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Abstract In order to search for new solutions for col-
lapsed objects in quantum gravity, we consider in this paper
a Kantowski—Sachs metric labelled by parameters that have
no classical significance. In addition, we include a Klein—
Gordon field to represent in a simple manner the inevitable
zero-point vacuum fluctuations that permeate the spacetime.
With this framework, we quantize the system and obtain the
Wheeler—DeWitt equation in order to focus upon the deep
quantum regime of the interior and to analyze any kind of
transition that the black hole may undergo. The Wheeler—
DeWitt equation reveals the existence of new solutions of
different nature, designated herein as “quantum grey holes,”
in addition to the existence of quantum black holes, with
all solutions satisfying the DeWitt boundary condition. The
existence of new solutions gives rise to the novel possibil-
ity of a quantum black hole making a transition to a quan-
tum grey hole. We find that there exists non-zero probability
of quantum black-to-grey hole transition. These transition
probabilities exhibit resonances for a continuous range of
eigenvalues of the system.

1 Introduction

The mysteries of black hole evaporation as shown by Hawk-
ing [1,2], as well as the singularity [3—6] in its interior, are
some of the biggest challenges of theoretical physics. How-
ever, the phenomenon of black hole evaporation still does not
have a complete picture. At the end of black hole evapora-
tion, there should be a smooth spacetime for the validity of
well-known physical laws [7].

General relativity fails to provide an explanation for the
spacetime at the central singularity of the black hole. The
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first classical attempt to obtain a regular spacetime at the
center was made by Bardeen [8] by replacing the mass of
the black hole with a space-dependent function. Hayward
[9] constructed a regular black hole by including a length
scale in the metric. He showed that such a regular black hole
has trapped surfaces having inner and outer boundaries, with
the inner boundary never reaching any singularity. He [10]
further argued that such regular black holes evaporate com-
pletely without having to hit any singularity.

However, one expects that aregular black hole without any
singularity should follow in a more natural way, for exam-
ple, by quantum mechanical treatment of the spacetime. In
quantum theories of gravity, such as string theory [11, 12] and
loop quantum gravity [13—15], black hole singularity resolu-
tion follows naturally. It is also important to have a regular
spacetime at the end of black hole evaporation. Various ways
of singularity resolution are discussed in Refs. [16-21].

However, even in quantum gravity scenarios, the behav-
ior of collapsing matter near the singularity is not well-
understood yet. Smolin [22] argued that the collapsing mat-
ter may emerge into a baby universe by cosmological natural
selection.

Frolov and Vilkovisky [23] considered spherical collapse
of a null shell in an effective theory of gravity with quantum
effects at one loop order. They showed that the shell collapses
to r = 0 without the appearance of any singularity and it
starts expanding thereafter.

Héjeck and Kiefer [24-26] showed that an in-falling null
spherical shell can expand due to a bounce. Ambrus and
Héjeck [27] estimated the bouncing time by introducing a
spherical mirror in the system and showed that it is in the
order of twice the time light would take to travel between the
mirror and observer in flat spacetime.

Ashketar et al. [28,29] resolved the big bang singularity
in the Friedman model by showing that the wave function
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of the collapsing universe tunnels into an expanding one, so
that the big bang singularity is replaced by a big bounce.

Haggard and Rovelli [30] showed that there exists a clas-
sical metric, excluding a finite region around the singularity,
satisfying the Einstein field equation, with the possibility of
a black hole bouncing into a white hole. They argued that the
black hole can tunnel into a white hole due to accumulation
of quantum gravity effects over a sufficiently long time.

Lorenzo and Perez [31] carried out a semiclassical sta-
bility analysis of the above bouncing black hole model [30]
against quantum fluctuations in the energy—momentum ten-
sor. They found that the model is highly unstable due to along
lived trapping horizon in the white hole phase. To resolve the
issue of instability, they proposed a time asymmetric version
of the model with a slow black hole phase followed by a fast
white hole phase.

Han etal. [32] considered the Oppenheimer-Snyder model
of a collapsing star with quantum correction to the spheri-
cally symmetric metric. The resulting Reissner-Nordstrom-
like geometry facilitates interpolation between black hole
and white hole horizons giving a bouncing dynamics. Inter-
estingly, Rignon-Bret and Rovelli [33] had earlier shown that
a Reissner-Nordstrom black hole can also tunnel to a white
hole.

Frisoni [34], in the framework of loop quantum gravity,
calculated the black hole to white hole transition amplitude
numerically in the spinfoam formulation. This facilitated
obtaining estimates for the transition amplitude in the deep
quantum regime.

We thus see that it is important to focus upon the deep
quantum regime of the black hole interior in order to analyze
any kind of transition that the black hole may undergo. We
therefore consider the quantum nature of the black hole inte-
rior predicted by quantum gravity and analyze the transitions
in terms of the wave function of the interior geometry.

We achieve this goal by solving the Wheeler—DeWitt
equation [35,36] in the black hole interior with a special form
of the Kantowski—Sachs metric [37] labelled by parameters
defining different regions of the parameter space. We ensure
resolution of the classical singularity so that the interior wave
function satisfies the DeWitt boundary condition [36]. In
obtaining the analytical solutions of the Wheeler—DeWitt
equation, we adopt a procedure similar to Ref. [38] where
the Hilbert space was shown to have three non-overlapping
sectors depending on the relative magnitudes of the eigenval-
ues. In this work, we neglect the unphysical sector and con-
sider the remaining two sectors for the discussion of quantum
transitions of the black hole.

We find that there exist new solutions for the interior wave
function in three different regions of the parameter space
which satisfy the DeWitt boundary condition. Since these
solutions have a different nature than the black hole wave
function, we designate them as “quantum grey holes.” Fur-
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thermore, we find that there exists non-zero probability of
transition from the quantum black hole state to the quantum
grey hole state. These transition probabilities also exhibit res-
onances for a continuous range of eigenvalues of the system.
We illustrate the transition probabilities with various plots
in different perspectives of the eigenvalues. We illustrate the
transition probabilities with various plots in different per-
spectives of the eigenvalues.

We organise the rest of the paper in the following way.
In Sect. 2, we present the model of Kantowski—Sachs metric
labelled by parameters which will play a significant role in
determining the solution of the Wheeler—DeWitt equation. In
Sect. 3, we obtain the Hamiltonian of the gravitational part
that follows from the Kantowski—Sachs metric. In addition,
we include the Hamiltonian of a Klein—Gordon field as a sim-
ple representation of spontaneous zero-point vacuum fluctu-
ations, that inevitably permeates the spacetime of the hole.
We quantize the system in Sect. 4 and obtain the Wheeler—
DeWitt equation of the system. We also solve the Wheeler—
DeWitt equation in Sect. 4 employing standard methods for
partial differential equations and obtain a general form of the
wave function. Depending on the sign parameters coming
from the metric, we characterize the solutions into quantum
black/grey holes. In Sects. 5 and 6, we calculate the probabil-
ity of a black hole making a transition to a grey hole. We also
illustrate in Sects. 5 and 6 the black-to-grey hole transition
probabilities with various plots in different perspectives of
the eigenvalues. Finally, in Sect.7, we present a discussion
and conclusion.

2 Kantowski—Sachs model

We represent the black hole interior spacetime with a
Kantowski—Sachs metric [37], having the form

ds® = —{ca®)}? di* + {a&(O)Y dr® + (be ()} dQ%, (1)

where dQ? = d§? +sin26 d (pz, and the parameters a, b and
¢ can each take the values £1.

Classically, the above metric (1) is exactly equivalent to
ds? = —a?(t)dt* + £2(t)dr? + % (1)d2*. However, quan-
tum mechanically, the sign parameters a and b will make
a substantial difference in the picture, as they appear in the
expression of the interior wave function, which depends on
the square root of the spatial metric coefficients.

Quantum black hole solutions are obtained fora = b =
+ 1, as discussed in Ref. [38]. In the remaining three quad-
rants, with other signs of the parameters a and b, the wave
functions differ from the black hole solutions, called herein
“quantum grey hole” solutions.

Since the wave functions are distinct in nature, we study
transition of the quantum black hole to a quantum grey hole.
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We compute the transition probabilities in the two physi-
cal sectors and find that there are non-zero probabilities of
making the transition. The probability of transition depends
strongly on the eigenvalues and, interestingly, these exist res-
onances at specific eigenvalues.

3 System Hamiltonian

In this section, we shall construct the classical Hamiltonian
of the system described by the Kantowski—Sachs metric (1).
The gravitational part of the Lagrangian is given by

_ ki _ g2 G p)
L= [ G«/ (K”K K2+ R)dx, )

With the metric (1), the spatial curvature ) R and extrinsic
curvature K;; are obtained as

2

PR = 3
(b))

and

Kij = —(ca)”diag (azgé, b2, b2LE sin? 9) . )

Thus the Lagrangian (2) takes the form

ro (aé)(bc)z[ sc ¢? 2

-9 455 55 2 2
¢= 1 o) 2= + ca:|, 5)

¢ T2 (bg)?

where ro = [ dr is a fiducial parameter.
The canonical momenta conjugate to £ and ¢ can therefore
be calculated as

oL ¥
po= e 0 1 eymey 6
3 T2 1G )(S)( C)E (6)
and
_0Lg _ o 1 z(_ i)
P, = 2 T 4G )(S)(bé“) 4§2+4$§ @)

Thus the gravitational Hamiltonian H, = Pgé + P;g; —Lg
is obtained as

_ 4Gca _ ECPe P, l 5
Hy = roakb2¢? ( 4 + 8(§P€)

2 8
s sa ®)

Since we shall formulate a quantum theory, spontaneous
vacuum fluctuations of matter fields have to be accounted

for. We shall take a massless Klein—Gordon field as a simple
representation of the matter fields, with Lagrangian

1
- / SV-g e e dopdx. )

In our simple representation of the interior geometry by the
Kantowski—Sachs metric (1), the metric coefficients depend
only on the time. In a similar manner, we shall take the Klein—
Gordon field to be only time dependent, leading to

2 2mro

Ly= atb*c* . (10)

ca
Thus the canonical momentum is

8L¢, 47'[r0

9~ ca atb*c? ¢, (11)

Py = —

giving the Klein—-Gordon Hamiltonian as

. ca P}

The total Hamiltonian H = Hg + Hy is therefore given
by

caG 1 2
H= ——| —&CP:P —(&P
(e g En
2 P2
0 2e212.2 ¢
- — b — ). 13
2G261 §°b°¢ +8nG> (13)

In the next section, we shall quantize this Hamiltonian
(13) following standard prescriptions of quantum mechanics
to obtain the Wheeler—DeWitt equation.

4 Wheeler—-DeWitt wave function

In order to quantize the system, we promote the canonical
momenta to operators with the prescriptions: Py — —ih2

3 0

9>

and Py — —i h%. Consequently, the Hamil-

tonian (13) is also promoted to an operator H — H, giving
the Wheeler—DeWitt equation H ¥ = 0 in the form

9* £ 9? §0 ”g 262,22
(Eiagag————————aébf

2 082 20&

L v =0 (14)
87 G 3¢ o

The Hamiltonian does not depend on ¢ explicitly and

the Wheeler—DeWitt equation is separable in ¢. Writing

@ Springer
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W(E, ¢, ¢) = Y(E, £)e *? reduces equation (14) to b¢
”-
82 2 82 9 2
A
A9 2 9E2  20¢  2m2G2 Quadrant 2 L Quadrant 1
2
t— )y =0, (15) QGH QBH
8 G
5 3 i 1 ) ag
To solve Eq. (15), we transform the variables as QGH QGH
Z=atb and  x = dé, (16) Quadrant 3 ] Quadrant 4
so that Eq. (15) is transformed to

(232 9 5 92 9 o,

R PR Te R Ty
LK W =0 (17)
azG )" T

Substituting ¥ (z,x) = Z(z)X(x) in (17), we get two
ordinary differential equations,

2 2
,0%Z  dZ 1]

2
22 .2 Z—2Z=0 18
92 +Z3z nG2t (18)
and
92X X 2
2204 Y x_ix=o. (19)

ax2 T ax  4nG

Equation (18) is Bessel differential equation whose solu-
tion is
Z(z) = c1 Ju(iz) + 2 Yo (i2), (20)
where J,, (iZ) and Y, (i) are respectively the Bessel functions
of first and second kind of order v = ~/A, and 7 = hr—OGz, with

c1 and ¢ arbitrary constants.
Equation (19) admits power law type solutions of the form

X(x)=c3xP +cax7P, (21

2 . .
where p = /1 + 4]';—6, with ¢3 and ¢4 arbitrary constants.
Thus the complete solution of equation (17) assumes the
form

¥z, x) = [e1 (D) + 2 Vo (iD)] [e3x” +cax™P]. (22)

We thus have the general form of wave function in the
back hole interior, expressed by

W(E ¢ ) = [e1 J 5 (iloagbe) +e2 ¥ g (iloatbo) |

@ Springer
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Fig. 1 TIllustration of the four quadrants. Quantum black hole (QBH)
solutions exist in Quadrant 1. Quantum grey hole (QGH) solutions exist
in Quadrants 2, 3 and 4

x [e3 @6) ¢y (at) VR e, 23)

2 .
where [y = hr—OG and k2 = 4’7‘1 G- Moreover, we note that if

we had included a cosmological constant A, the constant K2
would be modified to k% + A.

Depending on the relative magnitude of the eigenvalues,
the Hilbert space splits into three nonoverlapping sectors,
namely, Sectors I, IT and III, with the first two sectors satis-
fying the DeWitt boundary condition, so that regular quantum
black holes can exist in Sectors I and II.

Importantly, we see that the wave function explicitly
depends on the parameters a and b. This property of the
wave function plays a crucial role in our analysis. In partic-
ular, for a = b = + 1, the wave function can be identified
with quantum black hole (QBH) solutions. The other com-
binations of signs for a and b should correspond to other
solutions that we call “quantum grey hole” (QGH) solutions.
Figure 1 illustrates the QBH and QGH solutions in the four
Quadrants.

Thus, there exist possibilities of transition from a quantum
black hole to a quantum grey hole. This scenario translates
into considering transitions from Quandrant 1 to the other
Quadrants. Figure 2 illustrates QBH to QGH transitions in
Sectors I and II, where regular QBHs exist.

At this point, it may be worth noting that Batic et
al. [39,40] analyzed gravitational collapse employing the
Wheeler—DeWitt equation in the Robertson-Walker minisu-
perspace representation and showed that the density of the
collapsing dust is quantized without the appearance of a
singularity. The difference in our results arises owing to
the Kantowski—Sachs minisuperspace representation for the
black hole interior with a Klein—Gordon field representing
the zero-point vacuum fluctuations.
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Fig. 2 Tllustration of QBH to
QGH transitions in Sectors I and S‘;C;Og ! N <Soec;°rk|2| N
11, where regular QBHs exist
Quadrant 1 Quadrant 1
ol )
Quadrant 2 Quadrant 3 Quadrant 4 Quadrant 2 Quadrant 3 Quadrant 4
o wl® ol vy vy uf?

5 Transition probability in Sector I
The black hole is said to belong to Sector I for the case

A > 0.1In this Sector, the wave function satisfying the DeWitt
boundary condition is obtained from (23) as

Vi(§. 8. ¢) = CaJ s (iloasbt) (ag) VAR gmikd 04y

Thus the wave function of the QBH in Quadrant 1 takes
the form
. —aiZ i
ViV (E £ ) = CoJ g5 (iloEE) () Ve (25)

On the other hand, the wave functions of the QGHs in
Quadrants 2, 3 and 4 are respectively given by

VP (6,0, 9) = CoJ j5 (—ilggE) (=) VAT (26)

V(6,0 9) = CaJ j5 (ilo§E) (—§) Y Tk (27)
and
WV (E. ¢ 9) = Cad gz (—ilokD) () VTR0 (28)

The probability amplitude of black-to-grey hole transition
from Quadrant 1 to Quadrant 2 is given by

o} = / PrxVrvP*w® agde. (29)

Substituting for \1151) and \D}z) from equations (25) and (26),
we get

772 =GP [ 62 (15 (-itoge) (-6) )

x J 5 (10§ ) €)™V dgde, (30)
where C = 4 rgab?.

The singularity is characterized by the limits £ — oo,
¢ — 0 and £&¢ — 0. Consequently, we take the asymp-
totic form of the Bessel function J, (z) near z — 0 with the

behavior [41,42]

(:9)"

Ju(z) ~ o+ 1) (3D
With this asymptotic form, Eq. (30) reduces to
e G TN ey
e v ey B G
x [ R [obae e

We carry out the integrations in (32) from the point of
classical singularity to the fiducial length r¢. Near the clas-
sical singularity t — 0, € ~ t~'/2 and ¢ ~ t. The first
integral behaves as 52+2\/X—2W ~ t_l_l“/x“‘m, and

the second integral looks like ¢3¥2V* ~ 3+2VA Thus the
overall behavior of (32) is 12+¥*+V3+% that vanishes at the
singularity, # — 0, which corresponds to the lower limits of
the integrals in (32). Since the contribution from the lower
limits vanish, the integrals in (32) receive contributions from
the upper limits, yielding the probability amplitude

2 1 2 (l"lo)«/X ’ N
g7~ —C|C —~2 —1)"VAt
e v e IR (I
ro \VAtkE—1-vx 342V
(ZGM) "o (33)
L+ vVh—=VA+k2) \34+2/0

Thus, for a quantum black hole in Sector I, the probability
of black-to-grey hole transition from Quadrant 1 to Quadrant
2 is given by

4
1C2|C2|4 (%lo)ﬁ

4 T(WA+1)
)m—1—ﬁ r3+2ﬁ

2
14+ VA — VA +k2 342V

2
1-2 _ =217
P1=2 = ‘,gf, (

@ Springer
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Remaining within Sector I, we shall next calculate the
transition probability for the black hole in Quadrant 1 tran-
sitioning into a grey hole in Quadrants 3 and 4. The corre-
sponding probability amplitudes can be obtained from

)3 = f vy wVagde (35)
and
o} = / Pxvrw IV wVagde. (36)

Substituting from (25), (27) and (28), and proceeding in
a similar manner as before, these probability amplitudes are
found to be

13 1 2 (%lo)ﬁ 2 Vit 2 ¥
oy 72 ~ =C|C —_— —1)~VAT
el | L [=n=vme
ro \VAHKZ—1—/X 342V
(ZGM) "o 37)
T+ vA=n+k2 ) \3+2Vn
and
VA
1 (3ilo)
JZ{l—>4 ~ _C C 2 2—
N STy
ro \VAHKZ—1—X 3424
(2GM) "o . (38)
T+ vA=n+k2 ) \3+2Vn

It is noteworthy that these expressions for 4&7,1_’3 and
@711”4 in (37), and (38) differ from @711”2 given by (33)
only in the phase.

Consequently, the corresponding probabilities, namely,
P13 = |%11a3|2 and 2174 = |14
to 9}_’2 = ’szfll_)z 2, so that

2, are both equal

We may thus conclude that a quantum black hole in Sec-
tor I has equal probability to make transition to any of the
quantum grey hole states in Quadrants 2, 3 or 4 in the deep
quantum regime.

Figures 3, 5 and 4 illustrate this probability of transition
(denoted by Z7;) with respect to the eigenvalues 2 and « in
various perspectives. It is clear from these figures that there
exist continuous resonance trajectories in the (X, k) plane
where the black-to-grey hole transition is highly favoured in
the deep quantum regime.

It may be worth noting that the above features remain unal-
tered with respect to a general operator ordering, (¢ 1'35)2 —

@ Springer

Fig. 3 Probability of black-to-grey hole transition with respect to the
eigenvalues (X, k) for a quantum black hole in Sector I

%

‘ ‘ ‘ A

0 0.2 0.4 0.6 0.8 1

Fig. 4 Probability of black-to-grey hole transition with respect to the
eigenvalue X at k = 3.0, 3.2, 3.4, 3.6, 3.8 and 4.0 for a quantum black
hole in Sector I

P

o

-4 -2 0 2 4

Fig. 5 Probability of black-to-grey hole transition with respect to the
eigenvalue k at 1 = 1 for a quantum black hole in Sector I
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£277 P £" Pe, in the Hamiltonian (13), where n is the order-
ing parameter. This changes the th1rd term in the Wheeler—
DeWitt equation (14), so that _E —>n3 38 Consequently,
the second terms in Egs. (18) and (19) are modified as
z%§—>(2—n)z andx —>nx‘3§

Hence the expression (34) for the transition probability has
the same form with the modifications A — A’ = A—z (n 1)?

3+zf 3+2f+(n 1)

3 FEN/ N 3+2f Nn=1)"
probabilities still maintain the equality (39).

together with . The three transition

6 Transition probability in Sector II

The black hole is said to belong to Sector II for the case
when A < 0 and k2 > |A|. In this Sector, the wave function
satisfying the DeWitt boundary condition is obtained from
(23) as

1§, ¢, 9) = [Caliy (iloa§bl) + CaYiy (iloagb?)]
x (ag) Ve emine, (40)
where A = —n?2, with 7 real.

Thus in Quadrant 1, wherea = b = +1, the wave function
of the QBH takes the form

Wi (€, ¢, ) = [Cadiy (i108E) + CaYiy (i10EC)]

x gTVIIT oIk (41)

In Quadrants 2, 3 and 4, in contrast, the wave functions of
the QGHs take the forms

W (E, ¢, 9) = [Cadiy (—ilgEL) + CaYiy (—iloE0)]

X (=) VK gmikd, (42)
W&, ¢, 9) = [Cadiy (il0EL) + CaYiy (il0ET)]

X (—g) VR gmine 43)
and

W&, ¢, 9) = [Cadiy (—ilgEL) + CaYiy (—iloE0)]

x £V K= pming, (44)

In this Sector, the transition amplitude of black-to-grey
hole metamorphosis from quadrant 1 to 2 obtained from

&71_)2 /d3x«/_\l-'(2)*\ll(l)d$d§ (45)

Substituting the wave functions ‘-IJ;]I) and ‘-I-fﬁ) from equa-
tions (41) and (42), we get

a7t =C (|C2|2ﬂ1 + C5Cy I + C;Cr. 75
+|C4|2f4) , (46)

where C = 4nr0ab2, and

S = /s;z {Jin(—iloso(—s)‘v"z‘”z}*

X Jiy (il05¢) (§)"VE P agdg, 47)
7= [ 68 |y ity (oY

X iy (ilo£0) )V P agdg, (48)
s = [ v, inge) oV

X Jiy (i105¢) (§) "V P agdg, (49)
and
= [ v, ingo) (o V)

X Yiy (il050) (&) VE P dgdg. (50)

Since the singularity is characterized by the limits & —
00, ¢ — Oand £¢ — 0, we take the asymptotic forms of the
Bessel functions J,(z) and Y, (z), having behaviors [41,42]
near 7z — 0 as

(39)
Jy(2) To+ D (5D
and
1 T'(v)
W@z ~—-———. (52)
7 (32)

In these limits, the integrals (47)—(49) and (50) have the
asymptotic forms

sinh T n

A [ VI R

« [V [ (53)

. —2in
IO PR/ LR N () (1)
& [( D ] AT(in+1 (20
X\/\gl—zin—ZQ/kz—nsz/‘€2—2ind§’ (54)
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_{(_1)_¢m}* I(=in) (110)2""
xl(@in+1)

% /&14»21‘7)72«/1(277) d$/§2+2ind§, (55)
and

g~ eyl
nnsmhnn
x /gl—zvkz—'izds/gzd;. (56)

We carry out the integrations in (53)—(56) from the classi-
cal singularity to the fiducial radius ry. We note that & ~ ¢~ 1/2
and ¢ ~ ¢ near the classical singularity t — 0. Consequently,
the first integrals in each of the above equations behave like

g22 K=n? o =1V =1 and the second integrals like
¢3 ~ 3. Thus, all these integrals have an overall behav-

ior of 12*VK=1* which vanishes at the singularity, t — 0.
This behavior at the lower limits remains valid for the inte-
grals in (55) and (56) where the magnitude of the oscillating
factor 1 = "IN remains bounded within unity. With
vanishing contribution from the lower limits, the integrals in
(53)—(56) yield non-zero contributions only from the upper
limits, leading to

)~ {(—WW}* sinh 777
T
sznzfl 3
2-2k? —n? 3

pemre L(in) (1 )2""
=D~ } al(—in+ 1) o

vszn +in—1 3-2in
2GM o (58)
2 —2in —2/k? —n? 3—2in

Jaoat D=in (1 )27
V] e (3)

VR —in-1 3+2in
2GM o (59)
3+2in)’

and

mnsinh Ty

’
« | \26m o
3

(z6w) 60)
—2./k?2 — ,]2 ’

@ Springer

Employing these expressions from (57)—(60), the proba-
bility amplitude given by (46) is found to be

1—2
&

NC{( 1~ V= |: |C2|2s1nhm7+

|Ca?
sinh 7wy

F=ip (1. \*"
2 (5o
al(in+1) \2

( ro )\/kz—nz—in—l 3+2in

2GM "o (61)
242in —2k? — n? 3+2in

Thus, for a quantum black hole in Sector II, the probability
of black-to-grey hole transition from Quadrant 1 to Quadrant
2 is given by

gzl—ﬂ |%1—>2| ~ 2 {|C2|2sinhnn+
k2—n2—1 3

% s (67) o

mn \ 2—-2k%—n? 3

C=im (1, \*
2——— | 5ilo
al@in+1) \2

( o )\/kz—nz—in—l 3+2in
2GM o
2+42in—2k2—n% | \3+2in

[
sinh 7t 7

—2Re {c;{c

(62)

Remaining within Sector II, we shall next calculate the
transition probability for the black hole in Quadrant 1 tran-
sitioning into a grey hole in Quadrants 3 and 4. The corre-
sponding probability amplitudes can be obtained from

42%14)3 /d%X\/_\I—’G)* (l)dédf (63)
and
A}t = / PV v agde (64)

Substituting from (41), (43) and (44), and proceeding in
a similar manner as before, these probability amplitudes are
found to be
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1-3
&

~C {(—1)—vk2—"2} {|C2|2 sinh 7wy +

-1
o (Y (8
mn\ 2—2/k2—p2 )\ 3

D(=in)  (1,\"
—2Re {CfCr———( -1
e{ 2T+ 1) (4 0)

|Cal? }

sinh

(52 )vkz—nz—in—l 32
% 2GM 0 (65)
24 2in— 2k — 2 ] \3+2in
and
'2{11]_)4
* C 2
~C {(—1)—Vk2— 2} |:{|C2|2sinhnr]+ 1G4l }
sinh 7wy
Vi2—p2-1
[ () 0
mn\ 2—-2k?—n? 3
I(—i 1.\
_oRe | o (L,)
alGn+1) \2
( ro )«/kz—nz—in—l 3+2in
2GM o (66)
24 2in — 2k —n? | \3+2in

It is noteworthy that these expressions for &%111*3 and
o/}7% in (65), and (66) differ from <772 given by (61)
only in the phase.

Consequently, the corresponding probabilities, namely,
Pir? = e and 2t = | ot
to @}72 = I,Qf[ll_’z 2, so that

2, are both equal

1-2 1-3 1—>4
3211 =<1 =<0 - (67)

We may thus conclude that a quantum black hole in Sec-
tor II has equal probability to make transition to any of the
quantum grey hole states in Quadrants 2, 3 or 4 in the deep
quantum regime.

Figures 6, 7 and 8 illustrate this probability of transition
(denoted by &) with respect to the eigenvalues A and « in
various perspectives. It is clear from these figures that there
exist continuous resonance trajectories in the (X, k) plane
where the black-to-grey hole transition is highly favoured in
the deep quantum regime.

Fig. 6 Probability of black-to-grey hole transition with respect to the
eigenvalues (X, k) for a quantum black hole in Sector 11

2

* A

L L L L
0 0.2 0.4 0.6 0.8 1.

Fig. 7 Probability of black-to-grey hole transition with respect to the
eigenvalue A at k =5, 6, 7, 8, 9 and 10 for a quantum black hole in
Sector II

P

D G S

—4 -2 0 2 4

Fig. 8 Probability of black-to-grey hole transition with respect to the
eigenvalue k at A = 0.5 for a quantum black hole in Sector II

We once again find that the above features remain unal-
tered with respect to a general operator ordering as stated
earlier in the case of Sector I. Now the expression (62) for the
transition probability has the same form with the modifica-

@ Springer
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3 3+(n—1)
i 2 2 2 Ll )2 ith @ o
tions n“ — n'“ = n“—7(n—1)~ together with 3+ — I+ =D
3+42in r3+2in’+(n71)
3 2 .. -
and 3 e w e e The three transition probabilities

still maintain the equality (67).

7 Discussion and conclusion

Upon appreciating the importance of the deep quantum
regime of a black hole in undergoing any kind of transi-
tion to other quantum states, we considered in this paper the
quantum gravitational wave function of the black hole inte-
rior spacetime. In order to investigate into this scenario, we
first modelled the black hole interior with a Kantowski—Sachs
metric containing parameters (a, b) that play a crucial role
in determining the wave function of the interior spacetime
(although these parameters have no role to play classically).
Additionally, we included a Klein—Gordon field in order to
account for inevitable zero-point quantum vacuum fluctua-
tions in its simplest form.

With this pedestal, we solved the Wheeler—DeWitt equa-
tion and obtained a general solution giving the black hole
interior wave function that depends on the parameters (a, b).
Resolution of the classical singularity with the DeWitt
boundary condition occurs in two sectors of the Hilbert space
having distinct relative magnitudes of the eigenvalues (X, k).
In these two sectors (Sectors I and IT), regular quantum black
holes can exist.

It is important to note that the metric (1) is exactly equiv-
alent to ds> = —a?(t)dt*> + £2(1)dr? + ¢2(1)dQ2? in the
classical sense. However, quantum mechanically, the sign
parameters a and b make a substantial difference in the quan-
tum mechanical picture since they appear in the expression
of the interior wave function, which depends on the square
root of the spatial metric coefficients.

Owing to the presence of the model parameters (a, b)
in the wave function, the solutions have distinct quantum
mechanical characters in the four quadrants of the ab-plane.
The wave function in the first quadrant fora = b = +1 rep-
resents the normal solution for regular quantum black holes.
On the other hand, the wave functions in the second, third
and fourth quadrants, with other signs of the parameters a
and b, have quite different quantum mechanical nature from
that in the first quadrant, and they are called herein regular
quantum grey holes. Consequently, a regular quantum black
hole in the first quadrant can make a transition to a regular
quantum grey hole in the second, third or fourth quadrant, as
illustrated in Fig. 2.

We calculated the probability of such transitions for a
quantum black hole existing in each of the Sectors I and
II. We found that probability of such transitions are equal
in a given Sector [Egs. (39) and (67)], and quantum black

@ Springer

holes existing in different Sectors have different transition
probabilities (£ # Pp)).

Interestingly, the transition probabilities (% and Z;)
exhibit resonances in the eigenvalue plane (A, k) where the
black-to-grey hole transition is highly favored, as shown in
Figs.3 and 6. These resonances are clearer in Figs.5 and 8
that exhibit the profiles on a constant-} plane.

It is therefore clear from our analysis that the quantum
black hole can make a transition to any of the grey hole
states before transitioning to a bouncing white hole scenario.
In fact, such intermediate states have been already speculated
in the work of Volovik [43]. The quantum grey hole states
can be identified with such intermediate states.

Thus, our simple consideration with a Kantowski—Sachs
metric for the black hole interior permeated with zero-point
vacuum fluctuations of a Klein—-Gordon field reveals the exis-
tence of not only regular quantum black holes but also the
existence of other kinds of solutions that we call regular quan-
tum grey holes. The existence of new solutions gives rise to
the novel possibility of a quantum black hole making a transi-
tion to a quantum grey hole. Such a transition process should
play a crucial role towards the end of black hole evaporation.
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