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This dissertation presents perturbative and nonperturbative aspects of

noncommutative (NC) field theories, as well as superalgebras in NC field theory

and higher dimensional theories. In particular, the perturbative structures of

the NC Wess-Zumino model are investigated in detail, as well as the deformed

superalgebra relations of the model. NC solitons in scalar field theory are quantized

and quantum corrections to the energy are calculated, where UV-IR divergences

are found similar to those in the perturbative theory. Kostant equations in higher

dimensions are constructed with differential form representations, in which the

solutions are also expressed.
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CHAPTER 1
INTRODUCTION

This dissertation is based on the following papers on noncommutative(NC)

field theory and superalgebra [1–4].

The dissertation research focuses on the quantum behavior of NC field theory,

including renormalization of the perturbative and nonperturbative structures in the

theory. The chapters are organized as follows.

Following an introduction to NC geometry as certain limit of string theory in

the beginning chapter, chapter 2 and 3 cover the work on NC perturbative field

theory [1]. In chapter 2, we discuss the perturbative dynamics of NC field theory.

Renormalization of the Wess-Zumino model is studied in detail. In chapter 3, a

slightly digressed topic, the deformed superPoincaré algebra in NC field theory,

is discussed. The representation of the conserved generators is also useful for the

soliton theory later.

There are comprehensive discussions in literature about NC solitons and their

interpretations as D-branes in NC scalar or gauge field theories [5, 6]. However,

quantization of NC solitons has only been discussed in limited places [7, 8], where

only large NC limit or 1/θ corrections are considered. An important feature of

NC field theories, UV/IR mixing, is omitted in the large NC limit. Chapter 4 is

dedicated to quantization of NC solitons in the small enough θ limit. In particular

quantization of NC Q-ball solitons is discussed in detail. Quantum corrections

to the soliton energy are then calculated and UV/IR mixing structures similar to

those in perturbation theory are recovered. Energy of NC GMS solitons is found to

be UV renormalizable at one-loop with UV/IR terms included in the corrections.
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The structure is suggested as the consequence of interactions between D-branes and

strings, which could be a future direction to pursue.

Chapter 5 summarizes the work [4] on 11 dimensional superPoincaré algebra,

where an alternative representation of the solutions of Kostant equations in

coset space F4/SO(9) is given. The final chapter summarizes the results in this

dissertation and discusses future research directions.

Recently there has been a revival of interest in the study of noncommutative

(NC) geometry, due to the discovery that NC field theory appears to be certain

limit of the effective action of the open string modes living on branes [9, 10]. NC

geometry has been formulated in strict mathematical fashion [11]. The idea can

be captured as follows: On commutative manifold M there exists an algebra

A = C∞(M) of commutative smooth functions, with the product being function

multiplication. NC algebra is a deformation of commutative algebra with deformed

product, or more specifically, star product for the concerns of this dissertation,

f � g(x) ≡ exp(
i

2
θij ∂

∂ix

∂

∂jy
)f(x)g(y)

∣∣∣∣
x=y

, (1.1)

where θij = −θji is a non-degenerate constant antisymmetric matrix. NC geometry

is then defined in terms of NC generalizations of the algebraic constructs defined in

the ordinary commutative geometry.

The motivation for studying NC geometry has been manyfold. The idea can

come from the fundamental principle of quantum mechanics, where the phase

variables, position and momentum do not commute. One can just conjecture that

the positions themselves might not commute, leading to

[xi, xj ] = iθij , (1.2)

where θij is an antisymmetric parameter measuring noncommutativity.
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Quantum field theory can be well formulated with NC geometry concept,

called NC field theories. One simple reason to investigate NC field theory is that

noncommutativity would introduce phase factors that could better regularize

ultraviolet (UV) divergence present in ordinary field theories. However, as we will

see, often part of UV divergence associated with planar diagrams are still present

and other UV divergences associated with nonplanar diagrams become UV/IR

divergence, which still needs further interpretation.

Another motivation is from the uncertainty principle in quantum gravity,

where position is not expected to be measured accurately at the Planck scale.

People also believe quantum gravity should be nonlocal in general. One expects

by investigating NC field theory as nonlocal theory that a better understanding of

nonlocality can be achieved conceptually and practically.

String theory actually provides stronger motivation for studying NC field

theory. Yang-Mills theory is proved to arise in a natural limit in the context of

the matrix model of M-theory [9, 12, 13], with the noncommutativity arising from

the expectation value of a background field. NC geometry has also been used as

a framework for open string field theory [14]. Later Seiberg and Witten studied

open strings in the presence of a constant Neveu-Schwarz B field nonzero on the

Dp-brane [10]. In the zero slope limit (α′ → 0), NC geometry arises as a limit of

string theory. The effective action of the open string modes on the brane becomes

NC field theory due to the presence of B field. The same paper actually shows the

equivalence between NC Yang-Mills theory and ordinary Yang-Mills theory.

NC field theory has also appeared naturally in condensed matter theory. A

simple example has been shown [15] in which noncommutativity arises when the

theory of electrons moving in a magnetic field is kept in the lowest Landau level

in certain limit. The idea is generalized in the theory of the quantum Hall effect

[16]. Basically an observable algebra, which is well defined in periodic case, can be
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generalized to non-periodical background (presence of magnetic field) and actually

becomes a NC manifold called NC Brillouin zone.

Despite the reasons above, experimental support for NC field theory as

realistic low energy theory is limited, due to nonlocality and violation of Lorentz

symmetry introduced by uncertainty relations between the coordinates. An upper

bound of NC parameter, (10Tev)−2, is obtained in the Lorentz violating extension

of standard model [17].

In this dissertation we mainly consider NC field theory from string theory

perspective. In the following we briefly illustrate the idea [10, 15] that NC Yang-

Mills theory arises from certain limit of open string theory.

The worldsheet action for an open string with nonzero B field on Dp-brane

boundary in the Euclidean signature is

S =
1

4πα′

∫
Σ

gij∂ax
i∂axj − i

2

∫
∂Σ

Bijx
i∂tx

j , (1.3)

where ∂t is a tangential derivative along the worldsheet boundary ∂Σ. For xi along

the brane, we have the equation of motion at the boundary ∂Σ,

gij∂nx
j + 2πiα′Bij∂tx

j |∂Σ = 0 . (1.4)

The above boundary conditions actually interpolate from Neumann boundary

conditions (B = 0) to Dirichlet boundary conditions (B → ∞ or gij → 0). With a

special boundary condition when the world sheet is a disc conformally mapped to

upper half plane, the propagator becomes [18–20]

〈xi(z)xj(z)〉 = −α′[gij ln |z−z′|−gij ln |z−z̄′|+Gij ln |z−z̄′|2+ 1

2πα′ θ
ij ln

z − z̄′
z̄ − z′ +D

ij .

(1.5)
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where

Gij =

(
1

g + 2πα′B

)ij

S

=

(
1

g + 2πα′B
g

1

g − 2πα′B

)ij

, (1.6)

Gij = gij − (2πα′)2(Bg−1B)ij , (1.7)

θij = 2πα′
(

1

g + 2πα′B

)ij

A

= −(2πα′)2

(
1

g + 2πα′B
B

1

g − 2πα′B

)
. (1.8)

The propagator of open string vertex operators inserted on the boundary of Σ is

〈xi(τ)xj(τ ′)〉 = −α′Gij ln(τ − τ ′)2 +
i

2
θijε(τ − τ ′) , (1.9)

where Gij , the coefficient that determines the anomalous dimensions of open string

vertex operators, is referred to as open string metric.

To focus on the low energy behavior while decoupling the string behavior, take

the zero slope limit (α′ → 0) of the open string system,

α′ ∼ ε
1
2 → 0 , gij ∼ ε→ 0 , (1.10)

where i, j refer to the directions along the brane. Then G and θ become

Gij =

 −
1

(2πα′)2 (
1
B
g 1

B
)ij for i, j along the brane

gij otherwise
(1.11)

Gij =

 −(2πα′)2(Bg−1B)ij for i, j along the brane

gij otherwise
(1.12)

θij =


(

1
B

)ij
for i, j along the brane

0 otherwise
(1.13)

In this limit, the action has only the topological term,

− i
2

∫
∂Σ

Bijx
i∂tx

j , (1.14)
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and the propagator (1.9) becomes

〈xi(τ)xj(τ ′)〉 =
i

2
θijε(τ − τ ′) . (1.15)

Interpreting τ as time, NC geometry arises by evaluating the commutator,

[xi(τ) , xj(τ)] = T (xi(τ)xj(τ−)− xi(τ)xj(τ+)) = iθij . (1.16)

With the above equation, one can then argue that for general operator products

O(τ)O′(τ ′) , the leading terms would be independent of τ − τ ′ for τ → τ ′ , and

would have to give star products (1.1) of operators, because of the associativity and

translation invariance. Explicitly, normal ordered operators satisfy

: eipixi(τ) :: eiqixi(0) := e−
i
2
θijpiqjε(τ) : eipx(τ)+iqx(0) : , (1.17)

or more generally,

: f(x(τ)) :: g(x(0)) :=: e
i
2
ε(τ)θij ∂

∂xi(τ)
∂

∂xj(0) f(x(τ))g(x(0)) : , (1.18)

where the right hand side is exactly the star product (1.1) of the functions on the

NC space.

Through the general procedure for reduction of open string field theory with

nonzero B field along the brane [10], taking α′ → 0 and keeping G and the effective

open string coupling Gs fixed, it is suggested that the effective action is gauge

invariant NC Yang-Mills theory with field F̂ ,

L(F̂ ) =
c

Gs

√
det(G+ 2πα′(F̂ + Φ)) . (1.19)

where c = Tp/gs is independent of gs and Tp is the Dp-brane tension for B = 0. In

this form θ appears only in the star product affected only by B, and certain degrees
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of freedom exist in the choice of the parameter Φ, which is given by

1

G+ 2πα′Φ
= − θ

2πα′ +
1

g + 2πα′B
. (1.20)

To determine the effective open string coupling Gs, take F̂ = 0 to find the constant

term,

L(F̂ = 0) =
c

Gs

√
det(G+ 2πα′Φ) . (1.21)

Also for the Dirac-Born-Infeld Lagrangian (see [21] for a review) for slowing varying

fields,

LDBI =
c

gs

√
det(g + 2πα′(F +B)) , (1.22)

take F = 0,

L(F = 0) =
c

gs

√
det(g + 2πα′B) . (1.23)

The equivalence of the above two terms gives

Gs = gs

(
det(G+ 2πα′Φ)

det(g + 2πα′B)

) 1
2

. (1.24)



CHAPTER 2
NONCOMMUTATIVE PERTURBATIVE DYNAMICS

NC field theory, after quantization, shows different ultraviolet structures

from the ordinary field theory [22]. Basically noncommutativity introduces phase

factors in the vertices, which in the loop integration become convergent factors

that regularize the UV divergence. However, some UV divergences are still left,

and additional UV/IR divergences are introduced. The intriguing UV/IR mixing

terms can be reproduced by integrating out some new light degrees of freedom with

special propagators and interactions. These new light degrees of freedom can be

interpreted as closed string modes with channel duality [23]. Even for field theory

concern, renormalization of NC field theory needs to be reexamined because of the

change in the divergence structure.

In this chapter following a basic introduction to the NC field theory, perturba-

tion dynamics in NC φ4 theory [22], as well as the implications from string theory,

are reviewed. Then we discuss renormalization of supersymmetric NC Wess-Zumino

model.

The commutative Wess-Zumino model is the simplest supersymmetrical field

theory model in (3 + 1) dimension. It includes a scalar and a fermion field with

supersymmetry between them. Because of the supersymmetry, cancelation of the

divergence occurs generally. The only mass renormalization is due to wave function

renormalization, and the vertex and mass corrections are absent [24].

2.1 Noncommutative Perturbation Theory

As explained in the introduction chapter, a specific NC algebra can be defined

by the star product of the commutative functions, Eqn. (1.1). The underlining

8
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noncommutative space has phase space quantization structure,

[x̂i , x̂j ] = iθij , (2.1)

where i, j is assumed to label the space dimensions only in this dissertation.

Noncommutativity associated with time coordinate brings the problems of causality

and unitarity when the theory is canonically quantized [25]. Weyl proposed Eqn.

(2.1) as Lie algebra of a group with group elements,

U(p) = exp(ipx̂) . (2.2)

In the function representation of the NC algebra with Weyl ordering,

f̂(x̂) ≡
∫

dnp

(2π)n

∫
dnxf(x)e−ipxU(p) =

∫
dnp

(2π)n
f̃(p)U(p) , (2.3)

where n is the number of the space dimensions, the operator products

f̂(x̂)ĝ(x̂) =

∫
dnp

(2π)n

∫
dnq

(2π)n
f̃(p)g̃(q)U(p)U(q)

=

∫
dnp

(2π)n

∫
dnq

(2π)n
f̃(p− q)g̃(q)e− i

2
piqjθij

U(p) (2.4)

NC star product (1.1) is just the function representation of the above operator

products, for

f(x) � g(x) =

∫
dnp

(2π)n

dnq

(2π)n
e−i(p+q)xf̃(p)g̃(q)e−

i
2
piqjθij

. (2.5)

The Weyl representation is initially used in phase space quantization [26]. NC

field theory is first proposed by Filk [27], replacing the ordinary products of the

fields by NC star products. The propagator remains the same since∫
f(x) � g(x) = 0 . (2.6)

The interaction vertices now depend on the external momentum through phase fac-

tors, which is induced by the star products. The phase factors, while independent
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of the overall permutation of the momentum, distinguish the Feynman diagrams to

be planar and nonplanar ones. The phase factors for planar diagram depend only

on external momenta, and do not affect the UV divergence in the loop integration.

But for nonplanar diagram, the dependence of the internal momenta by the phase

factor introduces regularization in the momentum integral, and UV divergence is

generally converted into UV/IR divergence. Renormalization of the theory needs

to be reexamined case by case. It is interesting that renormalization of the NC

field theories differs significantly from their commutative analog. For example,

NC QED, as a simple extension of NC U(1) YM theory, is renormalizable at one

loop due to Slavnov-Taylor identity for SU(2) like symmetry, but the β functions

include contributions from electrons in U(1) facet [28]. General consideration of

convergence theorem and renormalization in NC field theory has been discussed

[29, 30]. The rest of the chapter discusses renormalization of NC Φ4 theory and

Wess-Zumino model in detail.

2.2 Noncommutative φ4 Theory

The NC Φ4 theory in the four-dimensional space-time, is described by

L =
1

2
∂µΦ � ∂µΦ− 1

2
m2Φ � Φ− λ

4!
Φ � Φ � Φ � Φ. (2.7)

It is well known [10, 22, 27] that under the integration the star product of the

fields does not affect the quadratic parts of the Lagrangians, whereas it makes the

interaction Lagrangian become nonlocal. Hence, the Feynman rules in momentum

space of NC field theory are similar to those of commutative theory except that the

vertices of the NC theory are modified by a phase factor. For the Lagrangian (2.7),
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the Feynman rule for the deformed vertex is

− i
3
λ(cos

1

2
(p1 × p2 + p1 × p3 + p2 × p3)

+ cos
1

2
(p1 × p2 + p1 × p3 − p2 × p3)

+ cos
1

2
(p1 × p2 − p1 × p3 − p2 × p3)), (2.8)

where pi’s, i = 1 . . . 4, are momenta coming out of the vertex and pi × pj =

piµΘ
µνpjν. When Θµν → 0, the deformed vertex becomes the non-deformed one.

By using the above vertex, one yields a wave function renormalization of the scalar

field φ at one-loop order that has only one diagram as follows:

Γ(ΦΦ)(p2)

= −λ
6

∫
d4k

i(2π)4

(2 + cos(p× k))
(k2 +m2)

= − λ

48π2

∫ ∞

0

dα

α2
e−iαm2

(
1 +

1

2
e−i p̃2

4α

)
e

i
Λ2α

= − λ

48π2

(
Λ2 −m2ln(

Λ2

m2
)

)
− λ

96π2

(
Λ2

eff −m2ln(
Λ2

eff

m2
)

)
+ · · · . (2.9)

The Schwinger parametrization technique to deal with the above integrations can

be found in Itzykson and Zuber [31] and Hayakawa [28]. In the second line, the

term is proportional to exp (−ip̃2/4ρ), where p̃ = pµΘµν , is due to the nonplanar

contribution and the exp (i/ρΛ2) factor is introduced to regulate the small ρ

divergence in the planar contribution. Note that the nonplanar contribution is one-

half of the planar one. In the third line, we keep only the divergent terms and the

effective cutoff, Λ2
eff = 1/ (1/Λ2 + (p̃2)/4), shows the mixing of UV divergence and

IR singularity [22]. The above integration can also be done by using dimensional

regularization method [32]. In the case that φ is a complex scalar field, there are

two ways of ordering the fields φ and φ∗ in the quartic interaction (φ∗φ)2. So, the
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most general potential of the NC complex scalar field action is

Aφ∗ � φ � φ∗ � φ+Bφ∗ � φ∗ � φ � φ.

The potential is invariant under global transformation since the star product

has nothing to do with the constant phase transformation. It was shown by

Aref’eva, Belov and Koshelev [33] that the theory is not generally renormalizable

for arbitrary values of A and B and is renormalizable at one-loop level only when

B = 0 or A = B.

The one loop 1PI quadratic effective action is

S
(2)
1PI =

∫
d4p

1

2

(
p2 +M2 +

λ

96π2(1
4
p̃2 + 1

Λ2 )

−λM
2

96π2
ln(

1

M2(1
4
p̃2 + 1

Λ2 )
) + · · ·

)
φ(p)φ(−p) , (2.10)

where

M2 = m2 +
λΛ2

48π2
− λm2

48π2
ln(

Λ2

m2
) + · · · (2.11)

is the renormalized mass.

The appearance of UV/IR mixing terms suggests the presence of new degrees

of the freedom. Indeed the correct IR singularity in the effective action can be

systematically reproduced by the introduction of new light degrees of freedom

[22, 23]. A brief review of the idea is as follows.

Consider the modified effective action

S ′
eff(Λ) = Seff +

∫
d4p

[
1

2

(
4

p̃2
− 1

1
4
p̃2 + 1

Λ2

)−1

χ1(p)χ1(−p)

+
1

2

(
ln(

1

4
p̃2 +

1

Λ2
)− ln(

1

4
p̃2)

)−1

χ2(p)χ2(−p)

+
1√
96π2

√
λ(iχ1 +M2χ2)φ

]
. (2.12)
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Upon integrating out χ in the above action, the correct quadratic and logarithmic

divergences can be reproduced, and the UV/IR mixing terms are cancelled by the χ

exchange diagrams.

χ’s have special propagators,

〈χ1(p)χ1(−p)〉 ∼ 4

p̃2
− 1

1
4
p̃2 + 1

Λ2

(2.13)

〈χ2(p)χ2(−p)〉 ∼ ln(
1

4
p̃2 +

1

Λ2
)− ln(

1

4
p̃2) (2.14)

A possible interpretation to the presence of those new degrees of freedom χ is that

they are actually transverse modes of particles ψ’s which propagate freely in more

dimensions. For example, a particle ψ propagates in two extra dimensions and

couples linearly to φ on the brane will produce the logarithmic propagator. Define

χ(x) = ψ(x, x⊥ = 0) and write the action of ψ with a Lagrange multiplier λ(x),

exp

(
−
∫
d4xφ(x)ψ(x, x⊥ = 0)−

∫
d4xd2x⊥

1

2
(∂ψ)2

)
=

∫
[dλ][dχ]exp

(
−
∫
d4x{φ(x)χ(x) + iλ(x)[χ(x)− ψ(x, x⊥ = 0)]}

−
∫
d4xd2x⊥

1

2
(∂ψ)2

)
=

∫
[dλ][dχ]exp

(
−
∫
d4p[φ(p)χ(−p) + iλ(−p)χ(p)]

−
∫
d4pd2q[

1

2
ψ(−p,−q)(1

4
p̃2 + q2)ψ(p, q)− iλ(−p)ψ(p, q)]

)
.(2.15)

Integrate out ψ first, leaving

exp

(
−
∫
d4p

[
φ(p)χ(−p) + iλ(p)χ(−p) +

1

2
λ(p)λ(−p)

∫
dq

1/4p̃2 + q2

])
. (2.16)

Then integrate out the Lagrange multiplier λ, giving the desired action,

exp

(
−
∫
d4p

[
φ(p)χ(−p) +

1

2
χ(−p)χ(p) ln−1

(
1/4p̃2 + 1

Λ2

1/4p̃2

)])
. (2.17)
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The duality between the high momentum degrees of freedom in φ and propaga-

tion of ψ in the extra dimensions suggests that φ’s are associated with open strings

modes and χ’s or ψ’s are associated with closed string modes, since in the string

theory the low energy closed string modes are related to the high energy modes

of the open strings by channel duality. A nonplanar loop diagram is topologically

equivalent to a string diagram in which a number of open strings becomes a closed

string that freely propagates in the bulk and turns back into open strings. Con-

nections between NC field theories and string theories suggested by those analogies

have not been clearly understood yet.

2.3 Renormalization in Wess-Zumino Model

In this section, we investigate renormalization at one loop in the NCWZ

theory. NCWZ Lagrangian is given by introducing star products in the interaction

terms and permutating those terms to preserve supersymmetry transformations.

Here we follow the conventions by Sohnius [34]. The NCWZ model is described by

the sum of the free off-shell Lagrangian and of the two invariants,

Ltot = L0 + Lm + Lg, (2.18)

where

L0 =
1

2

(
∂µA∂

µA+ ∂µB∂
µB + iΨ̄ �∂Ψ + F 2 +G2

)
, (2.19)

Lm = −m(FA +GB +
1

2
Ψ̄Ψ), (2.20)

Lg = −g
3

[
A � A � F − B � B � F + A � B � G+ Ψ̄ � (A− γ5B) �Ψ

+permutation terms] . (2.21)



15

The off-shell Lagrangians L0, Lm and Lg are separately invariant under the

supersymmetry transformations:

δA = ᾱΨ, δB = ᾱγ5Ψ, δF = iᾱ �∂Ψ, δG = iᾱγ5 �∂Ψ,

δψ = −(F + γ5G)α− i �∂(A + γ5B)α, (2.22)

where α and ᾱ are the global infinitesimal Majorana spinor parameters.

The Feynman rules in momentum space can be extracted out directly from the

Lagrangians (2.18). One gets as follows:

1. Propagators

The propagators of the fields and the mixed fields on the NC space are the

same as those on the commutative one.

2. Deformed vertices

• −g
3
(A � A � F + permutation terms)

−2ig cos(
1

2
pAi
× pAf

).

• g
3
(B � B � F + permutation terms)

ig cos(
1

2
pBi
× pBf

).

• −g
3
(A � B � G+ permutation terms)

−2ig cos(
1

2
pA × pB).

• −g
3
(Ψ̄ � A �Ψ + permutation terms)

−igI cos(
1

2
pi × pf ).

• g
3
(Ψ̄ � γ5B �Ψ + permutation terms)

2igγ5 cos(
1

2
pi × pf ).
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The deformed vertices we obtain differ from the non-deformed ones by a factor

cos(1
2
pi×pf ). By using the above Feynman rules, one can study the renormalization

of the NC Wess-Zumino model. The results are summarized as follows:

1. Wave function renormalization

• Majorana field Ψ

For Majorana field, at one loop there are two diagrams. The sum of

them gives a contribution

Γ(Ψ̄Ψ)( �p) = 8g2

∫
d4k

i(2π)4
cos2(

1

2
p× k) �k

(k2 −m2)((k + p)2 −m2)

= − �p g
2

4π2

∫ 1

0

dα(1− α)

∫ ∞

0

dρ

ρ
e−ρi(m2−α(1−α)p2)

(
1 + e−

1
ρ

ip̃2

4

)
e

1
ρ

i
Λ2

= − �p g
2

8π2

(
ln(

Λ2

m2
) + ln(

Λ2
eff

m2
)

)
+ . . . . (2.23)

• Scalar fields A, B

For each scalar field, at one loop there are five diagrams. The sum of

them gives a contribution

Γ(AA)(p2) = Γ(BB)(p2)

= 8g2

∫
d4k

i(2π)4
cos2(

1

2
p× k) k · p

(k2 −m2)((k + p)2 −m2)

= −p2 g
2

8π2

(
ln(

Λ2

m2
) + ln(

Λ2
eff

m2
)

)
+ . . . . (2.24)

• Auxiliary fields F, G

For F field, at one loop there are two diagrams While, for G field,

at one loop there is only one diagram. However, they have the same
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contribution

Γ(FF )(p2) = Γ(GG)(p2)

= −4g2

∫
d4k

i(2π)4
cos2(

1

2
p× k) 1

(k2 −m2)((k + p)2 −m2)

= − g2

8π2

(
ln(

Λ2

m2
) + ln(

Λ2
eff

m2
)

)
+ . . . . (2.25)

• Mixed fields

Γ(FA)(p2) = Γ(GB)(p2) = 0. (2.26)

Again, all the integrations can be done directly by using the Schwinger

parametrization technique [28, 31]. The divergent terms of the wave function

renormalizations of all fields are the same, whereas the finite terms of Γ(FF )

and Γ(GG) are different from those of the others. Note that in the NC

Wess-Zumino model the planar and nonplanar contributions have the same

multiplicative factor. Renormalization is cut by half compared to that of the

ordinary case.

2. Mass renormalizations

• Since, at one-loop Γ(Ψ̄Ψ)( � p) is proportional to only � p and both ΓFA and

ΓGB are zero, there is no mass renormalization.

3. Vertex corrections

• FA2, FB2, ABG

For each vertex, at one loop there are two diagrams and they add up to

zero. So, there is no correction for each vertex.

• Ψ̄ � A �Ψ, Ψ̄ � γ5B �Ψ

Similarly, there is no correction for each of these two vertices. Since, at

one loop there are two diagrams and they add up to finite values.

Just as in the Φ4 theory, the UV/IR mixing also appears in the NCWZ

theory, which is the general consequence of the uncertainty relations among



18

NC coordinates [10]. Renormalization in the NCWZ theory is very similar to

the commutative one. Compared with the ordinary Wess-Zumino theory, the

counter term for the wave function renormalization reduces by one-half, but the

cancelations, in particular the absence of mass and vertex corrections, persist

due to supergauge invariance. The renormalization of the wave function of the

commutative theory can be recovered by setting Θµν equal to zero. Supergauge

invariance sustains generally in NC field theories. In the next chapter we will

study superPoincaré algebra in NC field theories and again verify the supergauge

invariance from an algebraic point of view.



CHAPTER 3
DEFORMED SUPERPOINCARÉ ALGEBRA

In this chapter following an introduction on classification of representations

of Poincaré and superPoincaré algebra, algebra of NCFT’s are studied. Conserved

currents are derived by Noether’s procedure, then a representation of the genera-

tors of deformed Poincaré or superPoincaré algebra is suggested, and commutation

relations are calculated explicitly. NC φ4 and NCWZ theory are studied as the

examples.

3.1 Unitary Representations of SuperPoincaré Algebra

Poincaré invariance is considered as a fundamental property of modern theory

since the discovery of special relativity. In recent decades superPoincaré invariance,

as an enlarged invariance, is also considered as a property of fundamental theory

for theoretical concerns (see [35] for a review), although there is no experimental

evidence clearly supporting the conjecture yet. The importance of the unitary rep-

resentations of the Poincaré algebra and their classification is originally recognized

by Wigner [36]. The following is a review about the theory of unitary Poincaré and

superPoincaré representation in 3 + 1 dimensional space.

Poincaré algebra includes Lorentz generators Mµν and translation generators

Pµ, satisfying commutation relations,

[P µ, P ν] = 0 ,

[Mµν , P σ] = i(ηµσP ν − ηνσP µ) ,

[Mµν ,Mαβ ] = i(ηµαMνβ + ηανMβµ + ηνβMµα + ηβµMαν) ,

19
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where ηµν = (−1, 1, 1, 1) and µ = 0, 1, 2, 3. The representations are characterized by

the values of the Casimir operators, PµP
µ, and the squares of the Pauli-Lubanski

forms built out of the Levi-Civitá symbols. In d = 4 space-time dimensions, the

Pauli-Lubanski vector is

W µ =
1

2
εµνρσMνρPσ . (3.1)

Modern physics theory, built in the framework of quantum mechanics, assumes

existence of a Hilbert space in which physical particles are described by quantum

states. Poincaré invariance of the theory implies that elementary free particles can

be classified in unitary representations of the Poincaré group.

Elements of the Poincaré group satisfy,

T (a)T (b) = T (a+ b) (3.2)

d(Λ)T (a) = T (Λa)d(Λ) (3.3)

d(Λ)d(I) = ±d(ΛI) . (3.4)

Here T (a) represents the abelian translational group, and d(Λ) represents the

Lorentz group, where ± indicates d(Λ) is a double valued representation.

Consider the wave function φ(p, ξ) parameterized by the momentum variables

pµ and the variable ξ labels an auxiliary space, so that translation elements are

T (a)φ(p, ξ) = eipaφ(p, ξ) . (3.5)

Now define the operators

P (Λ)φ(p, ξ) = φ(Λ−1p, ξ) . (3.6)

It is easy to show

P (Λ)T (a) = T (Λa)p(Λ) . (3.7)
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Considering both the above equation and Eqn. (3.3), an operator defined by

Q(Λ) ≡ d(Λ)P (Λ)−1 (3.8)

can be shown to act on the parameter ξ alone, which can depend, however, on p,

Q(Λ)φ(p, ξ) =
∑

η

Q(p,Λ)ξηφ(p, η) . (3.9)

Q(p,Λ) is actually an unitary representation of the little group of the Lorentz

group d(Λ). It suffices to consider Q(pfix, λ) as a representation of Λpfix = pfix for

a particular vector pfix.

Representation of Poincaré algebra is also characterized by the particular value

of the casimir operators, PµP
µ and WµW

µ. In Eqn. (3.1), Mµν , acting on the wave

function φ(p, ξ), is generically represented as

Mµν = −i
(
pµ ∂

∂pν

− pν ∂

∂pµ

)
+ Sµν , (3.10)

where Sµν is associated with ξ. Three classes of irreducible physical representations

are found,

• PµP
µ = m2 > 0

Choose P µ
fix = (m, 0, 0, 0), then

WµW
µ = m2(Sij)2 = m2s(s+ 1) , (3.11)

where Sij(i, j = 1, 2, 3) is an irreducible representation of SO(3), labeled by

spin s. It is well known that s takes the value of zero or positive integer or

half integer. This class of representation describes massive particles with spin

s.

• PµP
µ = 0,WµW

µ = 0

This class of representation is just the massless limit (m → 0) of the massive

representation and describes massless particles. Choose P µ
fix = (E, 0, 0, E), or
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in light cone

P+ =
√

2E, P− = P 1 = P 2 = 0 . (3.12)

Since

WµW
µ = (W1)

2 + (W2)
2 = 0 , (3.13)

W1 = W2 = 0 or S−1 = S−2 = 0. Also it is easy to show that W− = 0

and W+ = P+S12. Therefore W µ = S12P µ, where S12 , helicity operator,

is the generator of the little group U(1). Single or double valueness of the

Lorentz group demand the value of the helicity generator to be half integer

or integer. One particular variant of this class of representation, obtained by

taking infinite momentum limit of massive representations [37], can be used

to represent irreducible degrees of freedom of strings. Its supersymmetric

generalization will be able to represent superstrings of various flavors.

• PµP
µ = 0,WµW

µ = Ξ2

Again choose P µ
fix = (E, 0, 0, E). WµW

µ = 2E[(S−1)2 + (S−2)2] and

W− = 0, but W 1,W 2 and W+ are nonzero. The little group which leaves P µ

invariant is SE(2) with generators S−1, S−2 and S12. Only Ξ, the length of

W µ, is needed to label the representation. Two types of representation, single

valued or double valued, belong to this class. This class of representation is

originally called continuous spin representation by Wigner, due to the reason

that for each representation, the states can be labeled by the value of usual

helicity generator S12 which is all the integers or half integers.

The above representations should be able to represent all physical particles in

3 + 1 dimension. There are good reasons to disregard higher spin representations

[38, 39] in the first and second class. Naive quantization of the continuous spin

representation leads to nonlocality or breakdown of causality [40, 41].
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SuperPoincaré group is the extension of Poincaré group, including supercharge

QA, which satisfies the commutation relations,

[QA , P µ] = 0 , (3.14)

[Mµν , QA] = −1

2
(ΣµνQ)A , (3.15)

{QA , Q†
B} = (γµPµγ

0)AB , (3.16)

where A,B = 1, 2, 1̇, 2̇ are spinor indices. In the above,

Σµν = − i
2
[γµ , γν ] ,

where the γ matrices satisfy the anticommutation relation,

{γµ , γν} = 2ηµν .

Massless supermultiplets are particularly important, which yield the basic

physical spectra of the supersymmetric models. Spectra of Wess-Zumino model

can be deduced in the following way [34]. The same arguments (Eqn. (3.5) and

below) can be applied to superPoincaré group. The little group Q(Λ) in this case

includes supercharge generators. Since [W µ , QA] �= 0, WµW
µ is not casimir

operator any more. For massless supermultiplet, still choose P µ = (E, 0, 0, E),

then use representation independent light cone projectors to split the supercharge

generators,

Q = Q+ +Q− , Q± ≡ P±Q . (3.17)

Eqn. (3.16), in the Weyl representation, shows that commutators between super-

charge generators generally vanish, except

{
Q+a , Q

†
+b

}
= 2Eδab , (3.18)

where a, b = 1, 2. General arguments can show that Q+1 and Q+2 actually

belong to two disconnected algebras. Therefore, considering just the minimal
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supersymmetric model, the little group contains only the generators, Q+1, Q
†
+1

and S12, where S12 comes from the Poincaré algebra. These generators obey the

commutation relations,

{
Q+1 , Q

†
+1

}
= 2E (3.19)

{S12 , Q+1} = −1

2
Q+1 (3.20)

Previously (Eqn. (3.12) and below) it is shown that the massless representation of

Poincaré group includes states which are labeled by |E, λ〉, where E is proportional

to P+
fix and λ is the eigenvalue of the helicity generator S12. Eqn. (3.20) indicates

that the supercharge Q+1 or Q†
+1 are the lowering or raising operators for the

helicity. Thus the state |E, λ〉 can be defined to be the lowest helicity state since

Q2
+1 = 0. Therefore the minimum supermultiplet contains two states |E, λ〉 and

Q†
+1|E, λ〉. The supersymmetric Wess-Zumino model describes the supermultiplet

with helicity λ = 0.

Other supermultiplets with more spinor supercharges or with central charges

in various dimensions have been constructed explicitly [34]. In higher (d + 1)-

dimension (d > 3), little group of superPoincaré group is enlarged to contain

SO(d − 1) and corresponding spinor supercharge generators. Massless super-

multiplets in (9 + 1)- dimension correspond to various superstring theories. The

little group SO(8) has triality symmetry which leads to marvelous cancelations in

quantum perturbation calculations ([42]). More recently, M-theory in (10 + 1)-

dimension emerges as unification of superstring theories, whose low energy limit is

suggested to be (10 + 1)- dimension supergravity theory. The little group SO(9)

is the maximum subgroup of the exceptional group F4. As a result, Euler triplets

arises as solutions of Kostant equations [43]. The lowest level triplet is supermul-

tiplet and corresponds to (10 + 1)-dimension supergravity theory. The higher

level multiplets have accidental supersymmetry and maybe able to describe the
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zero-tension limits of string theory [4]. Chapter 5 shows the construction of these

solutions at all levels. Continuous spin representation in (d + 1) dimension is the

representation of little group SE(d − 1). Upon supersymmetrization, it has one

to one correspondence with ordinary massless supermultiplet in d dimension [3].

The paper also shows that if light cone translations are represented by Grassman

variables, nilpotent continuous spin representations lead to supermultiplets with

central charges. Such analogy is already suggested in previous classification of

(3 + 1)-dimension representation, where both the massless supermultiplet and the

continuous spin representation contain states with connected helicities.

NC field theory, as a low energy limit of string theory, does not have Lorentz

symmetry. In the following sections deformed superPoincaré algebra of NC field

theories are studied in an intuitive way, which is expected to gain some basic

understanding of underlying algebra and representation of NC field theories.

3.2 Deformed SuperPoincaré Algebra

3.2.1 Notations and Identities

To facilitate the calculations involving NC fields star product, we introduce the

following notations and list the useful identities.

Define an operator ∆, which acts nontrivially on a scalar pair-product (f, g)

as,

∆(f, g) ≡ ∂µf∂̃
µg,

∆2(f, g) = ∂µ∂νf∂̃
µ∂̃νg,

... =
...

∆n(f, g) = ∂µ∂ν · · ·∂ρ︸ ︷︷ ︸
n

f ∂̃µ∂̃ν · · · ∂̃ρ︸ ︷︷ ︸
n

g, (3.21)

where ∂̃µ ≡ i
2
Θµν∂ν .
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With our definition, a star product between two scalar fields A and B can be

written as

A � B = e∆(A,B)

=

(
1 + ∆ +

∆2

2!
+

∆3

3!
+ · · ·

)
(A,B)

= AB + ∂µ

(
E(∆)(A, ∂̃µB)

)
, (3.22)

where the operator E(∆) is

E(∆) =
e∆ − 1

∆
=

∞∑
n=0

∆n

(n+ 1)!
. (3.23)

By using the above notations, we obtain some useful identities:

1. B � A = AB − ∂µ

(
E(−∆)(A, ∂̃µB)

)
.

2. [A,B]
 ≡ A � B −B � A = 2∂µ

(
sinh(∆)

∆
(A, ∂̃µB)

)
.

3. {A,B}
 ≡ A � B +B � A = 2AB + 2∂µ

(
cosh(∆)−1

∆
(A, ∂̃µB)

)
.

4. (xρA) � B = xρ(A � B) + A � ∂̃ρB.

5. B � (xρA) = xρ(B � A)− ∂̃ρB � A.

6. [(xρA), B]
 = xρ[A,B]
 + {A, ∂̃ρB}
.
7. [B, (xρA)]
 = xρ[B,A]
 − {A, ∂̃ρB}
.
8. {(xρA), B}
 = xρ{A,B}
 + [A, ∂̃ρB]
.

We assume θ0i = 0 from now on for causality and unitarity reasons [25]. The

immediate consequence is that noncommutativity will not introduce higher order

time derivatives of the fields in Lagrangian.

3.2.2 Φ4 Theory

Now let us calculate the Noether currents of the NC Φ4 theory following

standard technique [44] . Varying the Lagrangian (2.7), and using the above
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identities and also the equation of motion, one gets

δ

∫
d4xL =

∫
d4x∂µ

(
1

2
{∂µΦ, δ0Φ}
 + δxµL+

λ

12

sinh(∆)

∆
(Φ � Φ , ∂̃µ[Φ, δ0Φ]
)

)
.

(3.24)

Under an infinitesimal translation, δxµ = gµνεν , δ0Φ = −εν∂νΦ, one yields the

energy-momentum tensor,

T µν =
1

2
{∂µΦ, ∂νΦ}
 − gµνL+

λ

12

sinh(∆)

∆
(Φ � Φ , ∂̃µ[Φ, ∂νΦ]
). (3.25)

As explicitly seen, the energy-momentum tensor T µν is conserved since its diver-

gence is zero.

Under the infinitesimal Lorentz transformation, δxµ = εµνxν = −1
2
ερσ(xρg

µ
σ −

xσg
µ
ρ ), δ0Φ = 1

2
ερσ(xρ∂σΦ − xσ∂ρΦ), where ερσ is an anti-symmetric second rank

tensor, one obtains a three-index current

jµ
ρσ = T µ

ρ xσ +
1

2
[∂ρΦ, ∂̃σ∂

µΦ]
 +
λ

12
(sinh(∆)/∆)′(∂̃σ(Φ � Φ) , ∂̃µ[Φ, ∂ρΦ]
)

− λ

12

sinh(∆)

∆
(Φ � Φ , g̃µ

σ [Φ, ∂ρΦ]
 + ∂̃µ{∂̃σΦ, ∂ρΦ}
)− (ρ↔ σ), (3.26)

where (sinh(∆)/∆)′ = (∆ cosh(∆) − sinh(∆))/∆2. The divergence of the three-

index current is not equal to zero due to the presence of the terms proportional

to the non-commutativity Θµν . However, note that the Noether currents of the

commutative scalar field theory can be obtained by setting Θµν equal to zero.

In the case of the commutative Φ4 theory, one yields the momentum and

Hamiltonian generators from the energy-momentum tensor, and the angular mo-

mentum and boost generators from the three-index current [44]. These generators

form the Poincaré algebra. For the NC Φ4 theory, one obtains its generators
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analogous to those of the commutative one,

P i ≡
∫
d3xP i =

∫
d3x(∂iΦ)Φ̇, (3.27)

P 0 ≡
∫
d3xP0 =

∫
d3x

(
1

2
(Φ̇2 + (�∂Φ)2 +m2Φ2) +

λ

4!
Φ
4

)
, (3.28)

M0i =

∫
d3x(x0P i − xiP0), (3.29)

M ij =

∫
d3x(xiPj − xjP i). (3.30)

The surface terms of M0i and M ij are dropped out. These generators generate the

translational, rotational and boost transformations on Φ.

By using the quantization condition, [Φ(�x), Φ̇(�y)] = iδ3(�x − �y), one can easily

obtain the following equal-time commutation relations:

[P µ, P ν] = 0, (3.31)

[M ij ,Mkl] = i(ηilM jk + ηjkM il − ηikM jl − ηjlM ik), (3.32)

[M ij , P k] = i(ηjkP i − ηikP j), (3.33)

[M0i, P j] = iηijP 0. (3.34)

The above commutation relations of the NC Φ4 theory are the same as those

of the commutative one. In particular, (3.31) verifies that the NC Φ4 Lagrangian

has translational invariance and the translation generator P µ is conserved. But the

following commutation relations have some additional terms proportional to Θµν ,
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due to the symmetry-breaking term λ
4!

Φ∗4,

[M0i, P 0] = −iη00P i − i λ
4!

∫
d3x{Φ̇, [Φ
2, ∂̃iΦ]
}
, (3.35)

[M ij , P 0] = −i λ
3!

∫
d3xxi(∂jΦ)Φ
3 + (i↔ j), (3.36)

[M0i,M0j ] = −iη00M ij + i
λ

4!

∫
d3x
(
xj{Φ̇, [Φ
2, ∂̃iΦ]
}
 − (i↔ j)

)
, (3.37)

[M0i,M jk] = i(ηijM0k − ηikM0j)− i λ
4!

∫
d3xxi

×
(
[∂kΦ, ∂̃jΦ
3]
 + Φ
2 � ∂kΦ � ∂̃jΦ− ∂̃jΦ
2 � ∂kΦ � Φ

+Φ � ∂kΦ � ∂̃jΦ
2 − ∂̃jΦ � ∂kΦ � φ
2 − (j ↔ k)
)
. (3.38)

The Eqn. (3.35) and (3.36) explicitly show that the Lorentz generators are

not conserved in the theory, and all the deformation terms are directly proportional

to Θµν .

3.2.3 Wess-Zumino Model

For the NCWZ model, one start from an on-shell Lagrangian analogous to the

commutative one [34],

L =
1

2
(∂µA∂

µA−m2A2) +
1

2
(∂µB∂

µB −m2B2) +
1

2
(iΨ̄ �∂Ψ−mΨ̄Ψ)

−mgA(A
2 +B
2)−mgB(A � B +B � A)

−g(AΨ̄ �Ψ−BΨ̄ � γ5Ψ)− 1

2
g2(A− iB)
2(A+ iB)
2 (3.39)

=
1

2
(∂µφ∂

µφ̄−m2φφ̄) +
1

2
(iψσµ∂µψ̄ + iψ̄σ̄µ∂µψ −mψ̄ψ̄ −mψψ)

−1

2
mg(φφ̄
2 + φ̄φ
2)− g(φψ̄ � ψ̄ + φ̄ψ � ψ)− 1

2
g2φ
2φ̄
2. (3.40)

where φ ≡ A− iB, φ̄ ≡ A + iB, and ψ, ψ̄ are the Weyl components of the Majorana

field Ψ, following the notations and conventions by Bailin and Love [45].

Following the similar procedure as done in the Φ4 theory, the variation of the

Lagrangian under the infinitesimal Poincaré and supergauge transformations yields
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the generators as,

P i ≡
∫
d3xP i =

∫
d3x

(
1

2
∂iφ ˙̄φ+

1

2
φ̇∂iφ̄+ iψ̄σ̄0∂iψ

)
, (3.41)

P 0 ≡
∫
d3xP0

=

∫
d3x

(
1

2
(φ̇ ˙̄φ+ ∂iφ∂iφ̄+m2φφ̄) +

1

2
(iψ̄σ̄i∂iψ + iψσi∂iψ̄ +mψψ +mψ̄ψ̄)

+
1

2
mg(φφ̄∗2 + φ̄φ∗2) + g(φψ̄ � ψ̄ + φ̄ψ � ψ) +

1

2
g2φ∗2φ̄∗2

)
, (3.42)

M0i =

∫
d3x
(
x0P i − xiP0

)
, (3.43)

M ij =

∫
d3x
(
xiPj − xjP i

)
, (3.44)

χQ = χ

∫
d3x
(
φ̇ψ − 2∂iφσ

0iψ + imφσ0ψ̄ + igφ
2σ0ψ̄
)
, (3.45)

χ̄Q̄ = χ̄

∫
d3x
(

˙̄φψ̄ − 2∂iφ̄σ̄
0iψ̄ + imφ̄σ̄0ψ + igφ̄
2σ̄0ψ

)
= (χQ)†, (3.46)

where χ is an arbitrary Majorana spinor parameter.

In the case of the commutative Wess-Zumino model, the analogs of the

above generators are those of the Poincaré algebra and supercharge, which form

the N = 1 super-Poincaré algebra. With the representations obtained here in

the NCWZ model, one can calculate the commutation relations between those

generators,

[P µ, P ν] = 0, (3.47)

[M ij ,Mkl] = i(ηilM jk + ηjkM il − ηikM jl − ηjlM ik), (3.48)

[M ij , P k] = i(ηjkP i − ηikP j), (3.49)

[M0i, P j] = iηijP 0, (3.50)

The above commutation relations are exactly the same as those obtained in

the NC Φ4 theory, which suggests the generality of such relations for all NCFT’s.

In particular, (3.47) verifies the translational invariance of the theory. Equation
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(3.50) is a little surprising. The calculation of it in any way involves the NC

interaction terms. Nevertheless it is true for both NCFT’s.

Other commutation relations are

[χQ, ζQ] = [χ̄Q̄, ζ̄Q̄] = 0, (3.51)

[χQ, ζ̄Q̄] = 2χσµζ̄Pµ, (3.52)

[P µ, χQ] = 0, (3.53)

[M ij , χQ] = −iχσijQ, (3.54)

[M ij , χ̄Q̄] = −iχ̄σ̄ijQ̄. (3.55)

All the above relations are exactly the same as those of the commutative Wess-

Zumino model. In particular, one finds the supercharge generators, Q and Q̄,

and the translation generators P µ’s form a close algebra, and the supercharge

generators are conserved.

The rest commutation relations have additional terms proportional to Θµν ,

including the similar ones as appears in the NC Φ4 theory,

[M0i, P 0] = −iη00P i

−
∫
d3x

(
i

2
mg([φ, ∂̃iφ̄]


˙̄φ+ φ̇[φ̄, ∂̃iφ]
) +mg([φ̄, ∂̃iψ]
σ
0ψ̄ + [φ, ∂̃iψ̄]
σ̄

0ψ)

−2ig([φ̄, ∂̃iψ]
σ
0l∂lψ + [φ, ∂̃iψ̄]
σ̄

0l∂lψ̄) +
i

2
g2(φ̇[φ̄
2, ∂̃iφ]
 + [φ
2, ∂̃iφ̄]


˙̄φ)

+g2([φ, ∂̃iψ]
{φ̄, ψ}
 − {φ, ψ̄}
[φ̄, ∂̃iψ]
)
)
, (3.56)

[M ij , P 0]

=

∫
d3x

(
i

2
mg([∂iφ, ∂̃jφ]
φ̄+ [∂iφ̄, ∂̃j ]
φ) + ig([∂iψ̄, ∂̃jψ̄]
φ+ [∂iψ, ∂̃jψ]
φ̄)

+
i

2
g2([∂iφ, ∂̃jφ]
φ̄


2 + [∂iφ̄, ∂̃jφ̄]
φ

2)

)
− (i↔ j), (3.57)
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[M0i,M0j ] = −iη00M ij +
∫
d3x
(
mgxi(ψσ0[φ, ∂̃jψ̄]
 + [φ̄, ∂̃jψ]
σ

0ψ̄)

− i
2
mgxi([φ, ∂̃jφ̄]


˙̄φ+ φ̇[φ̄, ∂̃jφ]
) + 2igxi([φ, ∂̃jψ̄]
σ̄
0l∂lψ̄ + [φ̄, ∂̃jψ]
σ

0l∂lψ)

− i
2
g2xi([φ
2, ∂̃jφ̄]


˙̄φ+ φ̇[φ̄
2, ∂̃jφ]
) + g2{xiφ, ψ̄}
{ψ, xjφ̄}
 − (i↔ j)
)
, (3.58)

[M0i,M jk] = i(ηijM0k − ηikM0j)

− ∫ d3x
(

i
2
mgxi(φ̄[∂kφ, ∂̃jφ]
 + φ[∂kφ̄, ∂̃jφ̄]
) +igxi(φ[∂kψ̄, ∂̃jψ̄]
 + φ̄[∂kψ, ∂̃jψ]
)

+ i
2
g2xi([∂kφ, ∂̃jφ]
φ̄


2 + [∂kφ̄, ∂̃jφ]
)− (j ↔ k)
)
, (3.59)

and also the transformations of the supercharge generators under the Lorentz

boosts,

[M0i, χQ] = −iχσ0iQ+

∫
d3x
(
g[φ̇, φ]
χσ

0∂̃iψ̄ + g[φ, ∂̃i∂l(φ)]χσlψ̄

−2igψ � ψχψ + img[φ, φ̄]
χ∂̃
iψ + ig2[φ
2, φ̄]
χ∂̃

iψ
)
, (3.60)

[M0i, χ̄Q̄] = −iχ̄σ̄0iQ̄+

∫
d3x
(
g[ ˙̄φ, φ̄]
χ̄σ̄

0∂̃iψ + g[φ̄, ∂̃i∂lφ̄]χ̄σ̄lψ

−2igψ̄ � ψ̄χ̄ψ̄ + img[φ̄, φ]
χ̄∂̃
iψ̄ + ig2[φ̄
2, φ]
χ̄∂̃

iψ̄
)
. (3.61)

To simplify the expression, we reorder the conjugate fields on the right hand

side of the above equations, which induces extra infinite constant terms not

explicitly shown here.

In summary, The commutation relations of the Lorentz rotation and boost

generators generally have additional terms compared with those of the Poincaré or

super-Poincaré algebras. Other commutation relations verify certain symmetries

preserved by NCFT’s, such as the translational and supergauge invariance. In the

limit of Θµν → 0, the Poincaré or Super-Poincaré algebra is recovered.



33

3.3 Discussions

In this chapter we suggest a representation of the translation, Lorentz and su-

percharge generators. The commutation relations of those quantities are calculated

directly based on this representation.

The NCFT has nonlocal interaction terms, which explicitly break the Lorentz

invariance, but still preserve the translational and supergauge invariance. It is

found that in the NCFT the translation and supercharge generators form the

same algebra as in the commutative theory. But, the commutation relations

of the Lorentz generators, or between the Lorentz generators and the transla-

tion or supercharge generators, generally have extra terms proportional to the

non-commutativity Θµν . In addition to that, there are also other interesting

commutation relations, such as [M0i, P j] = iηijP 0, still hold true in the NC case.

Preservation of supersymmetry algebra suggests a supersymmetry generaliza-

tion of NC geometry, which is not clearly understood yet. In that frame, fermions

can better be defined as supersymmetry partners of bosons, instead of being a

naive generalization of Lorentz algebra representation, since Lorentz invariance

is broken. Indeed supersymmetry algebra has been represented on NC space

and a divergence free supergravity model is expected to be constructed with this

representation [46].

The superPoincaré algebra generators are “fundamental quantities”, represen-

tation of which can be used to construct a theory of a dynamical system [47]. It

remains a question whether the representation we obtained, Eqn. (3.41) to (3.46),

could be used to construct a new theory on NC space consistent with the NC

theory we start with.



CHAPTER 4
QUANTIZATION OF NONCOMMUTATIVE SOLITONS

4.1 Introduction

Solitons, known as “extended objects”, exist in field theories with nonlinear

interactions [48]. They are defined to be classical solutions to the equation of

motion of a local field theory with the property that the energy density is, at all

times, localized within a given region of space. A wave packet, which spreads as

time evolves, in general is not this type. These objects have special features since

at classical level they are already particle-like, and yet they possess an extended

structure. Such objects have been studied extensively around mid-70’s to early

80’s of the last century. It was speculated hadrons may simply be described as

quantized states of the extend objects, where the possibility of confining quarks

exists, since even classically quarks are trapped to some extent [49, 50].

Solitons discussed in this chapter are also localized extended objects, but

exist in NC field theories, called NC solitons. NC solitons was first discovered by

Gopakumar, Minwalla and Strominger (GMS) [51] in NC scalar field theory with

the potential having a local minimum besides a global minimum at the origin.

Since then, the soliton solutions have been explicitly constructed in different NC

gauge theories with or without matter [5, 6]. Monopole-like solutions in (3 + 1)

dimension with a string attached turns out to be realization of D3-D1 system,

where D1 string ends on the D3 brane [52]. NC solitons can also be interpreted as

lower dimensional D-branes in string field theory [53, 54].

As explained in chapter 1, perturbative dynamics of NC field theories reveals

a very intriguing structure, i. e. UV/IR mixing, which suggests their analogy to

34
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string theories. Thus it becomes interesting to investigate the quantum behavior of

nonperturbative structures, NC solitons, in NC field theory.

Next section is a review of the theory of NC solitons and their interpretation

as D-branes, and also quantum theory of ordinary commutative solitons. In

section three a new type of the NC soliton solutions, NC Q-balls, is investigated

first and its difference from NC GMS solitons, existence at arbitrary small θ, is

emphasized. Next canonical quantization of NC Q-balls at very small theta is

discussed in detail. Quantum correction to the energy is calculated with phase shift

summation method. The same method is further generalized to NC GMS soliton

for smooth enough solutions. In both cases UV/IR mixing terms are present in the

energy correction of NC solitons. The future direction could be quantization of NC

solitons in gauge theories, which would increase the understanding of the UV/IR

mixing terms.

4.2 Noncommutative Solitons and D-branes

4.2.1 Noncommutative Solitons in Scalar Field Theory

Classical NC solitons were first discovered in the scalar field theory with more

than one space dimension [22]. Start with an action of scalar field theory in two

NC space dimensions,

S =

∫
d3x

1

2
(∂Φ)2 − V (Φ) , (4.1)

where the fields are multiplied by NC star products (1.1) implicit here. In chapter

2 we discussed operator and function representations of NC algebra, and the iso-

morphism (Weyl transform) between them. The two descriptions are completely

equivalent. It turns out classical solutions of NC field theory can be easily repre-

sented in operator formalism. Specifically, in two NC space dimensions, NC field

theory are isomorphic to an algebra of operators defined on a one particle Hilbert

space,

[x̂1 , x̂2] = iθ . (4.2)
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Also star product of fields is just product of Weyl transform of the fields (1.1 and

2.5),

f(x) � g(x)←→ f̂(x̂)ĝ(x̂) , (4.3)

where f̂(x̂) and f(x) or ĝ(x̂) and g(x) are Weyl transforms of each other. The

integration over the space is actually equivalent of operator trace,∫
d2x↔ 2πθTr . (4.4)

The derivative is equivalent to

∂

∂xi
φ(x)←→ i

θ
εij [x̂

j , φ̂(x̂)] . (4.5)

Define creation and annihilation operators

a =
1√
2θ

(x̂1 + ix̂2) , a† =
1√
2θ

(x̂1 − ix̂2) , (4.6)

with [a, a†] = 1 as usual. The field Φ(x) or Φ̂(x̂) can be expanded in the or-

thonormal basis fnm(x) or |n〉〈m|. A systematic way of calculating fnm(x) can be

obtained [5, 55]. In particular, Weyl transform of projection operator Pn = |n〉〈n|,
fnn(r) , are just central functions, and can be expressed in Laguerre polynomials,

fnn(r) = (−1)n2e−r2

Ln(2r2) . (4.7)

In the operator formalism the action integral (4.1) becomes

S[Φ̂] =

∫
dt2πθTr

(
1

2
˙̂
Φ2 +

1

θ
([a, Φ̂][a†, Φ̂]− V (Φ̂)

)
. (4.8)

The equation of motion is

∂2
0 Φ̂ +

2

θ
[a, [a†, Φ̂]] + V ′(Φ̂) = 0 . (4.9)

In commutative theory, it is well known that time independent scalar solitons

do not exist in dimension more than one [56]. However, in NC scalar field theory,
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such solitons generally exist provided θ is larger enough. For radial symmetric

solution,

Φ̂ =
∑

n

λnPn =
∑

n

λn|n〉〈n| . (4.10)

Put into Eqn. (4.9),

(n+ 1)(λn+1 − λn)− n(λn − λn−1) =
θ

2
V ′(λn) . (4.11)

If

V ′(Φ) = cΦ(Φ− α1) · · · (Φ− αl) , (4.12)

at θ →∞, the solutions are just

Φ = αiPn or αi(1− Pn) . (4.13)

4.2.2 Noncommutative Solitons in Gauge Theory

NC solitons are also widely found in gauge theories [6], and their interpretation

as D-branes is precise [53, 54]. In the following we review the theory of solitons

found in gauge theories. Start with the action,

S = 2πθTr

(
−1

4
FµνF

µν +
1

2
DµφDνφ− V (φ)

)
. (4.14)

Here

Foi = Ȧi − ∂iA0 , (4.15)

and

Fij = i[Di, Dj] =
1

θ
([C, C̄] + 1)εij , (4.16)

where

Diφ = ∂i − i[Ai, φ]→ UDiφŪ (4.17)

is covariant derivative under U(1) transformation,

φ→ UφŪ , (4.18)
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and C ≡ a† + i
√
θA.

Suppose the potential is V (φ− φ∗) , which has a local minimum at φ = φ∗ and

a local maximum at φ = 0 , and V (0) = 0 . Static solutions locally minimize the

Hamiltonian

H = 2πθTr

(
1

4
F 2

ij +
1

θ
[C, φ][C̄, φ] + V (φ− φ∗)

)
. (4.19)

The lowest energy solution (vacuum) can be easily found,

φ = φ∗I , C = a† . (4.20)

A class of solutions with nonzero energy can be constructed through a transforma-

tion with a nonunitary isometry operator , shift operator S ,

S : |n〉 → |n+ 1〉 , S =

∞∑
n=0

|n+ 1〉〈n| , (4.21)

where S̄S = 1 , but SS̄ = 1− P0 ≡ 1− |0〉〈0|. The nth solution is

φ = Snφ∗IS̄n = φ∗(I − Pn) ,

C = SnāS̄n , C̄ = SnaS̄n , (4.22)

with the field strength

F =
1

2
εijF ij =

1

θ
([C, C̄] + 1) =

Pn

θ
(4.23)

and the energy

E = 2πθn

(
1

2θ2
+ V (−φ∗)

)
. (4.24)

The NC solitons constructed above can in fact be interpreted as Bosonic D-

branes. As explained in the introduction section, the effective field theory of the

tachyon and gauge field degrees of freedom of the open strings on the D-brane will

be a NC field theory in terms of the effective field theory at B = 0, but with the
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open string effective metric Gij and the noncommutativity θij determined by (1.11)

and (1.13).

Consider a Bosonic open string with an unstable space-filling D25-brane. The

leading terms in the effective action for constant tachyon and gauge field strength

have the Born-Infeld form [57–59]. Integrating out the massive string degrees of

freedom leads to an effective action of the form (for Bij = 0),

Seff =
c

gs

∫
d26x

√
det g

[
−1

4
h(φ− 1)F µνFµν

+ · · ·+ 1

2
f(φ− 1)∂µφ∂µφ+ · · · − V (φ− 1)

]
, (4.25)

where c = T25gs is independent of gs with T25 the D25-brane tension. The potential

V (φ− 1) has a local maximum at φ = 0 with V (−1) = 1 representing the unstable

D25 brane configuration, and a local minimum at φ = 1 with V (0) = 0 representing

the closed string vacuum, according to the conjecture of Sen [60, 61].

Now turn on the background B field with only B24,25 = b < 0 , then the action

becomes NC in R2 including 24 and 25 direction. In chapter 1, explicit form of the

NC gauge field term is given in (1.19) analogous to (1.22). Therefore the NC action

analogous to (4.25) is

S =
2πθc

Gs

∫
d24xLnc , (4.26)

with

Lnc =
√

detGTr

[
−1

4
h(φ− 1)(F µν + Φµν)(Fµν + Φµν)

+ · · ·+ 1

2
f(φ− 1)DµφDµφ+ · · · − V (φ− 1)

]
. (4.27)

Focusing on only the NC directions 24, 25, a special choice [10]

θ =
1

B
=

1

|b| Φ = −B = |b| (4.28)
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in Eqn. (1.20) gives the value of the open string metric (1.11) and the string

coupling (1.24) in the zero coupling limit,

G = −(2πα′b)2 , Gs = gs(2πα
′|b|) . (4.29)

In evaluating energy of the NC soliton solution (4.22), remember the soliton can be

obtained by the transformation with the shifting operator Sn from the closed string

vacuum configuration. All covariant derivatives of φ or Fµν vanish as they do in the

closed string vacuum, so are the gauge fields Aµ vertical to the brane. Also

h(φ− 1)(F + Φ)2 =
1

θ2
h(−Pn)(1− Pn) =

1

θ2
h(−1)Pn(1− Pn) = 0 , (4.30)

and

V (φ− 1) = V (−Pn) = V (−1)Pn = Pn . (4.31)

Therefore the energy of the soliton has only the potential term, derived from Eqn.

(4.27),

E =
2πθc
√

detG

Gs

∫
d24xTrPn =

(2π)2α′nc
gs

, (4.32)

which identifies the tension as

T =
(2π)2α′nc

gs
= (2π)2α′nT25 = nT23 . (4.33)

In the above construction configuration of n Dp-branes arises as the NC soliton

solution shifted from the closed string vacuum. This construction is exact for any

value of B or finite θ, which reduces to that of [62] in the limit of large B-field.

4.3 Classical Noncommutative Q-ball Solution

GMS solitons, which exist in (2 + 1) dimensional NC scalar field theory, while

classically stable, cease to exist at sufficiently small NC parameter θ, due to the

nonexistence theorem of Derrick [56] in the commutative limit(θ → 0). In this

commutative limit, however, time dependent nontopological solitons, or Q-balls

exist in all space dimensions [48, 63].
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4.3.1 Hamiltonian and Equation of Motion

In this section we derive the equation of motion for NC Q-ball solutions,

following brief introduction of NC scalar field theory. The form of the solution has

already been given [64]. We discuss the existence and stability of the solutions, and

show that in the commutative limit NC Q-balls just reduce to the commutative

Q-balls.

Consider a NC scalar field theory action with global U(1) phase invariance,

S = −
∫
dtd2x

[
∂µφ̄∂

µφ+ V (
1

2
{φ̄, φ})

]
, (4.34)

where the space-time metric is (−,+,+), and the fields are multiplied by NC star

product, generally made implicit in this paper, and {A ,B} ≡ A � B + B � A. The

potential V has a global minimum at the origin, with the scaling property

V (g, φ̄φ) = g−2V (g2φ̄φ) . (4.35)

g is then the coupling constant assumed to be small. The commutative limit of this

action is where ordinary Q-balls have already been constructed [48, 63]. The NC

star product is defined to be,

(φ � ψ)(x) ≡ exp(i
θ

2
εjk

∂

∂xj

∂

∂yk
)φ(x)ψ(y)

∣∣∣∣
y=x

, (4.36)

where j, k = 1, 2.

In the operator formalism the action integral (4.34) becomes

S[φ̂, ˆ̄φ] =

∫
dt2πθTr

(
∂0

ˆ̄φ∂0φ̂+
1

θ
([a, ˆ̄φ][a†, φ̂] + [a†, ˆ̄φ][a, φ̂])− V ( ˆ̄φφ̂)

)
. (4.37)

The equation of motion is

∂2
0 φ̂+

2

θ
[a, [a†, φ̂]] + φ̂V ′( ˆ̄φφ̂) = 0 . (4.38)
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The action has global U(1) phase invariance, which yields a conserved charge

Q[φ̂, ˆ̄φ] =

∫
d2xj0 = i2πθTr( ˆ̄φ∂0φ̂− ∂0

ˆ̄φφ̂) . (4.39)

Q is interpreted as particle number in the physical system. A particular system

always exists with fixed particle number N = Q[φ̂, ˆ̄φ]. To find nondissipative soliton

solutions [48, 63] under this constraint, we write Hamiltonian

H = 2πθTr

(
∂0

ˆ̄φ∂0φ̂− 1

θ
([a, ˆ̄φ][a†, φ̂] + [a†, ˆ̄φ][a, φ̂]) + V ( ˆ̄φφ̂)

)
+ ω(N −Q[φ̂, ˆ̄φ]) ,

(4.40)

with the constraint applied before the Poisson bracket is worked out [47]. The

minimum energy solution occurs at

δH

δ(∂0
ˆ̄φ)

∣∣∣∣∣
N

= ∂0φ̂+ iωφ̂ = 0 , (4.41)

which means

φ̂ =
1√
2
σ̂(x̂)e−iωt. (4.42)

Assuming hermitian σ̂(x̂) or real σ(x), H becomes

H = 2πθTr

(
−1

2
ω2σ̂2 − 1

θ
[a, σ̂][a†, σ̂] + V (

1

2
σ̂2)

)
+ ωN , (4.43)

with the particle number

N = 2πθωTr(σ̂2) . (4.44)

and the equation of motion (4.38)

2

θ
[a, [a†, σ̂]]− ω2σ̂ + σ̂V ′(

1

2
σ̂2) = 0 . (4.45)

Note the equation of motion (4.45) also follows from (δH/δσ̂)|N = 0, which means

that the solution σ̂ has the same form as the static GMS soliton solution in the

potential

U(σ̂) = V (
1

2
σ̂2)− 1

2
ω2σ̂2 . (4.46)
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Consider spherically symmetric solution [51] expanded in terms of the projection

operators,

σ̂(x̂) =
∞∑

n=0

λnPn , (4.47)

where Pn ≡ |n >< n|. Replace σ̂ in (4.43), (4.44), and the equation of motion

(4.45),

H = 2π
∑

n

[(n+ 1)(λn+1 − λn)2 + θU(λn)] + ωN , (4.48)

N = 2πθω
∑

n

λ2
n , (4.49)

(n + 1)(λn+1 − λn)− n(λn − λn−1) =
θ

2
U(λn) . (4.50)

Sum the equation of motion from n = 0 to n = K

λK+1 − λK =
θ

2(K + 1)

K∑
n=0

U ′(λn) , (4.51)

where K ≥ 0 is an arbitrary integer. A particular set of λn’s defines a solution.

Many properties of the solution can still be derived from Eqn. (4.48-4.51) though

a closed form has not been constructed. For example, because of the finiteness of

both the energy H and the particle number N , we have,

λn+1 = λn , λn = 0 , for n→∞ , (4.52)

4.3.2 Q-ball Solutions

In static GMS soliton theory, the global minimum of the potential is generally

assumed to be at the origin, and the core of the soliton is localized at the local

minimum of the potential (false bubble solution). It is the noncommutativity

that forbids the classical decay of the solitons. The corresponding commutative

potential does not have nontrivial topological structures, and hence yields no

soliton solutions. Therefore NC GMS solitons are genuine NC effects and they

disappear at small enough θ, where the commutative limit is approached.
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This is not the case with Q-ball solutions. The existence and stability of

Q-ball solution rely on the conservation of the charge Q as the consequence of

the global symmetry. The potential for Q-ball solutions does not have nontrivial

topological structure. Therefore NC Q-balls are expected to exist even for very

small θ . We will show that such NC Q-ball solutions would smoothly reduce to the

Q-ball solution in the commutative limit.

In the following we discuss the existence of NC Q-ball solutions in a typical

potential form,

U(σ) = V (σ2)− 1

2
ω2σ2 = aσ2 − bσ4 + cσ6 , (4.53)

where the coefficients b and c are larger than zero, and a = 1
2
(m2 − ω2).

U(σ) varies for different ω. If ω2 > m2 or a < 0, U(σ) has a local maximum

at the origin. In the commutative limit there is only a plane wave solution. Here

similar plane wave solution in NC limit can also be constructed. Since for a

stable soliton solution λn would have to take values between s and the origin

and monotonically decrease in n [65], a simple argument can show that solitons

cannot exist. There is a constraint that
∑K

n=0 U
′(λn) converges to zero as K goes

to infinity, which cannot be satisfied in this case. To prove this constraint, suppose

that
∞∑

n=0

U ′(λn) ∼ v �= 0 , (4.54)

Sum Eqn. (4.51) from a particular K = q sufficiently large to a point p close to

infinity,

λp − λq ∼
p∑

K=q

v

K
. (4.55)

It is then easy to see λp will not converge to zero as p goes to infinity.

When ω2 < ν2 , ν2 = m2 − b2/2c , U(σ) has only a global minimum at

the origin. Even though in the commutative theory no soliton solutions exist, for

NC theory at sufficiently large θ, there are GMS type solitons exist. It has been
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shown that there is a critical lower bound on θ for the existence of NC soliton [66].

Similar bounds would be expected to exist for NC Q-ball for 0 < ω < ν as well.

As ν2 < ω2 < m2, U(σ) has a local minimum at the origin, a global minimum

at s (U(s) < 0) and a zero w = [(b−√b2 − 4ac)/2a]1/2 between 0 and s (0 < w < s).

In the commutative case such potential form enables the existence of Q- ball

solutions. In the NC case it is expected that NC-Q ball solutions exist even for

small θ. In the following we take the continuum limit of Eqn. (4.51) for very

small θ , and show that all the solitons sPK exist at θ → ∞ converges to the

commutative Q-ball solution as θ → 0.

For very small θ, all λn’s can be considered as sufficiently close. Therefore

λn can be approximated by a continuous function λ(u) 1 . Let u = Kθ , and

λK = λ(Kθ) = λ(u) . Eqn. (4.51) becomes

λ′(u) =
1

2(u+ θ)

∫ u

0

U ′[λ(s)]ds+O(θ) . (4.56)

Ignore O(θ) term, we have

dλ

du
+ u

d2λ

du2
=

1

2

dU

dλ
. (4.57)

Let u = 1
2
v2 ,

d2λ

dv2
+

1

v

dλ

dv
=
dU(λ)

dλ
. (4.58)

This is exactly the equation of motion for the commutative Q-ball solution λ(v)

, with v identified as radius r . This can be explained as follows: The Weyl

transform of 1
2
r2 is a†a , and a†a has the eigenvalue nθ on the state |n > . As θ

gets smaller, the eigenvalues nθ gets closer, and eventually becomes continuous

as 1
2
r2 in the commutative limit. The coefficient λn just becomes the field λ(r) in

1 Thanks to Dr. Shabanov for helping on this point
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this limit. In this description the commutative Q-ball can be considered as the

analytical continuation of the NC Q-balls in θ .

The formula for the energy and particle number in the commutative limit can

also be recovered by taking the continuum limit of Eqn. (4.48) and (4.49),

H = 2π

∫ ∞

0

vdv

[
1

2
(
dλ

dv
)2 + U(λ) + ωN

]
, (4.59)

N = 2πω

∫ ∞

0

duλ2(u) = 2πω

∫ ∞

0

vdvλ2(v) . (4.60)

The existence of the commutative Q-ball solution are proved by considering

an analogous problem in which a classical particle moves in the one-dimensional

potential −U(λ) [48]. The field configuration λ(v) of the Q-ball starts from a

unique value ρ = λ(0) between the zero w and the global minimum s, then

monotonically decreases in v , and approaches 0 when v → ∞. This property of

λ(v) is consistent with those of the general stable NC soliton solutions λn at finite

θ . It is found [65] that there exist smooth θ families of spherically symmetric

solutions in which λn is monotonically decreasing in n . In the infinite θ limit

such solution is just sPK . As θ decrease, λ0, · · · , λK decrease from s , while other

λn(n > K) starts to move away from the origin towards s , but the whole λn

series remain monotonically decrease in n . Since in the commutative limit λn

just becomes λ(v) , one can conclude that as θ decreases from ∞ to zero, λ0 will

decrease from s and eventually to ρ at the commutative limit.

4.3.3 Virial Relation

The Hamiltonian (4.43) in the function formalism is

H [σ] = 2π

∫
rdr

(
1

2
(∂iσ)2 + U(θ , σ) + ωN

)
, (4.61)

where the potential U has explicit dependence on θ through star product. Suppose

σ(x) is the Q-ball solution, H [σ(x/a)] must be stationary at a = 1. A change of the
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integration variables shows that

H [σ(x/a)] = 2π

∫
rdr

(
1

2
(∂iσ(x))2 + a2U(

θ

a2
, σ(x)) + ωN

)
, (4.62)

and

d

da
H [σ(x/a)]

∣∣∣∣
a=1

= 2π

∫
rdr

(
2U(θ , σ)− 2

∂

∂θ
U(θ , σ)

)
= 0 . (4.63)

Unlike the Virial theorem for d = 1 space dimension, here the kinetic energy is

scale invariant. Scaling dependence of the energy includes two separate terms

from the potential and from its dependence on θ through the star products. The

significance of Eqn. (4.63) is more explicit in GMS soliton case, where the potential

energy

2π

∫
rdrU(σ) = θ

∞∑
n=0

U(λn) > 0 . (4.64)

The scaling variable a can be thought of as the size of the NC soliton. While the

positive potential energy favors shrinking of the soliton, but the NC star products

keep it from decay.

4.4 Quantization of Noncommutative Q-ball

Solitons are extended objects exist in field theory, the properties of which

receive quantum corrections as the fields are quantized. In this section we follow

very closely to the canonical quantization procedure [49, 63]. Then we evaluate the

ultraviolet divergences in the quantum corrections to the soliton energy at very

small θ .

4.4.1 Canonical Quantization

The general procedure to investigate the properties of the solitons is to expand

the fields around the classical solution. Because the momentum and particle

number are conserved in the system, we will have to impose the corresponding

constraints to erase the zero-frequency modes in the expansion.
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We start by making a point canonical transformation of φ(x) ,

φ =
1√
2
e−iβ(t)[σ(x−X(t)) + χ(x−X(t), t)] , (4.65)

χ(x−X(t), t) ≡ χR(x−X(t), t) + iχI(x−X(t), t) , (4.66)

where β(t) and X i(t) are the collective coordinates represent the over-all phase

and the center of mass position. Impose the constraints on χ to ensure the above

transformation is a canonical transformation with equal number of degrees of

freedom before and after, ∫
σχI = 0 ,

∫
χR∂iσ = 0 , (4.67)

where i = 1, 2 . The integral sign denotes two dimensional integrations over x.

The star product is suppressed. Unless indicated otherwise, from now on the

differential d2x and the NC star product are implied wherever applicable. The

above constraints also remove the perturbative zero mode solutions in the meson

field χ. Let

χR(x, t) =

∞∑
a=3

qRa(t)fa(x) , (4.68)

χI(x, t) =

∞∑
ȧ=2

qIȧ(t)gȧ(x) , (4.69)

where fa(x) and gȧ(x) are the real normal functions satisfy∫
fafb = δab , (4.70)∫
gȧgḃ = δȧḃ , (4.71)

(4.72)
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and under the constraints, ∫
∂iσfa = 0 , (4.73)∫
σgȧ = 0 , (4.74)

where a = 3, 4, . . . and ȧ = 2, 3, . . . always in this paper.

Rewrite the Lagrangian (4.34) with (4.65),

L =
1

2
q̇TMq̇ + V(q), (4.75)

where qT = (X1 , X2 , β , qR3 , . . . , qI2 , . . .) and T denotes matrix transpose, and

V(q) ≡
∫

(∂iφ̄∂iφ+ V (
1

2
{φ̄ , φ})) (4.76)

The matrix elements of the symmetric M are

Mij = M0δij +

∫
(2∂iσ∂jχR + ∂iχR∂jχR + ∂iχI∂jχI) , (4.77)

Mββ = I +

∫
(2σχR + χ2

R + χ2
I) , (4.78)

Mβi =

∫
(−2∂iσχI + χR∂iχI − χI∂iχR) , (4.79)

Mia = −
∫
fa∂iχR , (4.80)

Miȧ = −
∫
gȧ∂iχI , (4.81)

Mβa =

∫
faχI , (4.82)

Mβȧ = −
∫
gȧχR , (4.83)

Mab = δab , (4.84)

Mȧḃ = δȧḃ . (4.85)

where M0 ≡ 1
2

∫
(∂iσ)2 and I ≡ ∫ σ2. The conjugate momentum of q is

p = Mq̇ ≡ (P1 , P2 , N , pR3 , . . . , pI2 , . . .)
T . (4.86)
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The particle number N and the total momentum Pi are conserved since the

Lagrangian (4.75) is independent of the collective coordinates β and X i. Quantize

the new canonical coordinates,

[X i , P j] = iδij , (4.87)

[β ,N ] = i , (4.88)

[qRa , pRb] = iδab , (4.89)

[qIȧ , pIḃ] = iδȧḃ . (4.90)

The Hamiltonian

H =
1

2
J−1pTM−1Jp + V(q) , (4.91)

where J =
√

detM because the operator ordering in H is unambiguously deter-

mined by the ordinary quantized Hamiltonian with the coordinates φ [49].

The quantum states can be labeled as |P 1 , P 2 , N , qRa , qIȧ〉. One can solve

the Schrödinger Equation perturbatively around the one soliton ground state

|P 1 = P 2 = 0 , N = Iω , 0〉. In this state P i and N are the momentum and particle

number of the classical solution σ, which can be obtained by letting φ = σ in Eqn.

(4.49) and P i =
∫ ˙̄φ∂iφ + ∂iφ̄φ̇ [1]. 0 labels the lowest energy state with the given

P i and N value.

We can then treat χR and χI as perturbative degrees of freedom, and expand

the Hamiltonian perturbatively around the one soliton ground state order by order

in the weak coupling constant g , defined in Eqn. (4.35).

σ is at the order of g−1 as a soliton solution. M0 and I are g−2 order. Then Pi

and N are at the g−2 order, while pRa and pIȧ at g0 order. Since J commute with

Pi and N , and at the leading g−3 order, J = M0

√
I is a constant or [p , J ] = 0, one

can check that J would not be a factor in the Hamiltonian up to the order g0.
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The Hamiltonian can be expanded order by order, H = H0 +H1 +H2, with the

expansion relation,

M−1 =M−1
0 +M−1

0 ∆M−1
0 +M−1

0 ∆M−1
0 ∆M−1

0 + · · · , (4.92)

where M = M0 + ∆, andM0 has only nonzero diagonal elements, Mqq
0 =

(M0 ,M0 , I , 1 , 1).

H0, equal to the energy of the classical solution, is at the order of g−2,

H0 = M0 +
1

2
Iω2 + V (

1

2
σ2) , (4.93)

H1, linear in χ, vanishes due to the fixed N and Pi, which ensures that χR and

χI are at the order of g0.

The term quadratic in χ is at the g0 order,

H2 =
1

2
(pRa−ω

∫
faχI)

2+
1

2
(pIȧ+ω

∫
gȧχR)2+2

ω2

M0
(

∫
∂iσχI)

2+2
ω2

I
(

∫
σχR)2+V2(q) ,

(4.94)

where

V2(q) =

∫ {
1

2
[(∂iχR)2 + (∂iχI)

2]− 1

2
ω2(χ2

R + χ2
I)

+
1

2
(χ2

R + χ2
I)V

′(1/2σ2) + V

(
1

2
σ2 ,

1

2
{χR, σ} , 1

2
{χR, σ}

)}
, (4.95)

where V
(

1
2
σ2 , 1

2
{χR, σ} , 1

2
{χR, σ}

)
represents the terms from the expansion of the

potential V quadratic in χR.

4.4.2 Energy Corrections at Very Small θ

The Hamiltonian is separated into two parts, described by the baryon degrees

of freedom (P i , N) and meson degrees of freedom (χR , χI) respectively. The sum

of the frequencies of the meson excitations is the zero-point energy of H2,

〈P 1 = P 2 = 0 , N = Iω , 0| H2 |P 1 = P 2 = 0 , N = Iω , 0〉 , (4.96)
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which, subtracted by the vacuum energy Evac =
∫
d2k/(2π)2

√
k2 +m2, gives the

quantum corrections to the soliton energy.

V2(q) is the perturbative expansion of the effective potential V(q) − ωQ[φ, φ̄] ,

Eqn. (4.76) and (4.39), around the solution σ . It is easy to check that χR = ∂iσ

and χI = σ are the eigenmodes of V2(q) with eigenfrequency 0, due to the

translational and rotational invariance of the potential. Therefore we can define the

normal functions fa and gȧ to be the eigenmodes of V2 , or

V2(q) =
1

2
Ω2

Raq
2
Ra +

1

2
Ω2

Iȧq
2
Iȧ , (4.97)

with the frequencies ΩRa and ΩIȧ . The potential V2 are highly nonlocal since

the fields are multiplied by NC star product. In the commutative Q-ball case, V2

has been shown to have only one s-wave eigenmode in χR sector with imaginary

frequency ΩR3 [63]. In last section, we have shown that as NC parameter θ is

taken to be small enough, the NC soliton solution will reduce arbitrary close to

its commutative analog. Therefore close to the commutative limit V2 is expected

to have the similar eigenvalues and eigenmodes as its commutative analog. NC

Q-ball is also expected to be stable as its commutative analog. We will assume

θ is chosen to be such a small value in evaluating the quantum effects of the

noncommutativity.

Define fi = 1/
√
M0∂iσ and g1 = 1/

√
Iσ , Rewrite the Hamiltonian H2 , (4.94),

in the matrix form,

H2 =
1

2
(PT − ωQT ΥT )(P − ωΥQ) + 2ω2QT ΞQ+

1

2
QT Ω2Q , (4.98)

where the matrices are defined as follows:

PT ≡ (pRa , pIȧ) , QT ≡ (qRa , qIȧ) , (4.99)
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Υ ≡


0 Γaȧ

−ΓT
ȧa 0

 , Ξ ≡


Fab 0

0 Gȧḃ

 , Ω ≡


ΩRa 0

0 ΩIȧ

 , (4.100)

where

Γaȧ ≡
∫
fagȧ , Fab ≡

∫
g1fa

∫
g1fb , Gȧḃ ≡

∫
figȧ

∫
figḃ . (4.101)

The equation of motion,

Q̇ =
∂H2

∂P , Ṗ = −∂H2

∂Q , (4.102)

give

Q̇ = P − ωΥQ , (4.103)

Ṗ = ωΥT (P −ΥQ)− 4ω2ΞQ− Ω2Q . (4.104)

Therefore,

Q̈+ 2ωΥQ̇+ 4ω2ΞQ+ Ω2Q = 0 . (4.105)

Let the real normal eigenmodes of Q be

QA = (ξA
Ra , ξ

A
Iȧ)

T , (4.106)

where QATQB = δAB. Replace Q = QAexp(−iΛAt) (Index A is not summed over)

in the above equation. Since QAT
ΥQA = 0 ,

ΛA =

√
QAT (4ω2Ξ + Ω2)QA . (4.107)

Introduce creation and annihilation operators, [CA , C†B] = δAB, Q can then be

quantized as,

Q =
∑

A

QA

√
2ΛA

(CAe−iΛAt + C†AeiΛAt) . (4.108)
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Use this equation and Eqn. (4.104) and (4.98), one can define the one soliton

ground state,

CA|P 1 = P 2 = 0 , N = Iω , 0〉 = 0 , (4.109)

then the zero-point energy of H2 (4.96) is

1

2

∑
A

ΛA =
1

2
Tr{Λ} , (4.110)

where the matrix Λ is diagonal with the eigenvalues ΛA.

In the commutative theory the zero-point energy contains the divergences

even after subtraction of the vacuum energy. The finiteness of the soliton energy

is recovered by starting from the renormalized form of the action (4.34), which

induces the counter terms also contain the divergences [67].

Work in the specific form of the φ6 potential (4.53),

V (
1

2
{φ̄, φ}) = m2(

1

2
{φ̄, φ})− bm2g2(

1

2
{φ̄, φ})2 + cm2g4(

1

2
{φ̄, φ})3 . (4.111)

At the g0 order, or the one-loop order, the general formula for the soliton energy is

Esoliton ≡ 〈P 1 = P 2 = 0 , N = Iω , 0| H |P 1 = P 2 = 0 , N = Iω , 0〉 −Evac(4.112)

= H0 +
1

2
Tr{Λ} −Evac +

1

2
δm2

∫
σ2 − bm2δg2

(4)

∫
σ4 , (4.113)

where δm2 and δg2
(4) are the counter terms for the mass and the φ4 coupling

respectively. The φ6 coupling does not receive loop corrections. The φ4 coupling

terms yield the right coefficients and can be renormalized [32].

The loop integration in the NC field theory generally contains phase factors

which yield the interesting UV-IR phenomenon upon renormalization [22]. In the

following we evaluate the quantum correction from the zero-point energy of H2 in

Eqn. (4.110) and show that it contains the same phase factors as those appear in

the counter terms δm2 and δg2
(4).
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We start by arguing that only 1/2Tr{Ω} is needed in evaluating the leading

divergence. In Eqn. (4.107), it is easy to see QAT
ΞQA is finite,

QAT
ΞQA = (

∫
g1faξRa)

2 + (

∫
figȧξIȧ)

2

≤ [

∫
g2
1 +

∫
(faξRa)

2]2 + [

∫
f 2

1 +

∫
(gȧξIȧ)

2]2 + [

∫
f 2

2 +

∫
(gȧξIȧ)

2]2

= (1 + ξ2
Ra)

2 + 2(1 + ξ2
Iȧ)

2 ≤ 12 . (4.114)

As we will see that the eigenvalues ΩRa and ΩIȧ behave like
√
k2 − ω2 +m2 at very

large k. The leading divergence of Tr{Λ} will be determined by Tr{Ω}.
ΩRa and ΩIȧ, eigenfrequencies of V2(q) in Eqn. (4.95), satisfy the linear

equations,

(−∂2
i − ω2 +m2)χI − 1

2
bm2g2{σ2, χI}+

3

8
cm2g4{σ4, χI} = Ω2

IȧχI ,(4.115)

(−∂2
i − ω2 +m2)χR − bm2g2({σ2, χR}+ σχRσ) +

3

4
cm2g4({σ4, χR}+ σ2χRσ

2 + σ{σ, χR}σ) = Ω2
RaχR . (4.116)

The above equations are just time independent Schrödinger equations. In

particular phase shifts from the central potential have been used in calculating the

soliton energy correction [68]. The basic idea is that in the central potential for

each partial wave, the difference of the density of the states between the scattered

wave and the free wave is related to the derivative of the phase shift,

ρl(k)− ρ0(k) =
1

π

dδl(k)

dk
, (4.117)

where l goes from −∞ to ∞. The finiteness of the particle number, N = ω
∫
σ2 ,

determines that σ → o as r →∞ . Therefore the NC potential in Eqn. (4.115) and

(4.116) is radial symmetric and vanishes at ∞. For the most general potential term

WF (r) � χ �WB(r) ,

[WF (r) � χ �WB(r) , L] =WF (r) � [χ , L] �WB(r) , (4.118)
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where L = −iεijxi∂j is the angular momentum. The star product is made explicit

here and in the rest of the section. This formula can be easily proved in the Weyl

transforms of the fields. Going to the momentum space, one can generalize the

result in [15] and show that

WF (x) � χ(x) �WB(x) =

∫
d2pf

(2π)2

d2pb

(2π)2
W̃F (pf)W̃B(pb)e

ipf (x+ iθ
2

∂̃)eipb(x− iθ
2

∂̃)χ(x) ,

(4.119)

where ∂̃i ≡ εij∂j .

Using Eqn. (4.117), consider only the leading divergence, we have [69],

1

2
Tr{Λ} − Evac ∼ 1

2
Tr{Ω} − Evac

∼ 1

2π

∫
d
√
k2 +m2

∑
l

[δIl(k) + δRl(k)] , (4.120)

where δIl(k) and δRl(k) are the phase shifts for χI and χR. The sum of the phase

shifts can be evaluated through Born approximation. In the commutative case, this

leads to the cancelation of the tadpole diagram [68].

Eqn. (4.115) and (4.116) have the Jost solution form for the lth partial wave

at large r ,

χ ∼ h∗l (kr) + e2iδlhl(kr) . (4.121)

Considering the asymptotic (r → ∞) behavior of the solution, the standard

procedure [70] leads to the scattering amplitude,

f(k′,k) = f(φ) =
∑

l

fl(k)e
ilφ =

1√
k

∑
l

eiδl sin δle
ilφ , (4.122)

where k′ = k and φ is the angle between k′ and k. At large l, or δl ≈ 0, we can see

∑
l

δl ≈
√
kf(φ = 0) (4.123)
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f(k′,k) can also be calculated through Born approximation, replacing χ by

e−ikx in the potential form (4.119),

f(k′,k) = − 1

4
√
k

∫
d2xe−ik′x

∑
i

W(i)
F � e−ikx �W(i)

B

= − 1

4
√
k

∫
d2xe−i(k′−k)x

∑
i

W(i)
F (x− θ

2
k̃)W(i)

B (x+
θ

2
k̃) (4.124)

where i labels the potential terms in Eqn. (4.115) and (4.116), and k̃i ≡ εijkj .

Therefore

∑
l

δl = −1

4

∫
d2x
∑

i

W(i)
F (x− θ

2
k̃)W(i)

B (x+
θ

2
k̃)

= −1

4

∫
d2p

(2π)2

∑
i

W̃(i)
F (p)W̃(i)

B (−p)e−iθpk̃ . (4.125)

The right hand side only depends on the magnitude k due to the central potential

W(r).

Now we are ready to evaluate Eqn. (4.120),

1

2π

∫
d
√
k2 +m2

∑
l

[δIl(k) + δRl(k)]

= − 1

8π

∫
d
√
k2 +m2

∫
d2p

(2π)2

∑
i

W̃(i)
F (p)W̃(i)

B (−p)e−iθpk̃

= −1

2

∫
d2p

(2π)2

∫
d2k

(2π)2

e−iθpk̃

2
√
k2 +m2

∑
i

W̃(i)
F (p)W̃(i)

B (−p) . (4.126)

The integration over k is exactly part of the tadpole diagram belongs to δm2 [32],

and it contains the UV/IR divergence (Λ → ∞ and p → 0) evaluated with the

cutoff Λ [22],∫
d2k

(2π)2

e−iθpk̃

2
√
k2 +m2

=
2

(4π)3/2
(mΛeff)

1/2K 1
2

(
2m

Λeff

)
=

Λeff

8π
+O(1) , (4.127)

where Λeff ≡ (θ2p2/4 + 1/Λ2)−1/2. Notice that the above UV/IR divergence from

Eqn. (4.126) occurs only when both WF and WB exist. In other words, only the

terms σχRσ , σ
2χRσ

2 and σ{σ, χR}σ in Eqn. (4.115) and (4.116) yield UV/IR
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divergence. All other potential terms only give the normal UV divergence where

the phase factor is absent. Since the counter term δm2 and δg2 do not include

UV/IR divergence, we are certain that the Q-ball energy correction includes UV/IR

divergence. Cancelation of the UV divergences is not obvious because the exact

value of the eigenfrequencies ΛA is unknown.

4.5 Finite θ and Noncommutative GMS Solitons

The above calculation assumes that the NC parameter θ is sufficiently small so

that the NC potential will generate the Jost solution form as in the commutative

case. Let us consider the effects of the NC potential (4.119) in the case that θ is

not small.

Since

[xi ± iθ

2
∂̃i, xj ± iθ

2
∂̃j ] = ±iθεij , (4.128)

the effective scattering potential for the NC interaction WF (x) � χ �WB(x) (4.119)

is just

ŴF (x+
iθ

2
∂̃)ŴB(x− iθ

2
∂̃) , (4.129)

multiplication of the Weyl transforms of WF (x) and WB(x) . Notice ŴF and ŴB

commute since [xi + iθ/2∂̃i, xj − iθ/2∂̃j ] = 0.

Now considering

ŴF (x+
iθ

2
∂̃) =

∫
d2pf

(2π)2
W̃F (pf)e

ipf (x+ iθ
2

∂̃) , (4.130)

the noncommutativity,

[p1
f(x

1 +
iθ

2
∂̃1) , p2

f(x
2 +

iθ

2
∂̃2)] = iθp1

fp
2
f , (4.131)

can be suppressed even if θ is not small, as long as W(x) is smooth enough or

W̃(pf )→ 0 at large pf . Notice small pf is also the IR limit we discussed in the last
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section. Under this assumption we can write

ŴF (x+
iθ

2
∂̃) ≈ WF (x+

iθ

2
∂̃) =WF (|x +

iθ

2
∂̃|2) =WF (r2 − θ

2
L+ ∂2

i ) . (4.132)

Acting on the field χ(x) = ul(kr)e
ilφ, the effective potential becomes WF (r2−θl/2+

∂2
i ). Similar calculation applied to ŴB(x) yields WB(r2 + θl/2 + ∂2

i ). Therefore at

large k and large r, we can treat the scattering potential perturbatively as in the

commutative case. The phase shift evaluation of the energy of the soliton could

still apply provided that W or the soliton solution σ are smooth enough.

NC GMS soliton only exists at finite θ. Based on the above arguments, we

can still evaluate its quantum corrections with the phase shift method in the last

section.

Quantization of GMS soliton and Q-ball share a lot of similarities. To get the

GMS soliton theory, we make the replacements (φ , φ̄ → 1/
√

2Φ) in the previous

complex scalar field theory (4.34). With the potential (4.111), the Lagrangian

becomes

L = −1

2
(∂µΦ)2 − V (Φ) = −1

2
(∂µΦ)2 − 1

2
m2Φ2 +

1

4
bm2g2Φ4 − 1

8
cm2g4Φ6 , (4.133)

where Φ is multiplied by the star product. The renormalizability of the theory

has been proved [30]. Let ω = 0 because there is no conserved charge Q (4.39) in

the theory. When b2 − 4c < 0, the potential in (4.133) has a local minimum at
√
bg/2 besides the global minimum at the origin, and the GMS soliton solution σ

exists. Replace the expansion (4.65) by Φ = σ + χ , where χ = χR is real. As

a result, the meson degrees of freedom are only χR or χ. Upon quantization, the

soliton energy is still given by Eqn. (4.113). Since ω = 0 and Λ = Ω are the exact
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eigenfrequencies of H2 (4.94), we have

(−∂2
i +m2)χR − bm2g2({σ2, χR}+ σχRσ)

+
3

4
cm2g4({σ4, χR}+ σ2χRσ

2 + σ{σ, χR}σ) = Λ2
aχR . (4.134)

Eqn. (4.120) describes the exact ultraviolet divergences in 1/2Tr{Λ} − Evac.

Therefore we are able to check the cancelation of the divergences in Eqn. (4.113).

As mentioned in the previous section, in the above equation, the terms σχRσ ,

σ2χRσ
2 and σ{σ, χR}σ yield UV/IR divergences, while the rest terms yield UV

divergence. A critical observation is that those terms yield UV/IR divergence

have one to one correspondence with the contractions of the fields yield Nonplanar

Feynman diagrams [22], and those terms yield UV divergence correspond exactly

to the planar diagrams. We can just spare the details of counting the divergences.

Since the counter terms δm2 and δg2
(4) cancel exactly the UV divergence part, we

conclude that the soliton energy (4.113) is UV finite, but includes all the UV/IR

divergences.

4.6 Conclusion and Discussion

In this chapter we discussed the quantization of NC solitons in (2 + 1)

dimensional scalar field theory. In particular, classical solutions and quantization

of the NC Q-balls at very small θ are investigated in detail. Classically NC Q-

balls reduce to the commutative Q-ball as θ goes to zero. Quantum mechanically,

because loop integrations in the NC field theory have different ultraviolet structure

from those in the commutative theory, i. e. UV/IR mixing, quantum corrections to

the NC soliton energy necessarily include the UV/IR divergent terms which cannot

be renormalized away. The existence of such terms in the energy is demonstrated

through the phase shift summation. The same method is further generalized to NC

GMS solitons which exist only at finite θ. In the small momentum limit, or for the

sufficiently smooth soliton solutions, divergence structure of the soliton energy can
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be calculated exactly. In this case the energy is found to contain no UV divergence

but all the UV/IR divergences. Quantum corrections to the NC soliton energy have

also been calculated but at very large θ [7], where no UV/IR divergence is found.

We believe that is because at large θ, the noncommutativity (4.131) is not small

and cannot be ignored, and the potential term is the dominant term instead of a

perturbative one. In this case the phase shift sum is not a good approximation to

the energy correction.

An interpretation to the UV/IR divergence [23] is that because new light

degrees of freedom are introduced in the Wilsonian effective action. UV/IR

divergence can be reproduced by integrating out those new degrees of freedom,

which are then interpreted as closed string modes with channel duality. Future

research direction is to consider the NC solitons in the gauge theory, where they

are interpreted as D-branes [53, 54] and D-brane action is properly recovered. One

expects to gain better understanding of interactions between D-brane and closed

strings through quantization of NC solitons.



CHAPTER 5
SOLUTION OF KOSTANT EQUATION

In chapter 3 theory of superPoincaré algebra and its representations is

reviewed. Classification of irreducible unitary representations of Poincaré and

superPoincaré algebra reveals physical spectrum of the corresponding theory.

M-theory, as unification of string theory, is conjectured to be 11-dimensional

theory [12, 13], whose low energy limit is 11-dimensional supergravity. Little group

of 10 dimensional Poincaré group is SO(8), which classifies the spectrum of 10

dimensional superstring theory. Triality symmetry of SO(8) leads to marvelous

cancelations between Bosonic and Fermionic contributions, which renders the

theory to be UV finite. Little group of 11-dimensional superPoincaré algebra,

SO(9) does not have such symmetry, and SO(9) is nonrenormalizable in high loop

order [71]. It is found that some irreps of SO(9) naturally group together into

an infinite tower of triplets [72], the lowest of which includes the spectrum of 11

dimensional supergravity. This suggests that the tower of triplets might be able to

describe certain limit of M-theory. A possible candidate is the infinite Regge slope

limit, or zero tension limit of string theory, where one expects all states to become

massless, with an infinite number of states for each spin.

A mathematical understanding of the triplets has been given [73]. They arise

for embeddings where both group and subgroup have the same rank. SO(9) is a

subgroup of F4 with the same rank, and the quotient space F4/SO(9) has Euler

number three giving a triplet of SO(9) to every irrep of F4. There exist other

cases the triplets arise the lowest of which describe N = 8 supergravity, N = 4

Yang-Mills and N = 2 hypermultiplet [74–76]. All these Euler triplets arise as

solutions of Kostant’s equation [43], which is a Dirac-like equation on the coset.

62



63

This chapter focus on differential form of the representation of Kostant’s equa-

tion and its solutions, which is the beginning step for the Lagrangian construction.

After a review of Euler triplet in a toy coset space, coset SU(3)/SU(2) × U(1) ,

Euler triplet solutions in coset F4/SO(9) are discussed in detail. In particular,

variable representations of 11-dimensional superPoincaré algebra, and F4 and

SO(9) algebra, are worked out explicitly, as well as representations of Kostant

equation and its triplet solutions.

5.1 Euler Triplet for SU(3)/SU(2)× U(1)

As a learning example start with a detailed analysis of the Euler triplets

associated with the coset SU(3)/SU(2)×U(1). There is an infinity of Euler triplets

which are solutions of Kostant’s equation associated with this coset. The most

trivial solution describes the light-cone degrees of freedom of the N = 2 in four

dimensions, when the U(1) is interpreted as helicity.

5.1.1 The N = 2 Hypermultiplet in 4 Dimensions

The massless N = 2 scalar hypermultiplet contains two Weyl spinors and

two complex scalar fields, on which the N = 2 SuperPoincaré algebra is realized.

Introduce the light-cone Hamiltonian

P− =
pp

p+
, (5.1)

where p = 1√
2
(p1 + ip2). The front-form supersymmetry generators satisfy the

anticommutation relations

{Qm
+ ,Qn

+} = −2δmnp+ ,

{Qm
− ,Qn

−} = −2δmn pp

p+
, m, n = 1, 2 , (5.2)

{Qm
+ ,Q

n

−} = −2pδmn .
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The kinematic supersymmetries are expressed as

Qm
+ = − ∂

∂θ
m − θmp

+ , Qm

+ =
∂

∂θm
+ θmp

+ , (5.3)

while the kinematic Lorentz generators are given by

M12 = i(xp− xp) +
1

2
θm

∂

∂θm

− 1

2
θ

m ∂

∂θ
m , (5.4)

M+− = −x−p+ − i

2
θm

∂

∂θm

− i

2
θ

m ∂

∂θ
m ,

M+ ≡ 1√
2
(M+1 + iM+2) = −xp+ , M

+
= −xp+ ,

where x = 1√
2
(x1 + ix2), and where the two complex Grassman variables satisfy the

anticommutation relations

{θm,
∂

∂θn

} = {θm
,
∂

∂θ
n} = δmn ,

{θm,
∂

∂θ
n} = {θm

,
∂

∂θn
} = 0 .

The (free) Hamiltonian-like supersymmetry generators are simply

Qm
− =

p

p+
Qm

+ , Qm

− =
p

p+
Qm

+ , (5.5)

and the light-cone boosts are given by

M− = x−p− 1

2
{x, P−}+ i

p

p+
θm

∂

∂θm
, (5.6)

M
−

= x−p− 1

2
{x, P−}+ i

p

p+
θ

m ∂

∂θ
m .

This representation of the superPoincaré algebra is reducible, as it can be seen to

act on reducible superfields Φ(x−, xi, θm, θ
m

), because the operators

Dm
+ =

∂

∂θ
m − θmp

+ , (5.7)
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anticommute with the supersymmetry generators. As a result, one can achieve

irreducibility by acting on superfields for which

Dm
+ Φ = [

∂

∂θ
m − θmp

+]Φ = 0 , (5.8)

solved by the chiral superfield

Φ(y−, xi, θm) = ψ0(y
−, xi) + θmψ

m(y−, xi) + θ1θ2ψ
12(y−, xi) . (5.9)

The field entries of the scalar hypermultiplet now depend on the combination

y− = x− − iθmθ
m
, (5.10)

and the transverse variables. Acting on this chiral superfield, the constraint is

equivalent to requiring that

Qm
+ ≈ −2p+θm , Qm

+ ≈
∂

∂θm
, (5.11)

where the derivative is meant to act only on the naked θm’s, not on those hiding in

y−. This light-cone representation is well-known, but we repeat it here to set our

conventions and notations.

5.1.2 Coset Construction

Let TA , A = 1, 2, . . . 8, denote the SU(3) generators. Its SU(2) × U(1)

subalgebra is generated by T i, i = 1, 2, 3, and T 8. Introduce Dirac matrices over

the coset

{γa, γb} = 2δab ,

for a, b = 4, 5, 6, 7, to define the Kostant equation over the coset SU(3)/SU(2) ×
U(1) as

K/ Ψ =
∑

a=4,5,6,7

γaTa Ψ = 0 .
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The Kostant operator commutes with the SU(2)× U(1) generators

Li = Ti + Si , i = 1, 2, 3 ; L8 = T8 + S8 , (5.12)

sums of the SU(3) generators and of the “spin” part, expressed in terms of the γ

matrices as

Sj = − i
4
fjabγ

ab , S8 = − i
4
f8abγ

ab , (5.13)

where γab = γaγb , a �= b , and fjab , f8ab are structure functions of SU(3).

The Kostant equation has an infinite number of solutions which come in

groups of three representations of SU(2) × U(1), called Euler triplets. For each

representation of SU(3), there is a unique Euler triplet, each given by three

representations

{a1, a2} ≡ [a2]− 2a
1
+a2+3

6

⊕ [a1 + a2 + 1]a
1
−a2
6

⊕ [a1] 2a
2
+a1+3

6

,

where a1, a2 are the Dynkin labels of the associated SU(3) representation. Here, [a]

stands for the a = 2j representation of SU(2), and the subscript denotes the U(1)

charge. The Euler triplet corresponding to a1 = a2 = 0,

{0, 0} = [0]− 1
2
⊕ [1]0 ⊕ [0] 1

2
,

describes the degrees of freedom of the N = 2 supermultiplet, where the properly

normalized U(1) is interpreted as the helicity of the four-dimensional Poincaré

algebra.

5.1.3 Grassmann Numbers and Dirac Matrices

In order to use the superfield technique we will identify the spin part of the

U(1) generator S8 with the spin part in Eqn. (5.4) taking the condition (5.8) into

account. This will mean that we write also Si in terms of the θ′s. An appropriate

representation is then
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γ4 + iγ5 = i

√
2

p+
Q1

+ , γ4 − iγ5 = i

√
2

p+
Q1

+ (5.14)

γ6 + iγ7 = i

√
2

p+
Q2

+ , γ6 − iγ7 = i

√
2

p+
Q2

+ , (5.15)

in terms of the kinematic N = 2 light-cone supersymmetry generators defined in

the previous section. We can check that S8 indeed agrees with the spin part of

Eqn. (5.4) (after proper normalization). As the Kostant operator anticommutes

with the constraint operators

{ K/, Dm
+} = 0 , (5.16)

its solutions can be written as chiral superfields, on which the γ’s become

γ4 + iγ5 = −2i
√

2p+ θ1 , γ4 − iγ5 = i

√
2

p+

∂

∂θ1
(5.17)

γ6 + iγ7 = −2i
√

2p+ θ2 , γ6 − iγ7 = i

√
2

p+

∂

∂θ2
, (5.18)

The complete “spin” parts of the SU(2) × U(1) generators, expressed in terms of

Grassmann variables, do not depend on p+,

S1 =
1

2
(θ1

∂

∂θ2
+ θ2

∂

∂θ1
) , S2 = − i

2
(θ1

∂

∂θ2
− θ2

∂

∂θ1
)

S3 =
1

2
(θ1

∂

∂θ1
− θ2

∂

∂θ2
) , S8 =

√
3

2
(θ1

∂

∂θ1
+ θ2

∂

∂θ2
− 1) . (5.19)

Using Grassmann properties, the SU(2) Casimir operator can be written as

�S2 =
3

4
(θ1

∂

∂θ1
− θ2

∂

∂θ2
)2 ; (5.20)
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it has only two eigenvalues, 3/4 and zero. These SU(2) generators obey a simple

algebra

Si Sj =
1

3
�S · �S δij +

i

2
εijkSk . (5.21)

The helicity, identified with S8 up to a normalizing factor of
√

3, leads to half-

integer helicity values on the Grassmann-odd components of the (constant)

superfield representing the hypermultiplet.

5.1.4 Solutions of Kostant’s Equation

Consider now Kostant’s equation over SU(3)/SU(2)× U(1) . It is given by

K/ Ψ =
∑

a=4,5,6,7

γaTa Ψ = 0 . (5.22)

Schwinger’s celebrated representation of SU(2) generators of in terms of

one doublet of harmonic oscillators has been extended to other Lie algebras [77].

The generalization involves several sets of harmonic oscillators, each spanning

the fundamental representations. Thus SU(3) is generated by two sets of triplet

harmonic oscillators, one transforming as a triplet the other as an antitriplet. Its

generators are given by

T1 + iT2 = z1∂2 − z2∂1 , T1 − iT2 = z2∂1 − z1∂2 ,

T4 + iT5 = z1∂3 − z3∂1 , T4 − iT5 = z3∂1 − z1∂3 ,

T6 + iT7 = z2∂3 − z3∂2 , T6 − iT7 = z3∂2 − z2∂3 ,

and

T3 =
1

2
(z1∂1 − z2∂2 − z1∂1 + z2∂2) ,

T8 =
1

2
√

3
(z1∂1 + z2∂2 − z1∂1 − z2∂2 − 2z3∂3 + 2z3∂3) ,

where we have defined

∂1 ≡ ∂

∂z1
, ∂1 ≡ ∂

∂z̄1
, etc. .
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The highest-weight states of each SU(3) representation are holomorphic polynomi-

als of the form

za1
1 z

a2
3 ,

where a1, a2 are its Dynkin indices: all representations of SU(3) are homogeneous

holomorphic polynomials.

Now expand the Kostant equation (5.22) with the Dirac matrices in terms of

Grassmann variables yields two independent pairs of equations

(T4 + iT5)ψ1 + (T6 + iT7)ψ2 = 0 ; (T4 − iT5)ψ2 − (T6 − iT7)ψ1 = 0 ,

and

(T4 − iT5)ψ0 − (T6 + iT7)ψ12 = 0 ; (T6 − iT7)ψ0 + (T4 + iT5)ψ12 = 0 ,

that is

(z1∂3−z3∂1)ψ1 +(z2∂3−z3∂2)ψ2 = 0 ; (z3∂1−z1∂3)ψ2− (z3∂2−z2∂3)ψ1 = 0 ,

(z3∂1−z1∂3)ψ0−(z2∂3−z3∂2)ψ12 = 0 ; (z3∂2−z2∂3)ψ0+(z1∂3−z3∂1)ψ12 = 0 .

The homogeneity operators

D = z1∂1 + z2∂2 + z3∂3 , D = z1∂1 + z2∂2 + z3∂3

commute with K/, allowing the solutions of Kostant equation to be arranged in

terms of homogeneous polynomials, on which a1 is the eigenvalue of D and a2 that

of D. The solutions can also be labeled in terms of the SU(2)× U(1) generated by

the operators

Li = Ti + Si , i = 1, 2, 3 ; L8 = T8 + S8 .
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The solutions for each triplet, are easily written for the highest weight states of

each representation,

Φ = za1
3 za2

2 labels [a2]− 2a1+a2+3

6

,

+ θ1 z
a1
1 za2

2 labels [a1 + a2 + 1]a1−a2
6

,

+ θ1θ2 z
a1
1 za2

3 , labels [a1] 2a
2
+a1+3

6

, (5.23)

where [. . . ] are the SU(2) Dynkin labels. All other states are obtained by repeated

action of the lowering operator

L1 − iL2 = θ2
∂

∂θ1
+ (z2∂1 − z1∂2) ,

giving us all the states within each the Euler triplet.

5.2 Supergravity in Eleven Dimensions

The ultimate field theory without gravity is the finite N = 4 Super Yang-

Mills theory in four dimensions. Eleven dimensional N = 1 Supergravity [78], the

ultimate field theory with gravity, is not renormalizable; it does not stand on its

own as a physical theory. However, the eleven-dimensional theory has been recently

revived as the infrared limit of the presumably finite M-theory.

5.2.1 Superalgebra

N = 1 supergravity in eleven dimension is a local field theory that contains

three massless fields, the familiar symmetric second-rank tensor, hµν which repre-

sents gravity, a three-form field Aµνρ, and the Rarita-Schwinger spinor Ψµ α. From

its Lagrangian, one can derive the expression for the super Poincaré algebra, which

in the unitary transverse gauge assumes the particularly simple form in terms of

the nine (16× 16) γi matrices which form the Clifford algebra

{ γi, γj } = 2δij , i, j = 1, . . . , 9 .
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Supersymmetry is generated by the sixteen real supercharges

Qa
± = Qa ∗

± ,

which satisfy

{Qa
+,Qb

+} =
√

2 p+δab , {Qa
−,Qb

−} =
�p · �p√
2 p+

δab , {Qa
+,Qb

−} = −(γi)
abpi ,

and transform as Lorentz spinors

[M ij ,Qa
±] =

i

2
(γijQ±)a , [M+−,Qa

±] = ± i

2
Qa

± , (5.24)

[M±i,Qa
∓] = 0 , [M±i,Qa

∓] = ± i√
2
(γiQ±)a . (5.25)

A very simple representation of the 11-dimensional super-Poincaré generators can

be constructed, in terms of sixteen anticommuting real χ’s and their derivatives,

which transform as the spinor of SO(9), as

Qa
+ = ∂χa +

1√
2
p+χa , Qa

− = − pi

p+

(
γiQ+

)a
,

M ij = xipj − xjpi − i

2
χ γij∂χ , (5.26)

M+− = −x−p+ − i

2
χ ∂χ , (5.27)

M+i = −xip+ , (5.28)

M−i = x−pi − 1

2
{xi, P−}+

ipj

2p+
χγiγj∂χ . (5.29)

The light-cone little group transformations are generated by

Sij = − i

2
χ γij ∂χ ,

which satisfy the SO(9) Lie algebra. To construct its spectrum, we write the

supercharges in terms of eight complex Grassmann variables

θα ≡ 1√
2

(
χα + iχα+8

)
, θ

α ≡ 1√
2

(
χα − iχα+8

)
,
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and

∂

∂θα
≡ 1√

2

(
∂

∂χα
− i ∂

∂χα+8

)
,

∂

∂θ
α ≡ 1√

2

(
∂

∂χα
+ i

∂

∂χα+8

)
,

where α = 0, 1, 2, . . . , 7. The eight complex θ transform as the (4 , 2), and θ as the

(4 , 2) of the SU(4)× SU(2) subgroup of SO(9). The eight complex supercharges

Qα
+ ≡ 1√

2

(Qα
+ + iQα+8

+

)
=

∂

∂θ
α +

1√
2
p+θα , (5.30)

Qα †
+ ≡ 1√

2

(Qα
+ − iQα+8

+

)
=

∂

∂θα
+

1√
2
p+θ

α
, (5.31)

satisfy

{Qα
+ , Q

β †
+ } =

√
2 p+ δαβ .

To reduce the number of the grassmann variables, the usual way is to impose

covariant derivatives as constraints,

Dα =
∂

∂θ̄a
− 1√

2
p+θα = 0, (5.32)

since {Dα,Qa
+} = 0. It follows that ∂/∂θ̄a can be replaced by 1/

√
2p+θα, when

acting on the constraint fields depends only on θα . θ̄ can also be taken to be zero.

Therefore,

Qα
+ − iQα+8

+ =
√

2
∂

∂θα
, (5.33)

Qα
+ + iQα+8

+ = 2p+θα . (5.34)

This gives,

Q+ =
1√
2

 ∂α +
√

2θαp+

i(∂α −
√

2θαp+)

 , (5.35)

where ∂α = ∂/∂θα, and γij = 1
2
[γi, γj]. They act irreducibly on chiral superfields

which are annihilated by the covariant derivatives(
∂

∂θ
α − 1√

2
p+θα

)
Φ(y−, θ) = 0 ,
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where

y− = x− − iθθ√
2
.

5.2.2 Representations of Grassman Variables

SO(2n+ 1) representation in Dynkin basis[HIJ , E(I−J), E(I)] can be constructed

from its standard form[Mij ] [79]. Here

[Mij ,Mkl] = i(δikMjl + δjlMki − δilMjk − δjkMil) , (5.36)

and

HI = M2I,2I , (5.37)

E(I) = M2I−1,2n+1 + iη(I)M2I,2n+1, (5.38)

E(I−J) =
i

2
η(I+J)(M2I−1,2J−1 + iη(I)M2I,2J−1

−iη(J)M2I−1,2J + η(I)η(J)M2I,2J ), (5.39)
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Or conversely,

M2I−1,2I = HI , (5.40)

M2I−1,2n+1 =
1

2
(E(I) + E−(I)), (5.41)

M2I,2n+1 = − i
2
η(I)(E(I) − E−(I)), (5.42)

M2I−1,2J−1 = − i
2
(η(I+J)E(I−J) − η(I+J)E−(I−J)

+η(I−J)E(I+J) − η(I−J)E−(I+J)), (5.43)

M2I,2J = − i
2
η(I)η(J)(η(I+J)E(I−J) − η(I+J)E−(I−J)

−η(I−J)E(I+J) + η(I−J)E−(I+J)), (5.44)

M2I,2J−1 = −1

2
η(I)(η(I+J)E(I−J) + η(I+J)E−(I−J)

+η(I−J)E(I+J) + η(I−J)E−(I+J)), (5.45)

M2I−1,2J =
1

2
η(J)(η(I+J)E(I−J) + η(I+J)E−(I−J)

−η(I−J)E(I+J) − η(I−J)E−(I+J)) , (5.46)

where I, J = 1, · · · , n and i = 1, · · · , 2n+ 1 (n = 4) for SO(9).

Consider spinor representation (16) of SO(9),

M
(a),(b)
ij = − i

2
f

(a),(b)
ij ≡ − i

2
γiγj . (5.47)

Here (a) represent 16 indices, are labeled by four + or − signs, and −(a) means

that all signs are flipped. They can all be switched to indices 0, . . . , 15 through

binary counting. For example, if (a) = (+ + +−) = (0001) = 1, then −(a) =

(− − −+) = (1110) = 14. γs are antisymmetric real matrices. A (16) spinor

representation (5.47) can be naturally expressed in 16 Fermionic oscillators Q+ , or

8 complex θ (5.35),

Sij = − i

4
√

2p+
QT

+γ
ijQ+ . (5.48)
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A special choice of γ’s, for the reason which will become clear soon, is

γ1 = σ3 × σ1 × 1× σ3; γ2 = σ1 × σ1 × σ3 × 1;

γ3 = σ3 × 1× σ3 × σ1; γ4 = σ1 × σ3 × 1× σ1;

γ5 = σ3 × σ3 × σ1 × 1; γ6 = σ1 × 1× σ1 × σ3;

γ7 = σ2 × σ2 × σ2 × σ2; γ8 = 1× σ1 × σ1 × σ1;

γ9 = −1× σ3 × σ3 × σ3; (5.49)

Now explicit forms of Cartan generators and raising and lowering operators can

be derived from Eqn. (5.48) (Eqn. (5.36) and below). Matrix elements of γij are

calculated with a C++ program displayed in appendix.

The cartan generators are

S12 = −1

2
(−θ0∂0 + θ1∂1 + θ2∂2 − θ3∂3 − θ4∂4 + θ5∂5 + θ6∂6 − θ7∂7) (5.50)

S34 = −1

2
(−θ0∂0 − θ1∂1 + θ2∂2 + θ3∂3 + θ4∂4 + θ5∂5 − θ6∂6 − θ7∂7) (5.51)

S56 = −1

2
(−θ0∂0 + θ1∂1 − θ2∂2 + θ3∂3 + θ4∂4 − θ5∂5 + θ6∂6 − θ7∂7) (5.52)

S78 = −1

2
(−θ0∂0 + θ1∂1 + θ2∂2 − θ3∂3 + θ4∂4 − θ5∂5 − θ6∂6 + θ7∂7) . (5.53)

The raising operators corresponding to the simple roots are

S(1−2) = θ3∂6 + θ4∂1, S(2−3) = θ1∂2 + θ6∂5, S(2+3) = −(θ0∂3 + θ7∂4),

S(4) = θ0∂7 + θ3∂4 + θ5∂2 + θ6∂1, S(3−4) = i(
1√
2p+

∂3∂6 +
√

2p+θ2θ7). (5.54)

where S12, S34, S56, S(1−2), S(2−3) and S(2+3) belong to SU(4), S78 and S(4) belong

to SU(2), and S(3−4) mix SU(4) and SU(2) representations. S(2+3), S(1−2), S(2−3)

correspond to the simple roots of SU(4), S(4) corresponds to the simple root of

SU(2), and S(1−2), S(2−3), S(3−4), S(4) correspond to the simple roots of SO(9). Also
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the lowering operators are

S−(1−2) = θ6∂3 + θ1∂4, S−(2−3) = θ2∂1 + θ5∂6, S−(2+3) = −(θ3∂0 + θ4∂7),

S−(4) = θ7∂0 + θ4∂3 + θ2∂5 + θ1∂6, S−(3−4) = i(
1√
2p+

∂2∂7 +
√

2p+θ3θ6). (5.55)

Please note that each θα is an eigenstate of the cartan generators S12, S34, S56 and

S78. Take the highest state to be θ0, then acting the lowering operators on it, θα’s

could be easily identified with the states of (4, 2) in SU(4) × SU(2) with dynkin

labels, represented in (a1, a2, a3)× a4, where (a1, a2, a3) and a4 are dynkin labels for

SU(4) and SU(2) respectively.

θ0 ∼ (1, 0, 0)× 1, θ7 ∼ (1, 0, 0)×−1, (5.56)

θ3 ∼ (−1, 1, 0)× 1, θ4 ∼ (−1, 1, 0)×−1, (5.57)

θ6 ∼ (0,−1, 1)× 1, θ1 ∼ (0,−1, 1)×−1, (5.58)

θ5 ∼ (0, 0,−1)× 1, θ2 ∼ (0, 0,−1)×−1, (5.59)

Alternatively, we can use the weight space representation for θα, and for the raising

and lowering operators, expressed in eigenvalues of S12, S34, S56, S78.

θ0 ∼ 1
2
(e1 + e2 + e3 + e4), θ7 ∼ 1

2
(e1 + e2 + e3 − e4), (5.60)

θ3 ∼ 1
2
(e1 − e2 − e3 + e4), θ4 ∼ 1

2
(e1 − e2 − e3 − e4), (5.61)

θ6 ∼ 1
2
(−e1 + e2 − e3 + e4), θ1 ∼ 1

2
(−e1 + e2 − e3 − e4), (5.62)

θ5 ∼ 1
2
(−e1 − e2 + e3 + e4), θ2 ∼ 1

2
(−e1 − e2 + e3 − e4), (5.63)
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S(2+3) ∼ (2,−1, 0)× 0 ∼ (e2 + e3), (5.64)

S(1−2) ∼ (−1, 2,−1)× 0 ∼ (e1 − e2), (5.65)

S(2−3) ∼ (0,−1, 2)× 0 ∼ (e2 − e3), (5.66)

S(4) ∼ (0, 0, 0)× 2 ∼ (e4) (5.67)

To calculate the above formulas, first identify θ0 with the highest weight state,

(1, 0, 0)× 1 in dynkin labels, i.e. (1, 0, 0) in SO(6), and 1 in SO(3). since θ0 state

has the highest eigenvalues in terms of S12 , S34 , S56 and S78, then by acting the

lowering operators of SO(6) and SO(3) ,(S−(2+3), S−(1−2), S−(2−3) for SO(6) and

S−(4) for SO(3)) , other θ’s can also be identified with the dynkin labeled states.

Expansion of the superfield in powers of the eight complex θ’s yields 256

components, with the following SU(4)× SU(2) properties

1 ∼ (1, 1) , (5.68)

θ ∼ (4, 2) , (5.69)

θθ ∼ (6, 3)⊕ (10, 1) , (5.70)

θθθ ∼ (20, 2)⊕ (4, 4) , (5.71)

θθθθ ∼ (15, 3)⊕ (1, 5)⊕ (20′, 1) , (5.72)

and the higher powers yield the conjugate representations by duality. These make

up the three SO(9) representations of N = 1 supergravity

44 = (1, 5)⊕ (6, 3)⊕ (20′, 1)⊕ (1, 1) , (5.73)

84 = (15, 3)⊕ (10, 1)⊕ (10, 1)⊕ (6, 3)⊕ (1, 1) , (5.74)

128 = (20, 2)⊕ (20, 2)⊕ (4, 4)⊕ (4, 4)⊕ (4, 2)⊕ (4, 2) , (5.75)
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with the highest weights

44 : θ0θ3θ4θ7 = (0, 2, 0)× 0 ∼ (20′ 1) (5.76)

84 : θ0θ7 = (2, 0, 0)× 0 ∼ (10 , 1 ) (5.77)

128 : θ0θ3θ7 = (1, 1, 0)× 1 ∼ (20 , 2 ) , (5.78)

together with their SU(4) × SU(2) properties. All other states are generated by

acting on these highest weight states with the lowering operators. The highest

weight chiral superfield that describes N = 1 supergravity in eleven dimensions is

simply

Φ = θ0θ7 h(y−, �x) + θ0θ3θ7 ψ(y−, �x) + θ0θ3θ4θ7A(y−, �x) ,

which summarizes the spectrum of the super-Poincaré algebra in eleven dimensions

of either a free field theory or a free superparticle. All other states are obtained by

applying the SO(9) lowering operators.

5.2.3 F4/SO(9) Oscillator and Differential form Representations

It turns out that all representations of the exceptional group F4 are generated

by three (not four [77]) sets of oscillators transforming as 26.

Label each copy of 26 oscillators as A
[κ]
0 , A

[κ]
i , i = 1, · · · , 9, B[κ]

a , a =

0, · · · , 15, and their hermitian conjugates, and where κ = 1, 2, 3. Under SO(9),

the A
[κ]
i transform as 9, B

[κ]
a transform as 16, and A

[κ]
0 is a scalar. They satisfy the

commutation relations of ordinary harmonic oscillators

[A
[κ]
i , A

[κ′] †
j ] = δij δ

[κ] [κ′] , [A
[κ]
0 , A

[κ′] †
0 ] = δ[κ κ′] .

Note that the SO(9) spinor operators satisfy Bose-like commutation relations

[B[κ]
a , B

[κ′] †
b ] = δab δ

[κ] [κ′] .
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The generators Tij and Ta

Tij = −i
4∑

κ=1

{(
A

[κ]†
i A

[κ]
j −A[κ]†]

j A
[κ]
i

)
+

1

2
B[κ]† γijB

[κ]

}
, (5.79)

Ta = − i
2

4∑
κ=1

{
(γi)

ab
(
A

[κ]†
i B

[κ]
b −B[κ]†

b A
[κ]
i

)
−
√

3
(
B[κ]†

a A
[κ]
0 − A[κ]†

0 B[κ]
a

)}
(5.80)

satisfy the F4 algebra,

[Tij , Tkl ] = −i (δjk Til + δil Tjk − δik Tjl − δjl Tik) , (5.81)

[Tij , Ta ] =
i

2
(γij)ab Tb , (5.82)

[Ta , Tb ] =
i

2
(γij)ab Tij , (5.83)

so that the structure constants are given by

fij ab = fab ij =
1

2
(γij)ab .

The last commutator requires the Fierz-derived identity

1

4
θ γij θ χ γij χ = 3 θ χ χ θ + θ γi χ χ γiθ ,

from which we deduce

3 δacδdb + (γi)ac (γi)db − (a↔ b) =
1

4
(γij)ab (γij)cd .

To satisfy these commutation relations, we have required both A0 and Ba to obey

Bose commutation relations (Curiously, if both are anticommuting, the F4 algebra

is still satisfied). One can just as easily use a coordinate representation of the

oscillators by introducing real coordinates xi which transform as transverse space
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vectors, x0 as scalars, and ya as space spinors which satisfy Bose commutation rules

Ai =
1√
2
(xi + ∂xi

) , A†
i =

1√
2
(xi − ∂xi

) , (5.84)

Ba =
1√
2
(ya + ∂ya

) , B†
a =

1√
2
(ya − ∂ya

) , (5.85)

A0 =
1√
2
(x0 + ∂x0

) , A†
0 =

1√
2
(x0 − ∂x0

) . (5.86)

From now on, let us use square brackets [· · · ] to represent the dynkin label of F4,

and round brackets (· · · ) to represent the dynkin label of SO(9), In the weight

spaces of the cartan generators, (eigenvalues of T12, T34, T56, T78), the raising

operators correspond to the simple roots of F4 are

T(2−3) ∼ [2− 100] ∼ (e2 − e3), (5.87)

T(3−4) ∼ [−12− 20] ∼ (e3 − e4), (5.88)

T(4) ∼ [0− 12− 1] ∼ (e4), (5.89)

Tη ≡ 1√
2
(T4 + iT12) ∼ [00− 12] ∼ 1

2
(e1 − e2 − e3 − e4). (5.90)

where T(2−3), T(3−4), T(4) are defined by Eqn.(5.39) for SO(9) generators as usual,

and Tη represents the F4 simple root raising operator transform as a spinor under

the SO(9) subgroup, and also T−η ≡ 1√
2
(T4 − iT12) will be used to represent the

lowering operator. Also in the same space, the raising operators correspond to the

simple roots of SO(9) are

T(1−2) ∼ (2− 100) ∼ (e1 − e2), (5.91)

T(2−3) ∼ (−12− 10) ∼ (e2 − e3), (5.92)

T(3−4) ∼ (0− 12− 2) ∼ (e3 − e4), (5.93)

T(4) ∼ (00− 12) ∼ (e4). (5.94)
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The weight states are

x1 + ix2 ∼ [0001] ∼ (1000) ∼ (e1), (5.95)

x3 + ix4 ∼ [100− 1] ∼ (−1100) ∼ (e2), (5.96)

y0 + iy8 ∼ [001− 1] ∼ (0001) ∼ 1

2
(e1 + e2 + e3 + e4), (5.97)

y7 + iy15 ∼ [01− 10] ∼ (001− 1) ∼ 1

2
(e1 + e2 + e3 − e4), (5.98)

y2 − iy10 ∼ [1− 110] ∼ (01− 11) ∼ 1

2
(e1 + e2 − e3 + e4), (5.99)

y5 − iy13 ∼ [10− 11] ∼ (010− 1) ∼ 1

2
(e1 + e2 − e3 − e4), (5.100)

5.2.4 Solution of Kostant Equation in F4/SO(9)

Define Cliford algebra over 16-dimensional coset F4/SO(9),

{Γa , Γb } = 2 δab , a, b = 0, 1, . . . , 15 , (5.101)

generated by (256× 256) matrices. The Kostant equation is defined as

K/ Ψ =

16∑
a=1

Γa T a Ψ = 0 , (5.102)

where Ta are F4 generators not in SO(9), with commutation relations

[T a , T b ] = i f ab ij T ij . (5.103)

Although it is taken over a compact manifold, it has non-trivial solutions. To see

this, we rewrite its square as the difference of positive definite quantities,

K/K/ = C2
F4
− C2

SO(9) + 72 , (5.104)

where

C2
F4

=
1

2
T ij T ij + T a T a , (5.105)
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is the F4 quadratic Casimir operator, and

C2
SO(9) =

1

2

(
T ij − ifab ij Γ̃ab

)2

, (5.106)

is the quadratic Casimir for the sum

Lij ≡ T ij + Sij , (5.107)

where

Sij = − i
8
(γij)

abΓaΓb , (5.108)

is SO(9) generator (5.48), which acts on the supergravity fields. The quadratic

Casimir on the spinor representation is

1

2
Sij Sij = 72 , (5.109)

Kostant’s operator commutes with the sum of the generators,

[K/ , Lij ] = 0 , (5.110)

allowing its solutions to be labeled by SO(9) quantum numbers.

Since the little group generators Sij act on a 256-dimensional space, they can

be expressed in terms of sixteen (256 × 256) matrices, Γa, which satisfy the Dirac

algebra

{Γa , Γb } = 2δab .

This leads to an elegant representation of the SO(9) generators

Sij = − i
4
(γij)ab Γa Γb ≡ − i

2
f ij a bΓa Γb .

, which can be identified with Eqn. (5.48), considering the replacement

Γa ↔
√√

2

p+
Qa . (5.111)
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The coefficients

f ij a b ≡ 1

2
(γij)ab ,

naturally appear in the commutator between the generators of SO(9) and any

spinor operator T a, as

[T ij , T a ] =
i

2

(
γij T

)a
= if ij a b T b .

But there is more to it, the (γij)ab can also be viewed as structure constants of

a Lie algebra. Manifestly antisymmetric under a ↔ b, they can appear in the

commutator of two spinors into the SO(9) generators

[T a , T b ] =
i

2
(γij)ab T ij = f a b ij T ij ,

and one easily checks that they satisfy the Jacobi identities. Remarkably, the 52

operators T ij and T a generate the exceptional Lie algebra F4, showing explicitly

how an exceptional Lie algebra appears in the light-cone formulation of supergrav-

ity in eleven dimensions.

For Kostant solution Ψ = Θ(θ)f(x, y)

ΓaT aΨ = (ΓaΘ(θ))(T af(x, y)) = 0, (5.112)

Therefore

ΓaΘ(θ) = 0, T af(x, y) = 0. (5.113)

since [Lij ,Γ
aT a] = 0, Θ(θ) and f(x, y) are both the highest weight states of the

SO(9) algebra, Sij and Tij , and

SijΘ(θ) = Tijf(x, y) = 0 (5.114)

To find the solution for the Kostant eqn., we have to choose the specific

representation, (5.101) and (5.79),(5.80), for the generators, and therefore the

solution is formed by the states of this representation.
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Let us first show some useful relations based on the Dynkin diagram of 26 in

F4, shown at the end of the chapter, where the numbers 1, 2, 3, 4 near the arrow

represent the lowering operators T−(2−3), T−(3−4), T−(4), T−η respectively. Using the

explicit formula, Eqn.(5.79), (5.80), (5.39) and (5.90), for those lowering operators,

the calculation shows,

T−η(x1 + ix2) =
i

2

(
(γ1)

4b + i(γ2)
4b − i(γ1)

12b + (γ2)
12b
)
yb = i(y0 + iy8),

T−(4)i(y0 + iy8) =
1

2

(
(γ79)

a0 + i(γ79)
a8 + i(γ89)

a0 − (γ89)
a8
)
ya = i(y7 + iy15)

T−(3−4)i(y7 + iy15) = − i
4

(
(γ57)

a7 + i(γ57)
a15 − i(γ67)

a7 + (γ67)
a15+

i(γ58)
a7 − (γ58)

a15 + (γ68)
a7 + i(γ68)

a15
)
ya = y2 − iy10

T−(4)(y2 − iy10) = − i
2

(
(γ79)

a2 − i(γ79)
a10 − i(γ89)

a2 − (γ89)
a10
)
ya = −(y5 − iy13)

T−η(−y5 + iy13) =
i

2

(
(γi)

45 − i(γi)
4,13 − i(γi)

12,5 − (γi)
12,13
)
xi = i(x3 + ix4)

where we keep the coefficient of the states for the later antisymmetric construction

of the highest weights.

To verify the solutions for the Kostant equation, we need to identify the

generators,

T4 + iT12 =
√

2Tη, T4 − iT12 =
√

2T−η,

T3 + iT11 =
√

2[T(4), Tη], T3 − iT11 = −
√

2[T−(4), T−η].

and also from eqn. (5.101), Kostant operator can be rewrite as,

ΓaTa = i [∂α(Tα + iTα+8)− θα(Tα − iTα+8)] . (5.115)

The above explicit form shows that Kostant operators are just composed of

raising and lowering operators constructed by Ta. Since we only need to verify the

highest weight solutions, only the lowering operators are needed to be taken into

consideration. Explicit calculation shows that when acting the Kostant operator
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on the highest weight solution, most of the terms will vanish due to ∂α and θα, and

only few lowering operators ( 1√
2
(T3 − iT11) ,

1√
2
(T4 − iT12)) need to be considered.

The solutions of kostant’s equation form SO(9) triplets. For every repre-

sentation of F4, in dynkin label, [a1, a2, a3, a4], there is a SO(9) triplet solution

associated [72],

(2+a2+a3+a4, a1, a2, a3)⊕(a2, a1, 1+a2+a3, a4)⊕(1+a2+a3, a1, a2, 1+a3+a4) (5.116)

Now let us parameterize the Γa by θa, and T a by x, y, with Eqn.(5.101)

and (5.79). Kostant equation ΓaT aΦ = 0 will have the solution in the form

Φ(θ, x, y) = Θ(θ)f(x, y).

The solution in the first level is when a1 = a2 = a3 = a4 = 0, (2000)⊕ (0010)⊕
(1001) or (44) ⊕ (84) ⊕ (128). The highest weight solution is θ0θ3θ4θ7, θ0θ7 and

θ0θ3θ7 found before.

To find solutions in the higher level, notice two things,

1. The solutions are in the form of Θ(θ)f(x, y), where Θ(θ) = θ0θ3θ4θ7, θ0θ7 or

θ0θ3θ7. Θ(θ) and f(x, y) are both the highest weights of the SO(9) subgroup

formed by generators, Lij = Sij + Tij , eqn(5.2.4) and (5.79).

2. For the fundamental representation of F4(in dynkin label, a1, . . . , a4 are all

zero except one ai = 1), suppose the associated solution is Θ(θ)f(x, y), then

f(x, y) will be formed by the states of the F4 fundamental representation.

Further more, since Tij representations are homogeneous polynomial of x and

y, Θ(θ)f(x, y)ai is the solution for higher level(ai > 1).

Using the generalized form of the triplet solutions(5.116), the highest weight

solutions correspond to each fundamental representation of F4 are constructed as

follows:

1. a1 = a2 = a3 = 0, a4 = 1
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F4 states are κ = 1 copy of 26 states. The highest weight solutions are

θ0θ3θ4θ7(x1 + ix2), (5.117)

θ0θ7(y0 + iy8), (5.118)

θ0θ3θ7(y0 + iy8), (5.119)

where (x1 + ix2) and (y0 + iy8) are the highest weight states of SO(9)

representations (1000) and (0001) respectively, and they are also the states

belong to the 26 of F4. Direct counting of the Dynkin label shows the above

solution is consistent with the general form (5.116). To verify the solution,

one need to use the properties of lowering simple root generators to traverse

through weight states,

ΓaTa

(
θ0θ3θ4θ7(x1 + ix2)

)
= i (∂α(Tα + iTα+8)− θα(Tα − iTα+8))

(
θ0θ3θ4θ7(x1 + ix2)

)
= 0 .(5.120)

ΓaTa

(
θ0θ7(y0 + iy8)

)
= −i (θ3(T3 − iT11) + θ4(T4 − iT12)

) (
θ0θ7(y0 + iy8)

)
= −i

(
θ3(−

√
2)[T−(4), T−η] + θ4

√
2T−η

) (
θ0θ7(y0 + iy8)

)
= 0 .(5.121)

2. a2 = a3 = a4 = 0, a1 = 1

F4 states are represented by antisymmetric products of κ = 2 copies of 26

states. From the general form of the solution, (5.116), we need to represent

the SO(9) highest weight state (0100) of 36 by the antisymmetric products

of the two copies of 26 of F4. This state is also the highest weight state

of 52 of F4. Since (26 × 26)a = 52 + 273, To form this state, use the

sixth highest weight states of 26, antisymmetrize the first and the sixth,

the second and the fourth, the third and the fourth, then choose proper
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coefficients to combine them. This highest weight state of SO(9) is found is

to be ([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]). It is

annihilated by all the simple roots raising operators of SO(9) and F4. The

highest weight solutions are

θ0θ3θ4θ7([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]),

θ0θ7([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]),

θ0θ3θ7([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]),

(5.122)

where ([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]) is

the highest weight of the SO(9) representation (0100), and here we denote

[a, b] = a[1]b[2] − a[2]b[1], antisymmetric product of 2 copies of a and b states.

The verification of this solution is similar to the previous case. For example,

ΓaTa

(
θ0θ7([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]

)
= −i (θ3(T3 − iT11) + θ4(T4 − iT12)

)
(
θ0θ7([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]

)
= −i

(
θ3(−

√
2)[T−(4), T−η] + θ4

√
2T−η

)
(
θ0θ7([x1 + ix2, x3 + ix4] + [y0 + iy8, y5 − iy13] + [y7 + iy15, y2 − iy10]

)
= −i

(
−
√

2θ3θ0θ7([i(y7 + iy15, x3 + ix4] + [y7 + iy15,−i(x3 + ix4)])

+
√

2θ4θ0θ7([i(y0 + iy8), x3 + ix4] + [y0 + iy8,−i(x3 + ix4)])
)
. (5.123)

3. a1 = a2 = a4 = 0, a3 = 1
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F4 states, (273), are also represented by antisymmetric products of κ = 2

copies of 26 states. The highest weight solutions are

θ0θ3θ4θ7[x1 + ix2, y0 + iy8], (5.124)

θ0θ7[y0 + iy8, y7 + iy15], (5.125)

θ0θ3θ7[x1 + ix2, y0 + iy8], (5.126)

where [x1 + ix2, y0 + iy8] and [y0 + iy8, y7 + iy15] are the highest weights of the

SO(9) representations (1001) ⊂ (16×9) and (0010) ⊂ (16×16)a respectively.

[x1 + ix2, y0 + iy8] is also the highest weight of 273 of F4.

4. a1 = a3 = a4 = 0, a2 = 1

F4 representation (1274) can be represented by Kronecker products of

κ = 3 copies of 26 states. The highest weight state is simply the total

antisymmetrization of the highest three states in 26. The highest weight

solutions are

θ0θ3θ4θ7[x1 + ix2, y0 + iy8, y7 + iy15], (5.127)

θ0θ7[x1 + ix2, y0 + iy8, y7 + iy15], (5.128)

θ0θ3θ7[x1 + ix2, y0 + iy8, y7 + iy15], (5.129)

where [x1 + ix2, y0 + iy8, y7 + iy15] is the highest weight of the SO(9)

representation 1010, and [a, b, c] is the antisymmetric products of 3 copies of

a, b and c states. It is also the highest weight state of 1274 of F4.



CHAPTER 6
SUMMARY

This dissertation includes two loosely connected parts. The main focus is

quantum aspects of NC field theories, including both perturbative and nonper-

turbative structures. In particular, perturbative behavior of NC supersymmetric

Wess-Zumino model is discussed in detail. It is shown that NCWZ model has

only wave function renormalization and UV finite as its commutative analog. It

is suggested supersymmetric invariance of NCWZ model again leads to cancela-

tion which renders mass and vertex corrections UV finite. UV/IR mixing terms,

as a result of phase factors induced in the vertex, generally exist in all quantum

perturbation calculations. NC solitons, nonperturbative structure in NC field

theory, are interpreted as low energy manifestation of lower dimensional D-branes

in string theory. Through quantization of NC solitons, corrections to the energy

are calculated in detail. Energy of NC GMS solitons is found to be UV finite, and

also includes UV/IR mixing terms, which need not be surprising considering their

general existence in perturbation theory. UV/IR mixing terms in perturbative

theory are suggested as results of particles traveling in extra dimensions, which

in the context of string theory, are interpreted as low energy closed string modes

dual to high energy open string modes living on the brane. Existence of UV/IR

mixing terms in NC soliton energy suggests these modes also interact with lower

dimensional D-branes. Properties of NC scalar solitons already make the UV/IR

terms an intriguing subject. Some NC solitons (GMS solitons) exist only at large

enough θ, and quantum corrections of which do not include UV/IR terms near

infinite θ limit. There are many questions ready to be answered. How do UV/IR

terms affect the stability of NC solitons? Is there any interpretation from string
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theory that such terms, which reveal the structure of string diagrams, cease to exist

at very large θ? What new insight can those UV/IR terms give with regard to the

interaction between D-brane and closed strings?

SuperPoincaré symmetry is considered as basic space-time symmetry of fun-

damental theory. NC field theories, as low energy limit of string theory, explicitly

violate Lorentz symmetry. Thus it becomes important to understand the space-

time symmetries on which NC field theories are constructed. A representation of

deformed superPoincaré algebra is obtained and commutation relations are cal-

culated in an intuitive way. Preservative of supersymmetry supports the attempt

to construct supersymmetric NC field theory directly from supersymmetric gen-

eralization of NC space. The presence of the B field on the boundary of D-brane

enables decoupling of low energy modes of string theory in certain limit, but also

yields noncommutativity explicitly broken Lorentz symmetry. If field theories are

fundamentally NC, there will be a very small upper bound of the NC parameter,

since in our space field theory seems to be Lorentz invariant in high precision. An

alternative explanation is to take into consideration the existence of a B field.

Indeed covariance of the theory is easily justified if the NC parameters are taken

to be θµν , where the indices transform accordingly under Lorentz rotation. Sym-

metry, nonlocality, causality and unitarity will continue to be important issues in

identifying NC field theories as realistic theories.

Solution of Kostant equation, as well as supersymmetry algebra representation

in 11 dimension, is considered as an attempt to construct zero slope limits of

string theory, if we believe they obey superPoincaré symmetry and reduce to 11

dimension supergravity in low energy limit. The appearance of an infinite tower of

triplets is interesting and expected but construction of Lagrangian and interactions

for those multiplets still needs further work.



APPENDIX
COMPUTER CODE

This program is designed to output matrix elements of γi and γij (5.49).

//Define a complex number class and a sigma class,

//and a gamma class and a F_bar class.

#include<iostream>

using namespace std;

#ifdef _MSC_VER

class F_bar;

ostream& operator <<(ostream &, const F_bar &);

#endif

#ifdef _MSC_VER

class sComplex;

ostream& operator <<(ostream &, const sComplex &);

#endif

//define a class sComplex which represents the complex numbers either

//imaginary or real.

class sComplex

{

public:

int value;

91
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bool real;

sComplex(){}

sComplex(int);

sComplex(int,bool);

sComplex operator+(sComplex);

sComplex operator*(sComplex);

friend ostream& operator <<(ostream &, const sComplex &);

};

//define a Sigma class to represent Dirac Sigma matrices or the

//unit matrix.

class Sigma

{

public:

int index;

sComplex sign;

sComplex ele[2][2];

Sigma(){}

Sigma(int);

Sigma(int,sComplex);

// ~Sigma();

Sigma operator*(Sigma);

protected:

void SigmaInit(int);

void EleInit(sComplex a[2][2]);
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};

//define a Gamma class for gamma matrix, which includes an overall

//sign and 4 sigma matrices. Mathematically it is the direct

//product of four sigma matrices.

class Gamma

{

public:

Sigma ele[4];

sComplex sign;

Gamma(){}

Gamma(sComplex,int,int,int,int);

Gamma operator*(Gamma&);

};

//a function returns the antisymmetry or symmetry property of

//sigma matrices.

bool transSigma(Sigma& a)

{

if (a.index==0 || a.index==3 || a.index==1) return true;

if (a.index==2) return false;

return true;

}
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//a function returns the antisymmetry or symmetry property of

//gamma matrices.

bool transGamma(Gamma& a)

{

bool y=true;

for (int i=0;i<4;i++)

{

if (y==true) y=transSigma(a.ele[i]);

else y=!transSigma(a.ele[i]);

}

return y;

}

//operator== overloading for gamma matrices

bool operator==(Gamma& a,Gamma& b)

{

for (int i=0;i<4;i++)

{

if (a.ele[i].index!=b.ele[i].index) return false;

}

return true;

}

//output gamma matrices as the direct product of 4 sigma matrices.

ostream& operator <<(ostream& cout, const Gamma& gamma)

{
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cout<<gamma.sign;

for (int i=0;i<4;i++)

{

cout<<gamma.ele[i].index<<"*";

}

return cout;

}

//F_bar class is a (16,16) array holding the elements of the

//16 times 16 dimension matrix, constructed by multiplication of

//2 gamma matrices. These elements are the structure functions of F4.

class F_bar

{

public:

sComplex ele[16][16];

F_bar(){}

F_bar(Gamma,Gamma);

friend ostream& operator <<(ostream &, const F_bar &);

};

//F_bar.cpp define the classes and overload operators

#include "F_bar.h" //Source file for class definition.

#include<iostream>

//#include<complex>

using namespace std;
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//sComplex class constructor with an integer.

sComplex::sComplex(int value)

{

this->value=value;

this->real=true;

}

//sComplex class constructor with an integer and a boolean for real

//or imaginary

sComplex::sComplex(int value,bool real)

{

this->value=value;

this->real=real;

}

//operator+ overloading for the sComplex class

sComplex sComplex::operator+(sComplex a)

{

if (this->real && a.real) return sComplex(this->value+a.value);

else if (this->real || a.real) cout<<"mistake";

else return sComplex(this->value+a.value,false);

}

//operator* overloading for the sComplex class. sComplex

//objects will multiply each other like complex numbers

sComplex sComplex::operator*(sComplex x)
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{

int val=this->value*x.value;

if (this->real==true)

{

if (x.real==true) return sComplex(val);

else if (x.real==false) return sComplex(val,false);

}

else if (this->real==false)

{

if (x.real==true) return sComplex(val,false);

else if (x.real==false) return sComplex(-val,true);

}

}

//output sComplex objects like complex numbers.

ostream& operator<<(ostream& cout,const sComplex& x)

{

if (x.real==true || x.value==0) cout<<x.value;

else if (x.real==false && x.value!=0) cout<<x.value<<"i";

return cout;

}

//define two sComplex objects(imaginary i and -i) used later

sComplex ai=sComplex(1,false);

sComplex mAi=sComplex(-1,false);
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//Sigma class constructor with index. The constructed Sigma

//objects will be Dirac sigma matrices, and the unit matrix.

Sigma::Sigma(int index)

{

SigmaInit(index);

this->sign=sComplex(1);

}

//Enable the Sigma objects to have complex coefficients.

Sigma::Sigma(int index,sComplex sign)

{

SigmaInit(index);

this->sign=sign;

}

void Sigma::SigmaInit(int index)

{

this->index=index;

if (index==0)

{

sComplex a[2][2]={{1,0},{0,1}};

EleInit(a);

}

else if (index==1)

{

sComplex a[2][2]={{0,1},{1,0}};
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EleInit(a);

}

else if (index==2)

{

sComplex a[2][2]={{0,mAi},{ai,0}};

EleInit(a);

}

else if (index==3)

{

sComplex a[2][2]={{1,0},{0,-1}};

EleInit(a);

}

}

void Sigma::EleInit(sComplex a[2][2])

{

for (int i=0;i<2;i++)

{

for (int j=0;j<2;j++)

{

ele[i][j]=a[i][j];

}

}

}
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/*Sigma::~Sigma()

{

for (int i=0;i<2;i++)

delete[] (ele[i]);

}*/

//operator* overloading for Sigma objects, which multiply

//each other like Dirac sigma matrices

Sigma Sigma::operator*(Sigma x)

{

sComplex thisSign=this->sign*x.sign;

if (this->index==0) return Sigma(x.index,thisSign);

if (x.index==0) return Sigma(this->index,thisSign);

if (this->index==1)

{

if (x.index==1) return Sigma(0,thisSign);

if (x.index==2) return Sigma(3,ai*thisSign);

if (x.index==3) return Sigma(2,mAi*thisSign);

}

if (this->index==2)

{

if (x.index==1) return Sigma(3,mAi*thisSign);

if (x.index==2) return Sigma(0,thisSign);

if (x.index==3) return Sigma(1,ai*thisSign);

}

if (this->index==3)

{
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if (x.index==1) return Sigma(2,ai*thisSign);

if (x.index==2) return Sigma(1,mAi*thisSign);

if (x.index==3) return Sigma(0,thisSign);

}

}

//define Dirac sigma matrices and the unit matrics.

Sigma sigma_0=Sigma(0);

Sigma sigma_1=Sigma(1);

Sigma sigma_2=Sigma(2);

Sigma sigma_3=Sigma(3);

//each gamma matrix is constructed by 4 sigma matrices and a sign.

//mathematically it is the direct product of the 4 sigma matrices.

Gamma::Gamma(sComplex sign,int a,int b,int c,int d)

{

this->sign=sign;

ele[0]=a;

ele[1]=b;

ele[2]=c;

ele[3]=d;

}

//operator* overloading for the gamma matrices

Gamma Gamma::operator*(Gamma& x)

{

Sigma a[4];
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for (int i=0;i<4;i++)

{

a[i]=this->ele[i]*x.ele[i];

}

sComplex thisSign=this->sign*x.sign;

for (int j=0;j<4;j++)

{

thisSign=thisSign*(a[j].sign);

}

return Gamma(thisSign,a[0].index,a[1].index,a[2].index,

a[3].index);

}

//calculate the matrix elements of the muliplication of 2 gamma

//matrices, and put them in the (16,16) array inside F_bar object.

F_bar::F_bar(Gamma x,Gamma y)

{

Gamma z=x*y;

for (int i1=0;i1<2;i1++)

{

for (int i2=0;i2<2;i2++)

{

for (int i3=0;i3<2;i3++)

{

for (int i4=0;i4<2;i4++)

{
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for (int j1=0;j1<2;j1++)

{

for (int j2=0;j2<2;j2++)

{

for (int j3=0;j3<2;j3++)

{

for (int j4=0;j4<2;j4++)

{

ele[i1*8+i2*4+i3*2+i4*1][j1*8+j2*4+j3*2+j4*1]=

z.sign*z.ele[0].ele[i1][j1]*z.ele[1].ele[i2][j2]*

z.ele[2].ele[i3][j3]*z.ele[3].ele[i4][j4];

}

}

}

}

}

}

}

}

}

//output each nonzero element in the F_bar array.

ostream& operator <<(ostream & cout, const F_bar & f_bar)

{

/*offdiagonal elements,half of the matrix elements*/

for (int a=0;a<16;a++)
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{

for (int b=a+1;b<16;b++)

{

if (f_bar.ele[a][b].value!=0)

{

cout<<a<<","<<b<<" ";

cout<<f_bar.ele[a][b];

cout<<endl;

}

}

}

/*diagonal elements*/

for ( a=0;a<16;a++)

{

{

if (f_bar.ele[a][a].value!=0)

{

cout<<a<<","<<a<<" ";

cout<<f_bar.ele[a][a];

cout<<endl;

}

}

}

return cout;
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}

/*The purpose of this program is to calculate the structure functions

for the Exceptional Lie algebra F4. F4 has 36 generators forming a

subalgebra SO(9), and 16 generators transforming in a spinor

representation of the SO(9). The spinor representation of the SO(9)

is well known to be constructed by 9 gamma matrices. This program

will output all the nonzero matrix elements of the spinor

representation, given the input of the gamma matrices. */

//#include "F_bar.h"

#include "F_bar.cpp" //include class files.

int main()

{

Gamma* gamma=new Gamma[10]; //initialize

gamma[0]=Gamma(1,0,0,0,0); //a unit matrix for special purpose

gamma[9]=Gamma(-1,0,3,3,3); //construct 9 gamma matrices

gamma[1]=Gamma(1,3,1,0,3);

gamma[2]=Gamma(1,1,1,3,0);

gamma[3]=Gamma(1,3,0,3,1);

gamma[4]=Gamma(1,1,3,0,1);

gamma[5]=Gamma(1,3,3,1,0);

gamma[6]=Gamma(1,1,0,1,3);

gamma[7]=Gamma(1,2,2,2,2);

gamma[8]=Gamma(1,0,1,1,1);
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//output the F_bar objects for each i,j. The output is the nonzero elements

//of the matrix elements.

for (int i=1;i<10;i++)

{

for (int j=i+1;j<10;j++)

{

cout<<i<<","<<j<<"\n\n";

cout<<F_bar(gamma[i],gamma[j])<<endl;

}

}

return 0;

}
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