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Feynman Meets Turing: Computability Aspects of
Quantum Compiling Revisited
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Abstract—We consider a formalism of quantum compiler func-
tions – functions that map unitary matrices to corresponding
gate-circuit approximations – and prove the infeasibility of
digitally computing such functions. Since the gate-circuit model of
quantum computing emerged, much research has been conducted
to find algorithmic solutions to the quantum compiler problem.
The renowned Solovay-Kitaev theorem proves the existence of
quantum compiler functions that provide low-complexity gate-
circuit approximations to arbitrary unitary matrices, which is
indispensable for the practical feasibility of gate-based quantum
computing. However, the mere existence of such functions does
not imply their realizability by means of an algorithm – a
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constructive procedure executed by a Turing machine. In fact,
no algorithm for computing any quantum compiler function is
known today. The present article demonstrates that no such algo-
rithm can exist. We prove that no quantum compiler function can
satisfy Banach-Mazur computability, which is a formalization of
algorithmic feasibility with (mathematically) weak requirements.
In consequence, there definitely does not exist a Turing machine
that computes any quantum compiler function in the above
sense, nor can there exist a constructive proof of the existence of
any such function. Furthermore, we discuss proposed methods
of quantum compiling and analyze them in the context of our
results.

Index Terms—Quantum computing, quantum compiling,
Solovay-Kitaev theorem, Turing machine, computable analysis.

I. INTRODUCTION

QUANTUM computing is considered one of the potentially
most disruptive technologies of the 21st century. Theoret-

ical findings suggest that quantum computers can solve specific
computational problems, such as the simulation of protein be-
havior or the factorization of large integers, in substantially less
time than classical digital computers [2]. The scientific commu-
nity expects quantum computers to significantly increase global
computing power for various domains and applications, includ-
ing computational chemistry and physics, logistics, cryptogra-
phy, and economics. Nevertheless, building quantum computers
that can perform the required computations on a practically
relevant scale proves challenging. Aside from many unresolved
obstacles in manufacturing scalable and robust quantum hard-
ware, the theory of quantum algorithms has grown much more
slowly than expected. Peter W. Shor, inventor of the renowned
Shor’s algorithm [3], [4] for prime factorization, notes that the
actual progress in the development of quantum algorithms has
been diminishing as compared to the expectations his seminal
publications [3], [4] raised within the community of quantum
engineering [5], [6]. To the best of the authors’ knowledge, only
a minority of all proposed quantum algorithms - including [3],
[4] - provide error bounds and convergence guarantees that meet
the standards of mathematical computing theory.

For t ∈ R ∩ [0, 1], a noiseless quantum-physical system con-
sists of a Hilbert space H – throughout this article, we will
consider Hilbert spaces of finite dimension –, a time-dependent
state vector |φt〉 ∈ H, and a time-dependent skew-Hermitian
operator Ht :H→H, which we call the system’s Hamiltonian.
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see https://creativecommons.org/licenses/by/4.0/
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Figure 1. Schematic representation of quantum computing in the gate-circuit
model. Based on a target unitary operator U (quantum algorithm) and a
prescribed accuracy L ∈ N, digital hardware computes a symbolic sequence
n := (n1, . . . , nM ) of quantum-circuit machine instructions (QCMI), and
successively applies their physical counterparts. The resulting unitary trans-
formation u(n) = u(nm) · · ·u(n1) evolves any initial state |φ0〉 into a new
state |φMT 〉 that satisfies ‖U |φ0〉 − |φMT 〉‖< 1/2L.

The state vector then satisfies Schrödinger’s equation (in inte-
gral form),

|φt〉=
∫ t

0

Hτ |φτ 〉dτ. (1)

If the system’s Hamiltonian is time independent – i.e., if we
have Hτ =Hκ =:H for all τ, κ ∈ R ∩ [0, 1] – and |φ0〉 de-
notes the system’s initial state, we obtain the solution

|φt〉= exp(tH)|φ0〉. (2)

Accordingly, the unitary operator exp(tH) =:Ut determines
the system’s time evolution.

The implementation of quantum computing in the gate-
circuit model, c.f. Figure 1, decomposes into two parts (see
Section II for a formal introduction to the terminology and
notation we employ in the following). In the quantum part, the
computer successively applies a gate sequence

u(n1), . . . ,u(nM ) ∈U(H), M ∈ N,

to a state vector |φ0〉, where the sequence’s members belong to
a finite and fixed gate family

u ∈
{
v : {0, . . . , N}→U(H), v(0) = Id

}
︸ ︷︷ ︸

=:UN (H)

, N ∈ N.

The application results in a time evolution of the form (1) that,
for all discrete “computational” instants of time T, . . . ,MT ,
T := 1/M , satisfies

|φmT 〉= u(nm) · · ·u(n1)|φ0〉, m ∈ {1, . . . ,M}.

The classical part, which is processed by classical digital
hardware, controls the application of the gate sequence based
on inputs U ∈U(H) and L ∈ N. Particularly, given L ∈ N, it

consists of computing n := (n1, . . . , nM ), such that for
u(n) := u(nm) · · ·u(n1) and all initial states |φ0〉, we have

∥∥U |φ0〉 − |φMT 〉
∥∥ =

∥∥(
U − u(n)

)
|φ0〉

∥∥ <
1

2L

In other words, gate-circuit quantum computing ultimately aims
to approximate the action of some unitary operatorU up to a de-
sired accuracy of 1/2L. If there exists a suitable gate sequence
for every unitary operator U and every L ∈ N, we call the gate
family u ∈UN (H) universal.

In abstract mathematical terms, the universality of a gate fam-
ily u ∈UN (H), N ∈ N, guarantees the existence of a mapping

QC : U(H)× N→G(u), (3)

where G(u) is the monoid generated by u, such that for every
unitary operator U ∈U(H) and every accuracy 1/2L, L ∈ N,
we have

‖U − QC(U , N)‖< 1

2L
.

For the purpose of unambiguous terminology, we will refer
to QC as a quantum compiler function, and to the problem of
implementing QC on some hardware platform as the quantum
compiler problem throughout the remainder of this article.

As indicated above, quantum compiling is an entirely clas-
sical task. The process of applying the physical quantum gates
is controlled by some digital algorithm, a principle mirrored
in emerging quantum programming languages [7]. Particularly,
this algorithm has to evaluate the relevant quantum compiler
function for the given input. There exist various analytic results
on quantum compiler functions, the arguably most famous one
being the Solovay-Kitaev theorem, c.f. [8], [9], [10]. Contempo-
rary research largely focuses on optimizing quantum compiler
functions with regards to different performance metrics and spe-
cific purposes, including but not limited to minimizing the count
of required ancilla qubits [11] or certain quantum gates [12],
[13]. Advanced and interdisciplinary topics in gate-based quan-
tum compiling and computing concern, for example, distributed
information processing architectures [14], [15] or the entirely
digital simulation of quantum algorithms [16], [17]. Yet, the
design of gate-based implementations of quantum algorithms
remains challenging, despite the comprehensive research efforts
[7].

Throughout the relevant literature, the analysis and opti-
mization of quantum compiler functions generally concern the
respective function at an analytical level; i.e., as an (abstract)
mathematical object, potentially including its algebraic compu-
tation. Albeit not mentioned explicitly, this presumes any actual
algorithmic implementation of such a function to depend – in
terms of its performance and desired properties – only on the
(abstract) function itself, but not the specific algorithmic im-
plementation or properties of the underlying digital hardware.
For example, if some quantum compiler function promises to
minimize the count of a specific gate, any algorithmic imple-
mentation of that function should provide this minimization,
regardless of
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• which specific method is chosen to implement and com-
pute the function, provided the method does implement the
function faithfully;

• the physical specifications of the digital hardware execut-
ing the algorithm.

However, we can guarantee this form of “hardware and imple-
mentation independence” only if the function exhibits a faithful
algorithmic implementation (in a mathematically strict sense)
in the first place. Through this article, we address the question
of whether this requirement can be fulfilled.

In a previous work, we have considered the related prob-
lem of whether there exist faithful algorithmic implementations
of quantum gate-circuit emulation functions [18]. Instead of
approximating a single target unitary transformation, quantum
gate-circuit emulation functions serve the purpose of “rewrit-
ing” a quantum circuit that uses gates from some input gate
family into an equivalent (up to a prescribed error tolerance)
quantum circuit that uses gates from a fixed output gate family.
Informally, we can think of this problem as a quantum analo-
gon to the problem of expressing a classical boolean function
through different functionally complete sets of digital logic
gates. Using the framework of computable analysis, we have
shown that much in contrast to its classical counterpart, the
problem of quantum gate-circuit emulation is not solvable by
means of digital algorithms. In the present work, we extend
this analysis to quantum compiler functions, and show that they
do not exhibit faithful algorithmic implementations either. The
remainder of this article is structured as follows. Section II
provides a concise review of quantum compiler functions as
considered in the relevant literature and substantiates the en-
gineering problem addressed in this article in mathematical
terms. Section III provides a concise introduction to the required
mathematics of computable analysis and establishes the frame-
work of unitary computable operators underlying our theory.
Subsequently, Section IV presents our main result. We prove
that digital quantum compiling in a mathematically rigorous
sense is infeasible. Section V discusses the implications of
this result for (heuristic) digital implementations of quantum
compiler functions and closes the paper with a brief general
subsumption of our analysis.

A. Notation, Terminology, and General Remarks

Throughout the remainder of this article, the letters n, N ,
m, M , l, L, k, K, j, and J denote generic natural-number
variables. Especially, we do not reserve any of them for specific
quantities; their purpose is always with respect to and unam-
biguous from the relevant context. In some cases, for example
(c.f. Section II), N will refer to the dimension of a Hilbert
space, while in other cases, it will refer to the number of
members of some gate family.

For generic sets A and B, a partial function f :A⊇→B is of
the form f :D(f)→B, D(f)⊆A. We call D(f) the domain
of f . IfD(f) =A, we call f a total function. Since the inclusion
D(f)⊆A includes the improper case, every total function is
also partial, but not vice versa.

Consider N ∈ N and generic functions f1 :A1 →A2, . . .
. . . , fN :AN →AN+1. For a ∈ A1, we define

[fN · · · f1](a) := fN (· · · f1(a) · · · ),

i.e., [fN · · · f1] :A1 →AN+1 is the concatenation of the func-
tions f1, . . . , fN . Note that aside from indicating the concate-
nation of functions, square brackets will fulfill additional (com-
mon) notational purposes (such as denoting, e.g., intervals).
The relevant meaning will always be unambiguous from the
respective context.

If an expression expr(·) of some form defines the elements
of a sequence (an)n∈N, we employ the notation

(an)n∈N : an = expr(n)

for the sequence’s definition. For example, for expr(·)≡√·,
we may write (an)n∈N : an =

√
n.

II. THE QUANTUM COMPILER PROBLEM

Throughout this article, we consider an arbitrary but fixed
N -dimensional Hilbert space over C,

H := span
{
|e1〉, . . . , |eN 〉

}
, N ∈ N, N ≥ 2.

The computational orthonormal basis |e1〉, . . . , |eN 〉 induces
a global isometry between linear operators A :H→H and
complex-valued N -by-N matrices. We will thus identify each
such operator with its corresponding element of CN×N in the
usual way. Given A ∈ C

N×N , we denote by A† the Hermitian
adjoint and by A−1, if it exists, the inverse of A. A matrix
H ∈ C

N×N is skew-Hermitian if it satisfies H† =−H . Fur-
thermore, we call
• U(N) := {U ∈ C

N×N :U † =U−1} the general unitary
group of degree N ;

• SU(N) := {U ∈U(N) : detU = 1} the special unitary
group of degree N ;

• U ∈U(N) a unitary matrix.
Since our theory equally applies to the general and special uni-
tary group of any degree N ≥ 2, we will abbreviate U(N)≡U
and SU(N)≡ SU unless it leads to ambiguities.

Given any skew-Hermitian matrix H ∈ C
N×N , N ∈ N, we

have exp(H) ∈U(N). Further, if H satisfies trH = 0 – that is,
if H is trace free – we have exp(H) ∈ SU(N). More generally,
we have

exp(trH) = det exp(H)

which, in the context of quantum physics, characterizes a quan-
tum system’s global phase. Notably, the global phase is not an
observable, i.e., it cannot be measured. Given any θ ∈ R, the
Hamiltonian operators H and H + jθ · Id are physically indis-
tinguishable. Throughout the literature of quantum computing,
it is thus customary to consider the special unitary group to
begin with. Unless an explicit distinction between the special
and the general unitary group is necessary, we will follow this
convention hereafter. However, we emphasize that all of this
paper’s theoretical results are equally valid for the special and
the general unitary group.
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Consider N ∈ N arbitrary. As indicated in Section I, a gate
family is a mapping u : {0, . . . , N}→ SU such that we have
u(0) = Id. We denote the set of all such mappings by SUN .
Given u ∈ SUN , a tuple

n= (n1, . . . , nm) ∈ {0, . . . , N}M , M ∈ N,

denotes a symbolic quantum circuit. Since we require u to
satisfyu(0) = Id, we may considern ∈ {0, . . . , N}M such that
nm �= 0. In contrast to the symbolic nature of n, the correspond-
ing unitary matrix

u(n) := u(nm) · · ·u(n1) ∈ SU

is an abstract mathematical object that characterizes a quantum-
physical state transformation. The relevant literature refers to
u(n) as a matrix representation [19, Section 2.1.2, p. 63 ff].
Often, the distinction between both cases is not explicit. For a
thorough analysis of computability, it is, however, necessary to
differentiate symbolic quantum circuits from matrix represen-
tations.

Observe that for all N ∈ N, there exists a (unique) function
bxN : N× N→{0, . . . , N} that satisfies

n=

∞∑
m=0

bxN (n,m) · (N + 1)m.

for all n ∈ N. In other words, bxN provides the base-(N + 1)
expansion of any number n ∈ N. Then, given u ∈ SUN as
above, we call

G(u) :=

{
m=0∏
∞

u(bxN (n,m)) : n ∈ N

}

(where we use the inverted placement of “m= 0” and “∞”
to indicate a right-to-left product) the monoid generated by u.
In other words, G(u) equals the set of exactly those unitary
matrices that correspond to some symbolic quantum circuit
(with respect to the underlying gate family u). For U ∈ SU,
L ∈ N, we define

ΔG(u)(U , L) :=
{
V ∈G(u) : ‖U − V ‖< 2−L

}
.

Then, the gate family u is universal if and only if we have
ΔG(u)(U , L) �= ∅ for all U ∈ SU, L ∈ N – that is, if and only
if G(u) is (topologically) dense in SU.

In the context of quantum computing, we may consider the
Solovay-Kitaev theorem primarily an abstract mathematical
statement about circuit complexity. To the best of the authors’
knowledge, the first attempt at leveraging the theorem’s proof
for the construction of an explicit quantum compiler func-
tion is due to C. M. Dawson and M. A. Nielsen [9]. For
ε > 0 sufficiently small and suitable gate families u ∈ SUN ,
N ∈ N, they base their approach on a mapping SK0 : SU→
{u(0), . . . ,u(N)} that satisfies

‖U − SK0(U)‖< ε

for all U ∈ SU – that is, SK0 provides an initial base-circuit
approximation to U –, as well as approximate balanced group
commutators [·]L̃, [·]R̃ : SU→ SU. Setting

[U ,m]L := SK
([
USK†(U ,m)

]
L̃
,m

)
,

[U ,m]R := SK
([
USK†(U ,m)

]
R̃
,m

)
,

for m ∈ N, they successively continue to improve the approxi-
mation, recursively defining SK : SU× N→G(u) through

SK(U , 0) := SK0(U),

SK(U ,m+ 1) := . . .

. . . [U ,m]L[U ,m]R[U ,m]†L[U ,m]†RSK(U ,m). (4)

Subsequently, they sketch the existence of a polylogarithmic
function ξSK : N→ R such that for all m,M ∈ N, m≥ ξSK,we
have ‖U − SK(U ,m)‖< 1/2M . Accordingly, defining QCSK :
SU× N→G(u) through

QCSK(U ,M) := SK
(
U ,min{m ∈ N :m≥ ξSK(M)}

)

provides a quantum compiler function in the sense of Section I.
As follows from (4), the unitary matrix SK(U ,m) corresponds
to some symbolic quantum circuit of length at most 5m. Accord-
ingly, since ξSK is polylogarithmic, the circuit length required
to approximate U up to an accuracy of m binary digits grows
polynomially in m. A less favorable scaling behavior would
likely render quantum circuits unusable for practical applica-
tions. In this sense, the Solovay-Kitaev theorem is a theoretical
prerequisite for gate-based quantum computing.

Even before C. M. Dawson’s and M. A. Nielsen’s charac-
terization of QCSK, [20] determined the optimal circuit-length
scaling behavior any quantum compiler function may provide.
Givenu ∈ SUN ,N ∈ N, andU ∈G(u), we denote the smallest
l ∈ N such that for some n ∈ N satisfying n < (N + 1)l, we
have

U =
m=0∏
∞

u(bxN (n,m))

by |U |. That is, |U | denotes the word length of U . For l ∈
N arbitrary, we furthermore denote the set of unitary matrices
U ∈G(u) whose word length is smaller than or equal to l by
G|·|≤l(u), i.e.,

G|·|≤l(u) :=
{
V ∈G(u) : |V | ≤ l

}
⊂G(u).

Then, assuming u exhibits a spectral gap [20], there exists
numbers ku, ju ∈ N such that for all l, L ∈ N satisfying l ≥
ku · L+ ju, we have

ΔG(u)(U , L) ∩G|·|≤l(u) �= ∅.

From an analytic point of view, the axiom of choice then implies
the existence of quantum compiler functions QC : SU× N→
G(u) that, for all such l, L, satisfy

QC(U , L) ∈ΔG(u)(U , L) ∩G|·|≤l(u).

Yet, the mere mathematical existence of such functions does
not imply their realizability in terms of an algorithm.

The attainability of linear circuit-length scaling through suit-
able quantum compiler functions is a nonconstructive result.
Contrary to numerous claims of the opposite, the same holds
true for the existence of QCSK: Computing SK0 – recall that
SK0 is fundamental to the definition of QCSK – is beyond of
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what constructive mathematics considers feasible.1 First and
foremost, this concerns the ability to perform arithmetical op-
erations of infinite precision. Interestingly, C. M. Dawson and
M. A. Nielsen themselves note that

“A caveat to [our] discussion is that we have entirely ignored
the precision with which arithmetical operations are carried out.
In practice we cannot compute with precisely specified unitary
operations, […] since such operations in general require an
infinite amount of classical information to specify. Instead, we
must work with approximations to such operations, and [must] do
all our calculations using finite precision arithmetic. A complete
analysis of the SK algorithm should include an account of the
cost of such approximations.”

They continue to explain that “[. . .] there seems to be little need
for such an analysis,” since their implementation in standard
floating-point arithmetics provided sufficient results given the
error constraints they considered. Nevertheless, the assumption
of infinite precision places the practical applicability of their
analysis on a heuristic foundation.

In order to obtain a constructive theory of digital algorithms
for quantum compiling, it is insufficient to merely analyze quan-
tum compiler functions on an abstract level. Instead, we must
consider the relevant quantum compiler functions in the context
of a constructive model of digital computing. Throughout the
community of computer science, Turing machines and, drawing
thereupon, computable (effective) analysis are widely accepted
as the most suitable model for this purpose, providing the tools
to formalize and investigate the quantum compiler problem
anticipated in Section I.

Quantum Compiler Problem —————————————–
Given N ∈ N, u ∈UN (H), and any quantum compiler function
QC : U(H)× N→ G(u ), find an algorithm that faithfully imple-
ments QC. That is, such that the algorithm

• provably preserves the function’s analytic properties;
• allows for proving the implementation’s correctness by

methods of formal verification.

From the perspective of computable analysis, the quantum
compiler problem asks for a realizer of the relevant quantum
compiler function. If such a realizer exists, we call the quan-
tum compiler function Turing computable. In the subsequent
Section III, we will formally introduce the concept of Turing
computability and restate the quantum compiler problem ac-
cordingly. This paper’s core contribution consists of proving
the quantum compiler problem infeasible. Due to the unitary
group’s topological properties, quantum compiler functions in
the sense of Section I turn out to be necessarily uncomputable.
As a consequence of our results, there cannot exist a construc-
tive proof of the existence of a quantum compiler function,
which we will discuss in detail in Section IV-A. Accordingly,
a rethinking of quantum compiling as currently considered in
the relevant literature is necessary.

1Although we have yet to verify the details, we suspect the same is the
case for computing the balanced group commutators [·]L̃ and [·]R̃.

III. PRELIMINARIES: TURING MACHINES, EFFECTIVE

ANALYSIS, AND THE COMPUTABLE UNITARY GROUP

Throughout this section, we introduce the theory of com-
putable unitary matrices, drawing upon the framework of effec-
tive analysis. For a comprehensive treatment of computability
theory, computable analysis, and constructive mathematics, we
refer the reader to, e.g., [21], [22], [23], [24], [25].

As indicated in Section II, effective analysis builds upon
the work of Alan M. Turing [26], [27]. The Turing machine,
which forms the core concept of Turing’s computability theory,
provides an idealized but definitive model of digital computers.
Hence, if we cannot theoretically implement some computa-
tional procedure on a Turing machine, we can definitely not im-
plement it on a real digital computer. in practice. From Section I,
recall that quantum compiling relies on digital hardware in
almost all contemporary quantum computers. Thus, the analysis
of algorithms for quantum compiling necessarily falls into the
domain of Turing’s theory.

Turing machines are state-based automata that systematically
alter the content of a memory tape. While they ultimately form
the basis of effective analysis, it is – due to the necessity
of computing functions of natural numbers – advantageous to
approach computability from a slightly different direction. We
consider the set of μ-recursive functions, which is the smallest
possible set that
• consists of partial functions g : N× · · · × N⊇→ N;
• contains the successor function, all constant functions, and

all projection functions [21, Definition 2.1, p. 8f];
• is closed under the operations composition, primitive re-

cursion, and unbounded search [21, Definition 2.1, p. 8f,
Definition 2.2, p. 10].

Notably, Turing machines and μ-recursive functions are equiv-
alent as a model of computability. In other words, a function
g : N× · · · × N⊇→ N is μ-recursive if and only if there exists
a Turing machine that computes g [28].

The partiality of μ-recursive functions exhibits a dedicated
interpretation. Consider a Turing machine that computes some
μ-recursive function g : N× · · · × N⊇→ N and recall that Tur-
ing machines are state-based automata that execute compu-
tations in sequential processing steps. The function’s domain
D(g)⊆ N× · · · × N corresponds to the set of inputs for which
the Turing machine eventually terminates its computation and
returns some (well-defined) output. As a consequence of the
well-known halting problem, D(g) is, in general, not a recur-
sive subset of N× · · · × N. That is, the indicator function

1D(g) : N× · · · × N→{0, 1}, n �→
{
1 ifn ∈D(g),

0 otherwise,

is not necessarily a μ-recursive function. Once we have estab-
lished a formal notion of computability for some abstract sets
Aμ and Bμ, we may attempt to prove the uncomputability of
a given function F :D(F )→B, D(F )⊆Aμ, by reducing the
halting problem to the evaluation of F for a suitable sequence
of argument values. In the final analysis, the results we establish
throughout this article are in turn a consequence of the halting
problem.
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As emphasized on several occasions, a precise notion of com-
putability for quantum compiler functions is indispensable for
answering the quantum compiler problem in a mathematically
satisfactory manner. Evidently, we cannot directly apply μ-
recursive functions to unitary matrices. Accordingly, any theory
of algorithms for quantum compiling must address the question
of how to represent unitary matrices within the realm on natural
numbers. This conforms to our intuitive understanding of real-
world digital computers: On the lowest level, we must represent
any object we wish to perform computations with by a bit-
string, i.e., the base-two expansion of some natural number. If
the object is of abstract analytical nature – as is the case for
unitary matrices –, we require additional information on how
to “interpret” the bit-string. This principle is formalized by the
notion of numberings.

Given a countable set Aμ, any mathematically well-defined
partial surjective function NA : N⊇→Aμ defines a number-
ing of Aμ. Thus, NA is primarily an abstract mathematical
object itself and, from the perspective of computable analysis,
possesses no intrinsic meaning. Rather, its meaning is entirely
operational: The numbering NA determines which operations
that involve the elements of Aμ are computable. Below, we
will provide formal definitions of computable functions and
computable sequences. We will then start defining and analyz-
ing explicit numberings for the computable real numbers, the
computable complex numbers, and, ultimately, the computable
unitary matrices. Subsequently, we require some additional
technicalities. Throughout the remainder of this article, we fix
• an admissible enumeration (ϕ̌n)n∈N of μ-recursive func-

tions [21, Chapter I, Section 3, p. 14ff],
• a μ-recursive pairing function p : N× N→ N, and the

projections f , s : N→ N corresponding to the pairing func-
tion’s inverse [23, Section 1.4, p. 12].

Given any numbered sets Aμ and Bμ, we may canonically
define the product numbering NA×B : N⊇→Aμ × Bμ of Aμ

and Bμ through

NA×B(n) :=
(
[NAf ](n), [NBs](n)

)
,

where D(NA×B) := {p(m, l) : (m, l) ∈D(NA)×D(NB)}.
Observe that for N ∈ N, N ≥ 3, the sets AN

μ and AN×N
μ are

nested products, i.e., we have

AN
μ =Aμ ×AN−1

μ and AN×N
μ =AN

μ ×A(N−1)×N
μ .

Accordingly, the product numbering inductively provides a
numbering for the set AN×N

μ , which we will refer to as the
(canonic) matrix numbering of AN×N

μ further below.
Definition 1 (Computable Functions and Sequences):
• Consider numberings NA : N⊇→Aμ and NB : N⊇→Bμ

and let F :Aμ ⊇→Bμ be any partial function. Assume
there exists a μ -recursive function g :N⊇→N s.t. for all
m ∈ {n ∈D(NA)|NA(n) ∈D(F )}, we have

n ∈D(g) and [FNA](n) = [NBg](n).

We call F an (NA,NB)-computable function.
• Consider a numbering NA : N⊇→Aμ and let h : N→ N

be any unary total μ-recursive function. We call

(an)n∈N : an = [NAh](n)

a onefold NA-computable sequence. For N ∈ N, any N -
ary total μ-recursive function h : N× · · · × N→ N anal-
ogously defines an N -fold NA-computable sequence.

If, given numbered sets Aμ and Bμ, the relevant numberings
NA and NB are unambiguous from the context, we refer to
(NA,NB)-computable functions merely as computable. Fur-
thermore, for N ∈ N, we refer to any N -fold NA-computable
sequence merely as a computable sequence in this case, unless
mentioning the number of sequence indices or underlying func-
tion’s arity is strictly necessary.

Consider any numbered set Aμ and let dA :Aμ ×Aμ →
{x ∈ R : x≥ 0} a metric. Further, assume the following for all
computable sequences (an,m)n,m∈N ⊂Aμ:
• If there exists a μ-recursive function ξ : N→ N such that

for all n, l, k,M ∈ N, we have

dA
(
an,ξ(M)+l, an,ξ(M)+k

)
<

1

2M
,

then (an,∗)n∈N : an,∗ = limm→∞ an,m defines a com-
putable sequence as well.

We call Aμ effectively closed, and (an,∗)n∈N the effective limit
of (an,m)n,m∈N for m→∞. Consider the (effective) limit
operator

limA :
...
Aμ ⊇→Aμ, (an)n∈N �→ a∗ := limn→∞an,

where
...
Aμ denotes the set of onefold NA-computable sequences

and we have (an)n∈N ∈D(limA) if and only if the effective
limit of (an)n∈N exists. Furthermore, assume there exists a μ-
recursive function g : N× N⊇→ N that satisfies the following
for all n,m ∈ N:
• Whenever ϕ̌n and ϕ̌m ≡ ξ are total unary μ-recursive

functions such that for all l, k,M ∈ N, we have

dA
(
[NAϕ̌n](ξ(M) + l), [NAϕ̌n](ξ(M) + k)

)
<

1

2M
,

we also have [NAg](n,m) = limM→∞[NAϕ̌n](M).
We call the limit operator limA NA-computable. In other words,
the computability of the relevant limit operator is a (mathemati-
cally) stronger version of a numbered set’s effective closedness.
Computability of limit operators will play a minor role through-
out this article. Primarily, it will be part of our substantiation
of the computable general and special unitary group’s definition
below.

The idea of Turing computable functions, as formalized in
Definition 1, conforms to our intuitive understanding of algo-
rithms – computational procedures that accept inputs of some
type and return outputs of another one. Throughout this article,
we will primarily concern ourselves with a different notion of
function computability, which we will define and substantiate
below.

Definition 2 (Banach-Mazur Computability of Functions):
Let Aμ and Bμ be any numbered sets and consider a
total function F :Aμ →Bμ. If, for all NA-computable
sequences (an)n∈N, the sequence (bn)n∈N : bn = F (an)
is NA-computable, we call the function F Banach-Mazur
computable.

Rather than asking whether the function F :Aμ →Bμ is
itself computable, Banach-Mazur computability concerns the
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question of whether F preserves (sequential) computability
– that is, whether given some algorithm that successively
generates objects a0, a1, a2, . . . ∈ Aμ, there necessarily exist
a another algorithm that successively generates the objects
F (a0), F (a1), F (a2), . . . ∈ Bμ. To understand the relevance of
this concept, observe that a large number of mathematical prob-
lems in quantum computing induce such algorithmic sequences.
The induced sequence’s index variable then corresponds to the
the problem’s different instances, and the objects themselves to
unitary matrices. In Shor’s algorithm for prime factorization, for
example, each problem instance equals the respective number
to be factorized. Consider some quantum compiler function that
is – hypothetically – Banach-Mazur but not Turing computable
and any mathematical problem of the above type. In this case,
we at least know for sure that it is possible to find an algorithm
that, for each instance of the problem at hand, computes the
image of the respective unitary matrix under the quantum com-
piler function. Note that there indeed exist functions that are
Banach-Mazur but not Turing computable (see, e.g., [29]).

Finally, consider numbered sets Aμ and Bμ once more and
observe that the Turing computability of a function F :Aμ →
Bμ implies the function’s Banach-Mazur computability. Specif-
ically, let g1 : N⊇→ N be any μ-recursive function that realizes
the function F in the sense of Definition 1. Given any NA-
computable sequence (an)n∈N, there must exist a μ-recursive
function g2 : N→ N such that for all n ∈ N, we have an =
[NAg2](n) and thus F (an) = [NBg1g2](n). But

h : N→ N, n �→ h(n) := g1(g2(n)),

defines a μ-recursive function. Thus, the sequence (bn)n∈N :
bn = F (an) must be NB-computable. Observe that accordingly,
if F is not Banach-Mazur computable, it is definitely not Turing
computable either.

Having established the relevant mathematical underpinnings,
we are equipped to turn towards computable unitary matrices.
We define the numbering NQ : N→Q through

NQ(n) :=
[f f ](n)− [sf ](n)

1 + s(n)
.

In Definitions 3 and 4 below, we will introduce computable
real and complex numbers and, subsequently, the computable
general and special unitary group.

Definition 3 (Computable Numbers):
• Consider and x ∈ R and assume there exist total μ-

recursive functions h, ξ : N→ N such that we have

∣∣x− [NQh](n)
∣∣ < 1

2N
for alln,N ∈ N, n≥ ξ(N).

(5)

We call x a computable real number and denote the set of
all such numbers by Rμ. Further, we define NR : N⊇→
Rμ such that for m ∈ N, x ∈ Rμ, we have NR(m) = x if
and only if ϕ̌f(m) ≡ h and ϕ̌s(m) ≡ ξ satisfy (5).

• We call z = x+ jy, x, y ∈ Rμ, a computable complex
number and denote the set of all such numbers by Cμ.
Further, we define NC : N⊇→ Cμ such that for m ∈ N,
z ∈ Cμ, we have NC(m) = z if and only if z and m satisfy
z = [NRf ](m) + j[NRs](m).

By CN×N : N⊇→ C
N×N
μ , N ∈ N, we denote the

(canonic) matrix numbering of C
N×N
μ (see further above).

Then, for N ≥ 2, the definition of the computable variants of
the general and special unitary group of degree N ∈ N is as
follows.

Definition 4 (Computable Unitary Group):
• We call Uμ(N) := {U ∈ C

N×N
μ :U † =U−1} the com-

putable general unitary group of degree N ∈ N, N ≥ 1,
and define NU : N⊇→Uμ(N) through

NU(n) := CN×N (n) forn ∈D
(
NU

)
:= . . .

. . .
{
n ∈D(CN×N ) : CN×N (n) ∈U(N)

}
.

• We call Uμ(N) := {U ∈Uμ(N) : detU = 1} the com-
putable special unitary group of degreeN ∈ N,N ≥ 1, and
define NSU : N⊇→ SUμ(N) through

NSU(n) := CN×N (n) forn ∈D
(
NSU

)
:= . . .

. . .
{
n ∈D(CN×N ) : CN×N (n) ∈ SU(N)

}
.

For U ∈ SUμ, consider n ∈D(NSU) such that we have
NSU(n) =U . The number n is a description of U , and the
numbering NSU determines how to interpret this description.
From the above, recall that any (well-defined) partial surjective
mapping N′

SU : N⊇→ SUμ provides a numbering for SUμ.
Accordingly, N′

SU is not computationally meaningful per se,
since a Turing machine cannot “understand” the abstract object
N′

SU. In light of Definitions 1 and 2, the numbering N′
SU derives

it’s meaning entirely through the question of which operations
are N′

SU-computable and which are not. Specifically, given the
algebraic properties of the abstract set SU, we would naturally
expect the following from a numbering of SUμ.

1) The group operation gopSU : SUμ × SUμ → SUμ de-
fined through the matrix multiplication

UV =: gopSU(U ,V )

shall be N′
SU-computable (with D(gopSU) = SUμ ×

SUμ).
2) The metric dSU : SUμ × SUμ →{x ∈ Rμ : x≥ 0} de-

fined through the matrix norm

‖U − V ‖=: dSU(U ,V )

shall be N′
SU-computable (with D(dSU) = SUμ × SUμ).

3) The limit operator limSU :
...
SUμ ⊇→ SUμ defined

through

limSU(Un)n∈N := limn→∞Un

shall be N′
SU-computable (with (Un)n∈N ∈D(limSU) if

and only if the effective limit of (Un)n∈N exists).
4) For all 1≤ l, k ≤N , N ∈ N, the basis-projection func-

tional βl,k : SUμ(N)→ Cμ defined through

βl,k(U) := 〈el|U |ek〉

shall be N′
SU-computable (with D(βl,k) = SUμ(N)).

Then, given N ∈ N, we say that N′
SU faithfully implements the

structure
(
SU(N), gopSU, dSU, (βl,k)1≤l,k≤N

)
(6)
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if and only if N′
SU satisfies Conditions 1, 2, 3, and 4.

The numbering NSU (c.f. Definition 4) indeed faithfully im-
plements the structure (6) for any N ∈ N, as follows from the
properties of Cμ and NC (c.f., e.g., [22, Chapter 0, p. 12ff],
[23, Section 4, p. 85ff], [24, Section 9.2.7, p. 312]). Further,
note that all such numberings are Turing equivalent: Given any
N′

SU : N⊇→ SUμ that faithfully implements the structure (6),
there exist μ-recursive functions g1 :D(NSU)→D(N′

SU) and
g2 :D(N′

SU)→D(NSU) such that we have

NSU(n) = [N′
SUg1](n) and N′

SU(m) = [NSUg2](m)

for all n ∈D(NSU) and all m ∈D(N′
SU). Accordingly, any

statement about a function’s Turing or Banach-Mazur com-
putability with respect to some faithful numbering of SUμ is
equally valid for any faithful numbering of SUμ. Finally, note
that SUμ is the largest subset of SU that exhibits a faithful
numbering in the sense of Conditions 1, 2, 3, and 4 above.

Having established a computable-analysis framework for
unitary matrices, we are now able to state a formalized version
of the quantum compiler problem.

Quantum Compiler Problem (formalized) ————————
Given N ∈ N, u ∈ SUμ,N , and any quantum compiler function
QC : SUμ × N→ G(u ), find a μ-recursive function

gQC : N× N→ N

such that for all n ∈D(NSU), m ∈ N, we have (n,m) ∈D(gQC),
gQC(n,m) ∈D(NSU), and

QC(NSU(n),m) = [NSUgQC](n,m).

In other words, find gQC that realizes QC (with respect to NSU) in
the sense of Definition 1.

Below, we list several properties of the computable special
(and, equivalently, general) unitary group. These properties will
subsequently be relevant to our results and their proofs.

Summary 1 — Properties of SUμ (and, equivalently, Uμ).
§1. The metric dSU is Banach-Mazur computable and SUμ is
effectively closed with respect to dSU.

§2. The group operation gopSU is iteratively computable: For
every computable sequence (Vn)n∈N ⊂ SUμ, there exists a com-
putable sequence (Un)n∈N ⊂ SUμ and μ-recursive functions
g : N→ N, h : N× N→ N, such that for all n,m, l ∈ N, we have

Ug(n) = Vn and Uh(m,l) =UmUl.

Accordingly, gopSU is also Banach-Mazur computable.

§3. For N ∈ N, N ≥ 2, consider (Um)m∈N ⊂ SUμ(N)
and assume there exist computable sequences (Vm)m∈N

⊂ SUμ(N), (θ1,m)m∈N, . . . , (θN,m)m∈N ⊂ Rμ, such that we
have

Um =
N∑

n=1

exp(j2πθn,m)Vm|en〉〈en|V †
m and . . .

. . . θ1,m + . . .+ θN,m = 0

for all m ∈ N, where |e1〉, . . . , |eN 〉 ∈ C
N
μ is the computational

basis (the requirement of (θ1,m)m∈N, . . . , (θN,m)m∈N satisfying
θ1,m + . . .+ θN,m = 0 for all m ∈ N does not apply to Uμ(N)).

Then, (Um)m∈N is a computable sequence of unitary ma-
trices. In contrast, consider U ∈ SUμ(N). There exist V ∈
SUμ(N), θ1, . . . , θN ∈ Rμ, have

U =
N∑

n=1

exp(j2πθn)V |en〉〈en|V † and θ1 + . . .+ θN = 0

(the consequence of θ1, . . . , θN satisfying θ1 + . . .+ θN = 0
may not apply to Uμ(N)).
§4. Consider M ∈ N \ {0} and let u ∈ SUμ,M be any gate
family. The function bxM : N× N→ [M ] is μ-recursive. Hence,
as follows from §2, defining

(Um)m∈N :Um =
n=0∏
∞

u
(
bxM (m,n)

)

through primitive recursion [21, Definition 2.1 (V), p. 9] provides
a computable sequence of unitary matrices. In other words, the
monoid G(u) is recursively enumerable.

To the best of the authors’ knowledge, all quantum gates
relevant in practice – including (but not limited to) all gates
listen in [19, Nomenclature and Notation, p. xxixff], all gates
whose matrix entries are algebraic numbers, and all gates whose
Hamiltonian’s matrix entries are algebraic numbers – belong
to SUμ. Assume we have u ∈ SUμ,N , N ∈ N, i.e., all of the
gates u(1), . . . ,u(N) belong to SUμ. Then, we must also
have G(u)⊂ SUμ. In other words, every quantum circuit we
can build from any family of computable quantum gates cor-
responds to a computable unitary matrix itself. Furthermore,
assume U∗ ∈ SU is the effective limit of some computable
sequence (Un)n∈N ⊂G(u). Then, U∗ must be an element of
SUμ in turn. Accordingly, all unitary transformations we can
implement effectively – that is, such that we can control the
approximation error by means of some algorithm – on any
quantum computer that uses computable quantum gates are
computable themselves. As stated just above, virtually all quan-
tum gates relevant in practice belong to SUμ. Thus, considering
the computable unitary group (and the structure (6)) is not only
a question of mathematical axioms, but also dictated by the
practice of contemporary quantum engineering.

IV. INFEASIBILITY OF THE QUANTUM COMPILER PROBLEM

Having introduced the computable unitary group, we are now
equipped to analyze its relevant properties and, subsequently,
investigate the quantum compiler problem on a formal basis.
Proposition 1 and Theorem 1 below will characterize the com-
putable unitary group’s topological features in the context of
Banach-Mazur computable functions. Corollary 1 and Corol-
lary 2 will then address the quantum compiler problem and a
special variant thereof concerning the simulation of quantum
systems [19, Section 4.7, p. 204ff], respectively.

In the following, we denote the unit interval by I, the ratio-
nal unit interval by IQ, and the computable unit interval by Iμ.
That is, I := {x ∈ R : 0≤ x≤ 1}, IQ := {x ∈Q : 0≤ x≤ 1},
and Iμ := {x ∈ Rμ : 0≤ x≤ 1}.

Proposition 1: For N ∈ N, let H0,H1 ∈ C
N×N
μ be any two

trace-free skew-Hermitian matrices and define

H(κ, τ, l) : = (exp(κ/lH0) exp(τ/lH1))
l,



524 IEEE TRANSACTIONS ON COMPUTERS, VOL. 75, NO. 2, FEBRUARY 2026

H∗(κ, τ) : = liml→∞H(κ, τ, l) = exp(κH0 + τH1),

for all (κ, τ) ∈ I2
μ, l ∈ N. Then, we have the following.

1) The function H : I2
μ × N→ SUμ, (κ, τ, l) �→H(κ, τ, l)

is Banach-Mazur computable.
2) The function H∗ : I2

μ → SUμ, (κ, τ) �→H∗(κ, τ) is
Banach-Mazur computable. Specifically, given any two
computable sequences (κn)n∈N, (τm)m∈N ⊂ Iμ and

(Un,m,l)n,m,l∈N :Un,m,l =H(κn, τm, l), (7)

(Un,m,∗)n,m∈N :Un,m,∗ =H∗(κn, τm), (8)

the sequence (Un,m,l)n,m,l∈N converges effectively to-
wards (Un,m,∗)n,m∈N for l→∞.

Theorem 1: For N ∈ N, consider a gate family u ∈ SUμ,N

and let F : Iμ → SUμ be any Banach-Mazur computable func-
tion. Then, exactly one of the following claims holds true:

1) There exist U∗ ∈ SUμ \G(u) and x∗ ∈ Iμ such that we
have U∗ = F (x∗).

2) There exists U ∈G(u) such that for all x ∈ Iμ, we have
U = F (x).

From a topological perspective, Theorem 1 does not come
as a surprise. Unlike G(u), the unit interval and the unitary
group are connected sets. Thus, any function F : I →G(u)
must be either discontinuous or constant. If we instead consider
a function F : I → SU that is neither discontinuous nor con-
stant, its image cannot be a subset of (or equal to) G(u). Since
Banach-Mazur computability requires effective continuity, one
may suspect similar principles to apply to Banach-Mazur com-
putable functions F : Iμ → SUμ. The theory of computable
metric and Polish spaces provides a comprehensive framework
for analyzing mathematical problems of this kind – see, e.g.,
[24, Chapter 2, p. 29ff]. To keep the required preliminaries at
a minimum, our proof of Theorem 1 (c.f. Appendix B) instead
employs an explicit construction. For additional details on com-
putable metric spaces, Banach-Mazur computable functions,
and effective continuity, we alsorefer to [23], [30], [29] and [24,
Chapter 9, p. 305ff].

Consider u ∈ SUμ,N , N ∈ N, once more. Our proof of The-
orem 1 directly provides an additional conclusion: For ev-
ery computable sequence (Un)n∈N ⊂ SUμ, there exists U ∈
SUμ such that we have U /∈ {Un}n∈N. Accordingly, while
the monoid G(u) is recursively enumerable, the computable
unitary group SUμ is not. In this regard, the computable unitary
group not being recursively enumerable is analogous to the
unitary group being uncountably infinite.

Finally, note that adjusting Theorem 1 and its Corollaries 1
and 2 to the case of infinite gate families – that is, gate families
u : N→ SUμ that satisfy u(0) = Id and such that the sequence

(Un)n∈N :Un = u(n)

is a computable sequence of unitary matrices – is straightfor-
ward. Let F : Iμ → SUμ be any nonconstant Banach-Mazur
computable function and (Vn)n∈N ⊂ SUμ any computable
sequence. Then, our proof of Theorem 1 yields the following:
• There exists x ∈ Iμ satisfying F (x) ∈ SUμ \ {Vn}n∈N.

Much analogous to the finite case, the infinite gate familyu gen-
erates a monoid G(u). As follows from Summary 4, §2, G(u)
remains recursively enumerable: There exists a computable

sequence (Vn)n∈N ⊂ SUμ such that we have {Vn}n∈N =
G(u). The adjusted variants of Theorem 1 and Corollaries 1
and 2 then follow.

A. Quantum Compiling and the Solovay-Kitaev Theorem

For u ∈ SUμ,N , N ∈ N, consider a quantum compiler func-
tion QC : SUμ × N→G(u). Per definition, QC is a function
that maps from SUμ × N to G(u). Likewise, we may consider
functions SY : SUμ × N× N→{0, . . . , N} such that for all
U ∈ SU, M ∈ N, and some μ-recursive function ν : N→ N, we
have ∥∥∥U −

l=0∏
ν(M)

u
(
SY(U ,M, l)

)∥∥∥ <
1

2M

(from Section II, recall that the inverted placement of “l = 0”
and “ν(M)” indicates a right-to-left product). In other words,
SY “synthesizes” a symbolic quantum circuit rather than com-
puting the corresponding matrix representation directly. From
an engineering perspective, the function SY is likely the more
convenient option over QC: For U ∈ SU, M,L ∈ N such that
L= ν(M), the symbolic quantum circuit(

SY(U ,M, 0), . . . , SY(U ,M,L)
)
∈ {0, . . . , N}L+1

serves as the machine-level instruction sequence required to
physically “execute” the corresponding unitary transformation

u
(
SY(U ,M,L)

)
· · ·u

(
SY(U ,M, 0)

)
∈G(u)

(c.f. Figure 1). It is nevertheless customary to define quan-
tum compiler functions that map from SUμ × N to G(u). In
such cases, the distinction between symbolic quantum circuits
and matrix representations is implicit: Given some input, the
compiler function’s definition usually allows for extracting a
suitable symbolic quantum circuit from the individual steps
required to evaluate the function. Arguably, this is why the
definitions of established quantum compiler functions are often
incorrectly labeled constructive.

Given u, QC, and SY as above, consider M, l ∈ N arbitrary
but fixed. For U ∈ SUμ, we may either define

F (U) := QC(U ,M) or F (U) := SY(U ,M, l),

which provides a function F : SUμ →G(u) or F : SUμ → N,
respectively. In light of Corollary 1 below, we must consider
the quantum compiler problem unsolvable for QC and SY.

Corollary 1: For N ∈ N, consider any gate family u ∈
SUμ,N .

1) Let F : SUμ →G(u) be arbitrary. Then, we either have
F (U) = F (V ) for all U ,V ∈ SUμ or F is not a Banach-
Mazur computable function.

2) Let F : SUμ → N be arbitrary. Then, we either have
F (U) = F (V ) for all U ,V ∈ SUμ or F is not a Banach-
Mazur computable function.

For N ∈ N, consider any universal gate family u ∈ SUμ,N

and observe the following. There does always exist a μ-
recursive function fQC :N

3 ⊇→ {0, . . . , N} that satisfies
∥∥∥NSU(n)−

l=0∏
∞

u
(
fQC(n,m, l)

)∥∥∥ <
1

2m
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for all n ∈D(NSU), m ∈ N. At first glance, this might seem like
an apparent contradiction to Corollary 1. However, fQC does not
define any function of the form F : SUμ →G(u). For m ∈ N

and n1, n2 ∈D(NSU) that satsify NSU(n1) = NSU(n2), we will
generally have

l=0∏
∞

u
(
fQC(n1,m, l)

)
�=

l=0∏
∞

u
(
fQC(n2,m, l)

)
.

In fact, Corollary 1 implies the existence of an infinite number
of such pairs (n1, n2). In other words, fQC provides a gate
sequence that depends on the exact description n ∈D(NSU)
rather than (only) the represented matrix NSU(n) ∈ SUμ. On
the level of functions from SUμ to G(u), it is thus not possible
to make any statements about fQC – concerning, e.g., it’s com-
putational complexity –, let alone optimize it in any form.

The impossibility of devising a constructive proof of the
existence of any quantum compiler function is a direct conse-
quence of our results. If such a proof were feasible, it would
implicitly define an algorithm that computes the quantum com-
piler function in question (for a comprehensive treatment of the
relation between algorithms and constructive proofs, see [25]).
In the specific case of C. M. Dawson’s and M. A. Nielsen’s
approach, computing the base-circuit approximation SK0 is a
non-constructive operation. The role of SK0 in defining QCSK
is crucial in this context: It provides the terminal value for the
function’s underlying recursion. Structurally, the terminal value
is analogous to the initial value of an iteration. In turn, it is well
established for diverse iterative numeric methods that calculat-
ing initial values is the pivotal breaking point concerning the
method’s computability [31]. In other words, the algorithmic
feasibility of these methods relies on a priori knowledge of suit-
able input-dependent starting values for the iteration. Notably,
however, an iterative method commonly requires one initial
value per input. In contrast, multiple queries – for each possible
input, the exact number grows polynomially in the desired
accuracy – to the terminal-value function SK0 are necessary for
evaluating QCSK.

B. Simulating Quantum Systems and Adiabatic Evolutions

Observe that Theorem 1 equally applies even more di-
rectly to the case of simulating quantum systems with time-
independent Hamiltonians and adiabatic evolutions. Both are
often considered core applications of quantum computers, espe-
cially in areas such as quantum chemistry. For trace-free skew-
Hermitian matrices H0 and H1, we consider Ht := tH0 +
(1− t)H1, t ∈ I. If the transition from H0 and H1 is suffi-
ciently slow, we have

|φt〉 ≈ exp
(
Ht

)
|φ0〉, 0≤ t≤ 1, (9)

c.f. (1) and (2). We define the adiabatic arc

AdA(H0,H1) :=
{
exp(Ht) : t ∈ Iμ

}
⊂ SUμ.

Accordingly, one may ask whether for any H0 and H1, a
“restricted” quantum compiler problem is solvable. In light of
the subsequent Corollary 2, we must answer this question to the
negative.

Corollary 2: For N ∈ N, consider any gate family u ∈
SUμ,N and any trace-free skew-Hermitian matrices H0 and
H1. We have the following.

1) Let F : AdA(H0,H1)→G(u) be arbitrary. Then,
we either have F (U) = F (V ) for all U ,V ∈
AdA(H0,H1) or F is not a Banach-Mazur computable
function.

2) Let F : AdA(H0,H1)→ N be arbitrary. Then, we either
have F (U) = F (V ) for all U ,V ∈AdA(H0,H1) or F
is not a Banach-Mazur computable function.

V. CONCLUSION

According to Corollary 1, quantum compiler functions in
the sense of [8], [9], [10] cannot be implemented on Turing
machines. This is due to the algebraic structure underlying the
theory of gate-based quantum computing. Consequently, the
analytic complexity analysis of the Solovay-Kitaev theorem is
invalid on the level of Turing machines.

In the following, we provide a brief informal discussion on
the relevant implications for “heuristic” attempts to implement
quantum compilers based on approximate numerics. As a con-
clusion of our theory, the subsequent (qualitative) effects will
necessarily be observable in any such implementation.

Output Instability. As discussed in Section IV, computability
is strongly related to topological continuity. In essence, Corol-
lary 1 is a result of the inherent discontinuity present in quantum
compiler functions. In approximate numerics, this phenomenon
manifests in output instabilities. That is, small disturbances
in the input matrix may lead to significant variations in the
computed gate sequence.

Pathologic Inputs. The previously discussed output instabil-
ities also manifest in the context of computational complexity
(as the analytic complexity analysis of the Solovay-Kitaev the-
orem does not hold true for Turing machines) and accuracy.
For every heuristic quantum compiler, there exist well-behaved
inputs U and ill-behaved inputs V with arbitrary small distance
‖U − V ‖, where the ill-behaved input leads to long computa-
tion times, long gate sequences, or poor accuracy. There is no
a-priori way to distinguish whether an input is well- and ill-
behaved.

Violation of Analytic Properties. Any analytic property that
distinguishes a specific quantum compiler function is, for some
inputs, violated in approximate implementations. For example,
we may consider a quantum compiler function that minimizes
the approximating gate-circuit’s word length. For any approxi-
mate implementation of such a quantum compiler function, we
can find inputs such that either the computed gate-circuit’s word
length is not minimal or the computed gate-circuit violates the
accuracy constraint.

In principle, Turing machines allow for computing sequences
of gate circuits that approximate a given computable unitary
matrix up to any desired precision. However, such a compu-
tation does not abide the analytic model of quantum compiler
functions as commonly found in the literature. An essential dif-
ference is that we cannot neglect the specific description of the
unitary matrix to be approximated. Particularly, the complexity
of this modified form of quantum compiling is an entirely open
problem. However, the theory established within this paper is, in
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principle, the suitable framework for approaching this problem
in a mathematically rigorous manner.
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