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The distribution of m������ in the decay �� � ����� has been
measured with the Crystal Barrel detector� The results are based
on a total of ���� observed �� decays� The box anomaly constant
is extracted from this and its value is found to agree well with
theoretical expectations� The pseudoscalar nonet parameters �f�	
f� and �PS� are determined� Finally	 we 
nd that there is a problem
of consistency between QCD and the standard VDM assumption�

� Introduction

Several measurements of the dipion mass spectrum in the decay �� � �����
have been performed� This decay process was expected to be described solely
by �� � ��� with the subsequent decay of � to ����� Most of the precise
measurements have been performed in �� collisions by JADE ����CELLO ����
PLUTO ���� TASSO �	�� TPC��� �
� and ARGUS ���� All these collabora�
tions have a common claim that the structure of the �� spectrum from ��

decay implies that the �� mass is larger than expected �
�� the reported mass
shift is as large as �� to �� MeV� In other words� the picture describing the
�� � ����� as fully mediated by the �� seems somehow incomplete� Using
an increased data set �� ���� events� collected by ARGUS� ref� ��� has at�
tempted to treat the problem by including the expected � contribution� the
result shows that this contribution is unlikely to explain the � mass shift with
commonly accepted values for the � parameters�

A recent high statistics study ��� �� ���� events� of this �� spectrum mea�
sured in �N � ��N � has been done� using various � shapes� with or without
including the � contribution� and examining a possible non�resonant contri�
bution� This experiment concluded that the single likely way to explain the
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�� dipion mass spectrum is to introduce a non�resonant contribution besides
the �� contribution�

This assumption of a non�resonant contribution has been revisited in refs�
������� to see whether it can be identi�ed with the box anomaly expected
to occur in � and �� decays �����
� from current algebra and chiral theories�
The conclusion was positive within experimental uncertainties� However� in
order to reach a good statistical signi�cance the authors of refs� ������� had to
combine the � existing data sets �about � ���� events� and merge the di�erent
spectra using the S�factor technique of ref� �
�� They show� moreover� that
using an equation relating some J�� decay fractions to the pseudoscalar nonet
parameters ���� together with the four Chanowitz equations ������� allows the
results to be tightly constrained� These equations are recalled in the appendix�

Using this set of equations� one can determine without any additional assump�
tion the pseudoscalar nonet parameters �f�� f�� �PS�� This set of equations also
permits a test of QCD� subject however to the relevance of VDM in describ�
ing the � meson shape� Indeed an assumption about the � meson shape is
required ���� in order to extract the box anomaly from the �� dipion spec�
trum� As the previously quoted set of equations also provides predictions for
the box anomalies independent of any assumption about the � meson� one can
check the likelihood of the box anomaly value extracted from data�

Using data collected with the Crystal Barrel detector� we have been able to
extract a data sample of about 
	�� events for the above mentioned �� decay
channel� It represents the largest existing sample from a single experiment
and thus allows a much precise study of the box anomaly phenomenon in ��

decays�

The outline of the paper is as follows� In section � we brie�y describe the data
handling and selection criteria� Section � is devoted to the analysis method we
have followed and in section � we comment on our �ts and results concerning
the box anomaly� In section �� we focus on the pseudoscalar nonet parameters
and section � is devoted to conclusions� In the appendix� we recall the basic
equations for the anomaly problem�

� Measurement of the decay distribution of �� � �����

The Crystal Barrel experiment was used to produce and detect the �� mesons�
Antiprotons with ��� MeV�cmomentum from LEAR were stopped in a liquid
hydrogen target� The �� was produced in the reactions p�p � ������� p�p �
������ and p�p� ���� As the detector is described in detail elsewhere ��
�� only
those elements relevant to this analysis are mentioned here� Two multiwire
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proportional chambers and a cylindrical jet drift�chamber �JDC� with �� layers
were used to trigger on reactions with two or four charged tracks and to
measure their momentum� The momentum resolution is 	p�p � ��
� at �
GeV�c� Surrounding the JDC is a barrel shaped electromagnetic calorimeter�
consisting of ���� CsI�Tl� crystals pointing towards the target center� The
calorimeter covers the polar angles between ��� and ���� with full coverage
in azimuth� The resolution for photons are 	E�E � �

� at � GeV� and
	��� � �
�� in both the polar and azimuthal angles�

A total of �� million ��prong and � million 	�prong triggered events were
submitted to the analysis� Events were selected by requiring exactly two or four
well reconstructed charged tracks of total charge zero� which have to traverse
the JDC layers � to ��� Photons had to deposit at least �� MeV energy and
release at least �� MeV in at least one crystal� Energy deposits close to charged
tracks were rejected� Electromagnetic and hadronic �split�o�s� i�e� signals in
the calorimeter which did not occur from the primary photon shower or could
not be directly correlated with a charged particle in the JDC were rejected
by geometric cuts and a 	�C energy momentum�conservation requirement�
Events with reconstructed photons in the crystal ring around the beam pipe
were rejected due to shower leakage�

The selected events were then submitted to a kinematic �t also constraining
the mass of the �� for these reactions�

��� pp� ����� �����
��� pp� ������ �����
��� pp� ������ �����
�	� pp� �������� �����

A �t probability of at least ��� was required� For each reaction the �����
invariant mass was plotted for di�erent ���� mass intervals from 	�
 to �


MeV in order to scan the dipion invariant mass spectrum of the �� meson in
this decay� From �ts to the �� signal in each of these spectra one obtains a back�
ground independent number of the ���s versus the m������ mass� Depending
on the reaction the following cuts were applied to reduce the combinatorial
background in the ����� invariant mass plots�

In reaction ��� the invariant m������� mass was plotted� if

� the con�dence level for the reaction pp� �������� was lower than ���
� 
	� � m����� � ��� MeV�c� for the ��� recoiling against ����� combi�
nation�

� m���� � 
�� or m���� � 

� MeV�c� to suppress �� ���

Reaction ��� required for the m������� invariant mass plot that�

	



� m����� � 
�� or m����� � ��
 MeV�c� for both ��� combinations in order
to suppress � � ����

� m�������� � 
�� or m�������� � ��
 MeV�c� for both �� combinations�

Reaction ��� did not need any further cut� but all 	 ���� combinations were
taken into account�

Reaction �	� had the same 	 ���� combinations� Additionally the recoiling
invariant mass must form an �� 
	� � m�������� � ��� MeV�c��

The ���� invariant mass was cut into �
 MeV bins from 	�
 to �

 MeV�
For each of these mass ranges an �� was �tted to the m������� mass� In
these �ts the mass and width of the �� was �xed to the value obtained from
a global �t in the 

� � m������ � �
� MeV�c� range� The �t function is
a Gaussian with a Legendre background parametrization of degree 	� Using
this method one e�ectively splits up the background from the observed signal�
Systematics of this procedure were checked by changing the degree of the
Legendre polynomial for the background parametrization and by varying the
mass and width of the �� used in the �t� Also� the �
 MeV�c� m������ bins
were combined to 
� MeV�c� bins in order to check that the numbers of �tted
�� were the same as the ones obtained from the �
 MeV�c� bins� for each
reaction� Using this procedure� we get a background free �� spectrum�

The extracted �� signals are shown in �g� � for the four di�erent reactions� We
get the following numbers of �� � ���� events from ������� �
�� events from
������� ���	 events from �������� and ��� from ������������

Monte Carlo events were generated for all reactions with a full detector simu�
lation using GEANT ����� These events had to undergo the same analysis as
real data� Systematic errors in the simulation are estimated to be small com�
pared with errors from �t� The number of reconstructed �� is plotted versus
m������ together with the reconstruction e ciency in �g� � for each reaction�
The e ciency varies between �� and 
� depending on the reaction and ����

mass interval�

The �nal results are obtained after dividing the �tted signal by the e ciency
for every mass bin� The four basic spectra are used in the next section in order
to evaluate the systematic errors in determining the box anomaly� Finally� the
numbers for the four reactions are then combined by a standard weighted least
square procedure for each bin�
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k��� 	 �reactions�� Nk is the e ciency corrected signal for reaction k and a
speci�c bin and 	k is its measured error� The resulting m������ spectra is
tabulated in table � and shown in �g� ��

� Method to study the box anomaly in ���� decays

Using our spectrum for �� � ������ together with the two photon decay
widths of the � and �� mesons� and the ���� mass spectrum of the �� �����
decay ����� we can determine the pseudoscalar parameters �f�� f� and �PS��
This is done by means of the four Chanowitz equations ������� and of an
equation �hereafter called AFN� on J�� radiative decays to � and �� ��������

These �ve equations �recalled in the appendix� provide a test of QCD through
the value of the Chanowitz parameter �� if QCD holds� this parameter is
expected to be �� Integral charge quark models ������� favor instead the value ��
The experimental input to these equations are the triangle anomaly constants
�BX � X � �
 ��� which can be deduced from the two�photon decay widths of
� and ���

!�X � ��� �
M�

X

�	�
jBX j� 
 X � �
 �� 
 ���

The box anomaly constants �EX � X � �
 ���� can be deduced from �ts to the
���� mass spectra in the decays ���� � ����� using ��������

d!X
dm

�
�

	���

������G��m�FX

D��m�
� EX

�����
�

k��q
�
� 
 ���

with k� � �M�
X � m����MX � m � m������ and q� � ���

q
m� � 	m�

�� FX

is the coupling constant at the vertex X�� in the diagram representing the �
contribution ����� The functions G��m� and D��m� are obtained from �ts ����
to all e�e� � ���� data ����� Explicitly� we have�
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m being the running dipion mass� !��m� is the varying width of the �
� meson�

D��m� its propagator and G��m� its coupling to the ���� �nal state� � is a
damping power describing the fall�o� of the � peak�

From equation ���� one sees that any measurement of the box anomalies
strongly relies on the model used to describe the � meson� Two models of
the � meson will be used in the following� which have been described in ref�
����� One �called M�� ful�lls the requirements of VDM in describing the anni�
hilation process e�e� � ����� The other �named M�� assumes the existence
of a VDM violating contribution in this last process by allowing here a non�
resonant coupling ������ Such couplings are generated in recent formulations
of chiral theories ������� which include vector mesons besides pseudoscalar
mesons� Moreover� Chung et al� ��	� have shown that the quark structure of
the pion is able to generate such non�resonant coupling in the charged pion
form factor� Chiral theories provide a constant non�resonant coupling while
the result of Chung et al� shows that this term can be sensitively mass depen�
dent as for model M� �see eqs������	� in ref� ������ We have discarded other
kinds of models for the � meson like the Gounaris�Sakurai model ��
�� as it
has been shown that its description of e�e� � ���� data is not satisfactory
without doubtful additional assumptions �see ref� ������

Therefore� in order to perform our �ts� we shall use the two parametrizations
of the � meson proposed in ref� ����� They are summarized in table �� From a
statistical point of view� all these parametrizations give a good description of
the e�e� � ���� data �����

As mentioned just above� a direct extraction of the box anomaly constant
from data is strongly dependent on assumptions about the �mass distribution�
However� one can �nd numerical predictions for the box anomaly constants
which are independent of any assumption about the � meson� This would then
permit consistency tests to �nd which assumption about the �meson invariant
mass distribution is likely to be the right one�

Indeed� the two Chanowitz equations involving the triangle anomalies for � and
�� �see eqs� �A � � � in the appendix� only rely on the two�photon decay widths
of these two mesons �see eq� ��� above�� On the other hand� the AFN equation
�see eq� �A � � � in the appendix� only relies on the radiative decays of the J��
meson to � and ��� We have then � equations relating � unknowns �f�� f�� �PS�
for each expected value of � �� � or ��� Solving these three equations for both
� values� allows the box anomaly constant values to be predicted using eqs� �A
� � � from the appendix� These predictions are obviously independent of any
assumption on the � meson parametrization and can be compared with the
values extracted from data which unavoidably has to use predicted � meson






shapes� This computation has been done in ref� ���� and gives�

�����
����
E
� � �

�� � �
�� 
 E
 � ��
�	� �
�� 
 �� � ��

E
� � ��
�
 � �
�� 
 E
 � �	
	�� �
�� 
 �� � ��
�	�

where all numbers are given in units of GeV��� The predictions displayed in eq�
�	� are our reference values and one should stress that they are independent
of any assumption about the � meson�

� Fit of �� box anomaly

All published ���� mass spectra from ���� decays to ������ including our
own spectrum �see table �� do not provide the absolute magnitude of d!�dm�
Therefore equation ��� has to be multiplied by an arbitrary normalization con�
stant when comparing with experimental spectra� As a matter of consequence�
we are not sensitive to E
� and F
� separately� but only to their ratio�

Once E
��F
� is obtained from a minimization procedure the value of F
� is
simply given by integrating eq� � above�

�

F �

�

�
�

!��� � ������

�

	���

M��Z
�m�

������G��m�

D��m�
�
E
�

F
�

�����
�

k��q
�
�dm 
 �
�

using the width to ����� given in the PDG� Another relation gives ��E�

� in

terms of the same measured quantities� it is simply obtained by multiplying
equation �	� by �F
��E
��� �

�

E�

�

�
�

!��� � ������

�

	���

M �

�Z
�m�

������G��m�

D��m�

F �




E�




� �

�����
�

k��q
�
�dm 
 ���

The absolute values of F
� and E
� can be obtained with their errors from eqs�
�
� and ��� by making a Monte Carlo sampling of the measured quantities
�the width of meson �� and its E�F ratio� the � parameters � � �� considering
their central values as mean values of random Gaussian distributions and their
errors as the corresponding standard deviations� It has been shown in ref� ����
that the sign of each box anomaly constant must be chosen negative� All
following results will take this remark into account�
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The �ts of the dipion spectrum in �� � ����� have all been performed with
the two models for the � meson described above� The �tted data set is the
combined spectrum given in table �� The corresponding results are collected
in the upper part of table � and exhibit the same �and good� �t probability� A
typical �t is shown in �g� �� The values obtained for E
� are in good agreement
with expectations �see eq� 	� and show that model M� tends to favor � � ��
while model M� tends to favor � � �� In both cases� the agreement with
expectations is striking�

In table �� we also give for further use the results of the �t to the corresponding
spectrum ���� coming from � � ����� decay �see also ref� ���������

In order to check the quality of our �t result and the existence of possible sys�
tematic e�ects� we have studied separately the spectra from each annihilation
process� The results are graphically presented in �g� 	 and �g� 
 for� respec�
tively� model M� and model M�� In both cases �M� or M�� the distribution is
highly in�uenced by the sample extracted from the ������ annihilation� this is
however normal if one considers the relative statistics of each subsample �����
events from ������� �
�� events from ������� ���	 events from ������ ��

and ��� events from ��������� ����

If systematic errors are small� we expect the ratio of errors squared from two
given subsamples to be proportional to the inverse of their statistics ratio� Let
us denote 	i �i � �
 � � � 	�� the errors on E
� provided by the ������� �������
������ �� and ��������� �� respectively� Let us denote Ni �i � �
 � � � 	� the
statistics of the corresponding subsamples� We have�

	��	� � �
�

 	��	� � �
��
 	��	� � �
	�

while� q
N��N� � �
��


q
N��N� � �





q
N��N� � �
	
 


Then� the agreement with expectations can be considered satisfactory�

We have also computed the weighted mean and error for E
� from the various
subsample �t values� The results are�

E
��mean� � �	
�	 � �

� GeV�� and E
��mean� � ��

� � �

� GeV��

for model M� and M� respectively� These numbers compare well to the �t
results of the combined spectrum�

E
��fit� � �	
��� �

� GeV�� and E
��fit� � ��
�� � �

� GeV���

for M� and M� respectively� indeed the distances jE
��fit� � E
��mean�j are
���
 	 and ���� 	 for M� and M� respectively�
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The main source for systematic errors is related to the event topology associ�
ated with each annihilation process we have used� The topologies are � or 	
prongs and �� �� 	 or 
 photons� Looking at the distributions given in �gures
	 and 
 does not indicate any �relative� systematic shift connected with the
number of prongs or with the number of photons� This can be numerically
tested by computing�

�� �
�X

i	�

�E
��mean�� E
��i���

	�
i

�

if the four data sets are consistent with each other� we expect ���dof � ����
We �nd ���dof � 	
���� and ���dof � �

��� for resp� M� and M�� Therefore�
the �uctuations observed within the �t results of the various subsamples can
be consistently attributed to statistics only� Thus� it is meaningful to consider
the combined spectrum �t�

Another question is about which value should be considered as the most accu�
rate for E
� among the weighted mean value and the combined �t value� The
bin populations being more important in the combined data set than in each
subsample separately� the relative importance of �uctuations is smaller too�
indeed in some data subsamples� some bins are populated at the level of a few
measured events �or less�� while in the combined sample none of them contains
less than 	� events� Therefore� the results for the box anomaly constant E
�

obtained by �tting the combined spectrum and given in table � are our most
accurate estimates�

Finally� one could remark that going from model M� to model M� to account
for the �meson contribution� provides a reduction of E
� by about a factor of ��
This is connected with the peak location of the � mass �
���� MeV for M� and

���� for M��� Thus pushing the �mass to about 
�� MeV should also push E
�

to zero indicating no anomaly� However� this possibility is absolutely excluded
by the e�e� � ���� data ����� Indeed� e�e� annihilation data set the most
stringent model independent constraint on the � mass� m� � m�� Therefore�
in a model independent way� we can conclude that model M� � which has the
largest possible �� mass � provides a lower bound� jE
�j � �
��� �

� GeV���
and then a non zero value at a ��� 	 level� If we set E
� to zero� we would
need a �� mass located at about 
�� MeV� about �� MeV above the commonly
accepted �� mass value �
�� in agreement with all other experiments � �

Moreover� the values found speci�cally using the � models M� and M� provide
a fairly good agreement of our �t results with predictions done in a � model

� It should be observed that the � peak in 
gure ��� shows up at about ��� MeV

this is produced by the phase space factor k��q

�
� which appears in eq� ��� and which

is speci
c of � or �� decays�

��



independent way� even if it remains a ��fold ambiguity� Therefore� our data
con�rm the existence of the box anomaly in �� decay to ����� at a level con�
sistent with the predictions from Chanowitz ������� and AFN ���� equations�
The statistical signi�cance for E
� 	� �
� is �� 	 or 	 	 depending on the �
model used� but it cannot be less�

� The pseudoscalar nonet parameters

Using the ���� two�photon decay widths� the J�� radiative decay widths to
���� both from PDG �
�� and the box anomaly constants obtained from �t to
Crystal Barrel and Layter ���� data� we have an estimate of the left�hand sides
of the �ve equations given in the appendix� These equations depends on four
or three parameters� depending on whether one leaves free or �xed �to � or
�� the unknown �� Therefore� we can solve these equations in order to get an
estimate of the pseudoscalar nonet parameters f�� f�� �PS� and subsequently
of ��

The results with �xed values of � are given in table 	� This table clearly
shows that the � model M� �in full agreement with VDM� is inconsistent
with the QCD prediction � � �� model M� allowing a VDM violating term
allows the QCD prediction �� � �� to be recovered� The probability for the
former model is �	�� the probability for the latter is about 
� which is still
acceptable� Therefore this new �� data set con�rms the ambiguity previously
noticed ��������

If we leave the parameter � free in our minimization procedure� we then get�

�����
����
� � �
�������

����
 ��
��dof � 	
����� Model M�

� � �
�������
����� ��

��dof � �

���� Model M�

�
�

which con�rms our previous conclusion�

From table 	� one clearly sees that model M� favors the nonet symmetry in
the pseudoscalar sector �f� � f�� and �nds a mixing angle close to a previous
determination from the Crystal Barrel Collaboration ����� Model M� �nds a
small breaking of nonet symmetry �� ����� but gets the mixing angle at a
value expected from the SU��� linear mass formula� In other words� both �
models provide satisfactory parameter values�

��



� Conclusion

The ���� mass spectrum in the decay �� � ����� has been measured with
the Crystal Barrel detector� Our results con�rm the existence of the box
anomaly with a statistical signi�cance of 	 	� This result has been shown
to be free from systematic errors� The box anomaly allows to �nd the �� mass
in �� � ����� decay at values expected from e�e� � ���� annihilation� if
no anomaly was at work in �� decays� the �� mass would have to be about 
��
MeV� in contradiction with e�e� annihilation results�

Taking into account other data from PDG �the two�photon decay widths of
the � and �� mesons and the radiative decay widths of J�� to � and ���� the
spectrum measured by Layter et al� ���� in the � decay and our own spectrum
for the �� decay� we obtain a new determination of the pseudoscalar nonet
parameters�

There remains an ambiguity in choosing the correct � model to be used which
cannot be solved with our data on statistical grounds� However� our results
tend to show that the standard VDM assumption leads to an inconsistency
with QCD� They also show that the existence of a non�resonant coupling
������ by modifying the � shape� allows the agreement between data and the
QCD prediction � � � to be recovered� This coupling must however be mass
dependent�
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Appendix A� Models and Relations in ���� Decays

A� The Chanowitz Equations

The quantities EX and BX introduced above are functions generally ap�
proximated by their values at the chiral point� In the form proposed by
Chanowitz �������� they are written�

������
�����
B
��� � � �em

�
p
�

�
cos �PS
f�

� �
p
� �
sin �PS
f�

�

B
���� � � �em

�
p
�

�
sin �PS
f�

� �
p
� �
cos �PS
f�

� �A � � �

and�

������
�����
E
��� � � e

	��
p
�

�

f��

�
cos �PS
f�

�
p
�
sin �PS
f�

�

E
���� � � e

	��
p
�

�

f��

�
sin �PS
f�

�
p
�
cos �PS
f�

� �A � � �

These equations connect a phase space term contribution with the pseu�
doscalar meson parameters� the singlet and octet coupling constants� and the
mixing angle� e �

p
	�� is the �ne structure constant and f� � �� MeV is the

pion decay constant� A consistency study of these equations shows ���� that
their left�hand sides should be negative �����

The parameter � which occurs in eqs� �A��� is connected with the underlying
theory of strong interactions� it only appears in the triangle anomaly constant
which explains the two�photon decays of isoscalar pseudoscalar mesons�

If QCD holds� we have necessarily � � �� In most realizations of integral�
quark charge models � � �� This allows� in principle� for a test of QCD in its
most stringent prediction� However� this test is subject to the relevance of the
� model needed in order to account for the � contribution in ���� � �����
decays� For instance� the consistency of QCD and VDM is therefore addressed�

��



A� The AFN equation

Using a relation of Novikov ����� Akhoury and Fr#ere ���� have derived�

!�J�� � ����

!�J��� ���
�

�
�M�

J�
 �M�

�

M�
J�
 �M�






�
� �

M
�

M


�� �p
��f� cos �PS � ��f� sin �PS

��f� cos �PS �
p
��f� sin �PS

��
�A � � �

where the numerical factor is simply the ratio of the phase space terms in the
J�� radiative decays to �� and �� In connection with the � test of QCD this
relation has not to be changed if � is allowed to get values di�erent of �� This
is simply connected with the fact that these processes involve a single photon�
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Table �
�� decay spectrum with a bin size of �� MeV�

�




Model M� Model M�

m� �MeV� ��	��� 
�	 
��
�����
����

!� �MeV� �	�
�����
���� �
�
 � �


� �

	� � �
�
� �
�
� � �
�	�
���dof ���

 ���
�

Table �
Parameter values from 
t of the e�e� � ���� cross section taken from ����
 see
section ��
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Table �
Values of the 
tting parameter EX�FX and the corresponding values for EX and
FX � In the case of ��	 the 
t is done using only the Crystal Barrel data
 in the case
of �	 the 
t is performed using only the data of Layter et al� from ref� ����� All values
of EX are in units of GeV��	 while all values of FX are in units of GeV���
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Table �
Values of the pseudoscalar nonet parameters obtained by 
tting the � and �� mass
spectra using the quoted �� models�
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Fig� �� �� signals in the m������� distribution of the reactions ��� pp� ������	
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Fig� �� Number of reconstructed �� �crosses� and reconstruction e�ciency
�curve� versus m������ for the reactions ��� pp � ������	 � � ���	
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Fig� �� m������ distribution in the decay �� � ������ Crystal Barrel data are
shown as crosses together with the result of the 
t with model M� �dashed line�

the 
t quality using M� is identical�
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Fig� �� Results for the box anomaly constant E
� obtained from the indicated an�
nihilation processes using the � de
ned by model M�
 the 
t value of the combined
sample is also shown together with the value expected for 	 � � from Chanowitz
and afn equations�
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Fig� �� Results for the box anomaly constant E
� obtained from the indicated anni�
hilation processes	 using the � de
ned by model M�
 the 
t value of the combined
sample is also shown together with the value expected for 	 � � from Chanowitz
and afn equations�
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