− q)

=
αsQ

4

1600π3
L

(
5L− 9 +

10

ϵ

)
, L = log

(
Q2

ν2

)
.

(3.36)

The logarithmic terms representing the non-local divergence of diagram (d) from Eq. (3.33)

and (3.36) are identical. Therefore, the subtraction between the bare diagram Eq. (3.33)

and the counter-term diagram result Eq. (3.36) will eliminate the non-local divergence. The

diagrammatic renormalization method gives the renormalized result for diagram (d):

Π(d)
renorm(Q

2) = Π
(d)
bare(Q

2)− Π
(d)
ct (Q

2) =
αsQ

4

4800π3
L (15L− 131) , L = log

(
Q2

ν2

)
. (3.37)
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3.2.3.4 Gluon Self-Energy with Quark Loop (diagram e)

Another case of the NLO gluonic self-energy topology is with a quark loop, whose bare

two-point correlation function diagram has the following form:

q q
= Π

(e)
bare,

where

Π
(e)
bare(Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDk

(2π)D

∫
dDp

(2π)D
Zµναβ
ab (p, q − p) Dαγ

ac (p) Γ
γ
c S(k)

Γχj S(p− k) Dχτ
jl (p) D

βζ
bm(q − p) Zρστζ

lm (−p, p− q)

= nf
αsQ

4

60π3
L

[
−L+

64

15
− 1

ϵ

]
, L = log

(
Q2

ν2

)
,

(3.38)

with Γµa standing for gluon-fermion vertex Feynman rule and nf representing the number of

light quark flavours.

Isolating the non-local sub-divergence of Π
(e)
bare,

q q
=⇒ γ, c χ, j = X

(e)γχ
cj , (3.39)

where the divergent part of X
(e)γχ
cj will be extracted:

X
(e)γχ
cj (p) =

∫
dDk

(2π)D
Γγc S(k) Γ

χ
j S(p− k)

1/ϵ−→ −iδcj g2

24π2ϵ

(
pγpχ − p2gγχ

)
.

(3.40)
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The counter-term for diagram (e) can then be formed by substituting the quark loop with

the divergent part of the sub-diagram X
(e)γχ
cj (p):

q q
= Π

(e)
ct

Π
(e)
ct (Q

2 ≡− q2)

= iP µνρσ(q)

∫
dDp

(2π)D
Zµναβ
ab (p, q − p) Dαsγ

ac (p) X
(e)γχ
cj (P )

Dχτ
jl (p) D

βζ
bm(q − p) Zρστζ

lm (−p, p− q)

= nf
αsQ

4

60π3
L

(
−L
2
+

9

10
− 1

ϵ

)
, L = log

(
Q2

ν2

)
.

(3.41)

We now have the renormalized result for diagram (e) from the bare diagram Eq. (3.38) and

the counter-term diagram Eq. (3.41) by applying the diagrammatic normalization method:

Π(e)
renorm(Q

2) = Π
(e)
bare(Q

2)− Π
(e)
ct (Q

2) = nf
αsQ

4

1800π3
L (−15L+ 101) , L = log

(
Q2

ν2

)
. (3.42)

The non-local divergence (logarithmic term) cancels in Eq. (3.42) as required.

3.2.3.5 Gluon Exchange (diagram b)

Moving on to the NLO gluon exchange diagram,

p p
= Π

(b)
bare,
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where the diagram (b) bare correlation function is

Π
(b)
bare(Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDk

(2π)D

∫
dDp

(2π)D

Zµναβ
ab (p, q − p) Dαγ

ac (p)D
βζ
bm(q − p) V γϕη

ced (−p, p− k, k)

Dϕξ
eh(p− k) V ξζθ

hmi(k − p, p− q, q − k)

Dηλ
df (k) D

θτ
ij (q − k) Zρσλτ

fj (−k, k − q)

=
αsQ

4

480π3
L

[
(36ξ − 43)L+

(
36

ϵ
− 513

5

)
ξ +

9173

60
− 43

ϵ

]

=
7αsQ

4

28800π3
L

(
−60L+ 431− 60

ϵ

)
, L = log

(
Q2

ν2

)
.

{ξ = 1 Feynman gauge}

(3.43)

For diagram (b) topology, one of the two possible sub-divergences is isolated in the dotted

box in the Feynman diagram as shown below in Eq. (3.44).

q q
=⇒ µν

η, d, k

θ, i, q − k

q
= X

(b1)µνηθ
di , (3.44)

where

X
(b1)µνηθ
di (q, k) =

∫
dDp

(2π)D
Zµναβ
ab (p, q − p) Dαγ

ac (p) D
βζ
bm(q − p) V γϕη

ced (−p, p− k, k)

Dϕξ
eh(p− k) V ξζθ

hmi(k − p, p− q, q − k).

(3.45)

One can see that the tensor X
(b1)µνηθ
di has four Lorentz indices and two colour indices. The

integral can not be simply reduced into TARCER notation with FeynCalc built-in func-

tions [58]. Instead, we used the FeynCalc built-in TID function to reduce Eq. (3.45) to the
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Passarino-Veltman scalar integrals such as A0, B0, C0 etc [44,140]. In our case, these scalar

integrals, which has been introduced in Sec. 2.3, take forms as shown below:

A0 =
1

iπD/2

∫
dDp

1

p2
1/ϵ−→ 0 (3.46)

B0(q) =
1

iπD/2

∫
dDp

1

p2 (p+ q)2
1/ϵ−→ − 1

16π4ϵ
(3.47)

C0(k, q, k − q) =
1

iπD/2

∫
dDp

1

p2 (p+ k)2 (p+ q)2 (p+ k − q)2
1/ϵ−→ 0 (3.48)

As indicated in the above integrals, A0 (Eq. (3.46)) is the loop integral of a massless tadpole

which is zero and C0 (Eq. (3.48)) is convergent. Therefore neither A0 nor C0 integrals will

be contributing to the extraction of 1
ϵ
divergence for constructing the counter-term diagram

of diagram (b). Only B0 integrals gives divergent 1
ϵ
contribution to the result of X

(b1)µνηθ
di .

Specifically, each B0 integral contributes a − 1
16π4ϵ

to the divergent terms. Substituting all B0

integrals with − 1
16π4ϵ

and eliminating all the terms involving A0 and C0 integrals, we have

the divergent part for the sub-diagram of Eq. (3.45):

X
(b1)µνηθ
di (q, k)

1/ϵ−→ − 1

16πϵ
αsδ

di

[
−26kθkµgηv + 72kµkνgηθ − 26kθkνgηµ

+ 12k2gηvgθµ + 12k2gηµgθv − 24k2gηθgµv − 36kµqνgηθ

+ 16kθqµgηv − 36kνqµgηθ + 16kθqνgηµ

+ qη
(
−21kθgµv + 26kµgθv + 26kνgθµ + 7qθgµv − 12qµgθv − 12qνgθµ

)
+ kη

(
26kθgµv − 26kµgθv − 26kνgθµ − 5qθgµv + 10qµgθv + 10qνgθµ

)
− 12gηvgθµ(k · q)− 12gηµgθv(k · q) + 24gηθgµv(k · q)− 2qθqµgηv

−2qθqνgηµ + 16qµqνgηθ + 2q2gηvgθµ + 2q2gηµgθv − 5q2gηθgµv
]
.

(3.49)
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The next step of diagrammatic renormalization is substituting the sub-diagram in Eq. (3.44)

with the divergent part of X(b1):

q q
= Π

(b1)
ct

Π
(b1)
ct (Q2 ≡− q2)

= iP µνρσ(q)

∫
dDk

(2π)D
X

(b1)µνηθ
di (q, k) Dηλ

df (k) D
θτ
ij (q − k) Zρσλτ

fj (−k, k − q)

=
7αsQ

4

28800π3
L

(
−15L+

2084

7
− 30

ϵ

)
, L = log

(
Q2

ν2

)
.

(3.50)

Now we have the first counter-term for diagram (b), generated from the sub-divergence

located in the left half of the topology (Eq. (3.44)).

There is another sub-divergence in diagram (b). Since diagram (b) is perfectly symmetric

upon the change of external momentum direction, it has a similar sub-diagram as Eq. (3.44):

q q
=⇒ ρσ

γ, c, p

ζ,m, (q − p)

q
= X(b2)ρσγζ

cm (q, p), (3.51)

X(b2)ρσγζ
cm (q, p) =

∫
dDk

(2π)D
V γϕη
ced (−p, p− k, k) Dϕξ

eh(p− k) V ξζθ
hmi(k − p, p− q, q − k)

Dηλ
df (k) D

θτ
ij (q − k) Zρσλτ

fj (−k, k − q)

(3.52)
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X(b2)ρσγζ
cm (q, p)

1/ϵ−→ −δcm αs
16πϵ

[
−2qζqρgγσ + 16qρqσgγζ − 2qζqσgγρ + 2q2gγσgζρ + 2q2gγρgζσ

− 5q2gγζgρσ + 16qρpζgγσ − 36qρpσgγζ + 16qσpζgγρ − 36qσpρgγζ

+ pγ
(
−5qζgρσ + 10qρgζσ + 10qσgζρ + 26pζgρσ − 26pρgζσ − 26pσgζρ

)
+ qγ

(
7qζgρσ − 12qρgζσ − 12qσgζρ − 21pζgρσ + 26pρgζσ + 26pσgζρ

)
− 12gγσgζρ(q · p)− 12gγρgζσ(q · p) + 24gγζgρσ(q · p)

−26pζpρgγσ − 26pζpσgγρ + 72pρpσgγζ + 12p2gγσgζρ + 12p2gγρgζσ − 24p2gγζgρσ
]
,

(3.53)

where the divergence result of X(b2) is found using the same method as for X(b1) by uti-

lizing the divergence properties of the Passarino-Veltman scalar integrals. Substituting the

sub-diagram in Eq. (3.51) with the result of X(b2) generates the second counter-term for

diagram (b):

q q
= Π

(b2)
ct

Π
(b2)
ct (Q2 ≡− q2)

= iP µνρσ(q)

∫
dDp

(2π)D
Zµναβ
ab (p, q − p) Dαγ

ac (p) D
βζ
bm(q − p) X(b2)ρσγζ

cm (q, p)

=
7αsQ

4

28800π3
L

(
−15L+

2084

7
− 30

ϵ

)
, L = log

(
Q2

ν2

)
.

(3.54)

We now have the symmetric counter-term diagram. The counter-term diagrams from both

X(b1) (Eq. (3.50)) and X(b2) (Eq. (3.54)) divergences are identical as expected because the

diagram correlators are only dependent on the squared product of the external momentum

(q2), thus the change in direction of q in the NLO gluon exchange diagram would not affect

the result of its counter-term diagram correlation functions.
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For the diagrammatic renormalization method, one is required to subtract all counter-

term diagrams from the corresponding bare diagram as introduced in Eq. (3.20). Hence,

both counter-term diagrams Π
(b1)
ct (Eq. (3.50)) and Π

(b2)
ct (Eq. (3.54)) need to be subtracted

from the bare diagram (b) Π
(b)
bare (Eq. (3.43)) to completely cancel the L

ϵ
divergence from the

bare correlator.

Π(b)
renorm = Π

(b)
bare −

2∑
γ=1

Π
(bγ)
ct

=
αsQ

4

28800π3
L (−210L− 1151) , L = log

(
Q2

ν2

) (3.55)

3.2.3.6 Butterfly Topology (diagram i)

Our second to last case is the butterfly topology. The bare correlation function for diagram

(i) is found by calculating its corresponding Feynman integral:

q q
= Π

(i)
bare,

Π
(i)
bare = iP µνρσ(q)

∫
dDk

(2π)D

∫
dDp

(2π)D
Zµναβ
ab (q − k, k) Dαγ

ac (q − k) Dβζ
bd (k) H

γϕζλ
cedf

Dϕχ
eg (q − p) Dλτ

fh(p) Z
ρσχτ
gh (p− q,−p)

=
αsQ

4

36π3
L

(
3L+

3

ϵ
− 10

)
, L = log

(
Q2

ν2

)
, Q2 ≡ −q2.

(3.56)
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The butterfly topology has two symmetric non-local divergences. One of which is isolated

in the dotted box in the Feynman diagram as shown below in Eq. (3.57),

q q
=⇒ µν

ϕ, e

λ, f

q
= X

(i1)µνϕλ
ef ,

(3.57)

where the divergent part of X(b1) is extracted using the technique invovling the Passarino-

Veltman scalar integrals as introduced in section 3.2.3.5:

X
(i1)µνϕλ
ef (q) =

∫
dDk

(2π)D
Zµναβ
ab (q − k, k) Dαγ

ac (q − k) Dβζ
bd (k) H

γϕζλ
cedf

1/ϵ−→ − αs
16πϵ

δef
(
2qλ
(
qµgvϕ + qγgµϕ − qϕgµv

)
+gλϕ

(
q2gµv + 4qµqv

)
+ 2gλv

(
qµqϕ − 2q2gµϕ

)
+ 2gλµ

(
qvqϕ − 2q2gvϕ

))
.

(3.58)

Substituting the sub-diagram in Eq. (3.57) with the divergent part of X(b1), one have the

first counter-term for diagram (i):

q q
= Π

(i1)
ct

Π
(i1)
ct (Q2 ≡ −q2)

= iP µνρσ(q)

∫
dDp

(2π)D
X

(i1)µνϕλ
ef (q) Dϕχ

eg (q − p) Dλτ
fh(p) Z

ρσχτ
gh (p− q,−p)

=
αsQ

4

144 π3
L

(
3L+

6

ϵ
− 10

)
, L = log

(
Q2

ν2

)
.

(3.59)
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Eq. (3.59) gives the counter-term diagram generated from the sub-divergence embedded in

the left half of diagram (i) (Eq. (3.57)). There is also a symmetric sub-divergence located in

the right half of the diagram (i) topology shown below:

q q
=⇒ ρσ

γ, c

ζ, d

q
= X

(i2)ρσγζ
cd ,

(3.60)

X
(i2)ρσγζ
cd (q) =

∫
dDp

(2π)D
Hγϕζλ
cedf Dϕχ

eg (q − p) Dλτ
fh(p) Z

ρσχτ
gh (p− q,−p)

1/ϵ−→ − αs
16πϵ

δcd
(
2qζqσgγρ + 4qρqσgγζ + 2qγ

(
−qζgρσ + qρgξσ + qσgζρ

)
−4q2gγρgζσ + q2gγζgρσ + 2gγσ

(
qζqρ − 2q2gζρ

))
.

(3.61)

Hence, one may construct the second counter-term diagram for diagram (i) by replacing the

sub-divergence in Eq. (3.60) with X(i2):

q q
= Π

(i2)
ct

Π
(i2)
ct (Q2 ≡− q2)

= iP µνρσ(q)

∫
dDk

(2π)D
Zµναβ
ab (q − k, k) Dαγ

ac (q − k) Dβζ
bd (k) X

(i2)ρσγζ
cd (q)

=
αsQ

4

144 π3
L

(
3L+

6

ϵ
− 10

)
, L = log

(
Q2

ν2

)
.

(3.62)
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The symmetric divergences X(i1) (Eq. (3.58)) and X(i2) (Eq. (3.61)) are identical as expected,

similarly to the gluon exchange diagram (b) in section 3.2.3.5. Subtracting all the possible

counter-term diagrams (Eqs. (3.59) and (3.62)) from the bare diagram (i) (Eq. (3.56)), the

diagrammatic renormalization method gives the renormalized the correlator for the butterfly

topology:

Π(i)
renorm = Π

(i)
bare −

2∑
η=1

Π
(iη)
ct

=
αsQ

4

72π3
L (3L− 10) , L = log

(
Q2

ν2

)
.

(3.63)

3.2.3.7 Vertex Diagrams (diagram g and h)

Finally, we have the vertex diagrams to finish our analysis and calculations on NLO tensor

di-gluonium diagrams. Starting with diagram (g), the bare correlation function for NLO

vertex diagram (g) is:

q q
= Π

(g)
bare,

Π
(g)
bare(Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDk

(2π)D

∫
dDp

(2π)D
Eµναβγ
abc (−k, k − p, p− q) Dαθ

ad (k)

Dβϕ
be (p− k) V θϕχ

def (−k, k − p, p) Dχλ
fh(p) D

γτ
cj (q − p) Zρσλτ

hj (−p, p− q)

=
3αsQ

4

160π3

[(
−ξ − 25

6

)
L2 +

(
ξ2 +

(
18

5
− 1

ϵ

)
ξ +

467

24
− 25

6ϵ

)
L

]

=
31αsQ

4

320π3
L

(
−L− 1

ϵ
+

2887

620

)
, L = log

(
Q2

ν2

)
, {ξ = 1 Feynman gauge}.

(3.64)
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We also have a local divergence isolated by a dotted box as shown in Eq. (3.65):

q q
=⇒

q q
. (3.65)

The above sub-divergence will lead to a counter-term diagram which has the same tadpole

topology as shown in Eq. (3.28), hence no physical contribution.

The only non-local sub-divergence in diagram (g) is isolated in the dotted box shown

below in Eq. (3.66):

q q
=⇒ µν

χ, f, p

γ, c, q − p

q
= X

(g)µνχγ
cf (q, p),

(3.66)

X
(g)µνχγ
cf (q, p) =

∫
dDk

(2π)D
Eµναβγ
abc (−k, k − p, p− q) Dαθ

ad (k)

Dβϕ
be (p− k) V θϕχ

def (−k, k − p, p)

1/ϵ−→ 1

8πϵ
αsδ

cf

(
−18qνpµgγχ + 18qχ (pνgγµ + pµgγv − pγgµv) + 18qνpγgµχ

− 2pν (9qµgγχ + 12pχgγµ − 28pµgγχ + 14pγgµχ) + 18qµpγgγχ

− 18gγvgµχ(q · p) + 18gγχgµv(q · p)− 18gγµgγχ(q · p)− 24pµpχgγv

+22p2gγvgµχ + 26pγpχgµν − 28pγpµgγχ − 25p2gγχgµν + 22p2gγµgγχ
)
.

(3.67)
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The calculation of the above tensor X(g) requires taking contractions of 17 possible tensor

combinations and solving the resulting 17 equations for their respective pre-factors. Then

the counter-term diagram of the NLO vertex diagram (g) can then be found as shown below:

Π
(g)
ct (Q

2 ≡− q2) = iP µνρσ(q)

∫
dDp

(2π)D
X

(g)µνχγ
cf (q, p)Dχλ

fh(p)

Dγτ
cj (q − p) Zρσλτ

hj (−p, p− q)

=
31αsQ

4

320 π3
L

(
−L
2
+

256

465
− 1

ϵ

)
, L = log

(
Q2

ν2

)
.

(3.68)

The renormalized correlator for diagram (g) is:

Π(g)
renorm(Q

2) = Π
(g)
bare(Q

2)− Π
(g)
ct (Q

2) =
αsQ

4

19200π3
L (−930L+ 7637) , L = log

(
Q2

ν2

)
(3.69)

Looking at our vertex diagrams (g and h) shown below, we can see that they are com-

pletely symmetric. Since the results of the correlation functions for both topologies are only

dependent on q2 (as well as all our NLO diagrams discussed in this research), the change

in the sign of the external momentum from q to −q would not affect the Feynman integral

results. Thus, Π(g) should have the same result as Π(h). This property has been explicitly

verified in our calculation.

q q

(g)

q q

(h)

The bare, counter-term and renormalized correlators for the NLO vertex diagram (h) are
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listed below in Eqs. (3.70)-(3.72):

Π
(h)
bare(Q

2) =
3αsQ

4

160π3

[(
−ξ − 25

6

)
L2 +

(
ξ2 +

(
18

5
− 1

ϵ

)
ξ +

467

24
− 25

6ϵ

)
L

]

=
31αsQ

4

320π3
L

(
−L− 1

ϵ
+

2887

620

)
, {ξ = 1 Feynman gauge} (3.70)

Π
(h)
ct (Q

2) =
31αsQ

4

320π3
L

(
−L
2
+

256

465
− 1

ϵ

)
, (3.71)

Π(g)
renorm(Q

2) = Π
(h)
bare(Q

2)− Π
(h)
ct (Q

2)

=
αsQ

4

19200π3
L (−930L+ 7637) , L = log

(
Q2

ν2

)
, Q2 ≡ −q2. (3.72)

With the above results for the last NLO diagram addressed, we have all of the 8 bare and

renormalized 2++ tensor gluonium correlation function diagrams to NLO.

3.2.3.8 Gauge Dependency and Summation

In section 3.2.3.1-3.2.3.7, we discussed and calculated all 8 possible non-zero NLO diagrams

for 2++ tensor gluonium. To find the NLO contribution for the correlation function, one

simply needs to sum all the diagrams up. Therefore, the complete NLO 2++ tensor gluonium

correlation function can be found by using the results listed: Eqs. (3.43), (3.26), (3.33),

(3.38), (3.21), (3.64) and (3.70).

ΠNLO(Q2)bare =
i∑

m=b

Π
(m)
bare

= − αs
900π3

Q4 log

(
Q2

ν2

)[(
15 log

(
Q2

ν2

)
+

15

ϵ
− 64

)
nf − 75

]
,

(3.73)

where the bare NLO 2++ tensor gluonium correlation function is independent of the gauge

parameter ξ. ΠNLO is in MS scheme, dimensional regularization scheme of D = 4 + 2ϵ and

chiral limit of nf light quark flavours.
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To find the total NLO 2++ tensor gluonium renormalized correlation function diagrams,

one needs to sum all the results from different NLO renormalized diagrams:

ΠNLO
renorm(Q

2) =
i∑

m=b

Π(m)
renorm

=
αs

1800π3
Q4 log

(
Q2

ν2

)[(
101− 15 log

(
Q2

ν2

))
nf + 150

]
.

(3.74)

The contributions of each diagram are organized in Table. 3.1.

We also calculated and verified the LO correlator of tensor gluonium ΠLO = − Q4

20π2 log
(
Q2

ν2

)
from [131]. The renormalized correlator corrected to NLO using the diagrammatic renormal-

ization method can be written in the form of correction to ΠLO as follows:

Πrenorm = ΠNLO
renorm +ΠLO

= ΠLO

[
1 +

αs
π

(
nf
6

log

(
Q2

ν2

)
− 101nf + 150

90

)]
.

(3.75)

In the next section, we will demonstrate the equivalence of the result (3.75) using conventional

renormalization method.

3.2.4 Method of Renormalization-Induced Diagrams

As one can see from Sec. 3.2.3, the diagrammatic renormalization method requires multiple

steps of calculation for each diagram. It is a good method for the renormalization of individual

diagrams. Since we are looking for the overall NLO contribution to tensor di-gluonium 2++,

there is another approach to implementing renormalization-induced diagrams. Referring to

[128], the renormalized meson-gluonium currents have the following forms:

Jµνq,R = Z11J
µν
q,B + Z12J

µν
g,B,

Jµνg,R = Z21J
µν
q,B + Z22J

µν
g,B,

(3.76)
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where the renormalization constants Zij are in MS scheme (D = 4+2ϵ, converted from [128]

convention of D = 4− ϵ) and Jµνq,B is the bare quark current:

Jµνq,B = i q (γµDν + γνDµ) q. (3.77)

Since any crossed term involving Jµνq,B in ⟨Jµνg,R(x1)J
µν
g,R(x2)⟩ will lead to higher-order contri-

bution at O (αs/π)
2 [128], the only renormalization constant needed is Z22 that connects the

bare gluon current Jµνg,B to renormalized gluon current Jµνg,R:

Z22 = 1 +R22 = 1− αs
6πϵ

nf . (3.78)

The first term of 1 in Eq. (3.78) will simply carry the bare gluonium diagrams forward. And

the second term R22 = − αs

6πϵ
nf will construct a new diagram term to renormalize the diver-

gences from the carried bare diagrams. These new diagrams built with the renormalization

constants are called renormalization-induced diagrams. Due to the symmetry of the tensor

gluonium LO diagram, we will have two renormalization-induced diagrams (diagram j and

k), where the renormalization constant will be embedded in a term which is proportional to

the current-to-2-gluon vertex. Starting from calculating the Feynman diagram j as shown

below with the renormalization constant R22 is represented as the shaded circle :

q q
= Π

(j)
bare,

Π
(j)
bare(Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDk

(2π)D

(
R22 Z

µναβ
ab (q − k, k)

)
Dαγ
ac (q − k) Dβζ

bd (k) Z
ρσγζ
cd (k − q,−k)

=
αsQ

4

1200π3
nfL

(
5L+

10

ϵ
− 9

)
, L = log

(
Q2

ν2

)
.

(3.79)
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Similarly, R22 can also be built in the current-to-2-gluon on the right side of the diagram as

follows:

q q
= Π

(k)
bare,

Π
(k)
bare(Q

2 ≡ −q2) = iP µνρσ(q)

∫
dDk

(2π)D

Zµναβ
ab (q − k, k) Dαγ

ac (q − k) Dβζ
bd (k)

(
R22Z

ρσγζ
cd (k − q,−k)

)

=
αsQ

4

1200π3
nfL

(
5L+

10

ϵ
− 9

)
, L = log

(
Q2

ν2

)
.

(3.80)

Both renormalization-induced diagrams have the same results as they are, again, symmetric

under the change of external momentum q’s direction and both diagrams are only dependent

on q2. Now based on Eq. (3.78), we should have the renormalized tensor di-gluonium current

by summing the NLO bare diagrams and the renormalization-induced diagrams found with

R22:

ΠNLO
R (Q2) =

k∑
m=b

Π
(m)
bare =

αs
1800π3

Q4 log

(
Q2

ν2

)[(
101− 15 log

(
Q2

ν2

))
nf + 150

]
. (3.81)

Comparing Eqs. (3.74) and (3.81), we reached the same result in renormalizing the tensor

gluonium 2++ with both methods. This is a powerful check on the accuracy of our NLO

renormalized correlator results.

3.3 Non-perturbative Contribution

QCD condensates, as detailed in Sec. 2.5.1, described the low-energy non-perturbative sector

of QCD vacuum in the method of QCDSR. In this section, two techniques are used to evaluate
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the contribution to specific gluon condensate terms (D = 4 and 6) in the OPE:

1. The plane-wave method extracts the gluon condensate by applying one-gluon states to

the current operators (e.g., |ϵ, k⟩) [82,141]. The non-trivial term involving both quark

and gluon fields from the correlation function is annihilated by the process of vacuum

averaging in the method [94,142]. This step of averaging over the momentum direction

is designed to simulate the effect of vacuum. Using Wilson’s operator identity [90], the

condensate coefficients Cn are calculated perturbatively.

2. The coordinate-space method [44,141,143], on the other hand, expands the condensate

terms in coordinate space after the Wick’s expansion in OPE. Since the gluon con-

densate contribution is gauge invariant (so does the correlator), the results from both

methods will be in agreement even though the coordinate-space method does not rely

on operator identities.

The two techniques for OPE are reviewed in depth regarding their equivalency and respective

advantages in Ref. [94]. We also used the RG invariance property of ⟨αsG2⟩ to find D = 4

NLO condensate contribution.

3.3.1 Dimension-Four Gluon Condensates ⟨G2⟩

To find LO contribution of dimension-four condensates ⟨αsG2⟩ ≡ αs⟨Ω
∣∣: Ga

µνG
µν
a :
∣∣Ω⟩ using

plane-wave method, one may refer to the methodology processes in Ref. [94]. The gluonic

dimension-four condensate contribution are represented by the coefficient C4 from the two-

point correlation function OPE shown in Eq. (2.62). This coefficient can be extracted by

applying a gluon state |ϵ, k⟩ to the composite operators:

ψ(q2) = Pµνρσ

∫
d4x eiqx

〈
ϵ, k
∣∣T Jgµν(x)Jgρσ(0)†∣∣ ϵ, k〉 , (3.82)

the normalized projection ψ(q2) is then

ψ(q2) = 4C4

(
ϵ2k2 − (ϵ · k)2

)
+ · · · , (3.83)

where · · · denotes the terms annihilated during the vacuum averaging step.
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The LO condensate diagram shown in Fig. 3.2 (Sec. 3.4.4) is calculated using the Feyn-

Calc. Averaging over external momentum q by expanding then contracting with kγ and kθ,

where γ, θ are randomly chosen Lorentz indices. The LO condensate contribution for 2++

tensor digluonium contribution is

C4 =
2

(D − 1)D
, (3.84)

which disappears in later Laplace sum rules analysis when taking derivatives of two-point

functions.

The LO contribution was also evaluated using the coordinate-space method [94]. We

applied Wick’s theorem on the two-point function:

⟨0
∣∣T Jgµν(x)Jgρσ(0)†∣∣ 0⟩

=
〈
0
∣∣∣ Cαβγδµν Cηωλτρσ T

(
Ga
αβ(x)G

b
γδ(x)G

c
ηω(0)G

d
λτ (0)

)∣∣∣ 0〉
= Cαβγδµν Cηωλτρσ

〈
0
∣∣T (Ga

αβ(x)G
c
ηω(0)

)∣∣ 0〉 〈0 ∣∣: Gb
γδ(x)G

d
λτ (0) :

∣∣ 0〉 ,
(3.85)

where Cαβγδµν acts as a projection operator for the gluonic currents so that it can be written as

Jgµν(x) = Cαβγδµν Gαβ(x)Gγδ(x). The fully contracted term can be found with the gluon field

strength tensor and gluon propagator expression [144]:

Ga
αβ(x)G

c
ηω(0) ≡ −i

∫
dDp

(2π)D
δac

p2
e−ip·x (gβωpαpη + gαηpβpω − gβηpαpω − gαωpβpη) , (3.86)

while the normal ordering VEV term is also expressed in terms of a linear combination of

metric tensors [44]:

〈
0
∣∣: Gb

γδ(x)G
d
λτ (0) :

∣∣ 0〉 = δbd

8
⟨G2⟩ 1

D2 −D
(gδγgγτ − gγλgδτ )

with
〈
G2
〉
≡
〈
0
∣∣: Ga

µν(0)G
a
µν(0) :

∣∣ 0〉 . (3.87)

The result of Eq. (3.85) summed with its other 3 possible permutations agrees with the

plane-wave method result in (3.84).

We used a different approach, the RG equation, to evaluate the NLO gluon condensate
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contribution. Following the method of Ref. [145], the dimension-four gluon condensate term

ΠG2 = Call orders
4 ⟨αsG2⟩ obeys RG equation:

{
ν
∂

∂ν
+ β(α)α

∂

∂αs
− 2γρ

}
ΠG2 = 0, (3.88)

where taking the leading order contributions for the anomalous dimension γρ = γ1
αs

π
=

−nf

3
αs

π
[14] and beta function β(αs) = β1

αs

π
. The condensate contribution of the correlation

function in Eq. (3.88) to NLO is

ΠG2 = ⟨αsG2⟩
[
b00
αs

+ b10 + b11 log

(
Q2

ν2

)]
, (3.89)

where b00, b10, b11 are prefactors for each term. One can tell from the order of αs that b00

corresponds to LO result giving 2
(D−1)D

= 1
6
from above. Substituting Eq. (3.89) in Eq. (3.88),

we solve for

b11 = −b00
2π

(β1 + 2γ1). (3.90)

Since only b11 logarithmic term will remain non-zero after Borel transform, the NLO conden-

sate contribution to 2++ tensor digluonium is

ΠNLO
G2 =

αs
π
⟨G2⟩

(
11

24
+
nf
36

)
log

(
Q2

ν2

)
. (3.91)

3.3.2 Dimension-Six Gluon Condensates ⟨G3⟩

One can again use the coordinate-space method to evaluate dimension-six di-gluonium con-

densate LO contribution with modification from Section 3.3.1. There are three types of LO

Feynman diagrams to take into consideration for ⟨G3⟩ which are listed in Fig 3.3. We start

calculating the diagram type in the first row and third row of Fig. 3.3. Apart from the gluon

propagator and other required Feynman rules (see Appendix E), one needs an additional
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VEV operator for ⟨G3⟩. We are using a derived expression from Ref. [100]:

fnmt
〈
: Gn

µνG
m
ρσG

t
ωτ :
〉

= ⟨G3⟩ 1

D(D − 1)(D − 2)
(gµρgνωgστ − gνρgµωgστ − gµσgνωgρτ + gνσgµωgρτ

−gµρgντgσω + gνρgµτgσω + gµσgντgρω − gνσgµτgρω) .

(3.92)

We also need an propagator from abelian gluon tensor Ga
µρ(x) to gluonic field Abλ(y) from

Ref. [144] to construct our Feynman integral:

Ga
µρ(x)A

b
λ(y) = −

∫
dDp

(2π)D
δab

p2
e−ip·(y−x) (gλσpν − gλνpσ) . (3.93)

Including all possible index permutations of contracted fields and normal ordering, the calcu-

lation process does not differ much from dimension-four condensate calculation only lengthier.

The diagrams in the second row of Fig. 3.3 are called equations of motion diagrams. We

need a VEV operator that includes two gluonic fields and two gluonic strength tensors [100]:

Tr [⟨: [Dµ, [Dν , Gρσ]]Gωτ :⟩]

= − g3⟨G3⟩
2d (d2 − 4)

(2gµν (gρωgστ − gσωgρτ ) + gντ (gρωgσµ − gσωgρµ)

− gνω (gρτgσµ − gστgρµ) −
3

d− 1
(gµτ (gρωgσν − gσωgρν)− gµω (gρτgσν − gστgρν))

)
.

(3.94)

All topologies in Fig. 3.3 considered, the total sum of dimension six condensates LO contri-

bution is zero.

The equation of motion diagram also has a gluon propagator that gives a single denomi-

nator. Therefore, it cannot be computed with the plane-wave method due to the singularity

it possesses [146]. However, in the plane-wave method, the other two types of diagram (first

and third row of Fig. 3.3) still produce results that sum to zero. Therefore, the results from

the plane-wave method and the coordinate-space method are still in agreement.

Having evaluated both the perturbative (Sec.3.2) and non-perturbative (Sec.3.3) contri-

butions to the 2++ tensor- di-gluonium correlation function, the following sections summarize
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the published manuscript in Phys. Lett. B 849 (2024) 138454 (see also Ref. [14]).

3.4 Manuscript: 2++ Tensor di-gluonium from Laplace

sum rules at NLO

Abstract: We evaluate the next-to-leading (NLO) corrections to the per-
turbative (PT) and ⟨αsG2⟩ condensate and the LO constant term of the ⟨G3⟩
contributions to the 2++ tensor di-gluonium two-point correlator. Using these
results into the inverse Laplace transform sum rules (LSR) moments and their
ratio, we estimate the mass and coupling of the lowest ground state. We obtain :
MT = 3028(429) MeV and the renormalization group invariant (RGI) coupling
f̂T = 167(40) MeV within a vacuum saturation estimate of the D = 8 dimension
gluon condensates (kG = 1). We study the effect of kG on the result and find:
MT = 3188(405) MeV and f̂T = 164(28)MeV for kG = (3 ± 2). Our result does
not favour the pure gluonia/glueball nature of the observed f2(2010, 2300, 2340)
states.

3.4.1 Introduction

Since the pioneering work of Novikov et al. (NSVZ) [133], some efforts have been made

for improving the determination of the 2++ tensor di-gluonium mass and coupling either

using a least-square fit method [147] or stability criteria [115,131].2 To Lowest Order (LO)

of perturbative QCD (PT) and including the dimension D = 8 condensates estimated by

(SVZ) [82] using vacuum saturation, the up-to-date results are [131] 3:

fT |LO = 113(20) MeV,

MT |LO = 2.0(1) GeV, MT |LO ≤ 2.7(4) GeV. (3.95)

In this paper, we shall improve these LO results by including NLO corrections and checking

the effect of the violation of vacuum saturation on the results.

2For recent reviews on the status of gluonia/glueballs, see e.g., [108] and references quoted therein.
3Tachyonic gluon mass contribution though important for recovering the universal scale of the gluonia

channels does not contribute in the unsubtracted sum rule analysis as it has no imaginary part [148]. We
have rescaled the normalization of the coupling by a factor

√
2.
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3.4.2 The QCD 2++ di-gluonium two-point function

We shall be concerned with the two-point function 4:

ψµνρσT (q2) ≡ i

∫
d4x eiqx⟨0|θµνG (x) (θρσG )† (0)|0⟩

=

(
P µνρσ ≡ ηµρηνσ + ηµσηνρ − 2

n− 1
ηµνηρσ

)
ψT (q

2), (3.96)

built from the gluon component of the energy-momentum tensor 5:

θµνG = αs

[
−Gµ,a

α Gνα
a +

1

4
gµνGa

αβG
αβ
a

]
. (3.97)

with:̇

ηµν ≡ gµν − qµqν/q2 : PµνρσP
µνρσ = 2(n2 − n− 2) , (3.98)

where: n = 4 + 2ϵ is the space-time dimension used for dimensional regularization and

renormalization. To LO and up to dimension D = 8 gluon condensates, the QCD expression

is [133]:

ψT |LO(q2 ≡ −Q2) = a2s

[
− Q4

20
log

Q2

ν2
+

5

3
π3αs⟨2O1 −O2⟩

]
, (3.99)

where as ≡ αs/π and :

O1 = (fabcGµαGνα)
2 , O2 = (fabcGµνGαβ)

2 . (3.100)

Using the vacuum saturation hypothesis (kg = 1), it reads [133]:

⟨2O1 −O2⟩ ≃ −kG
(

3

16

)
⟨G2⟩2. (3.101)

4For relations among different form factors, see e.g. [148].
5Notice the extra-factor αs compared to the current used in Ref. [131] and references quoted therein.
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We shall test the effect of this assumption by taking :

kG ̸= 1, (3.102)

for an eventual violation of the factorization assumption like the one found for the D = 6

four-quark condensates (see e.g. [48,115,116,149]) where this assumption is violated by about

a factor 5-6.

3.4.3 PT expression of the two-point function up to NLO

Figure 3.1: LO perturbative contribution to ψT (Q
2).

• Lowest Order (LO) contribution

It comes from the diagram in Fig. 3.1 and reads :

ψpertT |LO = −a2s
Q4

20
log

Q2

ν2
(3.103)

• Next-to-Leading (NLO) contribution

We use two approaches to perform the calculation :

⋄ Diagrammatic renormalization

This approach has been initiated in [72] for QCD sum-rule correlation functions. It

requires an isolation of the sub-divergences arising from the one-loop sub-diagram(s) of an

individual bare NLO diagram (see e.g., Ref. [68]) . Counter-term diagrams generated from

the sub-divergences are then calculated and subtracted from the bare diagram to obtain the

renormalized diagram. A self-consistency check of the method is the cancellation of non-local

divergences in each diagram.
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Table 3.1: NLO perturbative contribution to ψT (Q
2) in conventional and diagram-

matic renormalization methods. The quantities A and B are defined in Eq. (3.104).
Diagrams h) are only used in conventional renormalization but are not applicable (N/A)
in the diagrammatic method.
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We shall be concerned with the bare diagrams a–g listed in Table 3.1 and their corre-

sponding individual diagrammatically-renormalized contributions parametrized in Feynman

gauge as:

ψpertT |diagNLO(Q
2) = a3s

(
Q4

16

)
log

Q2

ν2

[
A log

Q2

ν2
+B

]
(3.104)

with : as ≡ αs/π. The sum of the contributions of the bare diagrammatically-renormalized

diagrams a–g in Table 3.1 leads to the renormalized NLO two-point function for nf flavours :

ψpertT |RNLO(Q2) = a3s

(
Q4

16

)
L

[
− 2

15
nfL+

(
4

3
+

202

225
nf

)]
, (3.105)

with : L = log Q2

ν2
. Note that diagram h from Table 3.1 is not used in the diagrammatic

renormalization method, but is crucial in the conventional renormalization approach for the

cancellation of the non-local (1/ϵ) log(Q2/ν2) as we shall see in the next section.

⋄ The conventional approach

Here, we calculate each QCD diagram using the standard Feynman approach (see e.g.

[48,73,115]). We consider the renormalization of the gluonic current using the renormalization

constant obtained in Ref. [128] for the current θµνg /αs :

Zψ = 1−
(nf
3

) as
2ϵ

(3.106)

for n = 4 + 2ϵ dimensions to which corresponds the anomalous dimension :

γψ ≡
(
γ1 =

nf
3

)
as + · · · . (3.107)

Taking into account the renormalization of αs:

Zαs = 1 + β(αs)
1

2ϵ
, (3.108)
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one can deduce the anomalous dimension of the current θµνg :

γθψ ≡
(
γθ1 = −11

2

)
as + · · · . (3.109)

The diagrams appearing in Table 3.1e) to g) are due to the non-abelian property of QCD

where:

G(a)
µν = ∂µA

(a)
ν − ∂νA

(a)
µ + gfabcA(b)

µ A
(c)
ν (3.110)

The diagram in Table 3.1h) is induced by the off-diagonal term which arises due to the mixing

of the q̄q and G2 currents. Following [128,150], such terms are necessary to cancel the non-

local (1/ϵ) log (Q2/ν2) divergent terms appearing in the calculations given in Table 3.1. It is

remarkable to notice that there is a systematic factor two difference for the coefficient A of

diagrams a) to g) from the two approaches. The sum of the individual diagrams in Table 3.1

gives for the current normalized in Eq. 3.97 :

ψRIT |NLO(Q2) =
a3s
600

Q4 log
Q2

ν2
nf

[
5

(
log

Q2

ν2
+

2

ϵ

)
− 9
]

(3.111)

⋄ NLO PT results

We have shown in the previous sections, that the diagrammatic and conventional ap-

proaches lead to the same result. The renormalized two-point function for nf flavours reads :

ψpertT |RNLO(Q2) ≡ ψpertT |LO + ψpertT |BNLO + ψRIT |NLO

= ψpertT |LO

[
1 + as

(
nf
6

log
Q2

ν2
− 101nf + 150

90

)]
, (3.112)

where ψpertT |LO can be deduced from Eq. (3.99). One can notice that for gluodynamics

(nf = 0), we recover the earlier result of [151].

3.4.4 Dimension-four gluon ⟨αsG
a
µνG

µν
a ⟩ condensate

One can notice from Eq. 3.99 that, unlike the case of scalar and pseudoscalar gluonia [133],

the contributions of the gluon condensates are only due to the D = 8 dimension.
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• LO contribution

From the diagram in Fig. 3.2, we have checked that to LO the leading log-term does not

contribute to the two-point function. The LO contribution comes from the constant term:

ψG
2

T |LO =
αs
6
⟨αsG2⟩, (3.113)

Figure 3.2: LO αsG
2 contribution to ψT (Q

2).

where we have used two different approaches (plane wave and conventional one using

the projection in Eq. 3.96). The non-zero value of this constant term raises the question of

the validity of the null result obtained in Ref. [152] based on instantons for dual/antidual

background fields. However, this term is harmless in the LSR analysis as it will disappear

when one takes the different derivatives of the two-point functions.

• NLO contribution

The leading-log. contribution at NLO, can be derived from the renormalization group

equation (RGE). Using the fact that the ⟨αsG2⟩ obeys the RGE [145] (see different applica-

tions in section 4.4 of [73]) 6 :

{
− ∂

∂t
+ β(as) as

∂

∂as
− 2γθψ

}
ψG

2

T = 0 (3.114)

where t ≡ (1/2)log(Q2/ν2) and γθψ is the anomalous dimension defined in Eq. 3.109. Writing

the αs expansion as :

ψG
2

T =
(
g0α

2
s + 2g1α

2
sas t+ g′1α

2
sas − 2γθψα

2
s + · · ·

)
⟨G2⟩, (3.115)

6We take into account the overall αs factor appearing in the definition of the energy-momentum tensor
current.
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and considering that ⟨αsG2⟩ is a constant, one deduces :

g1 = g0

(
β1
2

− γθ1

)
=

1

24

(
11 +

2nf
3

)
with : g0 =

1

6
. (3.116)

3.4.5 Dimension-six g⟨fabcGa
µνG

b
νρG

c
ρµ⟩ gluon condensate

• LO contribution

We calculate the coefficients of the ⟨gG3⟩ contribution using the conventional approach

and the projection in Eq. 3.98. We show the different contributions in Fig. 3.3 where the

total sum is zero (log . coefficient and constant term) in agreement with the result of [152].

Figure 3.3: LO g⟨G3⟩ contribution to ψT (Q
2)/α2

s.

• Check of the result

We recompute the G3 coefficient of the scalar gluonium two-point function using the same

method. We recover the result of Ref. [133] which is an indirect test of our result.
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3.4.6 Laplace Sum Rule (LSR) analysis

• QCD expression

Collecting the previous results, we obtain for nf = 3 flavours to order αs and up to

dimension-8 condensates:

ψ̃T (Q
2) ≡ ψT (Q

2)

α2
s

= − 1

20π2
Q4 log

Q2

ν2

[
1 + as

(
1

2
log

Q2

ν2
− 151

30

)]

+
13

24π
⟨αsG2⟩ log Q

2

ν2
− 5π

16

kGαs⟨G2⟩2

Q4
. (3.117)

We shall be concerned with the following inverse Laplace transform moments and their ratio

[82,89,153–155]:

Lc0,1(τ, µ) =

∫ tc

t>

dt t(0,1)e−tτ
1

π
Im ψ̃T (t, ν) ,

Rc
10(τ) ≡ Lc1

Lc0
=

∫ tc
t>
dt e−tτ t Im ψ̃T (t, ν)∫ tc

t>
dt e−tτ Im ψ̃T (t, ν)

, (3.118)

To get the lowest moment Lc0, we take the 3rd derivative of the two-point function which

is superconvergent while for the Lc1 moment, we take the 4th derivative of Q2ψ̃T (Q
2). The

NLO QCD expressions of the moments for nf = 3 flavours are :

Lc0 =
τ−3

10π2

{[
1−as

(
53

15
+ γE

)]
ρc2−

65π

12
⟨αsG2⟩τ 2ρc0−

π2

as

(
25

8

)
kG⟨αsG2⟩2τ 4

}
, (3.119)

and

Lc1 =
3τ−4

10π2

{[
1−as

(
16

5
+ γE

)]
ρc3−

65π

36
⟨αsG2⟩τ 2ρc1+

π2

as

(
25

24

)
kG⟨αsG2⟩2τ 4

}
, (3.120)

from which one can deduce the ratio Rc
10(τ). γE = 0.5772... is the Euler constant and:

ρcn = 1− e−tcτ
(
1 + (tcτ) + · · ·+ (tcτ)

n

n!

)
. (3.121)
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• Strategies

⋄ Parametrization of the spectral function

To a first approximation, we have parametrized the spectral function using the minimal

duality ansatz (MDA):

1

π
Im ψ̃(t) = f 2

TM
4
T δ(t−M2

T ) + θ (t−tc) “QCD continuum”, (3.122)

where we assume that the QCD expression of the spectral function above the continuum

threshold tc smears all radial excitation contributions. fT is normalized as fπ = 132 MeV.

In the MDA parametrization:

Rc
10 ≃M2

T . (3.123)

⋄ Optimization procedure

One can notice that there are three free parameters in the analysis, namely the LSR

variable τ , the continuum threshold tc and the perturbative subtraction constant ν. The later

quantity is eliminated when one works with different derivatives of the two-point function for

taking its inverse Laplace transform and working with the running QCD parameters. The

optimal results will be extracted at the minimum or inflexion points in τ while we shall fix the

range of tc in a conservative region from the beginning of τ -stability until the (approximate)

tc-stability.

⋄ QCD input parameters

We shall work with the QCD input parameters [116,149]:

Λ = 340(28)MeV, ⟨αsG2⟩ = (6.49± 0.35)10−2 GeV4, (3.124)

and use the parametrization of the D = 8 gluon condensates given in Eq. 3.101.

• Di-gluonium mass and coupling at Lowest Order (LO)

In this section, we redo the analysis in Ref. [131] using the expression in Eq. 3.99 that

one shall explicitly compare with the one including the new NLO terms.

⋄ We show the determination of MT from Rc
10 in Fig. 3.4, where the vacuum saturation
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Figure 3.4: Behaviour of the 2++ tensor di-gluonium mass from the ratio of moments
Rc

10 versus τ for different values of tc at LO.

estimate of the D = 8 gluon condensates is assumed. We show the tc-behaviour of the

optimal values on τ in Fig. 3.5. The final optimal results are obtained for the set (τ, tc) from

(0.18,4.5) to (0.68,12) (GeV−2, GeV2) and are respectively 1857 and 2324 MeV. They lead

to the mean :

MT = 2091(234)tc(24)G2MeV −→◦ tc ≃
(
6.5+5.5

−2.0

)
GeV2. (3.125)

⋄ We show the analysis of the coupling fT from the moment Lc0 in Fig. 3.6.

– One obtains:

fT = 156(9)tc(0.4)G2(22)MT
MeV −→◦ tc ≃

(
7.0+5.0

−0.5

)
GeV2. (3.126)

These results agree within the errors with the ones in Eq. 3.95 obtained at slightly low

value of tc ≃ 5.5 GeV2. The large error obtained here is due to the most conservative choice

of the tc-range.
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Figure 3.5: tc-behaviour of the 2++ tensor di-gluonium LO mass at the τ minimum.

– We obtain the upper bounds:

MT ≤ 2347 MeV, fT ≤ 174 MeV. (3.127)

The bound on the mass is comparable with the one in Eq. 3.95.

• The 2++ ground state di-gluonium mass at NLO

⋄ Factorization of the D = 8 gluon condensates (kG = 1)

The behaviour of the mass is shown in Fig 3.7 where we have assumed the factorization

of the dimension 8 gluon condensates. The stabilities in τ are reached for the set (τ, tc) =

(0.12, 9.5) to (0.36,20) (GeV−2,GeV2) to which correspond the mass values 2746 and 3309

MeV.

– We deduce the mean value:

⟨MT ⟩ =3028(281)tc(1)τ (34)Λ(47)G2(243)PT (207)PTG2 (0)OPEMeV

=3028(429)MeV −→◦ tc ≃
(
12.6+7.4

−3.1

)
GeV2. (3.128)

We have added some systematic errors: the last 5th and 6th errors come from an estimate

of the higher order (HO) αs corrections to the PT and ⟨αsG2⟩ contributions where the αns

coefficients are assumed to increase geometrically [153]. The last 7th error comes from the

high-dimension condensates estimated to be about (Λ2τ) times the ⟨G4⟩ contributions.
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Figure 3.6: Behaviour of the 2++ tensor di-gluonium coupling from the moment
Lc0 versus τ for different values of tc at LO assuming a factorization of the D = 8
condensates (kG = 1).

– From Fig. 3.7, one can also deduce the optimal upper bound from the positivity of the

ratio of moments. We obtain:

MT ≤ 3376(26)Λ(42)G2(240)PT (286)PTG2

≤ 3376(377)MeV
(3.129)

⋄ Comparison with the LO results within factorization

We notice that the PT NLO corrections increase the central value of the mass by 561

MeV from its LO value while the ⟨αsG2⟩ ones provide an additional increase of 376 MeV.

⋄ Comparison with some other LSR results

– In Ref. [156], the result:

MT = 1.86+014
−0.17 GeV (3.130)

has been obtained to LO PT but including the NLO ⟨αsG2⟩ term and the LO constant term

of the ⟨gG3⟩ condensates. Unfortunately, our results summarized in Eq. 3.117 do not agree

with the coefficients of these condensates. The difference of these coefficients may come from
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Figure 3.7: Behaviour of the 2++ tensor di-gluonium mass from the ratio of moments
Rc

10 versus τ for different values of tc at NLO assuming a factorization of the D = 8
condensates (kG = 1).

the different current used by Ref. [156].

– Result within instanton liquid model is about 1525 MeV [157] which is lower than the

above result.

⋄ Effect of the D = 8 condensates

Now, we study the effect of the estimate of the D = 8 gluon condensates on the mass

determination assuming that the factorization can be violated like in the case of the four-

quark condensate. The analysis is similar to the one in Fig. 3.7. We show the optimal results

in Fig. 3.8 versus tc for different values of the violation factor kG.

One can notice that the value of the mass is a smooth increasing function of kG. From

the vacuum saturation estimate (kG = 1) to 5 (if one takes the same value as the violation of

the four-quark condensate), the value of the mass moves from 3028(287) MeV to 3347(295)

MeV thus an increase of about 319 MeV.

⋄ Final estimate of the mass at NLO

For definiteness, we shall work with the conservative range :

kG = (3± 2). (3.131)
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– Then, we deduce the final estimate :

⟨MT ⟩ =3188(291)tc(34)Λ(47)G2(159)kG(157)PT (162)PTG(2)OPEMeV

=3188(405)MeV, (3.132)

which corresponds to tc ≈
(
14.1+7.9

−3.1

)
GeV2.

– The related absolute upper bound is:

MT ≤ 3580(17)Λ(45)G2(168)kG(210)PT (198)PTG2 (8)OPEMeV

≤ 3580(338)MeV.
(3.133)

Our result for the ground state mass is in line with the ones from some other approaches [12]

and ADS/QCD [158] where its mass is expected to be above 2 GeV. It is slightly higher than

recent lattice calculations in the range (2.27 ∼ 2.67)GeV [130,159,160].

• The 2++ ground state di-gluonium coupling at NLO

We introduce the renormalization group invariant (RGI) coupling f̂T which is related to
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the running coupling fT (ν) associated to the two-point correlator ψ̃T as:

fT (ν) =
f̂T(

log ν
Λ

) γ1
−2β1

: γ1 =
nf
3
. (3.134)

We shall extract the coupling from the lowest moment Lc0.

⋄ Factorization of the D = 8 gluon condensates (kG = 1)

– The NLO analysis is shown in Fig 3.9 . One can notice that, in the presence of the NLO

terms (PT and ⟨αsG2⟩), the curves present more pronounced minimum and inflexion points.

The curves present a minimum 201 and 246 MeV for the set (τ, tc) equals to (0.2,11) and

(0.3,22) (GeV−2,GeV2). One obtains to NLO:

f̂T

∣∣∣
NLO

=167(25)tc(1)τ (1.5)Λ(1)G2(25)MT
(16)PT (11)PTG2 (0)OPEMeV

=167(40)MeV −→◦ tc ≃
(
14+8

−3

)
GeV2

(3.135)

and the optimal upper bound at the minimum τ ≃ 0.3 GeV−2:

f̂T

∣∣∣
NLO

≤ 186(1)Λ(2)G2(32)MT
(2)PT (11)PTG2 (0)OPEMeV

≤ 186(34)MeV

(3.136)

where we have used the mass value in Eq. (3.128).

– Comparing with the LO result, one can notice that the change of the mass from 2091

to 3028 MeV has increased the coupling by a huge amount of about 58 MeV while fixing the

mass at its LO value, the NLO corrections have only increased the coupling by 13 MeV.

⋄ Beyond the factorization of the D = 8 gluon condensates

We extract the value of the coupling corresponding to the kG-factor in Eq. 3.131. The

curves are shown in Fig. 3.10. One obtains for the set of (τ, tc) : (0.12, 12) and (0.30, 22) in

(GeV−2, GeV2) the values 156.6 and 173.6 MeV which give:

f̂T =164(8)tc(3)Λ(1.3)G2(3)kG(20)MT
(16)PT (5)PTG2 (0)OPEMeV

=164(28)MeV −→◦ tc ≃
(
12.5+9.5

−0.5

)
GeV2

(3.137)
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Figure 3.9: Behaviour of the 2++ tensor di-gluonium RGI coupling from the moment
Lc0 versus τ for different values of tc at NLO within factorization.

and the optimal upper bound at the inflexion point τ ≃ 0.3GeV−2:

f̂T

∣∣∣
NLO

≤ 203(5)Λ(2)G2(5)kG(28)MT
(19)PT (11)PTG2 (0)OPEMeV

≤ 203(36)MeV.

(3.138)

We notice that,like the mass, the value of the coupling is weakly affected by the value of

the D = 8 gluon condensates.

3.4.7 Summary and conclusions

⋄ We have computed the perturbative and ⟨αsG2⟩ NLO corrections to the 2++ tensor di-

gluonium two-point correlator and use the method of Laplace transform sum rules (LSR) to

revisite the estimate of the mass and coupling of the lowest ground state.

⋄ We find that the LO ⟨αsG2⟩ coefficient has no imaginary part like found by NSVZ [133]

but the constant term is not zero in contrast to NSVZ who have used dual/anti-dual field

arguments. Thus, the use of the RGE allows to fix its log(Q2/ν2) NLO coefficient from this

LO constant term.
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Figure 3.10: Behaviour of the 2++ tensor di-gluonium RGI coupling from the moment
Lc0 versus τ for different values of tc at NLO without factorization.

⋄ We note that our LO coefficient of ⟨g3G3⟩ disagrees with the one of Ref. [156] but

agrees with the one of NSVZ. This disagreement may be related to the choice of current. As

an indirect check of our result, we recalculate the ⟨g3G3⟩ coefficient in the scalar gluonium

channel and recover the one of NSVZ.

⋄ Assuming vacuum saturation for the estimate of the D = 8 gluon condensates, we

found the lowest ground state mass MT = 3028(429) MeV (Eq. (3.128)) and RGI coupling

f̂T = 167(40) MeV (Eq. (3.135)). We also obtain the absolute upper bounds related to the

positivity of the spectral function: MT ≤ 3376(377) MeV (Eq. (3.129)) and f̂T ≤ 186(34)

MeV (Eq. (3.136)).

⋄ We study the effect of the estimate of the D = 8 gluon condensates. We find MT =

3188(405) MeV (Eq. (3.132)) and f̂T = 164(28) MeV (Eq. (3.137)) for the violation factor

kG = (3 ± 2). We also deduce the upper bounds: MT ≤ 3580(338) MeV (Eq. (3.133)) and

f̂T ≤ 203(36) MeV (Eq. (3.138)).

⋄ Our result is in line with the ones from some other approaches [12] and ADS/QCD [158]

where its mass is expected to be above 2 GeV. However, the central value of our mass is

slightly higher than lattice calculations in the range (2.27 ∼ 2.67) GeV [130,159,160].
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⋄ Our result does not favour the interpretation of the observed f2(2010, 2300, 2340) states

as pure gluonia/glueball candidates (see e.g. [161]). Moreover, we do not expect that an

eventual meson-gluonium mixing will affect our result as this mixing is expected to be small

(θ ≃ −100) [128].
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3.5 Next Step

This research advances the theoretical understanding of the 2++ tensor di-gluonium by ap-

plying QCDSR methodology at NLO, offering improved predictions that can aid future ex-

perimental searches for theoretical gluonia. The inclusion of NLO corrections from both

the perturbative contributions (3.112) and the condensate contributions (3.115) and (3.116)

provides substantial refinements over the LO results, showing the importance of precision

calculation performed in this research. Moreover, a promising new direction has emerged

in the investigation of the negative-parity tensor di-gluonium (JPC = 2−+), while a parallel

research project on QCDSR calculation and analysis of scalar tri-gluonium (JPC = 0++) is

also underway. These efforts collectively contribute to the pursuit of precision calculations

and the potential discovery of new physics.
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4 Muon Anomalous Magnetic Moment aHVP,LOµ

As one of the important current topics in the field of particle physics, the muon g − 2

experiment provides updating high-precision measurements that can potentially lead to the

discovery of new physics within and/or beyond the SM. In Chapter 3, we advanced the QCD

prediction of the 2++ tensor gluonium and attempted to match the theoretically evaluated

properties to potential particle candidates from the Particle Data Group [7].

For muon anomalous magnetic moment (aµ ≡ (g− 2)/2), the experimental measurement

from Fermilab [15] disagrees with theory [17] to the “new physics” threshold of 5.0σ, inviting

us to investigate a resolution for the tension. One can find an overview of the current

landscape for the aµ search in Sec. 4.1, as well as a more detailed motivation for our research

in Sec. 4.2. Details in the flavour transitions for the running QCD parameters and RG

analysis are detailed in Sec. 4.4 and 4.5, respectively. The manuscript presented in Sec. 4.3

of this chapter is published as Ref [21]:

QCD bounds on leading-order hadronic vacuum polarization contributions to

the muon anomalous magnetic moment

Siyuan Li, T.G. Steele, J. Ho, R. Raza, K. Williams, R.T. Kleiv

Phys. Rev. D 110 (2024) 1, 014046, doi:10.1103/PhysRevD.110.014046

My role in this work includes Hölder inequalities derivation for F−2(s0) lower bound, higher-

loop perturbative corrections calculation, acquiring QCD inputs, performing numerical cal-

culations for the FESR, conducting running parameters analysis, and analysing RG effects or

condensate contributions. Additionally, I cross-checked the methodology used to determine

the upper bound of the QCD contribution to aµ. I also contributed to the writing and editing

of the manuscript.

In the 27th High-energy Physics International Conference in Quantum Chromodynamics

(QCD24), I presented the above work and led in the writing and editing of the conference
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proceeding, which is peer-reviewed and published in Ref. [22]:

Bounds on aHVP,LO
µ using Hölder’s inequalities and finite-energy QCD sum rules

Siyuan Li, T.G. Steele, J. Ho, R. Raza, K. Williams, R.T. Kleiv

Nucl. Part. Phys. Proc. 347 (2024), 6-11,

doi:10.1016/j.nuclphysbps.2024.09.002

4.1 What is Muon Anomalous Magnetic Moment?

Muon is one of the fundamental particles in the SM. It has the same electric charge and

quantum spin (1/2) as the electron. Due to its charge and quantum spin, the muon has a

magnetic moment:

µ⃗ = g
e

2mµ

S⃗, (4.1)

where g is called the g-factor, e is the elementary electric charge, mµ represents the muon

mass, and S⃗ is the muon spin-1/2 operator. The muon’s magnetic moment is often rep-

resented by its g-factor, or gyromagnetic ratio, denoted as g. In the non-relativistic limit

for a spin-1/2 particle in an electromagnetic field, the Dirac equation reduces to the Pauli

equation [162] (also see Ref. [163]):

i
dψ

dt
=

[
1

2m

(
−i∇− eA⃗

)2
+ eϕ− e

2m
σ⃗ · B⃗

]
ψ, (4.2)

where m is particle mass, ψ is the particle’s spinor wavefunction, A⃗ and ϕ represent the

vector and Coulomb potentials, respectively, B⃗ = ∇× A⃗ is the magnetic field and σ⃗ = Ŝ is

the Pauli spin vector (with Pauli spin matrices σi, i = 1, 2, 3) representing the spin. The spin

field interaction term thus relates to the magnetic moment as follows:

− e

2m
σ⃗ · B⃗ = −µ⃗ · B⃗ (4.3)

⇒ µ⃗ =
e

2m
Ŝ. (4.4)
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Comparing Eqs. (4.1) and (4.4), we see that the Dirac equation predicts g = 2 for spin-1/2

particles including muon. The classical prediction of the g-factor accounts for the kinetic term

of the free particle as well as its interactions with the applied field. However, as a charged

particle, muon tends to self-interact in vacuum and results in the production of virtual

particles that only exist for a short time. Those virtual particles can range in mass, such

as massless photons, light electrons, or heavier W, Z and Higgs bosons. When we observe a

muon, we see it surrounded by a cluster of virtual particles, constantly being created around

it. The measured g-factor deviates away from the predicted value of 2 by a fraction and that

difference is called the muon anomalous magnetic moment, also called muon g − 2 or aµ:

aµ = (g − 2)µ/2. (4.5)

aµ can also be interpreted as the quantum loop effects.

The vacuum environment where a muon is producing the virtual particles, which includes

all known and undiscovered particles, serves as an ideal environment for physicists to study

particle processes and explore uncharted regions in particle physics.

Muon g− 2 can be accurately measured and tremendous effort has been invested into its

experimental measurement. From the first experiment with the Synchrocyclotron at CERN in

1961 (e.g., Refs. [164,165]) to the Brookhaven National Laboratory Muon E821 experiment,

which ran until 2001 (e.g., Ref. [166]), and to the ongoing Fermilab collaboration preparing

to release their final result in the near future [15, 16], muon g − 2 measurement has come a

long way and is providing promising insights for SM as well as BSM studies.

Among the potential spin-1/2 candidates with the same magnetic anomaly mechanism,

the muon is much heavier than the electron (approximately 207 times), which is more prone

to electromagnetic interactions [167], making the muon much more sensitive to heavier par-

ticles from BSM. Muon also has a lifetime long enough to be observed before decaying into

electrons/positrons (107 times longer than τ). All of these properties make it a suitable target

for the g − 2 experiment.

To make muon g−2 an even better observable for particle physics studies, aµ in Eq. (4.5)

can be directly measured. The following measuring mechanism for muon g − 2 is based on
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Fermilab’s Muon g − 2 collaboration (e.g., see Refs. [16, 168]). Beginning with directing

accelerated protons into a fixed target to produce pions, these pions then quickly decay into

muons and neutrinos via the weak interaction. The muon beam is then directed into a

storage ring, where it encounters a strong, uniform magnetic field B⃗. The moving particles

is therefore moving in a circle at the cyclotron frequency:

ωc =
2B

mµ

. (4.6)

As a muon is injected into an external magnetic field B⃗, a torque will be exerted on the

muon spin by the magnetic field (µ⃗ × B⃗) causing the spin axis to rotate, or precess, about

the magnetic field at a muon spin precession frequency:

ωs =
µ

S
B = g

eB

2mµ

= (1 + aµ)
eB

2mµ

, (4.7)

where the g-factor stands for the gyration rate of the muon when placed in a magnetic field.

The rate of spin precession relative to momentum precession is thus

ωa = ωs − ωc = aµ
e

mµ

B, (4.8)

called the muon anomalous precession frequency which can be directly measured. The sim-

plified model described above omitted the weakly focusing quadrupole electric field E⃗ and

the relativistic effect. ωa can be more completely represented as [16] (or see the relativistic

equation of motion for spin in uniform external fields from Ref. [169]):

ω⃗a = −aµ
e

mµ

B⃗ +
e

mµ

[(
aµ −

1

γ2µ − 1

)
β⃗ × E⃗

c
+ aµ

(
γµ

γµ + 1

)(
β⃗ · B⃗

)
β⃗

]
, (4.9)

where β⃗ is the muon velocity relative to the speed of light and γµ stands for muon’s Lorentz

factor. The second term can be eliminated by adopting a “magic momentum” of p0 ≃

3.094GeV for the muon, deriving from γµ =
√

1 + 1/aµ. The third term is zero if there is

no vertical betatron motion, leading back to Eq. (4.8).

The properties of muon particles allow the determination of the spin direction. In the
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muon storage ring, muons will decay through the following weak interactions almost exclu-

sively [7]:

µ+ → e+ + νe + ν̄µ, µ− → e− + ν̄e + νµ, (4.10)

with positive/negative muons µ±, electron neutrinos νe and muon neutrinos νµ with their

antiparticles. The decay product e+ with maximum allowed kinetic energy will travel in the

direction aligned with the muon spin when it decayed (e− will travel in the opposite directions)

due to helicity alignment constraints imposed by the weak interaction [170]. And those

e+/− can be detected by calorimeters located on the inner radius of the storage ring [171].

The number of weighed positrons detected with respect to time elapsed fits a sinusoidal

wave function with decaying amplitude and vertical shift [15]. The angular frequency of the

sinusoidal wave fit is our anomalous precession frequency ωa in Eq. (4.8). The most recent

experimental world average for muon anomalous magnetic moment is [7]:

aexpµ = 116592061(41)× 10−11. (4.11)

4.2 Motivation for aQCD
µ

According to SM, aµ has three types of contribution:

aSMµ = aQED
µ + aEWµ + aHad

µ (4.12)

where

� The electromagnetic contributions from photon and lepton loops (see Fig. 4.1a) have

been calculated to 10th order correction in perturbative QED expansion aQED
µ ≃

116584719(0.1)× 10−11 [7, 17].

� The electroweak contributions are fromW±, Z and Higgs loops collectively (see Fig. 4.1c).

The numerical evaluation finds negligible results at 3-loop order, giving aEWµ = 153.6(1.0)×

10−11 [7, 17, 172, 173]. Among the three parts of Eq. (4.11), electroweak loop contri-

107



µ µ

γ

γ

(a) aQED
µ

µ µHVP

γ

γγ

(b) ahadµ

µ µ

γ

Z
µ µ

γ

H
µ µ

γ

W W

ν

(c) aEWµ

Figure 4.1: LO contributions to QED, hadronic vacuum polarization and electroweak
Feynman diagrams for aSMµ .

butions are the smallest and order of magnitudes smaller than QED and hadronic

contributions.

� The hadronic loops are mainly from hadronic vacuum polarization (HVP) aHVP
µ which

is the largest contribution to ahadµ (see LO HVP Feynman diagram in Fig. 4.1b). It

is also the main source of theoretical uncertainty for aµ in general. This comes from

when the photon in the vacuum around the muon briefly transforms into qq̄ pairs and

then back into a photon before disappearing. During the described process, the virtual

hadrons produced may interact with muon differently compared to the original photon,

leading to a shift in aµ. Besides HVP, there is also the hadronic light-by-light [17] (also

see e.g., Refs. [7, 174]) contribution which is smaller than aHVP
µ .

The difficulties in calculating aHVP
µ lie in the non-perturbative QCD effects at low en-

ergies where quarks are bound into hadrons. For the LO HVP contribution (aHVP,LO
µ ), one

may use the dispersion integral from the data-driven dispersive method [17, 107, 175]. The

dispersion relation relates the real part of the polarization function, which contributes to
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aµ, to the experimentally accessible imaginary part. By experimental measurements of the

e+e− → hadrons cross section, one can calculate aHVP
µ by integrating the spectral function

over energy. The lattice QCD (LQCD) community is also actively contributing to muon

g − 2 prediction, though the methodology is still developing in precision for aµ. However,

the predictions for aHVP,LO
µ using different dispersive methods disagree with the recent, more

precise experimental measurement from Fermilab [15,16], showing discrepancies of 5.0σ [17]

and 0.9σ [18]. These predictions also do not align with LQCD results within their respective

error ranges [19,20].

The theoretical discrepancy in aHVP,LO
µ among different methods motivates us to look

for fundamental bounds with QCDSR methodology. Here we provided our upper and lower

bounds for aHVP,LO
µ by using Hölder inequalities and FESR. We relate the dispersion integral

for aHVP,LO
µ [17, 107, 175] to the structure of FESR [124, 126, 176, 177], specifically a newly-

developed lower and upper bounds of theoretical FESR quantity F−2(s0) with parameter s0

in the unit of energy-squared allowing us to adjust our theoretical prediction. We can then

extend Hölder inequalities to FESR. Hence, providing bounds for aHVP,LO
µ . Our calculation

and analysis focus on the light-quark vector current correlation function (see Fig. 4.2 for the

one-loop order Feynman diagram), including both perturbative and non-perturbative (con-

densates) contributions calculated with QCD sum rules. The upper and lower bounds values

bridge the results from LQCD and data-driven approaches [17]. It is crucial to understand

that our choices of s0 in the final results represent the energy scale value that provides the

most restrictive lower and upper bounds. It is not a cut-off for QCD contribution nor a

duality threshold. That said, the convergence property for chosen s0’s (in Table. 4.3) as we

went higher order (up to five-loop) in perturbative contributions was also ensured during

the analysis [21]. For the FESR with weight k = 0, 1, 2 (see Eqs. (4.53),(4.54),(4.55)), the

perturbative contributions are calculated to an unprecedented high order of corrections to

five loops, as shown in Fig. 4.3. The non-perturbative contribution terms are also compared

and, as expected, are much smaller than the perturbative ones.

The following section presents the published manuscript in Phys. Rev. D 110 (2024) 1,

014046 (see also Ref. [21]).
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γ

µ µ
γ γ

Figure 4.2: aHVP,LO
µ Feynman diagram representing one-loop contribution.

Figure 4.3: The perturbative contributions from LO (one loop) to five loops, relative
to the LO value, for F1(s0), F2(s0), and F3(s0) at the non-strange energy scale value
s0 = 1.09GeV2 (see Table 4.3), show convergence at higher-loop orders and highlight
the importance of higher-order corrections in QCDSR precision calculations.

4.3 Manuscript: QCD bounds on leading-order hadronic

vacuum polarization contributions to the muon anoma-

lous magnetic moment

Abstract: QCD bounds on the leading-order (LO) hadronic vacuum po-
larization (HVP) contribution to the anomalous magnetic moment of the muon
(aHVP,LO
µ , aµ = (g − 2)µ /2) are determined by imposing Hölder inequalities and

related inequality constraints on systems of Finite-Energy QCD sum-rules. This
novel methodology is complementary to lattice QCD and data-driven approaches
to determining aHVP,LO

µ . For the light-quark (u, d, s) contributions up to five-loop
order in perturbation theory in the chiral limit, LO in light-quark mass correc-
tions, next-to-leading order in dimension-four QCD condensates, and to LO in
dimension-six QCD condensates, we find that (657.0± 34.8)×10−10 ≤ aHVP,LO

µ ≤
(788.4± 41.8)× 10−10 , bridging the range between lattice QCD and data-driven
values.
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4.3.1 Introduction

In the summer of 2023, the Muon g − 2 experiment at Fermilab announced an updated

result to the measurement of aµ ≡ (g − 2)µ/2, increasing the precision of their previous

measurement by a factor of two [15] (see also e.g., Ref. [16]). This updated experimental result

reinforces the tension between experimental measurements and predictions from the Standard

Model using data-driven and dispersive methods, pushing the disagreement between this new

experimental observation and the prediction from theory [17] up to 5.0σ [15]. In addition

to this new experimental evidence, recent precision measurements of the pion form factor

by CMD-3 have been used to calculate the lowest-order hadronic contributions to aµ [18],

and found agreement with [15] to within 0.9σ. Furthermore, a recent calculation by the

Budapest–Marseille–Wuppertal (BMW) collaboration using lattice QCD (LQCD) reached

sub-percent levels of precision competitive with data-driven and dispersive methods [19].

This high-precision LQCD calculation of aµ is in significantly better agreement with current

experimental measurements. While efforts are ongoing by the LQCD community to produce

new calculations of sub-percent precision [20], the results of the BMW collaboration produced

a new tension between theoretical methods.

Currently, contributions to aµ from the hadronic vacuum polarization (HVP) dominate

the uncertainties in the Standard Model calculation. In the data-driven approach, the

leading-order (LO) dispersion integral for the contributions to aµ from HVP (i.e., aHVP,LO
µ )

is given by [17,107,175]

aHVP,LO
µ =

1

4π3

∫ ∞

4m2
π

σH(t)K(t) dt (4.13)

where σH is the e+e− to hadrons cross section and K(t), the kernel function, is given by

K(t) =

∫ 1

0

dx
x2(1− x)

x2 + (1− x)t/m2
µ

, (4.14)

where mµ is the muon mass. Using the hadronic R-ratio

R(t) =
σH (t)

σ (e+e− → µ+µ−)
, (4.15)
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with

σ
(
e+e− → µ+µ−) = 4πα2

3t2
(
t+ 2m2

µ

)√
1−

4m2
µ

t
=

4πα2

3t
+O

(
1

t3

)
, (4.16)

where α is the fine-structure constant, Eq. (4.13) can be expressed as

aHVP,LO
µ =

α2

3π2

∫ ∞

4m2
π

1

t
R(t)K(t) dt , (4.17)

where the approximation associated with (4.16) is negligible. Since the hadronic R-ratio

can be expressed in terms of the hadronic vacuum polarization spectral function R(t) =

12πImΠH(t) [106, 107], a QCD expression for Eq. (4.13) can be written in terms of the

hadronic spectral function ImΠH(t),

aQCD
µ =

4α2

π

∫ ∞

4m2
π

1

t
ImΠH(t)K(t) dt . (4.18)

We can relate (4.17) and (4.18) to QCD sum-rule methods by approximating Eq. (4.14) as

K(t) ≈
m2
µ

3t
= Kapprox(t) (4.19)

to obtain

aQCD
µ ≈

4m2
µα

2

3π

∫ ∞

4m2
π

1

t2
ImΠH (t) dt , (4.20)

where the effects of the approximation associated with (4.19) will be discussed below. The

challenges of a QCD determination of aHVP,LO
µ arise from the 1/t2 behaviour in (4.20) that

emphasizes the low-energy region.

QCD sum-rules [82, 83] (see e.g., [48, 88, 141, 178] for reviews) implement quark-hadron

duality by relating a QCD prediction to an integrated hadronic spectral function, and hence

(4.20) suggests the possibility of using QCD sum-rules for determining aHVP,LO
µ . In particular,

the structure of (4.20) is such that it can be written in terms of a FESR defined by [124,126,
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176,177]

Fk (s0) =

∫ s0

t0

1

π
ImΠH (t) tk dt , (4.21)

where k is an integer that indicates the weight of the sum-rule and t0 is a physical threshold.

In (4.21), the left-hand side is obtained from a QCD prediction, and hence the FESRs relate

a QCD prediction to an integrated hadronic spectral function. Writing (4.20) in terms of

(4.21) gives

aQCD
µ ≈

4m2
µα

2

3
F−2 (∞) ≥

4m2
µα

2

3
F−2 (s0) . (4.22)

In the last step of Eq. (4.22), positivity of the hadronic spectral function has been used to

obtain a lower bound. As outlined below, the presence of the parameter s0 allows optimization

of our theoretical prediction. Unfortunately, determining a field-theoretical expression for

F−2 (s0) requires knowledge of low-energy constants, and hence a direct theoretical prediction

is not possible. Various QCD sum-rule approaches have been used to circumvent this issue

(see e.g., Refs. [106, 107, 179, 180]). In this paper we examine the fundamental properties

of the field theoretical result (4.22) through the application of the Hölder, Cauchy-Schwarz,

and related inequalities to obtain QCD lower and upper bounds on the LO hadronic vacuum

polarization contribution to the anomalous magnetic moment of the muon aHVP,LO
µ .

In Section 4.3.2 the fundamental inequalities for lower and upper bounds are developed.

Section 4.3.3 provides the necessary QCD expressions and input parameters for light-quark

(u, d, s) contributions up to five-loop order in perturbation theory in the chiral limit, LO

in light-quark mass corrections, next-to-leading order (NLO) in dimension-four QCD con-

densates, and to LO in dimension-six QCD condensates. Analysis methodology and results

for aHVP,LO
µ are presented in Section 4.3.4, and the Appendix updates the Laplace sum-rule

bounds on aHVP,LO
µ in Ref. [107] with current determinations of the necessary QCD input

parameters, five-loop perturbative corrections, and NLO dimension-four condensate contri-

butions.
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4.3.2 QCD Finite-Energy Sum Rule Bounds on aHVP,LO
µ

4.3.2.1 Lower Bounds

Hölder inequalities have previously been developed for QCD Laplace [114] and Gaussian sum-

rules [181], and their application can be used to constrain the region of sum-rule parameter

space in the study of hadronic systems (see e.g., Refs. [114, 181–185]). Extending this

Hölder inequality methodology to FESRs allows us to establish fundamental bounds on the

theoretically-undetermined FESR F−2 (s0), leading to a constraint on aQCD
µ via (4.22).

The Hölder inequality is expressed generally as [186,187]

∣∣∣∣∫ t2

t1

f (t) g (t) dµ

∣∣∣∣ ≤ (∫ t2

t1

|f (t)|pdµ
) 1

p
(∫ t2

t1

|g (t)|qdµ
) 1

q

,
1

p
+

1

q
= 1 . (4.23)

With careful choice of functions f(t), g(t), and using positivity of ImΠH (t) to define the

measure dµ = 1
π
ImΠH (t) dt our Hölder inequality becomes

∣∣∣∣∫ s0

t0

tα+β
1

π
ImΠH (t) dt

∣∣∣∣ ≤(∫ s0

t0

|tα|p 1
π
ImΠH (t) dt

) 1
p
(∫ s0

t0

∣∣tβ∣∣q 1
π
ImΠH (t) dt

) 1
q

.

(4.24)

Because the QCD quantity Fk (s0) in Eq. (4.21) must inherit the properties associated with

the hadronic spectral function, Eq. (4.24) can be expressed in terms of the FESRs

Fα+β (s0) ≤ [Fαp (s0)]
1
p [Fβ q (s0)]

1
q → Fα+β (s0) ≤ [Fαp (s0)]

1
p

[
F β p

p−1
(s0)

] p−1
p
. (4.25)

Eq. (4.25) results in a family of inequalities which can be used to place a lower bound on

F−2 (s0). These are restricted due to the conditions from the Hölder inequality [Eq. (4.23)], as

well due to the requirement from FESRs Fk (s0) that the weight k be an integer. By restricting

our attention to inequalities that give a lower bound on F−2 (s0) through a combination of
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positive-weight FESR expressions, we derive the following inequalities:

F−2 ≥
F 2
0

F2

, (4.26)

F−2 ≥
F 3
0

F 2
1

, (4.27)

F−2 ≥
F 4
1

F 3
2

, (4.28)

where we have suppressed the s0 dependence in each FESR. These inequalities place a lower

bound on F−2 (s0) through a combination of FESRs that have weights low enough (0 ≤ k ≤ 2)

to avoid dependence on unknown higher dimension QCD condensates as outlined below.

Having determined the lower bounds (4.26)–(4.28), we next determine which is the

strongest restriction on F−2. Starting from Eq. (4.25), we apply the substitutions α = k+1
2

and β = k−1
2
, and consider the Cauchy-Schwarz inequality (i.e., the Hölder inequality in

Eq. (4.25) with p = q = 2). This gives

Fk ≤ F
1/2
k+1F

1/2
k−1 → F 2

k ≤ Fk+1Fk−1 . (4.29)

Rearranging this gives us a relationship between ratios of FESRs,

Fk
Fk+1

≤ Fk−1

Fk
. (4.30)

Applying this to our constraints (4.26)-(4.28), we find the following hierarchy,

F−2 ≥
F 3
0

F 2
1

≥ F 2
0

F2

≥ F 4
1

F 3
2

. (4.31)

The most restrictive lower bound on F−2 (s0) is therefore provided by

F−2 ≥
F 3
0

F 2
1

. (4.32)
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From this, taking Eqs. (4.22) and (4.32), we can relate this inequality to a bound on aQCD
µ ,

aQCD
µ ≥

4m2
µα

2

3

F 3
0 (s0)

F 2
1 (s0)

. (4.33)

In obtaining the lower bound (4.33) on aQCD
µ , the approximation in Eq. (4.19) has been

used. The resulting lower bound (4.33) is only valid if this approximation is also a lower

bound on K(t). However, the approximation (4.19) provides an upper bound on K(t), and

Kapprox(t) must therefore be re-scaled by a factor ξ to obtain a valid lower bound

Kξ(t) = ξKapprox(t) = ξ
m2
µ

3t
. (4.34)

The crucial energy region for determining ξ is the low-energy region from threshold to the

ρ, ω peak. A naive Breit-Wigner σBW for the ρ, ω is non-zero at threshold and provides an

overestimate of σH(t) in the low-energy region. Thus ξ can be determined by the constraint

∫ m2
ρ

4m2
π

K(t)σBW(t) dt ≥
∫ m2

ρ

4m2
π

Kξ(t)σ
BW(t) dt . (4.35)

The inequality (4.35) is saturated by ξ = 0.83, and as shown in Fig. 4.4, this value of ξ also

results in a lower bound Kξ(t) ≤ K(t) beyond the ρ, ω peak,

∫ ∞

4m2
π

K(t)σH(t) dt ≥
∫ ∞

4m2
π

Kξ(t)σ
H(t) dt . (4.36)

Hence (4.33) is modified to our final form

aQCD
µ ≥ ξ

4m2
µα

2

3

F 3
0 (s0)

F 2
1 (s0)

, ξ = 0.83 . (4.37)

It should be noted from Fig. 4.4 that the approximate form Kξ(t) clearly underestimates the

exact K(t) above the ρ, ω peak, and hence the final bound in Eq. (4.37) is expected to be a

conservative lower bound. Finally, the utility of the parameter s0 appearing in (4.37) is now

evident, because it can be varied to find the strongest possible QCD bound.
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Figure 4.4: The exact K(t) (solid line) compared to the approximate form Kξ(t) with
ξ = 0.83 (lower dashed line) and with ξ = 1 (upper dotted line).

4.3.2.2 Upper Bounds

Because the kernelK(t) decreases monotonically with increasing energy andK(t) < Kapprox(t)

(see Fig. 4.4), the following upper bound can be obtained from (4.18) and (4.20)

aQCD
µ ≤

4m2
µα

2

3π

∫ ∞

t0

1

t2
ImΠH (t) dt ≤

4m2
µα

2

3π

1

t20

∫ ∞

t0

ImΠH (t) dt , t0 = 4m2
π . (4.38)

However, this bound can be improved by adapting and extending the techniques outlined in

Ref. [188]. Ultimately, the goal is to construct an upper bound on F−2 (s0), but we illustrate

the method of Ref. [188] with the necessary step of an upper bound on F−1 (s0) via the

following relation based on positivity of the hadronic spectral function

s0∫
t0

1

t
[1 + At]2 ImΠH (t) dt ≥ 0 . (4.39)

By extremizing A to obtain the most stringent relation we find

F−1 ≤ F
(B)
−1 =

F0

t0
− (F1/t0 − F0)

2

(F2/t0 − F1)
, (4.40)

F2/t0 − F1 > 0 , (4.41)

where the FESR dependence on s0 has been suppressed and the subsidiary condition (4.41)

is required for the validity of (4.40).
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An upper bound on F−2 can then be obtained by extremizing the relation

s0∫
t0

1

t2
[1 + At]2 ImΠH (t) dt ≤ 1

t0

s0∫
t0

1

t
[1 + At]2 ImΠH (t) dt , (4.42)

to find

F−2 ≤
F

(B)
−1

t0
−

(
F0/t0 − F

(B)
−1

)2
(F1/t0 − F0)

, (4.43)

F1/t0 − F0 > 0 ,
(
F0/t0 − F

(B)
−1

)2
<
(
F0/t0 − F 2

0 /F1

)2
, (4.44)

where the inequality F−1 ≥ F 2
0 /F1 [see (4.29)] has been used as part of the subsidiary

condition (4.44) for the validity of (4.43). An alternative upper bound on F−2 can be obtained

by extremizing

s0∫
t0

1

t2
[1 + At]2 ImΠH (t) dt ≤ 1

t20

s0∫
t0

[1 + At]2 ImΠH (t) dt (4.45)

to obtain

F−2 ≤ F0/t
2
0 −

(
F1/t

2
0 − F

(B)
−1

)2
(F2/t20 − F0)

, (4.46)

F2/t
2
0 − F0 > 0 ,

(
F1/t

2
0 − F

(B)
−1

)2
<
(
F1/t

2
0 − F 2

0 /F1

)2
, (4.47)

where the inequality F−1 ≥ F 2
0 /F1 [see (4.29)] has again been used as part of the subsidiary

condition (4.47) for the validity of (4.46).

Thus the upper QCD bound that is complimentary to the lower bound (4.33) is

aQCD
µ ≤

4m2
µα

2

3


F

(B)
−1 /t0 −

(
F0/t0−F (B)

−1

)2

F1/t0−F0

F0/t
2
0 −

(
F1/t20−F

(B)
−1

)2

F2/t20−F0

, (4.48)
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where either (4.43) or (4.46) is used for a QCD upper bound on F−2. Both forms lead to

identical numerical values despite the distinct pathways used to obtain them. Note that

similar to the lower bound on F−2 in (4.32), the F−2 upper bounds (4.43) and (4.46) all

depend on the well-determined QCD FESRs {F0, F1, F2}, and similarly the parameter s0 can

be varied to find the strongest possible QCD bound. Combining (4.37) and (4.48), our aQCD
µ

bounds emerging from fundamental QCD sum-rule inequalities are

ξ
4m2

µα
2

3

F 3
0 (s0)

F 2
1 (s0)

≤ aQCD
µ ≤

4m2
µα

2

3


F

(B)
−1 /t0 −

(
F0/t0−F (B)

−1

)2

F1/t0−F0

F0/t
2
0 −

(
F1/t20−F

(B)
−1

)2

F2/t20−F0

, ξ = 0.83 , (4.49)

where the parameter s0 can be varied independently on both sides of the inequality to find

the strongest possible bounds.

4.3.3 Finite-Energy Sum-Rules: QCD Inputs

To generate a bound on aQCD
µ from the FESRs in Eq. (4.49), correlation functions for the

light quark vector current jµ(x) = q̄(x)γµq(x) provide the QCD prediction related to the

hadronic spectral function in (4.21). The original LO calculation of the QCD correlation

function Π(Q2) up to dimension-six in the operator-product expansion [82, 83, 189] (see also

Refs. [44, 48, 107, 189]) has been extended to NLO in the dimension-four QCD condensates

[184, 190, 191] and MS-scheme perturbative contributions up to five loop order in the chiral

limit [192–198] (see also Refs. [199,200])

Π
(
Q2
)
=

1

4π2
Πpert

(
Q2
)
−

3m2
q(ν)

2π2Q2
+ 2⟨mq q̄q⟩

1

Q4

(
1 +

1

3

αs(ν)

π

)
+

1

12π
⟨αsG2⟩ 1

Q4

(
1 +

7

6

αs(ν)

π

)
− 224

81
παs⟨q̄q̄qq⟩

1

Q6
. (4.50)
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In addition, Π (Q2) also requires an additional pre-factor of the quark charge Q2
q. The

perturbative contributions in (4.50) are given by

1

π
ImΠpert (t, ν) = S [x(ν), L(ν)] = 1 +

∞∑
n=1

xn
n−1∑
m=0

Tn,mL
m , (4.51)

x(ν) ≡ αs(ν)

π
, L(ν) ≡ log

(
ν2

t

)
, (4.52)

where the coefficients Tn,m given in Table 4.1 are implicitly a function of nf , the number

of active quark flavours. As outlined below, the energy range in our analysis results in a

renormalization scale appropriate to nf = 3 and nf = 4. The QCD parameters necessary for

Eqs. (4.21) and (4.50) are listed in Table 4.2.

nf = 4 m = 0 m = 1 m = 2 m = 3 nf = 3 m = 0 m = 1 m = 2 m = 3

n = 1 1 – – – n = 1 1 – – –

n = 2 1.52453 25/12 – – n = 2 1.63982 9/4 – –

n = 3 -11.6856 9.56054 625/144 – n = 3 -10.2839 11.3792 81/16 –

n = 4 -92.91 -56.90 36.56 15625
1728

n = 4 -106.896 -46.2379 47.4048 729/64

Table 4.1: MS-scheme coefficients Tn,m within (4.51) for the imaginary part of the
vector-current correlation function up to five-loop order for nf = 4 (left) and nf = 3
(right). The four-loop results are given in Ref. [199], the five-loop coefficient T4,0 is
from [192], and five-loop logarithmic coefficients T4,1, T4,2, and T4,3 are generated from
the renormalization group analysis of Ref. [199] via the four-loop (nf = 4 and nf = 3)
MS-scheme β function [201].

The FESR defined via (4.21) are now constructed up to five-loop order in perturbation

theory in the chiral limit, LO in light-quark mass corrections, next-to-leading order (NLO)

in dimension-four QCD condensates, and to LO in dimension-six QCD condensates. Using

standard FESR methodology [124, 126, 176, 177], the resulting FESR Fk for weights k =
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Parameter Value Source

α 1/137.036 [108]

αs (Mτ ) 0.312± 0.015 [108]

mu(2GeV) 2.16+0.49
−0.26MeV [108]

md(2GeV) 4.67+0.48
−0.17MeV [108]

ms(2GeV)
(
0.0934+0.0086

−0.0034

)
GeV [108]

fπ (0.13056± 0.00019) /
√
2 GeV [108]

mn⟨n̄n⟩ −1
2
f 2
πm

2
π [98]

ms⟨s̄s⟩ rmrcmn⟨nn⟩ [202]

rc ≡ ⟨s̄s⟩/⟨n̄n⟩ 0.66± 0.10 [202]

ms/mn = rm 27.33+0.67
−0.77 [108]

⟨αG2⟩ (0.0649± 0.0035) GeV4 [203]

κ 3.22± 0.5 [203]

αs⟨n̄n⟩2 κ (1.8× 10−4) GeV6 [202]

αs⟨s̄s⟩2 r2cαs⟨n̄n⟩2 [202]

Table 4.2: QCD parameters and uncertainties used in our analysis. Here, mn =
(mu +md) /2 and ⟨n̄n⟩ = ⟨ūu⟩ = ⟨d̄d⟩.

{0, 1, 2} as needed for analysis of (4.31), (4.43), and (4.46) are given by

F0 (s0) =
1

4π2

[
1 +

αs(ν)

π
T1,0 +

(
αs(ν)

π

)2

(T2,0 + T2,1)

+

(
αs(ν)

π

)3

(T3,0 + T3,1 + 2T3,2)

+

(
αs(ν)

π

)4

(T4,0 + T4,1 + 2T4,2 + 6T4,3)

]
s0 −

3

2π2
mq(ν)

2 , (4.53)
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F1 (s0) =
1

8π2

[
1 +

αs(ν)

π
T1,0 +

(
αs(ν)

π

)2(
T2,0 +

1

2
T2,1

)
+

(
αs(ν)

π

)3(
T3,0 +

1

2
T3,1 +

1

2
T3,2

)
+

(
αs(ν)

π

)4(
T4,0 +

1

2
T4,1 +

1

2
T4,2 +

3

4
T4,3

)]
s20

− 2⟨mq q̄q⟩
(
1 +

1

3

αs(ν)

π

)
− 1

12π
⟨αsG2⟩

(
1 +

7

6

αs(ν)

π

)
, (4.54)

F2 (s0) =
1

12π2

[
1 +

αs(ν)

π
T1,0 +

(
αs(ν)

π

)2(
T2,0 +

1

3
T2,1

)
+

(
αs(ν)

π

)3(
T3,0 +

1

3
T3,1 +

2

9
T3,2

)
+

(
αs(ν)

π

)4(
T4,0 +

1

3
T4,1 +

2

9
T4,2 +

2

9
T4,3

)]
s30 −

224

81
παs⟨q̄q̄qq⟩ . (4.55)

Implicit in Eqs. (4.53)–(4.55) is a renormalization scale of ν =
√
s0 in both αs and the running

quark masses (see e.g., Refs. [124,126,176,177]). This can be understood as arising from the

renormalization-group equation satisfied by (4.51)

(
−t ∂
∂t

+ αsβ(αs)
∂

∂αs

)
ImΠpert (t, ν) = 0 , (4.56)

where the canonical and anomalous mass dimensions are zero for the vector current. From

(4.56) it follows that the FESRs satisfy the following renormalization-group equation 1

(
−s0

∂

∂s0
+ αsβ(αs)

∂

∂αs
+ (k + 1)

)
F pert
k (s0, ν) = 0 , (4.57)

F pert
k (s0, ν) =

∫ s0

0

tk
1

π
ImΠpert (t, ν) dt . (4.58)

Thus apart from the trivial sk+1
0 canonical dimension prefactor, the solution of the renormalization-

group equation for the QCD expressions (4.53)–(4.55) is obtained by the standard replace-

1Note that Eq. (4.56) and (4.57) are modified comparing to the published version to keep the consistency
of the β function definition throughout this thesis.
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ment ν2 = s0. For renormalization-group behaviour of the dimension-four NLO contributions,

it is helpful to recall that ⟨mq q̄q⟩ and ⟨βG2⟩+4γ⟨mq q̄q⟩ are renormalization-group invariant

(see e.g., Ref. [44]).

In particular, because we are working to O (α4
s) in perturbation theory, we numerically

solve the renormalization-group equation using the four-loop MS-scheme β function [201] with

nf appropriate to the active flavours below s0 and using αs (Mτ ) as a boundary condition. For

the running quark mass corrections, only the LO (MS-scheme) anomalous mass dimension is

needed. As outlined below, this s0 energy region will span the range covered by nf = 4 and

nf = 3. We do not implement flavour threshold matching conditions [204] (see e.g., Ref. [205]

for an example implementation) because such effects are insignificant compared to other

sources of theoretical uncertainty. Finally, the generic light-flavour FESRs (4.53)–(4.55)

require a pre-factor of their quark charge (i.e., Q2
u = 4/9 and Q2

d = Q2
s = 1/9).

4.3.4 Analysis Methodology and Results

With the FESRs now defined in Eqs. (4.53)–(4.55), a lower bound on aQCD
µ can be constructed

via (4.37) [see also (4.49)]. The methodology seeks to optimize s0 such that it simultaneously

maximizes the ratio F 3
0 /F

2
1 to obtain the strongest possible bound, while still satisfying the

inequality (4.29) with k = 1. This ensures that the resulting sopt0 is in the region of validity

for the FESRs because they satisfy the same inequality properties as an integrated hadronic

spectral function. We start scanning s0 from large energy (beginning near bottom threshold

in nf = 4 regime) and find that stronger bounds trend toward lower s0. We then transition

to nf = 3 below the charm threshold (uncertainties associated with the Ref. [108] value for

the mc (mc) = 1.27GeV threshold are negligible) .

We use two different implementations of this optimization methodology. The flavour-

separated approach applies the methodology to the FESRs (with each charge factor included)

for each flavour separately, and then combines the individual optimized flavour contributions

to obtain the final bound on aQCD
µ . In the flavour-combined approach, the methodology is

applied to a combined FESR with a sum over flavours (with their charge factors included).

The strongest bound from these two implementations is then used for our final prediction of

the lower bound on aQCD
µ .

123



We find that the flavour-separated approach leads to the strongest bound, and Table 4.3

shows the results for the central values of the QCD input parameters of Table 4.2. There are

a few key points in the interpretation of Table 4.3. First, it is important to remember that

(4.37) is truly a bound, and the optimized sopt0 represents the value which maximizes the

bound while simultaneously satisfying the k = 1 inequality (4.29). It is therefore incorrect

to interpret sopt0 as a cut-off on the QCD contributions. Second, the only field-theoretical

distinction between the u and d contributions arises from the very small effect of quark

masses, and hence sopt0 is the same in the non-strange channels and the bounds on aQCD
µ

are in the ratio of quark charges Q2
u/Q

2
d = 4. Third, the strange contributions to the aQCD

µ

bound are roughly an order of magnitude smaller than non-strange, a feature that aligns

with the data-driven and LQCD approaches to aHVP,LO
µ [17, 206]. Finally, we note that the

entire inequality analysis of Section 4.3.2 would also apply to Laplace sum-rules, leading to

analogous expressions for Eq. (4.37). We have explored this possibility and find that the

Laplace sum-rule bounds are considerably weaker than for FESRs, presumably because the

Laplace sum-rule kernel exp(−tτ) suppresses higher-energy contributions compared to the

polynomial FESR kernels.

Flavour sopt0

(
GeV2

)
aQCD
µ (lower bound) aQCD

µ (upper bound)

u 1.09 ≥ 472.7× 10−10 ≤ 567.2× 10−10

d 1.09 ≥ 118.1× 10−10 ≤ 141.7× 10−10

s 1.19 ≥ 66.2× 10−10 ≤ 79.5× 10−10

Total – ≥ 657.0× 10−10 ≤ 788.4× 10−10

Table 4.3: The optimized sopt0 and corresponding bounds on aQCD
µ are shown for each

flavour in the flavour-separated method for central values of the QCD input parameters
of Table 4.2. The total entry represents the sum of the individual flavour contributions
for the final predicted bounds on aQCD

µ .

An uncertainty analysis was performed to determine the sensitivity of the Table 4.3 lower

aQCD
µ bounds arising from the QCD input parameters in Table 4.2. The uncertainty of the

aQCD
µ bound is dominated by changes in the vacuum saturation parameter κ and in the

uncertainty of the dimension-four gluon condensate parameter ⟨αG2⟩ (the poorly known

strange-quark condensate parameter rc is a sub-dominant effect because the strange contri-
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butions in Table 4.3 are much smaller than non-strange). Taking into account the combined

effect of these uncertainties gives our final QCD prediction for the light-quark contributions

lower bound

aQCD
µ ≥ (657.0± 34.8)× 10−10 . (4.59)

A similar methodology is used to analyze the upper bounds associated with Eq. (4.48) [see

also (4.49)] using either (4.43) or (4.46) for the upper bound on F−2. We seek the strongest

bound that simultaneously satisfies the k = 1 inequality (4.29) along with the conditions

(4.41), (4.44), and (4.47). As in the lower bound analysis, the flavour-separated approach

leads to the strongest bound, and the same sopt0 is obtained because the k = 1 Cauchy-

Schwarz inequality (4.29) turns out to be a limiting constraint in both cases. The results

shown in Table 4.3 along with the theoretical uncertainty gives our final QCD prediction for

the light-quark contributions upper bound

aQCD
µ ≤ (788.4± 41.8)× 10−10 . (4.60)

For purposes of comparison with data-driven approaches, we first note that although

we are calculating light-quark contributions (and ultimately using nf = 3 virtual correc-

tions in the final results), our determinations (4.59) and (4.60) still incorporate high-energy

perturbative contributions to aQCD
µ . We are thus underestimating the perturbative con-

tributions above the charm threshold, and so our bounds remain valid. Thus we have

to supplement our bounds with charmonium and bottomonium resonance contributions of

aHVP,LO

µ , c̄c , b̄b
= (7.93±0.19)×10−10 from [206] to obtain our total bound for comparison purposes

(664.9± 34.8)× 10−10 ≤ aHVP,LO
µ ≤ (796.3± 41.8)× 10−10 (4.61)

which should be compared with the data-driven Ref. [206] result

aHVP,LO
µ = (692.78± 2.42)× 10−10, (4.62)
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the data-driven result reported in the (g − 2) Theory Initiative Whitepaper [17]

aHVP,LO
µ = (693.1± 4.0)× 10−10, (4.63)

as well as the result from LQCD reported in the (g − 2) Theory Initiative Whitepaper [17],

aHVP,LO
µ = (711.6± 18.4)× 10−10. (4.64)

These values can been seen compared against our bounds in Figure 4.5.
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Figure 4.5: The aQCD
µ results (4.61) showing lower bound (long dashed lines reflecting

theoretical uncertainties) and upper bound (short dashed lines reflecting theoretical
uncertainties) in comparison to the aHVP,LO

µ world theoretical averages given in [17].
The blue indicates a data-driven methodology, while red indicates a value obtained via
LQCD. Both the LQCD world average [17] and the sub-percent precision calculation
from the BMW collaboration [19] are shown for comparison. The grey shaded region
illustrates the allowed central-value range of our QCD predictions in Eq. (4.61).

In conclusion, we have constructed bounds on the QCD contributions to aHVP,LO
µ using a

family of Hölder inequalities and related inequality constraints for QCD finite-energy sum-

rules (FESRs). These fundamental inequalities are based on the requirement that the QCD

FESRs are consistent with the relation (4.21) to an integrated hadronic spectral function,

providing a novel methodology complementary to lattice QCD and data-driven approaches
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to determining aHVP,LO
µ . Analyzing the light-quark (u, d, s) contributions up to five-loop

order in perturbation theory in the chiral limit, LO in light-quark mass corrections, NLO

in dimension-four QCD condensates, and to LO in dimension-six QCD condensates leads to

our QCD bounds in Eqs. (4.59) and (4.60), which can be supplemented with the well-known

contributions from charmonium and bottomonium states to obtain the QCD bounds given

in Eq. (4.61). As shown in the Appendix, these FESR bounds are more restrictive than the

updated Laplace sum-rule bounds using the approach of Ref. [107]. As illustrated in Fig. 4.5,

the central values of our total QCD bounds (4.61) thus bridge the region between LQCD and

data-driven values, indicating a possible resolution of the tension between LQCD and data-

driven determinations of aHVP,LO
µ . Resolving this tension would provide better guidance to

searches for new physics in measurements of the anomalous magnetic moment of the muon.

In future work we will search for new methods and new fundamental inequalities to improve

bounds on the QCD contributions to aHVP,LO
µ .
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Appendix: Laplace Sum Rule Approach

QCD Laplace sum-rules [82, 83] are similar to finite-energy sum-rules as defined in (4.21);

however, they are constructed using a Borel (inverse Laplace) transform which introduces an

exponential factor:

Lk (τ , s0) =

∫ s0

t0

1

π
ImΠH (t) tk e−tτ dt . (4.65)

In [107] it was shown that aHVP,LO
µ , as defined in (4.18), can be expressed as a linear com-

bination of QCD Laplace sum-rules (4.65). First, the exact kernel function (4.14) can be
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approximated near t = t′ as

K (t) ≈ K (t , t′) = K (t′) eζ

[
a1

(
t

t′

)
+ a2

(
t

t′

)2

+ a3

(
t

t′

)3
]
e−ζt/t

′
, (4.66)

where a1 + a2 + a3 = 1 so that K (t′) = K (t′ , t′). Inserting (4.66) into (4.18) yields

aQCD
µ ≈ 4α2K (t′)

eζ

t′

∫ ∞

t0

1

π
ImΠH (t)

[
a1 + a2

(
t

t′

)
+ a3

(
t

t′

)2
]
e−ζt/t

′
dt , (4.67)

where t0 = 4m2
π. Introducing the parameter s0 as in (4.22) and defining τ = ζ/t′, (4.67)

becomes

aQCD
µ ≈ 4α2K (ζ/τ)

τ

ζ
eζ
∫ s0

t0

1

π
ImΠH (t)

[
a1 + a2

(
t

t′

)
+ a3

(
t

t′

)2
]
e−tτdt . (4.68)

Comparing (4.68) and the definition of the Laplace sum-rules in (4.65) shows that we may

approximate aHVP,LO
µ as a linear combination of Laplace sum-rules:

aQCD
µ ≈ 4α2K (ζ/τ)

τ

ζ
eζ

[
a1L0 (τ , s0) + a2

τ

ζ
L1 (τ , s0) + a3

(
τ

ζ

)2

L2 (τ , s0)

]
. (4.69)

The approximation (4.66) is used because it makes a theoretical calculation of aHVP,LO
µ (using

a QCD expression for the vacuum polarization function) amenable to a Laplace sum-rule

analysis. In (4.66) the expansion is truncated at O(t3) to avoid dependence on unknown

higher dimension QCD condensates (a similar issue is encountered in the finite-energy sum-

rule analysis in Section 4.3.2).

Although the approximation (4.66) is designed to be exact at t = t′ and is well suited to

a Laplace sum-rule analysis, the approximation of the exact kernel function (4.14) decreases

in accuracy away from t = t′. In order to gain some control over the theoretical uncer-

tainty introduced by this approximation we will follow the approach of Ref. [107], wherein

the approximation (4.66) was used to construct underestimates and overestimates of the ex-

act kernel function (4.14), respectively denoted as K↓ (t , t′) (corresponding to parameters

{a1 = 1.5700, a2 = −1.75658, a3 = 1.1958, ζ = 2.6528}) and K↑ (t , t′) (corresponding to
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parameters {a1 = 6.0378, a2 = −10.7006, a3 = 5.6628, ζ = 2.6528}), which are shown in

Fig. 4.6. Using these underestimates and overestimates, a QCD Laplace sum-rule analysis

can be performed to generate lower and upper bounds on aHVP,LO
µ .
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Figure 4.6: Left: the exact K(t) (solid line) compared to underestimates K↓ (t , t′)
with t′ ∈ {0.8 , 1.2 , 1.6 , 2.0} GeV2, which are respectively represented by the dashed
dotted, long dashed, short dashed, and dotted lines. Right: the exact K(t) (solid
line) compared to overestimates K↑ (t , t′) with t′ ∈ {1.8 , 2.2 , 2.6 , 3.0} GeV2, which
are respectively represented by dashed dotted, long dashed, short dashed, and dot-
ted lines. The parameters used in equation (4.66) for the underestimates K↓ (t , t′)
({a1 = 1.5700, a2 = −1.75658, a3 = 1.1958, ζ = 2.6528}) and overestimates K↑ (t , t′)
({a1 = 6.0378, a2 = −10.7006, a3 = 5.6628, ζ = 2.6528}) are identical to those used in
Ref. [107].

Using the results of Eqs. (4.50) and (4.51), the Laplace sum-rules (LSRs) for light-quark

(u, d, s) contributions up to five-loop order in perturbation theory in the chiral limit, LO

in light-quark mass corrections, next-to-leading order (NLO) in dimension-four QCD con-

densates, and to LO in dimension-six QCD condensates are given for a generic light flavour

by

L0 (τ, s0) =
1

4π2τ

[
f0,0 (τs0) +

3∑
k=0

f0,k (τs0)
4∑

j=k+1

Tj,k

(
αs(ν)

π

)j]
− 3

2π2
mq(ν)

2

+ 2⟨mq q̄q⟩
(
1 +

1

3

αs(ν)

π

)
τ +

1

12π
⟨αsG2⟩

(
1 +

7

6

αs(ν)

π

)
τ − 112

81
παs⟨q̄q̄qq⟩τ 2 , (4.70)
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L1 (τ, s0) =
1

4π2τ 2

[
f1,0 (τs0) +

3∑
k=0

f1,k (τs0)
4∑

j=k+1

Tj,k

(
αs(ν)

π

)j]

− 2⟨mq q̄q⟩
(
1 +

1

3

αs(ν)

π

)
− 1

12π
⟨αsG2⟩

(
1 +

7

6

αs(ν)

π

)
+

224

81
παs⟨q̄q̄qq⟩τ , (4.71)

L2 (τ, s0) =
1

4π2τ 3

[
f2,0 (τs0) +

3∑
k=0

f2,k (τs0)
4∑

j=k+1

Tj,k

(
αs(ν)

π

)j]
− 224

81
παs⟨q̄q̄qq⟩ , (4.72)

where we have defined the quantity

fj,k (τs0) =

∫ τs0

0

zj
[
log

(
1

z

)]k
e−z dz . (4.73)

Implicit in Eqs. (4.70)–(4.72) is a renormalization scale of ν = 1/
√
τ in both αs and the

running quark masses [117]. As in the QCD expressions (4.53)–(4.55) for the FESRs, the

generic light-flavour LSRs (4.70)–(4.72) require a pre-factor of their quark charge.

Following the analysis methodology Ref. [107] for determining the upper and lower bounds

on aQCD
µ , τ stability [89,154,207] is used to determine the right-hand side of (4.69) for a fixed

s0, and then s0 is varied until an asymptotic value is reached. The τ -stability region naturally

tends toward the nf = 3 regime. As with the FESRs, this methodology can be applied to

either a flavour-separated or flavour-combined case, but unlike the FESRs there is negligible

difference in the two cases. Figure 4.7 shows the results for central values of the QCD input

parameters, and leads to the bounds

369.5× 10−10 ≤ aQCD
µ ≤ 930.2× 10−10 . (4.74)

Comparing Eq. (4.74) with the FESR results in Eqs. (4.59) and (4.60) it is evident that the

FESR bounds are stronger than those obtained from updated and extended QCD inputs in

the Ref. [107] LSR methodology.
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Figure 4.7: LSR upper bound (top curve) and lower bound (bottom curve) on light-
quark contributions to aQCD

µ as a function of s0.

4.4 Flavour Transition for running of αs and mq

One subtle aspect not explicitly detailed in Sec. 4.3.3 of the manuscript is the RG analysis

when transitioning between flavour thresholds as we scan sopt0 to obtain the strongest bounds.

This involves moving from the nf = 4 region to the nf = 3 region at charm quark mass

threshold as energy scales shift.

From β-function in Eq. (2.6) and boundary condition energy scale of τ lepton mass νth =√
sth0 =Mτ , the strong coupling αs(ν) can be computed to four-loop precision aligning with

our FESR loop correction order in Sec 4.3.3 [199]:

ν
d (αs(ν)/π)

dν
= β1

(
αs(ν)

π

)
+ β2

(
αs(ν)

π

)2

+ β3

(
αs(ν)

π

)3

+ β4

(
αs(ν)

π

)4

, (4.75)

where αs(ν =Mτ ) = 0.312 [108] at the energy scale ofMτ = 1.78GeV, and has its uncertainty

being recently updated in 2024 [7]. The values of the four-loop order MS-scheme β-function

depend on the number of active flavours [199]. Using data from Ref. [199] or numerically

calculated four-loop beta functions from Ref. [201], we obtain the running of αs(ν), assuming

a boundary condition at αs(Mτ ), as shown in Fig. 4.8. This was achieved by numerically

solving Eq. (4.75) using MATHEMATICA. The coupling increases more rapidly for larger nf

values as ν decreases. It is important to note that the values from Ref. [199] cannot be

directly applied to Eq.(4.75) due to inconsistencies in the β-function definitions across the

literature. One must be cautious to appropriately transform between different conventions
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when comparing results.

Figure 4.8: The running of strong coupling αs with respect to energy scale ν for nf =
3, 4, 5 (dotted, dashed, and solid lines, respectively). All curves are computed using the
four-loop MS-scheme β-functions with the boundary condition αs(ν =Mτ ) = 0.312.

This reference energy scale at Mτ ≫ mq for u, d, s, and c quarks is sufficiently large to

activate the c quark’s degree of freedom while remaining below the b quark mass, mb(ν =

mb) = 4.18GeV. This results in four active quark flavours (nf = 4) at s0 = ν2. However,

as we lower s0 to search for stronger bounds, the energy crosses the c quark threshold at

Mc = mc(ν = mc) = 1.27GeV [108], moving us into the nf = 3 region. At this point, we

must switch to the running coupling with nf = 3, with a threshold energy scale at νth =Mc.

The transition is made by applying the relation from [205]:

α
(nf−1)
s (νth) =

α
(nf)
s

(
νth
)1 + 0.1528

α(nf)
s

(
νth
)

π

2

+ {0.9721− 0.0847 (nf − 1)}

α(nf)
s

(
νth
)

π

3
 .

(4.76)

The difference in α
(nf=3)
s (Mc) obtained from this matching condition is negligible (see

Fig. 4.9), and will be overwhelmed by the uncertainty in αs(Mτ ) alone. Thus, we ignore the
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effect of this small discontinuity and approximate:

α
(nf=3)
s (Mc) ≃ α

(nf=4)
s (Mc) = 0.376. (4.77)

Figure 4.9: The small discontinuity in αs(ν) between nf = 4 and nf = 3 regions

at charm quark threshold. The difference found using Eq. (4.76) is α
(nf=3)
s (Mc) −

α
(nf=4)
s (Mc) = 1.28×10−3, which is an order of magnitude smaller than the uncertainty

in αs(Mτ ) [7].

Finally, using the four-loop beta function [199] and matching at the c quark threshold, we

obtain the combined running of αs(ν) in the energy range 1− 2GeV, which crosses between

nf = 3 and 4. The results are presented in Fig. 4.10.

A similar procedure is applied to the running of the light quark masses (u, d, s) in MS

scheme at the one-loop level, consistent with the order of corrections for quark masses in our

FESRs, as discussed in Sec. 4.3.3. This follows the relation [74]:

mq(ν) = mq(2GeV)

[
αs(ν)

αs(2GeV)

] 12
33−2nf

(4.78)

where mq(2GeV) is the light quark mass at the reference scale of ν = 2GeV from Ref. [7],

and αs(ν) is the running strong coupling. For nf = 4 , we apply this to compute the running

quark mass m
(nf=4)
q (ν):

m
(nf=4)
q (ν) = mq(2GeV)

[
α
(nf=4)
s (ν)

α
(nf=4)
s (2GeV)

] 12
25

, (4.79)
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Figure 4.10: The complete running of αs(ν) transitions from the nf = 4 (blue dashed
line) to the nf = 3 (red solid line) region as it crosses the charm quark mass threshold.
αs(s0) is plotted in the energy range of interest from nearMτ to around 1GeV near our

sopt0 shown in Table. 4.3. Extension of α
(nf=3)
s and α

(nf=4)
s beyond their valid regions are

shown in solid and dashed gray lines respectively for comparison, illustrating potential
errors if the correct transition is not applied.

where the exponent 12
25

is specific to four active flavors. At the c quark mass threshold

Mc = 1.27GeV, the quark masses in the nf = 3 and nf = 4 regions are matched giving the

boundary condition:

mq = m
(nf=3)
q (Mc) = m

(nf=4)
q (Mc) =


0.00243GeV up

0.00523GeV down

0.105GeV strange

(4.80)

This boundary condition is then used to compute the running light quark mass in the nf = 3

region:

m
(nf=3)
q (ν) = mq

[
α
(nf=3)
s (ν)

α
(nf=3)
s (mq)

] 12
27

, (4.81)

where the exponent 12
27

corresponds to three active flavours (one can refer to Eq. (2.60)). This

approach ensures a smooth transition between the nf = 4 and nf = 3 regions, allowing us to
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accurately track the running of quark masses across energy thresholds. Combined functions

of running mq(ν) for light quarks are shown in Fig 4.11.

Figure 4.11: The running of light quark mass mq(ν) for mu(ν),md(ν), and ms(ν),
showing the transitions from the nf = 4 (blue dashed line) to the nf = 3 (red solid line)
as the energy scale crosses the charm quark mass threshold. The gray solid and dashed

lines represent the extrapolations of them
(nf=3)
q andm

(nf=4)
q quark masses, respectively,

beyond their valid regions, highlighting potential errors if the appropriate transition is
not applied at the threshold.

4.5 RG Effect on Condensate Contribution

In addition to ensuring proper transitions between regions with different active quark flavours,

it is essential to verify that the FESRs are consistent with the RG equations. The RG equation

for the perturbative contribution to FESRs is presented in Eqs. (4.57) and (4.58). However,

the RG effects extend to the dimension-four condensate contributions at NLO.

Consider a simplified correlator of the form Π = ⟨αs

π
G2⟩H̃, where ⟨βG2⟩ is RG invariant
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while αsβ ≡ ν dαs

dν
. If H̃ satisfies the equation

ν
d

dν

[〈
βG2

〉
H̃
]
= 0, (4.82)

then H̃, as well as Π satisfies a homogeneous RG equation (i.e., zero anomalous dimension).

In order to maintain RG invariance for the condensate contributions, we start from Eq. (4.50),

which includes the NLO dimension-four condensate contribution:

ΠNLO
(D=4)

(
Q2
)
=

1

Q4

[
1

12π
⟨αsG2⟩

(
1 +

7

6

αs(ν)

π

)
+ 2⟨mq q̄q⟩

(
1 +

1

3

αs(ν)

π

)]
. (4.83)

As discussed briefly in Sec. 4.3.3, we use the NLO perturbative expansion of the RG-invariant

combination ⟨βG2⟩+ 4γ⟨mq q̄q⟩ to construct a new RG-invariant [44]:

⟨βG2⟩+ 4γ⟨mq q̄q⟩ =
1

π
⟨αsG2⟩

(
β1 + β2

αs
π

)
+ ⟨mq q̄q⟩

(
4γ1

αs
π

)
+O

(αs
π

)2
(4.84)

→ 1

π
⟨αsG2⟩

(
1 +

β2
β1

αs
π

)
+ ⟨mq q̄q⟩

(
4
γ1
β1

αs
π

)
, (4.85)

where, recall from Eq. (2.59), the anomalous dimension is

γ
(αs
π

)
= γ1

αs
π

+O
(αs
π

)2
, γ1 = 2. (4.86)

Expressing Eq. (4.83) in terms of these RG invariants: Eq. (4.85) and ⟨mq q̄q⟩ [44], we

obtain:

ΠNLO
(D=4)

(
Q2
)
=[

1

π
⟨αsG2⟩

(
1 +

β2
β1

α

π

)
+ ⟨mq q̄q⟩

(
4
γ1
β1

α

π

)]
1

12

(
1 +

7

6
ξg
αs
π

)
+ 2⟨mq q̄q⟩

(
1 +

1

3
ξq
αs
π

)
(4.87)

where ξg = −11
21

and ξq =
11
9
for nf = 3, and ξg = − 8

25
and ξq =

31
25

for nf = 4. This modifi-

cation ensures the RG consistency of the NLO correction to the dimension-four condensate

contribution, which impacts F1 (Eq. (4.54)) specifically among all FESRs we need.
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5 Finite Temperature Loop Integrals

Computation

So far, we have focused on using QCDSR in the framework of QCD, or more generally

QFT, to predict correlations for particle observables. Standard QFT is formulated at zero

temperature, where the temperature variable T is not explicitly considered. However, nu-

merous particle physics phenomena occur in thermal environments, which can be broadly

categorized into two categories: cosmology (astrophysical generation) and heavy-ion colli-

sions (laboratory reproduction). The former typically involves extremely high temperatures

where weak interactions play a crucial role in topics such as the existence of dark matter and

the equilibration processes after inflationary epoch, while the latter is dominated by strong

interactions (see Ref. [54] for an overview). To analyse these thermal processes effectively, a

computational framework for finite-temperature loop integrals becomes invaluable. Such a

tool enables deeper exploration of thermal events within SM and beyond.

This chapter is based on the published research Ref. [23]:

Numerically Computing Finite Temperature Loop Integrals using pySecDec

D. Harnett, Siyuan Li, T.G. Steele

Eur. Phys. J. A 60 (2024) 5, 107, doi:10.1140/epja/s10050-024-01323-5

My contributions to this work began with retrieving and verifying the correlation function

expressions from previous research outlined in Ref. [208]. Building on the application of

inverse Wick rotation to correlators, I analysed the convergence efficiency of the zeta-function

correction in the 3-point function scenario. For the 2-point function, I performed detailed

analyses and calculations of the dimensional-regularized expressions under various parameter

settings, conducted error analysis, generated data for visual representations, and actively

contributed to the writing and editing of the manuscript.
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The motivation of this research can be found in Sec. 5.1, followed by an introduction

to finite-temperature field theory in Sec. 5.2. The full manuscript from [23] is included in

Sec. 5.3.

5.1 Motivation for Computing Thermal Effects

pySecDec is a powerful Python and C++ program-based package that numerically calculates

dimensionally-regulated loop integrals through the sector decomposition approach [209]. The

package imposes no restrictions on loop orders, field masses or the number of external field

lines in the topologies under study. As the complexity of evaluating loop integrals increases

significantly with higher mass scales and loop orders in analytic methods, numerical ap-

proaches have become a more favoured option for providing experimental and theoretical

predictions of Feynman integrals at high energy scales, aligning with the advancements in

modern particle accelerators. All of the above factors collectively make pySecDec a valuable

computational tool, forming a robust foundation for developing numerical methodologies.

We aim to use the computational capability of pySecDec for loop integrations in finite

temperature field theory, thereby enhancing the understanding of particle processes under

thermal effects and advancing studies in new physics, such as BSM phase transitions. With

the introduction of an additional temperature dimension (which has the dimension of energy

in natural units), the standard massive field content in loop diagrams significantly increases

the difficulty of evaluating loop integrals. This necessitates the development of advanced

calculational methodologies to seamlessly incorporate finite temperature field theory into

tools traditionally designed for ordinary QFT.

Although there are extensive QCDSR studies for hot hadronic matter (see e.g., Refs. [48,

210,211]) and previous pySecDec adaptation for zero-temperature QCDSR calculations [212,

213], we choose to develop a computational methodology that applies to generic Feynman

diagrams that is not restricted to the strong interactions. Our two-fold methodology extends

the application of pySecDec to finite temperature loop integrals and tackles the divergence

introduced by thermal field theory formalism using dimensional regularization.
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5.2 Thermal Field Theory

Finite temperature field theory is also called thermal QFT or thermal field theory. It extends

QFT to finite temperature and describes phenomena that emerge from the presence of a

thermal bath, typically related to particle interactions at high temperatures (e.g., the early

universe) or high densities (e.g., inside neutron stars).

For instance, quark-gluon plasma (or quark soup) is a phase that occurs when the tem-

perature is above the Hagedorn temperature (TH ≳ mπ), where one expects chiral symmetry

restoration [48] and colour deconfinement (where the hadronic matter is no longer colour

confined and convert into quarks) [214–216]. Quark-gluon plasma is important in studying

the early universe shortly after the Big Bang when temperature approaches TH. It is being

experimentally studied through heavy-ion collisions and their debris energy distributions at

RHIC in Brookhaven and LHC (see e.g., Refs. [217–219] for reports). Baryogenesis is another

physical process that relies on high temperature conditions. It introduces a mechanism for

the matter-antimatter asymmetry observed in the universe using electroweak phase transi-

tion [220,221]. Another example is gravitational waves which are spacetime ripples caused by

accelerations of masses. It is often associated with events such as merging black holes, neutron

stars, supernovae and the early universe expansion or first-order phase transition [222–224].

The thermal effects are also present in various topics including linear response theory (ex-

ternal perturbations), screening and plasma oscillation, spontaneous symmetry breaking and

BSM dark matter models etc (see e.g., Refs. [54, 225]).

Formalisms commonly used to investigate field theories at finite temperature include

the Matsubara formalism, the real-time path formalism, and thermofield dynamics (see

e.g., Ref. [226]). Among these, the Matsubara formalism [227] is the most widely applied

when discussing an equilibrium distribution of particles and will be the formalism of choice

for this chapter.
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5.2.1 Matsubara Formalism

The Matsubara formalism (also named the imaginary time formalism) describes the expec-

tation value of an observable (operator) in a canonical ensemble as

⟨A⟩ = Z−1(β) Tr
(
e−βHA

)
, (5.1)

where H = H is the ensemble Hamiltonian, as well as the conventional dynamic Hamiltonian.

If one is considering a grand canonical ensemble where particle exchange with an external

reservoir is allowed, then the chemical potential µ should be taken into consideration giving

Hamiltonian H = H − µN̂ where N̂ is the associated conserved number operator (e.g., ad-

ditive quantum numbers such as strangeness) [48,225,226]. Z(β) is the partition function of

the ensemble acting as the normalization factor:

Z(β) = Tr
(
e−βH

)
. (5.2)

With the natural units convention and Boltzmann constant kB = 1, the new parameter

β = ℏ/ (kBT ) → 1/T stands for the inverse of temperature. One can easily reach the ground

state expectation value of A by taking the zero-temperature limit T → 0 in Eq. (5.1).

The introduction of β complicates the Feynman integral which is constructed through

path integral formalism. The path integral describes a system through a functional integral

(sum) over all possible field configurations, connecting from the initial state to the final state

to find the transition matrix element or amplitude [30, 138]. One can find an example of

path integral formalism application in Eq. (5.4) below. When β enters the equation, the

density operator e−βH takes a similar form to the time evolution operator e−itH in Euclidean

spacetime. The replacement of β → it can be made and is called the Wick rotation.

Wick rotation is a very common technique in QFT to change time from real to imaginary

and is usually applied to avoid poles in the temporal component: x0 = t or p0 = E depending

on the variable of integration, where E stands for relativistic energy. It also changes the
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square of the four-vector/momentum from Minkowski to Euclidean space:

p2M = p0M
2 − p⃗ 2 = (ip0E)

2 − p⃗ 2 = −p0E
2 − p⃗ 2 = −p2E, (5.3)

where the subscripts denote the spacetime of choice: M for Minkowski and E for Euclidean.

Later in Sec. 5.3, the Minkowski notation is omitted and implied. The square of four vector x

goes analogously. Wick rotation is also the inspiration of the inverse Wick rotation method

in our research which transforms Euclidean integrals into Minkowski spacetime to input in

the pySecDec package.

In this application of Wick rotation on β (i.e., β → it), the configuration in Eq. (5.1)

propagates in the imaginary time of τ ≡ it ∈ [ 0, β ]. Hence the name of the imaginary time

formalism [227]. The partition function Eq. (5.2) in the path integral formulation is [225,226]

Z = normalization constant×
∫

D[ϕ] e−SE [ϕ], (5.4)

where D[ϕ] represents the functional integral measure over all possible configurations of field

ϕ. If the chemical potential µ ̸= 0, the Euclidean action SE[ϕ] is defined as [226]:

SE[ϕ] =

∫ β

0

dτ

(∫
d3xLE[ϕ] + µN̂

)
(5.5)

with LE[ϕ] being the Euclidean Lagrangian density for the system in question. Referring to

Eqs. (5.2) and (5.4), the trace operator in (5.2) presses boundary conditions on the fields

over a full imaginary-time evolution, implying periodicity for bosonic fields

ϕ(τ) = ϕ(τ + β), (5.6)

and anti-periodicity for fermionic fields

ψ(τ) = −ψ(τ + β) (5.7)

due to the Pauli exclusion principle and Fermi-Dirac statistics. This (anti-)periodicity
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naturally extends to the Green’s functions composed of bosonic and fermionic fields

G(τ) = ±G(τ + β) with τ ∈ [−β, β] for the two-point function. The Fourier transform of

G(x) can be written as

G(τ) = 1

β

∑
n

eiωnτG(ωn) ⇒ G(τ, x⃗) = 1

β

∑
n

∫
d3p

(2π)3
ei(ωnτ+p⃗·x⃗) G(ωn, p⃗ ), (5.8)

where ωn is the Matsubara frequency and defined as [227] (see also e.g., Refs. [54,225,226])

ωn =

2nπ/β for bosons,

(2nπ + 1)/β for fermions,

(5.9)

with n = 0,±1,±2, · · · .

In our research, we will solely be using the bosonic fields for the purpose of demonstrating

our computational method. However, the techniques can be adapted to fermionic Feynman

diagrams. Equation (5.8) sets the replacement rules to transform Green’s functions from

Minkowski to Euclidean space in finite temperature:

∫ +∞

−∞

d4p

(2π)4
→ 1

β

+∞∑
n=−∞

∫ +∞

−∞

d3p

(2π)3
(5.10)

where the integral over temporal p0 dimension is discretized to an infinite summation over

n as a result of incorporating the Matsubara frequencies and the integration over spatial

dimensions p⃗ remain unchanged. Using the equation of motion, the Feynman rules for a

massive (with mass m), scalar field propagator at finite temperature is found to be (see

Ref. [226] for detailed derivation)

G(ωn, p⃗ ) =
1

ω2
n + |p⃗ | 2 +m2

, (5.11)

which is heavily used in Sec. 5.3. With Eqs. (5.10), (5.9) and (5.11), one can construct a

loop integral for any scalar Feynman loop diagram.

The Wick-rotated path integral (Euclidean path integral) enables one to calculate Feyn-

man integrals within Euclidean spacetime with techniques and tools from standard QFT.
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The new calculation difficulties lie in the shift of momentum definition from pM to pE (or

the other way around in our case of the inverse Wick rotation) and the involvement of the

parameters associated with temperature: n and β.

In the following Sec. 5.3, one can find the manuscript of publication in Eur. Phys. J. A

60 (2024) 5, 107 (see also Ref. [23]).

5.3 Manuscript: Numerically Computing Finite Tem-

perature Loop Integrals using pySecDec

Abstract: Finite-temperature quantum field theory provides the foundation
for many important phenomena in the Standard Model and extensions, including
phase transitions, baryogenesis, and gravitational waves. Methods are developed
to enable application of pySecDec (a Python-language-based package designed
for numerical calculation of dimensionally-regulated loop integrals) to numeri-
cally evaluate finite-temperature loop integrals in the imaginary time (Matsub-
ara) formalism. These methods consist of two main elements: an inverse Wick
rotation that converts a finite-temperature loop integral into a form applicable to
pySecDec, and asymptotic techniques to regulate and accelerate convergence of
the Matsubara frequency summations. Numerical pySecDec evaluation of finite-
temperature, two-point and three-point, one-loop topologies for scalar fields is
used to illustrate and validate these new methodologies. Advantages of these
finite-temperature pySecDec numerical methods are illustrated by the inclusion
of multiple mass and external momentum scales.

5.3.1 Introduction

Finite-temperature quantum field theory (see e.g., Refs. [54, 210, 225, 226] for reviews)

provides the foundation for many important phenomena in the Standard Model and be-

yond. In particular, finite temperature effects in the effective potential for studying

phase transitions (see e.g., Refs. [224, 228–230] for reviews, applications to the Standard

Model [231,232] and extensions [233,234]) are an essential ingredient for studying baryogene-

sis (see e.g., Refs. [224,235] for reviews) and gravitational waves (see e.g., Refs. [224,230,236]

for reviews).

Finite-temperature quantum field theory in the imaginary time (Matsubara) formalism

amounts to a simple modification of zero-temperature propagators, replacing the temporal
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component of each four-momentum with a discretized Matsubara frequency [227]. The ad-

ditional energy scale associated with temperature leads to greater calculational challenges in

evaluating loop integrals, particularly in models with multiple mass scales. It is therefore

valuable to develop new methods for evaluating finite-temperature loop integrals to enable

the study of increasingly elaborate extensions of the Standard Model.

The computational program pySecDec [209,237] implements sector decomposition meth-

ods [238] to numerically calculate dimensionally-regularized integrals. pySecDec draws upon

FORM [239–241], GSL [242], and the CUBA library [243,244]. It has previously been demon-

strated that pySecDec can be adapted to QCD sum-rule calculations at leading- and next-to-

leading order [212,213]. In this paper we develop methods to enable application of pySecDec

to numerically evaluate finite-temperature loop integrals. One-loop bosonic two-point and

three-point finite-temperature loop integrals (such as could emerge in scalar field theories) are

used to develop and benchmark these new methodologies. As outlined below, two method-

ological elements are needed to apply pySecDec to finite-temperature loop integrals. The first

methodological element is an inverse Wick rotation needed to convert a finite-temperature

loop integral into a form applicable to pySecDec, and the second element is asymptotic tech-

niques that accelerate or regulate the convergence of the sum over Matsubara frequencies.

In Section 5.3.2, three-point functions are first examined to establish the methodology

in cases where the corresponding zero-temperature loop integral converges, but is overall

complicated by the presence of multiple mass scales. Then, in Section 5.3.3, these methods

are extended to the case where dimensional regularization is needed for the corresponding

zero-temperature loop integral. A summary and discussion of the new pySecDec finite-

temperature loop integration methodology is provided in Section 5.3.4.

5.3.2 The Finite-Temperature Three-Point Function

In the Matsubara formalism, the three-point vertex function for scalar fields in four spacetime

dimensions at Euclidean external momenta p1E = (p01E, p⃗1) and p2E = (p02E, p⃗2) for propaga-
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tor masses {mi}3i=1 and finite inverse temperature β = 1/T is given by (see e.g., Ref. [226])

ΓT (p1E, p2E) =
1

β

∞∑
n=−∞

∫
d3k

(2π)3
1(

ω2
n + |⃗k|2 +m2

3

)(
(ωn + p02E)

2
+ |⃗k + p⃗2|2 +m2

1

)
× 1(

(ωn − p01E)
2
+ |⃗k − p⃗1|2 +m2

2

) (5.12)

where

ωn =
2nπ

β
(5.13)

are the bosonic Matsubara frequencies (or energies) [227]. Note that p01E and p02E must also

be Matsubara frequencies; the subscript “E” has been introduced for notational consistency

between (5.12) and its zero-temperature limit (5.24) below. The Feynman diagram of the

three-point vertex function Eq. (5.12) is shown in Fig. 5.1, where the external momenta can

be interpreted as arising from either a single scalar field (e.g., a ϕ3 interaction) or multiple

fields (e.g., a ϕ4 interaction). Defining the spatial integral

S (p⃗1, p⃗2,∆1,∆2,∆3) =

∫
d3k

(2π)3
1(

|⃗k|2 +∆3

)(
|⃗k + p⃗2|2 +∆1

)(
|⃗k − p⃗1|2 +∆2

) (5.14)

lets us write (5.12) as

ΓT (p1E, p2E) =
1

β

∞∑
n=−∞

S
(
p⃗1, p⃗2, ω

2
n +m2

3,
(
ωn + p02E

)2
+m2

1,
(
ωn − p01E

)2
+m2

2

)
. (5.15)

Note that the spatial integral (5.14) converges as does the series in (5.15); thus, it is not neces-

sary to use dimensional regularization in this (four-dimensional spacetime) case. Convergent

or not, however, pySecDec can be used to efficiently numerically evaluate integrals like that

of (5.14). Section 5.3.3 below presents an application for which dimensional regularization is

necessary.

To apply pySecDec to the spatial integral (5.14), for an arbitrary spatial momentum p⃗,
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p1E

k,m3 k + p2E,m1

k − p1E,m2

p1E + p2E

p2E

Figure 5.1: The 3-point function Feynman diagram where the double lines repre-
sent the total incoming momenta of the external fields within the model of interest
(e.g., single field for a ϕ3 interaction or two fields for a ϕ4 interaction).

we define a corresponding Minkowski p⃗M by

p1M = ip1 (5.16)

piM = pi for i ̸= 1. (5.17)

The transformation (5.16)–(5.17) can be thought of as an inverse Wick rotation, but on the

first spatial components rather than on the temporal components. Then, defining P such

that

S (p⃗1, p⃗2,∆1,∆2,∆3) = P (p⃗1M , p⃗2M ,∆1,∆2,∆3) (5.18)

gives

P (p⃗1M , p⃗2M ,∆1,∆2,∆3)

= i

∫
d3kM
(2π)3

1(
k⃗M · k⃗M −∆3 + i0+

)(
(k⃗M + p⃗2M) · (k⃗M + p⃗2M)−∆1 + i0+

)
× 1(

(k⃗M − p⃗1M) · (k⃗M − p⃗1M)−∆2 + i0+
) (5.19)

where we have used (5.14) and (5.16)–(5.18). Throughout, we use the notation u⃗M · v⃗M to
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denote a Minkowski dot product of three-component vectors u⃗M , v⃗M , e.g.,

k⃗M · k⃗M = (k1M)2 − (k2)2 − (k3)2. (5.20)

Note that the usual i0+ limit within the propagators ensures that a Wick rotation of (5.19)

in the first spatial components leads to (5.18), and hence Eqs. (5.16)–(5.17) constitute an

inverse Wick rotation. The right-hand side of (5.19) has the form of a three-dimensional

spacetime integral of a product of Minkowski-space propagators and, as such, is in a form

suitable for numerical evaluation using pySecDec. Then, with

∆1 = ω2
n +m2

3 (5.21)

∆2 =
(
ωn + p02E

)2
+m2

1 (5.22)

∆3 =
(
ωn − p01E

)2
+m2

2 (5.23)

in (5.18)–(5.19), we can calculate ΓT (p1E, p2E) using (5.15). Thus, the inverse Wick rotation

as represented in Eqs. (5.16)–(5.17) and employed in (5.18)–(5.19) is the first methodological

element needed to evaluate finite-temperature loop integrals with pySecDec.

The zero-temperature limit (i.e., β → ∞) of (5.12) is given by

Γ0 (p1E, p2E) =

∫
d4kE
(2π)4

1

(k2E +m2
3) ((kE + p2E)2 +m2

1) ((kE − p1E)2 +m2
2)

(5.24)

where

k2E = (k0E)
2 + |⃗k|2 = (k0E)

2 + (k1)2 + (k2)2 + (k3)2 (5.25)

with analogous expressions for (kE+p2E)
2 and (kE−p1E)2. Alternatively, Γ0 can be expressed

in terms of Minkowski momenta by defining Λ0 through

Γ0 (p1E, p2E) = Λ0 (p1, p2) (5.26)
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which gives

Λ0 (p1, p2) = i

∫
d4k

(2π)4
1

(k2 −m2
3 + i0+) ((k + p2)2 −m2

1 + i0+) ((k − p1)2 −m2
2 + i0+)

(5.27)

where

k0 = ik0E, p
0
1 = ip01E, p

0
2 = ip02E (5.28)

(note that spatial components are unaffected by such Wick rotations on temporal compo-

nents) and where

k2 = (k0)2 − |⃗k|2 = (k0)2 − (k1)2 − (k2)2 − (k3)2 (5.29)

with analogous expressions for (k+p2)
2 and (k−p1)2. Equations (5.26)–(5.29) again represent

an inverse Wick rotation. The right-hand side of (5.27) is in a form suitable for numerical

evaluation using pySecDec because the i0+ limit corresponds to standard Minkowski-space

propagators.

As an aside, we note that (5.24) can be written in terms of the spatial integral (5.14) as

Γ0 (p1E, p2E) =

∫ ∞

−∞

dk0E
2π

S
(
p⃗1, p⃗2, (k

0
E)

2 +m2
3, (k

0
E + p02E)

2 +m2
1, (k

0
E − p01E)

2 +m2
2

)
. (5.30)

In (5.30), the integrand S can be numerically evaluated with pySecDec using (5.18)–(5.19)

for ∆1 = m2
1, ∆2 = m2

2, and ∆3 = m2
3 while the outside integral over k0E can be numerically

evaluated using a variety of one-dimensional techniques. Comparing Γ0 as calculated us-

ing (5.26)–(5.27), a straightforward application of pySecDec to the entire spacetime integral,

and (5.30) serves as a valuable consistency check on the inverse Wick rotation methodol-

ogy (5.16)–(5.19) and the implementation of (5.14).

To identify the scaling behaviour of ΓT and Γ0, we re-express both in terms of dimension-

less quantities. In (5.12), we introduce a dimensionless integration variable κ⃗,

κ⃗ =
β

2π
k⃗ =⇒ d3κ =

(
β

2π

)3

d3k. (5.31)
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Similarly, we define dimensionless variables ℓ1, q⃗1, ℓ2, and q⃗2,

ℓi =
β

2π
p0iE, q⃗i =

β

2π
p⃗i for i ∈ {1, 2}, (5.32)

where ℓ1 and ℓ2 must be integers because p01E and p02E are Matsubara frequencies. With

M = max{mi}3i=1, (5.33)

we define dimensionless mass parameters ξi,

ξi =
mi

M
. (5.34)

Then, we define Γ̃T through

ΓT (p1E, p2E) =
1

M2
Γ̃T (ℓ1, q⃗1; ℓ2, q⃗2) . (5.35)

Substituting (5.31)–(5.34) into (5.12), we find, using (5.35),

Γ̃T (ℓ1, q⃗1; ℓ2, q⃗2)

=
a2

2π

∞∑
n=−∞

∫
d3κ

(2π)3
1

(n2 + |κ⃗ |2 + a2ξ23) ((n+ ℓ2)2 + |κ⃗+ q⃗2|2 + a2ξ21)

× 1

((n− ℓ1)2 + |κ⃗− q⃗1|2 + a2ξ22)
(5.36)

where

a =
βM

2π
(5.37)

is dimensionless. Therefore, Γ̃T is also dimensionless.

Next for Γ0, in (5.24), we apply the change of variables

κE =
kE
M

=⇒ d4κE =
1

M4
d4kE (5.38)
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where M is defined in (5.33). Analogous to (5.35), we define Γ̃0 through

Γ0 (p1E, p2E) =
1

M2
Γ̃0 (ℓ1, q⃗1; ℓ2, q⃗2) (5.39)

where ℓi and q⃗i are defined in (5.32). Substituting (5.32), (5.34), and (5.38) into (5.24), we

find, using (5.39),

Γ̃0 (ℓ1, q⃗1; ℓ2, q⃗2) =

∫
d4κE
(2π)4

1[
(κ0E)

2
+ |κ⃗|2 + ξ23

] [(
κ0E + ℓ2

a

)2
+
∣∣∣κ⃗+ q⃗2

a

∣∣∣2 + ξ21

]
× 1[(

κ0E − ℓ1
a

)2
+
∣∣∣κ⃗− q⃗1

a

∣∣∣2 + ξ22

] (5.40)

which shows that Γ̃0 is dimensionless. Strictly speaking, in (5.39)–(5.40), ℓ1 and ℓ2 need not

be integers. Also note that (5.40) can be put into a Euclidean four-dimensional covariant form

by associating ℓi/a and q⃗i/a for each i with the temporal and spatial components respectively

of a four-dimensional Euclidean vector.

The inverse Wick rotation methodology introduced above can be applied in a straightfor-

ward way to the rescaled integrals (5.35) and (5.36). It is also important to emphasize that

pySecDec requires input of numeric values for all parameters within the loop integrals, and

hence (apart from the scaling arguments), the massesmi, inverse temperature β, and external

momenta p1E = (p01E, p⃗1) and p2E = (p02E, p⃗2) are needed as numeric inputs to pySecDec.

In computing Γ̃T , we generally need to truncate the series outside of n ∈ {−nmax,−nmax+

1, . . . , nmax} for some nmax. We can, however, estimate the size of the corresponding trunca-

tion error. Suppressing function arguments, we write

Γ̃T =
∞∑

n=−∞

Γ̃T,n (5.41)

=
nmax∑

n=−nmax

Γ̃T,n +
∞∑

n=nmax+1

Γ̃T,n +

−(nmax+1)∑
n=−∞

Γ̃T,n (5.42)
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where, from (5.36) and (5.41),

Γ̃T,n =
a2

2π

∫
d3κ

(2π)3
1

(n2 + |κ⃗ |2 + a2ξ23) ((n+ ℓ2)2 + |κ⃗+ q⃗2|2 + a2ξ21)

× 1

((n− ℓ1)2 + |κ⃗− q⃗1|2 + a2ξ22)
. (5.43)

If nmax is chosen large enough such that |n| > nmax implies that |n| ≫ aξi, |n| ≫ |ℓi|, and

|n| ≫ |q⃗i|, then

Γ̃T ≈
nmax∑

n=−nmax

Γ̃T,n + 2
∞∑

n=nmax+1

a2

2π

∫
d3κ

(2π)3
1

(n2 + |κ⃗|2)3

=
nmax∑

n=−nmax

Γ̃T,n +
a2

32π2

∞∑
n=nmax+1

1

n3

=
nmax∑

n=−nmax

Γ̃T,n +
a2

32π2

(
ζ(3)−

nmax∑
n=1

1

n3

)

=⇒ Γ̃T ≈
nmax∑

n=−nmax

Γ̃T,n +
a2

32π2
ζ [3, nmax + 1] (5.44)

where ζ[s, b] is the generalized Riemann zeta function

ζ [s, b] =
∞∑
k=0

1

(k + b)s
. (5.45)

Accordingly, we refer to the final term on the right-hand side of (5.44) as the zeta-function

correction. In general, including zeta-function corrections in calculations of Γ̃T allows for a

significantly lower value of nmax to be used which speeds up computation times considerably.

This is illustrated in Figure 5.2 where we plot (5.44) with and without the zeta-function

correction for various values of a. The corrected versions converge more quickly than the

uncorrected, and, hence, use of the large-n asymptotic form of the finite-temperature loop

integrals accelerates convergence of the Matsubara frequency summation. This asymptotic

technique is the second element of our pySecDec methodology for finite-temperature loop

integrals. In Section 5.3.3, asymptotic techniques are needed to regulate the Matsubara sum

in addition to accelerating convergence. All calculations of Γ̃T in the rest of this section
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include the zeta-correction.

Figure 5.2: The right-hand side of (5.44) with and without the zeta-function correc-
tion versus nmax for ℓ1 = ℓ2 = 1, q⃗1 = q⃗2 = 0, ξ1 = 1, ξ2 = 0.5, and ξ3 = 0 at various
values of a.

To conclude this section, we show some plots of the dimensionless, zero-temperature vertex

function Γ̃0 (recall (5.39)–(5.40)) and the dimensionless, vertex function finite-temperature

correction Γ̃T − Γ̃0 (recall (5.35)–(5.36)), both calculated using pySecDec. In Figure 5.3, we

show Γ̃0 as a function of a for several values of ℓ = ℓ1 = ℓ2. In obtaining Figure 5.3, it

has been verified that the two approaches of (5.26)–(5.27) and (5.30) are identical, providing

a robust self-consistency check on our methodology. In Figure 5.4, we show Γ̃T − Γ̃0 as a

function of a for the same values of ℓ. In Figure 5.5, we show Γ̃0 as a function of q1 where

q⃗1 = q⃗2 = (q1, 0, 0) for several values of a. In Figure 5.6, we show Γ̃T − Γ̃0 as a function of

q1 for the same values of a. In obtaining Figures 5.2–5.6 we have compared the pySecDec

numerical results with an analytic calculation that is possible in the limiting case ξ2 = ξ3 = 1

and q⃗1 = q⃗2 = 0. Within the remaining {a, ℓ1, ℓ2}-parameter space, the difference between the

analytic and pySecDec numerical results are smaller than the pySecDec-provided numerical

errors, providing a validation of the methodology. The advantages and adaptability of our
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finite numerical pySecDec methodology are illustrated by the incredible diversity of physical

scales (mass, temperature, momentum) encompassed by Figures 5.3–5.6.

Figure 5.3: The dimensionless, zero-temperature vertex function Γ̃0 versus a for
q⃗1 = q⃗2 = 0, ξ1 = 1, ξ2 = 0.5, and ξ3 = 0 at various values of ℓ = ℓ1 = ℓ2. Error bars
reflecting the numerical uncertainty as determined by pySecDec are not visible.

5.3.3 The Finite-Temperature Two-Point Function

In this Section, we consider a case where dimensional regularization is needed within the

finite-temperature loop integrals, which has implications for the Matsubara frequency sum-

mation.

Similar to the three-point function (5.12), the Matsubara formalism provides an expression

for the two-point function in four spacetime dimensions with propagator masses {mi}2i=1 at

Euclidean external momentum pE = (p0E, p⃗) (as in Section 5.3.2, the subscript “E” is used

for notational consistency between (5.46) and its zero-temperature limit (5.49) below) and

153



Figure 5.4: The dimensionless, finite-temperature vertex function correction Γ̃T − Γ̃0

versus a for q⃗1 = q⃗2 = 0, ξ1 = 1, ξ2 = 0.5, and ξ3 = 0 at various values of ℓ = ℓ1 = ℓ2.
Note that the vertical-axis scale of the ℓ = 0 plot is logarithmic whereas the others are
linear. Error bars (where visible) reflect the numerical uncertainty as determined by
pySecDec.

finite inverse temperature β = 1/T (see e.g., Ref. [226]):

ΠT (pE) =
1

2β

∞∑
n=−∞

∫
d3k

(2π)3
1(

ω2
n + |⃗k|2 +m2

1

)(
(ωn + p0E)

2 + |⃗k + p⃗|2 +m2
2

) (5.46)

where ωn, the (bosonic) Matsubara frequencies (or energies) [227], are defined in (5.13)

and where (5.46) contains a diagrammatic symmetry factor of 1
2
. Note that p0E must be

a Matsubara energy. The Feynman diagram corresponding to (5.46) is shown in Figure 5.7

where, again, the external momentum can be interpreted as arising from either a single scalar

field (e.g., a ϕ3 interaction) or multiple fields, e.g., a ϕ4 interaction). In anticipation of the

need to use dimensional regularization in D = 4 − 2ϵ spacetime dimensions, we define the
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Figure 5.5: The dimensionless, zero-temperature vertex function Γ̃0 versus q1 for
ℓ1 = ℓ2 = 1, ξ1 = 1, ξ2 = 0.5, and ξ3 = 0 at various values of a. Error bars reflecting
the numerical uncertainty as determined by pySecDec are not visible.

spatial integral

I (p⃗,∆1,∆2) =
ν2ϵ

2β

∫
dD−1k

(2π)D−1

1(
|⃗k|2 +∆1

)(
|⃗k + p⃗ |2 +∆2

) (5.47)

where ν is the renormalization scale. [Unlike in (5.14), here, we absorb a factor of β−1 into

the definition of the spatial integral (5.47).] Using (5.47) lets us express (5.46) as

ΠT (pE) =
∞∑

n=−∞

I
(
p⃗, ω2

n +m2
1, (ωn + p0E)

2 +m2
2

)
. (5.48)

Similarly, the dimensionally-regularized, zero-temperature (β → ∞) two-point function is

given by

Π0 (pE) =
ν2ϵ

2

∫
dDkE
(2π)D

1

(k2E +m2
1) ((kE + pE)2 +m2

2)
(5.49)
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Figure 5.6: The dimensionless, finite-temperature vertex function correction Γ̃T − Γ̃0

versus q1 for ℓ1 = ℓ2 = 1, ξ1 = 1, ξ2 = 0.5, and ξ3 = 0 at various values of a. Error bars
(where visible) reflect the numerical uncertainty as determined by pySecDec.

or, in terms of Minkowski momenta, by

Π0(p) = −iν
2ϵ

2

∫
dDk

(2π)D
1

(k2 −m2
1 + i0+) ((k + p)2 −m2

2 + i0+)
, (5.50)

where p0E and p0 as well as k0E and k0 are related as in (5.28). Throughout this section, we

denote the two-point, bosonic correlator as Π regardless of the particular choice of function

argument(s) such as pE in (5.49) or p in (5.50).

p

k + p,m2

k,m1

p

Figure 5.7: The 2-point function Feynman diagram where the double lines represent
the total incoming momenta of the external fields within the model of interest (e.g., a
single field for a ϕ3 interaction or two fields for a ϕ4 interaction).
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Compared to the three-point function, calculation of the two-point function is complicated

by the fact that both (5.46) and (5.49) diverge in four spacetime dimensions. To see explicitly

how the divergence in (5.46) arises and can be dimensionally-regulated, we consider the large-

|n| limit of (5.47) with ∆1 = ω2
n+m

2
1 and ∆2 = (ωn+p

0
E)

2+m2
2 where ωn is large in magnitude

compared to the masses m1, m2 and all components of the external momentum pE. Then,

I
(
p⃗, ω2

n +m2
1, (ωn + p0E)

2 +m2
2

)
≈ ν2ϵ

2β

∫
dD−1k

(2π)D−1

1(
|⃗k|2 + ω2

n

)2 . (5.51)

Using standard dimensional-regularization results (see e.g., Refs. [44, 54]) we can

rewrite (5.51) as

I
(
p⃗, ω2

n +m2
1, (ωn + p0E)

2 +m2
2

)
≈ 1

32π2

[
1 + ϵ

(
log

(
β2ν2

4π2

)
− γE

)]
1

(n2)
1
2
+ϵ
. (5.52)

Analogous to (5.41), we write

ΠT =
∞∑

n=−∞

ΠT,n , (5.53)

ΠT,n = I
(
p⃗, ω2

n +m2
1, (ωn + p0E)

2 +m2
2

)
, (5.54)

where, from (5.48) and (5.52), we have for large |n|

ΠT,n ≈ 1

32π2

[
1 + ϵ

(
log

(
β2ν2

4π

)
− γE

)]
1

|n|1+2ϵ
. (5.55)

In the ϵ→ 0 limit, we see from (5.53) and (5.55) that ΠT is divergent. However, dimensional

regularization does parameterize this divergence via the zeta function. As for the three-point

function, this regularization is achieved by truncating the exact series (5.53) and replacing
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it with the large n form (5.55) for |n| > nmax

ΠT ≈
nmax−1∑

n=−(nmax−1)

ΠT,n +
1

16π2

[
1 + ϵ

(
log

(
β2ν2

4π

)
− γE

)] ∞∑
n=nmax

1

n1+2ϵ

=
nmax−1∑

n=−(nmax−1)

ΠT,n +
1

16π2

[
1 + ϵ

(
log

(
β2ν2

4π

)
− γE

)]
ζ [1 + 2ϵ, nmax] .

(5.56)

Using the result

ζ [1 + 2ϵ, nmax] =
1

2ϵ
− ψ [nmax] +O(ϵ) , (5.57)

where ψ(z) is the digamma function, leads to a dimensionally-regularized (divergent) expres-

sion for ΠT

ΠT ≈
nmax−1∑

n=−(nmax−1)

ΠT,n −
1

16π2
ψ [nmax] +

1

32π2

[
1

ϵ
− γE + log

(
β2ν2

4π

)]
, (5.58)

where irrelevant terms of O(ϵ) are omitted and the approximation can be improved by in-

creasing nmax so that (5.52) becomes more accurate.

Although ΠT and Π0 separately diverge, their difference, i.e., the finite-temperature

correction Πs,

Πs = ΠT − Π0 (5.59)

is finite. This behaviour is expected in mass-independent regularization schemes like dimen-

sional regularization. As shown in (5.58), the divergence in ΠT comes from a series in n

whereas the divergence in Π0 comes from an integral over kE (recall (5.49)). We can show

analytically that these two divergences cancel in Πs defined by (5.59). Expressing (5.49) in

terms of the dimensionless integration variable κE = kE/M gives

Π0 (pE) =

(
ν2

M2

)ϵ
1

2

∫
dDκE
(2π)D

1

(κ2E + ξ21) ((κE + qE)2 + ξ22)
, (5.60)

M = max{mi}2i=1 , ξi =
mi

M
, qE =

pE
M

, q0E =
ℓ

a
(5.61)
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where a is defined in (5.37) and ℓ is the integer corresponding to the Matsubara energy

p0E = 2πℓ/β. Standard dimensional regularization methods (see e.g., Ref. [44]) result in a

divergence that is independent of pE and the parameters ξi

Π0 (pE) =
1

32π2

[
1

ϵ
− γE + log (4π)− log

(
M2

ν2

)]
+ ffinite

0 (qE, ξi) (5.62)

where ffinite
0 contains the remaining finite parts of Π0. Having analytically extracted the

divergences from both ΠT and Π0, we have shown explicitly that they are equal and, as

expected, temperature-independent. Thus the divergences cancel from the finite-temperature

correction (5.59) leading to the the result

Πs =
nmax−1∑

n=−(nmax−1)

ΠT,n −
1

16π2
ψ [nmax] +

1

16π2
log
(a
2

)
− ffinite

0 (qE, ξi) . (5.63)

Because the divergent parts cancel in Πs, the renormalization scale also cancels in (5.63) along

with the usual dimensional-regularization terms γE and log (4π). Thus, to apply pySecDec

to (5.63), we use ΠT,n as calculated in pySecDec, and extract only the finite part of Π0 from

the pySecDec calculation to give a slightly modified version of (5.63) suited to pySecDec,

Πs =
nmax−1∑

n=−(nmax−1)

ΠT,n−
1

16π2
ψ [nmax]+

1

16π2
log
(a
2

)
+

1

32π2
[−γE + log (4π)]−Π̃finite

0 (qE, ξi) ,

(5.64)

where Π̃finite
0 is the finite part of the dimensionless integral (5.61) omitting the ν2/M2

renormalization-scale pre-factor

Π̃0 (qE, ξi) =
1

2

∫
dDκE
(2π)D

1

(κ2E + ξ21) ((kE + qE)2 + ξ22)
. (5.65)

Note that the γE and log (4π) terms have been restored in (5.64) because they cannot easily

be separated out from the pySecDec finite part. As an important numerical benchmark, the

divergent part of Π0 should be calculated in pySecDec to verify the 1/(32π2ϵ)-dependence

in (5.62). The only remaining task is to develop a version of ΠT,n suited to pySecDec.
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As for the three-point function, we switch to dimensionless parameters. Based on our

analytic result, we can anticipate the finiteness of (5.47) within dimensional regularization

in D = 4−2ϵ spacetime dimensions. Also, in ΠT,n, we can set ϵ = 0, introduce dimensionless

κ⃗ as in (5.31), and define dimensionless quantities ℓ, q⃗, and a as follows:

ℓ =
β

2π
p0E, q⃗ =

β

2π
p⃗ , (5.66)

where a is defined in (5.37) and ℓ is an integer because p0E is a Matsubara energy. Then,

ΠT,n ({l, q⃗ }) =
1

4π

∫
d3κ

(2π)3
1

(n2 + |κ⃗|2 + ξ1a2)
(
(n+ ℓ)2 + |κ⃗+ q⃗ |2 + ξ2a2

) . (5.67)

For ΠT,n, we implement an inverse Wick rotation much as we did when calculating the finite-

temperature three-point function. Following (5.16), we define κ1M and q1M as

κ1 = −iκ1M , q1 = −iq1M . (5.68)

Then,

ΠT,n ({l, q⃗M })

=
−i
4π

∫
d3κM
(2π)3

1

(κ⃗M · κ⃗M −∆1 + i0+) ((q⃗M + κ⃗M) · (q⃗M + κ⃗M)−∆2 + i0+)
(5.69)

where

∆1 = n2 + ξ1a
2 (5.70)

∆2 = (n+ ℓ)2 + ξ2a
2 (5.71)

and, as in (5.19), dot products in (5.69) are Minkowski [see Eq. (5.20)]. As discussed in

Section 5.3.2, the right-hand side of (5.69) is in a form suitable for numerical evaluation

with pySecDec. As for Π̃0 in (5.65), its equivalent integral in terms of Minkowski-space
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propagators (in D = 4− 2ϵ dimensions) is

Π̃0 (q, ξi) =
1

2

∫
dDκ

(2π)D
1

(κ2 − ξ1a2 + i0+) ((κ+ q)2 − ξ2a2 + i0+)
(5.72)

where

κ0 = iκ0E and q0 = iℓ. (5.73)

The right-hand side of (5.72) is also in a form suitable for numerical calculation using py-

SecDec.

Before proceeding with some numerical results for the finite-temperature correction two-

point function Πs, we summarize some key aspects associated with the pySecDec evaluation

of (5.64). First, analytic methods have been used to regulate the divergences in the finite-

temperature Matsubara sum (5.53), and it has been demonstrated that these divergences

cancel against the divergent zero-temperature result. As for the three-point function, these

analytic methods also improve the numerical convergence of the Matsubara sum. Second,

it should be verified that the pySecDec-computed values of (5.69) appearing in the sum are

finite, and that the divergent part of (5.72) as computed with pySecDec is 1/(32π2ϵ) as

needed to cancel the divergences. Finally, we also note that in (5.64), there is a natural

cancellation of the γE and log (4π) as shown analytically in (5.63).

As an example of results obtained from the procedure described above for numerically

calculating Πs, we plot Πs as a function of a at q⃗ = 0 for several values of ℓ in Figure 5.8.

Also, in Figure 5.9, we plot Πs as a function of q1 where q⃗ = (q1, 0, 0) at ℓ = 1 for several

values of a. In obtaining these plots, it has been verified that the case where ℓ = 0 and q⃗ = 0

agrees with the results of Ref. [226] given in a considerably different form and approach,

providing a robust validation of the regularization method used for the Matsubara sum.

In obtaining Figure 5.8 we have also compared the pySecDec numerical results with an

analytic version of our calculation that is possible in the limiting case ξ1 = ξ2 = 1 and

q⃗ = 0. Within the remaining {a, ℓ} parameter space, the difference between the analytic

and pySecDec numerical results are smaller than the pySecDec-provided numerical errors,

providing a validation of the methodology. As for the three-point function, the advantages
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and adaptability of our finite temperature numerical pySecDec methodology are illustrated

by the incredible diversity of physical scales (mass, temperature, momentum) encompassed

by Figures 5.8–5.9.

Figure 5.8: The dimensionless, finite-temperature 2-point function correction Πs

versus a for ξ1 = ξ2 = 1 and q⃗ = 0 at various values of ℓ. Error bars (where visible)
reflect the numerical uncertainty as determined by pySecDec.

5.3.4 Discussion

In this paper we have developed methods to enable application of pySecDec [209, 237] to

numerically evaluate dimensionally-regulated, finite-temperature bosonic loop integrals in

the imaginary time (Matsubara) formalism. The methods are developed at one-loop order in

four spacetime dimensions and consist of two main elements. The first element is an inverse

Wick rotation of a spatial component that maps a finite-temperature spatial integral into a

form that enables the use of pySecDec. This inverse Wick rotation is a generic methodology

that can easily be extended to higher-loop integrals, various loop topologies, and to different

choices of spacetime dimension. The second methodological element develops asymptotic

forms that can be used to regulate and accelerate convergence of the Matsubara sum. In
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Figure 5.9: The dimensionless, finite-temperature 2-point function correction Πs

versus q1 where q⃗ = (q1, 0, 0) for ξ1 = ξ2 = 1 and ℓ = 1 at various values of a. Error
bars (where visible) reflect the numerical uncertainty as determined by pySecDec.

principle, this asymptotic methodology could be extended to higher-loop calculations, but, of

course, the analysis would become increasingly complicated with multiple Matsubara sums.

Both of the methodological elements are easily adaptable to fermionic finite-temperature loop

integrals.

Two examples were used to develop and illustrate our finite-temperature pySecDec

methodology. The finite-temperature bosonic three-point function was first considered be-

cause in four spacetime dimensions, the loop integrals and Matsubara sum converge. How-

ever, although dimensional regularization is not strictly needed, we find that pySecDec still

provides demonstrable advantages in computational efficiency compared with direct numeri-

cal integration using standard Python functions such as tplquad from scipy.integrate or Math-

ematica’s NIntegrate. We thus conclude that pySecDec is particularly well optimized to loop

integrals, and is capable of handling the full diversity of scales that could occur in a finite-

temperature system. Despite this numerical efficiency, we also demonstrated that convergence

of the Matsubara sum can be accelerated by using analytic methods for the asymptotic form
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of the finite-temperature series.

The second example of the finite-temperature bosonic two-point function in four spacetime

dimensions has an additional complication of divergences in the Matsubara sum that we

regulate using dimensional regularization combined with the asymptotic form of the finite-

temperature series. We demonstrate that this divergence is identical to that of the zero-

temperature two-point function, and hence the finite-temperature correction (5.59) is finite

as expected. An algorithm was presented for applying pySecDec to the two-point finite-

temperature correction by combining analytic methods and extracting specific portions of

the zero-temperature loop integral in pySecDec. In the analysis of the two-point function,

the numerical pySecDec results for the finite-temperature correction were compared against

known results [226] in specific limiting cases.

In the various figures (see Figures 5.2–5.6 and Figures 5.8–5.9) used to demonstrate our

pySecDec finite-temperature loop-integral methodology, we have shown the numerical uncer-

tainties reported by pySecDec. In obtaining these figures, we have tested the pySecDec results

against limiting cases where we can perform analytic calculations, and find the difference be-

tween the analytic and pySecDec numerical results are smaller than the pySecDec-provided

numerical errors, and see no evidence of numerical noise in the data generated by pySecDec.
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6 The End of the Beginning

In the Standard Model (SM), matter is composed of small constituents of fundamen-

tal particles whose interactions and combinations form the world we know of today (see

e.g., Ref. [6]). This thesis focuses on advancing theoretical particle physics predictions by

improving precision in calculations and addressing open questions in QCD and physics be-

yond the SM (BSM). The research presented spans a broad spectrum, from exotic hadrons

such as gluonia [14], experimental anomalies including muon g − 2 [21], and advanced com-

putational methodology development [23]. All of which aim at contributing to a deeper

understanding of fundamental interactions.

In Chapter 3, we present a notable next-to-leading order (NLO) refinement to the QCD

sum rules (QCDSR) theoretical predictions for JPC = 2++ tensor di-gluonium [14]. With

both higher-energy perturbative and lower-energy non-perturbative contributions systemati-

cally evaluated, our results provide insights into the properties of 2++ tensor di-gluonium and

support for future experimental and theoretical searches for gluonia. This research also lays

the foundation for further collaborations on the theoretical predictions for the JPC = 2−+

tensor di-gluonium and JPC = 0++ scalar tri-gluonium. We aim to improve the theoretical

precision of those exotic hadron properties and provide a more comprehensive understanding

of the SM landscape.

In Chapter 4, we address the tension surrounding the leading order (LO) hadronic vacuum

polarization (HVP) contributions to muon g − 2 anomaly (aHVP,LO
µ ) [21] (see also Ref. [22]).

Using higher-order corrections to finite-energy QCD sum rules (FESR) and Hölder inequal-

ities, we derive complementary and fundamental QCDSR bounds on hadronic contributions

to aHVP,LO
µ by incorporating light-quark contributions up to five-loop perturbative correc-

tions within the chiral limit, LO light quark mass corrections, NLO dimension-four QCD

condensates, and LO dimension-six QCD condensates. We also include the effect of flavour
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transitions as we move from higher to lower energy ranges, as well as the renormalization

group effect on the condensate contributions. Our result offers a possible path to resolve

the current tension in aHVP,LO
µ theoretical predictions within and among data-driven [17, 18]

and lattice QCD [19, 20] approaches to the experimental measurement [15], and potentially

points towards new physics phenomena. Our novel methodology which combines FESR with

the family of Hölder inequalities, can also improve predictions for other anomalous magnetic

moments, such as those of the τ leptons, which motivates our ongoing research looking for

the hadronic contribution to aHVP,LO
τ .

In Chapter 5, we develop computational methodologies to evaluate loop integrals in finite-

temperature field theory via the pySecDec package. By expanding the functionality of py-

SecDec with an inverse Wick rotation method and dimensional regularization method for the

thermal summation, we extend pySecDec’s applicability to a wide range of Feynman diagram

topologies in finite-temperature environments. Our methods offer the option of numerically

calculating finite-temperature loop integrals, especially when the problem exceeds the ca-

pabilities of analytic approaches. These numerical computation techniques enable precise

analyses of particle interactions in thermal environment and can be potentially applied to

studies such as on quark-gluon plasma (see e.g., Refs. [214–216]), baryongenesis [220, 221]

and gravitational waves [222–224] etc.

Through theoretical innovations and computational advancements, this thesis addresses

some of the key challenges in QCD and BSM physics, including theoretical studies of gluo-

nia, muon g − 2 anomaly and thermal loop integral calculation. By improving precision of

theoretical predictions through means such as obtaining QCDSR higher-loop corrections and

developing numerical computation methods, we extend our knowledge and insight on QCD

and SM in general, making future searches and comparisons to experimental measurement

more significant and paving the way for uncovering new physics beyond the known.
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Appendix A

Conventions

This Appendix includes the basic algebra and convention choices (e.g., for units). Reviews
can be found in Refs. [6, 31].

� We are using the natural unit of c = ℏ = 1 to simplify the expressions. As a result,
the mass and momentum are in the same dimension of energy, typically in the unit of
electronvolt (eV). The distance and time have inverse energy unit (eV−1).

� The Lorentz four vector, e.g., position-time xµ (µ = 0, 1, 2, 3), in Minkowski space is
defined as:

xµ = (x0, x1, x2, x3) = (ct, x1, x2, x3) = (ct, x⃗). (A.1)

Similar definition also applies to other four vectors including momentum-time pµ. The
derivative operator is defined as:

∂µ =
∂

∂xµ
=

(
∂

∂x0
,∇
)
. (A.2)

� The Dirac metrics in d = 4 dimensional Minkowski space are defined as:

γ0 =

(
0 1
1 0

)
, γi =

(
0 σi

−σi 0

)
, γ5 = iγ0γ1γ2γ3 =

(
0 1
1 0

)
, (A.3)

where 1 is 2× 2 identity matrix, σi (i = 1, 2, 3) are Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.4)

The Minkowski space matrix tensor used is:

gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (A.5)

Hence satisfies gµνg
µν = D at D spacetime dimension. γµ satisfies Dirac algebra:

γµγµ = D 14, {γµ, γν} ≡ γµγν + γνγµ = 2gµν14, (A.6)

with I4 being 4× 4 identity matrix.

� The Einstein summation is implied throughout this thesis over repeated flavour, colour
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and metric indices. As in,

aµ =
∑
ν

Λµν b
ν Einstein notation−−−−−−−−−−→ Λµν b

ν (A.7)

For example,

p · x = gµνp
µxν = p0x0 − p⃗ · x⃗. (A.8)

� The relationship between covariant four-vector xµ and contravariant four-vector xµ is:

xµ ≡ gµνx
ν = (x0,−x⃗), . (A.9)

However, MATHEMATICA package FeynCalc presumes its user can properly interpret the
Lorentz indices appearing in Feynman integrals, it does not distinguish covariant and
contravariant labels for Lorentz indices. Analogously in this thesis, the proper ar-
rangement of indices is occasionally assumed to be implicit to provide the best visual
formatting (e.g., tensor gµν = gµν in this work).

� The “slashed” notation for operators and momenta are defined as:

/D = Dµγ
µ, /∂ = ∂µγ

µ, /p = pµγ
µ. (A.10)
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Appendix B

SU(3) Colour Charge

This appendix includes the relevant properties of SU(3) colour charge of QCD that is
introduced in Chapter 2 and is used throughout this thesis. The materials of this appendix
refer to Refs. [6, 31,44,48,245].

B.1 SU(3) Colour Symmetry Group

QCD is a non-abelian gauge theory with special unitary group of degree N = 3 symmetry,
denoted SU(3) symmetry given from the three degrees of freedom from the three colour
charges. One can consider the three coloured quark states as:

|q1⟩ =

1
0
0

 , |q2⟩ =

0
1
0

 , |q3⟩ =

0
0
1

 (B.1)

There are N2 − 1 = 8 Gell-Mann matrices λa (a = 1, 2, · · · , 8) for SU(3):

λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =

0 −i 0
i 0 0
0 0 0

 , λ3 =

1 0 0
0 −1 0
0 0 0

 ,

λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 , λ6 =

0 0 0
0 0 1
0 1 0

 , (B.2)

λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

1 0 0
0 1 0
0 0 −2

 .

The Gall-Mann matrices are generalized Pauli matrices from SU(2) to SU(3). The shifts
between the three coloured states, beyond the SU(2) subgroups of SU(3), can be created
using linear combinations of the non-diagonal Gell-Mann matrices:

|q1⟩ ⇄ |q2⟩ : I∓ =
1

2
(λ1 ∓ iλ2),

|q1⟩ ⇄ |q3⟩ : V∓ =
1

2
(λ4 ∓ iλ5),

|q2⟩ ⇄ |q3⟩ : U∓ =
1

2
(λ6 ∓ iλ7).

(B.3)
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The λa are hermitian and traceless, leading to the Lie group algebra

[λa, λb] = i 2 fabcλc, (B.4)

Tr [λaλb] = 2 δab, (B.5)

where fabc is the totally antisymmetric structure constant with identity:

fabcfdbc = 3 δad. (B.6)

We let the generators Ta for the quark states to be defined as Ta = λa/2, meaning they also
obey

[Ta, Tb] = ifabcTc, (B.7)

Tr [Ta] = 0. (B.8)

One can see that there are two diagonal generators T3 and T8. The non-diagonal operators in
Eq. (B.3) does not generate a completely new state rather a linear combination of multiplet
states. T3 and T8, on the other hand, will provide eigenvalues when apply to their eigenstates
(instead of giving other eigenstates). One can visualize the multiplet’s eigenvalues by those
two diagonal operators, as shown in Fig. B.1 below.

T3

T8

q1q2

q3

q̄1 q̄2

q̄3

1
2
√

3

− 1√
3

1
2

− 1
2

Figure B.1: Multiplets of quark (q) in red and antiquark (q̄) in blue, are denoted as
3 and 3∗ respectively.

In Fig. B.1, the fundamental representation of quarks is 3 and antiquarks 3∗, with the
gluons in the adjoint representation 8. Using the representation theory of groups, we can
find the irreducible representations for mesons:

q̄q : 3∗ ⊗ 3 = 1⊕ 8. (B.9)

This leads to a different perspective of the example eightfold way in Fig. 2.2 for hadrons
are viewed as colour singlets represented by 1. And similarly, one can find the product
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representations for baryons:

qqq : 3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10, (B.10)

which also ensures hadrons being colour singlets to satisfy the colour confinement requirement
for hadrons to be observed experimentally.

B.2 Gluon Octet

In terms of SU(3) symmetry, the effective colour states — rr̄, rb̄, rḡ, br̄, bb̄, bḡ, gr̄, gb̄, gḡ —
exist only in principle. Instead, there are nine possible colour states of gluon, who are
linearly independent, forming a “colour octet” equivalent to the Gell-Mann matrices [6]:

|1⟩ = 1√
2
(rb̄+ br̄) |2⟩ = − i√

2
(rb̄− br̄)

|3⟩ = 1√
2
(rr̄ − bb̄) |4⟩ = 1√

2
(rḡ + gr̄)

|5⟩ = − i√
2
(rḡ − gr̄) |5⟩ = 1√

2
(bḡ + gb̄) (B.11)

|7⟩ = − i√
2
(bḡ − gb̄) |8⟩ = 1√

6
(rr̄ + bb̄− gḡ)

and a “colour singlet”:

|9⟩ = 1√
3
(rr̄ + bb̄+ gḡ), (B.12)

among which |3⟩ and |9⟩ are colourless. However, the colour singlet |9⟩ would suggest the
existence of gluon as a free particle and it would allow long-range strong interaction which
does not exist. Therefore, there are only eight colour states for gluons which are listed in
Eq. (B.11).
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Appendix C

Quantum Numbers

The frequently used quantum number combination of JPC reflects important properties
and suggests possible parton constituents of a composite particle. One can find the basic
definitions of orbital/spin/total angular momentum in Refs. [28, 31].

� L⃗: orbital angular momentum with magnitude L where L2 = l(l + 1). Here quantum
number l = 0, 1, 2, 3, · · · . The projection along z-axis is

ml = −l,−(l − 1), · · · , l − 1, l︸ ︷︷ ︸
2l+1 terms

. (C.1)

� S⃗: spin angular momentum with magnitude S where S2 = s(s + 1). The quantum
number of s depends on the intrinsic form of the particle, e.g., s = 1/2 for e−, n, p and
s = 1 for gluon. The projection along z-axis is

ms = −s,−(s− 1), · · · , l − 1, s︸ ︷︷ ︸
2s+1 terms

. (C.2)

That means for spin-1/2 particles, ms = ±1/2 (spin up or down).

� J⃗ = L⃗ + S⃗: total angular momentum with magnitude J where J2 = j(j + 1). The
quantum number is

j = |l − s|, |l − s|+ 1, · · · , l + s (C.3)

with projection along z-axis mj = −j,−(j − 1), · · · ,+j.

� P = (−1)l: parity, which reflects the symmetry under spatial inversion. For even (odd)
l, one has even (odd) parity which is written as +(−). Note for meson qq̄ states, one
need to account for the opposite intrinsic parities from q and q̄ resulting P = (−1)l+1.

� C = (−1)l+s: charge conjugation reflects the symmetry under particle to antiparticle
changes. Similar to parity, the notation for C = ±1 is also ±.

Quantum numbers l, s and j in this appendix are denoted as L, S and J in this thesis
(following the Particle Data Group convention [7]) as there won’t be confusion with the
angular momentum magnitudes in the text. In Chapter 3, the target tensor digluonium has
the quantum number of JPC = 2++ corresponds to the ground state of a system consist of
two spin-1 gluons: J = 2, L = 0, S = 2.
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C.1 Gluonia Naming Scheme

Below we show the name conventions for gluonia that are relevant to this thesis by the

Particle Data Group in Ref. [7]. Using an example,

f2(2010)

� The first letter indicate the particle’s Isospin I and charge symmetry. Since gluonia are
bosonic particles that have even total angular momentum (J = 0, 2, 4, · · · ), it is a more
common fit for the f -states (I = 0 isoscalar with even J) than the others due to the
gluonic composition. This naming scheme is borrowed from the naive quark model of
light-flavoured mesons which also has I = 0 cases. Although in the case of triple-gluon
glueballs can have J = 1 for vector boson or J = 3 for third-order tensor boson, we
will not dig too deep in this work.

� The subscript number represents the total angular momentum J of the mesons.

� The approximate mass of the particle is indicated in the parentheses in MeV/c2

f2(2010) represents a composite particle with quantum number: I = 0, JPC = 2++, and mass
around 2010MeV (2011+62

−76MeV to be precise [7]).
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Appendix D

Sample Code for Usage of FeynCalc and

TARCER

For reference, a sample calculation code for an NLO tensor di-gluonium bare diagram
— specifically, diagram (e), which involves the gluon self-energy with a quark loop — is
provided in the following pages. The primary software used for this thesis is MATHEMATICA,
and the example calculation is implemented within this framework. Additionally, the example
demonstrates the applications of two essential packages for this thesis: FeynCalc [135–137]
and TARCER [58].
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In[ ]:= Clear["Global`*"]

In[ ]:= $LoadTARCER = True;

In[ ]:= << FeynCalc`

FeynCalc 9.3.1 (stable version). For help, use the
documentation center, check out the wiki or visit the forum.

To save your and our time, please check our FAQ for answers to some common FeynCalc questions.

See also the supplied examples. If you use FeynCalc in your research, please cite

• V. Shtabovenko, R. Mertig and F. Orellana,
Comput.Phys.Commun. 256 (2020) 107478, arXiv:2001.04407.

• V. Shtabovenko, R. Mertig and F. Orellana,
Comput.Phys.Commun. 207 (2016) 432-444, arXiv:1601.01167.

• R. Mertig, M. Böhm, and A. Denner, Comput. Phys. Commun. 64 (1991) 345-359.
TARCER 2.0, for more information see the accompanying

publication. If you use TARCER in your research, please cite

• R. Mertig and R. Scharf, Comput. Phys. Commun., 111, 265-273, 1998, arXiv:hep-ph/9801383

Calculation of 2- loop (NLO) tensor di-
gluonium 2++current 
Diagram (e) Self Energy-fermion

Feynman rules 
gluonic-current-to-2-gluons

FD[i_, j_, μ_, ν_, ρ_, σ_, p_, q_] := -SUNDelta[i, j]

(-MTD[μ, σ] * MTD[ν, ρ] - MTD[μ, ρ] * MTD[ν, σ] + MTD[μ, ν] * MTD[σ, ρ]) * SPD[p, q] +

MTD[μ, σ] * FVD[q, ρ] * FVD[p, ν] +

MTD[μ, ρ] * FVD[p, σ] * FVD[q, ν] + MTD[ν, ρ] * FVD[q, μ] * FVD[p, σ] +

MTD[ν, σ] * FVD[p, μ] * FVD[q, ρ] - MTD[σ, ρ] * FVD[q, μ] * FVD[p, ν] -

MTD[ρ, σ] * FVD[p, μ] * FVD[q, ν] - MTD[μ, ν] * FVD[p, σ] * FVD[q, ρ] 

gluon propagator with arbitrary gauge, Pascaul & Tarrach, P35

Dg[i_, j_, μ_, ν_, a_, k_] :=

-I * SUNDelta[i, j] * MTD[μ, ν] * SPD[k] - 1 - a * FVD[k, μ] * FVD[k, ν] * FAD[{k, 0}, {k, 0}]

Printed by Wolfram Mathematica Student Edition
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fermion propagator, Field convention

Df[i_, j_, k_] := I * SUNDelta[i, j].GSD[k]  SPD[k]

Dfnumeratornocolour[k_] := I.GSD[k]

Dfdenominator[k_] := FAD[{k, 0}]

Fermionic vertex - igγμ Tij
a, where Ta = λa / 2,

Ta will be included later with the colour factor

from fermion propagtor δij together, as Tr[Ta Tb] =
1

2
δab.

(*Field convention*)

FVnocolor[μ_] := -I * g.GAD[μ]

projection operator for 2++ term of the 2 - point function with the operators J1 and J2

ηD[μ_, ν_, q_] :=
FVD[q, μ] * FVD[q, ν]

SPD[q]
- MTD[μ, ν]

P8D[μ_, ν_, ρ_, σ_, q_] :=

ηD[μ, ρ, q] * ηD[ν, σ, q] + ηD[μ, σ, q] * ηD[ν, ρ, q] -
2

D - 1
* ηD[μ, ν, q] * ηD[ρ, σ, q]

from projection operator check (separate notebook) R8 =
2

D - 1

lnclude projection operator normalization factor

P8Dnorm = Contract[P8D[μ, ν, ρ, σ, p] * P8D[μ, ν, ρ, σ, p]];

Diagram e : Quark /Fermion Self-Energy

2     gluonium_NLO_SE_fermion_ab_gauge.nb
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Calculate amplitude  (Arbitrary gauge:  a=1 Feynman gauge; a=0 Landau gauge)

In[ ]:= fnumerator = -1 *

Contract[Tr[I * P8D[μ, ν, ρ, σ, p] * FD[a, b, μ, ν, α, β, q, p - q] * Dg[a, c, α, γ, a, q].

FVnocolor[γ].Dfnumeratornocolour[k - q].FVnocolor[χ].Dfnumeratornocolour[k] *

Dg[j, l, χ, τ, a, q] * Dg[b, m, β, ζ, a, p - q] * FD[l, m, ρ, σ, τ, ζ, -q, -p + q]]];

minus sign added for fermion field as it obeys fermionic statistics (-1 for every fermion loop), so it 
would disagree with P+T.

include denominators of the fermion propagator to find the amplitude

famp = fnumerator * Dfdenominator[k] * Dfdenominator[k - q];

TARCER principle function which reduces

expressions to a set of basic integrals. In this case, J(D).

ansf1 = TarcerRecurse[ToTFI[famp, q, k, p]]

Out[ ]=

8 (D - 2)2 (D + 1) 9D3 - 40D2 + 44D - 16 g2 p2 δc j J1,0 1,0 1,0
D

3 (D - 4) (D - 1) (3D - 4) (3D - 2)

expansion with given rule of D → 4+2ϵ for ϵ around 0

ansf2 = TarcerExpandansf1  P8Dnorm, D → 4 + 2 * ϵ;

expression simplification

ansf3 = ansf2 /. FCI[SEpsilon[4 + 2 * ϵ]] → 1;

ansf4 = ansf3 // DotSimplify;

substitutions for P4 ≡ -P2
2
, L ≡ LogP2

ansf5 = ansf4 /. -Pair[Momentum[p, D], Momentum[p, D]]^2 * ϵ *

Pair[Momentum[p, D], Momentum[p, D]]^2 → P4 * Exp2 ϵ * L;

expand in series of ϵ, and extract physical terms L ≡ LogP2

ansf6 = Series[ansf5, {ϵ, 0, 0}];

ansf7 = L * Coefficient[ansf6, L, 1] + L^2 * Coefficient[ansf6, L, 2];

Colour factor for fermion propagator and vertex

denoting SU (3)

SUNN = 3 ;

ansf8 = SUNDeltaContract[SUNTrace[SUNT[c, j]] * ansf7];

2 - loop conversion factor between our loop convention and TFI definition

In[ ]:= conv = 4 * Pi^4;

gluonium_NLO_SE_fermion_ab_gauge.nb     3
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Diagrammatic symmetry factor

Refering to the formula presented in Cheng - Li p503

diagramsym = 1;

ansf9 = ansf8  conv  diagramsym /. g → Sqrt[4 * Pi * αs] // Simplify;

ansf10 = Coefficient[ansf9, L, 0] +

L * Coefficient[ansf9, L, 1] + L^2 * Coefficient[ansf9, L, 2] // Expand;

In[ ]:= SEfermionresult = ansf10

Out[ ]= -
L2 P4 αs

60 π3
-
L P4 αs

60 π3 ϵ
+

16 L P4 αs

225 π3

The P4 represents the external momentum to the power of 4, equivalent to the (-Q4) in the thesis. The 
result is shown in Eq. (3.35).
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Appendix E

Feynman Rules for QCD (non-abelian gauge

theory)

To calculate the Feynman integrals of the Feynman diagrams corresponding to each NLO
topology discussed in this document, one will need Feynman rules for each component in-
volved in all Feynman diagrams (diagram a-h). Below are the QCD propagators and vertices
needed for the tensor gluonium 2++ next-to-leading order Feynman diagrams.

Feynman rules for current-to-2-gluon (Eq. (3.14)) and current-to-3-gluon (Eq. (3.19)) are
evaluated and found in this research, specifically in Sec. 3.2.1. The rest of the included
Feynman rules (Eq. (E.3)-(E.9)) are referred and in agreement with literature [44,138].

Jµνg

σ, a

ρ, b

q

p

Current-to-2-gluon:

Zµνσρ
ab (p, q) =

− δab [ (−gµσgνρ − gµρgνσ + gµνgσρ) p · q
+ gµσ qρ pν + gµρ pσ qν + gνρ qµ pσ

+ gνσ pµ qρ − gσρ qµ pν − gρσ pµ qν − gµν pσ qρ ]

(E.1)

Jµνg

p, ρ, a

k, λ, b

q, σ, c

Current-to-3-gluon:

Eµνρλσ
abc (p, q, k) =

−igfabc
[
(p− q)λ (gµνgρσ − gρµgσν − gσµgρν)

+ (k − p)σ
(
gµνgλρ − gρµgλν − gλµgρν

)
+ (q − k)ρ

(
gµνgσλ − gλµgσν − gσµgλν

)
+ gρλ (gσν (p− k)µ + gσµ (p− k)ν)

+ gρσ
(
gλν (q − p)µ + gλµ (q − p)ν

)
+gσλ (gρν (k − q)µ + gρµ (k − q)ν)

]
(E.2)

µ, a ν, b
k

Gluon propagator:

Dµν
ab (k) = − iδab

k2 + iη

(
gµν − (1− ξ)

kµkν

k2 + iη

)
ξ = 1 Feynman gauge

ξ = 0 Landau gauge

(E.3)

193



k

Fermion propagator:

S(k) =
i(/k +m1)

k2 −m2 + iη
(E.4)

a b
k

Ghost propagator:

∆ab(k) =
−iδab

k2 + iη
(E.5)

λ, a

µ, b ν, c

p

q
r

Triple-gluon vertex:

V µνλ
abc (p, q, r) = −gfabc [ (p− q)νgλµ

+ (q − r)λgµν + (r − p)µgνλ ] (E.6)

µ, a ν, b

ρ, c σ, d

4-gluon vertex:

Hµνρσ
abcd =− ig2

[
fabef cde (gµρgνσ − gµσgνρ)

+ facef bde (gµνgρσ − gµσgνρ)

+fadef bce (gµνgρσ − gµρgνσ)
] (E.7)

µ, a

Gluon-fermion Vertex:

Γµa = −ig γµ
(
λa
2

)
(E.8)

µ, b

c a

p

Gluon-ghost Vertex:

Y µ
abc(p) = g fabc p

µ (E.9)
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