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Abstract of Dissertation Presented to the Graduate School
of the University of Florida in Partial Fulfillment of the
Requirements for the Degree of Doctor of Philosophy

NONCOMMUTATIVE SCALAR FIELD THEORIES,
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By
Xiaozhen Xiong
December 2002

Chair: Pierre Ramond
Major Department: Physics

This dissertation presents perturbative and nonperturbative aspects of
noncommutative (NC) field theories, as well as superalgebras in NC field theory
and higher dimensional theories. In particular, the perturbative structures of
the NC Wess-Zumino model are investigated in detail, as well as the deformed
superalgebra relations of the model. NC solitons in scalar field theory are quantized
and quantum corrections to the energy are calculated, where UV-IR divergences
are found similar to those in the perturbative theory. Kostant equations in higher
dimensions are constructed with differential form representations, in which the

solutions are also expressed.
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CHAPTER 1
INTRODUCTION

This dissertation is based on the following papers on noncommutative(NC)
field theory and superalgebra [1-4].

The dissertation research focuses on the quantum behavior of NC field theory,
including renormalization of the perturbative and nonperturbative structures in the
theory. The chapters are organized as follows.

Following an introduction to NC geometry as certain limit of string theory in
the beginning chapter, chapter 2 and 3 cover the work on NC perturbative field
theory [1]. In chapter 2, we discuss the perturbative dynamics of NC field theory.
Renormalization of the Wess-Zumino model is studied in detail. In chapter 3, a
slightly digressed topic, the deformed superPoincaré algebra in NC field theory,
is discussed. The representation of the conserved generators is also useful for the
soliton theory later.

There are comprehensive discussions in literature about NC solitons and their
interpretations as D-branes in NC scalar or gauge field theories [5,6]. However,
quantization of NC solitons has only been discussed in limited places [7, 8], where
only large NC limit or 1/6 corrections are considered. An important feature of
NC field theories, UV/IR mixing, is omitted in the large NC limit. Chapter 4 is
dedicated to quantization of NC solitons in the small enough @ limit. In particular
quantization of NC @-ball solitons is discussed in detail. Quantum corrections
to the soliton energy are then calculated and UV/IR mixing structures similar to
those in perturbation theory are recovered. Energy of NC GMS solitons is found to

be UV renormalizable at one-loop with UV/IR terms included in the corrections.



The structure is suggested as the consequence of interactions between D-branes and
strings, which could be a future direction to pursue.

Chapter 5 summarizes the work [4] on 11 dimensional superPoincaré algebra,
where an alternative representation of the solutions of Kostant equations in
coset space F'4/S0(9) is given. The final chapter summarizes the results in this
dissertation and discusses future research directions.

Recently there has been a revival of interest in the study of noncommutative
(NC) geometry, due to the discovery that NC field theory appears to be certain
limit of the effective action of the open string modes living on branes [9,10]. NC
geometry has been formulated in strict mathematical fashion [11]. The idea can
be captured as follows: On commutative manifold M there exists an algebra
A = C*°(M) of commutative smooth functions, with the product being function
multiplication. NC algebra is a deformation of commutative algebra with deformed

product, or more specifically, star product for the concerns of this dissertation,

i 0 0
* = -0 —— 1.1
fxg(z) = exp(5 5ix a]y)f(flf)g(y) ) (1.1)
where 0% = —§7" is a non-degenerate constant antisymmetric matrix. NC geometry

is then defined in terms of NC generalizations of the algebraic constructs defined in
the ordinary commutative geometry.

The motivation for studying NC geometry has been manyfold. The idea can
come from the fundamental principle of quantum mechanics, where the phase
variables, position and momentum do not commute. One can just conjecture that

the positions themselves might not commute, leading to
(2%, 27] = 0" (1.2)

where 0% is an antisymmetric parameter measuring noncommutativity.



Quantum field theory can be well formulated with NC geometry concept,
called NC field theories. One simple reason to investigate NC field theory is that
noncommutativity would introduce phase factors that could better regularize
ultraviolet (UV) divergence present in ordinary field theories. However, as we will
see, often part of UV divergence associated with planar diagrams are still present
and other UV divergences associated with nonplanar diagrams become UV/IR
divergence, which still needs further interpretation.

Another motivation is from the uncertainty principle in quantum gravity,
where position is not expected to be measured accurately at the Planck scale.
People also believe quantum gravity should be nonlocal in general. One expects
by investigating NC field theory as nonlocal theory that a better understanding of
nonlocality can be achieved conceptually and practically.

String theory actually provides stronger motivation for studying NC field
theory. Yang-Mills theory is proved to arise in a natural limit in the context of
the matrix model of M-theory [9,12,13], with the noncommutativity arising from
the expectation value of a background field. NC geometry has also been used as
a framework for open string field theory [14]. Later Seiberg and Witten studied
open strings in the presence of a constant Neveu-Schwarz B field nonzero on the
Dp-brane [10]. In the zero slope limit (o/ — 0), NC geometry arises as a limit of
string theory. The effective action of the open string modes on the brane becomes
NC field theory due to the presence of B field. The same paper actually shows the
equivalence between NC Yang-Mills theory and ordinary Yang-Mills theory.

NC field theory has also appeared naturally in condensed matter theory. A
simple example has been shown [15] in which noncommutativity arises when the
theory of electrons moving in a magnetic field is kept in the lowest Landau level
in certain limit. The idea is generalized in the theory of the quantum Hall effect

[16]. Basically an observable algebra, which is well defined in periodic case, can be



generalized to non-periodical background (presence of magnetic field) and actually
becomes a NC manifold called NC Brillouin zone.

Despite the reasons above, experimental support for NC field theory as
realistic low energy theory is limited, due to nonlocality and violation of Lorentz
symmetry introduced by uncertainty relations between the coordinates. An upper
bound of NC parameter, (107ev)™2, is obtained in the Lorentz violating extension
of standard model [17].

In this dissertation we mainly consider NC field theory from string theory
perspective. In the following we briefly illustrate the idea [10, 15] that NC Yang-
Mills theory arises from certain limit of open string theory.

The worldsheet action for an open string with nonzero B field on Dp-brane

boundary in the Euclidean signature is

1 . ) . .
4W&,/Zgij6ax’8“x3 —5/ Bjjx' 0’ (1.3)

%
where 0, is a tangential derivative along the worldsheet boundary 9%. For ¢ along

the brane, we have the equation of motion at the boundary 9%,
gijanxj + QﬁiOélBijathbz =0. (14)

The above boundary conditions actually interpolate from Neumann boundary
conditions (B = 0) to Dirichlet boundary conditions (B — oo or g;; — 0). With a
special boundary condition when the world sheet is a disc conformally mapped to
upper half plane, the propagator becomes [18-20]

-

i+D“.
— Z

1 .
it
z

(2'(2)27 (2)) = —[¢g" In |z—2'| —¢g" In|z— 2| +G" In \z—Z’]Q—i—Q
T

(1.5)



where

Qi — S R 1 ! ; (1.6)
~ \g+2ma'B S_ g—|—27ro/ng—27To/B ’ '

Gij = gij— (2ma’)*(Bg™'B)y; (1.7)

y 1 “ 1 1
07 = 2md | ——= | =—-(2ma')? B . (1.8
i (g+27ro/B)A (2ma) (g+27ro/B g—27ro/B) (18)

The propagator of open string vertex operators inserted on the boundary of ¥ is

(& (1) (7)) = —a/ G n(r — 7')? + Z4e(r — 7' (1.9)

where G | the coefficient that determines the anomalous dimensions of open string
vertex operators, is referred to as open string metric.
To focus on the low energy behavior while decoupling the string behavior, take

the zero slope limit (o — 0) of the open string system,
o ~ex— 0, Gij ~e—0, (1.10)

where 7, j refer to the directions along the brane. Then G and 6 become

1 (11N for i. 7 al the b
g ; g or i, 7 along the brane
G — 'F27ra )2(B B) (111)
qg¥ otherwise
—(2ma")?(Bg~'B);; for 4, j along the brane
G, | ~CrBI B -
9ij otherwise
1\% ..
g = for i, 7 along the brane
g = () (1.13)
0 otherwise

In this limit, the action has only the topological term,

——/ Bjjx' 0 (1.14)
2 Jos



and the propagator (1.9) becomes
(2 (1) (7)) = %9@'16(7 _. (1.15)
Interpreting 7 as time, NC geometry arises by evaluating the commutator,
[2'(7) , 27 (7)] = T(2" (1) (77) — 2'(7)2? (7)) = i0" . (1.16)

With the above equation, one can then argue that for general operator products
O(1)O'(7') , the leading terms would be independent of 7 — 7’ for 7 — 7’ | and
would have to give star products (1.1) of operators, because of the associativity and

translation invariance. Explicitly, normal ordered operators satisfy

. eipiaci(r) s eiqixi(o) = e—%eijpiqje(f) . eipac(T)-i—iqaC(O) :, (117)

or more generally,

%G(T)Gi

F(@(7) = g(a(0)) = 2 E A @ f(a(r))g(x(0)) : (1.18)

where the right hand side is exactly the star product (1.1) of the functions on the
NC space.

Through the general procedure for reduction of open string field theory with
nonzero B field along the brane [10], taking o — 0 and keeping G and the effective
open string coupling G fixed, it is suggested that the effective action is gauge

invariant NC Yang-Mills theory with field F ,

L(E) = Gis\/det(c;+2mf(ﬁ+q>)). (1.19)

where ¢ = T,,/gs is independent of g5 and T, is the Dp-brane tension for B = 0. In

this form 6 appears only in the star product affected only by B, and certain degrees



of freedom exist in the choice of the parameter ®, which is given by

1 0 1
- = — . 1.20
G+ 2ra/P 2ma! - g+ 2ra’B ( )

To determine the effective open string coupling G, take F =0 to find the constant

term,

L(F=0)= Gi\/det(G +2na'd) . (1.21)

Also for the Dirac-Born-Infeld Lagrangian (see [21] for a review) for slowing varying

fields,

Lppr = gﬁ\/det(g +2ra/(F + B)) (1.22)

take F' =0,

L(F=0)= gﬁ\/det(g +2na'B) . (1.23)

The equivalence of the above two terms gives

det(G + 2ma'®) 3
= . 1.24
Gs = 9s (det(g + 27’ B) ) (1.24)




CHAPTER 2
NONCOMMUTATIVE PERTURBATIVE DYNAMICS

NC field theory, after quantization, shows different ultraviolet structures
from the ordinary field theory [22]. Basically noncommutativity introduces phase
factors in the vertices, which in the loop integration become convergent factors
that regularize the UV divergence. However, some UV divergences are still left,
and additional UV/IR divergences are introduced. The intriguing UV /IR mixing
terms can be reproduced by integrating out some new light degrees of freedom with
special propagators and interactions. These new light degrees of freedom can be
interpreted as closed string modes with channel duality [23]. Even for field theory
concern, renormalization of NC field theory needs to be reexamined because of the
change in the divergence structure.

In this chapter following a basic introduction to the NC field theory, perturba-
tion dynamics in NC ¢? theory [22], as well as the implications from string theory,
are reviewed. Then we discuss renormalization of supersymmetric NC Wess-Zumino
model.

The commutative Wess-Zumino model is the simplest supersymmetrical field
theory model in (3 4+ 1) dimension. It includes a scalar and a fermion field with
supersymmetry between them. Because of the supersymmetry, cancelation of the
divergence occurs generally. The only mass renormalization is due to wave function
renormalization, and the vertex and mass corrections are absent [24].

2.1 Noncommutative Perturbation Theory

As explained in the introduction chapter, a specific NC algebra can be defined

by the star product of the commutative functions, Eqn. (1.1). The underlining



noncommutative space has phase space quantization structure,
(2", 37] =67 | (2.1)

where 1, 7 is assumed to label the space dimensions only in this dissertation.
Noncommutativity associated with time coordinate brings the problems of causality
and unitarity when the theory is canonically quantized [25]. Weyl proposed Eqn.

(2.1) as Lie algebra of a group with group elements,
U(p) = exp(ip2) . (2.2)

In the function representation of the NC algebra with Weyl ordering,

far= [ [t v = [ Gfove . e

where n is the number of the space dimensions, the operator products

f@)g@) = / (dnp / (dnq F®)a(@)U(p)U(q)

2m)n 2m )™
B / (;lw])gn / (;lwgnf(p—qm(q)e3piqj9ijU(p) (2.4)

NC star product (1.1) is just the function representation of the above operator

products, for

o) wate) = [ Gt gt (25

The Weyl representation is initially used in phase space quantization [26]. NC
field theory is first proposed by Filk [27], replacing the ordinary products of the

fields by NC star products. The propagator remains the same since

/ f(x) % glz) =0 (2.6)

The interaction vertices now depend on the external momentum through phase fac-

tors, which is induced by the star products. The phase factors, while independent
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of the overall permutation of the momentum, distinguish the Feynman diagrams to
be planar and nonplanar ones. The phase factors for planar diagram depend only
on external momenta, and do not affect the UV divergence in the loop integration.
But for nonplanar diagram, the dependence of the internal momenta by the phase
factor introduces regularization in the momentum integral, and UV divergence is
generally converted into UV/IR divergence. Renormalization of the theory needs
to be reexamined case by case. It is interesting that renormalization of the NC
field theories differs significantly from their commutative analog. For example,
NC QED, as a simple extension of NC U(1) YM theory, is renormalizable at one
loop due to Slavnov-Taylor identity for SU(2) like symmetry, but the § functions
include contributions from electrons in U(1) facet [28]. General consideration of
convergence theorem and renormalization in NC field theory has been discussed
[29, 30]. The rest of the chapter discusses renormalization of NC ®* theory and
Wess-Zumino model in detail.

2.2 Noncommutative ¢* Theory

The NC ®* theory in the four-dimensional space-time, is described by
1 1, A
Eziaucb*c?“@—im CID*CID—ECI)*@*Q*CD. (2.7)

It is well known [10,22,27] that under the integration the star product of the

fields does not affect the quadratic parts of the Lagrangians, whereas it makes the
interaction Lagrangian become nonlocal. Hence, the Feynman rules in momentum
space of NC field theory are similar to those of commutative theory except that the

vertices of the NC theory are modified by a phase factor. For the Lagrangian (2.7),
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the Feynman rule for the deformed vertex is

1 1
—g)\(cos §(p1 X po 4+ p1 X p3 + pa X P3)

1
—|—cos§(p1 X P2 +p1 X p3 — P2 X p3)

1
+ cos §(p1 X Do — p1 X P3 — P2 X P3)), (2.8)

where p;’s, © = 1...4, are momenta coming out of the vertex and p; x p; =
Piu©"'pjr,. When ©# — 0, the deformed vertex becomes the non-deformed one.
By using the above vertex, one yields a wave function renormalization of the scalar

field ¢ at one-loop order that has only one diagram as follows:

Lo (p?)

A / d'k (2 + cos(p x k))
6 /) i(2m)* (k% +m?)

= — —_— —e @ [e%
4872 ), «o? 2
A A A A
= (A2 - m2ln(—)> s (Agff — m?In( m];f)) +--. (29

4872 m2’ ) 96m2

The Schwinger parametrization technique to deal with the above integrations can
be found in Itzykson and Zuber [31] and Hayakawa [28]. In the second line, the
term is proportional to exp (—ip*/4p), where p = p,©*”, is due to the nonplanar
contribution and the exp (i/pA?) factor is introduced to regulate the small p
divergence in the planar contribution. Note that the nonplanar contribution is one-
half of the planar one. In the third line, we keep only the divergent terms and the
effective cutoff, AZ;; = 1/ (1/A* 4 (p*)/4), shows the mixing of UV divergence and
IR singularity [22]. The above integration can also be done by using dimensional
regularization method [32]. In the case that ¢ is a complex scalar field, there are

two ways of ordering the fields ¢ and ¢* in the quartic interaction (¢*®)2. So, the
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most general potential of the NC complex scalar field action is

Ad* x ¢ % ¢* % & + Bo* % " x ¢ % ¢.

The potential is invariant under global transformation since the star product

has nothing to do with the constant phase transformation. It was shown by
Aref’eva, Belov and Koshelev [33] that the theory is not generally renormalizable
for arbitrary values of A and B and is renormalizable at one-loop level only when
B=0or A=B.

The one loop 1PI quadratic effective action is

1
SSD)I = /d4p§ (p2+M2—|—
AM? 1
B 2 In( 2(19 1
967 M (Zp +p)

9672177 + )

Vb ) o)9(—p) . (2.10)

where

2 2 2
M? =m? + M A ln(A

4872 4872

W) + - (2.11)
is the renormalized mass.

The appearance of UV/IR mixing terms suggests the presence of new degrees
of the freedom. Indeed the correct IR singularity in the effective action can be
systematically reproduced by the introduction of new light degrees of freedom

[22,23]. A brief review of the idea is as follows.

Consider the modified effective action

1[4 1
o\ Ipy L
4 A2

+ % (ln(iﬁ2 + %) — ln(iﬁ))_ x2(P)x2(—p)

)1 X1(p)x1(—p)

cpp(N) = Sepr+ / d'p

1 , ,
+\/W\/X(ZX1+M Xg)gb] . (2.12)
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Upon integrating out x in the above action, the correct quadratic and logarithmic
divergences can be reproduced, and the UV /IR mixing terms are cancelled by the x
exchange diagrams.

x’s have special propagators,

xa@xai(=p) ~ = - (2.13)

A
Xa(p)x2(=p)) ~ In(7p" + 75) —In(5p7) (2.14)
A possible interpretation to the presence of those new degrees of freedom y is that
they are actually transverse modes of particles ¢)’s which propagate freely in more
dimensions. For example, a particle ¥ propagates in two extra dimensions and

couples linearly to ¢ on the brane will produce the logarithmic propagator. Define

x(x) = ¢(x,z; = 0) and write the action of ¢ with a Lagrange multiplier A(z),

exp (— / A6 (2)(z, 31 = 0) — / d%d%é(%)?)
= [ (- [ dtsfoton + Mol - vl =0)
— / d%d%l%(aw)
= [1iades (= [ dvlotin-p + i)

- [~ G + P0a) - AP a)] ) 215

Integrate out v first, leaving

e (= [y [t + M) + 0N [ s]) - @10

1/4p% + 2

Then integrate out the Lagrange multiplier A, giving the desired action,

o (= [ [ot-n + pxoom (LI e

1/4p?
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The duality between the high momentum degrees of freedom in ¢ and propaga-
tion of ¢ in the extra dimensions suggests that ¢’s are associated with open strings
modes and x’s or ¥’s are associated with closed string modes, since in the string
theory the low energy closed string modes are related to the high energy modes
of the open strings by channel duality. A nonplanar loop diagram is topologically
equivalent to a string diagram in which a number of open strings becomes a closed
string that freely propagates in the bulk and turns back into open strings. Con-
nections between NC field theories and string theories suggested by those analogies
have not been clearly understood yet.

2.3 Renormalization in Wess-Zumino Model

In this section, we investigate renormalization at one loop in the NCWZ
theory. NCWZ Lagrangian is given by introducing star products in the interaction
terms and permutating those terms to preserve supersymmetry transformations.
Here we follow the conventions by Sohnius [34]. The NCWZ model is described by

the sum of the free off-shell Lagrangian and of the two invariants,

Liot = Lo+ Ly + Ly, (2.18)
where
1 -
Lo = 3 (0,A* A+ 9,BO"B +i¥ gU + F* + G?) (2.19)
1-
L, = —m(FA+GB+ 5\11\11), (2.20)
Ly, = —% [AxAxF —B*B*F+A*xBxG+V¥x(A—yB)x¥

+permutation terms] . (2.21)
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The off-shell Lagrangians Lo, £,,, and L, are separately invariant under the

supersymmetry transformations:

SA=aV, 0B=ayVl, 6F =ia §¥, 0G =iays PV,

0 = —(F +vG)a—i @A+ vsB)a, (2.22)

where o and & are the global infinitesimal Majorana spinor parameters.
The Feynman rules in momentum space can be extracted out directly from the
Lagrangians (2.18). One gets as follows:
1. Propagators
The propagators of the fields and the mixed fields on the NC space are the
same as those on the commutative one.
2. Deformed vertices

o —2(Ax AxF + permutation terms)

_ 1
—2ig cos(épAi X pa;)-

e (B x B % I + permutation terms)

1

ig cos(§p3i X pB;)-

o —%(Ax B %G + permutation terms)
_ 1
—2ig COS(ipA X pg).

e —Z(U x A* VU + permutation terms)

, 1
—igl cos(ﬁpi X pr).

9(U x y5B x ¥ + permutation terms)

, 1
2igs cos(épi X D).
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The deformed vertices we obtain differ from the non-deformed ones by a factor
cos(%pi Xpg). By using the above Feynman rules, one can study the renormalization
of the NC Wess-Zumino model. The results are summarized as follows:
1. Wave function renormalization
e Majorana field ¥
For Majorana field, at one loop there are two diagrams. The sum of

them gives a contribution

o Q2 d'k g1 K
09 =5 | S 5 G e

2 1 00 o
- g_/ d&(l _ C() / @efpi(nﬂfa(l*a)zﬂ) 1 + e_%% .

2

_ 49 (ln(;;—Z)%—ln(%J;f)) +.... (2.23)

i
A2

=

872

e Scalar fields A, B

For each scalar field, at one loop there are five diagrams. The sum of

them gives a contribution

AN (p%) =189 (p?)

_ 2 d'k cos21 i
= 8 /i( ) (5P x k)(k2—m2)((k+p)2—m2)

e Auxiliary fields F, G
For F' field, at one loop there are two diagrams While, for G field,

at one loop there is only one diagram. However, they have the same
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contribution

A 2/ d*k cos?(=p x k) 1
= — OS (=
A T PR =) (ke + p) — m?)
g A? off
o Mixed fields
PEA (p2) = TEB) (2) = 0. (2.26)

Again, all the integrations can be done directly by using the Schwinger
parametrization technique [28,31]. The divergent terms of the wave function
renormalizations of all fields are the same, whereas the finite terms of T'F'F)
and I'(¢%) are different from those of the others. Note that in the NC
Wess-Zumino model the planar and nonplanar contributions have the same
multiplicative factor. Renormalization is cut by half compared to that of the
ordinary case.
2. Mass renormalizations
e Since, at one-loop F(‘H’)(ﬁ) is proportional to only % and both '™ and
I'“B are zero, there is no mass renormalization.
3. Vertex corrections
o FA%2 FB? ABG
For each vertex, at one loop there are two diagrams and they add up to
zero. S0, there is no correction for each vertex.
o U AxVU, UxvB*U
Similarly, there is no correction for each of these two vertices. Since, at
one loop there are two diagrams and they add up to finite values.
Just as in the ®* theory, the UV /IR mixing also appears in the NCWZ

theory, which is the general consequence of the uncertainty relations among



NC coordinates [10]. Renormalization in the NCWZ theory is very similar to
the commutative one. Compared with the ordinary Wess-Zumino theory, the
counter term for the wave function renormalization reduces by one-half, but the
cancelations, in particular the absence of mass and vertex corrections, persist
due to supergauge invariance. The renormalization of the wave function of the
commutative theory can be recovered by setting ©"” equal to zero. Supergauge
invariance sustains generally in NC field theories. In the next chapter we will
study superPoincaré algebra in NC field theories and again verify the supergauge

invariance from an algebraic point of view.
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CHAPTER 3
DEFORMED SUPERPOINCARE ALGEBRA

In this chapter following an introduction on classification of representations
of Poincaré and superPoincaré algebra, algebra of NCFT’s are studied. Conserved
currents are derived by Noether’s procedure, then a representation of the genera-
tors of deformed Poincaré or superPoincaré algebra is suggested, and commutation
relations are calculated explicitly. NC ¢* and NCWZ theory are studied as the
examples.

3.1 Unitary Representations of SuperPoincaré Algebra

Poincaré invariance is considered as a fundamental property of modern theory
since the discovery of special relativity. In recent decades superPoincaré invariance,
as an enlarged invariance, is also considered as a property of fundamental theory
for theoretical concerns (see [35] for a review), although there is no experimental
evidence clearly supporting the conjecture yet. The importance of the unitary rep-
resentations of the Poincaré algebra and their classification is originally recognized
by Wigner [36]. The following is a review about the theory of unitary Poincaré and
superPoincaré representation in 3 + 1 dimensional space.

Poincaré algebra includes Lorentz generators M, and translation generators

P,, satistying commutation relations,

[P*PY] = 0,
[MIW, PO’] _ i(nuapu o ,r]VO'PlL) ’
[MIW, Ma,@] — Z'(nuaMV,@ + ,r]ozl/M,@u + nu,@Mua + nﬁuMow) ’
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Y )

where 7, = (—1,1,1,1) and ¢ = 0,1,2,3. The representations are characterized by
the values of the Casimir operators, F,P*, and the squares of the Pauli-Lubanski
forms built out of the Levi-Civita symbols. In d = 4 space-time dimensions, the

Pauli-Lubanski vector is

1
W = Se?” My, Py . (3.1)

Modern physics theory, built in the framework of quantum mechanics, assumes
existence of a Hilbert space in which physical particles are described by quantum
states. Poincaré invariance of the theory implies that elementary free particles can
be classified in unitary representations of the Poincaré group.

Elements of the Poincaré group satisfy,

T(@)T(b) = T(a+b) (3.2)
d(A)T(a) = T(Aa)d(A) (3.3)
d(A)d(I) = =Ld(AI) . (3.4)

Here T'(a) represents the abelian translational group, and d(A) represents the
Lorentz group, where + indicates d(A) is a double valued representation.
Consider the wave function ¢(p, ) parameterized by the momentum variables

p, and the variable § labels an auxiliary space, so that translation elements are
T(a)o(p, &) = €™ d(p,§) . (3.5)
Now define the operators
P(M)g(p, &) = o(A™'p, &) . (3.6)

It is easy to show

P(AN)T(a) =T (Aa)p(A) . (3.7)
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Considering both the above equation and Eqn. (3.3), an operator defined by
Q(A) = d(A)P(A)™ (3.8)
can be shown to act on the parameter £ alone, which can depend, however, on p,

QN)d(p,€) =Y Qp, Neyd(p,m) - (3.9)

Q(p, A) is actually an unitary representation of the little group of the Lorentz
group d(A). It suffices to consider Q(pyis, A) as a representation of Apy, = pyi, for
a particular vector py;,.

Representation of Poincaré algebra is also characterized by the particular value
of the casimir operators, P,P* and W, W#. In Eqn. (3.1), M"”, acting on the wave

function ¢(p, £), is generically represented as

=i (oL ) e 310
v w

where S* is associated with . Three classes of irreducible physical representations
are found,
o P.P'=m?>0

Choose P*

iz = (m,0,0,0), then

W, WH =m?(S7)? = m?s(s + 1), (3.11)

where SY(i,j = 1,2, 3) is an irreducible representation of SO(3), labeled by
spin s. It is well known that s takes the value of zero or positive integer or
half integer. This class of representation describes massive particles with spin
s.

o P PH=0,WWHF=0
This class of representation is just the massless limit (m — 0) of the massive

representation and describes massless particles. Choose P;Lm = (F,0,0,F), or
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in light cone

Pt =V2E,P-=P'=P*=0. (3.12)

Since

W, WH = (W)? + (Wa)? =0, (3.13)

Wy =Wy, =0o0r S7! = 872 = 0. Also it is easy to show that W~ = 0

and W+ = P*S'2. Therefore W* = S12P# where S'? | helicity operator,

is the generator of the little group U(1). Single or double valueness of the

Lorentz group demand the value of the helicity generator to be half integer

or integer. One particular variant of this class of representation, obtained by

taking infinite momentum limit of massive representations [37], can be used

to represent irreducible degrees of freedom of strings. Its supersymmetric

generalization will be able to represent superstrings of various flavors.

e P,PH=0WWH=2?

Again choose Pf;, = (F,0,0,E). W,W" = 2E[(S™")* + (S7%)?] and

W= =0, but W', W? and W7 are nonzero. The little group which leaves P*

invariant is SE(2) with generators S~',S72 and S'2. Only =, the length of

WH is needed to label the representation. Two types of representation, single

valued or double valued, belong to this class. This class of representation is

originally called continuous spin representation by Wigner, due to the reason

that for each representation, the states can be labeled by the value of usual

helicity generator S'2? which is all the integers or half integers.

The above representations should be able to represent all physical particles in

3 4+ 1 dimension. There are good reasons to disregard higher spin representations
[38,39] in the first and second class. Naive quantization of the continuous spin

representation leads to nonlocality or breakdown of causality [40, 41].
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SuperPoincaré group is the extension of Poincaré group, including supercharge

() 4, which satisfies the commutation relations,

[Qa, P = 0, (3.14)
[M*, Qa]l = —%(Z’“’ Ja s (3.15)
{Qa, Qk} = (v"P")as (3.16)

where A, B =1,2,1,2 are spinor indices. In the above,

where the v matrices satisfy the anticommutation relation,
{7 =29

Massless supermultiplets are particularly important, which yield the basic
physical spectra of the supersymmetric models. Spectra of Wess-Zumino model
can be deduced in the following way [34]. The same arguments (Eqn. (3.5) and
below) can be applied to superPoincaré group. The little group Q(A) in this case
includes supercharge generators. Since [W# Q4] # 0, W,W*" is not casimir
operator any more. For massless supermultiplet, still choose P* = (F,0,0, E),
then use representation independent light cone projectors to split the supercharge

generators,
Q=0++Q-, Qs =P:Q . (3.17)

Eqn. (3.16), in the Weyl representation, shows that commutators between super-

charge generators generally vanish, except

{Qua. QL) =280, (3.18)

where a,b = 1,2. General arguments can show that (). and @), actually

belong to two disconnected algebras. Therefore, considering just the minimal
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supersymmetric model, the little group contains only the generators, Q) 1, Qil
and S'2, where S'? comes from the Poincaré algebra. These generators obey the

commutation relations,

{Q+1 , QL} = 2E (3.19)

{S12, @11} = —%QH (3.20)

Previously (Eqn. (3.12) and below) it is shown that the massless representation of
Poincaré group includes states which are labeled by |E, \), where E is proportional
to Pp;, and A is the eigenvalue of the helicity generator S™. Eqn. (3.20) indicates
that the supercharge (), or QL are the lowering or raising operators for the
helicity. Thus the state |E, A) can be defined to be the lowest helicity state since
@Q?%, = 0. Therefore the minimum supermultiplet contains two states |E, \) and
Q11|E, A). The supersymmetric Wess-Zumino model describes the supermultiplet
with helicity A = 0.

Other supermultiplets with more spinor supercharges or with central charges
in various dimensions have been constructed explicitly [34]. In higher (d + 1)-
dimension (d > 3), little group of superPoincaré group is enlarged to contain
SO(d — 1) and corresponding spinor supercharge generators. Massless super-
multiplets in (9 + 1)- dimension correspond to various superstring theories. The
little group SO(8) has triality symmetry which leads to marvelous cancelations in
quantum perturbation calculations ([42]). More recently, M-theory in (10 + 1)-
dimension emerges as unification of superstring theories, whose low energy limit is
suggested to be (10 4 1)- dimension supergravity theory. The little group SO(9)
is the maximum subgroup of the exceptional group F'4. As a result, Euler triplets
arises as solutions of Kostant equations [43]. The lowest level triplet is supermul-
tiplet and corresponds to (10 + 1)-dimension supergravity theory. The higher

level multiplets have accidental supersymmetry and maybe able to describe the
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zero-tension limits of string theory [4]. Chapter 5 shows the construction of these
solutions at all levels. Continuous spin representation in (d + 1) dimension is the
representation of little group SE(d — 1). Upon supersymmetrization, it has one
to one correspondence with ordinary massless supermultiplet in d dimension [3].
The paper also shows that if light cone translations are represented by Grassman
variables, nilpotent continuous spin representations lead to supermultiplets with
central charges. Such analogy is already suggested in previous classification of

(3 + 1)-dimension representation, where both the massless supermultiplet and the
continuous spin representation contain states with connected helicities.

NC field theory, as a low energy limit of string theory, does not have Lorentz
symmetry. In the following sections deformed superPoincaré algebra of NC field
theories are studied in an intuitive way, which is expected to gain some basic
understanding of underlying algebra and representation of NC field theories.

3.2 Deformed SuperPoincaré Algebra

3.2.1 Notations and Identities

To facilitate the calculations involving NC fields star product, we introduce the
following notations and list the useful identities.
Define an operator A, which acts nontrivially on a scalar pair-product (f, g)

as,

au f éug 9

B
~
s
I

A2(f7 g) = auauféuéyga

A"f,g) = 9,0,---0,fQD -y, (3.21)

n n

where O# = %@’“’8”.
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With our definition, a star product between two scalar fields A and B can be

written as

AxB = ¢%(A,B)

AZ A3
= (1+A+—+—+-~-)(A,B)

2 3!
— AB+0, (E(A)(A, 5#3)) , (3.22)
where the operator F(A) is
A1l A"
E(A) = = . 2
(&) =—% ; (n+1)! (3:23)

By using the above notations, we obtain some useful identities:

—_

. BxA=AB -0, <E(—A)(A, 5#3)) .

2. [A,Bl, = Ax B — Bx A =29, (%(A,ém)) .

{A,B}, = AxB+ BxA=2AB +20, (“’Sh{f)*l (A, 5“3)) .

= W

(2,A)* B = x,(A% B) + Ax0J,B.
Bx (1,A) = z,(B*A) —0,B % A.
[(z,A), B], = z,[A, B], + {A,0,B},.
B, (2,4)], = x,[B, Al, — {A,9,B}..

N o

8. {(z,A), B}, = z,{A, B}, +[4,9,B]..
We assume 6% = 0 from now on for causality and unitarity reasons [25]. The
immediate consequence is that noncommutativity will not introduce higher order

time derivatives of the fields in Lagrangian.

3.2.2  ®* Theory

Now let us calculate the Noether currents of the NC ®* theory following

standard technique [44] . Varying the Lagrangian (2.7), and using the above
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identities and also the equation of motion, one gets

A sinh(A)
12 A

1 -
5/d43:£ = /d%@u (5{6‘@,&)@}* + 6xM L+ (Pxd 8“[@,5()@]*)) :
(3.24)
Under an infinitesimal translation, dz* = g"¢,, 0o® = —¢,0"P, one yields the

energy-momentum tensor,

A sinh(A)
12 A

1 ~
T — 5{aﬂcp, P}, — g™ L+ (Px D, OH[D,0"D],). (3.25)

As explicitly seen, the energy-momentum tensor T is conserved since its diver-
gence is zero.

Under the infinitesimal Lorentz transformation, dz# = ez, = —3€” (z,g" —
Tegh), 00® = %e””(xpﬁacb — 2,0,P), where €’ is an anti-symmetric second rank

tensor, one obtains a three-index current

. 1 S A . ! N S
Jlo = Tfs+5[0,8,0,0"P). + = (sinh(A)/A) (D,(+ @) , 9[®,9,].)

A sinh(A)

S A (@x2, 3t®,0,®], + 9{0,®,0,8},) — (p o), (3.26)

where (sinh(A)/A) = (Acosh(A) — sinh(A))/A?. The divergence of the three-
index current is not equal to zero due to the presence of the terms proportional
to the non-commutativity ©#”. However, note that the Noether currents of the
commutative scalar field theory can be obtained by setting ©*” equal to zero.

In the case of the commutative ®* theory, one yields the momentum and
Hamiltonian generators from the energy-momentum tensor, and the angular mo-
mentum and boost generators from the three-index current [44]. These generators

form the Poincaré algebra. For the NC ®* theory, one obtains its generators
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analogous to those of the commutative one,

P = /ﬁﬂﬂ:/fa&@q (3.27)
P = /ﬁﬂﬁ:/ﬁ%(;&+ﬁﬁf+m%%+%ﬁg, (3.28)
Mm::/fﬂﬁw_ﬂw% (3.29)
MY = /ﬁaﬂW—x@@ (3.30)

The surface terms of M% and M¥ are dropped out. These generators generate the

translational, rotational and boost transformations on ®.

By using the quantization condition, [®(Z), ®(i)] = i63(Z — ), one can easily

obtain the following equal-time commutation relations:

[P*,PY] = 0, (3.31)
[Mij’ Mkl] _ i(Uilek + njkM” _ nz‘ijl _ nleik)’ (3.32)
(MY, PY = (P = P), (3-33)
MY PI] = iniPp° (3.34)

The above commutation relations of the NC ®* theory are the same as those
of the commutative one. In particular, (3.31) verifies that the NC ®* Lagrangian
has translational invariance and the translation generator P* is conserved. But the

following commutation relations have some additional terms proportional to ©"”,
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due to the symmetry-breaking term 2 @*,

) ) A . ~

MO PY = —igP iy [ da(d e 5l )., (3.35)
. A o

(M7, P°] = iz P (¥ P)D* + (i « ), (3.36)
. ) | A . ~.

(MO M) = =i MY i / da (29{®, (072,80}, — (i = ), (3.37)

MO MM = (T MO — ik g0 — Z-%/d%xi
X <[8k<1>, PO, + 025 D x PP — PP %"+ P

O x DA T D2 — F D4 0D x ¢ — (j k)) . (3.38)

The Eqn. (3.35) and (3.36) explicitly show that the Lorentz generators are
not conserved in the theory, and all the deformation terms are directly proportional
to O,

3.2.3  Wess-Zumino Model

For the NCWZ model, one start from an on-shell Lagrangian analogous to the

commutative one [34],

L = =(0,A0"A —m*A%) + =(0,B0"B — m*B*) + %(i\fl PV — mUW)

1 1
2 2
—mgA(A*? + B*?) —mgB(A% B+ Bx A)
—g(AU x U — BU % y50) — %f(A —iB)*?*(A+iB)*? (3.39)
1 _ 1 - -
= 5(%@% —m’¢p) + 5(@'1#0"8“1/) + ipa" 0, — myy — mypy)
1 .- o 1 _
—5m9(¢¢*2 +09*%) — g(Pp9 * 9 + dih ) — 592¢*2¢*2- (3.40)

where ¢ = A —iB,¢ = A+ iB, and 1,1 are the Weyl components of the Majorana
field ¥, following the notations and conventions by Bailin and Love [45].
Following the similar procedure as done in the ®* theory, the variation of the

Lagrangian under the infinitesimal Poincaré and supergauge transformations yields
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the generators as,
T 3, i s (Lo s Lo o o
Pt = d’zP" = | d°x §6¢¢+§¢8¢+2w06w , (3.41)
P’ = / d*zP?
1 .- 1 - o _
= /d?’x (§(¢¢ + 0'¢0" ) + m*pd) + 5(2’1&6’8% + 1tpa' 0" + mapyh + my))
1 A¥2 K2 7wl L l 2 %2 T2 49
+5mg(@6™ + $6™) + g(¢ x Y + Gy x ) + 5979797 ), (3.42)
MY = / Pz (2"P' = 2'P?), (3.43)
M7 = / &Pz (2P — 2'P), (3.44)
XQ = x [ @ (60— 20,00"0 + imoo® +ig™ o). (3.45)
XQ = x [ @ (60— 20,6075 + ima" +igi?o%) = (@) (3.46)
where y is an arbitrary Majorana spinor parameter.
In the case of the commutative Wess-Zumino model, the analogs of the
above generators are those of the Poincaré algebra and supercharge, which form

the N = 1 super-Poincaré algebra. With the representations obtained here in

the NCWZ model, one can calculate the commutation relations between those

generators,
[P*, P"] =0, (3.47)
(M, MM = (g MO* " M — Mt — ' M), (3.48)
(M, PY = i(nf* P' — % Pi), (3.49)
(M, P] = il PO, (3.50)

The above commutation relations are exactly the same as those obtained in
the NC ®* theory, which suggests the generality of such relations for all NCFT’s.

In particular, (3.47) verifies the translational invariance of the theory. Equation
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(3.50) is a little surprising. The calculation of it in any way involves the NC
interaction terms. Nevertheless it is true for both NCFT’s.

Other commutation relations are

X@Q,¢Q] = [xQ,¢Q] =0, (3.51)
XQ,(Q] = 2x0" (P, (3.52)
[P, xQ] =0, (3.53)

[M¥, xQ] = —ixo”Q, (3.54)
(M7, xQ] = —ix5"Q. (3.55)

All the above relations are exactly the same as those of the commutative Wess-
Zumino model. In particular, one finds the supercharge generators, @ and Q,
and the translation generators P*’s form a close algebra, and the supercharge
generators are conserved.

The rest commutation relations have additional terms proportional to ©#,

including the similar ones as appears in the NC ®* theory,

[MOi, PO] — —inoopi
- [ e (gmation 8.6 + 46,561 + ma([6.501.0%5 + [0,80.0%)

_QZg([é7 3%]*0013@ + [¢7 éi&]*a'mal&) + ég2(¢[¢*27 §Z¢]* + [¢*27 él&]*&)
03[0, 09140, ¥k — {6,0106,00],)) (3.56)

(M, P
= /dgl' (%mg([aigb, éjﬁb]*ﬁg + [aiﬁga 5]]*¢) + ig([@zﬂ, 53@;]*¢ + [ai¢a 5]¢]*§5)

#5P00.56.6% + 06,596 ) - (1 ), (357
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(MO, M%) = —in® MY + [ & (mga' (4006, D). + (6, Dp].0"%)
— imga' ([0, 09616 + 316, 399],) + 2igw’ (6, D7U1.5"0D + 6, 0" Ory)
L9700 (072, 91610 + 8162, D16).) + g {0, P} {0, 270} — (i = ) , (3.58)

[MO’L M]k] _ Z( ’L]Mok' ikMOj)
— [ & (4mgai(8[0%6, D16], + 0[0°6, 6 6].) +iga' ([0, B, + 9l0*w, Divsl.)
g0 ([0, D662 + 0%, Di6L.) - (j = b)) (3.59)

and also the transformations of the supercharge generators under the Lorentz

boosts,

(M xQ] = —ixe™Q+ / @z (91, 0l.xo"0' + g6, 8'0,(9) x0"

~2igu %t + imgl6, 3LV + ig*l6", Glxdv) ,  (3.60)

M. XQ] = ~ixa"Q+ / @’x (916, 3.x0"0'0 + 916, I D9l
—2igih * X + img[p, 6] X0D + ig* 67, 6L XD'V) . (3.61)

To simplify the expression, we reorder the conjugate fields on the right hand
side of the above equations, which induces extra infinite constant terms not
explicitly shown here.

In summary, The commutation relations of the Lorentz rotation and boost
generators generally have additional terms compared with those of the Poincaré or
super-Poincaré algebras. Other commutation relations verify certain symmetries
preserved by NCFT’s, such as the translational and supergauge invariance. In the

limit of ©* — 0, the Poincaré or Super-Poincaré algebra is recovered.
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3.3 Discussions

In this chapter we suggest a representation of the translation, Lorentz and su-
percharge generators. The commutation relations of those quantities are calculated
directly based on this representation.

The NCFT has nonlocal interaction terms, which explicitly break the Lorentz
invariance, but still preserve the translational and supergauge invariance. It is
found that in the NCFT the translation and supercharge generators form the
same algebra as in the commutative theory. But, the commutation relations
of the Lorentz generators, or between the Lorentz generators and the transla-
tion or supercharge generators, generally have extra terms proportional to the
non-commutativity ©#”. In addition to that, there are also other interesting
commutation relations, such as [M% P7] = in” P° still hold true in the NC case.

Preservation of supersymmetry algebra suggests a supersymmetry generaliza-
tion of NC geometry, which is not clearly understood yet. In that frame, fermions
can better be defined as supersymmetry partners of bosons, instead of being a
naive generalization of Lorentz algebra representation, since Lorentz invariance
is broken. Indeed supersymmetry algebra has been represented on NC space
and a divergence free supergravity model is expected to be constructed with this
representation [46].

The superPoincaré algebra generators are “fundamental quantities”, represen-
tation of which can be used to construct a theory of a dynamical system [47]. Tt
remains a question whether the representation we obtained, Eqn. (3.41) to (3.46),
could be used to construct a new theory on NC space consistent with the NC

theory we start with.



CHAPTER 4
QUANTIZATION OF NONCOMMUTATIVE SOLITONS

4.1 Introduction

Solitons, known as “extended objects”, exist in field theories with nonlinear
interactions [48]. They are defined to be classical solutions to the equation of
motion of a local field theory with the property that the energy density is, at all
times, localized within a given region of space. A wave packet, which spreads as
time evolves, in general is not this type. These objects have special features since
at classical level they are already particle-like, and yet they possess an extended
structure. Such objects have been studied extensively around mid-70’s to early
80’s of the last century. It was speculated hadrons may simply be described as
quantized states of the extend objects, where the possibility of confining quarks
exists, since even classically quarks are trapped to some extent [49, 50].

Solitons discussed in this chapter are also localized extended objects, but
exist in NC field theories, called NC solitons. NC solitons was first discovered by
Gopakumar, Minwalla and Strominger (GMS) [51] in NC scalar field theory with
the potential having a local minimum besides a global minimum at the origin.
Since then, the soliton solutions have been explicitly constructed in different NC
gauge theories with or without matter [5,6]. Monopole-like solutions in (3 + 1)
dimension with a string attached turns out to be realization of D3-D1 system,
where D1 string ends on the D3 brane [52]. NC solitons can also be interpreted as
lower dimensional D-branes in string field theory [53, 54].

As explained in chapter 1, perturbative dynamics of NC field theories reveals

a very intriguing structure, i. e. UV/IR mixing, which suggests their analogy to

34
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string theories. Thus it becomes interesting to investigate the quantum behavior of
nonperturbative structures, NC solitons, in NC field theory.

Next section is a review of the theory of NC solitons and their interpretation
as D-branes, and also quantum theory of ordinary commutative solitons. In
section three a new type of the NC soliton solutions, NC @)-balls, is investigated
first and its difference from NC GMS solitons, existence at arbitrary small 6, is
emphasized. Next canonical quantization of NC @)-balls at very small theta is
discussed in detail. Quantum correction to the energy is calculated with phase shift
summation method. The same method is further generalized to NC GMS soliton
for smooth enough solutions. In both cases UV/IR mixing terms are present in the
energy correction of NC solitons. The future direction could be quantization of NC
solitons in gauge theories, which would increase the understanding of the UV /IR
mixing terms.

4.2 Noncommutative Solitons and D-branes

4.2.1 Noncommutative Solitons in Scalar Field Theory

(Classical NC solitons were first discovered in the scalar field theory with more
than one space dimension [22]. Start with an action of scalar field theory in two
NC space dimensions,

5= /d%%(@CID)Q V@), (41)
where the fields are multiplied by NC star products (1.1) implicit here. In chapter
2 we discussed operator and function representations of NC algebra, and the iso-
morphism (Weyl transform) between them. The two descriptions are completely
equivalent. It turns out classical solutions of NC field theory can be easily repre-
sented in operator formalism. Specifically, in two NC space dimensions, NC field
theory are isomorphic to an algebra of operators defined on a one particle Hilbert
space,

(2! ,32%] =6 . (4.2)
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Also star product of fields is just product of Weyl transform of the fields (1.1 and
2.5),

~

f(@) xg(x) — f(2)g(2) , (4.3)

where f(z) and f(z) or §(2) and g(z) are Weyl transforms of each other. The

integration over the space is actually equivalent of operator trace,

/de — 270Tr . (4.4)
The derivative is equivalent to
0 bt ha
8x’¢(x) — 5eij[x ,o(2)] . (4.5)

Define creation and annihilation operators

1
a=——(2" +iz?) , al =

1
V20 V20

with [a,a’] = 1 as usual. The field ®(z) or ®(i) can be expanded in the or-

(2 —iz?) (4.6)

thonormal basis f,,,(z) or [n)(m|. A systematic way of calculating f,,,(z) can be
obtained [5,55]. In particular, Weyl transform of projection operator P, = |n)(n/|,

fan(r) , are just central functions, and can be expressed in Laguerre polynomials,
Fan(r) = (=1)"2¢7"" L, (2r%) . (4.7)

In the operator formalism the action integral (4.1) becomes

S[d) = / 20Ty (%cﬁ? + %([a, B][at, &) v<<i>)) | (4.8)
The equation of motion is
2 F 2 A 1 &
0y + —la,[a", @] + V() =0. (4.9)

0

In commutative theory, it is well known that time independent scalar solitons

do not exist in dimension more than one [56]. However, in NC scalar field theory,
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such solitons generally exist provided 6 is larger enough. For radial symmetric

solution,

=) \Pu=) Mln)(n|. (4.10)

n n

Put into Eqn. (4.9),
0.
(4 1) (At1 — M) = (A — A1) = QV (M) - (4.11)

It
VI(®)=c®(®—a;) (P — ), (4.12)

at # — 00, the solutions are just
® =P, or  o(l—P,). (4.13)

4.2.2 Noncommutative Solitons in Gauge Theory

NC solitons are also widely found in gauge theories [6], and their interpretation
as D-branes is precise [53,54]. In the following we review the theory of solitons

found in gauge theories. Start with the action,

S — 276Tr (—iFWF’“’ + %D%Dyap _ v<¢)) | (4.14)
Here
Foi == Az - &AO y (415)
and
1 _ .
Fyy = ilD;, Dy] = £(1C,C] + 1)et (116)
where
Di¢ = 0; —i[A;, ¢] — UD;oU (4.17)

is covariant derivative under U(1) transformation,

¢ —UoU , (4.18)
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and C' = af +iVhA.
Suppose the potential is V(¢ — ¢.) , which has a local minimum at ¢ = ¢, and
a local maximum at ¢ = 0, and V(0) = 0 . Static solutions locally minimize the

Hamiltonian

H =270Tr (%FZ + %[C’, 9)[C, ¢ + V(p— ¢*)> . (4.19)

The lowest energy solution (vacuum) can be easily found,
b= .0, C=a. (4.20)

A class of solutions with nonzero energy can be constructed through a transforma-

tion with a nonunitary isometry operator , shift operator S ,
S:fn)—n+1),  S=) |n+1)n|, (4.21)
n=0
where SS =1, but S§=1—- Py =1-0){0]. The nth solution is

¢ = S"¢IS" = ¢, (I —-P,),

C = s"aS", C=5"aS", (4.22)
with the field strength
1 .. .. 1 ~ P,
F=—-e"FY = - 1) =" 4.2
ST = (0, C) 4 1) = (423)
and the energy
1

The NC solitons constructed above can in fact be interpreted as Bosonic D-
branes. As explained in the introduction section, the effective field theory of the
tachyon and gauge field degrees of freedom of the open strings on the D-brane will

be a NC field theory in terms of the effective field theory at B = 0, but with the
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open string effective metric G;; and the noncommutativity 6;; determined by (1.11)
and (1.13).

Consider a Bosonic open string with an unstable space-filling D25-brane. The
leading terms in the effective action for constant tachyon and gauge field strength
have the Born-Infeld form [57-59]. Integrating out the massive string degrees of

freedom leads to an effective action of the form (for B;; = 0),

Seff = gi/d%l‘\/detg [—ih(qb - 1)FHVELV
bk S f(O-1)000,0 4~ V(o —1)| , (425)

where ¢ = Tys¢, is independent of g, with T55 the D25-brane tension. The potential
V(¢ — 1) has a local maximum at ¢ = 0 with V(—1) = 1 representing the unstable
D25 brane configuration, and a local minimum at ¢ = 1 with V' (0) = 0 representing
the closed string vacuum, according to the conjecture of Sen [60, 61].

Now turn on the background B field with only By 25 = b < 0, then the action
becomes NC in R? including 24 and 25 direction. In chapter 1, explicit form of the
NC gauge field term is given in (1.19) analogous to (1.22). Therefore the NC action

analogous to (4.25) is

2
S = ?é/f%@m (4.26)

with
Lo = VG Hh(a)— D(E™ + B)(Fy + @)
ot S f(O = DDRODLG+ -~ V(o —1)| . (427)

Focusing on only the NC directions 24,25, a special choice [10]

11
f=—=—  d=-B=1b 4.28
B |y b (4.28)
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in Eqn. (1.20) gives the value of the open string metric (1.11) and the string
coupling (1.24) in the zero coupling limit,

G = —(2ra’b)? , G, = gs(2ma’|b]) . (4.29)

In evaluating energy of the NC soliton solution (4.22), remember the soliton can be
obtained by the transformation with the shifting operator S™ from the closed string
vacuum configuration. All covariant derivatives of ¢ or F},, vanish as they do in the

closed string vacuum, so are the gauge fields A, vertical to the brane. Also

h(é—1)(F + ®)? = %h(—Pn)(l CP) = —h(—)Py(1=P) =0,  (430)

and

Vig—1)=V(=P,) =V(-1)P, = P, . (4.31)

Therefore the energy of the soliton has only the potential term, derived from Eqn.

(4.27),
2mlcy/det G 2 )2/
g 2mcvdet G / PrTep, = 2T e (432)
G gs
which identifies the tension as
2 2./
T = M = (27r)20/nT25 = nng . (433)
gs

In the above construction configuration of n Dp-branes arises as the NC soliton
solution shifted from the closed string vacuum. This construction is exact for any
value of B or finite 6, which reduces to that of [62] in the limit of large B-field.

4.3 Classical Noncommutative ()-ball Solution

GMS solitons, which exist in (2 + 1) dimensional NC scalar field theory, while
classically stable, cease to exist at sufficiently small NC parameter 6, due to the
nonexistence theorem of Derrick [56] in the commutative limit(0 — 0). In this
commutative limit, however, time dependent nontopological solitons, or ()-balls

exist in all space dimensions [48, 63].
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4.3.1 Hamiltonian and Equation of Motion

In this section we derive the equation of motion for NC ()-ball solutions,
following brief introduction of NC scalar field theory. The form of the solution has
already been given [64]. We discuss the existence and stability of the solutions, and
show that in the commutative limit NC @-balls just reduce to the commutative
Q-balls.

Consider a NC scalar field theory action with global U(1) phase invariance,
_ 1 -
S = —/dtde [6u¢8“¢ + V(§{¢, o, (4.34)

where the space-time metric is (—, 4, +), and the fields are multiplied by NC star
product, generally made implicit in this paper, and {A , B} = Ax B+ Bx A. The

potential V' has a global minimum at the origin, with the scaling property
V(g,00) = g7V (g°d9) . (4.35)

g is then the coupling constant assumed to be small. The commutative limit of this
action is where ordinary @-balls have already been constructed [48,63]. The NC

star product is defined to be,

6 0 0

(px)(z) = eXP(iaeg‘ka—%a—ykW@W(?J) ; (4.36)

y=x

where j,k =1, 2.
In the operator formalism the action integral (4.34) becomes

A ~ A

5(6.01 = [ dezmrt (@udend -+ (o, e’ 61+ [ dllaé) - V(39 ) . (430

The equation of motion is

FAUPN

04+ o ol 8]+ SV(6) = 0. (1.39)
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The action has global U(1) phase invariance, which yields a conserved charge
Q16,9) = [ g = i2ntTx(Goud ~ 2069) (4.39)

@ is interpreted as particle number in the physical system. A particular system
always exists with fixed particle number N = Q[gg, #]. To find nondissipative soliton

solutions [48,63] under this constraint, we write Hamiltonian

H = 270y (aoésaoq% - 5@, dlla", 9] + o', G, d)) + v@és)) +w(N = QI 9)) .

(4.40)
with the constraint applied before the Poisson bracket is worked out [47]. The

minimum energy solution occurs at

0H

= 00 +iwp =0, (4.41)

which means

b= —=6(&)e ™", (4.42)

Assuming hermitian (%) or real o(x), H becomes

1 1 1
H = 270Tr (—5&62 - g[a, 6)la’, 5] + V(§&2)> +wN | (4.43)
with the particle number
N = 2m0wTr(6?) . (4.44)
and the equation of motion (4.38)
2 toa 2+ avrelo
5[@,[@,0]]—@0 a—l—aV(ia):O. (4.45)

Note the equation of motion (4.45) also follows from (6H /66 )|y = 0, which means
that the solution & has the same form as the static GMS soliton solution in the

potential

UG) = V(L6?) - 2262 | (4.46)
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Consider spherically symmetric solution [51] expanded in terms of the projection

operators,
5(&) = AP, (4.47)
n=0
where P, = |n >< n|. Replace ¢ in (4.43), (4.44), and the equation of motion
(4.45),
H = 213 [(n+ 1) (A1 — M)’ + 0U (M) +wN (4.48)
N = 27wy X}, (4.49)
0
(n4+ 1) (Ang1 — ) = (A — A1) = §U()\n) : (4.50)

Sum the equation of motion fromn =0 ton = K

0
k41 — Ag = SR % U'(\) (4.51)

where K > 0 is an arbitrary integer. A particular set of \,’s defines a solution.
Many properties of the solution can still be derived from Eqn. (4.48-4.51) though
a closed form has not been constructed. For example, because of the finiteness of

both the energy H and the particle number N, we have,
Al = A A, =0, for n— oo, (4.52)

4.3.2 ()-ball Solutions

In static GMS soliton theory, the global minimum of the potential is generally
assumed to be at the origin, and the core of the soliton is localized at the local
minimum of the potential (false bubble solution). It is the noncommutativity
that forbids the classical decay of the solitons. The corresponding commutative
potential does not have nontrivial topological structures, and hence yields no
soliton solutions. Therefore NC GMS solitons are genuine NC effects and they

disappear at small enough 6, where the commutative limit is approached.
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This is not the case with )-ball solutions. The existence and stability of
(Q-ball solution rely on the conservation of the charge () as the consequence of
the global symmetry. The potential for ()-ball solutions does not have nontrivial
topological structure. Therefore NC ()-balls are expected to exist even for very
small # . We will show that such NC @Q-ball solutions would smoothly reduce to the
(Q-ball solution in the commutative limit.

In the following we discuss the existence of NC )-ball solutions in a typical
potential form,

Ulo) =V(o?) — 1w202 =ao® — bo* + co® | (4.53)

where the coefficients b and ¢ are larger than zero, and a = 3(m? — w?).

U(o) varies for different w. If w? > m? or a < 0, U(o) has a local maximum
at the origin. In the commutative limit there is only a plane wave solution. Here
similar plane wave solution in NC limit can also be constructed. Since for a
stable soliton solution A, would have to take values between s and the origin
and monotonically decrease in n [65], a simple argument can show that solitons
cannot exist. There is a constraint that Zf:o U'(A\,) converges to zero as K goes
to infinity, which cannot be satisfied in this case. To prove this constraint, suppose

that
S UA)~v#0, (4.54)
n=0

Sum Eqn. (4.51) from a particular K = ¢ sufficiently large to a point p close to
infinity,
P
v
Ap — Ag ~ —. 4.55
P q Z K ( )
K=q
It is then easy to see A, will not converge to zero as p goes to infinity.
When w? < 12, v?> = m? — b?/2c¢ , U(0) has only a global minimum at

the origin. Even though in the commutative theory no soliton solutions exist, for

NC theory at sufficiently large 6, there are GMS type solitons exist. It has been
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shown that there is a critical lower bound on 6 for the existence of NC soliton [66].
Similar bounds would be expected to exist for NC @)-ball for 0 < w < v as well.

As v? < w? < m?, U(o) has a local minimum at the origin, a global minimum
at s (U(s) < 0) and a zero w = [(b—+/b® — 4ac)/2a]"/? between 0 and s (0 < w < s).
In the commutative case such potential form enables the existence of ()- ball
solutions. In the NC case it is expected that NC-@) ball solutions exist even for
small #. In the following we take the continuum limit of Eqn. (4.51) for very
small 6 | and show that all the solitons sPk exist at § — oo converges to the
commutative ()-ball solution as § — 0.

For very small 6, all \,’s can be considered as sufficiently close. Therefore
A, can be approximated by a continuous function A\(u) ' . Let v = K@ , and
A = AMK0) = A(u) . Eqn. (4.51) becomes

N(u) = m /0 UA(s)]ds + O(6) - (4.56)

Ignore O(f) term, we have
d\ A 1dU

AR U 457
e T 2 (4.57)
Letu:%zﬂ,
&N 1dN AU
A 1dA _dUQN) 1.
a2 T udn T an (4.58)

This is exactly the equation of motion for the commutative @-ball solution A\(v)
, with v identified as radius r . This can be explained as follows: The Weyl

transform of 7% is a'a , and a'a has the eigenvalue nf on the state [n > . As 0
gets smaller, the eigenvalues nf gets closer, and eventually becomes continuous

as %7“2 in the commutative limit. The coefficient A, just becomes the field A(r) in

! Thanks to Dr. Shabanov for helping on this point
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this limit. In this description the commutative ()-ball can be considered as the
analytical continuation of the NC @-balls in 6 .
The formula for the energy and particle number in the commutative limit can

also be recovered by taking the continuum limit of Eqn. (4.48) and (4.49),

H = QW/OOOvdv B(%)QJrU()\)erN} , (4.59)
N = 27w /0 h du)®(u) = 27w /0 h vdvA?(v) . (4.60)

The existence of the commutative ()-ball solution are proved by considering
an analogous problem in which a classical particle moves in the one-dimensional
potential —U () [48]. The field configuration A\(v) of the @-ball starts from a
unique value p = A(0) between the zero w and the global minimum s, then
monotonically decreases in v , and approaches 0 when v — oo. This property of
A(v) is consistent with those of the general stable NC soliton solutions A, at finite
0 . It is found [65] that there exist smooth @ families of spherically symmetric
solutions in which )\, is monotonically decreasing in n . In the infinite 8 limit
such solution is just sPy . As 6 decrease, \g, - -+, A\ decrease from s , while other
An(n > K) starts to move away from the origin towards s , but the whole A,
series remain monotonically decrease in n . Since in the commutative limit A,
just becomes A(v) , one can conclude that as 6 decreases from oo to zero, Ay will
decrease from s and eventually to p at the commutative limit.

4.3.3 Virial Relation

The Hamiltonian (4.43) in the function formalism is
1
Hlo| = 27r/rdr (5(&-0)2 + U8 ,0)+ wN) , (4.61)

where the potential U has explicit dependence on 6 through star product. Suppose

o(x) is the @-ball solution, H[o(x/a)] must be stationary at a = 1. A change of the
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integration variables shows that

Hlo(x/a)] = 27?/7“d7“ (%((91-0(3:))2 + QQU(% co(z)) + wN) , (4.62)
and
d%H[a(x/a)] = / rdr (QU(O o) — Q%U(e ,a)) _0. (4.63)

Unlike the Virial theorem for d = 1 space dimension, here the kinetic energy is
scale invariant. Scaling dependence of the energy includes two separate terms
from the potential and from its dependence on 6 through the star products. The
significance of Eqn. (4.63) is more explicit in GMS soliton case, where the potential
energy

QW/TdTU(U) = 6’2 U\,) >0. (4.64)

n=0

The scaling variable a can be thought of as the size of the NC soliton. While the
positive potential energy favors shrinking of the soliton, but the NC star products

keep it from decay.

4.4 Quantization of Noncommutative ()-ball

Solitons are extended objects exist in field theory, the properties of which
receive quantum corrections as the fields are quantized. In this section we follow
very closely to the canonical quantization procedure [49,63]. Then we evaluate the
ultraviolet divergences in the quantum corrections to the soliton energy at very
small 6 .

4.4.1 Canonical Quantization

The general procedure to investigate the properties of the solitons is to expand
the fields around the classical solution. Because the momentum and particle
number are conserved in the system, we will have to impose the corresponding

constraints to erase the zero-frequency modes in the expansion.
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We start by making a point canonical transformation of ¢(x) |

L s
¢ = 7 B0 o(z — X)) + x(z — X(1),1)] , (4.65)
X(x — X (t),t) = xgp(z — X(¢),t) + ixs(z — X(¢),t) , (4.66)

where (3(t) and X*(t) are the collective coordinates represent the over-all phase
and the center of mass position. Impose the constraints on y to ensure the above
transformation is a canonical transformation with equal number of degrees of

freedom before and after,

/O’X[ =0, /XR(%U =0, (4.67)

where 7 = 1,2 . The integral sign denotes two dimensional integrations over x.
The star product is suppressed. Unless indicated otherwise, from now on the
differential d?z and the NC star product are implied wherever applicable. The
above constraints also remove the perturbative zero mode solutions in the meson

field x. Let
Xr(z,t) = iqRa(t)fa(x) ; (4.68)
a=3
Wt = 3 el (1.69)
a=2
where f,(z) and g,(x) are the real normal functions satisfy

/fafb = 5aba (470)

/gdg(; = 04 (4.71)
(4.72)
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and under the constraints,

/@-afa = 0, (4.73)
/agd =0, (4.74)
where a = 3,4,... and a = 2,3, ... always in this paper.

Rewrite the Lagrangian (4.34) with (4.65),

1
L=5q"Mi+V(q), (4.75)
where ¢7 = (X1, X5 ,8 ,qr3 ,--. ,q12 ,...) and T denotes matrix transpose, and
_ 1 _
Vi) = [@do0+ V(56 0h) (1.76)

The matrix elements of the symmetric M are

M = M05ij+/(2aiaanR+aiXRanR+aiXIanI) : (4.77)
Mpgs = I+/(20XR+X%+X§) : (4.78)
Mg = /(_28i0X1+XRaiXI_XIaiXR) ; (4.79)
M = ~ [ fadn, (4.80)
Mia = _/gdaina (4.81)
Mpa = / faxr (4.82)
Mpa = — / 9aXR (4.83)
Muy = Oa, (4.84)
My = 04 - (4.85)

where My = 5 [(9;0)? and I = [ 0. The conjugate momentum of ¢ is

p=MG= (P, ,P, ,N ,prs ,... ,pra,...)" . (4.86)
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The particle number N and the total momentum P; are conserved since the
Lagrangian (4.75) is independent of the collective coordinates 3 and X*. Quantize

the new canonical coordinates,

(X', P1] = i, (4.87)
[6.N] = 1, (4.88)
[9Ra s PR] = 0 , (4.89)
(1 ) = 10, - (4.90)
The Hamiltonian
H = %J_IPTM‘lJp +V(q) , (4.91)

where J = v/det M because the operator ordering in H is unambiguously deter-
mined by the ordinary quantized Hamiltonian with the coordinates ¢ [49].

The quantum states can be labeled as |[P' | P? | N ,qgra ,qra). One can solve
the Schrodinger Equation perturbatively around the one soliton ground state
|Pl=P2=0,N = Iw,0). In this state P* and N are the momentum and particle
number of the classical solution o, which can be obtained by letting ¢ = ¢ in Eqn.
(4.49) and P' = [ 58% + & ¢¢ [1]. 0 labels the lowest energy state with the given
Pt and N value.

We can then treat xz and x; as perturbative degrees of freedom, and expand
the Hamiltonian perturbatively around the one soliton ground state order by order
in the weak coupling constant g , defined in Eqn. (4.35).

o is at the order of ¢g~! as a soliton solution. M, and I are g=2 order. Then P,
and N are at the ¢g=2 order, while pr, and py; at ¢ order. Since J commute with
P, and N , and at the leading ¢~ order, J = My\/I is a constant or [p ,.J] = 0, one

can check that J would not be a factor in the Hamiltonian up to the order g¢".
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The Hamiltonian can be expanded order by order, H = Hy+ H, + H,, with the

expansion relation,
M= Myt + Mg AMG + Mg AMGTAMG + - (4.92)

where M = Mgy + A, and M, has only nonzero diagonal elements, M{? =
(MO 7M0 7[ 71 71)

Hy, equal to the energy of the classical solution, is at the order of g2,
[ L,
Hy = My + ilw + V(ia ), (4.93)

Hy, linear in y, vanishes due to the fixed N and P;, which ensures that yz and
X1 are at the order of ¢°.
The term quadratic in y is at the ¢° order,

2

1 1 2
Hy, = i(pRa_w/faXI)2+§(pId+w/ngR)Q‘i‘Q;\U/[—(/ 0¢0X1)2+2w7(/ oxr)*+Va(q) |
0
(4.94)

where
Va(q) = /{%[(@‘XR)2 + (8ix1)?] — %WQ(X% +x7)

F30DV /209 4V (300 Gl G} ) b aos)

where V (%02 , %{XR: o}, %{XR, 0}) represents the terms from the expansion of the
potential V' quadratic in xg.

4.4.2 Energy Corrections at Very Small 6

The Hamiltonian is separated into two parts, described by the baryon degrees
of freedom (P? , N) and meson degrees of freedom (g ,x;) respectively. The sum

of the frequencies of the meson excitations is the zero-point energy of Ho,

(P'=P>=0,N=1Iw,0| Hy |[P'=P?>=0,N = Iw ,0) , (4.96)
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which, subtracted by the vacuum energy Evac = [ d?k/(27)*V/k% + m2, gives the
quantum corrections to the soliton energy.

Vs(q) is the perturbative expansion of the effective potential V(q) — wQ[é, @] ,
Eqn. (4.76) and (4.39), around the solution ¢ . It is easy to check that xgp = 0,0
and y; = o are the eigenmodes of Vs(q) with eigenfrequency 0, due to the
translational and rotational invariance of the potential. Therefore we can define the

normal functions f, and g; to be the eigenmodes of V5 , or
Lo o Lo o
Va(q) = §QRaQRa + 591(1%@ ; (4.97)

with the frequencies 2z, and 7, . The potential V, are highly nonlocal since
the fields are multiplied by NC star product. In the commutative ()-ball case, V,
has been shown to have only one s-wave eigenmode in g sector with imaginary
frequency §2gs [63]. In last section, we have shown that as NC parameter 6 is
taken to be small enough, the NC soliton solution will reduce arbitrary close to
its commutative analog. Therefore close to the commutative limit Vs is expected
to have the similar eigenvalues and eigenmodes as its commutative analog. NC
-ball is also expected to be stable as its commutative analog. We will assume
f is chosen to be such a small value in evaluating the quantum effects of the
noncommutativity.

Define f; = 1//My0;c and g, = 1/v/Io , Rewrite the Hamiltonian H, , (4.94),

in the matrix form,
1 1
H, = 5(PT —wOTYT)(P —wYQ) +2w*QT=ZQ + 5QTQQQ , (4.98)
where the matrices are defined as follows:

P'=(pra o), Q" = (qra »qra) (4.99)



where

Las E/faga, fabz/glfa/glfba Gup = /figd/figE'

The equation of motion,

. OH, . OH,
°=9p - T=7ag
give
= P-wlQ,
P = WwTT(P-7TQ) - 4?20 — 0?Q .
Therefore,

O +20Y0 + 4’20+ 020 =0 .

Let the real normal eigenmodes of Q be

QA = (gﬁa 75}?’1)717

93

(4.100)

(4.101)

(4.102)

(4.103)

(4.104)

(4.105)

(4.106)

where QAT QB = 48, Replace Q = Q4exp(—iA4t) (Index A is not summed over)

in the above equation. Since o'ror =0 ,

Aa = /0 (4?2 + 02) 01 (4.107)
Introduce creation and annihilation operators, [C4 ,Cg] = dap, @ can then be
quantized as,
Q=>" o (Cae~iat 4 Cleitaty | (4.108)
— V2\4
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Use this equation and Eqn. (4.104) and (4.98), one can define the one soliton

ground state,

CalP'=P*=0,N=1w,0)=0, (4.109)

then the zero-point energy of Hy (4.96) is

1 1
5 > Au= STr{A} (4.110)
A

where the matrix A is diagonal with the eigenvalues A 4.

In the commutative theory the zero-point energy contains the divergences
even after subtraction of the vacuum energy. The finiteness of the soliton energy
is recovered by starting from the renormalized form of the action (4.34), which
induces the counter terms also contain the divergences [67].

Work in the specific form of the ¢® potential (4.53),
Lo 2l - 2 9/l 7 2 2 a7 3
V({6,0}) = m?(516.0}) — b (5 (6,00 + em*g ({00} . (1111)
At the ¢" order, or the one-loop order, the general formula for the soliton energy is

E = (P'=P*=0,N=I[w,0|H|P'=P°=0,N=Iw,0) — B4dd2)

soliton

1 1
= Hy+ iTr{A} — Evac + §5m2/02 — bm2(5g(24) /04 , (4.113)

where 6m? and § g(24) are the counter terms for the mass and the ¢* coupling
respectively. The ¢° coupling does not receive loop corrections. The ¢* coupling
terms yield the right coefficients and can be renormalized [32].

The loop integration in the NC field theory generally contains phase factors
which yield the interesting UV-IR phenomenon upon renormalization [22]. In the
following we evaluate the quantum correction from the zero-point energy of H, in
Eqn. (4.110) and show that it contains the same phase factors as those appear in

the counter terms dm? and 59(24).
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We start by arguing that only 1/2Tr{€2} is needed in evaluating the leading

divergence. In Eqn. (4.107), it is easy to see 04"=Z04 is finite,

QATEQA = /glfagRa /fzgagla

< (f s+ [P e[ £+ [l ([ £+ [t

= (1+&,)*+2(1+6.) < 12, (4.114)

As we will see that the eigenvalues Q g, and €2;, behave like VVk2 — w? + m? at very
large k. The leading divergence of Tr{A} will be determined by Tr{Q}.
Qpr, and Qy,, eigenfrequencies of V5(q) in Eqn. (4.95), satisfy the linear

equations,

1 3
(—=0? — w? +m?)x; — imegQ{o'Q’ X1} + gcm gHo* xry = Q3. xr ,(4.115)
(=0} —w® +m?)xr — bm*¢*({0?, xr} + oXRO) +

3
Zcm2g4({04, Xr} + 0*xro® + {0, xr}o) = Q% xR - (4.116)

The above equations are just time independent Schrodinger equations. In
particular phase shifts from the central potential have been used in calculating the
soliton energy correction [68]. The basic idea is that in the central potential for
each partial wave, the difference of the density of the states between the scattered

wave and the free wave is related to the derivative of the phase shift,

k) — po(k) = =) (a.117)

where [ goes from —oo to co. The finiteness of the particle number, N = w [ ¢? ,
determines that ¢ — 0 as 7 — oo . Therefore the NC potential in Eqn. (4.115) and
(4.116) is radial symmetric and vanishes at co. For the most general potential term

Wr(r) * x * Wg(r) ,

We(r) *x *x Wg(r) , L] = We(r) x [x , L] * Wg(r) , (4.118)
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where L = —ieY2'0’ is the angular momentum. The star product is made explicit
here and in the rest of the section. This formula can be easily proved in the Weyl
transforms of the fields. Going to the momentum space, one can generalize the

result in [15] and show that

Wro) » x(a) « Wa(o) = | éfﬂépf We(p)Ws(py)e'POH 50 PO 2005 (a)

(4.119)
where &' = €99/
Using Eqn. (4.117), consider only the leading divergence, we have [69],
1 1
aTr{A} — Evac ~ aTr{Q} — Evac
o= [V S )+ ou (] (4120)
l
where d7(k) and g (k) are the phase shifts for y; and xg. The sum of the phase
shifts can be evaluated through Born approximation. In the commutative case, this
leads to the cancelation of the tadpole diagram [68].
Eqn. (4.115) and (4.116) have the Jost solution form for the /th partial wave

at large r ,

X ~ hi(kr) + ¥y (kr) . (4.121)

Considering the asymptotic (r — o0) behavior of the solution, the standard

procedure [70] leads to the scattering amplitude,

f(K' k) Zfl )eld = N Z ©1 gin 5,17 (4.122)

where k' = k and ¢ is the angle between k' and k. At large [, or §; = 0, we can see

> 6~ VEf(¢=0) (4.123)
l
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f(k', k) can also be calculated through Born approximation, replacing y by

e~ in the potential form (4.119),

1 o . ) )
fk k) = v dre kX E Wg) *e’ka*W](gl)
= L[ qpe-ite- k>XE W Q%)W“’(x + Q/%) (4.124)
Wk 2 /B 2 '

where i labels the potential terms in Eqn. (4.115) and (4.116), and k = €9k

Therefore

Yoo = ——/d2 ZW W(‘( gic)

1 dp A A5 —ifpk
- __/(%)QZW;’(;Q)WQ(—p)e ook (4.125)

4

The right hand side only depends on the magnitude k due to the central potential
W(r).

Now we are ready to evaluate Eqn. (4.120),

- / AV +m? Y [8u(k) + S (k)

1 d*p S6) o) —ifpk
= g [ [ G ST W e

_ 1 d*p A2k emiopk -
B 2/(27r)2/( )2 ng Wi (<p) - (4.126)

The integration over k is exactly part of the tadpole diagram belongs to dm? [32],

and it contains the UV/IR divergence (A — oo and p — 0) evaluated with the
cutoff A [22],

d2k —i0pk 2 ) om A
= K, == Lo 412
/ oz s me  (nyre e TRy ( A, f) g, Tom,  (4127)

where A.;; = (6?p?/4 + 1/A?)71/2. Notice that the above UV/IR divergence from
Eqn. (4.126) occurs only when both Wy and Wp exist. In other words, only the

terms oxro ,0%xro? and o{o, xg}o in Eqn. (4.115) and (4.116) yield UV/IR
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divergence. All other potential terms only give the normal UV divergence where
the phase factor is absent. Since the counter term dm? and dg* do not include
UV/IR divergence, we are certain that the @-ball energy correction includes UV/IR
divergence. Cancelation of the UV divergences is not obvious because the exact
value of the eigenfrequencies A 4 is unknown.

4.5 Finite 8 and Noncommutative GMS Solitons

The above calculation assumes that the NC parameter 6 is sufficiently small so
that the NC potential will generate the Jost solution form as in the commutative
case. Let us consider the effects of the NC potential (4.119) in the case that 6 is
not small.

Since

[2% + géi, 2l £ géﬂ’] = +ife (4.128)

the effective scattering potential for the NC interaction We(z) * x * Wg(z) (4.119)
is just

multiplication of the Weyl transforms of Wg(x) and Wg(x) . Notice Wi and Wy
commute since [z° 4 i0/20°, 27 — i0/207] = 0.

Now considering

_ 0 ~ &p;
Wele+39) = [ GHPrtopew =40, (4.130)

the noncommutativity,

[y (=" + 981) Ha + 982)]=wp}p§, (4.131)

can be suppressed even if 6 is not small, as long as WW(x) is smooth enough or

W(ps) — 0 at large ps. Notice small py is also the IR limit we discussed in the last
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section. Under this assumption we can write

Wz + gé) ~ Wiz + gé) — Wi(lx + gém —We(r? — gL L) (4132)
Acting on the field x(z) = u;(kr)e®, the effective potential becomes Wr (12 —01/2+
92). Similar calculation applied to Wg(z) yields Wg(r? + 01/2 + 92). Therefore at
large k and large r, we can treat the scattering potential perturbatively as in the
commutative case. The phase shift evaluation of the energy of the soliton could
still apply provided that VW or the soliton solution o are smooth enough.

NC GMS soliton only exists at finite §. Based on the above arguments, we
can still evaluate its quantum corrections with the phase shift method in the last
section.

Quantization of GMS soliton and ()-ball share a lot of similarities. To get the
GMS soliton theory, we make the replacements (¢ ,¢ — 1/4/2®) in the previous
complex scalar field theory (4.34). With the potential (4.111), the Lagrangian
becomes

1 1 1 1 1
L= —5(6,@)2 —V(®) = —5(6,@)2 - 5m2<1>2 + me2g2<1>4 - g(,=7n?g4c1>6 , (4.133)

where ® is multiplied by the star product. The renormalizability of the theory
has been proved [30]. Let w = 0 because there is no conserved charge @ (4.39) in
the theory. When b* — 4¢ < 0, the potential in (4.133) has a local minimum at
Vg /2 besides the global minimum at the origin, and the GMS soliton solution o
exists. Replace the expansion (4.65) by ® = o + x , where x = xg is real. As
a result, the meson degrees of freedom are only y g or x. Upon quantization, the

soliton energy is still given by Eqn. (4.113). Since w = 0 and A = Q) are the exact
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eigenfrequencies of Hy (4.94), we have

(=02 +m*)xr — bm*g*({0?, Xr} + OXRO)

3
+Lem?g ({0 xa} + 0 xno? + {0, xao) = Aixn . (4.134)

Eqn. (4.120) describes the exact ultraviolet divergences in 1/2Tr{A} — Evac.
Therefore we are able to check the cancelation of the divergences in Eqn. (4.113).
As mentioned in the previous section, in the above equation, the terms oxgro ,
o%xro? and o{0, xYr}o yield UV/IR divergences, while the rest terms yield UV
divergence. A critical observation is that those terms yield UV/IR divergence
have one to one correspondence with the contractions of the fields yield Nonplanar
Feynman diagrams [22], and those terms yield UV divergence correspond exactly
to the planar diagrams. We can just spare the details of counting the divergences.
Since the counter terms dm? and § g(24) cancel exactly the UV divergence part, we
conclude that the soliton energy (4.113) is UV finite, but includes all the UV /IR
divergences.

4.6 Conclusion and Discussion

In this chapter we discussed the quantization of NC solitons in (2 + 1)
dimensional scalar field theory. In particular, classical solutions and quantization
of the NC @-balls at very small € are investigated in detail. Classically NC Q-
balls reduce to the commutative @-ball as 6 goes to zero. Quantum mechanically,
because loop integrations in the NC field theory have different ultraviolet structure
from those in the commutative theory, i. e. UV/IR mixing, quantum corrections to
the NC soliton energy necessarily include the UV/IR divergent terms which cannot
be renormalized away. The existence of such terms in the energy is demonstrated
through the phase shift summation. The same method is further generalized to NC
GMS solitons which exist only at finite #. In the small momentum limit, or for the

sufficiently smooth soliton solutions, divergence structure of the soliton energy can
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be calculated exactly. In this case the energy is found to contain no UV divergence
but all the UV/IR divergences. Quantum corrections to the NC soliton energy have
also been calculated but at very large 6 [7], where no UV/IR divergence is found.
We believe that is because at large #, the noncommutativity (4.131) is not small
and cannot be ignored, and the potential term is the dominant term instead of a
perturbative one. In this case the phase shift sum is not a good approximation to
the energy correction.

An interpretation to the UV/IR divergence [23] is that because new light
degrees of freedom are introduced in the Wilsonian effective action. UV/IR
divergence can be reproduced by integrating out those new degrees of freedom,
which are then interpreted as closed string modes with channel duality. Future
research direction is to consider the NC solitons in the gauge theory, where they
are interpreted as D-branes [53,54] and D-brane action is properly recovered. One
expects to gain better understanding of interactions between D-brane and closed

strings through quantization of NC solitons.



CHAPTER 5
SOLUTION OF KOSTANT EQUATION

In chapter 3 theory of superPoincaré algebra and its representations is
reviewed. Classification of irreducible unitary representations of Poincaré and
superPoincaré algebra reveals physical spectrum of the corresponding theory.
M-theory, as unification of string theory, is conjectured to be 11-dimensional
theory [12,13], whose low energy limit is 11-dimensional supergravity. Little group
of 10 dimensional Poincaré group is SO(8), which classifies the spectrum of 10
dimensional superstring theory. Triality symmetry of SO(8) leads to marvelous
cancelations between Bosonic and Fermionic contributions, which renders the
theory to be UV finite. Little group of 11-dimensional superPoincaré algebra,
SO(9) does not have such symmetry, and SO(9) is nonrenormalizable in high loop
order [71]. It is found that some irreps of SO(9) naturally group together into
an infinite tower of triplets [72], the lowest of which includes the spectrum of 11
dimensional supergravity. This suggests that the tower of triplets might be able to
describe certain limit of M-theory. A possible candidate is the infinite Regge slope
limit, or zero tension limit of string theory, where one expects all states to become
massless, with an infinite number of states for each spin.

A mathematical understanding of the triplets has been given [73]. They arise
for embeddings where both group and subgroup have the same rank. SO(9) is a
subgroup of F4 with the same rank, and the quotient space F4/S0(9) has Euler
number three giving a triplet of SO(9) to every irrep of F'4. There exist other
cases the triplets arise the lowest of which describe N = 8 supergravity, N = 4
Yang-Mills and N = 2 hypermultiplet [74-76]. All these Euler triplets arise as

solutions of Kostant’s equation [43], which is a Dirac-like equation on the coset.

62
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This chapter focus on differential form of the representation of Kostant’s equa-
tion and its solutions, which is the beginning step for the Lagrangian construction.
After a review of Euler triplet in a toy coset space, coset SU(3)/SU(2) x U(1) ,
Euler triplet solutions in coset F'4/S0O(9) are discussed in detail. In particular,
variable representations of 11-dimensional superPoincaré algebra, and F'4 and
SO(9) algebra, are worked out explicitly, as well as representations of Kostant

equation and its triplet solutions.

5.1 Euler Triplet for SU(3)/SU(2) x U(1)

As a learning example start with a detailed analysis of the Euler triplets
associated with the coset SU(3)/SU(2) x U(1). There is an infinity of Euler triplets
which are solutions of Kostant’s equation associated with this coset. The most
trivial solution describes the light-cone degrees of freedom of the N = 2 in four
dimensions, when the U(1) is interpreted as helicity.

5.1.1 The N = 2 Hypermultiplet in 4 Dimensions

The massless N = 2 scalar hypermultiplet contains two Weyl spinors and
two complex scalar fields, on which the N = 2 SuperPoincaré algebra is realized.
Introduce the light-cone Hamiltonian
pp

—, (5.1)

pr=

where p = %(pl + ip?). The front-form supersymmetry generators satisfy the

anticommutation relations

(Qn 0"} = -2yt
(0" Q") = —25m"]f—f, mon =12 (5.2)

{gr, 9"} = —2p5m.
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The kinematic supersymmetries are expressed as

0 —m 0 <

while the kinematic Lorentz generators are given by

1. 0 1m0
M2 — i(ep—7 - — "= 4
i(ap :Irp)+29m80m 50 (5.4)
0 im0
Mt = —gpt— L, 2 gt 2
L T L L
1 +
Mt = —(MM+iM™) = —apt M =—zp",
\/5( ) 14 D

where z = %(9&1 + iz?), and where the two complex Grassman variables satisfy the

anticommutation relations

B N I
{9m7a—0n} - {0 7@}_5 3

0 —m 0
ema ~n = 0 yan J O .
B2} = 0" 570)
The (free) Hamiltonian-like supersymmetry generators are simply

Q= p—Jr T Q_ = ZFQ—F ) (5.5)

and the light-cone boosts are given by

_ _ 1 _ P 0

) 1. pomd
Z“ = n— = _, P + —9 —m -

i e

This representation of the superPoincaré algebra is reducible, as it can be seen to

act on reducible superfields ®(z~, 2%, 0,,,, ém), because the operators
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anticommute with the supersymmetry generators. As a result, one can achieve
irreducibility by acting on superfields for which

D' & = [im —0npT]® =0, (5.8)
00
solved by the chiral superfield
Oy, 2, 0) = Yoy, a") + 0,0™ (y ™, 2") + 0,0,0 7 (y ™, 2") . (5.9)

The field entries of the scalar hypermultiplet now depend on the combination

-m
)

y~ =z —1i0,0 (5.10)

and the transverse variables. Acting on this chiral superfield, the constraint is

equivalent to requiring that

Q" ~ —2p*0,, O~ — (5.11)

where the derivative is meant to act only on the naked 6,,’s, not on those hiding in
y~. This light-cone representation is well-known, but we repeat it here to set our
conventions and notations.

5.1.2 Coset Construction

Let T4, A = 1,2,...8, denote the SU(3) generators. Its SU(2) x U(1)
subalgebra is generated by 7%, i = 1,2,3, and T®. Introduce Dirac matrices over
the coset

{7%7"} = 26",
for a,b = 4,5,6,7, to define the Kostant equation over the coset SU(3)/SU(2) x
U(1l) as
Kb = > AT, =0.

a=4,5,6,7
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The Kostant operator commutes with the SU(2) x U(1) generators
Li=T+S,,i=1,23; Lg=Ts+5;, (5.12)

sums of the SU(3) generators and of the “spin” part, expressed in terms of the ~
matrices as
7/- al 7/ a
Sj = _ijabﬁ)/ ’ ) SS = _ZfSabfy ’ ) (513)

where 7% = 4% a #b | and fiab » Jsap are structure functions of SU (3).

The Kostant equation has an infinite number of solutions which come in
groups of three representations of SU(2) x U(1), called Euler triplets. For each
representation of SU(3), there is a unique Euler triplet, each given by three

representations

{al, @2} = [GQ]_2a1+a2+3 @ [al + @2 + 1] ay—ag @ [al] 2a2+a1+3 y
6 6 6

where @y, ay are the Dynkin labels of the associated SU(3) representation. Here, [a]
stands for the a = 2j representation of SU(2), and the subscript denotes the U(1)

charge. The Fuler triplet corresponding to a; = as = 0,

J

0,0} = [0y & 1)o@ [0

[N

describes the degrees of freedom of the N = 2 supermultiplet, where the properly
normalized U(1) is interpreted as the helicity of the four-dimensional Poincaré
algebra.

5.1.3 Grassmann Numbers and Dirac Matrices

In order to use the superfield technique we will identify the spin part of the
U(1) generator Sg with the spin part in Eqn. (5.4) taking the condition (5.8) into
account. This will mean that we write also S; in terms of the #'s. An appropriate

representation is then
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2 2

Vi = FQ}“ Vi =i ng (5.14)
. 2 N

it =i FQ%H =iy =i ]FQ%H (5.15)

in terms of the kinematic N = 2 light-cone supersymmetry generators defined in
the previous section. We can check that Sg indeed agrees with the spin part of
Eqn. (5.4) (after proper normalization). As the Kostant operator anticommutes

with the constraint operators

{ K. Dy} =0, (5.16)

its solutions can be written as chiral superfields, on which the +’s become

2 0
Vi = —2i/2pt 6, 74—1'75_“/7 B0, (5.17)
6 | 7 - 6 T 2 0
Vi = —=2iy/2pt Oy, v =iy =1 el (5.18)

The complete “spin” parts of the SU(2) x U(1) generators, expressed in terms of

Grassmann variables, do not depend on p™,

1 0 0 1 0 0
5= Gl +0ga) . Se=—5(hig =)
1 0 0 V3 0 0
= —(0,— —0,— =—(0,— ——1). 1
SS 2 (91 801 02 802) ) SS 2 (01 801 + 92 802 ) (5 9)
Using Grassmann properties, the SU(2) Casimir operator can be written as
= 3 0 0
2 _ 2 _ )2 . 2
S (01 (991 02 892) ) (5 O)
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it has only two eigenvalues, 3/4 and zero. These SU(2) generators obey a simple

algebra
= = 1

S S — 5

L)

W =

The helicity, identified with Sg up to a normalizing factor of /3, leads to half-
integer helicity values on the Grassmann-odd components of the (constant)
superfield representing the hypermultiplet.

5.1.4 Solutions of Kostant’s Equation

Consider now Kostant’s equation over SU(3)/SU(2) x U(1) . It is given by
Kb = > AT, =0. (5.22)
a=4,5,6,7

Schwinger’s celebrated representation of SU(2) generators of in terms of
one doublet of harmonic oscillators has been extended to other Lie algebras [77].
The generalization involves several sets of harmonic oscillators, each spanning
the fundamental representations. Thus SU(3) is generated by two sets of triplet
harmonic oscillators, one transforming as a triplet the other as an antitriplet. Its

generators are given by

Tl + ZT2 = 21(92 — 2261 s Tl — ZT2 = 2261 — 21(92 s

and
1
1
Tg = 2\/5(2181 + 2282 - E181 - E282 - 22383 + 22383) ’

where we have defined
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The highest-weight states of each SU(3) representation are holomorphic polynomi-
als of the form

al1—ao
Zl 23 )

where ay, ag are its Dynkin indices: all representations of SU(3) are homogeneous
holomorphic polynomials.
Now expand the Kostant equation (5.22) with the Dirac matrices in terms of

Grassmann variables yields two independent pairs of equations

(Ty +iT5)hy + (Te + iT7)Yy, = 0 (Ty = iT5)thy — (T — iT7)Yy = 0,
and

(T, = iT5)ho — (Ts +T7)hyy = 05 (Ts—iT7)hg + (T) +iT5)e, = 0,
that is

(2105 —Z301 )1y + (75283 —5382)¢2 = 0; (2301 —Z,03)10y — (2302 _5283)¢1 =0,

(2381_5183)¢0_(2283—§382)¢12 = 0; (2382_5283)¢0+(Z183_E381)¢12 = 0.

The homogeneity operators

D = 2181 + 2’282 + 2383 s E = 5181 + 5282 + 5383

commute with J allowing the solutions of Kostant equation to be arranged in
terms of homogeneous polynomials, on which a; is the eigenvalue of D and a, that
of D. The solutions can also be labeled in terms of the SU(2) x U(1) generated by

the operators

Li=T,+S,,i=1,23; Ly=Ti+S5.
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The solutions for each triplet, are easily written for the highest weight states of

each representation,

d = 25" Z? labels [ag] 2a,+ay+s
6
+ 0y 2t 72 labels [a; + ag + 1]a;-ay
6
+ 0102 Z?l 232 s labels [a1]2a2+a1+3 s (523)
6
where [...] are the SU(2) Dynkin labels. All other states are obtained by repeated

action of the lowering operator

Li—ily =10 + (2281 - 5182) ’

0
200,
giving us all the states within each the Euler triplet.

5.2 Supergravity in Eleven Dimensions

The ultimate field theory without gravity is the finite N = 4 Super Yang-
Mills theory in four dimensions. Eleven dimensional N = 1 Supergravity [78], the
ultimate field theory with gravity, is not renormalizable; it does not stand on its
own as a physical theory. However, the eleven-dimensional theory has been recently
revived as the infrared limit of the presumably finite M-theory.

5.2.1 Superalgebra

N = 1 supergravity in eleven dimension is a local field theory that contains
three massless fields, the familiar symmetric second-rank tensor, h,, which repre-

sents gravity, a three-form field A and the Rarita-Schwinger spinor ¥, . From

pvps
its Lagrangian, one can derive the expression for the super Poincaré algebra, which
in the unitary transverse gauge assumes the particularly simple form in terms of

the nine (16 x 16) 7; matrices which form the Clifford algebra

{(v,¥} = 20Y,  ij =1,...,9.



Supersymmetry is generated by the sixteen real supercharges
Qi = Q%"

which satisfy

— =

{Q1,Q) = v2pts®, {9 Q) = %éa”, {Q1.Q") = ()

and transform as Lorentz spinors

M7,Q4) = S(YQu)t,  [MYT,QY = +20%,
) a ) a i ) a
[Mi7Q$] = 0, [Mi7Q$] = iﬁ(’y Qi) :
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ab, i

p,

(5.24)

(5.25)

A very simple representation of the 11-dimensional super-Poincaré generators can

be constructed, in terms of sixteen anticommuting real x’s and their derivatives,

which transform as the spinor of SO(9), as

)

1 D : a
QL = O+ —7=p"X", Qr = —— ('@ ;
MY = 'y —alp’ - %X 770y
_ _ /)
M*™™ = —apt = ox Oy,

M* = —gipt
4 1 i
- B I % — e 1.7
M™ = z7p 2{3:,P}+2p+x”y”y(9x.
The light-cone little group transformations are generated by

l

S —
2

X7 0, ,

which satisfy the SO(9) Lie algebra. To construct its spectrum, we write the

supercharges in terms of eight complex Grassmann variables

g = (Xa+2'Xa+8) ’ 9 = a a+8) ’

1
E(X ix

Sl -

(5.26)
(5.27)
(5.28)

(5.29)
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and

o0 _ 1 (0 0 o0 1 (0 0
00 - \/5 aXa aXa—f—S ’ a@o‘ - \/i axa aXa—f—S ’
where o = 0,1,2,...,7. The eight complex # transform as the (4, 2), and 6 as the

(4, 2) of the SU(4) x SU(2) subgroup of SO(9). The eight complex supercharges

1 0 1
a = — « + Qo8 = —a + — +0a 5 530
T= (@ -iest) = T (531)
V2 NG

satisfy
{Qi’ Qf-T} _ \/§p+5aﬁ )
To reduce the number of the grassmann variables, the usual way is to impose

covariant derivatives as constraints,

0 1
D= — — —pt0° =0 5.32
oLk \/ip ’ ( )

since {D*, Q%} = 0. It follows that 9/90* can be replaced by 1/ V2pT6*, when

acting on the constraint fields depends only on #* . # can also be taken to be zero.

Therefore,
« - Yo+-8 0
Qr —iQ¥ = V2 (5.33)
00~
Q1 +iQ3" = 2pte. (5.34)
This gives,

1 [ Oa+ V20T
Qi =—= , (5.35)
NO0o — p
\/5 (O \/5004 —+
where 0, = 9/06%, and ~;; = [y, 7;]. They act irreducibly on chiral superfields
which are annihilated by the covariant derivatives

o 1 .
—a T T = 804 q) ,9 - O,
(86 \/ip ) (y )
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where

5.2.2 Representations of Grassman Variables

SO(2n+ 1) representation in Dynkin basis[H;, E(;_ ), E()] can be constructed

from its standard form[M;;] [79]. Here

[M;j, M) = i(0iMjs + 050 My — 6 My — 0,1 My) (5.36)
and
Hp = Mo, (5.37)
Eqy = Mar—ion1 + 11y Marongt, (5.38)
Z’ .
Eg—ypy = 577(I+J)(M2171,2J71 +any Mar g1

—iny Mar—125 + nynyMar2r), (5.39)
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Or conversely,

Myr—1or = Hj, (5.40)
Mor_19n+1 = %(E(I) + E_(p), (5.41)
Marons1 = —%U(I)(E(I) —E_)), (5.42)
My 1051 = _%(n(I+J)E(IJ) = Nu+nE-a-p
+nu-nEavry —na-nE-avn); (5.43)
Msroy = _%U(I)U(J) (v nEa—n — narnE-a—
—nu-nEarn +na-nE-a+n), (5.44)
Moy = —%77(1) (Na+nEa-n +narnE-q-n
Fna-nEavn +na-nE-a+), (5.45)
Myr_125 = %W(J) (Nu+nEa—-r +narnE-q-n
—Nu-nEars = nu-nE-rn) (5.46)

where I,J=1,--- nandi=1,--- ,2n+ 1 (n =4) for SO(9).

Consider spinor representation (16) of SO(9),

a),(b { a),(b) __ l

Here (a) represent 16 indices, are labeled by four + or — signs, and —(a) means
that all signs are flipped. They can all be switched to indices 0, ..., 15 through
binary counting. For example, if (a) = (+ + +—) = (0001) = 1, then —(a) =

(— — —+) = (1110) = 14. ys are antisymmetric real matrices. A (16) spinor
representation (5.47) can be naturally expressed in 16 Fermionic oscillators Q, , or

8 complex 6 (5.35),

1 ..
Si=— T A . 5.48
J 4\/§p+ Q+'7 Q+ ( )
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A special choice of 7’s, for the reason which will become clear soon, is

Y1 =03 X 01 X1Xos; Yo =01 X 01 X 03 X 1;
v3 =o03 X1 X 03X o0q; Y4 =01 X 03 X 1 X 071;
v¥5 =03 X 03X o X1 Y6 =01 X 1 X 01 X 03;
Y7 =09 X 09 X 09 X 03; vs =1 X 01 X 07 X 071;
Y9 = —1X 03 X 03 X 03; (5.49)

Now explicit forms of Cartan generators and raising and lowering operators can
be derived from Eqn. (5.48) (Eqn. (5.36) and below). Matrix elements of ;; are
calculated with a C++ program displayed in appendix.

The cartan generators are

Sy = (0 + 00, + 80 — 60— 00, + 6°0; + 60, —070y) (5.50)
S = g (0% — 00, + %0, 1 6°0; + 0%, + 0°0; —0°0, — 07r)  (5.50)
S = (0 + 00, — 20 + 60, + 0%, — 000, + 60, —070y) (5.52)
S = (0 + 00, + 00— 00, + 0%, — 000, — %0+ 070y) . (5.59)

The raising operators corresponding to the simple roots are

5(1,2) == 9386 + 0461, 5(2,3) == 9132 + 0665, S(2+3) - —(9063 + 9784),

1
D306 + V2pT0%07). 5.54
\/ier 306 1% ) ( )

where Si2, S34, Ss6, S(1-2), S(2—3) and S(243) belong to SU(4), S7s and S(4) belong

8(4) - 9067 + 9364 + 9562 + 0661, 5(3_4) == Z(

to SU(2), and S(3_s) mix SU(4) and SU(2) representations. Say3), S(1-2), S(2—3)
correspond to the simple roots of SU(4), Sy corresponds to the simple root of

SU(2), and S(1-2), S(2-3), S(3-1), S(a) correspond to the simple roots of SO(9). Also
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the lowering operators are

S_(1-2) = 0°05 + 60'0,, S_(2-3) = 601 + 6°0s, S_(243) = —(9330 + 9437):

1
V2pt

Please note that each 8% is an eigenstate of the cartan generators Sy, S34, S5 and

S_(ay = 0700 + 0"05 + 0205 + 0" 05, S_(3-a) = i( Oa07 + V2pT0°6%).  (5.55)

S7g. Take the highest state to be #°, then acting the lowering operators on it, #%’s
could be easily identified with the states of (4,2) in SU(4) x SU(2) with dynkin
labels, represented in (aq, ag, asz) X a4, where (a1, as,as) and a4 are dynkin labels for

SU(4) and SU(2) respectively.

0° ~(1,0,0)x 1, 6" ~(1,0,0) x —1, (5.56)
03 ~(—=1,1,0) x 1, 6*~(—=1,1,0) x —1, (5.57)
6% ~(0,-1,1) x 1, 0~ (0,—1,1) x —1, (5.58)
6° ~(0,0,—1) x 1, 6*~(0,0,—1) x —1, (5.59)

Alternatively, we can use the weight space representation for 6, and for the raising

and lowering operators, expressed in eigenvalues of Sia, S34, S56, S7s-

1

0° ~i(ertestestes), 6~ §(€1+€2+€3—€4)a (5.60)
1

0 ~ %(el—eg—eg+e4), 0" ~ 5(61—62—63—64)7 (5.61)
1

6% ~ %(—61 +ey —e3+ey), o ~ 5(—61 + ey —e3 — ea), (5.62)
1

95 ~ %(—61 — €9 + €3 + 64), 02 ~ 5(_61 — ey +e3 — €4>7 (563)
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Sets ~(2,-1,0) x0 ~ (ex+e3), (5.64)
Sa—gy ~(—1,2,—-1) x 0 ~ (e1 —eq), (5.65)
Soosy  ~(0,—1,2) x0  ~ (es—e3), (5.66)

Sy ~(0,0,0)x2  ~ () (5.67)

To calculate the above formulas, first identify §° with the highest weight state,
(1,0,0) x 1 in dynkin labels, i.e. (1,0,0) in SO(6), and 1 in SO(3). since 6° state
has the highest eigenvalues in terms of Sis , S34 , S56 and S7g, then by acting the
lowering operators of SO(6) and SO(3) ,(S_(2+3), S—(1-2), S_(2—3) for SO(6) and
S_ for SO(3)) , other #’s can also be identified with the dynkin labeled states.
Expansion of the superfield in powers of the eight complex 0’s yields 256

components, with the following SU(4) x SU(2) properties

1~  (1,1), (5.68)
0~ (4,2), (5.69)

00  ~ (6,3)@(10,1), (5.70)
000 ~ (20,2)@ (4,4) (5.71)
0000 ~  (15,3)® (1,5) @ (20,1) , (5.72)

and the higher powers yield the conjugate representations by duality. These make

up the three SO(9) representations of N = 1 supergravity
4 = (1,5)9(6,3)® (20,1) @ (1,1) (5.73)

84 = (15,3)®(10,1) @ (10,1)® (6,3) ® (1,1) , (5.74)

128 = (20,2)9(20,2)® (4,4) @ (4,4) & (4,2) B (4,2) , (5.75)
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with the highest weights

44 : 0°0*0*0" = (0,2,0) x0 ~ (20'1) (5.76)
84 . 0% = (2,0,0)x0 ~ (10,1) (5.77)
128 %% = (1,1,0)x1 ~ (20,2), (5.78)

together with their SU(4) x SU(2) properties. All other states are generated by
acting on these highest weight states with the lowering operators. The highest
weight chiral superfield that describes N = 1 supergravity in eleven dimensions is
simply

O = 09" h(y %) + °P0TY(y~,T) + 0°0°0*07 A(y, 1) ,
which summarizes the spectrum of the super-Poincaré algebra in eleven dimensions
of either a free field theory or a free superparticle. All other states are obtained by
applying the SO(9) lowering operators.
5.2.3 F4/S0(9) Oscillator and Differential form Representations

It turns out that all representations of the exceptional group F) are generated

by three (not four [77]) sets of oscillators transforming as 26.

Label each copy of 26 oscillators as Aé“], AR =100, B 4 =

0,---,15, and their hermitian conjugates, and where k = 1,2,3. Under SO(9),
the AE'{] transform as 9, BY transform as 16, and A([)“] is a scalar. They satisfy the

commutation relations of ordinary harmonic oscillators

[A,Efi}’ AE/Q’]T] — 5@] 5[&] ('] : [A([)I{]’ A([);d“-] _ 5[&&'] '

Note that the SO(9) spinor operators satisfy Bose-like commutation relations

(B, BIFIT] = 5, sk

a )



The generators Tj; and T,

4
. Wt gl bt 406 L L e .
k=1
Z. 4
_ ab [ 4Kt plH] (]t 4[s]
T, = _52{(%) (Ai By — By Ai)

satisfy the Fj algebra,

7

[T, T,] = 3 Vij)av Ty
7

|7,,1T,] = 5 Vij)an T

so that the structure constants are given by

1
fijab = Jabij = 5(%]-)(11,.

The last commutator requires the Fierz-derived identity
L i ij i i
10770 X7 x = 30x X0+ 09" x X0,
from which we deduce

35a06db + (/yi)ac (,yi)db . (CL PN b) — (,yij)ab (/yij)cd )

>~ =

79

(5.79)

(5.80)

(5.81)
(5.82)

(5.83)

To satisfy these commutation relations, we have required both Ay and B, to obey

Bose commutation relations (Curiously, if both are anticommuting, the Fj algebra

is still satisfied). One can just as easily use a coordinate representation of the

oscillators by introducing real coordinates x; which transform as transverse space
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vectors, z, as scalars, and y, as space spinors which satisfy Bose commutation rules

A = %(xi +0,). Al= %(xi 0, (5.84)

By = S5+, Bl=—,-0,). (5.85)

Ao = Sl rdy) . A= = 0n). (5.86)
From now on, let us use square brackets |- - -] to represent the dynkin label of F'4,

and round brackets (---) to represent the dynkin label of SO(9), In the weight
spaces of the cartan generators, (eigenvalues of Ts, T34, T56, T7s), the raising

operators correspond to the simple roots of F'4 are

Tio-g ~[2—-100] ~ (ex—e3), (5.87)

Ti—ay ~[—12—20] ~ (e3—e4), (5.88)

Ty ~[0-12-1] ~ (ed), (5.89)

T, = %(n +iTa)  ~[00—12] ~ %(61 Cer—es—e)).  (5.90)

where T(o_3), T(3-4), T(4) are defined by Eqn.(5.39) for SO(9) generators as usual,
and T, represents the F'4 simple root raising operator transform as a spinor under
the SO(9) subgroup, and also 1_, = %(TZL — iT75) will be used to represent the

lowering operator. Also in the same space, the raising operators correspond to the

simple roots of SO(9) are

T(lfg) ~ (2 — 100) ~ (61 — 62), (591)
T(2_3) ~ (—12 — 10) ~ (62 — 63), (592)
T(3_4) ~ (O - 12 — 2) ~ (63 — 64), (593)

Ty ~(00-12) ~ (e). (5.94)
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The weight states are

T 4izs o~ [0001] ~ (1000)  ~ (e1), (5.95)
Ty +izy ~[100 — 1] ~ (=1100) ~ (es), (5.96)
Vot iys  ~[001— 1] ~ (0001) ~ %(61 bestesten), (5.97)
yr + s~ (01— 10] ~ (001 — 1) ~ %(e1 Festes—eq), (5.98)
Yo — iy10 ~ [1 —110] ~ (01 —11) ~ %(61 +ey—e3+ey), (5.99)
vs — iy~ (10— 11] ~ (010 — 1) ~ %(e1 bes—es—ed)s  (5.100)

5.2.4 Solution of Kostant Equation in F'4/S0O(9)

Define Cliford algebra over 16-dimensional coset F'4/50(9),
{r* 1°} = 26°, a,b=0,1,...,15, (5.101)
generated by (256 x 256) matrices. The Kostant equation is defined as
16
Ko = ) I7°0 =0, (5.102)
a=1
where T, are F; generators not in SO(9), with commutation relations
[T, T°] = qfobdTi (5.103)

Although it is taken over a compact manifold, it has non-trivial solutions. To see

this, we rewrite its square as the difference of positive definite quantities,

KK = Cf, —C@O(Q) + 72, (5.104)
where
|
Cp, = =T9T7+T1°T°, (5.105)

2
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is the F quadratic Casimir operator, and

1 . o~ 2
Cg’O(Q) — 5 <sz_ifaszrab) ’ (5106)

is the quadratic Casimir for the sum
LY = TY + 8% (5.107)

where

Sii = —%(%j)“brarb , (5.108)

is SO(9) generator (5.48), which acts on the supergravity fields. The quadratic

Casimir on the spinor representation is

1 .. .

3 S ST = T2, (5.109)
Kostant’s operator commutes with the sum of the generators,

(K, L7] = 0, (5.110)

allowing its solutions to be labeled by SO(9) quantum numbers.

Since the little group generators S;; act on a 256-dimensional space, they can
be expressed in terms of sixteen (256 x 256) matrices, I'*, which satisfy the Dirac
algebra

{T°, T} = 20 .
This leads to an elegant representation of the SO(9) generators
Gij — _E(/yij)ab rert = _ ffijabra e
4 2
, which can be identified with Eqn. (5.48), considering the replacement

V2

ot

'

Qa - (5.111)
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The coefficients

1 ..
_(,ylj)ab 7

ijab _—
/ 2

naturally appear in the commutator between the generators of SO(9) and any

1 a
spinor operator 1%, as

[Tij,Ta] — ("}/Z]T)a — ifijabTb.

N | .

But there is more to it, the (7%)% can also be viewed as structure constants of
a Lie algebra. Manifestly antisymmetric under a < b, they can appear in the

commutator of two spinors into the SO(9) generators

[T°, Tb] _ %(,yij)ab T — fabij T
and one easily checks that they satisfy the Jacobi identities. Remarkably, the 52
operators 7% and T* generate the exceptional Lie algebra Fj, showing explicitly
how an exceptional Lie algebra appears in the light-cone formulation of supergrav-
ity in eleven dimensions.

For Kostant solution ¥ = 0(0) f(z,y)
rerew = (Ie0)) (T f(x,y)) =0, (5.112)

Therefore

r°e(0) =0, T°f(z,y) = 0. (5.113)
since [L;;, T = 0, ©(0) and f(x,y) are both the highest weight states of the
SO(9) algebra, S;; and T;;, and

Si;00) =T, f(x,y) =0 (5.114)

To find the solution for the Kostant eqn., we have to choose the specific
representation, (5.101) and (5.79),(5.80), for the generators, and therefore the

solution is formed by the states of this representation.
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Let us first show some useful relations based on the Dynkin diagram of 26 in
F4, shown at the end of the chapter, where the numbers 1,2, 3,4 near the arrow
represent the lowering operators T (o_3), T (3_4), T_(4), T, respectively. Using the
explicit formula, Eqn.(5.79), (5.80), (5.39) and (5.90), for those lowering operators,

the calculation shows,

Top(wr+izs) = o ()" +i(02)" —i(3)™ + (12)™) v = i(yo + iys),
. . 1 a0 . - B . a “ . .
T_(wi(yo +iys) = 5 ((779) O+ i(v29)™ +i(789)™ — (789) 8) Yo = (Y7 + iy15)
N N /I/ a N a N a a
T 3-ayi(yr +iy15) = 1 ((757) T+ i(y57) ™ = i(67) " + (y67) "+

i(758) " = (v58) ™" 4 (68) ™ + 1(Y68) ™) Ya = Y2 — W10

1

T7(4) (92 - iym) = —5 ((779)(12 - i(779)a10 - i('789)a2 - (789)”10) Yo = —(?JE) - iy13)

Ty (—ys +ivis) = = ((0)* —i(3)*"? —i(3)"™° — (7)) 2 = i(ws + izy)

DN | .

where we keep the coefficient of the states for the later antisymmetric construction
of the highest weights.
To verify the solutions for the Kostant equation, we need to identify the

generators,

T, + Ty = \/§Tm Ty — Ty = \/§T—m

T3 +iTy = \/§[T(4),Tn], T3 — il = _\/i[T—(4)7T—77]'
and also from eqn. (5.101), Kostant operator can be rewrite as,
UoT, =1 [00(To + iToss) — 0% (To — iTois)] - (5.115)

The above explicit form shows that Kostant operators are just composed of
raising and lowering operators constructed by 7,. Since we only need to verify the
highest weight solutions, only the lowering operators are needed to be taken into

consideration. Explicit calculation shows that when acting the Kostant operator
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on the highest weight solution, most of the terms will vanish due to 9, and %, and

only few lowering operators (%(Tg —iTy) , %(TZL —iT12)) need to be considered.
The solutions of kostant’s equation form SO(9) triplets. For every repre-

sentation of F'4, in dynkin label, a1, as, as, a4, there is a SO(9) triplet solution

associated [72],
(2+as+az+ay, a1, az, az)®B(az, a1, 1+as+as, as)®(1+as+as, a1, az, 1+as+aq) (5.116)

Now let us parameterize the I'* by 6% and T* by z,y, with Eqn.(5.101)
and (5.79). Kostant equation I'*7*® = 0 will have the solution in the form
(0,z,y) =O(0)f(2,y).

The solution in the first level is when a; = ay = a3 = a4 = 0, (2000) & (0010) &
(1001) or (44) & (84) @ (128). The highest weight solution is #°63667, 0°07 and
0°630" found before.

To find solutions in the higher level, notice two things,

1. The solutions are in the form of ©(0) f(x,y), where ©(0) = 0°630'07, 6°07 or
0°0%07. ©(0) and f(x,y) are both the highest weights of the SO(9) subgroup
formed by generators, L;; = S;; + T;;, equ(5.2.4) and (5.79).

2. For the fundamental representation of F'4(in dynkin label, ay,...,ay are all
zero except one a; = 1), suppose the associated solution is ©(0) f(x,y), then
f(z,y) will be formed by the states of the F'4 fundamental representation.
Further more, since T;; representations are homogeneous polynomial of z and
y, ©(0)f(z,y)" is the solution for higher level(a; > 1).

Using the generalized form of the triplet solutions(5.116), the highest weight
solutions correspond to each fundamental representation of F'4 are constructed as
follows:

l.ag=ay=a3=0,a4 =1
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F4 states are k = 1 copy of 26 states. The highest weight solutions are

0°030*0" (z, + ixs), (5.117)
007 (yo + iys), (5.118)
0°0%07 (yo + iys), (5.119)

where (x; + izy) and (yo + iys) are the highest weight states of SO(9)
representations (1000) and (0001) respectively, and they are also the states
belong to the 26 of F'4. Direct counting of the Dynkin label shows the above
solution is consistent with the general form (5.116). To verify the solution,
one need to use the properties of lowering simple root generators to traverse

through weight states,

L, T, (0°0°0*07 (21 + ixs))

= i (0a(To + iToss) — 0%(Tn — iTnys)) (0°0°0°07 (21 + izs)) = 0(5.120)

LT, (6°07 (yo + iys))
= —i (0*(T3 — iTu1) + 01 (Ty — iT32)) (6°07 (yo + iys))

= i (93(—@ (T4, To) + 94\/§T,n) (0907 (yo + is)) = 0 .(5.121)

.ap=a3=as4=0,a; =1

F4 states are represented by antisymmetric products of kK = 2 copies of 26
states. From the general form of the solution, (5.116), we need to represent
the SO(9) highest weight state (0100) of 36 by the antisymmetric products
of the two copies of 26 of F'4. This state is also the highest weight state

of 52 of F'4. Since (26 x 26), = 52 + 273, To form this state, use the
sixth highest weight states of 26, antisymmetrize the first and the sixth,

the second and the fourth, the third and the fourth, then choose proper
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coefficients to combine them. This highest weight state of SO(9) is found is
to be ([z1 + iwe, w3 + ixa] + [yo + Ys, s — iy13] + [y7 + 15, Y2 — iyo)). 1t is
annihilated by all the simple roots raising operators of SO(9) and F'4. The

highest weight solutions are

90939497([x1 +ixg, 3 + 4] + [Yo + 1ys, Y5 — W) + (Y7 + s, Y2 — ii0)),
9097([951 + 9, 3 + ix4) + [Yo + 1Ys, Y5 — W3] + (Y7 + Y15, Y2 — iWi0)),
‘909397([951 + 9, 3 + i%4) + [Yo + 1Ys, Y5 — W) + (Y7 + Y15, Y2 — ii0)),

(5.122)

where ([z) + iz, 3 + i24] + [yo + 1Ys, Y5 — iy13] + [y7 + Y15, Y2 — Y10]) is
the highest weight of the SO(9) representation (0100), and here we denote
[a,b] = aMbl) — aPIpl | antisymmetric product of 2 copies of a and b states.

The verification of this solution is similar to the previous case. For example,

LaTh (9097([951 + iy, 3 + ir4] + [yo + iYs, ys — W3] + [Yr + ivis, Y2 — iylo])
= —i(6*(T3 — iTyy) + 01Ty — iTy2))
(0°07([x1 + ia, w3 + ima] + [yo + iys, Y5 — iW1s] + [y7 + @15, Y2 — %10
S (93(—\/5) [T ). T_y] + 94\/§T,n)
(60°07 ([21 + w2, w3 + iwa] + [yo + ys, Y5 — i3] + [Y7 + 115, Y2 — iy10))
= <—\/§030007([i(y7 Vs, @3+ i2a] + [yr + iy1s, —i(zs + i24)])

V2046007 ([i(yo + iys), 23 + iz4] + [yo + iys, —i(z3 + m)])) : (5.123)

3. a1=ay=a4=0,a3=1
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F4 states, (273), are also represented by antisymmetric products of k = 2

copies of 26 states. The highest weight solutions are

90939497[$1 + i.TQ, Yo + iyg], (5124)
0°07[yo + iys, y7 + i3], (5.125)
909397[33'1 + il’g, Yo + iyg], (5126)

where [x1 + 129, yo + tys] and [yo + iys, Y7 + iy15] are the highest weights of the
SO(9) representations (1001) C (16 x9) and (0010) C (16 x 16), respectively.
[x1 + 29, Yo + iys] is also the highest weight of 273 of F'4.
.ar=az3=a4=0,a0=1

F4 representation (1274) can be represented by Kronecker products of

k = 3 copies of 26 states. The highest weight state is simply the total
antisymmetrization of the highest three states in 26. The highest weight

solutions are

90939497[33'1 + il’g, Yo + iyg, Y7 + iy15], (5127)
9097[$1 + i.TQ, Yo + iyg, Y7 + iy15], (5128)
0°0307 [y + ixa, yo + 1ys, Y7 + iy15), (5.129)

where [x1 + iza, yo + iys, Y7 + iy15) is the highest weight of the SO(9)
representation 1010, and [a, b, ¢] is the antisymmetric products of 3 copies of

a,b and c states. It is also the highest weight state of 1274 of F4.



CHAPTER 6
SUMMARY

This dissertation includes two loosely connected parts. The main focus is
quantum aspects of NC field theories, including both perturbative and nonper-
turbative structures. In particular, perturbative behavior of NC supersymmetric
Wess-Zumino model is discussed in detail. It is shown that NCWZ model has
only wave function renormalization and UV finite as its commutative analog. It
is suggested supersymmetric invariance of NCWZ model again leads to cancela-
tion which renders mass and vertex corrections UV finite. UV/IR mixing terms,
as a result of phase factors induced in the vertex, generally exist in all quantum
perturbation calculations. NC solitons, nonperturbative structure in NC field
theory, are interpreted as low energy manifestation of lower dimensional D-branes
in string theory. Through quantization of NC solitons, corrections to the energy
are calculated in detail. Energy of NC GMS solitons is found to be UV finite, and
also includes UV/IR mixing terms, which need not be surprising considering their
general existence in perturbation theory. UV/IR mixing terms in perturbative
theory are suggested as results of particles traveling in extra dimensions, which
in the context of string theory, are interpreted as low energy closed string modes
dual to high energy open string modes living on the brane. Existence of UV/IR
mixing terms in NC soliton energy suggests these modes also interact with lower
dimensional D-branes. Properties of NC scalar solitons already make the UV/IR
terms an intriguing subject. Some NC solitons (GMS solitons) exist only at large
enough 6, and quantum corrections of which do not include UV/IR terms near
infinite # limit. There are many questions ready to be answered. How do UV/IR

terms affect the stability of NC solitons? Is there any interpretation from string
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theory that such terms, which reveal the structure of string diagrams, cease to exist
at very large 87 What new insight can those UV/IR terms give with regard to the
interaction between D-brane and closed strings?

SuperPoincaré symmetry is considered as basic space-time symmetry of fun-
damental theory. NC field theories, as low energy limit of string theory, explicitly
violate Lorentz symmetry. Thus it becomes important to understand the space-
time symmetries on which NC field theories are constructed. A representation of
deformed superPoincaré algebra is obtained and commutation relations are cal-
culated in an intuitive way. Preservative of supersymmetry supports the attempt
to construct supersymmetric NC field theory directly from supersymmetric gen-
eralization of NC space. The presence of the B field on the boundary of D-brane
enables decoupling of low energy modes of string theory in certain limit, but also
yields noncommutativity explicitly broken Lorentz symmetry. If field theories are
fundamentally NC, there will be a very small upper bound of the NC parameter,
since in our space field theory seems to be Lorentz invariant in high precision. An
alternative explanation is to take into consideration the existence of a B field.
Indeed covariance of the theory is easily justified if the NC parameters are taken
to be 0", where the indices transform accordingly under Lorentz rotation. Sym-
metry, nonlocality, causality and unitarity will continue to be important issues in
identifying NC field theories as realistic theories.

Solution of Kostant equation, as well as supersymmetry algebra representation
in 11 dimension, is considered as an attempt to construct zero slope limits of
string theory, if we believe they obey superPoincaré symmetry and reduce to 11
dimension supergravity in low energy limit. The appearance of an infinite tower of
triplets is interesting and expected but construction of Lagrangian and interactions

for those multiplets still needs further work.



APPENDIX
COMPUTER CODE

This program is designed to output matrix elements of " and v (5.49).
//Define a complex number class and a sigma class,

//and a gamma class and a F_bar class.

#include<iostream>

using namespace std;

#ifdef _MSC_VER
class F_bar;
ostream& operator <<(ostream &, const F_bar &);

#endif

#ifdef _MSC_VER
class sComplex;
ostream& operator <<(ostream &, const sComplex &);

#endif

//define a class sComplex which represents the complex numbers either
//imaginary or real.

class sComplex

{

public:

int value;
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bool real;

sComplex(){}

sComplex (int);

sComplex(int,bool);

sComplex operator+(sComplex) ;

sComplex operator*(sComplex) ;

friend ostream& operator <<(ostream &, const sComplex &) ;

+;

//define a Sigma class to represent Dirac Sigma matrices or the

//unit matrix.

class Sigma

{

public:

int index;

sComplex sign;
sComplex ele[2][2];
Sigma(){}
Sigma(int);
Sigma(int,sComplex) ;
// ~Sigma();

Sigma operator*(Sigma);

protected:
void SigmalInit(int);

void EleInit(sComplex a[2][2]);
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//define a Gamma class for gamma matrix, which includes an overall
//sign and 4 sigma matrices. Mathematically it is the direct

//product of four sigma matrices.

class Gamma

{

public:

Sigma ele[4];

sComplex sign;

Gamma () {}

Gamma (sComplex,int,int,int,int);
Gamma operator*(Gamma&) ;

+;

//a function returns the antisymmetry or symmetry property of

//sigma matrices.

bool transSigma(Sigma& a)

{

if (a.index==0 || a.index==3 || a.index==1) return true;
if (a.index==2) return false;

return true;

}



//a function returns the antisymmetry or symmetry property of

//gamma matrices.

bool transGamma(Gamma& a)

{

bool y=true;

for (int i=0;i<4;i++)

{

if (y==true) y=transSigma(a.elel[i]);
else y=!transSigma(a.ele[i]);

}

return y;

}

//operator== overloading for gamma matrices

bool operator==(Gamma& a,Gamma& b)

{

for (int i=0;i<4;i++)

{

if (a.elel[i] .index!=b.ele[i] .index) return false;
}

return true;

¥

//output gamma matrices as the direct product of 4 sigma matrices.

ostream& operator <<(ostream& cout, const Gamma& gamma)

{
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cout<<gamma.sign,

for (int i=0;i<4;i++)

{
cout<<gamma.ele[i].index<<"*";

3

return cout;

3

//F_bar class is a (16,16) array holding the elements of the

//16 times 16 dimension matrix, constructed by multiplication of

//2 gamma matrices. These elements are the structure functions of F4.
class F_bar

{

public:

sComplex ele[16] [16];

F_bar (){}

F_bar (Gamma,Gamma) ;

friend ostream& operator <<(ostream &, const F_bar &);

+;

//F_bar.cpp define the classes and overload operators

#include "F_bar.h" //Source file for class definition.
#include<iostream>
//#include<complex>

using namespace std;



//sComplex class constructor with an integer.
sComplex: :sComplex(int value)

{

this->value=value;

this->real=true;

}

//sComplex class constructor with an integer and a boolean for real

//or imaginary

sComplex: :sComplex(int value,bool real)
{

this->value=value;

this->real=real;

3

//operator+ overloading for the sComplex class

sComplex sComplex::operator+(sComplex a)

{
if (this->real && a.real) return sComplex(this->value+a.value);
else if (this->real || a.real) cout<<"mistake";

else return sComplex(this->value+a.value,false);

//operator* overloading for the sComplex class. sComplex
//objects will multiply each other like complex numbers

sComplex sComplex::operator*(sComplex x)
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{

int val=this->value*x.value;

if (this->real==true)

{

if (x.real==true) return sComplex(val);

else if (x.real==false) return sComplex(val,false);
}

else if (this->real==false)

{

if (x.real==true) return sComplex(val,false);

else if (x.real==false) return sComplex(-val,true);
}

}

//output sComplex objects like complex numbers.

ostream& operator<<(ostream& cout,const sComplex& x)

{

if (x.real==true || x.value==0) cout<<x.value;

else if (x.real==false && x.value!=0) cout<<x.value<<"i";

return cout;

}

//define two sComplex objects(imaginary i and -i) used later
sComplex ai=sComplex(1,false);

sComplex mAi=sComplex(-1,false);
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//Sigma class constructor with index. The constructed Sigma

//objects will be Dirac sigma matrices, and the unit matrix.

Sigma::Sigma(int index)
{
SigmaInit(index);

this->sign=sComplex (1) ;

//Enable the Sigma objects to have complex coefficients.
Sigma::Sigma(int index,sComplex sign)

{

SigmaInit(index) ;

this->sign=sign;

3

void Sigma::Sigmalnit(int index)
{

this->index=index;

if (index==0)

{

sComplex a[2] [2]={{1,0},{0,1}};
EleInit(a);

}

else if (index==1)

{

sComplex al[2] [2]={{0,1},{1,0}};
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EleInit(a);

}

else if (index==2)

{

sComplex a[2][2]={{0,mAi},{ai,0}};
EleInit(a);

}

else if (index==3)

{

sComplex al[2][2]={{1,0},{0,-1}};
ElelInit(a);

}

}

void Sigma::EleInit(sComplex a[2][2])
{

for (int i=0;i<2;i++)

{

for (int j=0;3<2;j++)

{

ele[il [j]=alil [§];

}

}

}
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/*Sigma: :~Sigma()

{

for (int i=0;i<2;i++)
delete[] (elelil);

I/

//operator* overloading for Sigma objects, which multiply
//each other like Dirac sigma matrices

Sigma Sigma::operator*(Sigma x)

{

sComplex thisSign=this->sign*x.sign;

if (this->index==0) return Sigma(x.index,thisSign);
if (x.index==0) return Sigma(this->index,thisSign);
if (this->index==1)

{

if (x.index==1) return Sigma(0,thisSign);

if (x.index==2) return Sigma(3,ai*thisSign);

if (x.index==3) return Sigma(2,mAixthisSign);

}

if (this->index==2)

{

if (x.index==1) return Sigma(3,mAixthisSign);

if (x.index==2) return Sigma(0,thisSign);

if (x.index==3) return Sigma(1l,ai*thisSign);

}

if (this->index==3)



if (x.index==1) return Sigma(2,ai*thisSign);
if (x.index==2) return Sigma(1l,mAixthisSign);
if (x.index==3) return Sigma(0,thisSign);

}

}

//define Dirac sigma matrices and the unit matrics.
Sigma sigma_0=Sigma(0);
Sigma sigma_1=Sigma(1);
Sigma sigma_2=Sigma(2);

Sigma sigma_3=Sigma(3);

//each gamma matrix is constructed by 4 sigma matrices and a sign.

//mathematically it is the direct product of the 4 sigma matrices.

Gamma: : Gamma (sComplex sign,int a,int b,int c,int d)
{

this->sign=sign;

ele[0]=a;

ele[1]=b;

ele[2]=c;

ele[3]=4d;

3

//operator* overloading for the gamma matrices
Gamma Gamma::operator*(Gamma& x)
{

Sigma al4];
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for (int i=0;i<4;i++)
{
ali]l=this->ele[i]l*x.ele[i];

3

sComplex thisSign=this->sign*x.sign;

for (int j=0;j<4;j++)

{

thisSign=thisSign*(al[j].sign);

}

return Gamma(thisSign,a[0].index,a[1].index,a[2].index,
a[3] .index);

}

//calculate the matrix elements of the muliplication of 2 gamma
//matrices, and put them in the (16,16) array inside F_bar object.
F_bar::F_bar(Gamma x,Gamma y)
{
Gamma z=x*y;
for (int i1=0;i1<2;il1++)
{

for (int i2=0;i2<2;i2++)

for (int i3=0;i3<2;i3++)
{

for (int i4=0;i4<2;id++)
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for (int j1=0;j1<2;j1++)
{

for (int j2=0;j2<2;j2++)

for (int j3=0;3j3<2;j3++)
{

for (int j4=0;j4<2;j4++)

ele[i1#8+i2%4+13*%2+i4*1] [j1%8+j2*%4+j3%2+j4*1]=
z.sign*z.ele[0] .ele[i1] [j1]*z.ele[1] .ele[i2] [j2]*

z.ele[2] .ele[i3] [j3]*z.ele[3] .ele[i4] [j4];

+

}
}

+
}

+
}

}
}

//output each nonzero element in the F_bar array.

ostream& operator <<(ostream & cout, const F_bar & f_bar)

{

/*offdiagonal elements,half of the matrix elements*/

for (int a=0;a<16;a++)
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{

for (int b=a+1;b<16;b++)

{

if (f_bar.elela][b].value!=0)
{

Cout<<a.<<“ R I|<<b<<l| n
cout<<f_bar.elela] [b];

cout<<endl;

/*diagonal elements*/

for ( a=0;a<16;a++)

{

{

if (f_bar.elela][a].value!=0)
{

cout<<a<<'",'<<a<<" ®
cout<<f_bar.elela] [a];

cout<<endl;

return cout;
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/*The purpose of this program is to calculate the structure functions
for the Exceptional Lie algebra F4. F4 has 36 generators forming a
subalgebra S0(9), and 16 generators transforming in a spinor
representation of the S0(9). The spinor representation of the S0(9)
is well known to be constructed by 9 gamma matrices. This program
will output all the nonzero matrix elements of the spinor

representation, given the input of the gamma matrices. */

//#include "F_bar.h"

#include "F_bar.cpp" //include class files.

int main()

{
Gamma* gamma=new Gammal[10]; //initialize
gamma [0] =Gamma (1,0,0,0,0) ; //a unit matrix for special purpose

gamma [9] =Gamma (-1,0,3,3,3); //construct 9 gamma matrices
gamma [1]=Gamma (1,3,1,0,3);
gamma [2]=Gamma(1,1,1,3,0);
gamma [3]=Gamma(1,3,0,3,1);
gamma [4]=Gamma(1,1,3,0,1);
gamma [5]=Gamma(1,3,3,1,0);
gamma [6]=Gamma(1,1,0,1,3);
gamma [7]=Gamma(1,2,2,2,2);

gamma [8] =Gamma (1,0,1,1,1);
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//output the F_bar objects for each i,j. The output is the nonzero elements

//of the matrix elements.

for (int i=1;i<10;i++)

{

for (int j=i+1;j<10;j++)
{
cout<<i<<","<<j<<"\n\n";

cout<<F_bar (gamma[i] ,gammal[j])<<endl;

}
}
return O;

}
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The dream all came true when he was accepted by the Physics Department
ath the University of Florida in fall 1996. He started to enjoy everything, from the
lectures by the best professors to fantastic football and NBA by the best players.
The freedom in the USA always brought a variety of choices, and he was not really
sure which to choose. After some tries, he finally settled to study with Prof. Pierre
Ramond on high energy theory partly because he had always dreamed of being a
pure theoretical physicist.

Since then for him it has been another life-changing 4 years. Xiao-Zhen had
met a lot of frustrations from academic research to personal emotions. He was
very fortunate to have Pierre as his advisor, from whom he learned the essence of
research progress, as well as mentally being ready for the challenges. His research
area has covered superPoincaré algebra and noncommutative field theories and
solitons, from which he published 4 papers. He has also taught hundreds of
students in the physics lab. By the time of his graduation, he would say he had
mastered the ability of learning and research and established confidence to deal
with the challenges in any theoretical science area.

After his graduation, he hopes to switch to a research area which has more

practical applications. Currently he is switching to the computational biology area,
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and hopefully in this area he can exploit his theoretical background and research

ability.



