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“Interaction-Free” Channel Discrimination

Markus Hasenohrl® and Michael M. Wolf

Abstract. In this work, we investigate the question of which objects can
be discriminated by totally “interaction-free” measurements. To this end,
we interpret the Elitzur—Vaidman bomb-tester experiment as a quantum
channel discrimination problem and generalize the notion of “interaction-
free” measurement to arbitrary quantum channels. Our main result is a
necessary and sufficient criterion for when it is possible or impossible
to discriminate quantum channels in an “interaction-free” manner (i.e.,
such that the discrimination error probability and the “interaction” prob-
ability can be made arbitrarily small). For the case where our condition
holds, we devise an explicit protocol with the property that both prob-
abilities approach zero with an increasing number of channel uses, N.
More specifically, the “interaction” probability in our protocol decays as
% and we show that this rate is the optimal achievable one. Furthermore,
our protocol only needs at most one ancillary qubit and might thus be
implementable in near-term experiments. For the case where our condi-
tion does not hold, we prove an inequality that quantifies the trade-off
between the error probability and the “interaction” probability.

Contents
1. Introduction 3332
Results 3338
2.1. The Constructive Case 3339
2.2. The No-Go Case 3341
3. The Models 3342
3.1. The “Interaction” Model 3342
3.2. The Transmission Model 3346
3.3. Formal Definition 3347
3.4. Comparison of the Models and Elementary Properties 3348
4. The Discrimination Protocol 3352
4.1. Empty or Not? 3352

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-022-01175-z&domain=pdf
http://orcid.org/0000-0001-8864-7156

3332 M. Hasenohrl and M. M. Wolf Ann. Henri Poincaré

4.2. The Reduction Protocol 3364
5. No-Go Results 3374
6. Related Work 3383
7. Conclusion and Open Problems 3386
Acknowledgements 3387
Appendix A. 3387
References 3388

1. Introduction

In 1993, Elitzur and Vaidman proposed their famous bomb-tester experiment
[1] to demonstrate that the arguably most intriguing property of quantum
theory—superposition—can be exploited to detect an ultra-sensitive bomb in
a black-box, in such a way that there is a non-vanishing probability that the
bomb will not explode. Only two years later, Kwiat et al. [2] showed how to
employ another fundamental phenomenon—the quantum Zeno effect [3]—to
boost the probability that the bomb will not explode as close to 1 as one
pleases. These powerful ideas found applications in “interaction-free” imaging
[4,5], counterfactual quantum computation [6,7], counterfactual communica-
tion [8] and cryptography [9], and even complexity theory [10]. Despite the
great success, it became apparent that the aforementioned techniques, which
we will generically call “interaction-free” measurements, are subject to some
fundamental limitations. Notably, it is impossible to learn the outcome of a
decision problem solved by a quantum computer [7] without “running” the
computer in at least one of the two cases, and two optically semi-transparent
objects cannot be discriminated in such a way that no photon gets absorbed
[11,12].

Despite the results mentioned above, there seems to be no framework
and analysis sufficiently general to pinpoint which objects can or cannot be
discriminated perfectly by “interaction-free” measurements. Encouraged by
recent results that generalize the quantum Zeno effect [13-16], we aim to rem-
edy these shortcomings. To this end, we interpret the Elitzur—Vaidman bomb-
tester experiment as a quantum channel discrimination problem and general-
ize the notion of “interaction-free” measurement to quantum channels via two
slightly different, but in the end largely equivalent models. The theory of quan-
tum supermaps [17] then provides the right framework to consider all possible
(causally ordered) discrimination strategies, allowing us to decide when it is
possible or impossible to discriminate two channels in an “interaction-free”
manner.

Organization of the Paper This article is structured as follows: In the remain-
der of this section, we review the bomb-tester experiment in its versions by
Elitzur and Vaidman and by Kwait et al. We also try to convey the idea of
how the general model should look. Armed with this rough understanding, we
will be able to state and discuss the major results of this work in Sect. 2. In
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Fi1GURE 1. Elitzur-Vaidman bomb-tester experiment

Sect. 3, we give a detailed derivation of our model. Our main result, a char-
acterization of what is possible and impossible to do with “interaction-free”
measurements, is the combination of two pillars: a no-go theorem, in the form
of an inequality, that tells us when it is impossible to discriminate two chan-
nels in an “interaction-free” manner; and a protocol that discriminates two
channels in those cases that are not touched by the no-go theorem. A quanti-
tative treatment of this protocol is given in Sect. 4, while the main content of
Sect. 5 is the no-go theorem. Also in Sect. 5, we prove fundamental limits for
the achievable decay rate of the “interaction” probability.

The Bomb-Tester Experiment In the following, we briefly review the bomb-
tester experiment in its original version by Elitzur and Vaidman and its it-
erative version by Kwiat et al. Suppose you have a box and you have been
told that inside of this box there is an ultra-sensitive bomb. By ultra-sensitive,
we mean that the bomb will explode even if only one photon hits it. As you
do not trust the deliverer, you want to check if there is a bomb inside the
box. For some reason, the only way to obtain information about the content
of the box is by shining light through it. Doing so, however, might trigger
the bomb, which is what we want to avoid. If photons were classical particles
our task seems to be an impossible one.! To circumvent this problem, Elizur
and Vaidman proposed to put the box into the upper arm of a Mach—Zehnder
interferometer, as depicted in Fig. 1. If we work only with a single photon,
then this proposal can be stated abstractly as follows: The Hilbert space of
the problem is H = Hy ® Hy, where Hy = Hy = span{v,p} are the Hilbert
spaces associated with the upper and lower arm, and the orthogonal unit vec-
tors v and p denote the vacuum and one-photon states, respectively. The 50/50
beamsplitter (BS) can be modeled as a unitary transformation U, defined by

Uvr®uv=v®uv,
Up®wv = cos(f)v®@p+sin(d)p®wv, (1.1)
Uv@p=—sin(f)v®p+cos(f)p® v,

INote that one needs to be careful about the notion of classicality, since the bomb-tester
experiment allows for a formulation in terms of Spekkens toy models [18,19].
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where § = 45°. Suppose we start with a photon in the lower input, then the
initial state is so := |[v @ p)(v ® p|. There are two cases to analyze. On the one
hand, if there is no bomb in the box, then the two beamsplitters rotate the state
by 90°. Hence, the photon ends up in the upper output. On the other hand,
if there is a bomb in the box, then the bomb acts as a measurement device in
the upper path. There are three possible outcomes of the experiment. The first
possibility is that the photon takes the upper path and thus causes the bomb
to explode. This happens with a probability of 50%. If the bomb does not
explode, then, by the measurement postulate, the state of the system is still
s0- Since the second beamsplitter has a 50/50 splitting ratio, the probability
that we measure the photon in the upper output equals the probability that
we measure the photon in the lower output, i.e., the probability for each of
them is 25%. The important point here is that in 25% of the cases the photon
ends up in the lower path. In that case, we can conclude that there is a bomb
in the box, but the bomb has not been triggered. However, we only get this
result in 25% of the cases.

Kwiat et al.’s Iterative Version To increase the efficiency of this protocol,
the crucial idea is to feed the output back to the input, (thus, to let the
photon go through the box many times) and to adjust the splitting ratio of
the beamsplitters sensibly (see [2] for the experimental realization). The easiest
way to analyze this proposal is to think of the feedback loop in a “rolled out”
way. That is, we look at this proposal as if we had N copies of the Mach—
Zehnder interferometer (where N is the number of times we let the photon go
through the box), in each of which the box is in the upper arm (see Fig. 2).

We further choose the angle 0 := % in (1.1), which defines the action
of the beamsplitters. Let us analyze this protocol: If there is no bomb in the
box and the photon starts in the lower path, then the photon travels through
N beamsplitters, each of which rotates the state by an angle of %. So overall
the state is rotated by 90°, which means that the photon will be in the upper
output. For the case where there is a bomb in the box, let us calculate the
probability that the photon always takes the lower path and therefore does not
hit the bomb. For each of the beamsplitters, if the photon is in the lower path
before the beamsplitter, then the probability that the photon will be in the
lower path after the beamsplitter is given by cos?(f). Since the bomb can be
viewed as a measurement device, the probability that the photon always takes
the lower path is simply the product of the probabilities at each beamsplitter.
Hence, P(always lower path) = cos®" (). For N — oo, we have

2

9 2N
2N — 1_L N4 :1_L N2 NH_C’O)L
cos” () ( SN2 + O( ) N + O( )

This simple calculation has the remarkable consequence that (when N is large
enough) the photon will always end up in the lower path and the bomb will not
explode. Since the photon will always end up in the upper path if there is no
bomb in the box, this protocol enables us to tell (with probability approaching
1) whether there is a bomb in the box, while simultaneously ensuring that the
bomb will not be triggered.
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FIGURE 2. Kwiat et al.’s version of the bomb-tester experi-
ment

FIGURE 3. N-step discrimination strategy

Interpretation as a Channel Discrimination Problem We have seen in the pre-
vious paragraph how to discriminate between a completely transparent object
(empty box) and an opaque object (bomb) such that the probability that
a photon gets absorbed by the opaque object can be made as small as one
pleases. This problem can be reinterpreted as a channel discrimination prob-
lem as follows: The channel corresponding to the transparent object is simply
the identity channel (Ttmpty := id), while the action of the opaque object can
be identified with the channel® Tyomb : B1(Hy) — Bi(Hy), defined by

Tbomb(') =tr H |’U><U|

2B1(H) denotes the set of traceclass operators on the Hilbert space H and S(H) denotes
the set of density operators.
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According to the theory of quantum combs,? the most general (causally
ordered) strategy to discriminate channels is given by the sequential scheme,
depicted in Fig. 3. That is, if the channels to be discriminated act on the
system I (I for interaction), then the most general discrimination strategy?
allowed by quantum theory can be described as follows: First, we choose an
ancillary system Z (which might be arbitrarily large) and an initial state sg €
S(H;®Hz). Then, we can apply a channel® Ag : By (H;®@Hz) — Bi(Hi®@Hz)
to sg. Afterwards, the unknown channel is applied to the system (i.e., if T" :
Bi(H;) — Bi(H) is the unknown channel, then its application transforms
the state Ag(sg) to (T ® id)(Ag(sp))). Then, we can transform the system
by applying a channel Ay : Bi(H; @ Hz) — Bi(H; ® Hyz). Afterwards, we
apply the unknown channel again, followed by an application of a channel
Ao : Bi(H @ Hz) — Bi(H; ® Hz). We repeat this process N times overall.
In the end, our system is in a state pX; € S(H; ® Hz), which depends on 7.
Hence, by measuring we can obtain information about the identity of T'. Kwiat
et al.’s protocol can be integrated in this formalism as follows: We identify the
upper path with the system I and the lower path with the system Z and
choose s := [v @ p){v @ p|. For 0 < i < N — 1, the channels A; are defined by
Ai(-) :=U-Ut = U(-), with § = % and we set Ax :=id. It is then easy to
calculate that

Tempty 2
py =UN(lvep)(vep|) = pev)ped,

ol = (Toom, ©i0) 0 1) (@ )0 @ ) (1.2
= o @) @ p) o @ pl + (1~ o (@) o @) v 0 ],

empty

where p% and p%‘“‘mb denote the output states of the protocol when the
unknown channel is Tempty OF Thomb. An interesting aspect of the expressions
(1.2) is that one can read off the results of the last paragraph, since the states
are orthogonal and since the probability that the bomb explodes is simply
given by the coefficient of |[v ® v){v ® v|. To abstract from the bomb-tester ex-
periment, we want to allow for arbitrary quantum channels and for arbitrary
discrimination strategies (Fig. 3). In this more general setting, the concept of
the output state does not change. What is not a priori clear is what it means
that something was “interaction-free”. Since we want to allow for arbitrary
strategies (for example, involving many photons in arbitrary superpositions),
the output state does not, in general, contain the information if an interac-
tion occurred. Therefore, we need to model separately what “interaction-free”
means for general discrimination strategies. A derivation of such a model based
on some axioms takes some effort. We will, therefore, postpone this discussion
until Sect. 3. For now, let us just describe the essential constituents. First, for
the notion of “interaction-free” to have any meaning, there needs to be some

3Quantum combs: also known as quantum supermaps, quantum strategies, . ..

4This includes in particular coherent evolution, the use of entanglement, measurements,
adaptive strategies, channels used in parallel, ...

50f course, the application of Ag is redundant, since one could choose sq differently. Allowing
to apply Ao, however, will simplify the notation.
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way not to interact with the object in the box. We will thus assume, in analogy
to the bomb-tester experiment, the existence of a vacuum state. That is, we
assume that for the channels under consideration, there exists a pure state
[v){v| € S(Hy) such that |v){(v| gets mapped to a pure state by the channel
and that if the channel is applied to |v)(v]|, then there is no “interaction” with
the object in the box. This concept is formalized by the notion of a channel
with vacuum.

Definition 1.1 (Channel with vacuum). A channel with vacuum v € H is
a channel T : B1(H) — Bi(H) together with a unit vector v € H such that
T(|v){(v|) is pure. The unit vector v is called the vacuum, and the state |v){v| €
S(H) is called the vacuum state.

The notion of an object in the box already suggests that we should look
at the given channel in the open system picture. To this end, we imagine
a Demon sitting in the box and trying to figure out if something else than
the vacuum was sent through the box. To do so, we allow the Demon to
access the object in the box. In more mathematical terms, the Demon has
full access to the output of the conjugate channel [20]. An important implicit
assumption underlying the discussion above is that the channels we look at can
be applied several times (which means that the channel does not change)—
a Markovianity assumption. Given just this Markovianity assumption, it is
possible to determine the probability that, for a certain discrimination strategy,
the Demon will find out if at any point during the execution of the strategy,
the channel was applied to something else than the vacuum state. We will call
this probability the “interaction” probability (see Definition 3.3), denoted by
PF(D), where T denotes the channel and D the discrimination strategy. The
central notion of discrimination in an “interaction-free” manner, as formalized
in Definition 3.4, is then defined by demanding that the discrimination error
probability as well as the “interaction” probability can be made arbitrarily
small simultaneously. We finish this section by formalizing the notion of a
discrimination strategy® and by fixing the notation.

Definition 1.2 (Discrimination strategy). An N-step discrimination strategy is
a tuple (H, Hz,H:, Ho, S0, \), where H, Hz, H;, and H, are Hilbert spaces,
so € S(H;) is the initial state and A := {Ag, A1,...,An} is a set of channels,
with Ag : Bl(Hl) — B1(H ®Hz)7 A, B1(H ®Hz) — Bl(H ®HZ) for
1<n<N-1,and Ay : Bi(H® Hz) — B1(H,).

An N-step discrimination strategy induces the intermediate state map p :
B(Bi(H)) x {0,1,2,...,N} — B1(H® Hz) UB1(H,), defined by

p(T,0) = Ao(s0),
p(T,n)=A, o (T®id)op(T,n—1), for 1 <n < N.
We will always write” pl for p(T,n) and omit H; and H, if H; = H, = HRHz.

(1.3)

6Note that in this definition, we allow the input and output spaces to be different from
H ® Hz. This is solely for notational flexibility and has no physical significance.
"The superscript should not be confused with the transpose.
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Notation Throughout, H (with some subscript) denotes a separable complex
Hilbert space and in this paragraph, X and ) are Banach spaces. The range
of amap f: X — Y is denoted by ran(f) := {f(x) |z € X}. The kernel of f
is ker(f) := {z € X| f(x) = 0}. The dual space X'* of X is the set of bounded
linear functionals on X. The orthogonal complement of a linear subspace V C
H is denoted by V+. The open e-ball around x¢ € X is defined by B.(x¢) :=
{z € X|||lx — x| < €} and the closed J-disc around zp € C is denoted by
Ds(z0) :={z € C||z — 20| < 0}

The Banach space of bounded linear operators X — X is denoted by
B(X). The space of trace-class operators B;(H) becomes a Banach space with
trace-norm ||-||, := tr[|-|]. For A € B(H), the adjoint is denoted by A and the
support of A is defined by supp(A) := ker(A)*. If AT = A, then A is called
self-adjoint. A is called positive semi-definite, sometimes denoted by A > 0, if
A is self-adjoint and (| Av) > 0 for all b € H. For a closed subspace V C H,
we denote (in a slight abuse of notation) by B(V) C B(H) the bounded linear
operators with range and support in V and by B; (V) the trace-class operators
with range and support in V.

A linear operator T' € B(B1(H)) is called a quantum operation if it is com-
pletely positive and trace non-increasing. If 7' is in addition trace-preserving,
then T is called a (quantum) channel. If a quantum channel T is written in
the form T'(-) = trg [V - V1], where V : H — Hp ® H is an isometry and
where trg is the partial trace, then V' is called a Stinespring isometry. The set
of (quantum) states on H is given by S(H) := {p € Bi(H)|p > 0,tr [p] = 1}.
The identity channel is denoted by id and the unit matrix by 1. For pos-
itive semi-definite trace-class operators p and o, the fidelity is defined by
VEF(p.0) = |[/ova,.

For B € B(X), the resolvent set is p(B) := {z € C|z — B is invertible}
and the spectrum is o(B) := C\ p(B). The discrete spectrum of B is the
subset of isolated points of o(B) such that the corresponding Riesz projection
has finite rank.

2. Results

To state and discuss our main results, we need one more concept, which is
similar to that of a decoherence-free subspace.®

Definition 2.1 (Isometric subspace). Let V be a closed linear subspace of a
Hilbert space H. A channel T : B1(H) — B1(H) is said to be isometric on V
if there exists an isometry V : V — H, such that?

T|g,on () =V VT (2.1)

If T is isometric on V, we call V an isometric subspace w.r.t. T

8 An isometric subspace is a decoherence-free subspace if the range of the isometry is V.
9T|51 (v) denotes the restriction of T to the bounded linear operators with range and support

in V.
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The significance of channels that are isometric on V is that they are the ana-
logue to the identity channel in the bomb-tester case. To see why, note that
T'|g, (v) satisfies the Knill-Laflamme error-correcting conditions [21]. Hence,
by composing T'|3, (1) with an appropriate channel, we obtain the identity
channel on B;(V). Furthermore, as Lemma 3.10 proves in a language adapted
to our model, the output of the conjugate channel of T will be the same for all
p € B1(V). In particular, if we have v € V, where v is the vacuum, then even
though p € Bi(V) might be different from |v)(v|, the Demon (having access
to the conjugate channel only) has no chance of telling that something other
than the vacuum has been sent through the box.

We are now ready to state our main result, which is an easy to check
necessary and sufficient criterion that tells us when it is possible (or impossible)
to discriminate two quantum channels in an “interaction-free” manner.

Theorem 2.2 (Main result). Let dim(H) < co. Two channels Ta, T : Bi(H) —
B1(H) with vacuum v € H can be discriminated in an “interaction-free” man-
ner if and only if there exists a subspace V C H with the following three
properties:

1l.veV.

2. At least one of the two channels is isometric on V.

3. TAlB(V) 75 TB‘B(V)-

Note that the central notion “discrimination in an ‘interaction-free’ manner”
has only been defined informally in the paragraph following Definition 1.1.
The formal definition, as well as the one for the “interaction” probability, can
be found in Sect. 3.3, after a derivation of the mathematical form of these
quantities from first principles in Sect. 3.1.

Remark 2.3. At first glance it may seem to be hard to check whether such a
subspace exists. This is not so, as one only needs to consider two candidates
for V, the so-called maximal vacuum subspaces Vr, and Vr,,, which we define
and study in 3.9 and 3.10.

Theorem 2.2 is a direct consequence of two results: a protocol to discriminate
two channels and a no-go theorem. We discuss these cases separately in the
following two subsections.

2.1. The Constructive Case

We consider the case where our main theorem says that we can discriminate
the two channels in an “interaction-free” manner. That is, where there is a
subspace V, such that V contains the vacuum and one of the two channels is
isometric on V and Ta|g(vy # TB|p(v)- For this case, we propose a protocol (see
Sect. 4) that can discriminate two channels in an “interaction-free” manner.
We will discuss the properties of this protocol in the following. It turns out that
one does not need complete information about the two channels to perform the
discrimination task. To account for this, we consider the more general task,
where we want to know to which one of two known, disjoint, sets of channels
the unknown channel belongs. Of course, Theorem 2.2 puts some restrictions
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on how these sets may look like. Specifically, we consider the following: Given a
channel 7" with vacuum v € V that is isometric on V, we take as our first set (a
subset of ) the set of channels that equal T if we restrict their domains to B (V).
The second set is less restricted in that we only assume that all channels must
be channels with (the same) vacuum v and that the restrictions to By (V) must
not equal Tz, (yy. It will then turn out that under these conditions, these two
sets can be discriminated in an “interaction-free” manner. Roughly speaking,
this tells us that we can test whether the unknown channel is 7" or some other
channel, whose identity is unknown. Putting it yet another way, if the identity
channel is interpreted as an empty box and every other channel as a non-empty
box, then our result says that one can always find out (in an “interaction-free”
manner) if there is something or nothing in the box. Before we state this in
mathematical terms, we need to define the discrimination error probability for
two sets.

Definition 2.4 (Error probability). Let C4,Cp C B(B1(H)) be two sets of chan-
nels. For an N-step discrimination strategy D and a two-valued POVM II =
{ma, 7B}, the discrimination error probability is defined by

1
P.(D,II) := = | sup tr [ﬂ'Bp,Z]C;} + sup tr [ﬂ'qu]\}] . (2.2)
TeCa TeCp

Theorem 2.5 (Discrimination strategy). For dim(H) < oo, let C4,Cp C
B(B1(H)) be two closed sets of channels and V be a subspace of H, such that

1. For all T € CAUCg, T is a channel with vacuum v € V.

2. For all T € Cq, T is isometric on V.

3. The set Calp, (v := {T|81(V) |T € CA} contains exactly one element.

4. Calp,(vy and Cg|p,(v) := {T|51(V) ‘T € CB} are disjoint.
Then there exist a constant C', and for every N € N, an N-step discrimination
strategy D and a two-valued POVM 11, such that

C
Pe(DaH) S mv (23)

P/A(D)=0 and P}*(D)< —, (2.4)

1o

for all Ty € Ca and all Tg € Cp, where P; denotes the “interaction” proba-
bility. Thus, the sets C4 and Cp can be discriminated in an “interaction-free”
manner.

Remark 2.6. The strategy we propose that has the properties stated in Theo-
rem 2.5 only requires one ancillary qubit system in the worst-case scenario (as
does the Kwiat et al. protocol) and might thus be implementable in the near
future. We also show that one cannot get rid of the ancillary qubit in a naive
way.

Remark 2.7. Although Theorem 2.5 is formulated for finite-dimensional spaces,

a key part of the proof works also in infinite-dimensional spaces (Theorems 4.5
and 4.6).
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Remark 2.8. For two channels T4 and Tg with vacuum v € H, we can define
the sets C4 := {Ta} and Cp := {Tg}. If there is a subspace V such that the
Conditions 1-3 in the main theorem are fulfilled (and, w.l.o.g, T4 is isometric
on V), then clearly C4 and Cp satisfy the hypothesis of Theorem 2.5 and thus
T4 and T can be discriminated in an “interaction-free” manner. This proves
the direct part of Theorem 2.2.

Given the result of Theorem 2.5, it is natural to ask whether the bounds
on the error probability and the “interaction” probability have the optimal
dependence on N. This is clearly not the case for the error probability, as
is already evident from the bomb-tester experiment. For the “interaction”
probability, we were able to show (under a mild condition on C4 and Cp) that
N~!is indeed the best possible rate. We state this as a meta theorem (see
Theorem 5.9).

Theorem. Subject to a condition stated in Theorem 5.9, there exists a constant

C > 0 such that

(1—2P.(D,II))*
N )

for all N-step discrimination strategies D and all two-valued POVM’s 1.

max(P;* (D), PI*(D)) > C (2.5)

The result above cannot hold unconditionally. If there is a subspace V such
that v € V, and both channels are isometric on V and Ta|zw)y # TBls),
then we can restrict ourselves to probing the channel only with states in p €
B1(V). Since the Demon cannot tell the difference between these states, the
“Interaction” probability is zero and the remaining problem is to discriminate
two isometric channels. This problem can be solved with discrimination error
probability equal to zero, in a finite number of steps [22]. We were unable to
show that the case described above is the only one where the N~ !-rule can be
violated, but this seems plausible.

2.2. The No-Go Case

In this section, we consider the case for which our main theorem tells us that
“Interaction-free” channel discrimination is impossible; that is, if there exists
no subspace satisfying all three properties of Theorem 2.2. In this case the
channels T4 and T must be such that whenever there is a subspace V that
contains the vacuum and on which at least one of the two channels is isometric,
then the two channels must necessarily be the same on that subspace.'® In this
case, we were able to establish the following theorem that shows that there is
a trade-off between the error probability and the “interaction” probability, in
the sense that not both of them can go to zero simultaneously.

10Unfortunately, this case seems to be the generic case. Indeed, on physical grounds (think
of two semi-transparent objects) it is reasonable to assume that for both channels, the only
isometric subspace that contains the vacuum is simply span{v} and that |v)(v]| is a fixed
point.
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Theorem 2.9 (No-go theorem). For dim(H) < oo, let Ta, Tx : B1(H) — Bi(H)
be two channels with vacuum v € H. Suppose that no subspace satisfies the
properties 1, 2, and 8 of Theorem 2.2 simultaneously.

Then, there exists a constant C' > 0, such that

(1 —2P.(D,10))? < C max(P;* (D), P/® (D)), (2.6)

for all finite-dimensional N -step discrimination strategies D and all two-valued
POVMs, I1. Hence, T4 and Tg cannot be discriminated in an “interaction-
free” manner.

Clearly, this implies the converse in Theorem 2.2.
As a by-product, we obtained an inequality for the fidelity, which might
be of independent interest.

Proposition 2.10. For dim(H) < oo, let Tj,Té : B1(H) — Bi(H) be quantum
operations and let V be a subspace of H such that T,ﬁ|81(v) = Té|51(v) and
Ti|51(v) 18 trace-preserving. Then,

VE(T}(p), Th(0) = VF(p,0) = 2VF(P*pP*, ProPL),  (27)

for all p,o > 0, where P+ is the orthogonal projection onto V.

3. The Models

In this section, we propose two different, but in the end largely equivalent
models that generalize the notion of “interaction-free” measurement to quan-
tum channels. Since the sequential scheme, given in Fig. 3, is the most gen-
eral causally ordered strategy allowed in quantum theory [17], it suffices to
define our notions for this kind of strategy. In both models, we assume the
validity of Fig. 3. That is, we assume that the unknown channel 7" does not
change during the execution of the discrimination strategy—the Markovianity
assumption. This is a relatively weak assumption, since we are in control of
the duration between the individual channel invocations. This section consists
of four subsections. In the first two subsections, we derive our two models. The
third subsection summarizes the former two by properly defining the quanti-
ties of merit and thereby setting the stage for a rigorous analysis in the later
sections. In the fourth subsection, we compare the two models by deriving
some elementary properties, which will be used later on.

3.1. The “Interaction” Model

In our first model, we interpret the term “interaction-free” in an information-
theoretic way. That is, we imagine a Demon sitting in the box trying to figure
out, if we interacted with the interior of the box. In more technical terms,
this means that the Demon has full access to the output of the conjugate
channel. Since our task would be trivially infeasible otherwise, there must be
a way not to interact with the box. Therefore, we only consider channels with
vacuum. That is, we assume that for all channels under consideration there
exists a distinguished pure state, the vacuum state, |v)(v|. This state is assumed
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FIGURE 4. General scenario

to have the following two important properties: First, if the vacuum state is
sent through the channel, then the Demon concludes that no interaction has
occurred. Second, we assume that the channels under consideration map the
vacuum state to a pure state. This assumption is physically reasonable as it
means that the state of the probe system does not become entangled with
the Demon’s system. If in contrast, the probe system becomes entangled with
the Demon’s system, then there must have been an interaction and the term
“interaction-free” measurement would be inappropriate. We should mention,
however, that the transmission model, which we are going to describe in the
next section does not use the ““vacuum maps to pure state”” assumption. This
comes at the cost that the transmission functional is no longer a property of
a channel (as the “interaction” functional will turn out to be) but rather an
object that has to be modeled separately. Together, these two assumptions
yield the definition of a channel with vacuum (Definition 1.1). For a given
channel 7" with vacuum v € H; and an N-step discrimination strategy D =
(Hr,Hz, Hi, Ho, 50, A), we want to define the “interaction” probability P} (D)
as the probability that the Demon in the box encounters that, during the
execution of D, something other than the vacuum state was sent through the
channel. To define this probability, we need to specify how the Demon can
obtain information about what was sent through the channel.

A natural way to model this is by assuming that for each of the N channel-
uses (indexed by n) in the discrimination strategy, the Demon is allowed to
implement the channel T via a channel D,, : By(H; @ Hy) — Bi(Hp @ Hy),
where H; is the Hilbert space associated with a system I’, which the Demon
controls. We further allow the Demon to keep an arbitrarily large memory
system M (with Hilbert space Hjs) which he can manipulate freely (i.e., he can
choose the channels M,,, defined below). The most general (causally ordered)
scheme that can be obtained from the above description is depicted in Fig. 4.
Mathematically, the Demon’s strategy is completely determined by an initial
state s§ € S(Hy ® Hy) and channels Mo, My, ..., My : Bi(Hy @ Hyp) —
Bl(HM ® H[/) and Dl,DQ, .. .,DN : Bl(H[/ ® H]) — Bl(Hl/ ® H[) Given
this data, the scheme in Fig. 4 produces the output (or final) state pp €
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S(Hy @ Hi ® Hy), defined by
pr =My ®An)(id® Dy ®id) ... (M; ® A1)(id ® Dy ® id)(Mo ® Ao)(x0),

where o 1= s @ so. In the end, the Demon will measure his system (M + I")
and decide, based on the measurement outcome, if an interaction has occurred.
The “interaction” probability is then the probability that he detects such an
interaction if he chooses his strategy optimally within the given constraints.

Before we can analyze what the Demon’s optimal strategy is, we need
to formulate mathematically the assumption that D,, implements T', and that
T must be independent of the Demon’s strategy (Markovianity). Precisely,
we assume that D, must be such that if the Demon’s system (I’) and I are
uncorrelated, then the action on the system I must be independent of the state
of the system I’. In formulas, we assume that

try [Dn(pr @ pr)] = T(pr1) (3.1)

for all p;» € S(Hyr), pr € S(Hy), and n € {1,2,..., N}. We note that (3.1) is
exactly the definition of a semicausal channel, as introduced in [23]. A structure
theorem by Eggeling et al. [24] tells us that semi-causal channels are semi-
localizable. That is, D,, can be written in the form:

Dalprs) = tri, |(Xo @ id:)(idrr © V) (prrs)|

where V,, : By (H;) — Bi(Hp, ® H;), defined by V,,(-) = V,, - VI is the quan-
tum channel associated with a Stinespring isometry V,, : Hr — Hg, ® Hr of
T and X,, : Bi(Hpr @ Hg,) — Bi(Hp ® Hg, ) is some channel. To proceed
further in our search for the Demon’s optimal strategy, we make a few sim-
plifying observations and definitions. First, the unitary freedom in the Stine-
spring dilation V,, can be absorbed into the channel X;. We can therefore
assume, without loss of generality, that Hg, = Hg, = -+ = Hg, =: Hg and
Vi=Vo=-=Vy=V. Second, for p € S(Hy @ Hp @ Hy), we have

(M, ®id;)Dn(p) = trg, [([(Mn ®idg, )(idy ® X,)] @ idp)(idap ® Vn)(p)] ,

which motivates the definition X, := (M,,®idg, )(idys ® X,,). In the following,
we adopt the convention that if some channel acts trivially on a tensor factor
(i.e., as the identity), then we omit these tensor factors in the notation (e.g.,
X, ®id; becomes just X,). With the newly introduced notation, it follows
from the definition of o that the state the Demon obtains is

trrz [PF] =tryy ANtrENXNVNAN—ltrEN_1XN_1 - AltrElzl‘A/lMng(Xo).

We can commute the X ;s and trg;s to the left. Thus, upon defining the channel
I: Bl(HEN QHey_ , -+ ®HE1) — Bl(HM ®H]/) by

F(p) = trENXNtrEN—IXN—l s trElilMO(SOD Y P),
we have

tI‘[Z [pF] = F(tr[Z ANVNANfl‘A/Nfl e A1‘71A0(80)).
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FIGURE 5. Scenario when the Demon’s strategy is optimal

To decide if the channel was ever applied to a state different from the vacuum
state, the Demon measures his state with a two-valued POVM, {Q1,Q2}. By
convention, he will conclude that an interaction occurred (something other
than the vacuum was sent through) if the event corresponding to ()2 occurs.
If the state sent through the channel is always the vacuum state, then the
Demon'’s final state is

T([tr; [VIo) 0]V,

where the tensor power is in the space Hg, ® Hpy_, ® - -+ ® Hg,. Since the
Demon must not report an interaction, if the state was always the vacuum
state, we demand

0 = tr [QaT([txy [VIo) (V)] 7™)] =t [1*(@2) [trs [VIe)wvT]]*Y],

where I'* denotes the channel I' in the Heisenberg picture. Clearly, if I'™*(Q2) =
19N — PN where P, is the orthogonal projection onto the support of
try [V|v)(v|V1], then this requirement is fulfilled. Since we want to choose the
optimal strategy the Demon can pursue, we want to set ['*(Qg) := 19V — P&V,
We can always choose I" and Q5 to satisfy the last equation, because this corre-
sponds to the strategy where the Demon simply stores all the states he obtains
from the Stinespring dilation in each round. This justifies the graphical rep-
resentation in Fig. 5. Since we defined the “interaction” probability to be the
probability that the Demon concludes that an interaction occurred (if he acts
optimally), we have

PT(D) := tr [(JL@N — PONY tr Un Ay Vs .. Alffl(poT)} . (3.2)

where pl' := Ag(so) is the first intermediate state. We remark that the defi-
nition of Pf(D) does not depend on the particular choice of the Stinespring
dilation, since the unitary freedom in the Stinespring isometries is compen-
sated by the equal and opposite freedom in P,.

We can simplify this expression a bit. We define P;- := 1 — P, and note
that

N—1
19N _ P?N _ Z 1ON-—n—1 ®Pj‘ ® F)@(}Xm7

n=0
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K—1
Propf =] Pre1¥ P, 19K 7"
§=0
Using these two expressions and (several times) that A, is trace-preserving,
we obtain our final version for P{'(D),
N-1
P}T(D) = Z tr |:1®N—n—1 & f)vl & PS@H trIZVNAN,lVN,l . AlVl(pg)}

n=0
N-—-1 R ) R
=St {Pj ® PE" try Vi AV ... ALV (pF )}
n=0
N—-1
= tr [Pltrrz (Vg1 (A (trg, (P, @ 1)V, (o trg, (P ® ]l)Vl(pOT)..)}
n=0 )
N-1
=N tr [Pt Vit (AT Ay T .. AL T (pOT)))]
n=0 B
N-1
= tr [ PiltrV(try [ngl])} .
n=0 )

In the second to last line, we defined T (-) = trg [(P, ® 1)V - V] and pfl
is determined by the intermediate state map. We have thus succeeded in our
goal to define the “interaction” probability.

Remark 8.1. Tt is immediate from (3.2) that an alternative expression for
PI(D) is given by

PT(D)=1—tr [pm . (3.3)

There are two reasons to prefer the lengthy version derived above. First, it
makes the connection between the “interaction” model and the transmission
model (defined below) explicit and thus allows us to treat these points of view
on an equal footing. Second, it suggests to approach the problem by looking
at the inputs of the individual channel uses, which turns out to be fruitful.

3.2. The Transmission Model

In our second model, we think of an interaction as something that does damage
to the system in the box. As a guiding example, we think of a biological
system—say a body cell. For the sake of argument, assume that we want to
use high-energetic radiation (e.g., X-ray) to resolve the inner structure of the
cell. Of course, radiation might damage the cell, which is usually undesirable.
A reasonable measure for how much damage has been done to a cell seems
to be the number of X-ray photons that were absorbed by the cell. In other
words, the damage is quantified by the amount of energy that got transmitted
from the probe system (X-ray) to the interior of the box (biological cell).
Furthermore, if the cell is exposed to radiation several times, then the damage
measure should be the sum of the number of photons that were absorbed each
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time. Let us now abstract away from this example. Assume that the system
in the box is modeled quantum mechanically on a Hilbert space Hg and that
the probe system is modeled on H;. Assume that initially the system F is in
the state pp € S(Hg). If we probe the system with a state p; € S(H), then
the combined evolution is described by a (not necessarily unitary) channel
U:Bi(Hg ®Hr) — Bi(Hg ® Hy). Thus, the state of the combined system
after the evolution is given by

p/EI =U(pe @ pr1).

Now assume that, in analogy to the number of absorbed photons in the example
above, there is some physical quantity (an observable) that got transmitted
from the probe system to the interior of the box by the above process, and
that this quantity is related to the damage done to the object in the box. We
further assume that the process above can only cause damage and cannot repair
the system in the box. Thus, the observable must be a positive semi-definite
operator © on the Hilbert space Hg. Hence, for a single shot experiment, the
important object is the positive linear functional t: By (H;) — C, defined by

t(pr) = tr[Otrr [U(pr @ pr)]] -

For a general N-step discrimination strategy D (with intermediate state map
p), we assume that the transmitted quantity is extensive. Since the state
of the part of the probe system that interacts with the interior of the box
in the nth step is given by trz [pL] (T is the channel defined by T'(p;) =
tre [U(pe ® pr)]), a good definition for the total transmission T (D) is

N-1
Tr(D) := Z tr (trz [pz;]) .
n=0

We raise this to a principle by assuming that for every channel T we have a
positive linear functional t7, which we call the transmission functional, that
models the damage done to the object. The total transmission then plays the
same role for the transmission model as the “interaction” probability does for
the “interaction” model.

3.3. Formal Definition

We cast the principles developed in the last sections into formal definitions.

Definition 3.2 ( “Interaction” functional). Let T : B1(H) — B1(H) be a channel
with vacuum v € H and let V : ' H — Hg ® H be any Stinespring isometry of
T. The positive linear functional ir : B (H) — C, defined by

i () o= tr [Pty [V - VT, (3.4)

is called the “interaction” functional of T, where P;- is the orthogonal projec-
tion onto the kernel of try [V]v)(v|VT].
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Definition 3.3 ( “Interaction” probability). Let T : B1(H) — B1(H) be a chan-
nel with vacuum v € H and let D = (H,Hz, Hi, Ho, S0, A) be an N-step
discrimination strategy. The “interaction” probability is defined by
N-1
PI(D) =" ir (tr7 o] ]). (3.5)

n=0
where the quantum operation T : By (H) — B;(H) is defined by
T'() =trg (P, @ 1)V - VT], (3.6)

and where V : H — Hg ® H is any Stinespring isometry of 7" and P, is the
orthogonal projection onto the support of try; [V|v)(v|VT].

Definition 3.4 (“Interaction-free” discrimination). Let v € H and C4,Cp C
B(B1(H)) be two sets of channels such that for all T € C4 UCpg, T is a channel
with vacuum v. We say that C4 and Cg can be discriminated in an “interaction-

free” manner if for every €, 0 > 0 there exists an N-step discrimination strategy
D and a two-valued POVM II such that

P.(D,TI) <e and P (D)<5§, (3.7)
forall T € C4 UCp.

Definition 3.5 (Channel with transmission functional). A channel with trans-
mission functional tr is a channel T : By (H) — Bi(H) together with a positive
linear functional tr € (B1(H))". We call tr the transmission functional.

Definition 3.6 (Total transmission) Let T : Bi(H) — Bi(H) be a channel
with transmission functional tp. For an N-step discrimination strategy D =
(H,Hz,H;i, Ho, S0, A), the total transmission is defined by

Tr(D) = z_: tr (trz [pl]) . (3.8)

Definition 3.7 (Transmission-free discrimination). Let C4,Cp C B(B1(H)) be
two sets of channels such that for all T € C4 U Cg, T is a channel with
transmission functional t7. We say that C4 and Cg can be discriminated in a
transmission-free manner if for every €,6 > 0 there exists an N-step discrimi-
nation strategy D and a two-valued POVM II such that

P.(D,II) <e and Tp(D) <o, (3.9)
forall T € C4 UCp.

3.4. Comparison of the Models and Elementary Properties

In this section, we clarify the relation between the transmission model and
the “interaction” model. As a rule of thumb, the transmission model can be
thought of as a generalization of the “interaction” model. Since we admit ar-
bitrary positive linear functionals as transmission functionals, we have a much
greater flexibility when modeling. For example, one could decide that out of
the two objects to be discriminated, it does not matter (or is even desirable) if
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the second one gets destroyed. We should therefore set the transmission func-
tional of the second channel to zero. This is something that is not possible in
the “interaction” model. On the other hand, the advantage of the “interaction”
model is that the “interaction” probability has a very clear interpretation and
that the “interaction” functional is an intrinsic property of the channel. For
the relation between these models, we note the following lemma.

Lemma 3.8. Let T : B1(H) — Bi(H) be a channel with vacuum v € H and let
i be its “interaction” functional. If we interpret T as a channel with trans-
mission functional ir, then

P{(D) < %r(D), (3.10)

for all N-step discrimination strategies D.
Proof. Tmmediate from the definition, since (by induction) pZTL < pl. O

The insight that should be gained from this lemma is that if we want to
prove that a certain discrimination task can be done in an “interaction-free”
or in a transmission-free manner, then it suffices to tackle the problem in the
transmission model. Thus, the results in Sect. 4 will be formulated in terms
of the transmission model. On the other hand, if we want to prove a no-go
theorem, then it is sufficient to work in the “interaction” model. At this point,
there is a little detail that we do not want to hide, which is that it is possible
that certain discrimination tasks can be performed with less resources, if one
works in the “interaction” model and not in the transmission model. We will
not investigate this possibility any further. We close this section by introducing
the concept of a mazimal vacuum subspace.

Definition 3.9 (Mazimal vacuum subspace). Let T : By(H) — Bi(H) be a
channel with vacuum v € H and let V : H — Hg ® H be any Stinespring
isometry of T. The subspace Vr of H, defined by'!

Vr =V~ [supp(try [V[o) (v|VT]) @ H], (3.11)
is called the maximal vacuum subspace of T.

Lemma 3.10 (Properties of maximal vacuum subspaces). For dim(H) < oo,
letT : Bi(H) — Bi1(H) be a channel with vacuum v € H. The mazimal vacuum
subspace Vr has the following properties:
1. veVyp.
2. T 1is isometric on Vr.
3. If T is isometric on a subspace V' C 'H, then either Vp NV = {0} or
V' CVr.
4. Vr is the union of all subspaces that contain v and on which T is isomet-
ric.
5. There exists a constant Cp > 0 such that ip(p) > Crtr [PJ-p} for all
p >0, where PL is the projection onto Vi.

11/ —1[.] denotes the preimage operation.
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6. For all p > 0, we have ir(p) < tr [PJ-p], where Pt is the projection onto
Vi
Remark 3.11. The Claims 1-4 and 6 remain true if one lifts the assumption

that H is finite-dimensional. Claim 5, however, would then be wrong.

Proof. We start with the following observation: Let V : H — Hg ® H be
any Stinespring isometry of T'. Since T'(|v)(v|) is pure, Vv must be a tensor
product. Thus, there are two unit vectors v' € H and e € Hg such that

Vo=e®u'.
Hence, try [V]v)(v|VT] = |e)(e| and
supp(tra¢ [V|v) (v|VT]) = span{e}. (3.12)

(1) Clearly, Vv € supp(try [V|v)(v|VT]) ® H. Thus, v € V-1 [Vu] C V7.

(2) For ¢ € Vp, we have V¢ = e®1), for a uniquely defined ¢4 € H. We define
U:Vr — Hby Up := 4. It is easy to check that U is an isometry and that
T(|){(¢|) = Ulp)(¢|UT. Since this holds for all ¢ € Vp, T is isometric on Vr.
(3) Suppose that T is isometric on V', with isometry U’ : V' — H. If dim(}V’) <
1 then the claim is trivially true. So we can assume that dim(V’) > 2. Let vy
and vy be two orthogonal unit vectors in V’'. By assumption,

T(jvi)(vi]) = trg [V]oi) (0| VT] = U'joi) (0i|U"T,

for i € {1,2}. As U’|v;)(v;]U't is pure, there exists a pair of unit vectors
e1,es € Hg such that Vv; = e; ® U'v;. By linearity, we have

0 =T(Jvy +v2)(v1 + v2|) — trg [V|vr + va)(v1 + UQ\VT]
= U'|vy + vo)(v1 + vo|U'T — U'|vy) (01 |U"T
— (ealer)U'|v1) (va|U'T = (ex|ea)U’ Jua) (0r U = U’ vg) (| U
= (1= (ealer))U"|or) (va|U"T + (1 = (exe2)) U’ |va) (n [U"T,

This can only be true if (ej|ez) = 1, which is true only if e; = ez. Thus, by
transitivity, there is a unit vector ¢’ € Hg such that Vo' = ¢ @ U'v’ for all
v’ € V'. With the definition of U in the proof of 2, we also have Vo = e @ U¢p
for all ¢ € Vy. Assume that Vr NV’ # {0}. For a unit vector © € Vr NV, the
Cauchy—Schwarz inequality yields

1=|(@]9)] = (Vo[Vo)| = [(¢/|e)] [{U"|UD)]
< [T al [Ua] = [(e'le)] < lle'[l [lefl = 1.

Hence, the Cauchy—Schwarz inequality is satisfied with equality, which implies
that the vectors e and €’ differ only by a phase factor. In particular, span{e} =
span{e’}. Using (3.12), we have for any v € V' that Vo' = ¢ @ Uv' €
supp(try [V|’U><’U|VT]) ® H. Consequently, v' € V. As v’ was arbitrary, this
proves V' C Vr as claimed.

4) If an isometric subspace V' contains v, then (by 1) the intersection with
Vr is non-trivial. Thus, (by 3) V' is a subspace of Vr. Hence, Vr contains all
isometric subspaces and the claim follows as (by 2) Vr is isometric itself.
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The following consideration is needed in the proof of 5 as well as in the proof
of 6. We define the projections P:=P,®1 and P+ := 1 — P, where P,
[v)(v|. We further denote by P, the orthogonal projection onto Vr and deﬁne
Pt :=1 — P. In the following, let p > 0. By definition, we have

i(p) = tr [Pty [VpVT]]
—tr [PJ‘VpVT}
— tr [ﬁlVPpPVT} Ftr {I:’LVP,OPLVT }
+tr [PLVPLpPVT ] +tr [PLVPLpPLVT } .

By definition, if ¢ € Vr, then PLV¢ = 0. Thus, PLVP = 0 as an operator.
Hence, all summands except the last one vanish. Thus, we have

ir(p) = tr [PLVPLpPLVT } = tr [VT PiVPipPL} . (3.13)

We can now prove 5. To this end, note that if tr [PJ-pPJ-] = 0, then the claim

follows trivially. Otherwise, % is a density matrix and the spectral
theorem implies that

pPLtppt
TPLP me

with p; > 0, 3", p; = 1 and ¢} € V7. By convexity, we have
. R PJ_pPJ_
tr [ PEVPLPAV =t [Prp] b | PV
T VP-pP~V r[ p} T Vtr[PlpPi]V
>t [PYp] inf tr [Plvwﬂwﬂvq .
Yrey
Jo+]1=1
If the infimum is strictly positive, then this is the Cp we are looking for. To

see that this is indeed the case, note that the set {¢* € Vi | |||*]| =1} is
compact. Thus, the infimum is actually a minimum. Assume for the sake of

contradiction that tr [PLV\wl)(wHVT = 0, for some unit vector ¢+ € V#.

Then <15LV¢L|J5LV¢J—> = 0 and consequently PLVy+ = 0. Hence, Vil
supp(try [V]v)(v|VT]) @ H and ¢ € V. As this is a contradiction, the claim
follows.

To prove 6, we use Holder’s inequality for Schatten norms. Applying this in-
equality to the RHS of (3.13) yields

p) < [VIEAV|| (1P o, =t [P)

The last equality follows, since ViPLV is an orthogonal projection (and thus
has norm 1) and since P-pP+ > 0. This proves the claim. U
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Remark 3.12. Since by the previous theorem, every subspace that is isometric
w.r.t. T and contains the vacuum is contained in Vp, checking the conditions
in Theorem 2.2 reduces to checking whether

Talgwr,) # Islave,) or Talgwr,) # TBlaws,)- (3.14)

This can be done efficiently, since Vr, and Vr, can be computed by simple
linear algebraic methods.

4. The Discrimination Protocol

The main goal of this section is to prove Theorem 2.5. This is done in two
steps. At first, we show how to discriminate between the identity channel and
a compact set of channels, where some additional conditions are imposed on the
channels under consideration. In particular, we obtain the following theorem.

Theorem 4.1. For dim(H) < oo, let C C B(B1(H)) be a closed set of channels
and let v € H be a unit vector such that for all T € C, the state |v){v| is the
only state that is a fixed point of T'. Then, there exists a constant C' and for
every N € N an N-step discrimination strategy D and a two-valued POVM 11
such that

P.(D,II) < < (4.1)

€ ) — N2 ) M
where the discrimination error probability is w.r.t the sets {id} and C.
Furthermore, if T € C is a channel with transmission functional tp and
tr(Jv)(v]) =0, then the total transmission T (D) is bounded by
Clltr||

Tr(D) < — (4.2)

In particular, if tq = 0 and for all T € C, T is a channel with transmission
functional tr, with tr(jv)(v]) = 0; and if suppce ||tr|| < oo, then the sets {id}
and C can be discriminated in a transmission-free manner.

Proof. This statement is a direct consequence of Theorem 4.10 and the dis-
cussion in the paragraph “Description of the discrimination strategy.” O

The second step then is to show how to reduce the general case to Theorem 4.1.
This is the main content of Sect. 4.2, in which we also prove Theorem 2.5.

4.1. Empty or Not?

In this section we study a special case of the general discrimination task. That
is, we study the case where we want to discriminate between the identity
channel (empty box) and a compact set of channels C C B(B;(H)), which
does not contain the identity channel. We show that under some conditions
on the spectrum of the channels in C and on the transmission functionals, a
Kwiat et al.-like strategy suffices to perform the task in a transmission-free
manner, even if the underlying Hilbert space is infinite-dimensional. In the
finite-dimensional case, our considerations reduce to Theorem 4.1. Before we
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el Uy 2 HugH 7}

FIGURE 6. General form of a Kwiat et al.-like strategy

go into detail on what we mean by a Kwiat et al.-like strategy, we give an
overview of the additional conditions we impose on the channels in C.

Outline of the Assumptions Our first assumption is that there is a pure state
[v){(v| € S(H) (vacuum) that is a fixed point of all channels in C and that
the transmission functionals satisfy tr(Jv)(v]) = 0 for all T € C. As a remark,
note that if there were no state p € S(H), with tr(p) = 0 for all T € C,
then, of course, the discrimination task is impossible. On the other hand, if
there exists such a state p, then, by the spectral theorem and the linearity
and positivity of tr, there exists a pure state p, € S(H), with tr(p,) = 0 for
all T € C. But then, if p, is not a fixed point of T', the discrimination task
becomes trivial. Thus, assuming a pure fixed point for the current setting is
not a strong assumption.

Our second assumption is that all channels in C have a spectral gap. That
is, if we exclude 1 from the spectrum of 7', then the remaining part must be
contained in a disk of radius less than 1 (remember that since 7" is a channel,
its spectral radius is 1 and 1 is part of the spectrum). In Remark 4.11, we show
that the spectral gap assumption cannot be waived completely if a Kwiat et
al.-like protocol (defined below) should succeed.

Our third assumption is that the spectral gap assumption is compatible
in a certain sense with the discrimination strategy. Expression (4.9) in the
statement of Theorem 4.5 makes this statement precise. A sufficient condition
for the compatibility assumption to be fulfilled (given our second assumption)
is that 1 is a simple eigenvalue of every channel in C. This is the content of The-
orem 4.6. Furthermore, in the finite-dimensional case our second assumption
is automatically fulfilled (given our first assumption) if 1 is a simple eigenvalue
of every channel in C. This is the content of Theorem 4.10.

Our fourth assumption concerns the relation between the channels in
C and their associated transmission functionals. Note that the definition of
a transmission functional (Definition 3.5) does not impose such a relation.
For our current purpose, however, this is problematic since suppce ||tr|| may
be infinite. We will thus assume that suppce ||tr] is finite. This is a very
mild assumption, since it is implied if t; depends continuously on T' (which
is very reasonable on physical grounds). Furthermore, note that if t; is an
“interaction” functional, then, as a consequence of Claim 6 in Lemma 3.10, we
have suppee [|tr] < 1.

Description of the Discrimination Strategy The next step is to design a strat-
egy that allows us to discriminate between the identity channel and C. An
important factor in designing a strategy is the amount of resources that are
needed to implement it. To this end, we show that only a bare minimum is
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required. Let H € B(H) be a self-adjoint operator such that v is not an eigen-
vector of e In other words, we assume that Cy := |(v|e”"v)| is strictly
less than 1. Then, our strategy is to repeat the N-step discrimination strat-
egy, depicted in Fig. 6, a total of K times. More precisely, upon defining the
I-parameter family of channels Uy : By(H) — By (H) by U(-) = e tHt . iHt
the discrimination strategy is given by the initial state sg := |v)(v| and the set
of channels A, with A; := U% for 0 <7< N —1and Ay :=id. After each exe-
cution of the discrimination strategy, we perform a measurement described by
the two-valued POVM { P+, [v){v|}, where P+ := 1 —|v)(v]|. If all K outcomes
correspond to the second event, then we decide that the unknown channel is
in C and if otherwise we decide that the unknown channel is the identity. Of
course, this protocol can be cast into the form of an N K-step discrimination
strategy by using an ancillary system and the principle of deferred measure-
ment (see [25], p. 186). We call this strategy Dy n . By Definition 2.4, the
error probability is then given by

K-1
1 a1 K
Pe(Dunx, 1) = 5 <tf (o) (v]pR] +sup {tr [Pk E tr [Jo) (v]piy] }),
€

where p is the intermediate state map and where II denotes the measurement
scheme described above. Explicitly, we have

$=UY (o)) = e o) wle™  and  pk = (To Uy )V (o)(]).

In general, this leads to the estimate

1
Pe(Dp v s, 1) < 5 (c%}f + K sup tr [Pme) . (4.3)
TeC

Now suppose that Py := suppee tr [Plp%] approaches zero as N — oo (we

show this below). Then, for given € > 0, we can choose K := Li?éi)—‘ and N

such that K Py < e. It follows from (4.3) that P.(Dg,n,k,II) < €. In other
words, P.(Dp n k,II) approaches zero if and only if Py; does. Furthermore,
for a channel T' € C, the total transmission is given by

Tr(Dpnk)=K Z tr (pn) = KTr(Dg,n,1).

Thus, also Tp(Dy, v, k) approaches zero if and only if Tp(Dg n,1) does. In
addition to that, we could always choose H such that (v|e"*#v) = 0. In that
case, it suffices to set K = 1, which yields the simple expression

1
Pe(Duxa, 1) = St |[PH(T o U )N (ju)(v]) |,

for the error probability. Hence, in order to find a strategy that discriminates
between the identity channel and the set C, we only need to show that the
quantities Py; and suppee Tr(Da 1) approach zero for N — oo. Moreover,
since tp can be written in the form tp(-) = tr[©r-] for some positive semi-
definite operator O € B(H) and since, by assumption tp(|v){v|) = 0, we can
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conclude that for p > 0,
tr(p) < [ltr tr [P45]

The important conclusion that we draw from the discussion above is that
in order to prove Theorem 4.1, it suffices to show (under the hypotheses of
Theorem 4.1) that for any self-adjoint H € B(H), there is a constant C' such
that the inequalities

[P (T o UL )Y ()el)] < o5 (4.4)
N—1 C
tr|PE Y (U o T)"(Jo)(v])| < ' (4.5)
n=0

hold for all N € N. This is precisely the statement of Theorem 4.10. Taking
the validity of Theorem 4.10 for granted, we conclude that Theorem 4.1 holds.
Technical Theorems The remainder of this section is devoted to the proof of
Theorem 4.10 and its infinite-dimensional versions. The following lemmas serve
this purpose.

Lemma 4.2 ([26], p. 202). Let T € B(H), let z € C be in the unbounded
component of the resolvent p(T), and let X be a closed invariant subspace of
T. Then, X is an invariant subspace of (z — T)~!.

Lemma 4.3. Let T : B1(H) — B1(H) be a channel such that 1 is in the discrete
spectrum of T. Then, for any n € N and any (rectifiable) path inside the
resolvent set of T that encloses 1, and separates 1 from o(T) \ {1}, we have

1 z" 1 1
— = — . 4.
i o T oo (4.6)
Fl 1_‘1
Proof. See “Appendix A”. O

Lemma 4.4 (Invariant subspace lemma). Let T : By(H) — Bi(H) be a chan-
nel, where H can be finite or infinite dimensional. Let v € H be such that |v){v|
is a fixved point of T and set V,, := span{v}. Then, the subspaces

Boi = {lv)(el |9 € V'],

BLU = {|(725><'U‘ | ¢ € V'ul}a
are invariant under T'.
Proof. We prove that B, is invariant. The invariance of B, follows as T is

Hermiticity-preserving. Let {K;} be a set of (non-zero) Kraus-operators of T.
By assumption we have

|0)(v] = Ztr [KTK} i'{;{ﬁf'ff

where the series converges in trace norm. As the pure state |v)(v| is an extreme
point of the closed and convex set of quantum states and the RHS is a convex
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combination of states, we must have that Kl-|v><"u|KiT is proportional to |v){(v].
Henceforth, v is an eigenvector of K; for all <. We denote the corresponding
eigenvalue by \;. So for ¢ € V-, we get

T([v)(]) ZK\v (W|E] = [v)(4],

where ¢ =3, N1, As T is trace-preserving, we have

= tr[[v)(¢]] = tr [T(Jo)(L])] = tr[[v)(¢]] = (¢lv).
Hence, ¢ € Vvl. This proves the claim. U

The following theorem is the main technical result. In fact, everything else in
this section can (to some extent) be regarded as a corollary to this theorem.

Theorem 4.5. Let T' : B1(H) — Bi(H) be a channel such that 1 is in the
discrete spectrum of T, and let v € H be a unit vector such that |v)(v| is
a fized point of T. Furthermore, let H € B(H) be self-adjoint, T > 0 and
0 <d <1 such that

o(Uy o T) C Dy_s(0) U {1}, (4.9)

for 0 <t <7, where Uy : B1(H) — Bi(H) is defined by Uy(-) := e tHt . ¢tHt,
Then, the inequalities

tr [Pi (T'o U%)N(h})(v\)] < % (4.10)
w [PY Wy 0T () el) | < % (4.11)

hold for all N € N. Here, P+ := 1 — |v)(v| and

C:=max{ 7 2 185! HH||?3(H) (nax |G=T)7' |||z = UT) 7! ¢ < o0,
zeTl

where T := {z € C||z| = 77}U{Z€C||Z*1‘—§}

Proof. We need to calculate the quantities (4.10) and (4.11). To do so, we
employ the holomorphic functional calculus. For 0 < ¢ < 7 and n € N, we have

1 Z" 1 Z"
UT)" = — —d — d 4.12
(Ui T) 271 ]{ z—UT Z+27ri j{ z—UT ‘ ( )
[z—1]=% |z|=1—2
1 1 1 Z"
= — ——d — ——d 4.13
o f{ T T 2w 7{ U (4.13)

|z—1\:% |z|:1—%
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where we used Lemma 4.3 to obtain the second line. Under the trace, we can
(crudely) estimate this term as follows:

|tr [PH(UT)™(Jo)(v])]| < 0 max

< max
zell

[Pt o) |
(4.14)

In everything that follows, we assume that z € I'. To proceed, we need two
auxiliary calculations. First, we use the second resolvent identity ([27], p. 84)
twice to obtain

1 1 1

z—UT Z—T+ z—T(Ut_ld)z—T
. - (4.15)
——(U; —id d
M7 S eyl Gl ey
Second, an elementary application of Taylor’s formula yields
1Us = id]| < 21 H] e, (4.16)
(U —id)(p) = ilp, H]t + 02, (4.17)

with ||LU]] <2 ||HH123.(H). When looking at (4.15), it is clear that the summands
are of zeroth, first and second order in ¢, as ¢ — 0. The crucial step is to show
that under the trace, the second term is O(t?). Using (4.17), we get

1 . T 1 1 .
O = 00D = 5 0~ el
= () {Ho] ~ [He) o)
r L b1 4.18
). @)

Tt is easily verified, using the self-adjointness of H, that |v){Hv| — |Hv){v| =
[0)(@]— [6) 0], with & == (H — (u] Hv))v. Clearly, (¢|v) = 0. Thus, |¢)(v] € B,
and |[v){¢| € B,1, where B, , and B, are both invariant subspaces of T' (b
Lemma 4.4). As z is in the unbounded component of the resolvent set of T,
Lemma 4.2 implies that also (z — T)71(|¢)(v]) € B, and (z —T)~(|v)(¢|) €
By . Thus, the first term in (4.18) vanishes under the trace, and we get

|| ||B(H H

|tr [PH(4.18)]| < P——— ||z = T) 71| (4.19)

So under the trace, this term is indeed quadratlc in . For the other two terms
n (4.15), we have

r [PLZ 1 T(|v><v|)] ‘ - ! e [P D] =0 (4.20)




3358 M. Hasenohrl and M. M. Wolf Ann. Henri Poincaré

and

—id)

[ U= ) (- ) TT<|v><v>H
<

H 2= UT) Y U, —id))?

1\

(z=UD) M ||z=T)7", (4.21)

where we used the estimate (4.16) and ||T|| = 1 to obtain the last line. We
can now use the results obtained in (4.19), (4.20), and (4.21) to estimate the
quantity of interest, (4.14). We have

|z =)~ (1 +2]|(z— UT)7H])
2= 1]

2
(4.14) < 26% || H|[33(¢) max

<2 | 18571 | Hl[F max H z=T)"" |z =UeT)7!
zEl"
=:t2Cy. (4.22)

To obtain the second estimate, we used max.cr|z — 1|71 = 267! and
|Gz =) > Iz =T ™" > (J2] + 1)~" > 2. Equation (4.22) is a
bound for ¢ < 7. To prove the theorem, we need a bound for all ¢t > 0. To this
end, we note that tr [P+(U,T)"(|v)(v[)] < 1, since the expression represents a

probability. We further define C' := max(7=2,Cy). If t < 7, then by Eq. (4.22),
tr [PH(UT)"(|v)(v])] < t°Co < CF2.
And if ¢ > 7, then

t2

2
S <Ot

tr [P (UT)" (o) (v])] <1<

9

Hence,
tr [PH(UT)" (Jo) ()] < CF,

for all t > 0. This is a bound independent of n. Inequality (4.11) is then easily
obtained by setting ¢ : N and summing over all n, which yields an additional
factor N. It remains to show inequality (4.10), in which U; and T have switched
order. Since |v)(v| is a fixed point of T, we have tr [P-(TU,)N (|v)(v])] =
tr [PET(UT)N (Jv)(v])]. We set p = (U:T)N(Jv)(v]) and ¢ := PLpv and

write
p = (vlpv)[v) (o] + [v)(¢| + |¢)(v] + P+ pP*.

Clearly, |[v){¢| € B, and |¢){(v| € B,,. Hence, by Lemma 4.4, we have
T(|v){¢]) € By1 and T(|¢)(v]) € B1,. Thus,

tr [PT(p)] = tr [PHT(P+pPh)]| < tr [T(P+pPh)] =t [PHp].
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Hence,

tr [PHTU) (o)) < .

This finishes the proof. O

Theorem 4.6. Let C C B(B1(H)) be a compact set of channels, and let v € H
be a unit vector. Assume that

1. For oall T € C, the quantity
rp:=  sup |z
z€o(T)\{1}

is strictly less than 1. In other words, the spectral gap is nonzero.
For each T € C, the state |v){v| is a fized point of T.

3. For all T € C, the algebraic multiplicity*? of the isolated point 1 € o(T)

is 1. In other words, 1 is a simple eigenvalue.

Furthermore, let H € B(H) be self-adjoint and Uy : B1(H) — B1(H) be defined
by Uy(-) = e Ht . 't Then, there erists a constant Ce < 0o, such that

N

tr [PH(ToUL ) (o) (v)] < % (4.23)
N-1 2
| P> (U oT>”<|v><v|>] < % (4.24)
n=0

for all N € N, where P+ :=1 — |v){v].

Remark 4.7. The distinctive feature of the preceding theorems is the N2
bound in (4.23). It seems that such a bound cannot be obtained directly from

N
the results in [13-16], because those results are of the form (U% o T) ~ P+

(’)(%) for N — oo, where P denotes the spectral projection on the eigenspace
with eigenvalue 1.

Proof. The basic strategy is to reduce the claim to an application of Theo-
rem 4.5. To this end, we basically need to show that Conditions 1-3 imply
that condition (4.9) can be satisfied uniformly, i.e., that there exist 7 > 0 and
0 < 6 < 1 such that (4.9) is satisfied for all T' € C. The main tool to show this
is the upper semi-continuity of the spectrum. To use that property, we import
the following two theorems.

Theorem 4.8 ([28], p. 208). For a Banach space X, let T, S € B(X), and let T
be a compact subset of the resolvent set p(T).

If |T =S| < min.er ||(2 fT)*1||71, then I' C p(S). Furthermore, for
any open set V. C C, with o(T) C V, there exists v > 0, such that o(S) CV
whenever ||S — T < 7.

12For an isolated point A € o(T), the algebraic multiplicity is the dimension of the range of
the spectral projection.
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Theorem 4.9 ([29], p. 67). For a Banach space X, let P,Q € B(X) be bounded
projections with |P — Q|| < 1. Then, there exists an invertible operator A €
B(X), such that Q = APA~L. In particular ran(P) and ran(Q) are isomorphic.

To start, we show that not only rr < 1 for all T € C, but that suppecorr < 1.
To this end, we show that the function r : C — R, T — rp is upper semi-
continuous. That is, we need to show that for every T' € C and every € > 0,
there is a set U C C, which is open in the relative topology on C, such that
rs < rp+eforall S € U. For fixed T and € > 0, define € := min(e, 15'T)
and the open set Vi := B,,.1(0) U B (1) C C. By construction, o(T) C V.
Thus, Theorem 4.8 implies that there exists v > 0 such that ¢(S) C V. for all
S € B(T). Thus, for S € B, (T') the projection Ps onto the spectral subspace

associated with the spectral subset o(5) N B (1) is given by

1 1 1 1 1
Po = dz = P — -T d
S f z—T, i T+2m' % Z—S(S )Z—T =

1— 1—
lz—1|=15rT la=1|="75T

where we used the second resolvent identity to obtain the last equation. A
standard estimate yields

max Az =) [| =) 7]} -

—1|=5

l—TT
1Ps = Prll < —5—= IS =Tl
|z

Since the set Sp := B+ (T) NC is compact, the constant

R

1_
‘27”: p)

SeSy

Cp:= max o {H(Z*S)AHH(Z*T)AH}

is finite. We set 4/ := min{3, m} and U := B,/(T) NC. By construc-
tion, U is open in the relative topology on C and we have o(S) C V. and
|Ps — Pr| < % < 1for all S € U. By Assumption 3, ran(Pr) is 1-dimensional.
Thus, by Theorem 4.9, also ran(Ps) is one-dimensional, for S € U. Thus, there
can be only one point in (S) N B (1), and this point must be 1, as 1 is in the
spectrum of every channel. Hence, for S € U, we have o(S)\ {1} C B, +¢(0).
Sor(S) =rs <rp+€ <rr+e=r(T)+ e In other words, r is upper
semi-continuous. The upper semi-continuous function r assumes its maximum
on the compact set C. This maximum cannot be equal to 1, as this would
contradict Assumption 1. Thus maxpec rr < 1, as claimed.

In preparation for the application of Theorem 4.5, we define the joint spectral

gap

dy:=1-— r%lgé{r(T). (4.25)

We have 0 < 67 < 1 and

o(T) € D15, (0) U {1},
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for all T € C. We define I' :== D, 5, (0) \ (Bs, (1) U B, _2s,(0)), which is a
3 3 3
compact subset of p(T') for all T € C, and we set

7= 7m1nH _1H72
T T prg et

which is nonzero, as the minimization is over a strictly positive function on a
compact set. For this particular choice of 7, we show that

o(UT) C D, =5, (0)U{1}

for 0 < t < 7 and then use Theorem 4.5. From now on, let 0 < ¢t < 7 and
T € C. Using the Taylor estimate (4.16) and the definition of 7 yields

IT = UT| < [|U: = 1d|[ | T < 2[|H|[ 53¢ t
<=z —7)7?
< ijég” 2=T)7H| . (4.26)
zel

This inequality has two important implications. First, for z € T' we have
|z =T)7Y| ™" < ||z = T|| < |2|+1 < I. Hence, (4.26) < minpec [|(z = 7)1 "
zel

and we can apply Theorem 4.8, which tells us that I' C p(U,T) for all T € C
and 0 <t < 7. Equivalently,

o(UsT) €D, 25, (0) UDs, (1).
3 3
Thus, we only have to show that o(U;T) NDs, (1) = {1}.
3

Second, ||(U,T —T)(z—T)7!|| < zminTecH(sz)’wr1 < 2. Thus,
zel

7
the series
1 oo
— ST -1 -1)" =z - U1)
k=0

converges. A term-by-term estimate yields

(e~ i) < 8]z~ 1)

, (4.27)

Let P, := ﬁ — U — dz be the spectral projection, then
le=1]=%4
1 1 1
1P = Roll = |55 f{ —oT oT%
ls=1l=%

6

<=L max H(z ~UT) ™~ (2 — T)_1||
3 e1=02
1)

=L max H(Z—Ut VN UT ~T)(2—~T 1||
3 am1y=2

< 8, [UT = T max]|(z = 1)~
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20
<=L,
-7
where we used the second resolvent identity to obtain the third line, (4.27)
for the fourth line and (4.26) for the fifth line. Hence, by Theorem 4.9, the
dimension of ran(P;) equals the dimension of ran(FPp) for all 0 < t < 7, and
the latter dimension is 1. Thus, o(U;T) NDs, (1) contains exactly one point,
3

which must be 1, as U;T is a channel. In conclusion, we have
o(UT) CDy_s(0) U {1},

forall T € Cand 0 <t < 7, with 0 := 257,]' Finally, a direct application of
Theorem 4.5 proves the claim. We can also get an explicit bound for C¢. To
this end, we need to bound the constant that appears in Theorem 4.5. We have
-2 2 o -1 4
T T =49 (| H|| 53, r%lggH(Z )7
zel

and, by (4.27), the second term can be bounded by
_ 2 _1p2
3605 " 1 H |20 r%lggn(z—:r) " (4.28)
zell
Furthermore, by the spectral mapping theorem, the spectral radius of (z—77)
is given by (infyeq(r) |z — s[) ™' = (dist(z,0(T)))~*. Since the norm of any
operator is an upper bound for the spectral radius, we have
-7 > dist TH 1Y >3671 >3
r%lglécn(z ) Hfr%lgléc{ ist(z,0(T))""'} >36;' >3

By applying this bound to (4.28), we see that 772 > (4.28). Thus, we can
choose

Ce:= 491%122<H(2—T)_1H4 < 00. (4.29)
zel
O

Theorem 4.10. For dim(H) < oo, let C be a closed set of channels T : B1(H) —
Bi(H) and let v € H be a unit vector such that for every T € C, the state |v)(v]
1s the only state that is a fixed point of T .

Furthermore, let H € B(H) be self-adjoint and U, : B1(H) — B1(H) be
defined by Uy(-) = e Ht . ¢tHt Then, there exists a constant Ce < oo, such
that for all N € N,

2
tr [Pi (To U%)N(m(m)} < CC”ZJ‘“’” (4.30)
N—1 2
tr| Py (UL oT)”(|v><v|)1 < C(””ifvl““m (4.31)
n=0

where P+ =1 — |[v){v].
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Proof. The claim follows from Theorem 4.6 and from results by Burgarth and
Giovannetti [30]. In particular, in their terminology, a channel T is called
ergodic if there is a unique state that is a fixed point of 7. And (according
to Theorem 7 in [30]), T is called mizing if 1 is the only eigenvalue with
modulus 1 and the eigenvalue 1 is simple. Thus, in particular, if 7' is mixing,
then the spectral gap is nonzero. Theorem 8 in [30] says that ergodic channels
are mixing if the unique state that is a fixed point is pure. By assumption,
every T € C is ergodic and the only state that is a fixed point is the pure
state |v)(v|. Thus, all T' € C are mixing and the conditions in Theorem 4.6 are
automatically satisfied. This proves the claim. O

Remark 4.11. In the previous theorem, it is important that |v)(v]| is the only
state that is a fixed point. To demonstrate this, we define the Hamiltonian
on a qubit system, Hq := span{v,q}, as H := Fo,, where o, is the Pauli
matrix.’® So, Uy() := e~ 1. et The channel T : Bi(Hg) — Bi1(Hg) is then
defined by

T() = trflv) (ol -T|v) (o + tr flg){a] -] lg){al-

It is not hard to verify by induction that

1 1
Wy o7 = Uy (504 cos" OIubol + 51— cos” )l ).
where ¢ := 5. The formula for the sum of the geometric progression yields

N-1 1 1
S (U o T () (o]) = Uy (2 (N +X) o) o] + 5 (N = ) q1><q1|) ,
n=0

N
with \ = 1_2%2((92)9). It is an exercise in elementary calculus (or a query in

your favorite computer algebra system) to show that

lim (N —\) = %2 (4.32)

N—oo
Since U% — id, when N — oo, it follows that the quantity on the RHS of
(4.31) does not vanish as N — oo. In particular, our example shows that

the Kwiat et al.-like protocol cannot be applied naively. Thus, the reduction
process described in the next section is needed in some cases.

Remark 4.12. If the channel in Theorem 4.10 is a qubit channel (H = span{v,p}),
then one can determine the precise asymptotics in a rather tedious calculation.

cos(0) —sin(0)

131n coordinates, oy := (? _OZ> and et = (sin(é) cos(0) ), with 0 := %t
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We only state the result, which is that if H := o, then
N—-1

PE S (U 0 T) (1) (0]

n=0

: 2 1 N I B
Jim N2 [P (ToUL )V (ju)o])] = lim Nor

21— |nf

_ T t—iml
401-71-m)
(4.33)

where 7 := tr [PYT(P+)] and 79 := tr [|p) (v| T'(|v) (p])]-
This result contains as a special case the result for semi-transparent objects
[31,32].

Remark 4.15. Tt is a direct consequence of the results in the next section that
the N~! form of the bound is optimal.

4.2. The Reduction Protocol

In this section, in which we assume that all Hilbert spaces are finite-dimensional,
we want to transform our given channel in such a way that the Kwiat et
al.-like strategy, which was described in the previous section, can be ap-
plied. The general idea is that instead of inserting the unknown channel di-
rectly into the circuit of Fig. 6, we preprocess and postprocess the states
that go in and out of the channel. In other words, we replace the channel
T in Fig. 6 by the construction that is depicted on the RHS of Fig. 7. In
Fig. 7, Hg and Ha are Hilbert spaces and Ry : Bi(Hg) — Bi(H ® Ha)
and Rj : B1(H ® Ha) — Bi(Hg) are channels. The resulting transformation
can be viewed as a map R : B(B1(H)) — B(B1(Hg)), defined by R(T) :=
R{(T ®1id)Ry. Maps of this kind are usually called superchannels [33]. Clearly,
if T is a channel with transmission functional ty, then R(T) is a channel
with transmission functional tr(r) := tr o trq o Rg. We say that the super-
channel R transforms the transmission functional t7 to tp(r). For consistency
reasons, we also remark the following: As is shown in [33], for any super-
channel S : B(B1(H)) — B(B1(Hg)), there exists a Hilbert space Has and
channels Sy : B1(Hg) — Bi(H ® Has) and S} : Bi(H Q@ Ha') — Bi(Hg)
such that S(T) = S{(T ® id)Sy for all T € B(B1(H)). Of course, the choice
of Has, So, and Sj is not unique. The transformation of the transmission
functional, however, is unique. To see this, assume that we apply S to the
map T, defined by Tg(-) = tr[B-]po, where py € S(H) and B € B(H)
are arbitrary. Since S| is trace-preserving, we have for ¢ € B(Hg), that
tr[S(T)(0)] = tr[(T ®id)So(o)] = tr[Btras [So(o)]]. Since B and o were
arbitrary, it follows that trs, o Sy is independent of the choice of H4s, Sy,
and S(. Hence, the transformation of the transmission functional is indepen-
dent of the particular implementation of a superchannel. Formally, the re-
placement described above yields a transformation of the discrimination strat-
egy. That is, given a discrimination strategy D = (Hg,Hz, Hi, Ho, S0, A),
with A = {A1,Ag,..., AN}, then we obtain the transformed discrimination
strategy DT := (H,Ha ® Hz, Hi, Ho, 50, Ar), with AL = (Ry ® idz)Ay,
AL = AN(Ry ®idz), and A := (Ry ®idz)A,(Ry ®idz), for 1 <n < N —1.
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FIGURE 7. General transformation scheme: a superchannel

The task of this section is to show the existence of a superchannel such
that the general discrimination task reduces to the one described in the last
section. It will be evident from the proof of the following theorem that such
a superchannel can be implemented by using only one ancillary qubit and
classical resources. Furthermore, we show in Remark 4.18 that in general the
implementation of such a superchannel is impossible without using an ancillary
qubit.

Theorem 4.14 (Reduction superchannel). For dim(H) < oo, let T : B1(H) —
Bi(H) be a channel and let V C H be a subspace such that T is isometric
on V. Furthermore, let v € V be a unit vector. Then, there exrists a two-
dimensional Hilbert space Hg, with orthonormal basis {qo,q1} and a super-
channel R : B(B1(H)) — B(B1(Hg)) with the following properties:

1. If T' € B(B1(H)) satisfies T|g, vy = T'|g, (v), then R(T") = id.

2. IfT" € B(B1(H)) is a channel such that T|g, vy # T"|g, (v), then the only

state that is a fized point of R(T"), is |q0){qol-
3. If T" € B(Bi(H)) is a channel with transmission functional tp and

tr(lv)(v]) = 0, then the transformed transmission functional tgr is
given by
1 Pt ;
st (ot lla) (] -] if d > 1
trrn () = 4 24 (= : 4.34
r(r) () {O ifd—1 (4.34)

where d := dim(V) and where P+ denotes the orthogonal projection onto

{¢ € V| ({@lv) =0}

Before we prove the theorem, let us explore its consequences. First, we establish
the analog of Theorem 2.5 for the transmission functional model.

Corollary 4.15. For dim(H) < oo, let C4,Cp C B(B1(H)) be two closed sets of
channels. Furthermore, let V be a subspace of H and let v € V be a unit vector
such that

1. For all T € CA4UCp, T is a channel with transmission functional tp.
For all T € C4, T is isometric on V.
For all T € Ca, tT‘Bl(V) =0.
For oll T € Cp, tr(Jv){v]) =0.
SUPrec, ||trls, )| < o0
The set Calp,(v) == {T|5, (v |T € Ca} contains ezactly one element.
Calp,(vy and Cp|p,(v) := {T|61(V) ‘T € CB} are disjoint.

N otk N
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Then, there exist a constant C and for every N € N, an N-step discrimination
strategy D and a two-valued POVM 11 such that

P.(D,TI) < (4.35)

N2’

S0, (D) =0 and Tr,(D)< (4.36)

=21

for all Ty € Ca and all Tg € Cp, where the discrimination error probability is
w.r.t. the sets Cy4 and Cg. Hence, the sets Co and Cp can be discriminated in
a transmission-free manner.

Proof. We combine Theorems 4.1 and 4.14. Let us fix some T4 € C4. From
Theorem 4.14 (with T' = T4), we obtain the map R, with the properties (1),
(2), and (3). We want to apply Theorem 4.1 with C := R(Cp). Since Cp is (as
a closed subset of the compact set of channels) compact and R is continuous,
C is compact and hence closed. Furthermore, since by Assumption 7, the sets
Cals, vy and Cp|p, (v are disjoint, we have T"|3, vy # Ta|p, (v) for all T’ € Cp.
Hence, property (2) implies that for all T € C, the state |go){qo| is the only
state that is a fixed point of T'. In particular, id ¢ C. Furthermore, Assumption
6 implies that 7"z, (vy = Tal|p,(v), for all T" € C4. Hence, by property (1),

R(C4) = {id}. Thus, Theorem 4. 1 yields a discrimination strategy D and a
two-valued POVM such that P,(D,IT) < CN~2, for some constant C'. By con-
struction, Pe(D, IT) is the discrimination probablhty w.r.t. the sets C and {id},
but since we have for 7" € C4UCp that R(T") € {id} if T" € C4 and R(T") € C
iff R(T") € Cp, it follows that P,(D®,1I) = P.(D,II), where D% is the trans-
formed discrimination strategy, as defined in the main text. For 77 € C4, con-
dition 3 and property (3) imply that the transformed transmission functional
tr(ry = 0. Thus, Ty (ﬁR) = 0. Furthermore, for 7" € Cp with transmission
functional t7/, property (3) implies that the norm of the transformed transmis-

sion functional satisfies HtR(T/) = %tT/ (%) < % HtT"Bl(V) || Since we have

T (DR) = ‘ZR(T/)(ﬁ), Theorem 4.1 implies that T/ (D) < W. We
finish the proof by identifying D with DF and defining

C := max [C’, ¢ sup HtT/|Bl(V)H‘| < 00. (4.37)
2 T'eCp

O

As a direct consequence of the previous result, we get the validity of
Theorem 2.5.

Proof. (Theorem 2.5) We interpret every channel T' with “interaction” func-
tional i as channel with transmission functional i. By Lemma 3.8, it suffices
to check Conditions 1-7 of Corollary 4.15. 1, 2, 6, and 7 follow by assumption
and 3, 4, and 5 follow directly from Lemma 3.10 (6). O

The remainder of this section is devoted to the proof of Theorem 4.14. We
show that the transformation depicted in Fig. 8 has the desired properties. We
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FIGURE 8. The reduction superchannel for dim(V) > 1

define this superchannel precisely in the proof of Theorem 4.14. An important
part is the so-called twirling operation, which we study here for a special group.

Lemma 4.16 (Twirling). For 2 < d := dim(H) < oo, let v € H be a unit
vector and set V,, := span{v}. We define the group

G:={g=1v,aU, € BV, ®V;") | Uy € B(V;") is unitary} (4.38)
and the twirling superchannel S : B(B1(H)) — B(B1(H)) by

S(T) = /Ug o T o U ducl(g). (4.39)

where puc is the Haar measure on G and U, : By (H) — Bi(H) is the quantum
channel obtained by conjugation with the group element g € G, i.e., Ug(~) =
g- g~ L. Then, the following statements hold.

o Let i) € Vb be any unit vector and ¢ := % (v+). If T : Bi(H) —
Bi(H) is a channel and |){¢| is a fized point of S(T), then T = id.
Conversely, S(id) = id and thus |¢){¢| is a fized point of S(id).

e For a functional t : B1(H) — C, we have

. i
/ to U, dua(o) —t(dp_ 1) tr [PE-] 4+ o) (ol tr ool -] (4.40)

Remark 4.17. The integration over the Haar measure can be replaced by a
unitary t-design [34]. We can thus implement the superchannel S without
using an ancillary quantum system.

Proof. We start by showing that the range of S is spanned by the following
seven operators:

PL
tr (o) (o] -] o) o, tr [P ] o) (o], trflo){v]-] 5=
PL
tr [P-] o, PE o) (v, o) (v] - P, (4.41)
PL
pt.pt—tr [Pt T

Using the definition of the Haar measure, we obtain that the range of S consists
of precisely those operators T' : B1(H) — B1(H) that commute with U, for all
g € G. We calculate the commutant on the level of Choi matrices. To this end,
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we identify B (H) with H ® H via the Choi isomorphism (|h;)(h;| < h; ® h;),
where hg, hy,...hq_1 is an orthonormal basis of H such that hg = v. The
operator corresponding to Ug is g ® g, where the complex conjugation is w.r.t
the aforementioned basis. We can rewrite this operator as:

g@g=(1y, ®Uy) @ (1y, ®U,)
=(ly, ®1y,)® (1v, @ Uy) & (Uy; @ 1v,) & (Uy @ Uy).

The maps g — 1y, ® 1y,, g — 1y, @Ug, and g — U, ® 1y, are inequivalent
irreducible representations of G. If d = 2, the representation g — (U, ® U,)
is the trivial 1-dimensional representation. A simple consequence of Schur’s
lemma is that the commutant then is 22 4+ 12 + 12 = 6 dimensional (see [35],
p. 60 for the dimension formula). For d = 2, the span of the operators in

(4.41) is also 6-dimensional (P+ - P+ — tr [P+] % = 0). So in this case, we
have proven the claim. If d > 3, then the representation g — (U, ® U,) is
the direct sum of the trivial 1-dimensional representation and an irreducible
((d — 1)? — 1)-dimensional representation (see [36]). Hence, the dimension of
the commutant is 22 + 12+ 12 +12 = 7. Also, the dimension of the span of the
operators in (4.41) is 7-dimensional. This proves that the range of .S is indeed
given by the span of the operators in (4.41).

For our first claim, we clearly have S(id) = id. Conversely, let T be a
channel such that |¢)(¢| is a fixed point of S(T'). Let ay,as,...,a7 be the
coefficients of an expansion of S(T') in terms of the operators in (4.41). Note
that for d = 2, this expansion is not unique but can be made that way by
demanding a7 := 1. As |¢)(¢| is a fixed point of S(T"), we have

|6) (0] = % (lo}(v] + [} ] + ) (o] + [} (¥])
= S(T)(l¢){4l)

L
= ;<(a1 + ag)|v)(v| + (a3 + aq — az) P

—— + asl) (v] + aclo) (]

+arlu)ul).

By comparing the second and the last expression, it follows that a; + as =1
and a5 = ag = 1. If d = 2, then P+ = |¢) (| and a3 + ay = 1. Otherwise, we
have a7 = 1 and a3 + a4 — a7 = 0, hence also a3 + a4 = 1. Furthermore,

1

SIT) (o)1) = o) ol + a5 7
€L

p

ST () ) = o) (o] + (s — ar)

As S(T) is trace-preserving, we obtain oy + a3 = 1 and as + a4 = 1. Our
equations imply that ag = 1 — a1,a3 = 1 — 1, and a4 = «;. Positivity of
S(T) in (4.42) implies that «; > 0 and a3 > 0. Thus, 0 < a3 < 1. We want
to show that complete positivity of S(T") even implies ay = 1. To this end, we

+ ar|$) (Y. (4.42)
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define H 4 := span{v, 1} and QT Q™ € Ha @ H by
Ot =vev+yY a9y, Q" =vQ@v—1Y .
As S(T) is completely positive, we have
0 < (Q7[(ida ® S(T))(IQF)(Q*]) @)

=@l (ool e (aalodiol + (1= a7 ) ) )
QT () (0] @ ) (el) )+ (| () (0] © o) (0]) )
071 (el (1= anlo)tl + ang + ol - 1) ) )

d—1
051—1
Qaq +d—1+
a1—1
=d .
d—1

Thus, oy > 1. This further implies that a1 = 1,0 = 0,a3 = 0, and ay = 1.
Together with the earlier result that as = ag = ay = 1, we obtain

PJ_
S(T) = tr[fv) (] ] [o) (o] + tr [P ] —— + P - [o){v] + [v) (o] - P+

PL
d—1

+ P+ Pt [Pt]

=id.
Thus, we have shown that if |¢)(¢| is a fixed point of S(T'), then S(T') = id. To
see that this also implies that T' = id, we note that S(T') is a convex combina-
tion of the channels Uy o T o U, '. But as the identity is an extremal element
of the convex set of quantum channels, Ug oTolU v ! must be proportional to

the identity pug-almost everywhere. In particular, Ug oTo ﬁ; I =id, for some
g € G. Thus, T' = id. This proves the first claim.

It remains to prove the second claim. For t(-) = tr [L-] and p € B1(H),
we have

S0l = [ €0, () anete) =t [ ata™ dnata) o]

By the definition of the Haar measure, the integral must commute with all
g € G. The representation g +— 1y, @ U, is the sum of two inequivalent
irreducible representations of G. Thus, the commutant is 2-dimensional. It is
easy to check that P+ and |v)(v| are in the commutant. Thus,

/ng_1 dpc(g) = AP+ Aafv) (v,
for some A1, Ao € C. Therefore, we can write

S'(8)(p) = Autr [PHp] + Aatr [|v) (v]g] -
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Substituting P+ and |v)(v| for p yields Ay = (d — 1)725'(t)(P1) and Ay =
S'(t)(Jv)(v]). As P+ and |v)(v| commute with all g € G, we have

SO =t ( / 9‘1Plgduc(g)) —(Ph,
SO o) = ¢ ( / 9_1|U><U|gd,uc(9)> — t(Jo) w).

We plug this into (4.43) and obtain the desired result, Eq. (4.40). Thus, we
have proven our last claim. O

We are now ready to prove Theorem 4.14.

Proof. As already mentioned, the proof consists of an explicit construction
of the superchannel R. The construction is depicted in Fig. 8. We start by
defining the components of this circuit from left to right. For the definition
of the first component, we define H 4 to be a two-dimensional Hilbert space
with orthonormal basis {ag,a;}. The channel W : By (Hg) — Bi(V @ Ha) is
defined by W() =W - WT, with isometry W : Hg — V ® Ha defined by

Waqo = v ® ao,
W — 75 (0 + ) ®ay, if dim(V) > 1
=\ aip, if dim(V) =1’

where ¥ € V is any unit vector that is orthogonal to v. This channel is designed
in order to exhibit the second conclusion of Lemma 4.16.

The second component is the twirling operation S : B(B1(V)) — B(B1(V)),
which is a superchannel on its own and which we only define for dim(V) > 1.
This operation is depicted by the two unitary channels ﬁg and U, g ! connected
by a dashed line and acts as

5= [ Oy0 ()00, ducle). (4.43)

where pg is the Haar measure on the compact group G, defined by (cf.
Lemma 4.16)

G:={g=1y,aU, € BV, & V") |U, € B(V,") is unitary}
with V, := span{v}. The channels U, U;l : B1(V) — Bi(V) are defined by
Uy(-) = (v, @ Uy)()(Ly, @ UJ) and U,'(-) = (Lv, ® UD()(Ly, © Uy).

The channel idy_ : B1 (V) — B1(H), p — p embeds By (V) into B (H).

To define the channel V! : By (H) — B1(H), we use that by assumption,
T is isometric on V. This means that there exists an isometry V : V — H such
that T'|z, v (-) = V-V, This isometry can be extended (in a non-unique way)
to a unitary and therefore invertible operation V' : H — H. We then define

V) =V
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We define the channel Py : B;(H) — Bi(V) by
Po() = Py - Pl +tr (1= PLR)()| o) o],

where Py : H — V is the orthogonal projection onto V. To finish the channel
definitions, we define the channel Py : B1(V ® Ha) — Bi(Hg) by

Py (-) =W W 4 tr [(1 = WWT) ()] |g0)(qol-

We can now define the superchannel R. If dim()) > 1, we define

R(:) := Py o (U UyoPyoV=to(-)oidypolU, " d,ug(g)} ® idA> oW,
(4.44)
and if dim(V) = 1, we define
R(:):= Py oV~ o()oidy_yoW. (4.45)

With the definition in place, it only remains to show that the superchan-
nel R has the claimed properties. To prove the first claim, let 7" € B(B1(H))
such that T'|g,(vy = T'|g,(v). For dim(V) > 1, we use that by construction
V1o T’|3,(v) = idy and that operators in Bi(V) are fixed points of P,. We
get

R(T') = Py o <U Uy oidy o U, dug(g)] ® idA) oW

ZPWOW
=idg.

By means of a similar argument, it follows that the claim also holds for
dim(V) = 1. To prove the second claim, we start by showing that |qgo){go]
is a fixed point of R(T"), for every channel 7”. For dim(V) > 1, we have

R(T")(lao) aol) = P o (S(Py 0 V10 T' oid ) @i ) o W (Jao) )
= Pw (S(By o V™1 0 T o idy ) (Ju){v]) @ lao) {ao] )

= |90){qol,

where the last line follows as Py maps every state of the form o ® |ag){aop|
to |go){qo|- An analogous argument yields that |go){qo| is also a fixed point of
R(T") if dim(V) = 1. Conversely, assume that T € B(B1(H)) is a channel such
that T'|z,(v) # T'|,(v) and p € S(Hgq) is a fixed point of R(T"). We prove
that p = |q0){qo|- We do so by first showing that if p # |qo){qol|, then |g1){q1]
is also a fixed point of R(T"), which will lead to a contradiction. By part 1 of
the theorem, |go){qo| is a fixed point of R(T"). Hence, Lemma 4.4 implies that
span{|qo){(q1|} and span{|q1)(qo|} are invariant subspaces of R(T"). Thus,

<QO|R(TI)(|QO><QI|) q) = <QO|R(T/>(|Q1><QOD q0) = 0.
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We then have

{qolpqo) = <(J0|R(T')(P) qo)

= {ailpg;) (a0l R(T")(|4:){g;]) qo)
i,j=0

= <Qi|pQi><QO|R(T/)(|Qi><qi|)QO>
=0

= (aolp q0) + {a1lp a1) (g0l R(T")(la1)(a1]) 0)-
Hence,

(a1lp 1) (qo R(T")(Ja1)(q1]) qo) = O
If (¢1]p ¢1) = 0, then positivity of p implies that p = |qo){qo|, which contradicts
the assumption that p # |go)(qo|. It follows that
(20 R(T")(|g1){a1]) q0) = 0.

Positivity of R(T")(p) yields R(T")(|q1){q1|) = l|q1){g1|, which shows that
lg1)(g1| is a fixed point of R(T"). We now show that this leads to a contradic-
tion. With the abbreviations S := S(PyoV ~1oT’oidy _.3) and ¢ := %(U-ﬁ-’tﬂ),
we get

la1)as] = R(T")(ja1){aa )
= P (S(I8)(@]) ® a) (e
= tr 1) (8] S} o) lar){ar] + tx (1 = W) 5(16)(6])] lao) (ao].

Comparing the last with the first line implies that tr [\(b) (@] §(|q§>(q§\)} =1.We

observe the latter equation says that the Cauchy—Schwarz inequality (w.r.t. the
Hilbert—Schmidt inner product) is satisfied with equality. Thus, S(|¢)(¢|) =
|¢){#|. Lemma 4.16 then implies

PyoV = loT oidy_y = idy.
Note that Py is the sum of the two completely positive trace non-increasing
maps, Pi(:) := Py - Py and Py(-) := tr [(]l - P\];Pv)(-)] |v){v|. Thus, with the
appropriate normalization, the extremal point of the convex set of completely

positive maps, idy, can be written as a convex combination of P;o V=10 T’ o
idv*,H. ThUS7

VloT oidy_y = idy_xn. (4.46)

As V1 is invertible and T” o idy .4, identity (4.46) is equivalent to
T'|5,v) = VB, (v)-

By construction of V, the RHS equals T'|3, (. But this contradicts the as-
sumption that T'|g, vy # T'|s,(v). Thus, |g1)(q1| cannot be a fixed point of
R(T"). Consequently, p = |qo){qo|, which proves that |go){qo| is the only state
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that is a fixed point of R(T”). This proves the second claim. To prove the
third claim, we must calculate how our protocol transforms the transmission
functional. For dim(V) = 1, we get directly from the definition (4.45) that
trr)(-) = tr [ tz(Jv)(v]) = 0. For dim(V) > 1, the transmission functional tp
transforms to tg(r), given by

tr(r) == /tT oidy_,y o U;l otra o Wdua(g). (4.47)

To evaluate (4.47), we use (4.40) and get

trery () = troidy_y (dP—l1> tr [PltrA [W(.)H .

A direct calculation then yields the claim. O

Remark 4.18. With our protocol, we achieved a transformation from chan-
nels on H to qubit channels with certain properties. This was achieved by
using classical communication and one ancillary qubit. To demonstrate that
our implementation of this transformation uses the quantum resources in the
most economic way possible, we show that in general one cannot use only
classical communication to implement a transformation which has the desired
properties. To this end, we consider the following procedure. First, we use an
instrument to transform the state and to obtain classical information. Then,
we apply the channel, which should be transformed. Afterwards, we apply
some quantum channel, where the choice of the channel may depend on the
classical information that we obtained in the first step. Our instrument de-
scribed by a collection of nonzero quantum operations I, Io, ..., Iy, such that
>, I; is trace-preserving. We denote the associated channels that are applied
in the last step by A1, Ao, ..., Ax. Our protocol then implements the following
transformation:

T ZAioToIi. (4.48)

Assume that the channel T of the Theorem 4.14 is the identity and dim(H) =
dim(V) = 2. Our first requirement is that id + id. Thus,

id=> Ajol. (4.49)
i
Since id is an extreme point of the convex set of quantum operations, there
must be non-negative coefficients p1,ps, ..., pn, such that
AN;ol; =p;-id, fori=1,2,..., N. (4.50)

This implies that A; and I; must be proportional to a unitary conjugation,
ie, A(0) = UZ-Jr -U; and I;(+) = p;U; - U;r, for some unitary operator U;. Our
second requirement is that (since V = H) every channel except id must be
transformed to a state whose only fixed point is |go)(go| =: Po. In particular,
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for the pinching channel, defined by Tp(-) = Py- Po+ Py - Py, with P := 1— P,

we have

1
Py=Y > piUIPU)Py(U] PU,). (4.51)
i j=0

Since Py is an extremal point of the convex set {p > 0| tr[p] < 1}, we get that
(UL PU) Py (U PjUL) = \ij Po, (4.52)

for some A;; > 0. From this, we conclude that either U:Pj U, = Pyor UZ-TPj U, =
P;. But then the application of the transformed channel to P; yields

1
SO piUIPU) LU P UG = Py (4.53)
i j=0
Thus, Py is not the only state that is a fixed point of the transformed channel.
Hence, to achieve our transformation, an ancillary system is needed.

5. No-Go Results

In this section, we consider the case for which we claimed in our main theorem
that it is impossible to discriminate two channels in an “interaction-free” man-
ner. There are two major results in this section: Theorem 5.7 which claims an
inequality between the error probability and the “interaction” probability; and
Theorem 5.9, which claims that, under a certain condition, the best achievable
rate (in terms of the number of channel uses, N) for the “interaction” prob-
ability is proportional to N~!. Both theorems are consequences of our main
technical results: Propositions 5.2 and 5.3. The proof techniques for these re-
sults are inspired by the techniques used in two papers by Mitchison, Massar,
and Pironio [11,12], who proved an analogous no-go result for the special case
of a semitransparent object. Before we state the first proposition, we define
a quantity that will appear as proportionality constant in the results of this
section. As this may seem complicated, we want to stress that in all relevant
cases, Cgé\}Té) can be bounded by 2.

Definition 5.1. For dim(H) < oo, let T, T}, : By (H) — By (H) be two linear
maps, let V be a linear subspace of H, and let W = {W;, Wh, ..., Wk} be
a collection of mutually orthogonal subspaces of V' with the property that
VE =W, @ Wy @ --- @ Wg. Furthermore, let P and Pi, Ps, ..., P be the
orthogonal projections onto V and Wy, Ws, ... Wk

We define the quantity C](}:é\}Té ) to be the infimum of the (possibly empty)
set of real numbers r with the property that there exists a finite-dimensional
Hilbert space Hg, isometries V4,Vp : H — Hg ® H, and orthogonal projec-
tions P4, Pg : Hrp — Hg such that'*

_ T _
r= 1I§I}€aéXK HPk(VA (PAPB ® l)VB l)Pk

, (5.1a)

14 |I|| is the operator norm on B(H).
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VaP =VpP, (5.1b)
TL() = trp |(Px @ 1)Vx - Vi | (5.1¢c)
for X € {A, B}.

We are now ready to state the first important proposition, which estab-
lishes, for a single channel use, an uncertainty relation between the “information-
gain” (RHS of (5.2)) about the identity of the channel (is it T4 or Tp?) and a
quantity that depends on the probability that if we would measure the input
states, we would find that they are supported in the orthogonal complement of
a subspace V. Later on, this subspace will be chosen to be a maximum vacuum
subspace.

Proposition 5.2 (Information-interaction tradeoff). For dim(H) < oo, let Tj‘,
T}B : Bi(H) — Bi(H) be quantum operations and let V be a subspace of H
such that Tihgl(v) is trace-preserving and Ti|51(v) = 1i3|131(v)' Let W =
{W1, Wa, ..., Wk} be a collection of mutually orthogonal subspaces of V*,
such that V+ = W) @ W, @ - - - © Wy Denote the orthogonal projections onto

Ll
these subspaces by Py, Py, ..., Px. Then, C‘(f{j\}TB) <2 and

K
Ll
VF(p,0) = VF(T}(p), Th(0)) < O35 S V[Pl [Pro],  (5.2)
k=1
for all p,o > 0.

Before proving the proposition, let us remark that Proposition 2.10 is a
direct consequence thereof.

Proof. (Proposition 2.10) This follows directly from the fact that the fidelity
can be characterized in terms of the minimum over measurements of expres-
sions of the form given on the RHS of (5.2) (see [25], p. 412). O

Ll
Proof. (Proposition 5.2) We first establish that C’ff{ﬁ\}TB) < 2. Let P, P* be the
orthogonal projections onto V and V. By applying the triangular inequality
Lol
and the sub-multiplicativity of the operator norm to the definition of C‘(,T;‘\}TB ),
it follows that if there exist Hpg, Va, Vg, Pa, and Pg with the properties of
Lol
Definition 5.1, then C‘%‘,‘\}TB) < 2. Therefore, we start our proof by showing the
existence of the aforementioned quantities. It is a basic property of completely
positive trace non-increasing maps (see [25], p. 365) that there exist finite-
dimensional Hilbert spaces Hg, and Hpg,, isometries V4 : H — Hg, @ H
and Vg : H — Hg, ® H, and orthogonal projections P4 : Hg, — Hg, and
Pp : Hg, — Hg,, such that Tj(o) = trg, [(}5,4 @ 1)V, - Vfﬂ and Té(~) =

tre, [(PB ® ]I)VB . Vg} . By enlarging the smaller of the two ancillary Hilbert

spaces and identifying two orthonormal basis, we can achieve that Hg, and
HE, are the same space, Hp. By assumption, Ta|g, (v) and Ts|g, (v) are trace-
preserving. It follows that (P4 ® 1)V4|y and (P4 ® 1)Vp|y are isometries and
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thus (P4 ® 1)Valy = Valy and (P ® 1)Vg|y = Vp|y. Hence, V4ly and Vgly
are Stinespring isometries of the same channel and thus are related by a unitary
operator on Hpg. Precisely, there exists a unitary operator W : Hg — Hpg
such that Vg|y = (W @ 1)Va|y. Equivalently, VgP = (W @ 1)V4P. Tt is
then easy to verify that the operators V4 := (W ® IL)VA, Vg = Vg and
Py := WP,W-L, Pg := Py satisfy the requirements (5.1c) and (5.1b). In
particular, we have

(PA®L)VA4P =V,P=VpP =(Psg®1)VgP. (5.3)

This finishes the proof of the first part of the proposition. For the second
part, we fix V4, Vg, Pa, and Pp such that the Conditions (5.1¢) and (5.1b) are
satisfied. In particular, this implies that (5.3) holds. To prove the inequality,
we proceed as follows: for two positive operators p,o > 0, Uhlmann’s theorem
implies that there exists a finite-dimensional Hilbert space H¢ and two vectors
Y, ¢ € Hg @ H (purifications) such that trg [[¢)(¥|] = p and trg [|¢)(d]] = o
and VF(p,0) = |(1|$)|. We further note that (1o ® (Pa ® 1)Va)[¢)) and
(1o ® (P ®1)Vp)|¢) are purifications of T'; (p) and T} (o). Hence, Uhlmann’s
theorem implies that

VE(T4(p), Tj(0)) > [{(1o ® (Pa ® 1)Va)y|(1o ® (Ps ® 1)Vi)$)|.  (5.4)

By inserting 1o ® P+ 1o ® P+ (which is equal to the identity) and expanding
the scalar product, we obtain

RHS of (5.4) = |((1g ® (P4 ® 1)VaP)y|(1g ® (Pg ® 1)VpP)e) (5.5a)
+((1g ® (Pa® 1)VaP)¢|(1g ® (P ® 1)VeP)¢) (5.5b)
+((1g ® (P4 ® 1)VaP)¢|(Lg ® (Pp © 1)VpP*)d)  (5.5¢c)

+{(1g ® (Pa ® 1)VaPH)¥|(1g ® (Pg ® 1)V PT)¢)|.
(5.5d)

It is not hard to see from (5.3) that the terms (5.5b) and (5.5¢) vanish. Ex-
plicitly, we have

(5.5b) = VaPH)y|(lg ® (Ps @ 1)VeP)e)
VaPLYpl(1g ® (P4 @ 1)VaP)6)
lg @ (Pa®1)VaP)o)

1o ® VaP)¢)

lo®(Pa®1

( )
(lg®(Pa®1)
(
(

1o ® VaPh)l(
1o ® VaPh)l(
Y|(1g ® PTP)¢)
0,

and similarly for (5.5¢). Adding and subtracting ((1g ® P1)y|(1g ® PL)¢)
and using the inverse triangular inequality yields

(5.5) > [{(1q ® P)y|(1g ® P)¢) + ((1g ® PH)¢|(1g ® PH)g)|
— (1 ® (Pa ® 1)VaPM)¢|(1g ® (P ® 1)VeP ")) (5.6)
— (Lo ® P1)¥Y|(1g ® PH)¢)|.

(
(
(
(
=



Vol. 23 (2022) “Interaction-Free” Channel Discrimination 3377
We further use PP = 0 (thus VF(p,0) = [((1g ® P)¥|(1g ® P)¢) + (1o ®
PHy|(1g ® PL)¢)|) and some rearrangement to arrive at

(5.6) = VF(p,0) — [((1g ® P1)¢|(Lo ® PH(VA(PaPp @ 1)Vp — 1)Pl)zb>|~)
5.7

As by assumption, P+ = > x P and PP, =0 for k # 1, we get

(5.7) = VF(p,0) = Y [((1g © Pi)¢|(Lo ® Pu(VA(PaPp ® 1)Vi — 1)Pr)g)

1> 10>

> VE(p,0) — { “Pk(vj(PAPB ® 1)V — 11)P,€H

ES
Il

1

1o & Pvl (1o ® Po)él }

= VF(p,0) ZHpk Vi(PaP @ 1)V = )P || Vor Pel e [Pec],
(5:8)

where we used the Cauchy—Schwarz inequality and the sub-multiplicativity of
the matrix norm to get from the first to the second line. For the last line, we
used

Lo ® Puyl® = (1(Lo ® Pr)y) = tr[(1g ® Pu)9) (W] = tr[Putrg [[9) (4[]
= tr [Pgp] .

As the only constraints that Va, Vg, Pa, Pg, and Hg have to satisfy are the
ones of Definition 5.1, we conclude that

(5.8) > VF(p,0) — TA’TB)Z tr [Pp] tr [Pyo].
k=1

This proves the claim. O

Proposition 5.2 does not allow for ancillary systems. In the following
proposition, which is an iterated refinement of the preceding one, we show
that this problem can be solved by applying Proposition 5.2 to T ® id.

Proposition 5.3 (Technical no-go theorem). For dim(H) < oo, let T4, T} :
Bi(H) — B1(H) be two completely positive trace non-increasing maps. Let V be
a subspace of H such that TﬂBl(V) is trace-preserving and T}l‘gl(y) = Téhgl(y).
Let W = {Wyi, Ws, ..., Wk} be a collection of mutually orthogonal subspaces of
VL, such that V- = Wi @Wo @- - @ Wy . We denote the orthogonal projections
onto these subspaces by Py, P, ..., Px. Furthermore, let Ta,Tp : B1(H) —
Bi(H) be completely positive maps such that Ty — Tj and T — Té are also
completely positive. Then, for every finite-dimensional N -step discrimination
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strateqgy D = (H, Hz, so, ), we have

= VER ) < O S fr[ane o] o [ o7
=0 k=1
(5.9)

!
where p is the intermediate state map of D. Furthermore, C’\(}T{}\}TB) <2.

Corollary 5.4. For dim(H) < oo, let Tj,Té : Bi(H) — Bi(H) be two com-
pletely positive trace non-increasing maps. Let V be a subspace of H such that

TiﬂBl(V) is trace-preserving and Ti|31(v =T} 5lB.(vy. Then,
|
V= VR ) < O S S o [Putns [o84]] e [ o]
=0 k=1
(5.10)
!
Proof. To reduce the overhead in notation, we define p; := piTA, pf = plTA and
|
;= piTB7 Uil = piTB. We start to prove the proposition by showing that
1—VF(pn,on) <1—VF(pk,ox). (5.11)

This inequality follows from the strong concav1ty of the fidelity and the ob-
servation that py — p%\, >0and oy — O'N > 0. The latter statement follows
inductively, as pg — p(l, =02>0 and
Pt = i1 = Mi((Ta ®1d) (ps) = (T @ id) (o))
= Mi((Ta ®id)(pi = py) + ((Ta = T}) @id)(p}))
> 0.
The last line follows, as by induction p; — pf >0and Ty —Tj‘ is, by assumption,

completely positive. Replacing p by o and A by B in the argument above shows

that also oy — U]l\, > 0. We write Ap := py — pN and Ao :=on — ajl\, and use

the strong concavity (see [25], p. 414) and the non-negativity of the fidelity,
to obtain the following inequality:

\/F(pJ\UUN) = \/F(p}\/ + Ap7 Uli\/' + AG)
> VF(py,ox) + VE(Lp, Ao)
> VF(py.on),

which is equivalent to (5.11). To prove (5.9), it remains to show that

]. - \/F(pN’ UN < C(TA7TB) Z Z \/tr PktrZ ] tr |:Pktrz |: l:|j|
(5.12)

To this end, notice that if TA|31(V) =T} 5B, (v, then (TA ® id)|g, ver,) =
(T ®id)| 5, (ven,)- Hence, Ty := (T ®id), T := (T ®id), V' := V&Hz and
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W = {Wi®Hz,..., Wk ® Hz} satisfy the assumptions of Proposition 5.2.
Furthermore, as the fidelity is non-decreasing under the action of the channel
A; (see [25], p. 414), we have

VF(p;,0) = VF(pii1,00) = VE(p),0!) = VE(A; 0 T(p)), As 0 Ti(0}))
<VF(p;,0}) = VF(T4(p}), Tp(0}))-

We want to apply Proposition 5.2 to the RHS of this expression. To do this

correctly, we should notice that the projections, appearing in (5.2), project

onto Wi ® Hz, and hence are equal to P, ® 1. Also, if V4, Vg, P4, and Pp

satisfy Conditions (5.1b) and (5.1c), then V4 ® 1,V ® 1, P4 ® 1, and P ® 1

satisfy the Conditions (5.1b) and (5.1¢) for T/ and Tj. If we plug this into
(5.1a) and use that in general || X ® 1|| = || X ||, we obtain

(T} ®id, T ®id) (T5,T4)
CV/,W' S CV,W .

Using these observations, we get

K
1 1
VE(p},0}) = VF(ply1,000) < OYR™ Y \/tr [(Pe@ 1)p!| tr (P @ 1)ol]
k=1

= C\(/?é\}Tg> i \/tr [Pktrz [Pll” tr [Pktrz [U}H
k=1

Equivalently,

K
Lol
vVF pl ,a~l >VF pﬂa.l — oFaTs) tr | Pptrz pi tr | Potry o} ||
i+1 i+1 [ [ v, W 7 7
k=1

If we iterate this inequality, we obtain
N-1 K

VE(pk,ok) > VF(ob,ob) — ngfl’“é\;Té) Z Z \/tr [Pktrz [pf“ tr {Pktrz [Uf”

i=0 k=1

Using \/F(pé, Ué) = V/F(s0,50) = 1 and some rearrangement establishes (5.12)
and completes the proof of the theorem. O

To connect this technical result with the main results of this section, we
need two auxiliary lemmas.

Lemma 5.5. For dim(H) < oo, let Ta,Tg : B1(H) — B1(H) be two channels
and let D be a finite-dimensional N -step discrimination strategy and II be a
two-valued POVM. Then,
(1 —2P.(D,IN))
2
where p is the intermediate state map of D.

<1=VF(pt, o3?), (5.13)

Proof. By definition,

P.(D,TI) = % [tr [mplt| + o [anke]] (5.14)
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If we minimize over the possible two-valued POVMs IT’, the famous Holevo-
Helstrom formula reads

PI"(D) := min P.(D, 1) [1—“ T

Since 0 < P.(D,1I) < %, we have 1 — 2P, (D, II) > 0. Thus,
(1—2P.(D.)* _ (1 2P"(D))?

.1
2 - 2 (5.15)
By the Fuchs—van de Graaf inequality (see [25], p. 416),
1
Slo— ol < y1- VE(.oP.
Thus,
2
(1-2P"(D))? _ ( HpN 1)
2 B 2
_ L= VF( o)
- 2
L+ VF(pp', i)
= (1= VF(plp, ) YN N
S 1 - \/F(p%Aap,Z]\}B)'
Together with (5.15), this proves the claim. O

Lemma 5.6. For dim(H) < oo, let Ta,Tp : Bi(H) — Bi(H) be two chan-
nels with vacuum v € H. Let Vr, and Vr, be the respective mazimal vac-
uum subspaces and let Tj and Tg be as in Definition 3.3 (Eq. 3.6). Fur-
thermore, let V be a subspace such that v € V and V C Vr, N Vr,. Let
W = {Wi,Wa,..., Wk} be a collection of mutually orthogonal subspaces of
VL, such that V: =W @ Wao @ --- ® Wi Denote the orthogonal projections
onto these subspaces by Py, Pg7 .. PK Then,

(1- 2P62(D,H)) Cn(;Tf/‘vT 5 Z Z \/tr PktrZ H - tr {P]@trz [ Tlﬂ,
i=0 k=1
(5.16)

for all finite-dimensional N-step discrimination strategies D = (H, Hz, S0, \)
and all two-valued POV Ms, 11

Proof. By Lemma 5.5, we have for any finite-dimensional N-step discrimina-
tion strategy D and any two-valued POVM, II, that

(1 -2P.(D,11))?
2

< 1-VE(pl, oP). (5.17)

We want to apply Proposition 5.3 to the RHS of this inequality. To this end,
we have to define the quantities appearing in that proposition. We identify
Ta,Tp,V, and VW with the objects that bear the same name. In the following
let X € {A,B}. We define T as in Definition 3.3 and need to check that
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Tx — T)l( is completely positive and that T)l(| B, (v) is trace-preserving. To this

end, we fix a Stinespring isometry Vx : H — Hg ® H of Tx. Then, T)l( is
defined by

T%() = trp [(P @ D)V - VY]
where P is the projection onto the support of try [VX|U><U|VJE] It follows

immediately from this expression that Tx — T )l( is completely positive. To see
that T)i(| Bi(Vr, ) 18 trace-preserving, note that by Definition 3.9

Vr, = V)zl [supp(trH [VX|U><U|V)H) ® H} .
Thus, for any'® p € B;(Vry),
VxpVi € By (supp(try [VX|U><U|V;}]) ®@H).

As P9 @1 is the projection onto supp(try |:Vxl1}><11|v;r<:|) ® H, we have

Tl ) () = 1 [P @ Vi - VE] = tr [Vie - VE] = Tl o) ()

Thus, T)‘L(‘Bl(VTX) is trace-preserving, as TX|81(VTX) is. As V is a subspace of

Vr,, also T)l(| B, (v) is trace-preserving. This is what we have claimed. As all
assumptions are satisfied, we can invoke Proposition 5.3, which directly yields
the desired inequality. O

The next result has already been stated in the results section.

Theorem 5.7 (No-go theorem). For dim(H) < oo, let Ta,Tp : Bi(H) —
B1(H) be two channels with vacuum v € H. If there exists no subspace V C H
such that v € V, at least one of the channels Ty or T is isometric on V and
Talg, vy # TB|B, (v, then there exists a constant C' < oo, such that

(1-2P.(D,1))? < C\/P,TA(D) - P/®(D) < Cmax(P;* (D), P (D)),
(5.18)

for all finite-dimensional N -step discrimination strategies D and all two-valued
POVMs, II. Hence, T4 and T cannot be discriminated in an “interaction-
free” manner.

Remark 5.8. The assumption “The statement that T4 or Ty is isometric on
a subspace V, with v € V, already implies that T'a|z, vy = Tg|s,(v)” can be
rephrased in two equivalent ways. The first one is that the Conditions 1, 2,
and 3 in the Main Theorem (Sect. 2) cannot be fulfilled simultaneously. The
second reformulation is that for the maximum vacuum subspaces Vr, and
Vry, we have Vi, = Vr, and Tals,(vr,) = TBls,(vr,)- The equivalence
follows directly from the characterization of maximal vacuum subspaces in

15Remember that for a subspace Vo C H, the operators in B1(Vg) are those that can be
written in the form ), j aij|i) (¥i], with a;; € C and ; € Vo.
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Lemma 3.10 4. This second reformulation is not only important in the proof,
but also if one wants to check this criterion, as Vr, and Vr, are efficiently
computable directly from Definition 3.9.

Proof. We use the second characterization in Remark 5.8. That is, Vr, = Vr,
and Tal, (vr,) = TBlB,(vr,)- We set V 1= Vr, and let T and T be as in
Definition 3.3. Furthermore, we define W := {W;}, with Wy := V. Then, by
Lemma 5.6, we have

(1-2n.(0,m)? < 20 B>Z¢U [Prary [o7]] - [Prees [572]),
(5.19)

where Pt is the orthogonal projection onto W; = V1. As V is the maximum
vacuum subspace of Ty and T, Lemma 3.10 5 implies that for X € {A, B},
there is a constant Cp, > 0 such that iy, (p) > Cr, tr [P+ p] for all p > 0. As

Il
try {piTX} >0, we get

(TA;TB) N 1

\/W ir, trZ ‘L‘ ) iTy (trz [PTéD
A B

ZC(TA’ 75) Nl ! g .
<A (zm (o2 ) (o (s [74))

=0

(5.19) <

Ll
205"

= /Cr.Cm

where we used the Cauchy—Schwarz inequality (on CV) to obtain the second

line and the definition of the “interaction” probability in the last line. We note

that the last inequality in the statement of the theorem is trivial. Thus, by
(r5.1h)

e 20,0 B .

setting C' := N we have proven the claim. O

P{*(D) - P{*(D),

The following theorem is the technical version of the result stated in the
results section.

Theorem 5.9 (Rate limit theorem). For dim(H) < oo, let Ta,Tp : B1(H) —
B1(H) be two channels with vacuum v € H. Let Vr, and Vr, be the respective
mazimal vacuum subspace of T4 and Tp. Set V := Vr, N Vr,. Suppose that
TA|31(V) = TB‘BI(V) and that V+ N Vr, and Vvin V1, are orthogonal.
Then there exists a constant C' > 0 such that
1—2P.(D,1))*

N )
for all finite-dimensional N -step discrimination strategies D, and any two-
valued POVM II.

max(P!4(D), PI® (D)) > C ( (5.20)
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Proof. The proof is similar to the one of the no-go theorem. Let Tj and Té,
be as in Definition 3.3 and set V := Vp, N Vr,. Furthermore, define W :=
{W],WQ,W?,} with Wy = vin VTA, Wy = vin VTB and W5 := (Wl ©®
Wa)+ N VL. Clearly, Wi, W,, and W5 are mutually orthogonal and their direct
sum is V*. Furthermore, Wy & W5 = Vi and Wi @ W3 = Vi, . Thus, by
Lemma 5.6, we have

(1- 2P6(D,H))2 < 20\(}?5\;T§) ]jz:lé\/tr |:Pktl"Z [ ” - tr [Pktrz { Tlﬂa
(5.21)

where for k € {1,2,3}, Py is the orthogonal projection onto Wj. Using the
Cauchy—Schwarz inequality (on C3), and the fact that probabilities are less
than one, and afterwards the Cauchy-Schwarz inequality on CV, we get

(5.21) < V120,55 TA 75) i \/tr [(P2 + P3)try [p?‘“ + tr [(Pl + Ps)trz [piTé’H
i=0

2

-1

1L 7l l {
< VNG| S w By g [l ]+ [BY, ez [o7]]

(5.22)

~
Il
=]

where Py, and Py, are the projections onto Vz, and Vg, . Lemma 3.10, 5
implies that for X € {A, B}, there is a constant Cry > 0 such that i, (p) >

Crpytr [P\}T } for all p > 0. As try [p ] >0, we get

N-—-1 N—-1
1L 7l l
(5.22) < VIZNCIR"™) | [ Cpl S i (17 [of D +Cr2 > i (12 [017])
i=0 =0
24

(71171) \/ T T
—= ¥y i (C AaO B max ( )7 I ( ))

mm(CTA ’CTB )

Taking the square and defining C' := proves the claim. O

2ac T T

6. Related Work

In this section we compare our setup and results to selected other works in the
literature.'® We start with a detailed comparison with the work on counterfac-
tual computation (CFC) by Mitchison and Josza [7]. CFC aims to determine
the outcome of a quantum computation without switching on the computer.
Expressed in a language closer to ours, CFC aims to discriminate (counterfac-
tually, the term analogous to “interaction-free”) between two unitaries Uy and

16 Although we tried to make the discussion as self-contained as possible, this section is
intended for the reader who is at last partially familiar with the referenced works.
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U; defined on a bipartite system Ho ® Hg (where “O” stands for output and
“S” for switch).

Before defining what counterfactual means, we need to discuss the al-
lowed discrimination strategies. Here, it is allowed to use the unknown unitary
many times while performing unitary operations and measurements in be-
tween. It is also allowed to add an ancillary system Hy of arbitrary size and
to let the unitary operations act on the space Hp ® Hg ® Hz. This implies
that measurements can be deferred until the unknown unitary was applied for
the last time. Thus, if the unknown unitary U,., r € {0,1} is used N times,
the initial state is ¥; € Ho ® Hg ® Hz and the intermediary unitaries are
Vi,Vo,...,Vn_1 € B(Ho ®Hs®Hz), then the (r-dependent) state before the

final measurement is
Vi = U, @12)VN 1 (U, @ 12)VN_2- - (U @ 12)Vi(U, @ 12)pr. (6.1)

In preparation for defining the term counterfactual, one assumes that for
each r € {0,1} we can split the switch space into two orthogonal spaces Hg =
HQOH@HE’OH, called the off and on subspaces, respectively. The interpretation
here is that if we apply U, to a state in Hp ® HQOH, then the computer does

not run. Consistent with this interpretation, it is also assumed that
Upp =4, for all ¢ € Ho @ HZ". (6.2)

One then introduces a decomposition into so-called histories. To this end, one
imagines that after each application of U, a measurement was performed,
r,0n

projecting either onto Hp ® ’Hg’OH ®Hz or onto Ho ® Hg~" ® Hz. We denote
the corresponding projections by Pl and FPj . On can then decompose ¥}, as:

=Y v, with
he{on,of }N (63)
v, =Py (Up @12)VNn_1-- Py (Up @ 12)V1 Py (Up @ 12)97.

Each of the on/off sequences h in (6.3) is called a history.

Suppose we perform a projective measurement on the final state with pos-
sible outcomes m € {1,2,..., M} and associated projections {Q1, Q2,...,Qn}-
Mitchison and Josza (Definition 5.1 in [7]) then define an outcome m to be a
counterfactual outcome of type r € {0,1}, if

1. Qmup, =0, if h is not the all-off history,

2. Qi " =0.
The first condition says that the only history consistent with the outcome m
must be the all-off history and the second condition demands that the outcome
m can only occur if the unknown unitary is U, (and not U;_,).

Now, how does CFC relate to “interaction-free” channel discrimination?
First, one can interpret “interaction-free” channel discrimination in terms of
CFC after some modifications, as follows. Consider a channel T" with vacuum
v € Hyp, given by T(:) = trg [V . VT]. In Sect. 3.1, we determined that the
Demon’s optimal strategy is to perform a two-outcome measurement on F
(with corresponding projections P, and P;-). After extending V to a unitary
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U, we can interpret the whole space Hrp ® H; as the switch space Hg and
set Hp := C. A natural way to introduce the splitting of Hg into on and off
subspace is then to define HY = range(P,) ® H; and HZ" = range(P;) ®
H;. Note, however, that this definition does not satisfy (6.2).!” A violation
of assumption (6.2) does not prevent us from defining histories, nor does it
interfere with the definition of a counterfactual outcome as above. So, one
might consider broadening the definition of CFC by dropping it. However, upon
close investigation one finds that (the proofs of) all theorems in [7] rely crucially
on that assumption. In any case, even after dropping that assumption, the
definition of a counterfactual outcome above is still too restrictive to fully cover
“interaction-free” channel discrimination, since we do not require that the
“interaction” probability or the error probability are exactly zero (as demanded
by CFC) but rather that they can be made arbitrarily small. This requires a
probabilistic modification of the definition of a counterfactual outcome, such
as the one suggested in the discussion section in [7]. We therefore conclude
that “interaction-free” channel discrimination is consistent with a sufficiently
broadened definition of CFC. Unfortunately, however, we do not think that
this point of view has any important direct implications for the feasibility of
the “interaction-free” channel discrimination task. The main reasons for this
belief are that even after reformulation into the language of CFC, the allowed
discrimination strategies differ considerably and that the only result in [7] that
goes beyond the qubit case is that the number of insertions of U, must tend
to infinity for an optimal success probability.'®

What about implications of our results for CFC? We believe that a
conceptual weakness of CFC is that there are (in general) no observable
consequences—in the sense that (the surroundings of ) the apparatus changes—
regardless of whether a computation was performed counterfactually or not.
This is so because the imagined measurements after each application of the
unknown unitary are not actually performed. We think that the question
about a change of (the surroundings of) the apparatus is the relevant one
for technical applications, which is our main focus. If one demands that the
imaginary measurements are actually performed, then CFC becomes a special
case of “interaction-free” channel discrimination by assigning to the unitary
U, € B(Ho ® Hg) the channel T,. : B(Ho ® Hg) given by

T, (p) = (1o ® Pg")UpU' (1o ® Pg™) + (Lo @ P§*")UpU' (Lo ® P5™"),
(6.4)

for all p € By (Ho ®Hg), where PZ°" and PL°" are the projections according
to the splitting of Hg into on and off subspace. It follows from (6.2) that T,

1TFor example, if U is defined on C2 ® C2 by U|00) = |00), U|01) = %OOI) +(10]), U|10) =
%(HO) —|01)),U|11) = |11) and |0) is the vacuum, then P, = |0)(0|. However, the corre-

sponding off subspace H! = span{|00),01)} is not even left invariant by U.
18Note that this conclusion does not apply to all cases of our setting, since the number of
applications for a perfect discrimination of two unitaries is finite.
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is a channel with vacuum, where the vacuum can be taken to be any vector in
Ho ® HZJOH. Hence, our results apply to this setting.

From our technological point of view, some interpretational discussions
in the literature can be avoided. For example, in [37], Hosten et. al claimed
that they could discriminate counterfactually between four unitaries associated
with the result of a Grover search. We agree with [38,39] that the proposal in
[37] does not constitute a CFC for all possible outcomes in the sense of [7].
However, from the point of view of our model, this is a rather artificial debate.
Since a unitarily evolving system does not interact with its surroundings (the
Demon), there is no way to tell whether a computation has been performed
or not by looking at the surroundings. In that sense, the task in [37] was (as
every other discrimination task involving only unitary operations) performed
in an “interaction-free” manner.

A work with a title similar to ours is “Interaction-free measurement as
quantum channel discrimination” by Zhou and Yung [32]. The objective of
their work was to determine if the Kwiat et. al protocol for detecting a semi-
transparent object can be enhanced by using an entangled initial state. The
study was conducted by employing tools from quantum channel theory, but
no attempts were made to generalize the notion of “interaction-free” mea-
surements. Generalizing this notion, however, is the main focus of the present
work.

7. Conclusion and Open Problems

In our work, we have characterized when it is possible and impossible to dis-
criminate quantum channels in an “interaction-free” manner. This answers the
question, what can be done perfectly with “interaction-free” measurements.
However, there are still some open questions. One question that is in direct
succession of our work is, under which conditions two channels can be discrim-
inated such that the “interaction” probability decays faster than N~!. An-
other question would ask for a more quantitative treatment, i.e., even though
one might not be able to discriminate two channels in an “interaction-free”
manner, there still might be a significant quantum advantage over classical
strategies. A related question suggested to us by an anonymous reviewer is
what kind of information about the discriminator’s strategy the Demon can
obtain. In this context, we showed that the Demon cannot distinguish (under
our conditions) between a strategy that always sends the vacuum through the
channels and our proposed one. However, the more general question remains
open. A big question concerns the influence of noise and decoherence. We note
that noise may influence what can or cannot be done in both directions, since
the noise can also be on the Demon’s side and hence make his detection skills
weaker. Before the no-go results for semitransparent objects were established
[11,12], one anticipated application of “interaction-free” measurement was to
eliminate the exposure of humans to radiation in medical applications such as
X-ray scans. This is not possible. However, our no-go theorem does not touch
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the case of asymmetric “interaction-free” discrimination. That is, we may allow
that one of the two objects to be discriminated gets destroyed (for example,
by simply setting its transmission functional to zero). This might even be a
desirable effect. For example, in a medical context, we would love to design
a procedure such that a tumor gets destroyed, while the healthy tissue stays
intact.
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Appendix A.

Lemma A.1 (Semi-simplicity of the peripheral spectrum). Let T : By(H) —
Bi(H) be a channel such that 1 is in the discrete spectrum of T. Then, for any
n € N and any (rectifiable) path inside the resolvent set of T that encloses 1,
and separates 1 from o(T) \ {1}, we have
1 Z" 1 1
27i z—TdZ_ 2mi z—TdZ' (A1)
Ty 151

Proof. For brevity, we denote the Riesz-Projection on the RHS of (A.1) by

P. As 1 is in the discrete spectrum of T, Corollary 2.3.6 in [29] says that

TP = ﬁ $ —“7dz = P+ N, where N is a nilpotent operator that commutes
I'y
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with P. Hence T'= P+ N +Ty, where Ty := (id — P)T'(id — P). By the analytic
functional calculus, we have
n 1 z 1 z"
(P+N)" = QWi]{z—TdZ T 2mi z—TdZ'
Ty '

If N = 0, then the claim follows, since P is a projection (P"™ = P). To this
end, assume that N # 0. Since N is nilpotent, there exists an integer D such
that NP # 0 and NP+ = 0. As N # 0, we have D > 1. Choose p € Bi(H)
such that NP(p) # 0 and P(p) = p. Note that PTy = TP = 0. Thus,
T"(p) = (P + N)"(p) + T5'(p) = (P + N)"(p). In particular, since T is a
channel, ||7"] = 1 and thus

(P +N)" ()l < el - (A.2)

For n > D, we have

PN =3 (1) v

=0

Furthermore, the vectors p, N(p), N2(p),... NP (p) are linearly independent.
The coordinate function of N(p) is (), which is unbounded for n — co. Since
the coordinate function can be extended to a continuous linear functional on
B1(H) (Hahn-Banach), the unboundedness contradicts (A.2). Hence, N = 0.

0
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