
Automation of Calculations
in Soft-Collinear Effective Theory

Rudi Michael Rahn
New College

University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2016





Acknowledgements

First and foremost, I thank Guido Bell for endless patience at explaining everything I
didn’t immediately understand, even if some of those questions in hindsight are blatantly
obvious, and endless feedback for all my ideas, even if some of those ideas in hindsight
are not quite as spectacular as they first appeared, and for all the guidance when I was
about to run off on tangents. It has been an honour being your DPhil student.

A big Thank You also to Uli Haisch, for graciously stepping up when I found myself
without a supervisor at Oxford, for always being reachable, even across countries, and for
some much needed and appreciated reality syncs about physics and the world.

I could not have imagined having better supervisors.

I gratefully acknowledge the Royal Society, the source of my funding, for making
my DPhil possible, and for its flexibility that allowed me to stay in Oxford for the
entire duration of my course.

As an honorary James, a big Thank You also to my office mates — James, Jim,
and James — for being an awesome group. We should definitely have done the Black
Tie seminar when we had the chance.

I thank my family, for encouragement when I needed it, for slowing me down when
I was overzealous, for listening when I needed a sounding board, for being there when
I needed to talk, and for all the support over the last years.

And finally, I thank the New College MCR, my MCR, and all the awesome people in
it, for making the past three years so very, very special. After countless opera, bar and
guest nights, the committee meetings and Freshers’ Fortnights, formals and brunches, I
owe a lot of who I now am to you — “Incepit vita nova”, in the Divine Poet’s words.





Abstract

Theoretical predictions for generic multi-scale observables in Quantum Chromodynamics
(QCD) typically suffer from large Sudakov logarithms associated with the emission of
soft or collinear radiation, whose presence spoils the perturbative expansion in the
coupling strength which underlies most calculations in QCD. A canonical way to improve
predictions wherever these logarithms appear is to resum them to all perturbative orders,
which can conveniently be achieved using Effective Field Theory (EFT) methods. In
an age of increasing automation using computers, this task is still mostly performed
manually, observable-by-observable.

In this thesis we identify the 2-loop soft function as a crucial ingredient for the
resummation of QCD Sudakov logarithms to Next-to-next-to-leading logarithmic (NNLL)
accuracy in Soft-Collinear Effective Theory (SCET), for wide classes of observables
involving two massless colour-charged energetic particles, such as dijet event shapes at
lepton colliders, or colour singlet production at hadron colliders.

We develop a method to evaluate these soft functions using numerical methods based
on sector decomposition and the choice of a convenient parametrisation for the phase
space. This allows the factorisation of all implicit (real emission) and explicit (virtual
correction) divergences made manifest by dimensional and analytic regularisation.

The regulator pole coefficients can then be evaluated numerically following a sub-
traction and expansion, and two computational tools are presented to perform these
numerical integrations, one based on publicly available tools, the other based on our
own code. Some technical improvements over naive straightforward numerical evaluation
are demonstrated and implemented.

This allows us to compute and verify two of three colour structures of the 2-loop bare
soft functions for wide ranges of observables with a factorisation theorem. A number of
example results - both new and already known - are shown to demonstrate the reach
of this approach, and a few possible extensions are sketched.

This thesis therefore represents a crucial step towards automation of resummation
for generic observables to NNLL accuracy in SCET.
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ἐγὼ δὲ οὐδὲν ἐπίσταμαι πλέον πλὴν βραχέος, ὅσον λόγον

παρ᾿ ἑτέρου σοφοῦ λαβεῖν καὶ ἀποδέξασθαι μετρίως.

I myself know nothing, except just a little, enough to
extract an argument from another man who is wise and
to receive it fairly.

— Socrates
in Plato’s Theaetetus, 161b

1
Introduction

The Large Hadron Collider (LHC) at CERN near Geneva was switched on for the first time

to gather data in 2009, for the explicit purpose of finding the Higgs boson, and as a general

searchlight for all other types of New Physics that might exist, from Supersymmetry

via Extra Dimensions to Dark Matter and new sources of CP-violation. Within three

years, it had gathered enough data to achieve one of its primary design goals and the

discovery of the Higgs was officially announced in July 2012[1, 2]. This means for the

future that the LHC’s mission will be to continue gathering data, following the planned

luminosity upgrade at higher rate than ever, for both precision measurements of Higgs

properties, and the continued search for New Physics.

At a proton-proton (pp) collider like the LHC a crucial prerequisite for any success

in these focus areas is a thorough understanding of the force of nature which primarily

governs the interactions of pp collisions - the strong interaction - because without precise

knowledge of the strong dynamics it is neither possible to make accurate measurements of

the properties of the Higgs itself, nor to separate the known Standard Model backgrounds

from any sign of potential New Physics.

The Standard Model (SM) we just mentioned is a gauge theory of spin-1
2 fermions and

a spin-0 Higgs, whose interactions are mediated by spin-1 gauge bosons associated with

the gauge group SU(3)c × SU(2)L × U(1). This gauge theory attempts to describe the

interactions and forces we observe in experiments. Its SU(2)L × U(1) subgroup describes

1



2 1. Introduction

the electroweak interactions, and SU(3)c represents Quantum Chromodynamics (QCD),

the gauge theory which is used to model the strong interaction.

QCD as the correct choice for the theory describing the strong interaction is not an

obvious choice, because while at least some of the particles which apparently interact via

the electroweak interaction can be detected directly, the same is not true for QCD. This

is due to confinement, the observation that colour-charged particles, i.e. the particles

charged under SU(3)C , are never found in isolation, as asymptotic states. The major

breakthrough for QCD came when this feature was explained by asymptotic freedom[3]:

In anti-correspondence to “screening” in electromagnetism the strong interaction gets

weaker at higher energies, and stronger as particles are further apart. As we decrease

energy the coupling strength increases until all colour-charged objects are locked together

into colour-neutral objects. Asymptotic freedom follows from QCD, and this is one reason

QCD is now essentially settled as the correct description of the strong interaction.

Nevertheless, problems remain, especially for us theorists. The primary tool for

calculations in Quantum Field Theory is Perturbation Theory, which treats all interactions

as small perturbations around the theory description for free fields. This obviously poses

problems when the interaction strength is too large for the interactions to be seen as

“perturbations”. For QCD the energy scale at which the perturbative regime of weak

interactions fades into the non-perturbative regime of strong coupling sits at ≈ 1 GeV, well

below the LHC’s design centre-of-mass (CoM) energy of 14 TeV. This means that naively

we could expect to be able to adequately describe the interactions of weakly coupled

colour-charged quarks and gluons at the CoM energy, without ever being able to verify

or falsify any of QCD’s predictions, because the only objects we would find in detectors

are colour-neutral mesons and baryons. The transition between the partonic regime of

quarks and gluons and the hadronic regime of mesons and baryons is the transition into

the non-perturbative regime, for which no analytic description exists.

Fortunately, QCD processes at high centre-of-mass energy tend to factorise, meaning

that cross sections for hadronic collisions decompose into a partonic cross-section, convo-

luted with universal - i.e. process independent - parton distribution functions (PDFs),

and can be equipped with a universal hadronisation model to arrive at the hadronic
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final state. This factorisation strictly is proven only for a handful of observables[4],

and assumed to generically hold for others1.

In principle we then can measure the PDFs and build hadronisation models using a

few processes, and reuse them to describe any other process we like, with a perturbatively

calculable partonic cross section.

It is, however, not that easy. Although at high energies QCD is perturbative, its

coupling is still comparatively large - compare αs(MZ) ≈ 0.12 to αEM (MZ) ≈ 0.008 -

and the perturbative series does not converge well. Worse, perturbative calculations for

many observables break down completely in phase space regions with radiation that is

soft or collinear to energetic particles. This latter problem shows itself via the appearance

of logarithms of small momentum scale fractions r, and takes the form of Sudakov double

logarithms αns ln2n r at n-loop order, and additional terms with fewer logarithms. If now

the ratio r is small enough, the logarithm is large and can cancel the smallness of the

perturbative expansion parameter αs. As this affects all perturbative orders, the series

doesn’t converge. This is a common problem for many observables, which suggests generic

(i.e. as observable-independent as possible) strategies to solve it are sensible. The weak

convergence rate of logarithm-free or logarithm-freed perturbative QCD calculations can

be addressed by increasing the loop order, leading to massive increases in numbers and

complexity of the diagrams involved, and consequently computer-based strategies are by

now indispensible here. To allow for possible interfacing to these computational tools,

automatable procedures to account for large logarithms are therefore desirable.

In practice, this aforementioned generic task of solving the convergence rate problem

via increasing the loop order of any perturbative calculations is addressed by a variety of

tools that automate the computation of the first virtual and real (next-to-leading order,

or NLO) corrections[7–15], often interfaced with Monte-Carlo event generators[16–20] to

include parton showers to model the collinear and soft emission dominated regions of

phase space, followed by adding hadronisation models. To avoid double counting between

real emissions from NLO providers and real emissions generated in parton showers, various
1A necessary condition for it to hold is the absence of contributions from the Glauber region[5,

6], describing virtual transverse momentum dominated modes.
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matching procedures[21–25][26, 27, standardised] are used to interface NLO providers

and Monte-Carlo generators. Thanks to its flexibility this sequence of tools represents

the backbone of the arsenal in current particle physics phenomenology.

Yet there are drawbacks. Matching the fixed order calculations to parton showers

is a nontrivial undertaking, though progress is being made[28–31], and the probabilistic

nature of parton showers makes it difficult to impossible to resum more than just the

leading logarithms (LL) in the Sudakov region. Some next-to-leading logarithms(NLL)

can be resummed if additional features like angular ordered emissions are implemented,

but achieving full NLL accuracy is not quite feasible.

Including the higher logarithms is therefore so far the domain of analytic resumma-

tion methods, which usually proceed on a case-by-case basis for inclusive observables,

like event shapes. The case-by-case strategy is necessary because the result is not

exclusive, and the loop integrals, often 2-loop or higher, depend non-trivially on the

observable’s functional form. So far the only computational tools which automate the

resummation of generic observables are CAESAR[32] for NLL resummation and ARES [33]

for resummation to NNLL accuracy.

These tools resum large logarithms using a framework in full QCD in which soft

and collinear emissions are described with universal splitting functions, which can be

iterated to resum logarithms from all loop orders.

An alternative framework exists in the context of effective field theories (EFT), where

the large scale separation which is responsible for the large logarithm is taken as a

justification to further factorise by decomposing also the partonic cross section into

different structures describing physics at the scales that appear in the ratio responsible for

the Sudakov logarithm. This turns a weakness into a strength, as we expect the EFT to

become a better approximation for small ratios just as the Sudakov problem becomes worse.

The effective theory capable of resumming Sudakov logarithms in QCD is Soft-

Collinear Effective Theory[34–37], whose dynamical degrees of freedom are the soft and

collinear modes whose emission gives rise to the large logarithms. The connection to

the underlying process is, as usual in EFTs, made by matching. SCET then allows us

to derive an all-order factorisation theorem, which factorises the partonic cross section
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into structures describing only the hard, or the collinear, or the soft dynamics, which

all live at different natural scales.

The resummation of Sudakov logarithms proceeds in SCET in typical EFT manner

via the renormalisation group flow. The different fragments in the fully factorised

cross section are evaluated at a common scale by evolving them from their natural

scale, where there are no large logarithms, to the common scale, and the logarithms

are resummed in the RG evolution kernel.

This procedure performs remarkably well, and has achieved a number of N3LL resum-

mations for threshold production and various event shapes over the last few years[38–46].

In this thesis we present a first step towards an automated resummation tool in the

framework of SCET. To this end we carve out a piece of a generic NNLL resummation

project and keep it as generic as possible. The reasoning here is that this can both provide

us with insights about other steps of the full NNLL resummation, but also be of use

on its own. The latter point is crucial, as we find that a generic NNLL resummation

project usually requires at least one NNLO calculation, which is typically performed

analytically, and which hence represents a major stumbling block on the way towards

automation. We therefore present here a strategy to compute NNLO soft functions for

wide classes of observables involving two hard colour-charged massless legs numerically,

using our own programs. This provides us with the required NNLO input to derive

the soft anomalous dimensions and in many cases also the renormalised soft functions,

which are crucial inputs for NNLL resummation2.

To this purpose we first review event shapes as the rough image of the observables we

have in mind in chapter 2, followed by a closer review of SCET and the SCET approach

to resummation in chapter 3. In chapter 4 we first find that the resummation to NNLL

accuracy requires an NNLO calculation typically performed by hand, before we list the

requirements observables need to fulfil in order to fit into our strategy. In chapter 5 we list

the parametrisations we use to bring the soft functions into a form amenable to numerical

treatment, before we outline the programs we use and/or write to perform the numerical
2And NNLL’, which involves matching corrections at one loop order higher than just NNLL.
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integrations in chapter 6. Chapter 7 illustrates some of the technical difficulties we had

to overcome, and chapter 8 lists a number of known and new results derived using our

own programs, selected to show the range of acceptable observables. Finally we include

a short note on Wilson lines and their generation in appendix A, list the explicit form

of the Master formulae we implement in computer code in appendix B, and provide the

measurement functions and actual source codes in appendices C and D.



You don’t see something until you have the right metaphor
to let you perceive it.

— James Gleick
Chaos: Making a New Science

2
Event shapes

Every collider experiment at some point needs to compare its measurements to the current

understanding of nature, developed by the theorists. This is anything but a trivial task, as

a collider experiment ultimately measures a distribution of individual leptons and hadrons,

more or less well resolved, while theoretical predictions come in the form of differential

cross-sections and derived quantities that describe parton-level physics, often somewhat

inclusive to avoid divergences. One approach to bridging this gap consists of event shapes,

observables which encode geometrical aspects of the final states in collider events, as

these can generally be computed using perturbation theory with smallish hadronisation

effects, but can also be measured. We will use them as the starting point from which

we construct the entire endeavour outlined in this thesis.

2.1 Using event shapes

The main use of event shapes is straightforward and two-pronged:

First, although QCD as the correct description of the strong interaction is essentially

established, details of the QCD dynamics still need to be investigated, and Standard

Model (SM) constants which aren’t determined by the mathematical formulation have

to be measured1. Case in point here is the determination of αs, extractions using event

shapes[39, 42, 48–50] form one of the contributions to its world average[51, 52].
1And those which are determined by the mathematical description can be verified[47].

7



8 2.2. Thrust and Sphericity

And second, as event shapes classify final state geometries and topologies, they can

be used in searches for New Physics, where cuts on event shape values can be used to

select interesting phase space regions, which may be less troubled by background[53–56]

2.2 Thrust and Sphericity

The field of event shapes is vast; it includes observables used at lepton colliders and

lepton-hadron machines[57] as well as hadron colliders[58], some almost ancient[59, 60], a

few heavily used[59] and others lesser known[61, 62]. This makes it comparatively hard

to give a clear set of criteria specifying what is an event shape and what isn’t. For our

purposes we take the definition to at least include that it is a global observable, which

encodes geometric information involving a hadronic system. We will use two examples,

Thrust[59] and Sphericity[60]2 and construct a working understanding of event shapes

and their intricacies, without attempting to deliver a precise definition, because the

set of observables we ultimately address in our computational framework also includes

non-event-shape observables. A rigid demarcation is therefore unnecessary for us.

The idea underlying event shapes is the attempt to translate the geometry of a final

state in a collider experiment’s detector to a number, hence we should not be too reliant

on the exact identification of individual particles’ quantum numbers, and should instead

focus on the global structure of the event. Thrust and Sphericity adhere to this principle,

their definition in terms of momenta is given by

T = max
|~nT |=1

∑
i |~nT · ~pi|∑
i |~pi|

S = min
|~n|=1

3
2

∑
i |~n× ~pi|2∑
i |~pi|2

= max
|~nT |=1

∑
i |~nT · ~pi|
Q

= min
|~n|=1

3
2

∑
i |~pi⊥|2∑
i |~pi|2

,

(2.1)

where the sums run over all particles in the final state, irrespective of their charges,

and where we have taken into account in the second line that the denominator for

Thrust simplifies in the centre-of-mass (CoM) frame for massless particles, and that the

minimisation for Sphericity selects the axis that yields the least transverse momentum to

it. We’ve also already labelled the Thrust axis nT , for later convenience.
2For others see e.g.[57, 63]
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Note that while Sphericity is dimensionless, and nontrivially so3, Thrust looks like an

observable that’s artificially made dimensionless, by dividing out the event independent

physical scale Q, which is set by the experiment parameters.

Let’s take a quick look at what we’re measuring here: A particle contributes signific-

antly to T if the projection of its momentum onto the Thrust axis is close to its total

momentum, so we identify high-Thrust events as those for which this is true for all particles

in the final state. The Thrust axis is the same for all particles, therefore pencil-like events as

shown on the left in figure 2.1 have T ≈ 1, ’messier’ events are assigned lower Thrust values.

Sphericity is almost complementary, because for ideally pencil-like events the trans-

verse momentum vanishes completely (i.e. S = 0), whereas an ideally isotropic event

corresponds to S = 1.

T = 1
S = 0

T = 2
3

S = 3
4

T ≥ 2
π

S ≤ 3
4

T ≥ 1
2

S ≤ 1

Figure 2.1: Thrust and Sphericity values for various event geometries.

2.3 Fixed order calculations

So far the definition of our two event shapes only allows us to classify final state geometries,

which obviously does not yet promote our understanding.

But as we have a precise definition in terms of momenta, we can easily start perturbative

calculations of expected distributions for event shape observables, given a theory that

allows us to compute S-matrix elements.

Starting with a matrix element, the differential cross section is proportional to the mat-

rix element’s square: dσ ∼ |M|2 dΦn , which can be integrated to an event shape distribu-

tion:
3,as

∑
i |~pi|2 depends non-trivially on the event geometry
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dσ
de ∼

∫
|M|2 δ (e− e ({ki}))

∏
i

d3ki
2Ei

(2.2)

The distribution is indeed differential, since integrating over the event shape placeholder

e on the right eliminates the δ-distribution, reproducing the total cross section. Taking the

constants and auxiliary factors that we’ve glossed over here into account, this general for-

mula (mapped to the effective theory) is essentially the starting point for our entire project.

Let’s take a closer look at Thrust:

Thrust values can in principle be assigned to any type of final state, but the

ones that we are interested in are hadronic final states, and any influence Quantum

Chromodynamics (QCD) might have there, so we’ll limit ourselves to final states of

quarks and gluons at lepton colliders.

The leading order contribution to this process is e+e− → q̄q, and momentum

conservation in the centre-of-mass frame (CoM) restricts the quarks to be back-to-back,

which corresponds to T = 1. In order to avoid singularities at non-zero values, it is

convenient to define τ = 1 − T . So we have at leading order

1
σ0

dσ(0)

dτ = δ (τ) . (2.3)

There are both virtual and real emission correction diagrams contributing at 1-loop

level in full QCD, which evaluate to a corrected distribution of

1
σ0

dσ(1)

dτ = δ (τ) + CF
αs
2π

{
δ(τ)

(
π2

3 − 1
)
− 3

[1
τ

]
+
− 4

[ ln τ
τ

]
+

+ 2 ln τ
1− τ (1− 3τ) + (4− 6(1− τ)) ln(1− 2τ)

1− τ + 3 (3τ + 2)
}
,

(2.4)

where we used the standard definition for plus-distributions4. To get rid of the distributions,

it is a good idea to work with an integrated version of the Thrust distribution, which

makes the canonical structure of the problem more apparent: The
[

ln τ
τ

]
+
term integrates

to ln2 τ . This double, or Sudakov, logarithm is a generic feature appearing in many event
4Note that 3-particle states are necessarily planar, the distributions therefore have support on

τ ∈ [0, 1
3 ]
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shape distributions, and signals a breakdown of our ability to describe experimental

outcomes adequately using straightforward perturbative quantum field theory, as can be

seen in figure 2.2: The theoretical prediction matches the experimental data reasonably

well, except in the region of low τ , where the logarithms become dominant. Before we

embark on a dynamical analysis of the physical origin of these logarithms and how to

deal with them, a few more abstract remarks are in order.

0

0.1

0.2

0.3

0.4

0.5

0 0.1 0.2 0.3 0.4

1-T

(1
-T

) 
1
/σ

h
a
d
 d

σ/
d
 T

Q = M
Z

α
s
 (M

Z
) = 0.1189

NNLO

NLO

LO

ALEPH data

Figure 2.2: Comparison of the fixed-order calculations for Thrust with ALEPH data. The
shaded region represents an estimate for the theoretical uncertainty. The image is
taken from Gehrmann-de Ridder et al [64]’s NNLO calculation.

2.4 Resummation and NnLX counting

While we have only written down the 1-loop distribution, when performing calculations

at various loop orders, and noting the appearance of large logarithms, we find corrections

with leading terms of the structure αns ln2n τ at n-loop order5. This suggests that the

usual perturbative expansion, which is assumed to be an expansion in αs is actually

an expansion in αs ln2 τ , which doesn’t make a difference at large values of τ , but is a

particularly bad choice for small τ . Therefore the obvious way out of the problem is to

either use a different expansion parameter, or find a way to work without the expansion,

i.e without perturbation theory. The option that is usually taken, via one of two canonical
5This form appears in the integrated spectrum, the differential distribution exhibits matching

plus-distributions.
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ways, is instead to systematically construct an all-loop-order expression, which resums

the critical terms, i.e. which expands to the pathological fixed-order result if one insists

on doing so. The accuracy to which this resummed expression reproduces the fixed-order

is influenced by its logarithmic counting, usually abbreviated as NnLL, in contrast to the

fixed-order NnLO loop counting. The differences between loop and logarithmic counting

are not entirely straightforward — the logarithmic counting is constructed as follows:

A suitably defined fixed-order expansion of the observable that is to be resummed

has (trivially) the loop-counting as the underlying ordering principle:

O(τ) = a00 tree

+ αs
(
L2a12 + La11 + a10

)
1-loop

+ α2
s

(
L4a24 + L3a23 + L2a22 + La21 + a20

)
2-loop

+ . . .+D(αs),

(2.5)

where L = ln τ stands in for the logarithm of the generic observable τ whose smallness

requires resummation, and we define suitably defined above to mean that we somehow

get rid of plus-distributions, e.g. by transforming to Laplace space or integrating the

distribution to a cumulant. D(αs) contains the terms that vanish as τ → 0.

We find that we can rearrange this generic expansion into an exponentiated version

instead (note the exp in the expressions below), which reduces the severity of the problem

to leading terms of αnsLn+1, and reshuffles terms - expanding the exponential at some

order reproduces terms which would arise at different loop-orders:

O(τ) =: C(αs) exp Σ(τ) +D(τ)

= (c0 + αsc1 + . . .)

× exp
(
αs
[
L2g12 + Lg11 + g10

]
+ α2

s

[
L3g23 + L2g22 + Lg21 + g20

]
+ α3

s

[
L4g34 + L3g33 + L2g32 + Lg31 + g30

]
+ . . .

)
+D(αs),

(2.6)
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whereD(αs) contains contributions which vanish as τ → 0 and we follow the notation of [65,

66].

We can now group the terms of same colour above, and end up with

Σ(τ) = L g1(αsL)︸ ︷︷ ︸
LL

+ g2(αsL)︸ ︷︷ ︸
NLL

+ 1
L
g3(αsL)︸ ︷︷ ︸
NNLL

+ . . . , (2.7)

where the functions gi resum towers of αs ln τ . Constructing an expression for g0 to gk

now means achieving resummation to (next-to)k-leading logarithmic accuracy.

The connection to the fixed-order result is then reestablished by matching, whereby

a matched result is constructed as

Xmatched = Xresummed −Xexpanded
resummed +Xfixed-order (2.8)

The point here is that near the critical region the fixed-order expansion is a bad

expansion, so Xresummed and Xexpanded
resummed are different, but the singular parts of Xexpanded

resummed

and Xfixed-order match, which means the surviving terms in Xmatched are the resummed

quantity Xresummed and the non-singular remainder of Xfixed-order, whereas away from the

critical region the fixed-order expansion is adequate, such that Xresummed and Xexpanded
resummed

cancel, and the full fixed-order result survives.

2.5 Infrared and collinear safety

A second point of order concerns Sphericity. We’ve cited a result for Thrust only, with

reason. We are looking at QCD-corrections to q̄q production on matrix element level,

and this is a purely partonic affair. The detector ultimately will detect hadrons, and

the transition from the partonic to the hadronic picture can so far not be described

from first principles. However, due to the structure of QCD, partons will undergo

splitting involving preferably soft and collinear fragments. This poses a problem for

Sphericity, since replacing any particle with e.g. two collinear particles with momenta

x~pi and (1 − x)~pi, respectively, will amount to replacing ~p2
i with

(
x2 + (1− x)2

)
~p2
i in

numerator and denominator. Since there are other terms in the sums, no cancellations

occur, and the result for Sphericity changes.
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For Thrust on the other hand, the splitting of one parton into perfectly collinear

fragments doesn’t change the Thrust value of the overall event (same for the soft splitting),

so any hadronisation model that replaces one parton with a collimated jet of hadrons

will only have a small effect.

In more detail there is a three-step process at work: Infrared and collinear divergences

cancel in partonic calculations of the Thrust distribution. This means that no input from

hadronisation is needed to arrive at a well-defined expression, and the Thrust observable

is therefore not particularly sensitive to hadronisation effects. For Sphericity this is

not the case. Rather, the first attempts to compute loop corrections to Sphericity had

to introduce decay functions which include infrared divergences[67], which are heavily

dependent on hadronisation models.

A convenient way to avoid this sort of problems is to redefine the observable and

to pull the squares in equation 2.1 outside the sums. The resulting observable is called

Spherocity[68], and is, like Thrust, an infrared and collinear safe observable.

Infrared and collinear safety (IRC safety) constrains observables in various nontrivial

ways, and we will require it for the observables in our approaches’ scope.

As for Spheri/ocity: The Spherocity axis can be difficult to determine, and although

this has pushed Spherocity out of view, a variation of it has been reintroduced quite

recently, so we will work with this newly defined version, and change notation accordingly.

So from now on, instead of Spherocity (with a globally defined Spherocity axis), we will

consider Broadening-axis (or Recoil-free) Broadening[69] as a completely generic and

of course absolutely non-special second example besides Thrust. It measures particles’

momentum components transverse to a suitably defined axis in each hemisphere, and

naturally also suffers from large logarithms in the region of small Broadening values. Here,

for each hemisphere as determined by the thrust axis, a broadening axis b̂ is defined as

the choice for n̂ which minimises ∑i |n̂× ~pi|. Broadening itself is then defined as

b =
∑
i∈left

Ei
Q

√
2(1− b̂ · ~pi) +

∑
i∈right

Ei
Q

√
2(1− b̂ · ~pi) (2.9)
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2.6 Origin of the large logarithms

In order to solve the problem of large logarithms we need to understand why they

appear in the first place, so let’s look at Thrust (or Broadening, it works just as well)

in the limit τ → 0, i.e. the dijet limit.

For two particle final states momentum conservation dictates τ = 0, so we need at

least a third particle in order to generate non-zero Thrust values, but even then, not all

configurations give rise to small τ , see e.g. the second example in figure 2.1. Rather,

the projection of the particles’ momenta on the Thrust axis has to be close to the scalar

sum of the momenta, which means a third particle in the final state must either be

almost parallel to the Thrust axis, or be so low-energetic that its contribution, absent

for momenta perpendicular to the Thrust axis, is not relevant. In other words, the third

particle must either be either collinear to the primary partons, or soft in comparison.

The appearance of the Sudakov logarithm can then be seen as the consequence of

an incomplete cancellation[70]. It is well known that the 1-loop virtual corrections to q̄q

production exhibit infrared and collinear divergences which cancel against corresponding

divergences in the q̄qg cross section, so that inclusive q̄q production at NLO is perfectly

finite. The inclusive cross section involves an integral over the entire phase space for

the third particle real emission, which we severely restrict when we compute event

shapes like Thrust or Broadening at low values of the observable, precisely because large

regions of the phase space for the third particle would correspond to unacceptably

large values for the observable.

2.7 Resummation

Now that we have identified the source of the problem there are two main ways of setting

up a framework capable of solving our dilemma open to us. It turns out they arrive at

essentially the same result[66], but their outset is completely different.

2.7.1 Iterative soft and collinear emissions

The underlying idea of resummation for (e+e−) event shapes in full QCD is the observation

that because the double logarithm arises by virtue of an emitted gluon becoming soft (one
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logarithm) and collinear (the second logarithm), higher powers of the Sudakov logarithms

come associated with multiple soft and collinear gluon emissions.

However, the structure of soft and collinear emissions is universal in QCD, and can be

described using a DGLAP-type splitting kernel, which means that a suitable iteration

approach can be used to compute contributions from arbitrarily high order in αs for

any event shape which requires resummation. The vanilla template for this type of

resummation framework is usually denoted as the Catani-Trentadue-Turnock-Webber

or CTTW scheme[65], after its authors, and forms the basis for the state of the art

resummation techniques in full QCD.

While a purely analytic approach, it has found a computational realisation in the form

of the CAESAR[32] (NLL resummation) and ARES [33] (NNLL resummation) programs,

and can therefore, unlike the second approach we’re about to address, be automated.

2.7.2 Factorisation and the Effective theory approach

A second approach for full QCD, used for transverse momentum6 and threshold7 resum-

mation especially in hadron collisions is based on QCD factorisation, followed by RG

evolution of the individual factors to resum large logarithms. This is generically referred

to as the Collins-Soper-Sterman/CSS [71] resummation scheme. While we focus on event

shapes, we will also trespass onto threshold and qT resummation.

If we don’t insist on full QCD, the fact that we already know that it is only a certain

type of field modes that contribute to the Sudakov phase space region suggests that

an Effective Field Theory (EFT) approach in which only these modes are dynamical

is sensible. This is augmented by the observation that we can restate the observable

whose smallness requires resummation as a ratio of scales: For Thrust, these were

min~nT
∑
i |~pi · ~n| and Q, and for Broadening min~n⊥

∑
i |~p⊥i| and Q. Likewise, for threshold

and qT resummation the (squares of the) small scales are Q2 − p2 and q2
T , compared

to the large Q2. The problematic region is that of small values of the observable (here
6i.e. logarithms of qT

Q
7logarithms of (1− p2

Q2 ), where the invariant mass p2 of a produced system takes up all available
energy
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the ratio of the scales), which is precisely the region in which an effective theory using

this ratio as its expansion parameter is expected to excel.

This effective theory, which we will construct in the next chapter, is called Soft-

Collinear Effective Theory (SCET), and will be the overarching framework under which

we build our project. SCET allows its user to derive factorisation theorems which

separate the theoretical description for processes to which it is applicable into different

structures describing physics that plays out at different scales. Resummation in SCET is

then achieved by RG flowing the constituent structures to a common scale where they

are assembled to the full cross section/spectrum/expression. The RG flow shifts large

logarithms into the exponents of evolution kernels, where they can’t do any harm.
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Alles Gescheite ist schon gedacht worden.
Man muss nur versuchen, es noch einmal zu denken.

All intelligent thoughts have already been thought;
what is necessary is only to try to think them again.

— Johann Wolfgang von Goethe
Wilhelm Meisters Wanderjahre

3
Soft-Collinear Effective Theory

In this section we’ll construct the effective theory roughly outlined in the last section,

and we’ll use it to motivate the derivation of factorisation theorems, followed by a

quick overview of the details of resummation in a SCET context. There is an almost

non-exhaustive pile of literature on SCET and various complications that can arise in

more or less obscure applications, but we’ll stick to the bare minimum necessary to

understand the basics on which we anchor our numerical approach. For more information,

lecture notes[72], reviews[73], books[74, 75] and the original papers[34–37] can be readily

found out in the wild.

3.1 Momentum modes

SCET is an effective theory for QCD and therefore a ’top-down’ EFT, and in any

top-down effective theory the first step is to identify the field modes which shall be

retained as dynamical, and which modes are to be integrated out. The usual pedagogical

examples contain entire fields which are classified as “heavy”, and integrated out1,

which makes SCET slightly unusual as here only certain modes of the QCD fields

are integrated out, while others are retained. We therefore have to first identify the

modes which need to be kept.
1Examples are of course Fermi Theory[76], the Euler-Heisenberg Lagrangian[77] or some

applications of Chiral Perturbation Theory[78].
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3.1.1 Mode analysis for Thrust - SCETI

We again turn to Thrust, to try to find out which modes we need to include in our EFT,

and we start with fixing a few notational and conventional issues:

We’ll take the CoM energy to be Q, and the primary partons in the dijet case to be

emitted along lightlike vectors n and n̄, whose normalisation we fix such that n · n̄ = 2.

We can then decompose any four-vector q into lightcone components as

q = q · n̄n2 + q · nn̄2 + q⊥

=: q−
n

2 + q+
n̄

2 + q⊥,
(3.1)

where q⊥ is a four-vector encoding the (two) three-momentum components transverse to

the spatial components of n and n̄, i.e. q⊥ = (0, ~q⊥). We will often adopt the notation that

q = (q−, q+, q⊥). (3.2)

In this notation, q2 = q+q− + q2
⊥, as can easily be seen from eq. 3.1.

Near the dijet case the definition for Thrust simplifies[65] to

τ ≈ p2
L + p2

R

Q2 , (3.3)

where pL and pR are the sums of all momenta of particles emitted in the hemispheres

defined by the spatial directions of n or n̄.

Now look at explicit additional emissions, and assume we emit them only into the

left hemisphere for now:

We already know that the acceptable radiation is collinear or soft, so if we emit

collinear radiation to the left, we find that

p2
L

!∼ Q2τ. (3.4)

Momentum conservation enforces that the large lightcone component must be of order Q,

which means that p2
L ∼ Q2τ fixes the scaling of the (on-shell) collinear modes to be

kcollinear = Q(1, τ,
√
τ ). (3.5)

Adding now soft fields to the mix we find that their scaling should be

ksoft = Q(τ, τ, τ), (3.6)
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lest we introduce terms in p2
L which are bigger than Q2τ , like e.g. Q2√τ .

For emissions into the second hemisphere the + and − components are swapped.

3.1.2 Mode analysis - broadening

Before we continue with our construction of SCET, we should first look at the modes

that need to be included in the case of broadening.

Here we measure the transverse momentum with respect to the broadening axis[69],

the axis which minimises the scalar sum of all momentum components perpendicular

to it, which coincides with the axis laid out by the n and n̄ vectors in the dijet case

and near it. The primary partons’ momenta p1 and p2 are again oriented as for Thrust,

so for any small value of broadening b:

b =
∑
partons |qT |

Q
= |pc⊥|+ |pc̄⊥|+ |k⊥|

Q
, (3.7)

and taking masslessness into account we find that the two acceptable scalings are

ksoft = Q(b, b, b), and

kcollinear = Q(1, b2, b),
(3.8)

and the ±-swapped versions.

3.1.3 SCETI and SCETII

We see that the momentum modes for broadening and Thrust are not the same, for

broadening the soft mode’s components scales like the transverse component of the

collinear mode, and for Thrust it scales like the smaller of the ±-components. This is a

main feature of SCET: The version of the theory that is used depends on the observable

in question. Depending on what type of observable is to be described we may have any

number of collinear sectors, and different sectors may have different virtualities. For our

purposes we find that there are two types of SCET appropriate, which we call SCETI

(Thrust-like) and SCETII (broadening-like). The precise definition we use, illustrated in

figure 3.1, is that SCETII is the version of SCET in which the virtualities of the soft and

collinear modes match, and SCETI is just the version where they don’t match.

This difference between SCETI and SCETII causes problems, since we want to use

SCET to derive factorisation theorems, and the coinciding scaling of soft and collinear
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Figure 3.1: Different possible momentum scalings and their classification, using λ as the
expansion parameter. h, c, c̄ and s denote hard, collinear, anticollinear and soft
scaling. Cases interpolating between these example cases are possible, see section 8.5.

modes in SCETII makes it difficult to separate the two sectors. If virtuality alone is not

enough to classify an emission as being either soft or collinear, a second characteristic

has to be used, the easiest being rapidity, which encodes the ratio between + and −

components of an emission. In the straightforward calculation this shows up as an

unregularised divergence, which remains even after dimensional regularisation is applied.

To solve this problem two main approaches can be found in the literature. The

factorisation of the observable into collinear and soft structure requires the introduction

of an additional regulator like e.g. an analytic regulator[79] or the ∆-regulator[80], the

dependence on which cancels when the soft and collinear structures are put together.

Large logarithms remain as a remnant of this cancellation.

One approach is now to resum these large logarithms in the spirit of an RGE, and

is subsequently referred to as rapidity renormaliation group[81].

The second approach, which we will use, is called the Collinear Anomaly[82], and

exponentiates the large logarithms directly by deriving the form of the product of collinear

and soft functions from the regulator independence of the final result.

We will deal with this in more detail when it is time to actually resum large

logarithms, but for now. . .
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3.2 The SCET Lagrangian

We start with the construction of the SCET Lagrangian, to learn more about the dynamics

and interactions of the theory, and to see how we can derive factorisation theorems.

We will first deal with a SCETI -type theory, with one soft and one collinear sector,

with scaling (λ, λ, λ) and (1, λ,
√
λ ) in a generic expansion parameter λ, respectively, and

we’ll add a second, anticollinear, sector a bit later, when we need it. For this purpose

we will mostly follow the approaches in [74] and [72, 83].

To begin, we split the QCD fields for quarks and gluons into soft, collinear and

hard modes, where hard modes are the far off-shell modes which are integrated out

and don’t appear as dynamical degrees of freedom:

Aµ(x) = Aµs (x) +Aµc (x) +Aµh(x)

ψ(x) = ψs(x) + ψc(x) + ψh(x).
(3.9)

The QCD Lagrangian has two structures of interest, the kinetic part for the gluons

(G ∧ ∗G) and that for the quarks (ψ̄ /Dψ), we begin with the gluons.

3.2.1 The gluon kinetic terms

The pure kinetic part of the Yang-Mills term trivially decomposes into the kinetic parts

for soft and collinear gluons - momentum conservation forbids kinetic mixing between

the fields - but the triple and quartic gauge interactions can include interactions like

gsfijk(∂µAis ν)Ajµc Akνc , where the indices s and c denote soft and collinear field modes2.

We do not explictly list the structure of these interactions here and denote them just

symbolically by ccs, ccss and cccs, as they will be eliminated at a later step (see section 3.3).

Therefore we find that the gluon kinetic term translates from QCD to SCET as

LA−QCD = −1
4G

a
µνG

aµν

⇓

LA−SCET = −1
4G

a
s µνG

aµν
s − 1

4G
a
c µνG

aµν
c + Interactions ccs, ccss, cccs.

(3.10)

2Note that some interactions are forbidden by momentum conservation, e.e. the interaction of
a collinear with two soft fields is not allowed, since the large energy of the collinear field cannot
be carried by the soft modes.
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3.2.2 The quark kinetic terms

It is clear that the kinetic term for the soft quarks is just the QCD version of the quark

kinetic term with an additional s-subscript, there can again be no kinetic mixing and

the covariant derivative can’t contain a collinear field as there are only soft fields around:

there is nothing to carry its large momentum component away.

The collinear quark Lagrangian on the other hand contains interactions between the

sectors, because the suppressed momentum component of the collinear fields is of the

same order as the corresponding soft gluon field momentum3:

Lc = iψ̄c
(
/∂ + igT a

[
/Ac + /As

])
ψc

= iψ̄c

(
/∂ + igT a

[
/Ac +

/̄n

2n ·As
])

ψc,
(3.11)

where we’ve neglected the soft gluon components which are suppressed compared to

their collinear counterparts in the second line.

To continue we remember that on-shell massless Dirac spinors decompose into two

two-component Weyl spinors, and realise that collinear quarks are supposed to be near

on-shell. In other words we expect them to have two dominant components, and two

suppressed ones. In order to identify them we define projection operators P = /n/̄n
4 and

P̄ = /̄n/n
4 , and decompose the quark field as

ξ = Pψ φ = P̄ψ. (3.12)

To find out which of the two spinors is suppressed compared to the other, we look at

their propagators. They are defined as the 2-point correlators, and hence we can derive

the λ-scaling for the fields from that of the momenta. We have∫
e−ipx

〈
T ξ(x)ξ̄(0)

〉
d4x

=
∫
e−ipx P

〈
T ψ(x)ψ̄(0)

〉
P̄ d4x

= i

p2 + iε

/n/̄n

4 /p
/̄n/n

4

= i

p2 + iε

/n

2 n̄ · p︸︷︷︸
∼λ0

∫
e−ipx

〈
T φ(x)φ̄(0)

〉
d4x

=
∫
e−ipx P̄

〈
T ψ(x)ψ̄(0)

〉
P d4x

= i

p2 + iε

/̄n/n

4 /p
/n/̄n

4

= i

p2 + iε

/̄n

2 n · p︸︷︷︸
∼λ2

(3.13)

3Note that gauge field components need to scale like their corresponding momenta, to have
equal footing between the two components of a covariant derivative
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We can read off: φ is suppressed compared to ξ. At leading order production of ξ

dominates, and we will therefore not expect φs in the final state. We therefore don’t

include sources for the φ field in the path integral and will integrate it out. To do so, we

rewrite the collinear Lagrangian using the fields ξ/φ, and use the projector properties

and explicit definitions of P and P̄ :

Lc = i
(
ξ̄ + φ̄

)( /n
2 n̄ ·D +

/̄n

2n ·D + /D⊥

)
(ξ + φ)

= iξ̄
/̄n

2n ·Dξ + iξ̄ /D⊥φ+ iφ̄ /D⊥ξ + iφ̄
/n

2 n̄ ·Dφ,
(3.14)

where we’ve used that /nξ = /̄nφ = 0 due to the definition of the projectors, and that

ξ = Pξ and similar for φ, and that {P, /D⊥} = 0, because the projectors only make use

of n and n̄, and never use any of the transverse components of the lightcone basis. The

unindexed covariant derivative signifies that both collinear and soft fields appear in it.

Note that the naive expectation that the terms with φ fields might be suppressed

compared to the ξ2-term is incorrect, the different covariant derivative components bring

all four terms to the same parametric scaling/suppression: From equation 3.13 we know

that φ is λ1 suppressed compared to ξ, but e.g. the quadratic term in φ comes with n̄ ·D,

which is λ2 enhanced with respect to the n · D in the quadratic ξ-term.

Integrating out a field that only appears quadratic in the Lagrangian is not really

a challenge, apart from the ordeal of sorting through a heap of terms which ultimately

vanish. What one finds after the integration is a determinant which can be shown to be

irrelevant[74], and a remaining Lagrangian for ξ only, which can be found by deriving and

solving the equations of motion for φ, before plugging them back into the Lagrangian.

The result, after dropping all vanishing terms is

Lc = iξ̄
n̄

2n ·Dξ + iξ̄
n̄

2
/D⊥

1
n̄ ·D

/D⊥ξ

= iξ̄
n̄

2 (n ·Dc + ign ·As) ξ + iξ̄
n̄

2
/D⊥c

1
n̄ ·Dc

/D⊥cξ
(3.15)

where we’ve made the sole remaining interaction between soft and collinear modes in

the collinear Lagrangian explicit in the second line.

To arrive at a consistent EFT power counting we now need to multipole expand

this Lagrangian, because the typical length scales over which the collinear fields vary -
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conjugate to their typical momenta - can be much shorter than those over which soft

fields vary. We therefore write at leading effective order

Lc = iξ̄
n̄

2 (n ·Dc + ign ·As(x+)) ξ + iξ̄
n̄

2
/D⊥c

1
n̄ ·Dc

/D⊥cξ, (3.16)

as the − and ⊥ components of collinear momenta are parametrically larger than their

soft counterparts, which means collinear fields vary over shorter length scales in these

directions, so that the soft fields are essentially constant.

As two quick comments we add that the operators in equation 3.16 are not renormalised

at loop order, and that although it may not look like it, there is still a remnant of

gauge invariance present.

3.2.3 Matching of the current

Before we deal with the last remaining soft-collinear interaction, we should turn to the

current and see how it arises in SCET.

So far we’ve derived an EFT for QCD with only either soft modes or modes which are

collinear to one lightlike direction. In practice, we will want to use it to derive results at

collider experiments, in particular to describe the QCD corrections to some hard process.

This means that the underlying hard Standard Model process defines an external operator

of colour-charged fields, which encodes the QCD aspect of this process. The rest of the

SM physics is ignored here, maybe shuffled off into a leptonic tensor. Examples are e.g.

the quark vector current in the process e+e− → q̄q, or operators using the fields q̄qg or

qqg for electroweak boson production at large transverse momentum.

We then associate each of the hard colour-charged legs with a light cone vector and

define a sector of collinear fields for it.

As an example, strategically chosen as it will be the most important underlying

process for us, we take the quark vector current ψ̄γψ, originating from e+e− annihilation.

In typical EFT fashion we now match this QCD current to its SCET version, which

involves one collinear and one anticollinear quark4 field.
4i.e. one collinear quark as before, and a quark from a second collinear sector, whose

characteristic lightcone direction is not n, but n̄.
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Let’s try to find the appropriate SCET operator, then. A naive choice would be the

direct translation ψ̄Γψ → ξ̄n̄Γξn, where the subscripts denote the collinear fields in the

two different sectors, and ξn shall be the collinear field from before. We would then

compute virtual and real corrections to this operator using the Feynman rules derived

from equation 3.16. But there is a problem: The collinear gauge field has one component

which scales as λ0, which means that as soon as we include the external operator above

into our theory, we also generate versions of this operator with additional large gluon

components attached to it. This can easily be understood from an EFT point of view:

Any Standard Model diagram which generates the current operator we want can

be modified to include an additional emission of a collinear gluon off the outgoing

anticollinear quark. If the outgoing anticollinear quark is to remain anticollinear, the

internal quark propagator is pushed off-shell and integrated out in the transition to SCET.

Diagrammatically, this is illustrated in figure 3.2. In a typical EFT we would simply

expand the internal propagator, observe that the higher orders are suppressed by p2

M2 ,

and conclude that effective operators with additional derivatives are suppressed.

In SCET this isn’t the case, because one component of the collinear momentum is large:

We start with the QCD diagram with an additional emission, and then transition to SCET:

ψ̄ ig /A
a
T a

/p+ /k

(p+ k)2 + iε
Γψ

→ ξ̄n̄ig /An
aT a

/p+ /k

(p+ k)2 + iε
Γξn

= ξ̄n̄ig
/n

2 n̄ ·A
a
nT

a
/̄n
2n · p+ /n

2 n̄ · k
n̄ · k n · p+ iε

Γξn

= ξ̄n̄ig
/n/̄n

4 n̄ ·AanT a
n · p

n̄ · k n · p+ iε
Γξn

= igT a

n̄ · k + iε sgnn · p n̄ ·A
a
n ξ̄n̄Γξn

(3.17)

where we dropped subleading terms in the third line, and used projector and Dirac matrix

properties in the fourth and fifth line. In the result there is no parametric suppression

apparent, and the operator structure to the right in the last line is what we put into

the translation, plus one additional gluon.

If one takes care to include the correct non-abelian diagrams[83], this can even be

generalised to multi-gluon emission, and a whole tower of operators with any number
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q ∼ (1, λ,
√
λ)k ∼ (1, λ,

√
λ)p ∼ (λ, 1,

√
λ) p ∼ (λ, 1,

√
λ) k ∼ (1, λ,

√
λ) q ∼ (1, λ,

√
λ)

p + k

∼ (1, 1,
√
λ)

Figure 3.2: A QCD diagram which contributes to the collinear Wilson line. The particles going
to the right are collinear, those going to the left anticollinear.

of n̄ · An gluons can be generated, and the coefficient will collect one more eikonal

factor for each additional gluon.

As it turns out the additional emissions can be grouped into a Wilson line, i.e.

an object of the form

W †n(x) = P exp
(
igT a

∫ ∞
0

ds n̄ ·Aan(x+ sn̄)
)
, (3.18)

where P denotes path ordering, i.e. the requirement that the colour matrices appearing

in a string of fields are ordered along the integration contour. Physically, a Wilson line

accompanying a collinear field contains the collinear gluons emitted by the anticollinear

field in collinear direction, i.e. backwards if the quarks are back-to-back, and whose

emission cannot be described using the Feynman rules in the EFT.

The form of the Wilson line is dependent on the underlying process, emissions off

incoming particles, or antiparticles rather than particles, have different Wilson lines.

We explore this in more detail in appendix A. One lesson to take away is that the

Wilson lines which appear in the formulae we use throughout this thesis depend on

the underlying event, i.e. are different if the current annihilates a q̄q pair or produces

it, even if the same QCD current is responsible.

So a better choice for the current seems to be J(x) = ξ̄n̄(x)Wn̄(x)ΓW †n(x)ξn(x).

But not even that is the final answer, because derivatives behave just like gauge

fields. This means we can generate operators carrying any number of derivatives without

punishment as well. Arbitrary numbers of derivatives are usually a sign for non-locality, and

indeed that is the case here: The same principle which leaves large momentum components

in the Wilson line case generates dependence on large momentum components in the
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virtual diagrams appearing in the explicit calculation of the hard matching coefficients

between QCD and SCET. Momentum dependence in Fourier space corresponds to non-

locality in position space, and so we find5 that rather than having local operators with

multiplicative factors we need to use a current of the form

Jµ(x) =
∫

ds dt C(s, t)
[
ξ̄n̄Wn̄

]
(x+ sn)γµ

[
W †nξn

]
(x+ tn̄). (3.19)

This is also intuitively unsurprising, the reasoning to justify locality in EFTs is usually

that the available energies are not sufficient to resolve the substructure, but in this

case the lightcone components of collinear and hard modes match along the collinear

directions, the assumption that we can’t resolve the underlying hard physics is not valid.

The emergence of Wilson lines is then almost required, because there is still residual

gauge invariance in the theory, and we therefore need gauge invariant operators. From a

differential geometry point of view, Wilson lines are the parallel transport of the gauge

action along a path through the space-time manifold, and in this particular case we

connect the gauge action at x and ∞. So while ξ and W on their own are not gauge

invariant, the combination W †(x)ξ(x), and therefore the entire operator, is.

3.3 Decoupling transformation

We noted in equation 3.16 that there was a term that still allowed interactions between soft

and collinear modes in the collinear quark Lagrangian. If we want to derive an all-order

factorisation theorem, this interaction must be removed, as well as the interaction terms

that we found at the very beginning in the gluon kinetic term.

For both of these terms the crucial insight is that we can make use of a decoupling

transformation to eliminate the interaction. To that end we redefine the collinear fields as

ξn(x)→ Sn(x−)ξ(0)
n (x)

An(x)→ Sn(x−)A(0)
n (x)S†n(x−)

(3.20)

where Sn is a Wilson line of soft fields along the n direction, defined analoguously

to W in equation 3.18.
5The virtual diagrams are more tedious than to simply integrate out a propagator at tree level,

it is worked out in more detail in [74], where the momentum space Wilson coefficient is derived.
Fourier transforming then makes the non-locality explicit.
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With this definition we have

Dξn →
(
∂ + igSnA

(0)
n S†n + ig

n̄

2n ·As
)
Snξ

(0)
n

= Sn∂ξ
(0)
n + igSnA

(0)
n ξ(0)

n + (∂Sn(x−)) ξ(0)
n + ig

n̄

2n ·AsSn(x−)ξ(0)
n

= SnD
(0)
n ξ(0)

n + n̄

2
( ∂

∂n̄ · x + ign ·As(n̄ · x)︸ ︷︷ ︸
n·DsSn=0

)
Sn(x−)ξ(0)

n

(3.21)

Here we suppressed the x-dependence of S wherever we didn’t need it, used that SS† = 1,

that the derivative acting on S pulls gauge fields out of the exponential, and finally that

the covariant derivative of a Wilson line vanishes along its integration contour6.

From this it is immediately clear that the interaction in the quark term vanishes, but

it also kills the interaction in the gluon term, as here the transformation of the covariant

derivative implies that the field strength tensor transforms as Gµν → SnG
(0)µν
n S†n, and

the cyclicity of the trace then takes care of the rest.

This decoupling transformation of course also affects the external operator we found

earlier, so for the last time we now have to add an “actually”, and point out that the

actual current, and the one that we definitely are going to use has the form

Jµ(x) =
∫

dsdt C(s, t, µ)
[
ξ̄n̄Wn̄

]
(x+ sn)S†n̄(x+)γµSn(x−)

[
W †nξn

]
(x+ tn̄). (3.22)

The dependence on s and t drops out of the soft Wilson lines as (x+tn̄)− = n̄·(x+tn̄) = x−.

3.4 Generic matching

If we try to apply this procedure to other momentum scalings than the Thrust-like

case we just went through, we find that what we derived is just one special case, albeit

an important and very instructive one:

We assumed that the smallest component of the collinear modes’ momenta scales like

the soft momentum. This of course does not need to be true, in fact it certainly isn’t true

for SCETII observables, whose soft and collinear modes share the scaling in the transverse

momentum components. Another example we will encounter later is the angularities
6This is trivially true, the Wilson line is the parallel transport of the gauge action along a

certain trajectory, and therefore defined as the unique section for which the covariant derivative
vanishes along that trajectory.
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observable, its soft and collinear modes scale as (λ, λ, λ) and (1, λ1+A, λ
1+A

2 ) with A < 2,

respectively. In other words, it interpolates between the Thrust case7 we covered over the

last few pages and the SCETII case8, and is only of the form we assumed if A = 0.

Fortunately, everything is a bit easier in the non-special case. Take broadening:

An interaction between collinear modes and a soft mode would shift the outflowing

momentum to (1, λ, λ), which has a different virtuality than both soft and collinear modes

and also cannot be on-shell, because the contribution to the virtuality from transverse

and lightcone components have different parametric weight.

This of course means this mode is integrated out, and therefore there can’t be any

interactions between soft and collinear modes right from the start. The structure of the

effective current operator 3.22 will nevertheless still be generated, the same mechanism

that generates the collinear Wilson lines can in this case generate the soft Wilson lines -

internal propagators in the full QCD diagrams give rise to eikonal factors.

3.5 Factorisation for Thrust

There are now no more interactions between soft and collinear sectors, and we can

start to derive factorisation theorems, and as an instructive example we will now derive

the factorisation theorem for Thrust.

We closely follow the derivation in [75], with some modifications and variable relabelling

wherever we feel the need to highlight crucial points.

The cross section for e+e− → dijet in the Standard Model produces the final state

partons via an electroweak current, we assume for now there’s only the photon. The

QCD dynamics then takes the form

dσ = σ0
−2π
NQ2

∑
X

dΠX (2π)4δ(4)(q − pX) 〈Ω| J†µ(0) |X〉 〈X| Jµ(0) |Ω〉 . (3.23)

Here σ0 is the tree-level electromagnetic cross section for qq̄-production of all flavours

and N colours, q = (Q,Q, 0)T is the momentum of the s-channel photon, and Jµ is the

electromagnetic quark current. Dijet production means that any radiation apart from

the primary quarks has to be collinear or soft, therefore using SCET is appropriate.
7A = 0
8A = 1
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The quark current is then replaced by the external operator in equation 3.22 in the

transition to SCET. X are the QCD final states, which will be weighted/restricted

by the δ-distribution defining Thrust.

In the SCET copy for Thrust there are no interactions between soft, collinear

and anticollinear sectors following decoupling, and hence the sum over the states |X〉

decomposes into a sum over individual soft, collinear and anticollinear final states:∑
X

→
∑

Xs,Xc,Xc̄

|X〉 → |Xs〉 ⊗ |Xc〉 ⊗ |Xc̄〉 ,
(3.24)

which allows us to decompose 〈Ω| J†µ(0) |X〉 〈X| Jµ(0) |Ω〉 using 3.22 to

〈Ω| J†µ(0) |X〉 〈X| Jµ(0) |Ω〉 →
∫

ds′ dt′ ds dt C∗(s′, t′)C(s, t)

· 〈Ω|
[
S†n(0)Sn̄(0)

]
cd
|Xs〉 〈Xs|

[
S†n̄(0)Sn(0)

]
ab
|Ω〉

· 〈Ω| (ξ̄n,kWn)c(t′n̄) |Xc〉 〈Xc| (W †nξn,j)b(tn̄) |Ω〉 γµkl

· 〈Ω| (Wn̄ξn̄,l)d(s′n) |Xc̄〉 〈Xc̄| (ξ̄n̄,iWn̄)a(sn) |Ω〉 γµ,ij

=
∫

ds′ dt′ ds dt C∗(s′, t′)C(s, t) tr
[
γµ
/n

8 γ
µ /̄n

8

]
· 〈Ω|

[
S†nSn̄

]
cd

(0) |Xs〉 〈Xs|
[
S†n̄Sn

]
ab

(0) |Ω〉

· δbc
N

tr 〈Ω| (ξ̄nWn)(t′n̄) |Xc〉 〈Xc| /̄n(W †nξn)(tn̄) |Ω〉

· δad
N

tr 〈Ω| (Wn̄ξn̄)(s′n) |Xc̄〉 〈Xc̄| /n(ξ̄n̄Wn̄)(sn) |Ω〉 ,

(3.25)

where we made the colour indices a, . . . , d manifest, and used the fact that the structures

containing collinear and anticollinear fields can be trivially rearranged if we include spinor

indices i, . . . , l. In the transition over the equality we used that

• The collinear structures describe the propagation of only one sector, and there are

no interactions between sectors, so the “input” colour at the hard interaction is

conserved, and these structures must be colour diagonal. Averaging over colours

then produces the factor 1
N .

• Lorentz invariance dictates the proportionality of the collinear and anticollinear

structures to /̄n and /n, which yields the Dirac trace near the C-factors and the traces

in the last two lines. The details can be found in [75, p.797-800].
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Next we get rid of the explicit non-locality. We introduce the Fourier transform of

C(s, t, µ):

C(s, t, µ) =
∫

dk dl eikseilt C̃(k, l, µ) (3.26)

Using the translation operator we find that

〈Xc| O(tn̄) |Ω〉 = 〈Xc| eiP̂·tn̄O(0)e−iP̂·tn̄ |Ω〉 = eitn̄·pXc 〈Xc| O(0) |Ω〉 (3.27)

Plugging C in terms of its Fourier transform and this translation into equation 3.25 al-

lows us to perform the s, s′, t and t′ integrations, which each yield one δ-distribution, which

fix k and l to the large components of the collinear and anticollinear momenta: n̄·pc and n·

pc̄

With this we can turn to the momentum conservation enforcing δ-distribution in

equation 3.23. Here we realise that pX is nothing but the sum of radiated momenta

from all relevant sectors, i.e. pX = pc + pc̄ + ps. We know the typical scaling of these

modes, so the Dirac δ falls apart accordingly:

• For the n-components we find δ(n̄ · q − n̄ · pX) = δ(Q − n̄ · pc︸ ︷︷ ︸
∼λ0

− n̄ · pc̄︸ ︷︷ ︸
∼λ2

− n̄ · ps︸ ︷︷ ︸
∼λ2

) =

δ(Q−n̄·pc), which fixes this component9. Likewise δ(Q−n·pc̄) fixes the n-component.

• As ~q⊥ = ~0, and ~ps⊥ ∼ λ~pc⊥,c̄⊥, the ⊥-component is determined by δ(~pc̄⊥ + ~pc⊥).

This can be further simplified by realising that we integrate over the relative

orientation between incoming leptons and outgoing partons when computing the

cross section, which means that the final result can’t depend on our choice for the

axis ~n we use to define “collinear”. We can therefore choose our coordinate system

for a collinear sector such that the z-axis points along ~n. This forces the transverse

components of this sector to vanish, which we compensate for by introducing a

new constraint 4πQ2

4 δ
(2)(pc⊥). An alternative take on this is that we perform the

integration d2pc⊥ (which is implicit in the sum over Xc) directly, because we know

via symmetry that it can only contribute a constant factor. This also explains the

prefactor 4πQ2

4 , it is the area covered by this integration, momentum conservation

enforces |~pc| = Q
2 .

9Before this we only assumed a rough magnitude of ∼ Q for this component, this Dirac δ nails
the value down to Q exactly.
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Overall momentum conservation therefore reads

δ(4)(q − pX)→ 2πQ2δ(Q− n̄ · pc)δ(Q− n · pc̄)δ(2)(pc⊥)δ(2)(pc̄⊥), (3.28)

where the factor of 2 appears due to the transition to lightcone coordinates.

We can see here that this constraint fixes three of four components of both the pc

and pc̄ vectors. This can be made explicit by defining new vectors

rµc = nµ

2 Q+ n̄µ

2 xc rµc̄ = n̄µ

2 Q+ nµ

2 xc̄, (3.29)

which obey the same constraints from momentum conservation trivially and highlight

the freedom in the smaller lightcone component in each sector. Adding a superfluous

constraint for the suppressed n · pc and n̄ · pc̄ to identify them with xc and xc̄ yields

δ(4)(q − pX)→ 2δ(Q− n̄ · pc)δ(Q− n · pc̄)πQ2δ(2)(pc⊥)δ(2)(pc̄⊥) (3.30)

·
∫

dxc dxc̄ δ(xc − n · pc)δ(xc̄ − n̄ · pc) (3.31)

= 2πQ2
∫

dxc dxc̄
1
2δ

(4)(rµc − pµc ) 1
2δ

(4)(rµc̄ − pµc̄ ) (3.32)

As a last step we use that r2
c = Q

2 xc, and hence dr2
c = Q

2 dxc = n̄·rc
2 dxc , and write

1
σ0

dσ
dτ =

∣∣∣C̃(−Q,−Q,µ)
∣∣∣2 ∫ dr2

c dr2
c̄

·
∑
Xs

1
N

trSU(3) 〈Ω|
[
S†nSn̄

]
(0) |Xs〉 〈Xs|

[
S†n̄Sn

]
(0) |Ω〉

·
∑
Xc

1
N

1
4π(n̄ · rc)

(2π)4δ(4)(rµc − pµc )

trDirac 〈Ω| (ξ̄nWn)(0) |Xc〉 〈Xc| /̄n(W †nξn)(0) |Ω〉

·
∑
Xc̄

1
N

1
4π(n · rc)

(2π)4δ(4)(rµc̄ − pµc̄ )

trDirac 〈Ω| (Wn̄ξn̄)(0) |Xc̄〉 〈Xc̄| /n(ξ̄n̄Wn̄)(0) |Ω〉

· δ(τ − τ(pX)),

(3.33)

where we collected δ-distributions into traces, used that the Dirac trace in 3.25 evaluates

to −1
4 , and reinstated the Thrust constraint on the phase spaces.

This is as far as we can get with just the scaling information, before we continue

a few words are in order:
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• The
∣∣C2∣∣ in the first line encodes the matching from QCD to SCET, and is generic

for any 0→ 2 QCD process. It includes virtual vertex corrections at higher loop

orders. As befitting a function determined by the integrating out of the hard modes,

its natural scale is Q. It is typically called the Hard function.

• The second line gives rise to the Soft function, it encapsulates the emission of soft

isotropic radiation from the colour-charged particles in the process. Here the sum

over Xs implicitly contains phase space integrations for any emissions off the Wilson

lines sandwiched between the bras and kets.

• The two integral structures in the last four lines are identified as the progenitors for

the Jet functions10, which describe the collinear radiation off the energetic outgoing

primary particles. The sum here also includes phase space integrations, and a sum

over all colours is assumed.

Now we look at the form of the Thrust definition as it enters in equation 2.2 in detail:

Thrust reduces in the dijet limit to τ = p2
L+p2

R
Q2 , where pL/R is the total 4-momentum

into the left or right hemisphere, and the hemispheres are defined by the jet axis ~n.

This means particles in Xc always contribute to pL, and those in Xc̄ always contribute

to pR. Soft emissions can contribute to either, depending on whether they are more

collinear (n̄ · ps > n · ps ⇒ pL) or anticollinear.

So assuming that there is a total soft momentum of kL comprised of particles going

into the left hemisphere (n̄ · kL > n · kL), we can estimate

p2
L = (pc + kL)2 = p2

c︸︷︷︸
∼λ2

+ 2pckL︸ ︷︷ ︸
∼λ2

+ k2
L︸︷︷︸
∼λ4

= r2
c +Qn · kL, (3.34)

where we used the relative scaling of the collinear and soft components to eliminate

k2
L and the subleading component of pckL, as well as the form of pc as we’ll find

it in the factorisation theorem for the dijet cross section. For emission to the right

we find a similar form:

p2
R = (pc̄ + kR)2 = p2

c̄︸︷︷︸
∼λ2

+ 2pc̄kR︸ ︷︷ ︸
∼λ2

+ k2
R︸︷︷︸
∼λ4

= r2
c̄ +Q n̄ · kR (3.35)

10Technically there is an extension of the sum over final states still missing, but as we aren’t
going to look at jet functions in detail we omit this detail.
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Combining these two we find

τ =
∑
L,R

p2
L + p2

R

Q2 = r2
c + r2

c̄ +Qn · kL +Qn̄ · kR
Q2 = τc + τc̄ + τs, (3.36)

where in the last equality we highlight that the observable decomposes into a sum of

contributions from the different sectors. This additive behaviour near the dijet case is

what allows us to derive the factorisation theorem, and is therefore a crucial requirement.

In fact, this decomposition into independent contributions to the observable from the

individual sectors is a necessary requirement for any observable to allow factorisation.

Plugging this into the factorisation theorem we find that the phase space integrations

in the Xs and Xc,c̄ are now linked, because all sectors contribute and relative sizes

of the contributions matter. We therefore modify 3.33 by explicitly highlighting the

contribution from the soft sector in the relevant line when plugging in the δ-constraint

to arrive at the factorisation theorem for Thrust:

1
σ0

dσ
dτ =

∣∣∣C̃(−Q,−Q,µ)
∣∣∣2 ∫ dr2

c dr2
c̄ dk δ(τ −

r2
c + r2

c̄ +Qk

Q2 )

·
∑
Xs

1
N

tr 〈Ω|
[
S†nSn̄

]
(0) |Xs〉 〈Xs|

[
S†n̄Sn

]
(0) |Ω〉 δ(k − n̄ · kR − n · kL))

·
∑
Xc

1
N

1
2π(n̄ · rc)

(2π)4δ(4)(rµc − pµc )

tr 〈Ω| (ξ̄nWn)(0) |Xc〉 〈Xc| /̄n(W †nξn)(0) |Ω〉

·
∑
Xc̄

1
N

1
2π(n · rc)

(2π)4δ(4)(rµc̄ − pµc̄ )

tr 〈Ω| (Wn̄ξn̄)(0) |Xc̄〉 〈Xc̄| /n(ξ̄n̄Wn̄)(0) |Ω〉

, (3.37)

We can again identify
∣∣∣C̃∣∣∣2 as the hard function, the second line as the soft function for

Thrust, and the latter two structures as the relevant jet functions.

Each of these can be computed individually in perturbation theory, and subsequently

convoluted with the others to arrive at the full distribution.

Assigning the obvious letter choices to the different functions, the factorisation

theorem takes the simple form

1
σ0

dσ
dτ = H(Q,µ)

∫
dr2
c dr2

c̄ dk δ(τ −
r2
c + r2

c̄ +Qk

Q2 ) J(r2
c , µ) J(r2

c̄ , µ)S(k, µ) (3.38)
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3.6 The soft function

Highlighting the details works best when dealing with a concrete example, for which

we pick the Thrust soft function - since we will focus on soft functions for generic

observables later, this seems like a good choice.

As in any perturbative calculation, the soft function (as well as the jet and hard

functions) is ill defined in the absence of a suitable regularisation and renormalisation

procedure. In dimensional regularisation the bare soft function for Thrust can be

computed, the 1-loop result is[84]

Sb(k, µ) = δ (k) + αsCF
π

[
− 1
ε2
δ(k) + 2

ε

1
Qτ

[
Qτ

k

]
+
− 2
ε

ln µ

Qτ
δ(k)

− 4
Qτ

[
Qτ ln k

Qτ

k

]
+

+ 4
Qτ

ln µ

Qτ

[
Qτ

k

]
+

+ 1
2

(
π2

6 − 4 ln µ

Qτ

)
δ(k)

]
,

(3.39)

where we’ve chosen the reference scale κ2 introduced in [84] as κ2 = Qτ , to map the

range of the plus-distributions to the maximal domain for k, which is constrained to

0 ≤ k ≤ Qτ by the Dirac delta in (3.37). At O(αs) in the MS scheme, renormalising via

the introduction of a Z-factor has the same effect as dropping the ε-poles.

The appearance of Dirac-delta and plus-distributions here is a problem, for two main

reasons. First, renormalising this soft function requires convoluting it with an appropriate

Z-factor, rather than multiplying it, which ultimately leads to non-local renormalisation

group equations (RGE), which makes solving them obviously difficult. Second, since

we at some point want to switch to numerical evaluation, distribution valued results

are problematic, we’d much prefer regular functions.

Fortunately there is a way out: If we work in Laplace space, where each function

f has an associated Laplace space version:

f̃(ρ) =
∫ ∞

0
dx e−ρxf(x), (3.40)

we find that the factorisation theorem becomes

σ̃(ρ, µ) =
∫ ∞

0
dτ e−ρτ dσdτ = H(Q,µ)J̃2( ρ

Q2 , µ)S̃( ρ
Q
, µ), (3.41)

and the tilde’d functions are regular and non-distributive.
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Multiplicative renormalisation for any function F leads to RGE of the form

dFR(µ)
d lnµ = γFFR(µ), (3.42)

and the easiest way to find the anomalous dimension γF is to derive the renormalised

function, and realise that the µ-dependence that the perturbative FR exhibits is a crude

approximation of the RG flow near the natural scale for the function. Linearising,

viz. deriving the function with respect to lnµ at the natural scale, can therefore

reproduce the anomalous dimension11.

For our soft function above, the easiest way to find the Laplace space anomalous

dimension is to derive dSR
d lnµ and subsequently Laplace transform the result to the Laplace

space parametrised by the variable ρ
Q we find in the factorisation theorem above.

We find that for the soft function

γsoft = αs
4π (−16CF ) ln µρe

γe

Q
, (3.43)

which is the first perturbative order of

γsoft = −4ΓCusp[αs] ln µρe
γe

Q
+ γS [αs], (3.44)

where we defined the all-order Cusp anomalous dimension ΓCusp and soft anomalous

dimension γs. ΓCusp is related to the renormalisation of Wilson lines with a kink or

cusp, and therefore universal for all observables which share the same underlying Wilson

line structure, it is also the same for hard, jet and soft functions. The fact that it

comes with a ln µρ
Q attached is the reason we can resum double logarithms using RGE

methods. γS is observable dependent, and different from γJ and γH . If we define the

perturbative expansion for both gammas as

ΓCusp =
∞∑
n=0

(
αs
4π

)n+1
Γn γS =

∞∑
n=0

(
αs
4π

)n+1
γ

(n)
S , (3.45)

we can read off Γ0 = 4CF and γ
(0)
S = 0

11The idea is that µ-independence of FB links the anomalous dimension to the µ-dependence
in FR, and the solution for the RGE matches the perturbative result FR at the natural scale.
Therefore linearisation of FR around this value for µ reproduces the anomalous dimension, as it
there coincides with the linearisation of the RGE solution.
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We can now solve the RGE for the Laplace space soft function and conclude that

it runs between any scales µ and µ0 as

S̃( ρ
Q
, µ) = S̃( ρ

Q
, µ0) exp

(∫ µ

µ0
d lnµ′ γS( ρ

Q
, µ′)

)
= S̃( ρ

Q
, µ0) exp

∫ µ

µ0

dµ′
µ′

(
− 4ΓCusp ln µ′

µ0
+ γS︸ ︷︷ ︸

=:KS(µ,µ0)

−4ΓCusp ln µ0ρeγe

Q

)

= S̃( ρ
Q
, µ0) · eKS(µ,µ0) · (µ0ρeγe

Q

)−4
∫ µ
µ0

dµ′
µ′ ΓCusp

(3.46)

The only µ-dependence is now either manifest, or contained in the αs of the Gammas’

expansions, and we can therefore conclude that this integral is calculable, in a perturbative

sense, if the running of the coupling is known. That this is enough, and that the

“perturbative sense” is good enough here, although perturbation theory got us into the

entire mess in the first place, is part of the next section.

3.7 Resummation in SCET

Before we turn to its accuracy, however, we should first perform the resummation.

We have the RGE and possible solution for the soft function, there are of course

also equivalent ones for hard and jet functions:

J̃( ρ
Q2 , µ) = J̃( ρ

Q2 , µ0) · eKJ (µ,µ0) · (µ2
0ρe

γe

Q2
)2 ∫ µ

µ0
dµ′
µ′ ΓCusp

H(Q,µ) = H(Q,µ0) · eKH(µ,µ0) · (µ0
Q

)−4
∫ µ
µ0

dµ′
µ′ ΓCusp

(3.47)

We can now see why resummation is necessary in Laplace space. When we transitioned

to Laplace space the r2
c - and k-integrals we used to transform the soft and jet functions

to Laplace space fixed the mass dimensions and therefore also the relative weight of ρ

and µ. This is why we find µ0ρ
Q as the dimensionless parameter in the last factor of

the soft function, as well as µ2
0ρ
Q2 for the jet function. They are the only dimensionless

quantities built from ρ
Qn and µ, the only other scale in the problem12. If we didn’t run,

i.e. if we set µ = µ0, any choice for µ0 which causes one of these combinations to be

∼ 1 will cause the other to be ∼ ρn for some n. As the renormalised functions contain

logarithms of these scale ratios, we find large logarithms again.
12Needless to say that for the hard function there is only one dimensionless combination of Q

and µ.
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If we do run, however, and choose µ0 to be µH ∼ Q for the hard, µJ ∼ Q√
ρ for the

jet and µS ∼ Q
ρ for the soft function, the functions as evaluated at the inital scale of

the running in (3.46) and (3.47) will be free of large logarithms. The exponents Ki

and - for choices of the µ0 away from the natural scales - that of the third factor, will

then resum all the logarithms we can wish for.

As one last comment before we turn to perturbativity, note that the final result

should be independent of the scale µ that we evolved the individual functions to. We find

logarithms of the form ln µi
µ in the anomalous dimensions, so this independence requirement

sets stringent bounds on what is allowed. It enforces the equality of the Cusp anomalous

dimension between soft, hard and jet functions, and prohibits quadratic or higher powers

of the logarithms. Also, it forces the non-Cusp anomalous dimensions to obey

γS + γJc + γJc̄ + γH = 0. (3.48)

Finally, the establishment of the accuracy level. In line with the scheme for NnLL

counting we established in eq. 2.6 we expect the exponents KS , KJ and KH to resum

logarithms. Let’s take a closer look. Any µ-dependence in e.g. KS is either manifest

as a lnµ, or is hiding inside αs(µ). If we know the QCD β-function, we can express

αs(µ) in terms of αs at some other scale.

The QCD β-function is known to 4-loop[85], for our purposes fewer than this will

suffice. The 2-loop running for αs, if the β-function is parametrised as

β(αs) = −2αs
∞∑
n=0

(
αs
4π

)n+1
βn (3.49)

has the solution

αs(µ) = αs(µ0)− α2
s(µ0)
2π β0 ln µ

µ0
+ α3

s(µ0)
8π2

(
2β2

0 ln2 µ

µ0
− β1 ln µ

µ0

)
+ α4

s(µ0)
32π3

(
−4β3

0 ln3 µ

µ0
+ 5β0β1 ln2 µ

µ0
+O(β2 ln µ

µ0
)
)
.

(3.50)

Note that the three terms of the form αnsL
n−1 appear exclusively with β0, the two αnsLn−2

terms require β1 as well. This pattern generalises to higher order.

As the last ingredient, look at the anomalous dimension terms. At the first few

orders, using 3.45, we have

KS(µ, µ0) =
∫ µ

µ0
d lnµ

[
ln µ

µ0
ΓCusp + γs

]
(3.51)
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=
∫ µ

µ0
d lnµ

[
ln µ

µ0

αs(µ)
4π Γ0 (3.52)

+ ln µ

µ0

(
αs(µ)

4π

)2
Γ1 + αs(µ)

4π γ(0)
s (3.53)

+ ln µ

µ0

(
αs(µ)

4π

)3
Γ2 +

(
αs(µ)

4π

)2
γ

(1)
S + . . .

]
(3.54)

Now we can collect logarithms. From eq. 3.50 we know that each power of αs(µ) denies

us least one logarithm, because αs(µ) at best contributes αns0 lnn−1 µ
µ0
, and taking powers

makes this worse. The integration itself yields one logarithm, one is already present,

and if we include only the αns0 lnn−1 series in (3.50), we generate all possible terms of

the form αns0 lnn+1. In other words, we achieve leading logarithmic accuracy, and we

only need Γ0 and β0 for it. If we also want to capture the αns0 lnn terms, we need

to sacrifice one logarithm, which we can do by including the αns0 lnn−2 terms in the

running of αs, which means we need β1, or by giving up one logarithm in the anomalous

dimension, which means we’ll need Γ1 and γ
(0)
S .

So to recap: for LL resummation we needed only the 1-loop αs running and 1-loop

cusp anomalous dimension, NLL requires 2-loop αs running and cusp, and 1-loop non-cusp

anomalous dimensions. There are also contributions from jet and hard functions, so any

order in γS needs to be matched by γJ and γH , while keeping eq. 3.48 in mind.

One last comment: While the logarithmic counting strictly doesn’t make statements

about the renormalised functions, a typical guideline is to assume that αs ln µ
µ0
∼ 1,

which implies that the perturbative expansion of S̃, J̃ and H can be mapped to the

logarithmic counting. This series then starts at tree level without logarithmic enhancement

or suppression, and gains inverse logarithm-powers as more αs-orders are added. We’d

therefore formally require αns -terms at Nn+1LL level.

Recognising that oftentimes the renormalised functions are available if the anomalous di-

mensions are known, and in order to avoid some subtleties in the counting, a modified count-

ing scheme is introduced: NnLL’ accuracy requires renormalised functions to αns -order.

3.8 SCETII and the collinear anomaly

Before we can lay out the basics of our framework, we need to review SCETII , added

complications arise in this case.
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To recapitulate: SCETII observables are those for which soft and collinear modes lie

on the same virtuality hyperbola. This implies that contributions from the overlap regions

between soft and collinear modes lead to large — in fact unconstrained — integrations

over rapidity, leading to divergences unregularised by dimensional regularisation.

SCETII observables’ distributions can therefore not be computed using solely di-

mensional regularisation.

The solution is to introduce a second regulator which introduces a rapidity bias, which

allows us to calculate soft and jet functions, both of which show divergences in the new

regulator, in addition to the usual ε. The second regulator can be introduced in two major

ways, by modifying matrix elements[80, 81], or by changing the phase space[79][86, 87].

We will choose the latter, in which case both the soft and jet functions have poles

in this new regulator, usually denoted α. This α-dependence cancels as soon as all soft

and collinear sectors are added up, but as a residue large logarithms remain.

As the regulator is implemented by modifying the phase space integrals and introduces

additional dimensionful factors to break the equal scaling of soft and collinear modes in

the calculation, a ’t Hooft-like scale ν must be introduced into the theory, similar to the

appearance of µ in dimensional regularisation. Naturally the product of the relevant jet

and soft functions must be independent of the artificially introduced scale ν. Therefore

the logarithm of this product must obviously be ν-independent as well:

d
d ln ν

(
ln Jc(p2

c , µ, ν) + ln Jc̄(p2
c̄ , µ, ν) + lnS(ks, µ, ν)

)
= 0, (3.55)

from which can be argued that this expression must be at most linear in ln ν[82].

Then this implies that the terms which give rise to large logarithms when the

regulator cancels in the product of the two functions, actually exponentiates. Once

this exponentiation has occurred, the remaining structures are free from large logarithms,

and the usual SCET procedures of running hard and collinear-and-soft-product functions

to a common scale can be set up.
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The journey of a thousand li starts from where one stands.

— Lăozi
Dàodéj̄ıng

4
Defining the boundaries

We understand now the mechanisms that are used in SCET to resum large logarithms,

so it is time to lay out the exact boundaries of our project. We therefore will list in

this chapter all the properties we require of any observable to mark it as compatible

with our approach, and motivate them.

4.1 Perturbative orders

First we need to determine what we want to achieve, and what needs to be computed for it.

We saw in section 3.7 that to achieve NLL resummation for Thrust, a SCETI

observable, we needed the 2-loop cusp anomalous dimension Γcusp, the 1-loop hard,

jet and soft anomalous dimensions γH,J,S , as well as the tree-level matching coefficients

cH,J,S . This can be generalised[66] to NnLL, for which the required quantities and their

respective perturbative order are listed in table 4.1. The listed tokens illustrate that

NLL is the current state-of-the-art, that some full and many partial sets of the required

ingredients for NNLL resummed observables exist, and that N3LL is only achieved for

very few observables. The entries for F and W refer to the SCETII -equivalent of the

soft and jet anomalous dimensions and finite terms, respectively, with F the anomaly

coefficient and W the remainder function.

The colour coding of table 4.1 is as follows:

43
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Accuracy Γcusp γH ,

{
γJ , γS

F
cH ,

{
cJ , cS

W
β

LL α1
s - - tree tree α1

s

NLL α2
s αs αs tree tree α2

s

NNLL α3
s α2

s α2
s αs αs α3

s

NNLL’ α3
s[88] α2

s α2
s α2

s α2
s α3

s

N3LL α4
s α3

s[89] α3
s α2

s α2
s α4

s[85]

Table 4.1: Required perturbative orders of the resummation ingredients for different logarithmic
accuracy levels. The colour coding is explained in the text.

1. The N3LO cusp anomalous dimension, required for N3LL resummation, is unknown

and therefore marked in red. Due to its small effect, published N3LL analyses have

resorted to e.g. Padé approximations.

2. Quantities marked in orange require observable dependent NNLO or higher calcula-

tions, and are therefore known on a case-by-case basis.

3. Green highlighted objects are either outright known (β, Γcusp, γH ; cH partially), or

can be extracted using automated tools (cH at NLO), or are 1-loop calculations,

which we generically treat as feasible.

To clarify a bit more: The hard anomalous dimension γH and matching coefficient cH

reflect EFT level knowledge as Wilson coefficients, they are the same for all observables

which have the same underlying hard scattering process. For γH there is a result in

terms of known quark and gluon form factors[89][89], and cH is either known (e.g.[89]),

or can at least for up to NNLL resummation be extracted using tools that automate

hard scattering processes which are available[90, 91].

The striking feature is that NNLL resummation generically requires an NNLO

calculation, which is observable dependent and therefore generically not known, and

then usually performed analytically. This analytic part is a major stumbling block on

the way to automated resummation to NNLL.

This is therefore the point we attack, we set out to cover generic observables and

provide this NNLO input for NNLL resummation, i.e. anomalous dimensions in an

automated framework. It turns out that there is almost no additional effort required
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to compute the full soft function, we therefore de facto always compute the full bare

soft function, including the ε-finite terms.

With the hard anomalous dimension known [89], and (3.48) at the back of our mind

we note that the only missing NNLO input for generic NNLL resummation is either

the jet or soft anomalous dimension1.

For SCETII observables the picture is similar, here we need to compute the 2-loop

anomaly exponent F . For this we need again one of soft and jet functions to 2-loop.

As soft functions are required for both processes at lepton and hadron colliders, i.e.

with both beam or jet functions, and because the matrix elements tend to be a bit

easier, we choose to focus on soft functions.

4.2 Principal motivation

We now know what we want to compute, now we need to explain why we believe that an

extended framework that covers many observables in one go is even possible.

For this we recall from chapters 2 and 3 that the starting point formula for the

evaluation of event shape distributions is of the schematic form

dσ
de ∼

∫
|M|2 δ (e− e (ki))

∏
i

d3ki
2Ei

(4.1)

which, following a factorisation theorem gives rise to a soft function of similar form

S(ω) ∼
∫
|Msoft|2 δ (ω − ω ({ki}))

∏
i

d3ki
2Ei

, (4.2)

The crucial detail here is that the matrix element contains all the explicit regularised

divergences originating from virtual contributions and the implicit divergences associated

with real radiation, and these are the same for all observables that share the same

hard scattering process. The observable only enters though the measurement function2,

which acts as a weight function on the phase space, and is generically harmless, i.e.

does not contribute regulator divergences.
1Assuming there are no sectors besides soft and collinear, which is not always necessarily the

case, but will be true for the observables we accept.
2Here a Dirac delta.
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This means that an approach in which we isolate all divergences in the matrix element

analytically and make them explicit, followed by an expansion in the regulator, can

be used to compute the bare soft function expansion for in principle any observable at

negligible effort. Once the divergences are analytically isolated, changing the observable

only means that integrals which evaluate to pure numbers, and which serve as coefficients

for the different orders in the regulator expansion, are swapped for different integrals.

Therefore, as all divergences will have been treated, these remaining integrals can then

be safely performed numerically, regardless of their form — and therefore covering

all manner of different observables.

4.3 “Generic” in detail

Although we want to be as all-encompassing as possible, some constraints need to be

set. In order to be able to explain and motivate these constraints properly, we use the

NLO computation for a schematic soft function as a template slate.

We will cover the exact form for the NLO soft function, including all constants in

chapter 5, but here, where we need to be able to see the implications physical choices

have on the form of the soft function, we boil it down to its bare bones structure.

Combining the definition of the soft function via Wilson lines with the form above

and a Laplace transform, we require the soft function to be

S(τ, µ) =
∑
i∈Xs

exp(−τe({ki}))
1
N

trc 〈Ω|
[
S†nSn̄

]
(0) |Xs〉 〈Xs|

[
S†n̄Sn

]
(0) |Ω〉 (4.3)

⇒ SNLO(τ, µ) ∼
∫ ddk

(2π)d−1 θ(k
0)δ(k2)︸ ︷︷ ︸

phase space

Rα(k)︸ ︷︷ ︸
analyt.
regulator

exp(−τω(k))︸ ︷︷ ︸
measurement

function

αsµ
2ε

(k+k−)︸ ︷︷ ︸
Matrix element

(4.4)

For the physical discussion we can for now neglect the analytic regulator, we therefore

set α = 0, with the understanding that in chapter 5 we reinstate it, we will also take

a closer look at SCETII observables in section 4.4 below.

For on-shell radiation we have∫
ddk θ(k0)δ(k2) = 1

2

∫
dk−dk+dd−2k⊥ δ(k+k− + k2

⊥)θ(k+ + k−)

= 1
2

∫
dd−3ΩT

∫ ∞
0

dk−dk+dkT δ(k+k− − k2
T ) kd−3

T

= 1
4

∫
dd−3ΩT

∫ ∞
0

dy dkT y−1kd−3
T

(4.5)
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Here we first transitioned to lightcone coordinates in the first line, switched from Minkowski

vector k⊥ to the Euclidean ~kT and immediately continued to spherical coordinates in the

second line, and eliminated k− in the last, followed by a substitution k+ → kT
√
y .

Note that by using the delta distribution and k+ substitution we now have new variables

kT =
√
k+k− y = k+

k−
, (4.6)

of which y is an exponentiated form of the canonical rapidity variable.

Using these variables we write

SNLO(τ, µ) ∼
∫

dd−3ΩT

∫ ∞
0

dy dkT exp(−τω(k)) k−1−2ε
T y−1 (4.7)

We now demand that the observable is of a form such that

SNLO(τ, µ) ∼
∫

dd−3ΩT

∫ ∞
0

dydkT exp(−τ kT y
n
2 f(y, ϑ)) k−1−2ε

T y−1 (4.8)

with observable dependent parameter n and function f , where the latter is positive,

and nonvanishing for y → 0.

Going forward we use the physical exchange symmetry n̄ ↔ n to restrict the y-

integration to the interval [0, 1], as under this exchange y → 1
y , which allows us to map the

integration domain [1,∞[ to [0, 1]. Finally, we perform the kT -integration, which yields

SNLO(τ, µ) ∼ τ2ε Γ(−2ε)
∫

dd−3ΩT

∫ ∞
0

dy y−1+nεf(y, ϑ)2ε. (4.9)

Following a subtraction

y−1+nε = δ(y)
nε

+
[1
y

]
+

+ nε

[ ln y
y

]
+

+ . . . (4.10)

the ε-divergences are explicit, and we can perform an expansion in ε, and integrate

the coefficients numerically.

We’re now in a position to list the assumptions we made and again state why we made

them:

1. The form of the matrix element is dependent on the underlying structure of the

Wilson lines, from whose expansion it is derived. We assume in (4.4) and later

for NNLO that the matrix element derives from a structure corresponding to
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two massless back-to-back colour-charged initial or final state particle. It can

be shown[92] that the changes in the Wilson lines’ iε prescription, dependent on

whether particles are incoming or outgoing3, only affects the imaginary part of

the real-virtual amplitude, which does not contribute at NNLO. We can therefore

cover observables with two jets and no beams (e.g. leptonic dijet event shapes),

two beams and no jets (hadronic 0-jet observables) or one beam and one

jet (Deep inelastic scattering). As the soft anomalous dimensions appearing in

hadronic dijet observables can be derived from the leptonic dijet and hadronic

0-jet cases (as shown explicitly for Transverse Thrust[111]), we can also cover the

anomalous dimensions for two beams and two jets. Exceptions to this constraint

are possible, see e.g. 8.8, and multiple Wilson line representation choices are possible,

yielding colour structures C2
S , CSCA and CSTFnf , with CS = CF for the Wilson

lines in the fundamental representation, and CS = CA for the adjoint. We will by

default assume CS = CF , which can be mapped to the adjoint, if necessary.

2. The measurement function is present in an exponential form. How we arrive

at this exponential is of almost no consequence for the numerics. For typical event

shape type observables a Laplace transform will yield the exponential form, as it did

between (4.2) and (4.3), but in some cases a Fourier transform might be required,

or no transform at all.

3. The measurement function’s exponential is linear in mass dimension. Without

this, the kT -integration would not have been possible or yielded a different result.

This constraint is compatible with any observable that directly measures energy

or mass like quantities, and observables with are artificially dimensionless, as we

observed for Thrust in section 2.2.

4. The observable dependent function f must be nonvanishing and positive, other-

wise the kT -integration is not allowed. This can be slightly relaxed, as it is easy to

check that f only appears as ln f in the ε-expanded formula, which is an integrable
3See appendix A
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divergence if only isolated points4 are affected, and as long as these zeroes do

not interfere with any plus-distribution. This means that at NNLO some critical

limits must be nonzero, which will be covered in sections 5.6 and 5.8. This is to

some extent enforced by the factorisation theorem — if a soft contribution to an

observable vanishes identically, it shouldn’t even appear in the factorisation in the

first place.

5. f should also be ε-independent, as with additional ε-dependence the expansion

obviously changes, but we take it as fixed: The only observable dependence is in f

and n, not in the structure of the expansion.

This can be a nontrivial restriction thanks to the requirement that the measurement

function has exponential form, because creative ways of arriving at an exponential

can introduce ε-dependence.

6. The function f can in principle depend on any angle in the solid transverse space

angle dd−3ΩT . We allow dependence on one angle in the transverse space

per particle, measured with respect to the same reference vector, and perform the

other angular integrations analytically. This means we have at NLO

∫
dd−3ΩT = 2π 1

2−ε

Γ1
2 − ε

∫ 1

−1
d cosϑ sin−1−2ε ϑ

= 4π 1
2−ε

Γ1
2 − ε

∫ 1

0
dt (4tt̄)−

1
2−ε.

(4.11)

with cosϑ = 1− 2t, t̄ = 1− t. Explicit examples for such a reference vector would

be a third jet direction5 or the direction of a lepton pair in the initial or final state6

7. In principle, the soft function should only have one function variable. In (4.9)

we see that the Laplace space variable, the conjugate to the position space variable

ω with which we started here, factorises from the integral. This must be the case,

because the only surviving dimensionful quantities are τ and µ, and they must
4Integration subdomains of measure zero, to be precise. We can have observables which vanish

if e.g. an angle which is not tied to a plus-distribution, vanishes.
5See e.g. production of W at large pT in section 8.8
6See See e.g. Transverse Thrust in section 8.9
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combine to the dimensionless combination τµ. For multiple variables7, the integral

now can depend on combinations of these variables. We can still accommodate soft

functions with e.g. N variables in a rasterised manner: We take one combination

of the variables to be τ , and express the others through τ and N − 1 parameters,

which we assign at compile time. Rasterising values for the N − 1 parameters then

allows us to determine individual values, or the shape of the soft function by fitting.

4.4 SCETI and SCETII observables

We already have the parts of the 1-particle parametrisation which allow us to cover

the SCETI/SCETII topic in (4.6), and so since this is the chapter outlining the broad

properties of acceptable observables, it is a good moment to say a few words about

SCETII vs. SCETI observables, and about the interplay between the definition of the

observable and the contributing sectors.

For this, we assume that there is a soft sector of scaling (λ, λ, λ), and collinear/anti-

collinear sectors of as of yet undetermined scaling.

The soft sector contribution ω that appears in a factorisation theorem, which we

already saw when we set up the framework in (4.2), depends on lightcone variables

k+ and k− and a discussion-irrelevant angle. Any possible k⊥-dependence is fixed by

the on-shell-ness of the emission. ω is by assumption linear in mass dimension, so

ω ∼ λ necessarily for any soft mode.

Now let us move along the soft sector’s virtuality hyperbola towards the sides, i.e.

we look at the collinear edges of the soft region. This means one of the two lightcone

components dominates over the other, — we take without loss of generality k− > k+ —

which allows us to expand the definition of ω in this limit, and we find that

ω ∼ ks−k(1−s)
+ , (4.12)

for some observable-dependent s.
7As they appear in e.g. the hemisphere soft function S(kL, kR) and its Laplace conjugate,

respectively.
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To extract more information, use the parametrisation we already saw in (4.6). Then

ω ∼ (kT
√
y )1−s

(
kT√
y

)s
= kT y

1
2−s, (4.13)

where the strict jet-collinear8 limit is y → 0, and we see that the observable can vanish

(s < 1
2), diverge (s > 1

2) or run towards a constant (s = 1
2) in the jet-collinear limit,

depending on the value for s.

Note that this also makes no statement about the absolute scaling of any components,

this is a purely relative statement about how the observable responds to a change in

rapidity, and should therefore also hold for other momentum scalings.

We can therefore make statements about the relevant sectors, based on this knowledge.

If we know that there are high-energetic, collinear modes in the theory, but not the scaling

they should exhibit, we can just take them to scale as9 (1, λ2a, λa), and demand that

they contribute to the observable an O(λ1)-term, on par with the soft modes. This order

is necessary because one consequence of the factorisation theorem is that an observable

gets contributions from all relevant sectors - we saw the equivalent of δ(ω − ωc − ωc̄ − ωs)

in the factorisation theorem for Thrust - at the same suppression. Were one sector’s

contribution suppressed we could just drop the entire sector from the theory.

Plugging the scaling above into the definition of the observable in the collinear limit

yields

ωc ∼ λ0·sλ2a·(1−s) !∼ λ1, (4.14)

and therefore a = 1
2(1−s) .

If we plug in as examples the usual suspects — Thrust and Broadening — we find

ωT = min(k+, k−) coll.→
limit

k+ ⇒ s = 0⇒ a = 1
2 ⇒ (1, λ1, λ

1
2 ) ⇒ SCETI

ωB = kT =
√
k+k−

coll.→
limit

√
k+k− ⇒ s = 1

2 ⇒ a = 1 ⇒ (1, λ2, λ1) ⇒ SCETII
(4.15)

We’ve now tied the value of s to the contributing sectors, so we can identify s = 1
2

as the SCETII case. In other words: SCETII observables don’t vanish or diverge

in the jet-collinear limit.
8We define jet-collinear to mean “collinear to the axes n or n̄”, since for NNLO we can also

have particles collinear to each other.
9The general form would be (1, λ2a, λb), but for on-shell modes b != a.
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Also note that following (4.13) ω ∼ y 1
2−s, but in the derivation of the NLO formula (4.8)

we factor out the leading y-scaling in the exponential: −τω(k) = −τkT y
n
2 f(y, ϑ). We

therefore can identify

n = 1− 2s (4.16)

and immediately see that s = 1
2 corresponds to n = 0 and is common for all SCETII

observables. We then see that there is now a problem for these observables, because the

y-integration is regularised by n, which doesn’t happen for n = 0. So we learn that the

analytic regulator must provide some scaling in y to properly do its job: Rα(k) !∼ yNα,

for some non-zero N . This is exactly what we expect, as the analytic regulator must differ

between collinear and soft sectors, and the only difference is tied to rapidity.

As a small caveat note that this mode assignment discussion is not valid for all

observables, we will in particular discuss observables for which s = 1, in which case we’d

conclude that the collinear sector should scale as (1, λ∞, λ∞) → (1, 0, 0). The reason

for this failure is the assumption of high-energetic collinear modes: we assumed that

there is only one suppression factor (i.e. λ) in the theory and that collinear modes

scale as λ0 in their large component. An example is threshold Drell-Yan10, where we

don’t have collinear modes but emissions originating from PDFs, which contribute large

logarithms at their endpoints. These modes scale as (λ, ε,
√
λε )[93] in the “collinear”

sector, where ε = ΛQCD
Q . Even with ε → 0, which we have done so far implicitly, the

form is not as assumed above. The classification into SCETI and SCETII based on

n is unaffected, though, in e.g. Drell-Yan we find ω = k+ + k−, which leads to the

correct n = −1 for the correct collinear mode.

10Covered in section 8.7



If you look the right way,
you can see that the whole world is a garden.

— Frances Hodgson Burnett & Caroline Thompson
The Secret Garden

5
Parametrisations

In this chapter we cover the parametrisations we use to bring the soft function’s definition

in (4.3) to a form suitable for subtraction, regulator expansion and subsequent integration.

As a short disclaimer right at the start we need to point out that the expressions

we derive here are not the final functions we feed to the numerical integrator, but they

are qualitatively the same, and are listed alongside the master formulae in appendix B.

We decided against deriving the final formulas explicitly here, as several of the steps we

use to improve numerical convergence or to reduce the number of terms arising from the

regulator expansion do not help to highlight the analytically interesting points, and in

some cases actively increase the complexity enough to drown out all interesting physics.

These steps will be explained qualitatively and using simplified examples in the following

chapters. The results of implementing them, however, are banished to the appendices.

5.1 The starting point

To quickly recap, we assume that (4.3) represents the starting point, with an exponential

form measurement function, which can usually be achieved via a Laplace transform

or similar procedures.

The main point of this chapter will now be to identify the matrix elements which

contribute at NLO and NNLO loop orders and to set up the parametrisation in such a

way that all regulator divergences factorise cleanly from the rest of the expression.

53



54 5.1. The starting point

First, note that because the measurement function is not dependent on the form of

the matrix element, but only on the final state multiplicity, a perturbative expansion is

not as useful as an ordering in terms of final states. We therefore write

S(τ, µ) =
∞∑
i=0

∫ ∣∣∣M(i)({ki})
∣∣∣2 exp(−τω({ki}))

i∏
j=1

2π θ(k0
j ) δ(k2

j )Rα(kj) µ̃4−d ddkj
(2π)d ,

(5.1)

where each term in the sum receives contributions from different perturbative orders,

depending on the number of particles in the final state: The i = 0 term collects all purely

virtual contributions, i = 1 collects all contributions with 1 particle in the final state, etc.

Here we also already included the analytic regulator R necessary for SCETII type

observables, introduced as a deformation of the phase space.

In order to preserve the physical exchange symmetries n ↔ n̄ and k ↔ l, which

arise from the arbitrary assignment of the labels “collinear”/“anticollinear” and the fact

that the two final state particles should be treated on equal footing, we deviate slightly

from [79], and define our analytic regulator to be

R(k) = ν

n · k + n̄ · k = ν

k+ + k−
(5.2)

Note that this regulator treats collinear and soft modes differently, as soft modes scale as

λ1 in all components and hence R ∼ λ−1, but collinear modes scale as (1, λ,
√
λ ), and so

for them R ∼ 1. It therefore qualifies as an analytic regulator for our purposes.

Also, unlike in chapter 3 we no longer wish to highlight the difference between

the n- and n̄-projections, so we will generically switch back to denoting light cone

components as k+ and k−.

We are interested in NNLL resummation, so from counting of αs-powers we see that

we need all contributions up to i = 2 in equation 5.1 for the soft functions of a given

observable, i.e. 1-loop and 2-loop virtual (i = 0), 1-loop real and 2-loop virtual-real

(i = 1) and 2-loop real (i = 2) emissions.

The purely virtual corrections turn out to be scaleless, so we only need the 1-loop

real, and 2-loop interference and double real contributions.
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In general the 1-loop contributions are comparatively simple, and for many observables

can be solved analytically, but we already used the NLO case to determine the shape of

the soft functions we compute, and so we will now fill in the gaps in that derivation:

5.2 The NLO case

The NLO real emission case receives contributions from the four cut diagrams in fig. 5.1,

corresponding to the combinations of one emission off two Wilson lines. Diagrams 5.1 (c)

and (d) vanish, as they are proportional to the products n · n or n̄ · n̄, which vanish. The

other diagrams yield identical contributions, so that the matrix element reads

M(1)(k) = αsCF
2π

1
k+k−

, (5.3)

(a) (b) (c) (d)

Figure 5.1: Cut 1-loop diagrams. Diagrams (a) and (b) yield identical results, (c) and (d) vanish.

This yields a starting formula of

S(1)(τ, µ) = αsCF
2π

∫
Rd

ddk
(2π)d µ̃

4−d 2π θ(k0) δ(k2)
(

ν

k+ + k−

)α 1
k−k+

exp(−τω(k)),

(5.4)

where we included powers of µ̃2 = µ2eγe

4π to restore the correct mass dimension and

signify that we work in MS scheme.

We already showed how the phase space for one on-shell particle looks like in (4.5),

where we also defined the working set of variables as

kT =
√
k+k− y = k+

k−
. (5.5)

The reasoning here is that we expect divergences associated with the emission becoming

soft or jet-collinear (i.e. collinear to the n, n̄ directions), and these two variables encode

these limits for kT → 0 and y → 0 ∨ ∞, respectively.



56 5.2. The NLO case

Integrating over all but one of the angles in the transverse space

∫
dd−3ΩT = 4π 1

2−ε

Γ(1
2 − ε

)
∫ 1

0
dt (4tt̄)−

1
2−ε. (5.6)

with cosϑ = 1 − 2t, t̄ = 1 − t, we find

S(1)(τ, µ) = αsCF

24−2εΓ(1
2 − ε)π

7
2−ε

ναµ̃2ε
∫ ∞

0
dkT

∫ ∞
0

dy
∫ 1

0
dt exp (−τω(kT , y, t))

× k−1−2ε−α
T y−1+α

2 (1 + y)−α (tt̄)−
1
2−ε

= αsCF

23−2εΓ(1
2 − ε)π

7
2−ε

ναµ̃2ε
∫ ∞

0
dkT

∫ 1

0
dy
∫ 1

0
dt exp (−τω(kT , y, t))

× k−1−2ε−α
T y−1+α

2 (1 + y)−α (tt̄)−
1
2−ε

(5.7)

Here we used the n↔ n̄ exchange symmetry to map the y-integration over the interval

[1,∞[ to the interval [0, 1] in the second equality, as y → 1
y under n↔ n̄ exchange.

Next we assumed in (4.8) that the exponent is linear in mass dimension, and write

ω(kT , y, t) = kT y
n
2 f(y, t), (5.8)

where we also factored out the leading scaling in y such that f is finite in the limit y → 0.

This is important because we already saw in section 4.4 that SCETI observables tend to

vanish in the jet-collinear limit, the significance of which becomes clear after we perform

the kT -integration analytically, and subsequently find as the final formula

S(1)(τ, µ) = αsCFΓ(−α− 2ε)
23−2εΓ(1

2 − ε)π
7
2−ε

τα+2εναµ̃2ε

×
∫ 1

0
dt dy y−1+n+1

2 α+nε f(y, t)α+2ε (1 + y)−α (tt̄)−
1
2−ε.

(5.9)

First, note that for non-zero n, i.e. the SCETI case, we can set α = 0 as expected. If

n = 0, α must remain non-zero, otherwise the y-integration is unregularised, again as

expected for the SCETII case. Moreover, the correct value for n is important, because

the y-monomial is decomposed as

y−1+nε = δ(y)
nε

+
[1
y

]
+

+ nε

[ ln y
y

]
+

+ . . . , (5.10)

so we would get the ε-pole wrong if we don’t capture the full leading scaling. Equally

important, note that f appears with a purely regulator determined exponent, the regulator
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expansion generates terms lnn f . Acting with a plus-distribution on such a term generates

lnn f |y=0 expressions over the entire integration region, and these should not diverge.

A quick look shows that the divergences are now fully accounted for, the soft

divergence is encoded in Γ(−α− 2ε), the collinear limit is explicit after the subtraction

and expansion are performed on the y-monomial. For SCETI both the Gamma and

y-structure contribute a 1
ε -pole, so that the leading divergent term is an ε−2-term. For

SCETII the α-expansion needs to be performed first, here the y-structure contributes

a 1
α -pole, and the Gamma can contribute both 1

ε - and
α
ε2 -terms, such that both 1

αε and

1
ε2 -terms appear as leading divergent structures.

Finally observe that the remaining integral is perfectly well-behaved and integrable

over the canonical domain for our numerical integrators, the interval [0, 1]. There are

integrable divergences1 at t = 0 ∨ 1, and there will be a plus-distribution in y, but no

additional complications. f cannot vanish in the y → 0 limit, we captured any such

scaling using n. If it vanished in any other limit2, this would contribute an integrable

logarithmic divergence, and again not pose a problem. The integrations also all already

run over the interval [0, 1], the canonical integration domain for our numerical integrators.

5.3 The NNLO case

The NNLO case follows in its general outline the NLO case, albeit with additional

pitfalls in the form of overlapping divergences, more integrations and a non-trivial

divergence structure.

First note that for the NNLO case the number of diagrams which can contribute

is larger than for NLO, and comes in various classes. It is advisable to treat different

classes, especially colour structures, separately.

1These will be the main protagonists of chapter 7.
2Think y → 1, or t→ 0
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(a) (b) (c) (d)

(e) (f) (g) (h)

Figure 5.2: The diagram topologies contributing to the NNLO soft function. (a)-(c) contribute
to C2

F and CFCA, (d) and (e) contribute to CFCA only, (f) and (g) contribute to
CFCA and CFTFnf , and (h) is the 1-particle cut contributing to CFCA.

5.4 NNLO: The 1-particle cut

The real-virtual emission (h) in figure 5.2 is structurally identical to the NLO case, the

only difference is the matrix element, which again is similar to the NLO case, it reads

∣∣∣M(1PC)
∣∣∣2 = −64π2CFCA

π2Γ(−ε) cot(πε)
Γ(−2ε) sin(πε) k

−1−ε
− k−1−ε

+ (5.11)

Since the only difference is located in the prefactors, any NLO strategy immediately is

applicable to the 1-particle cut as well. Thanks to the additional Gamma and trigonometric

functions, the leading divergence for the 1-particle cut is ε−4 for SCETI observables,

SCETII has both ε−4 and α−1ε−3 as the leading poles.

The NNLO 1-particle cut is the only virtual-real contribution, so we might expect the

iε prescription to be relevant here, especially since different Wilson line configurations give

rise to different iε prescription, as ingoing and outgoing particles and antiparticles lead to

different Wilson lines. The iε prescription can, however, be shown to be irrelevant[92],

the matrix element is therefore the same for two colour-charged massless external legs

in either initial or final states, as declared in section 4.3.
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5.5 Implications from IRC safety and non-abelian expo-
nentiation

Before we turn to the NNLO 2-particle case, it is advisable to first take a look at

the constraints that IRC safety enforces on the measurement function, especially when

combined with Non-Abelian Exponentiation.

Think of a generic observable and its 1-particle and 2-particle realisations. What can

we say about its general form, and how are the two cases related?

From IRC safety we know that the 2-particle case must reduce to the 1-particle case

in certain limits, and we know that observables which are compatible with non-abelian

exponentiation (NAE) must be the sum of two 1-particle instances of the observable. The

latter is due to the fact that the matrix element’s C2
F colour structure is essentially a

product of two 1-particle emissions, and the observable definition appears in an exponential

multiplied to it. In other words, observables which respect NAE measure the two emissions

as independent, NAE-breaking observables allow relative dependence.

This implies that a generic observable can be written as a sum of two 1-particle

terms, and a term which is only present in NAE-breaking observables. This latter term

is heavily constrained by IRC safety, as it cannot survive in any limit which reduces

the observable to its 1-particle version.

We therefore claim that generic observables can be written as

ω(2)(k, l) = ω(1)(k) + ω(1)(l) + g(k, l)

= kT y
n
2
k f(yk, ϑk) + lT y

n
2
l f(yl, ϑl) + g(k, l)

(5.12)

where g must vanish in the limits kT → 0, lT → 0 and the collinear limit for the two

emissions. The functions f are the dimensionless functions we found in the 1-loop case

exponent, and g has mass dimension 1 and is only present for observables which break NAE.

Note now that for SCETI observables the first two terms can only vanish if both

particles become jet-collinear, having one jet-collinear particle is in general not enough to

cause the observable as a whole to vanish. This is the equivalent of the NLO observable

vanishing as y → 0. We will therefore need a “rapidity”-type variable which captures

the jet-collinear limit the same way the 1-loop variable y did for NNLO.
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Second, we see that this “rapidity” variable must scale as yk in the soft limit for

particle l and as yl in the soft limit for particle k, because the NNLO leading scaling

must revert to the 1-loop scaling for the surviving emission in the soft limit for either

particle. This in particular means that a SCETI observable at NLO doesn’t magically

turn into a SCETII observable at NNLO, and at a more detailed level, that the sectors

contributing EFT degrees of freedom scale the same for NLO and NNLO. Physically

that is clearly true, this here is the technical statement.

Next, note that the positivity requirement for the function which is left after leading

scaling in the “rapidity” variable is factored out, is a non-trivial requirement here. This

is best seen in an example: Let a hypothetical observable be

ω(k, l) = kT ykfk + lT ylfl +√yk yl ĝ (5.13)

Then we would conclude that the leading scaling in either emissions’ rapidities is √y ,

and we factor this out using our as-of-yet unknown variable. But now make one emission

(e.g. l) soft. Then the only term which survives in the remainder3 is kT
√
yk fk, which

vanishes in the limit yk → 0. The positivity requirement therefore enforces that for

NAE breaking observables it is the 1-particle terms which set the leading scaling, not

the NAE breaking term g.

We suspect that there may be physical constraints which enforce this scaling constraint

independently, but in full generality it is difficult to make such broad statements, therefore

we require this scaling as a restriction on our framework.

And finally, note that IRC protects many limits of vanishing variables and ensures

that the observable stays finite. As an example, take the angle between the projection of

emission k onto the transverse space and the reference vector that we allowed in section 4.3.

Assume that the observable vanishes if this angle tends to zero, independent of the

alignment of the other emission l. If now the k-emission becomes soft, the observable has

a discontinuous jump from 0 at any positive, even infinitesimal energy for emission k, to a

nonzero value at Ek = 0, because IRC safety demands that the observable reproduces the

1-particle value for emission l in this limit. This clearly violates the spirit of IRC safety.

Armed with this we can now turn towards NNLO.
3Remember, we factored out √yk .
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5.6 NNLO: CFTFnf

The easiest and simplest of the structures in the 2-particle contributions is the TFnf

colour structure. It arises from diagrams which involve cut fermion bubbles, as pictured

in figure 5.2(f) and (g).

Collecting the contributions to the TFnf structure from the different relevant diagrams,

we find that the matrix element for equation 5.1 with i = 2 is

M(2)
nf

= α2
sCFTFnf

8π2

[
1

(k · l)2

(
2k · l

(k+ + l+) (k− + l−) −
(k+l− − k−l+)2

(k+ + l+)2 (k− + l−)2

)]
(5.14)

for two emissions with momenta k and l. Here we can already see that the divergence

structure is a lot more complicated than the NLO or 1-particle cut cases. In particular

the collinear divergence due to k · l = k+l−
2 + k−l+

2 − kT lT cosϑkl requires special attention,

it makes a straightforward factorisation of the divergence impossible. Still, we start as

before: transform to lightcone coordinates, and use the on-shell conditions to eliminate

the transverse momentum integrations. The remaining integrations then are the surviving

lightcone components k± and l±, as well as the angular integrations.

We’ll shelve the angular integrations for now, and cover the lightcone variables first.

We introduce the physical parametrisation in terms of collective variables pT and

y, as well as relative variables a and b as follows:

pT =
√

(k+ + l+)(k− + l−)

a =
√
l+k−
l−k+

=
√
yl
yk

y = k+ + l+
k− + l−

b =
√
k+k−
l+l−

= kT
lT

(5.15)

The variable y here has its name not in vain, as expressed in 1-particle rapidities it is

y ∼ √ykyl
kT
√
yk + lT

√
yl

kT
√
yl + lT

√
yk
, (5.16)

and therefore — just make one of the particles soft — has the scaling we saw was

necessary for the NNLO “rapidity” variable.

Nevertheless, as mentioned above, this will not be the parametrisation we ultimately

use for the numerical evaluation, although it is qualitatively similar. It is far more

intuitive and approachable than the actual “computing parametrisation”, though, so
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some of the input will be required in this form, as physical interpretations are easier

and expressions are shorter.

Still, using this parametrisation we find for the soft function

S(τ, µ)(2)
nf

= 1
16
αsCFTFnf

2(2π)2d

∫ ∞
0

dpT dadbdy
∫

dd−3Ωk dd−3Ωl
2abp3

T

(a+ b)2(1 + ab)2y

· 4a([1− a]2[1− b]2 + 4t[1 + ab][a+ b])
bp4
T ([1− a]2 + 4at)2

·
(

abp2
T

(a+ b)(1 + ab)

)−2ε

µ̃4ε · exp(−τω(k, l))

·
(

ν2(a+ b)2(1 + ab)2y

bp2
T (a+ b+ ay[1 + ab])(a[a+ b] + y[1 + ab])

)α
(5.17)

where the first line lists constant prefactors and Jacobians, the second line is the square

bracket part of the matrix element from equation 5.14 translated to this parametrisation,

the third line consists of the ε-dependent remnants of the transverse momentum integration

and the observable dependence, and the fourth line is the analytic regulator.

Just as for the NLO case we can now restrict some of the integration ranges which at

the moment run over the entire positive real axis, namely those for a, b and y:

The symmetries we have at our disposal here are k ↔ l exchange and n↔ n̄ exchange,

which map a→ 1
a , b→ 1

b , y → y, and a→ 1
a , b→ b, y → 1

y , respectively. In figure 5.3 we

have illustrated the effect of these mappings on select regions of the integration domain.

We can concatenate the symmetries to identify different regions of the integration domain,

and find that the entire domain of R+ × R+ × R+ decomposes into two subdomains

(the blue and white regions in figure 5.3(c)), which are fourfold multiples of unit cubes

[0, 1] × [0, 1] × [0, 1], which in turn are related by the inversion of one of the variables

a, b and y. In the illustration one such unit cube is highlighted by dashed lines, the

second can be found as any of the adjacent white cubes4 From now on, we will denote

these two relevant integration regions by “A” and “B”, respectively.

With this done we can now take a look at the divergence structure of the soft

function in its current form:
4Strictly speaking the second relevant integration region has one integration which runs over

the interval [1,∞], but following the inversion of this variable it maps back onto a unit cube.
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1
∞1

∞ 1

∞

0

a

b

y

(a) k ↔ l exchange

1
∞1

∞ 1

∞

0

a

b

y

(b) n↔ n̄ exchange

1
∞1

∞ 1

∞

0

a

b

y

(c) Reduced integration region

Figure 5.3: Cubes of the same colour in (a) and (b) must yield the same result in the integration
as required by the stated symmetries, concatenating these symmetries then allows
the reduction of the integration domain to two unit cubes, one of which is highlighted
in (c), the second emerges from it by inversion of one variable.

1. There is a divergence from p−1−4ε−2α
T , which is regularised by ε even in the absence

of the analytic regulator α, which we identify as corresponding to the radiated

system becoming soft collectively.

2. A divergence from y−1+α seems so far only regularised by α, and is associated with

the radiated particles becoming jet-collinear in the non-trivial manner outlined in

section 5.5.

3. And there is an divergence at a→ 1, t→ 0, whose regularisation status is unclear,

and which we identify as a collinear divergence associated with the two particles

becoming collinear to each other5.

Armed with this knowledge we again finally turn to the measurement function. In

analogy to the NLO case we write it as

exp(−τω(k, l)) = exp(−τy n2 pTF (a, b, y, t, ϑk, ϑl)), (5.18)

where ϑ, ϑk and ϑl are all angles which we haven’t yet resolved but may still appear, and

now pT is the only remaining mass scale. The pT integration can again be performed

5a → 1 corresponds to the rapidities becoming equal, t → 0 means the angle between the
emissions’ transverse momentum vectors vanishes.
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analytically, and we find for the overall formula

S(τ, µ)(2)
nf

= 1
4
αsCFTFnf
2(2π)8−4ε

∫ 1

0
da dbdy

∫
dd−3Ωk dd−3Ωl

2ab
(a+ b)2(1 + ab)2y

· 4a([1− a]2[1− b]2 + 4t[1 + ab][a+ b])
b([1− a]2 + 4at)2

· yn(2ε+α)Γ(−4ε− 2α)
(
FA(a, b, y, t, ϑk, ϑl)4ε+2α + FB(a, b, y, t, ϑk, ϑl)4ε+2α

)
·
(

ab

(a+ b)(1 + ab)

)−2ε
µ̃4ετ4ε+2α

·
(

ν2(a+ b)2(1 + ab)2y

b(a+ b+ ay[1 + ab])(a[a+ b] + y[1 + ab])

)α
,

(5.19)

where the middle line remains after the pT integration, and we used that all terms are

invariant under the inversion of either a, b or y, but the measurement function F may

be different in the two integration regions.

5.6.1 Angular parametrisation

Finally, we turn to the last white spot on our parametrisation’s atlas: The angles.

We stated in section 4.3, that we’d grant dependence on one angle per particle

measured with respect to a shared reference vector in transverse space, i.e. two angles in

the NNLO case. In addition, we need already in the matrix element6 the angle in the

transverse space between the emissions themselves. In other words we need to parametrise

a 3-dimensional subspace of (d− 2)-dimensional transverse space (spanned by the vectors

~kT , ~lT and ~nj), in such a way that these three angles are accessible.

So how do we set up the coordinate systems for ~kT and ~lT ? It may at first glance

appear sensible to measure the polar angles for k and l both with respect to ~nj ,

to remain symmetric under k ↔ l exchange, but it turns out that this entails very

cumbersome reparametrisations to arrive at unit cube integrations. It is more sensible

to choose an arrangement as in figure 5.4, even though k ↔ l exchange symmetry

appears to be broken here.

By choosing the angles this way, we parametrise ~lT as ~̂lT = (0, . . . , 0, 0, 1)T , ~̂kT =

(0, . . . , 0, sinϑ, cosϑ)T and ~nj = (0, . . . , sinϑl sinϑ5, sinϑl cosϑ5, cosϑl)T .

6In the overlapping collinear divergence.
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~̂kT

~nj

~̂lT

ϑ5

ϑ
ϑl

Figure 5.4: The angular parametrisation of the transverse space.

This ensures that the product k · l, which always appears in e.g. the TFnf matrix

element has a simple angular dependence on the angle ϑ, and only the angular dependence

on the reference vector, which is not present for all observables, is difficult.

For the angular integration measure this means that we have∫
dd−3Ωkdd−3Ωl =

∫
dd−4Ωdd−5Ω ·

∫ π

0
dϑ dϑl dϑ5 sind−4 ϑ sind−4 ϑl sind−5 ϑ5

= 2π 1
2−ε

Γ(1
2 − ε)

2π−ε
Γ(−ε)

∫ 1

−1
d cosϑ d cosϑl d cosϑ5

· sind−5 ϑ sind−5 ϑl sind−6 ϑ5

= −21−6επ
1
2−2εε

Γ(1
2 − ε)Γ(1− ε)

∫ 1

0
dt dt5 dtl(tt̄)−

1
2−ε(tl t̄l)−

1
2−ε(t5t̄5)−1−ε

(5.20)

which is almost complete except for one modification: The integration over t5 is prob-

lematic, it seems at first glance as if it could contribute an ε-pole, but it also comes with

a global factor ε, which cancels said pole. For the numerical integration it is sensible

to shift this ε to the Γ function we generate from the pT integration, and treat t5 as a

regularised divergent variable. This leaves us with the problem that the t5 integration is

divergent at both 0 and 1, which we solve by splitting the integration domain at 1
2 , and

rescaling the two halves as t5 → t5
2 and t5 → 1− t5

2 , respectively. This yields for both∫
dd−3Ωkdd−3Ωl →

−22−4επ
1
2−2εε

Γ(1
2 − ε)Γ(1− ε)

∫ 1

0
dt dt5 dtl(tt̄)−

1
2−ε(tl t̄l)−

1
2−ε(t5[2− t5])−1−ε,

(5.21)

where now we have to pay attention that we integrate two copies of the actual integrand,

one with the substitution t5 → t5
2 , the second with t5 → 1− t5

2 . The matrix element and
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Jacobians are independent of t5 and therefore invariant, but again the observable might not

be, so the sum F 4ε+2α
A +F 4ε+2α

B now becomes a sum F 4ε+2α
A1 +F 4ε+2α

B1 +F 4ε+2α
A2 +F 4ε+2α

B2 ,

where the subscripts 1 and 2 denote the two possible substitutions for t5.

Finally, to conclude the angle discussion, we point out that technically we broke k ↔ l

exchange symmetry with our choice of angles, but we note that we can work with angles

ϑk and ϑl up until the very last moment before the numerical integration, and then as the

last step choose which of them is left as an integration variable, and which is replaced by

a combination of ϑ, ϑ5 and the other emission’s ϑi angle. Then k ↔ l exchange symmetry

is still present for all analytic steps, and only lost when we don’t need it anymore, anyway.

The explicit replacements should also be listed, if we define cosϑk = 1 − 2tk and

cosϑl = 1 − 2tl, with the choice to treat tl as an integration variable, and resolve the

angle variable tk, then the substitutions are

tl → tl

tk → t+ tl − 2ttl − 2
√
tt̄tl t̄l (1− t5) in region 1,

tk → t+ tl − 2ttl − 2
√
tt̄tl t̄l (t5 − 1) in region 2,

(5.22)

where we could just as well have switched the k and l labels, the result of the in-

tegration would be the same.

This is a good place to worry about limits, now, as we might be concerned that the

function FA1 and its variations in other regions might vanish in some limits.

The critical limits surely are those associated with a plus-distribution, as we would

have to factor out leading scaling (as for y) if the measurement function vanished.

These are the limits:

1. There’s an overlapping divergence at (a, t)→ (1, 0), in which the functions FXi have

to be non-zero via collinear safety, da this limit must reproduce the 1-particle case,

which is assumed to be non-zero.

2. The factor y−1+... generates an ε-pole, and we already factored out the leading

scaling in y, so this limit is finite.
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3. The angle variable t5 generates a pole after a subtraction, and the measurement

function is finite in this limit according to the reasoning outlined at the end of

section 5.5: Taking t5 → 0 followed by a soft limit for any of the emissions reproduces

the non-zero 1-particle observable, hence the t5 → 0 limit can’t vanish on its own.

4. All other limits do not come with a pole-generating monomial, and therefore at best

produce integrable divergences7

5.6.2 Removing the overlapping divergence

To allow the factorisation of all divergences, the next explicit analytic step is to introduce

another reparametrisation to resolve the overlapping divergence at a = 1, t = 0: We define

a = 1− u(1− v) t = u2v

1− u(1− v) . (5.23)

This substitution introduces enough complexity to turn the expression for the TFnf

structure rather ugly. Because it is not what we feed to the numerical integrator, as

will be explored in chapter 7, we will not explicitly derive the intermediate results

here. Nevertheless, to see what happens to the collinear divergence, we can isolate it

in 5.19: The analytic regulator and ε-dependent structures cannot contain initially a

divergence requiring a subtraction due to their exponents, and also cannot generate

one after the substitution, therefore we can restrict ourselves to the Jacobians of all

substitutions we made so far and the matrix element itself, and we find that these

structures change under the reparametrisation as

2ab
(a+ b)2(1 + ab)2y

· 4a([1− a]2[1− b]2 + 4t[1 + ab][a+ b])
b([1− a]2 + 4at)2

1√
tt̄

→ N (u, v, b)
[1 + b(1− u[1− v])]2[1 + b− u(1− v)]2(1 + v)3y

√
1− u(1− v)

u
√
v(1− u)(1 + uv)

,

(5.24)

where N is some function non-vanishing in the interesting limits, and we marked in

blue the only surviving divergence8, which emerges from the
√
tt̄ structure originating

from the angular integration. As it turns out (without showing it explicitly) this

divergence is regularised by ε only, and therefore contributes an ε−1-pole, for both

SCETI and SCETII observables.
7, which will be the protagonists of chapter 7.
8Besides y, which was of course already present.
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Combining this with the knowledge about the other divergences, we find that with

y contributing an α−1-pole for SCETII observables, and the prefactor containing the

structure εΓ[−4ε− 2α] ≈ −1
4 + α

8ε + . . . from the t5 and pT integrations, we get leading

poles of α−1ε−2 and ε−3 for SCETII , and ε−3 for SCETI , originating from subtractions

required for the integrations over y, u and t5.

5.7 NNLO: CFCA

The CA structure is quite ugly and cumbersome, but not particularly challenging from

an analytic point of view. It can, in fact, be treated using the same parametrisation as

the TFnf structure, and shares most of the difficulties that TFnf also showed.

Because we already went through the derivation for TFnf in detail, and the CA

structure turns substantially more complex once the first parametrisation substitutions

are performed, we only show the matrix element to point out where a few additional

points of interest originate, but again banish the full expression to the appendix.

Summing all contributions to CA from the various diagrams that exhibit this structure

(see figure 5.2), we find that the matrix element is

∣∣∣M(2)
CA

∣∣∣2 = α2
s

8π2

[k2
−l+(2k+ + l+) + 2k−l−(k2

+ − k+l+ + l2+) + k+l2−(k+ + 2l+)
(k · l)k−k+l−l+(k− + l−)(k+ + l+)

− 2(k−[2k+ + l+] + [k+ + 2l+]l−)
k−k+l−l+(k− + l−)(k+ + l+)

+ (1− ε)(k+l− − l+k−)2

(k · l)2(k− + l−)2(k+ + l+)2

]
(5.25)

Compared to TFnf we find additional divergences in k−k+l−l+ ∼ k2
T l

2
T , which translates to

an additional divergence in the variable b, corresponding to one of the particles becoming

soft. The measurement function in this limit is protected by IRC safety, it must reduce

to the 1-particle case in this limit and we excluded observables which vanish over wide

ranges of phase space even for 1-particle final states in 4.3.

The structure in the final line is interesting, because it has the same divergence

structure as TFnf and has explicit ε-dependence. It originates from cut gluon and ghost

bubbles, which explains the similarity to CFTFnf , which originates from cut fermion



5. Parametrisations 69

bubbles. Together with the fourth integration over b, which is regularised by both9 ε and

α, it is responsible for most of the complexity we face when writing computer code, as

the b-subtraction leads to mixing of different ε and α orders, which is the main reason

the CA formulas and programs will be significantly longer than the TFnf ones, especially

since CA starts at a higher power divergence, which means the regulator expansions

need to be performed to higher orders, as well.

Finally, because the other divergences besides b are shared with TFnf we can

already predict that we will find leading poles of ε−4 for SCETI and ε−3α−1 as well

as ε−4 for SCETII .

5.8 NNLO: C2
F

The C2
F colour structure for generic, i.e. NAE-breaking observables is not as easy as CA or

TFnf . The reason lies in its divergence structure, compared to the other two structures.

The C2
F structure’s matrix element is essentially the NLO matrix element squared,

which means it exhibits divergences tied to either particle becoming soft or jet-collinear.

This is at face value incompatible with our current approach of factoring out the leading

scaling in one variable which encodes the critical limits from the measurement function F .

For TFnf we already saw that factoring only the variable y’s leading scaling was

enough to render the measurement function finite, as there were three critical limits

associated with plus-distributions: y → 0, t5 → 0 and the collinear limit u→ 0, formerly

known as a → 1, t → 0, of which the latter two are protected by IRC safety. The

observable cannot vanish or diverge in those two limits, therefore factoring out the leading

scaling in the one remaining variable y is sufficient to capture the behaviour of the

observable in all critical limits and ensure finiteness.

For the CA structure we find the same three divergences, as well as a fourth: b→ 0,

the soft limit for one particle, which is also protected by IRC safety. So again, factorising

the leading scaling in y is enough.

9This can already be seen in the TFnf formula.
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The C2
F structure on the other hand has several critical limits which aren’t protected:

any combination of one particle becoming soft and the other becoming jet-collinear leads to

a vanishing observable for SCETI type problems, without being protected by IRC safety.

A second way of looking at the problem starts with the NLO case. There we performed

the integration over the sole remaining energy scale kT , which pulled the observable

function ω(k) down from the exponent of the exponential. Only after this did the

y-integration turn out to be regularised. For C2
F we look at the square of the NLO

expression, so we’d expect that we need to perform two analytic integrations over energy

scales to regularise both the yk and yl rapidity divergences. But as clustering effects

may introduce nontrivial dependence on the relative energies of the emitted particles

we cannot do this while maintaining full generality.

As it turns out, there is a way of parameterising the soft function’s integrals that allows

us to use the same strategies as before. This parameterisation differs from those used for

the TFnf and CFCA structures in that it is observable dependent: It depends on the value

of the parameter n, which determines whether the observable is of SCETI or SCETII type.

At the time of submission of this thesis we had not yet found this parameterisation

and the entire project was limited to observables obeying non-abelian exponentiation,

which was stated outright in this very section. As we are now no longer limited to

observables obeying NAE, mentioning this restriction would be factually incorrect. So

to avoid making false statements while still maintaining the submission date as a cutoff

for the D.Phil. programme, we maintain the restriction to NAE-obeying observables

for the programmes written and results derived in this thesis, and point to the full

write-up paper (in preparation and to be published soon™) for the details and some

results for observables involving clustering effects.

5.9 Renormalisation

Here we discuss the procedures to extract anomalous dimensions and anomaly coefficients

from the bare soft functions we get after the numerical evaluation.
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As they factorise cleanly from the relevant integrals, and therefore do not need to

be specified during the computation, we keep certain parameters and variables — such

as the Laplace variable τ and the coupling αs — apart from the assumed results of the

numerical evaluation when it comes to writing down the full bare soft function. This

provides us with a small amount of freedom to shift unsavoury constants.

Since it is easier and more straightforward than the SCETII case, we start with the

SCETI case.

5.9.1 Extractions for SCETI

Denoting bare quantities with subscript b, we assume for the form of the soft function

in terms of the numerically computed xi (NLO) and yi (NNLO)10:

Sb(τ) = 1 +
(
αs,b
4π

)(
µ2τ̄2

)ε [x2
ε2

+ x1
ε1

+ x0 + x−1ε+ x−2ε
2
]

+
(
αs,b
4π

)2 (
µ2τ̄2

)2ε
[
y4
ε4

+ y3
ε3

+ y2
ε2

+ y1
ε

+ y0

]
,

(5.26)

where we defined τ̄ = τeγe . This redefinition shifts powers of eγe into the expressions

that are evaluated numerically, which simplifies the expansion of the Γ-functions in the

variable-independent prefactors. The expressions in appendix B include this contribution.

The higher order terms in the NLO part x−i need to be included because the

renormalised soft function at NNLO receives contributions for which the α1
s-terms in the

renormalising Z-factor collide with the NLO terms in Sb, and then pole cancellations

need to be able to occur. For the NNLO terms this cannot happen, any such term

would be O(α3
s), but this issue provides a hint that an extension to higher regulator

orders than ε0 might at some point become necessary.

Using for the renormalised coupling

αs = Zααs,b Zα = 1− αs
4π

β0
ε
, (5.27)

and introducing a Z-factor Zs to absorb all remaining ε-poles in the bare soft function,

we find for the renormalised soft function
10The NLO coefficients xi can usually be computed analytically, so while we can of course

produce the relevant source code for the NLO programs, we assume we don’t have to.
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S(τ) = Zs(τ)Sb(τ)

= 1 + αs
4π
[
2x2L

2 + 2x1L+ x0
]

+
(
αs
4π

)2 [32y4 − 10x2
2

3 L4 + 4
3 (8y3 − [15x1 + β0])L3

+ 2 (4y2 − [x1 + β0]x1 − 3x0x2)L2

+ 2 (2y1 − [x1 + β0]x0 − 2x−1x2)L+ y0 − (x1 + β0)x−1x−2

]
,

(5.28)

where the powers of L = lnµτ̄ are generated by expanding
(
µ2τ̄2)jε and cancelling ε

against the poles before removing them.

This soft function fulfils an RGE, whose anomalous dimension convention we take to be

dS(τ)
d lnµ = − 1

n

[
4Γcusp ln(τ̄µ)− 2γs

]
S(τ), (5.29)

where n is the exponent of the leading scaling in the rapidity variable y that we encountered

in section 4.4, and both anomalous dimensionsX = Γcusp∨γs have perturbative expansions

X =
∞∑
i=0

Xi

(
αs
4π

)i+1
(5.30)

This RGE can be solved, its NNLO solution in terms of the just defined anomalous di-

mensions is

S(τ) = 1 + αs
4π

[
− 2
n

Γ0L
2 + 2

n
γs0L+ c1

]
+
(
αs
4π

)2 [ 2
n2 Γ2

0L
4 − 4Γ0

3n

(
β0 + 3

n
γs0

)
L3

+ 2
n

(
−Γ1 + 1

n
(γs0)2 + β0γ

s
0 − Γ0c1

)
L2

+ 2
( 1
n
γs1 + 1

n
γs0c1 + β0c1

)
L+ c2

]
(5.31)

Comparing coefficients between the equations 5.28 and 5.31 allows us to pin down the

quantities γs1 and c2, which we determined to be the relevant and interesting ingredients

for NNLL’ resummation in section 4.1. In particular, assuming that Γcusp is known

and NLO calculations are easy enough not to require numerical treatment, we find that

we need y1 as the only NNLO bare soft function coefficient to determine γs1, and y0

as the only numerical NNLO result to fix c2.
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The relevant expressions for γs1 and c2 subsequently are

γs1 = 2n (y1 − x2x−1 − x0 (x1 + β0))

c2 = y0 − (x1 + β0)x−1 − x2x−2
(5.32)

The other coefficients are then combinations of known quantities, and can be used

for consistency checks or to estimate the numerical error.

5.9.2 Extracting SCETII quantities

For SCETII , the appearance of the collinear anomaly[82] introduces additional difficulty,

it requires the second regulator and ties soft and jet functions together.

We assume again that we have either analytic or numerical methods to derive the

coefficients of the leading orders in now both regulators, and take the form of the

bare soft function to be

Sb(τ) = 1 +
(
αs,b
4π

)(
µ2τ̄2

)ε
(ντ̄)α

[ 1
α

(
x11
ε

+ x10 + x1−1ε+ x1−2ε
2
)

+ x02
ε2

+ x01
ε1

+ x00 + x0−1ε+ α

(
x−1,3
ε3

+ x−1,2
ε2

+ x−1,1
ε1

+ x−1,0

) ]
+
(
αs,b
4π

)2 (
µ2τ̄2

)2ε
{

(ντ̄)2α
[ 1
α2

(
y22
ε2

+ y21
ε

+ y20

)

+ 1
α

(
y13
ε3

+ y12
ε2

+ y11
ε

+ y10

)
+ y04

ε4
+ y03

ε3
+ y02

ε2
+ y01

ε
+ y00

]

+ (ντ̄)α
[ 1
α

(
z13
ε3

+ z12
ε2

+ z11
ε

+ z10

)
+ z04

ε4
+ z03

ε3
+ z02

ε2
+ z01

ε
+ z00

]}
,

,

(5.33)

where we needed to separate the 1-particle cut’s contributions zij from that of the 2-

particle cuts’ yij and NLO xij , because the analytic regulator as a phase space modification

contributes differently depending on particle number, and hence the exponents of αs

and ντ̄ are different in these three classes. To extract interesting quantities, theoretical

background is needed: The RGE for the hard function contains a cusp anomalous term

which must be cancelled by corresponding running in the product of jet and soft functions,

so terms involving the natural scale Q of the hard function must necessarily appear in

the latter. It has been shown that this dependence exponentiates as

JL(τ, µ)JR(τ, µ)S(τ, µ) = (Q2τ̄)−F (τ,µ)W (τ, µ), (5.34)
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where the dependence on the natural scales for the Jet and Soft functions implies that

J(τ, µ) =
(
Q2

ν2

)− 1
2F (τ,µ)

WJ(τ, µ)

S(τ, µ) =
(
ν2τ̄2

)−F (τ,µ)
WS(τ, µ),

(5.35)

as the dependence on the analytic regulator scale ν must cancel in the product of jet and

soft functions. We take this behaviour to be generic for SCETII observables.

This means that the anomaly coefficient F can be determined from an observable’s

jet and soft functions alone, but the remainder function W needs both, and its soft and

jet contributions are in general regulator dependent.

Since we only cover soft functions in this thesis, we will therefore concentrate on

the anomaly coefficient.

From the form of the soft-jet product, and the RGE of the hard function, it follows[82]

that the anomaly coefficient fulfils the RGE

dF (τ)
d lnµ = 2Γcusp. (5.36)

For the anomaly exponent, more work is required. Equation 5.35 implies, as proven

for broadening in [94], that

lnS(τ, µ) = −2F (τ, µ) ln(ντ̄) +R(τ, µ), (5.37)

or with explicit analytic regulator11

lnS(τ, µ) = (ντ̄)α
[
− 1
α
f1 + r1 +O(α)

]
+ (ντ̄)2α

[
− 1
α
f2 + r2 +O(α)

]
= − 1

α
(f1 + f2)− 2 ln(ντ̄)

(1
2f1 + f2

)
+ . . . ,

(5.38)

from which we see that the anomaly coefficient is determined by the logarithm term, not

the α-pole, as expected from (5.35). The f1-term in this expression contains both NLO

and NNLO 1-particle cuts, the 2-particle cut contribution f2 trivially can only contain

NNLO contributions, the ri terms follow the same scheme for the non-divergent terms,

and contain information about the remainder function W .
11Higher poles of α cannot appear without ln2 terms appearing.
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Note also that we only made α explicit, we didn’t mention ε yet: This form for lnS

holds for bare and renormalised functions alike.

To connect back to equation 5.33 we now use that

S(τ) = exp lnS(τ) ≈ 1 + lnS(τ) + 1
2 ln2 S(τ) + . . . (5.39)

Up to NNLO order for S we find that both the NLO and NNLO contributions to

the first expansion order are relevant, but only the NLO contributions in the ln2 S

term appear, as lnS starts at O(αs).

Also, because lnS in 5.38 has only a single α-pole, we can immediately conclude that

the α−2-pole in S(τ) arises from the ln2 S term, and therefore only contains NLO informa-

tion.

A short recap may be in order to avoid losing sight of the ultimate target: Equation 5.39

recovers the form of S(τ, µ) in terms of the collinear anomaly coefficient F and other

stuff12 R, and we can now — by comparing the coefficients of different α-orders in

equations 5.33 and 5.39 — determine the structures f1 and f2. As the numerical

results from equation 5.33 contain ε-poles, we can build the bare anomaly coefficient

Fb(τ, µ) = 1
2f1(τ, µ) + f2(τ, µ) from them.

The explicit comparison shows that

f1 = αs
4π
(
µ2τ̄2

)ε [x11
ε

+ x10 + x1−1ε+ x1−2ε
2
]

+
(
αs
4π

)2 (
µ2τ̄2

)2ε
[
−z13
ε3
− z12

ε2
− z11

ε
− z10

]
+
(
αs
4π

)2 (
µ2τ̄2

)ε β0
ε

[
x11
ε

+ x10 + x1−1ε

]
f2 + f

(NLO)
1 r

(NLO)
1 =

(
αs
4π

)2 (
µ2τ̄2

)2ε
(
−y13
ε3
− y12

ε2
− y11

ε
− y10

)
,

(5.40)

where the three lines for f1 correspond to NLO, NNLO 1-particle cut, and the hybrid

from NLO and αs-running due to the appearance of αs,b in equation 5.33, respectively.

For f2 it is not possible to cleanly separate the actual quantity of interest f2 from a

contribution due to the ln2 S(τ, µ) term in (5.39). For this additional term the leading

NLO α−1 pole meets the subleading constant term in the square. The usual methods

to distinguish contributions from NLO and NNLO or 1-particle and 2-particle cuts fail
12Or their 1- and 2-particle cut contributions f1, f2, r1 and r2, respectively.
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here — squares of NLO 1-particle cut terms share the prefactors [αs(ντ̄)α]2 = α2
s(ντ̄)2α

with the NNLO 2-particle cut terms. However, a quick look at the coinciding NLO forms

for S(τ) and lnS(τ) is enough to convince us that

r
(NLO)
1 = αs

4π (µ2τ̄2)ε
[
x02
ε2

+ x01
ε1

+ x00 + x0−1ε

]
(5.41)

We therefore now have an expression for the bare anomaly coefficient, and we proceed

similarly to the SCETI case from here.

To assume that the product of bare jet and soft functions in equation 5.34 renormalises

multiplicatively implies that the bare anomaly coefficient renormalises additively:

Fb(τ) = F (τ) + ZF (τ). (5.42)

The renormalised F (τ) fulfils the RGE in equation 5.36, whose NNLO exact solution is

F (τ, µ) = αs
4π [2Γ0L+ d1 +O(ε)]

+
(
αs
4π

)2 [
2Γ0β0L

2 + 2(Γ1 + β0d1)L+ d2 +O(ε)
] (5.43)

and where we are interested in the value for d2 as the NNLO non-cusp contribution

to the anomaly exponent.

Comparing coefficients between this solution and equation 5.40, followed by tedious

algebra, allows us to pin down

d2 = −y10 −
z10
2 + x0−1x11 + x00x10 + x01x1−1 + x02x1−2 + β0

2 x1−1 (5.44)

In other words: to derive the NNLO anomaly coefficient we need the 1
α poles in

the bare soft function.
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Approaches

As we now have already made contact with an assumed final result of the numerical

evaluation, we better proceed to the explicit description of the programs we use.

Because numerical integration almost by definition has black box characteristics,

one comprehensive strategy is not enough, we need redundancy to allow for checks.

We therefore have several programs, based on different languages, (to a certain extent)

different numerical integrators and general levels of sophistication.

As a disclaimer again we point to the fact that the formulae we derived so far, by

describing the parametrisations in chapter 5, are not the final formulae that are fed to

the integrators. The reason is that using these formulae would lead to problems whose

understanding presupposes knowledge about numerical integration and the specific way

we implement some computations. We will address these problems in the next chapter,

when we know the limitations and strengths of our programs. For now we will describe

our programming efforts with the results of chapter 5 as templates, mindful of the fact

that these examples are only qualitatively identical to the final integrands.

Moreover, as typesetting source code is a tedious endeavour, we will mostly describe

the content in words and include the final source files in appendix D. These files are

commented throughout and straightforwardly coded, the flow through the program is

unobstructed by pure coding optimisations.
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Finally, since the NLO case has no difficulties that the NNLO case doesn’t share, and

because for all the observables we compute as examples the NLO calculations are easy

enough to be computed analytically, we will focus on the programs for the evaluation

of the NNLO parts of the soft functions. If it turns out to be necessary, writing the

NLO programs is a matter of days at the most.

6.1 SecDec-based approach

The first approach we present is suitable for the CFCA and CFTFnf cases for SCETI

observables. The starting point here is a master formula of the form as encountered

in equation 5.19, combined with eq. 5.21:

1. There are factorised divergences of the form x−1+iε, in the variables y and t5 for

CFTfnf , and in y, b and t5 for CFCA,

2. There is an overlapping collinear divergence in (a, t)→ (1, 0),

3. There are integrable divergences in the other variables tl and (for nf :) b.

4. The measurement function is non-divergent in the limit of any of the limits associated

with a regularised divergence, and only contributes an integrable divergence in any

other limit, due to its exponent.

We therefore look for a way to extract the implicit divergences and make them explicit,

with special care for the overlapping divergence, subsequently expand this intermediate res-

ult in ε, all the while keeping the measurement function generic, and then finally integrate

the coefficients numerically, with the explicit form of the measurement function restored.

This is a rather generic set of problems, and we are of course not the first to encounter

similar challenges, so it’s not surprising that there is already a tool which does precisely

that.

The tool in question is called SecDec[95], available in its current iteration 3.0.9 at

https://secdec.hepforge.org/, and was developed to compute multi-loop Feynman

parameter integrations. In typical integrals for virtual corrections, integrals over a set

https://secdec.hepforge.org/
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of Feynman parameters need to be performed which often show overlapping divergences

that only manifest when multiple of these parameters tend to a certain limit combined.

The SecDec program uses iterated sector decomposition[96] to resolve overlapping

divergences, before applying a subtraction scheme, expanding, and switching to the

numerical integration.

What makes SecDec an excellent program from our point of view is the fact that

SecDec comes in two flavours, or “branches”:

1. The loop branch is designed to resolve overlapping divergences in loop integrals

explicitly, it uses multiple assumptions about external momenta and the form of

integrands which are generically true for loop integrations, but not for the phase

space integrations we perform. It is therefore not interesting for us.

2. The general branch on the other hand is designed to take a generic expression and

it just runs its algorithm until all overlapping divergences are decomposed. What

makes it interesting for us is the fact that it allows the definition of dummy functions,

which are required to be functions which don’t interfere with the decomposition,

subtraction or expansion phases, and which are kept parametric during these phases,

only to be reinstated just before the numerical integration.

Needless to say, the dummy function feature is precisely what we need — we know

almost nothing about the measurement function, except that it is harmless in any and

all of the limits which require subtractions.

6.1.1 Sector decomposition

Before we run through its technical aspects, we should devote a few words to the

primary feature of SecDec.

SecDec is the only program we use which can deal with overlapping divergences, an issue

we had to devote some time to during the early stages of our project. As we at some point

may want to address Jet functions, we expect the reappearance of overlapping divergences,

potentially without the fortunate discovery of a parametrisation which resolves them all.

It is therefore also a good idea to quickly describe the sector decomposition method.
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The starting point for sector decomposition is an integral of the form

I =
∫ 1

0

∫ 1

0
dxdy (x+ y)−2+jε, (6.1)

with j 6= 0. This integral is divergent at (0, 0), and regularised by the jε term.

For sector decomposition we now split the integrand region into two triangles

I =
∫ 1

0
dx
∫ x

0
dy (x+ y)i+jε +

∫ 1

0
dy
∫ y

0
dx (x+ y)−2+jε, (6.2)

and subsequently rescale y = tx in the first triangle integral, and x = ty in the second,

with t as the new integration variable. This changes the integrands to

I =
∫ 1

0
dx
∫ 1

0
x dt (x+ tx)−2+jε +

∫ 1

0
dy
∫ 1

0
y dt (ty + y)−2+jε

=
∫ 1

0

∫ 1

0
dx dt x−1+jε(1 + t)−2+jε +

∫ 1

0

∫ 1

0
dy dt y−1+jε(1 + t)−2+jε,

(6.3)

where now the divergence is fully factorised and only tied to one variable in each term.

This entire procedure is illustrated in figure 6.1.
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Figure 6.1: The Sector decomposition in equation 6.3 illustrated, the location of the divergence
is marked in red.

For more complicated divergences, several sector decomposition steps may be required.

For our collinear divergence a2 +4(1−a)t, where we sent a→ 1−a to have the divergence

at (0, 0), for example, two steps resulting in three sectors are required.

One major advantage of the Sector Decomposition method is that these steps can be

iterated, the algorithm runs over a set of polynomials until all overlapping divergences

are decomposed into factorised ones.

6.1.2 A typical SecDec run for us

SecDec uses multiple different programming languages and external auxiliaries, therefore

it is most illustrative if we just trace out one typical SecDec run and describe the steps in de-

tail.
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The following step-by-step explanation is illustrated in figure 6.2.

1. The input to SecDec is provided via three different files.

The .input file contains the global parameters, the most important ones are the

choice of the integrator and its settings, the highest ε-order that is computed, the

required precision for the numerical integration, the variable name and choice of

any parameter that is included, and of course the observable’s name.

The .m file contains in Mathematica list format a list of all polynomial factors

appearing in the integrand and due for the sector decomposition algorithm. For us

it also includes one generic entry {F[z[1],z[2],z[3],z[4],z[5],z[6]],4 eps}

representing the measurement function F that is kept parametric1, dependent on

the 6 integration variables, with the exponent as the second entry. Most of the

entries in the .m file are static, from the point of view of the user, since these

are numerator terms, Jacobians, prefactors and of course the divergent structures.

The only exception is the divergent structure for y: y−1+nε. As the value for n is

observable dependent and must be specified here, it is essential for the subtraction

steps.

The F.f file contains the definition of the measurement function F , for one

integration region. The language for the numerical integration is FORTRAN77, hence

the function F(x1,x2,x3,x4,x5,x6) must be provided in FORTRAN77 form. As

Dummy functions should not be ε dependent, the format for the dummy function in

the .m file must be {F[z[1],z[2],z[3],z[4],z[5],z[6]],4eps}, and so we have

to run the program four times to collect the contributions from F 4ε
A1, F 4ε

A2, F 4ε
B1 and

F 4ε
B2 in section 5.6.1

2. Following the initial program call, SecDec uses Mathematica as a backend to run

through the factor list in the .m file and seeks out any overlapping divergence it can

find, and decomposes them. We do not use the working parametrisation anymore,

but already have factorised divergences, so this step doesn’t do anything for us.
1It represents one of the FXi in (B.1) or (B.2).
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3. Next the program looks for divergent monomials, i.e. factors of the form {z[i],-1+ j*eps},

and decomposes them into δ(zi)
nε and plus-distribution parts.

4. Then all resulting terms are expanded in ε, and terms of identical ε-order are

collected. The expansion is truncated at the .input’s epsord variable.

5. The Mathematica expressions are subsequently translated to FORTRAN77, and

FORTRAN sources are written for the sequential integration of the required ε-orders

using the parameter settings for the numerical integrators chosen in the .input file.

The dummy function’s source file forms part of this set of sources.

6. Sequentially, starting at the highest ε-order / least divergent term, the sources are

compiled and the resulting programs executed.

7. Following their successful run, the results for the various ε orders are collected and

written to a file.
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Call
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Sector
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FORTRAN files
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Integrator settings,
Parameters

All mathematical expressions
except measurement function Measurement function

Figure 6.2: Program flow through the SecDec-based approach. Blue boxes denote files requiring user input, red boxes are program steps, whereby a red
rim highlights time intensive ones. Blue arrows denote program flow, black arrows input data which is read in. External libraries are not
included in this chart.
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6.1.3 The numerical integrators

SecDec offers the choice between the integrators in the Cuba[97] library2, and BASES [98].

The possibility to use BASES is one of the reasons we keep the SecDec based approach

around, the second ansatz using explicit programs run on a computer uses one of the

Cuba integrators (Divonne) hard coded.

We find that the Cuba integrators, in particular Cuhre and primarily Divonne yield

the best results, given the right parameters, and in fact outclass BASES by far. Still,

the Cuba library is a single library, written by one developer, using similar programming

techniques for all its integrators, so the option of using an integrator written completely

independently is welcome.

The input parameters specified in the example configuration and source files for

the SecDec based ansatz have been chosen to yield results within ≈ 1h on a typ-

ical desktop machine.

6.2 Possible improvements

Although the SecDec based approach can be used to reliably compute bare soft functions,

there are a few reasons why we’d like an alternative.

1. As a tool written without SCET in mind, there is only one regulator implemented,

which a priori only allows the computation of SCETI obervables. Explicitly triggered

by this limitation to SCETI observables, an extension to multiple regulators is on

the horizon for the next major release for SecDec, SecDec4 or pySecDec, but this is

still in its early beta stage.

2. The input for the SecDec approach is scattered over multiple files, and mixed with

static input that is the same for all of our observables. Ideally there should only be

one location where user input needs to be specified.

3. The order of integrations is less than ideal for consistency checks, as the leading

terms which should already be known are computed last.
2Vegas, Suave, Divonne and Cuhre, of which Divonne and Cuhre are our favourites.
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4. Running the program four times, one time each for the four Fij functions is tedious

and requires manual adding.

5. The decomposition, subtraction and expansion stages are essentially black boxes.

While the corresponding output is in principle available, it cannot realistically be

checked, and although the three intial stages will always generate similar output,

they are run at each call of the program, occasionally resulting in nondeterministic

bugs.

6. And finally, and most seriously, using knowledge about the structure of the integrand

allows us to drastically reduce the computational effort.

The last point requires closer attention.

We have, following the reparametrisation from variables a, t to u, v, fully factorised

divergences. In particular, the full integrand is a product of multiple structures

Pre(ε, α)︸ ︷︷ ︸
prefactor

∫ (∏
dxi
)
·Div(ε, α, [xi])︸ ︷︷ ︸

divergences

·

numerator,
Jacobians,. . .︷ ︸︸ ︷
X(ε, α, [xi]) ·

∑
j=A1,A2,
B1,B2

F 4ε+2α
j ([xi])

︸ ︷︷ ︸
measurement function

(6.4)

The crucial insight is that only the divergences Div can contribute regulator poles,

as they are decomposed as

x−1+jε = δ(x)
jε

+
[1
x

]
+

+ jε

[ ln x
x

]
+

+ . . . , (6.5)

all other structures are finite in the limit of vanishing regulators. For SCETII there are

terms in the prefactors Pre and divergences Div which are of the form

1
ε+ α

= 1
ε
− α

ε2
+ α2

ε3
+ . . . , (6.6)

but even these only contribute one net pole, and otherwise just convert α poles into ε poles.

This means that every pole reduces the number of integrations by one. The leading

pole for the 2-particle cut CFCA, for example, is the ε−4 pole. It must necessarily include

the four Dirac deltas from the decomposition of the divergent structures in y, b, u and t5,

and therefore only requires a 2-dimensional integral over the remaining v and tl.
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Likewise, its first subleading pole receives contributions from this 2-dimensional

integral, combined with the linear term in the expansion of any of the other structures,

X, Pre or F; or alternatively from the 3-dimensional integral one generates by collecting

three Dirac delta and one plus-distributions.

We therefore expect that for CFCA and C2
F the leading poles are fourth inverse

regulator powers, and therefore only require 2-dimensional integrations. The third power

divergent subleading poles require 2D and 3D integrations, and so forth, until the constant,

regulator independent terms, which require all 6 integrations. For CFTFnf the scheme is

similar, except that we start at ε−3 and ε−2α−1, so there is no 2D integration, we

immediately start at 3D.

This reasoning can be pushed further, however, a quick look at the structure of the

CFCA and CFTFnf structures reveals that the only places where the variable y appears

is in the measurement function and the divergent structure. This means that the 6D

integration, which naively is required for the constant terms y20, y10, y00 (SCETII) or y0

(SCETI), vanishes, as the absence of any poles from the divergent structures means only

the leading orders of the Pre, X and F structures can contribute to the yi0. But as the

leading order of F 4ε+2α ≈ 1 + (4ε+ 2α) lnF + . . . is 1, the entire integrand is just the plus-

distribution in y multiplied with y-independent terms, which vanishes upon integration.

We therefore conclude that at most we will need to perform 5D integrations to get

all terms we want, and for higher poles even fewer integrations are necessary.

This entire discussion is relevant because a numerical integration’s performance of

course depends on the dimensionality. We expect faster convergence for a 2D integral

than for a 5D one. Reducing the dimension therefore in general yields better results

and smaller uncertainties in shorter time. In particular, since especially the prefactors

mix contributions, a naive expansion à la SecDec evaluates the 2D integration as a 6D

integration with 4 unused variables, and does so several times. First for the leading pole, of

course, but also as a contribution to the subleading pole, with another constant prefactor.

It therefore makes sense to separate the integrand along the dimension of the integration

domain, and then reassemble the bare soft function coefficients using the prefactors once

the required integrations have been performed. For example, as soon as the 2D, 3D
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and 4D integrations are finished in a run for a CFCA structure, all required input for

the first three leading poles is available.

6.3 C++ based approach

All of these points were enough to motivate us to write dedicated programs for the

evaluation of the different colour structures of the bare soft functions, for both SCETI

and SCETII observables.

The source codes for these programs can be found in appendix D, we will again

explain our procedures along a typical program run.

First, since we no longer use a program whose job it is to find divergences in generic

products of polynomials, we were free to expand and simplify the expressions which

appear, and put them into library type source files, which encode all the static input, like

numerators, Jacobians and Prefactors. The former two are collected in the XFactorCA.cpp,

XFactorPNf.cpp and XFactorNf.cpp sources, where we separated the actual CFCA and

the Pseudo-nf structures we identified in section 5.7 into the first two files.

Second, we consolidated the input into one file, which takes the form of the measure-

ment function in C++ syntax for all four regions A1, A2, B1 and B2, and also includes

any parameters we introduce, as well as some integrator settings and a parameter M ,

which will be explained in chapter 7. Divonne consistently yields the best results in

the SecDec approach and has a very convenient feature whose relevance we’ll explore in

chapter 7, so we hard code Divonne as the integrator choice. We already saw that the

parametrisation using u and v instead of a and t was quite cumbersome, in chapter 7

we will find that this can get a lot worse. We will therefore ask for the measurement

function in physical parametrisation, i.e. using the variables a, b, y, t, t5 and tl, and

handle all conversions and reparametrisations to new variables internally.
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Figure 6.3: Program flow through the C++-based approach. The blue box marks the only file requiring user input, red boxes represent program steps,
white boxes are library type source files. Green boxes denote results. The blue arrows denote the program flow, black arrows of the form
A→ B represent “Variable in A passed to B” or “Function defined in A called by B”. The chart should be read left-to-right and top-down,
and external libraries are again not included.
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The flow through the program is again outlined in figure 6.3, using the nomenclature

for a SCETI observable.

1. Prior to the program call, the program must of course be compiled from the sources,

using the Cuba library as an external library. As the sources change whenever a

new observable is computed, or when the integrator parameters are changed, we

must recompile after every change.

2. Following the initial program call, the program runs through the differently dimen-

sional integrations, starting with the 2D integration. To that end, the relevant ε-

and α-orders are collected from the XFactorXX.cpp files, for appropriate colour

structure XX, and combined with the measurement function in 2IntXX.cpp, . . . ,

5IntXX.cpp, again for appropriate XX and depending on the dimension. For the

higher dimensional integrations the integration variables need to be aligned, as there

may be integrands with different integration variables. The CFCA 3D integration,

for example, has contributions which are integrated over tl, v and y, but also ones

integrated over tl, v and b. The auxiliary source file Auxiliaries.cpp fulfils that

job.

3. After the integration is completed, the program advances to the the next higher

dimensional integration, but not before combining the results with the relevant

prefactors to determine those pole coefficients for which enough information is

already available.

As for SCETII more coefficients, and hence more integrals need to be computed,

there is a second set of files alongside the 2IntXX.cpp, 3IntXX.cpp, 4IntXX.cpp and

5IntXX.cpp files, namely 2IntXXAM1.cpp and its cousins. These contain the integrands

accompanying an α−1 pole (AM1).

Using these programs the right way allows us to derive all the results in chapter 8

in usually less than a few hours.

However, if we tried to use the master formulae in terms of u and v, i.e. with the

parametrisation derived in chapter 5, nothing works properly: convergence rate is abysmal,
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error estimates are off by orders of magnitude, and some observables flat out evaluate

to NaN3. Illumination in this respect can be found in chapter 7.

6.4 Analytic approach

The insights gained during the C++ based approach are even powerful enough to allow

the derivation of analytic formulas for the anomalous dimensions and anomaly coefficients,

even if not the finite terms.

The strategy is here similar to the C++ case: The divergences are factorised, so we

can apply a subtraction scheme and decompose divergent monomials into Dirac delta

and plus-distributions. The delta distributions kill some of the integrations, which

simplifies the computation.

It is, however, possible to go one step further, as many of the critical limits associated

with a Dirac delta are tied to IRC safety - we used this to argue why nothing can go

wrong. Here we can use IRC safety to reduce the NNLO measurement function in many

instances to the NLO case. The NLO case is only dependent on one angle variable tk

or tl and the rapidity y, so many integrations can be performed analytically because we

know that e.g. the variables a and b cannot appear in the NLO measurement function,

they are relative variables between the two NNLO emissions. Also, observable dependent

information only enters via the parameter n and the measurement function F , and the

latter appears only in regulator expansions such as 1+2ε lnF +2ε2 ln2 F + . . .. This means

that terms in which only the leading term contributes are F -independent and therefore

generic for all observables. This part in general still requires numerical integrations, but

it must only be computed once and is generic for all observables.

We will find in chapter 8 that the anomalous dimensions for many observables are

the same, this is tied to precisely this discussion - they depend on the observable only

in certain limits, which are shared by all these observables.

The explicit form of the analytic formulae was not worked out by the author, but

as they served as a check for most of the numerical results to be presented in chapter 8
3i.e. an undefined or unrepresentable result of a floating point operation in a computer program,

like 0
0 .
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for both SCETI and SCETII observables (the latter of which cannot be checked with

SecDec), we feel that they should be mentioned.
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Though a program be but three lines long,
someday it will have to be maintained.

— Geoffrey James
The Tao of Programming

7
Technical issues

Here we will explore in detail why a straightforward numerical integration fails if we use the

parametrisation developed in chapter 5, and how to change the integrand to make it work.

7.1 Convergence and error estimates

As mentioned we find that a naive application of the two computational strategies

yields abysmal convergence rates to the correct results and error estimates which are

off by orders of magnitude.

To understand where this is coming from and how to solve it, we need to investigate

Monte Carlo integration a bit more closely.

7.1.1 Monte Carlo integration

Assume we have a function f(x) that we want to integrate numerically over an interval Ω:

I[f ] =
∫

Ω
dx f(x) (7.1)

How can we estimate the value for the integral if we know the function, but can’t

integrate it analytically?

One way is to regard If =
∫

Ω dx f(x) as an expression for the mean of a random variable

f(x) living on a probability space Ω with uniform probability density. It is then clear that

IN [f ] = |Ω|
N

N∑
i=1

f(xi) =: |Ω| f̄N (7.2)

93
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with random uniformly distributed xi is a good estimate achieved by sampling, and is

expected to improve with increasing N . Here we defined f̄N as the mean of the N samples.

In fact, because the f(xi) can be seen as independent identically distributed random

variables, the average IN [f ] converges to the expected value I[f ], with uncertainty or

statistical error of σf√
N

by the central limit theorem (CLT), provided the expected value

I[f ] and variance σ2
f =

∫
Ω dx f2 (x) − I2 [f ] are finite.

The variance is very likely also unknown if I[f ] is already unknown, but it can be

estimated using the empirical variance (sample variance) σN [f ]:

σ2
N [f ] =

N∑
i=1

|Ω|
N − 1

(
fi − f̄N

)2
(7.3)

This allows us to quantify the expected statistical uncertainty, and shows that we

can reduce it by using more samples.

On the other hand, a complementary strategy would be to try and reduce the variance,

a strategy that numerical integrators such as BASES or the Cuba integrators use, as well.

There are multiple ways of reducing the variance, we will just briefly mention two.

7.1.2 Variance reduction

The first is importance sampling, which in essence means that the distribution of

the samples is changed to put more samples in regions where the integrand is large.

Mathematically, this amounts to a change of

I[f ] =
∫

Ω
dx f(x) =

∫
Ω
dxg(x) f(x)

g(x) = I(g)
[
f

g

]
, (7.4)

where I(g) is the expectation value as evaluated with respect to the distribution g, and we as-

sume that g is a probability distribution function with support that coincides with that of f .

If now g is “similar” to f , viz. the ratio f
g is close to constant, then few samples will

be enough for a good estimate, since estimating constant functions is not difficult.

In terms of the variance this means that

σ2[f ]−
(
σ(g)

[
f

g

])2
=
∫

Ω
dx (f (x)− I [f ])2 −

∫
Ω
dxg(x)

(
f(x)
g(x) − I [f ]

)2

=
∫

Ω
dx f2(x) ·

(
1− 1

g(x)

) (7.5)
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To get a positive difference and hence a reduced variance, g should be small (and

thereby increase the variance) if f is small, and large where f is large, demonstrating

the similar behaviour of f and g.

A second method is stratified sampling, for which we divide the integration region

into strata, each of which is then sampled independently.

As an example, for the simplest option of splitting the integration domain into

two halves Ω = ΩA + ΩB, with N
2 samples each[99], and taking large N , so that

N − 1 ≈ N we find a new estimate

I ′N [f ] =

 |Ω|2
2
N

N
2∑
i=1

f
(A)
i + |Ω|2

2
N

N
2∑
i=1

f
(B)
i

 = I
(A)
N
2

[f ] + I
(B)
N
2

[f ], (7.6)

i.e. the sum of the estimates in the two halves.

For independent sampling the variances just add:

σ′N [f ] = σ
(A)
N
2

[f ] + σ
(B)
N
2

[f ], (7.7)

whereas the sample variance for the combined set of N samples is

σ2
N [f ] = |Ω|

N


N
2∑
i

(f (A)
i − f̄N )2 +

N
2∑
j

(f (B)
j − f̄N )2

 (7.8)

which, using f̄N = 1
2(f̄ (A)

N
2

+ f̄
(B)
N
2

) and the definitions for σ(A/B)
N
2

, becomes

σ2
N [f ] = σ′2N [f ] + |Ω|4

[(
f̄

(A)
N
2

+ f̄
(B)
N
2

)2
]
. (7.9)

So we see that the variance without stratification is the stratified variance plus a positive

term. So stratification reduces the variance even for this simple example.

A detailed analysis for flexible strata shows[99] that oversampling in regions of high

variance maximises variance reduction.

A quick look in the Cuba library’s manual shows that the Vegas integrator uses

importance sampling, and Divonne uses stratified sampling. Both are adaptive integrators,

meaning that they try to construct the ideal probability distribution g (for Vegas) or set

of strata (Divonne) with the results that they already found as they go along.
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7.1.3 The root of the problem

Now we can start to understand the problem. If we look at the naive integrand we

derived at the end of chapter 5, we find that the angular parametrisations, among others,

contribute a factor t−
1
2−ε

l (1 − tl)−
1
2−ε, which is divergent at 0 and 1. The divergence

is an integrable pole, even at high regulator orders we find at best lni tl√
tl

as the leading

behaviour. However, thanks to this leading term the variance σ2
f for the integrand

function is infinite, this integrable pole is not square integrable.

This in turn means that the central limit theorem’s (CLT) requirements are violated

and it is not applicable.

For the adaptive algorithms this throws hefty spanners in the works, as on the one

hand the error estimates, based on the CLT, are no longer valid and not even sensible

anymore — the sample variance for finitely many samples cannot be infinite — and on

the other hand the variance reduction strategies now also look shady — Anything

is a reduction if you start at ∞.

We expect that Vegas performs still a bit better than Divonne, since Vegas oversamples

based on function values, which is still a suitable strategy. Divonne on the other hand will

try to stratify according to the flawed sample variance, which does no longer reflect reality.

We can check this using a simple integral like
∫
dx dx 1√

x
√
y
, and indeed we find that

both Vegas and Divonne severely underestimate their error, but Vegas converges to the

correct value faster, it can cope better with the sub-optimal conditions.

We find a similar behaviour for our NNLO integrals. With infinite variance due to

square root divergences Vegas and Divonne are roughly competitive, after eliminating

the divergences Divonne outclasses Vegas.

7.1.4 Eliminating the divergences

Collecting all sources for square root divergences we find that tl and v generate such

divergences at 0, and tl and u exhibit them at 1. While we’re at it, we also note that

many terms in the regulator expansions generate logarithmic divergences, we’ll eliminate

them in the process, the reasons will become clear in the next section.
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Eliminating them is comparatively easy, if we have a divergence of the form

x−
1
a (1− x)−

1
b (7.10)

we can use a substitution x = 1− (1− ξm)n, which scales at leading order as x ∼ ξm and

(1 − x) ∼ (1 − ξ)n. Together with the Jacobian this means that the leading behaviour

of the divergence at 0 and 1 (dropping cluttering terms) turns into

x−
1
adx→ ξm(1− 1

a
)−1dξ x̄−

1
b dx→ ξ̄n(1− 1

b
)−1dξ (7.11)

for ξ near the respective interval boundaries 0 and 1. By choosing n and m appropriately

we can therefore eliminate all such divergences.

Terms of the form x−1 are invariant under these reparametrisations, but they can

still have an effect on plus-distributions, whose modus operandi is that they effectively

remove the leading term in a Taylor series to allow a cancellation:∫ 1

0
dx

[ ln x
x

]
+
f(x) =

∫ 1

0
dx ln x

x
· (f0 + f1x+ f2

2 x
2 + . . .− f0)

=
∫ 1

0
dx

(
f1 + f2

2 x+ . . .

)
· ln x.

(7.12)

Substituting x = ξ2 suppresses the surviving ln divergence:∫ 1

0
dx

[ ln x
x

]
+
f(x) = 2

∫ 1

0
dξ 2 ln ξ

ξ
· (f0 + f1ξ

2 + f2
2 ξ

4 + . . .− f0)

=
∫ 1

0
dξ
(
f1 + f2

2 ξ
2 + . . .

)
· 4ξ ln ξ.

(7.13)

We therefore substitute the chapter 5 variables as follows:

u→ 1− (1− z2)4

v → w4

b→ c2

t5 → s2
5

y → xm

tl → 1− (1− s4
l )4

(7.14)

and can rest assured that the integrand now vanishes in almost all interesting limits.

The unspecified exponent of y → xm is due to the y-expansion of the measurement

function (like in eq. 7.12), which can be of the form Fij ∼ 1 +√y , or even any other

root. Then m needs to be specified accordingly, and is observable dependent. We

already mentioned this parameter in subsection 6.3, now we know why it is there, we

will encounter it again in sections 8.9 and 8.8.
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7.2 Boosting the programs

The second major technical issue is tied to the nature of computers and C++ itself. It

can occur when the measurement function contains large cancellations between terms.

As an example, take a simplified version of the measurement function we’ll find for

Transverse Thrust (TVT) in section 8.9. Schematically it is of the form

1√
x

(√
1
x

+ 2∆ −
√

1
x

)
(7.15)

with

lim
x→0

1√
x

(√
1
x

+ 2∆ −
√

1
x

)
= ∆. (7.16)

For Transverse Thrust the crucial variable is indeed x, and ∆ is a function of the other vari-

ables.

The problem is now that for very small values of x the ratio between the two terms

in the difference approaches unity, i.e. the relative difference between the two is small,

irrespective of the value of ∆. This is a problem for computer based methods, since

any number a computer program uses is allocated a fixed amount of memory space,

which cannot store numbers of arbitrary precision. C++ and FORTRAN77, the two relevant

programming languages for our two numerical strategies typically use 64bit/8byte double

precision variables to store large decimal numbers, which amounts to roughly 15-17

decimal digit accuracy.

For the actual Transverse Thrust case, with all relevant variables evaluated at 10−8,

the two terms in the difference above will match in the first 75 digits, and so any

attempt to compute this difference using computers will evaluate it as 0, rather than

close to the actual value ∆.

This problem is unfortunately enhanced by our redefinitions in the section preceding

this one, because we substitute the denominator of the roots to higher powers.

Naively one could expect this to be a niche issue, a corner case which doesn’t really

change much, but unfortunately this is not so:



7. Technical issues 99

The divergent monomials giving rise to the regulator poles also introduce plus-dis-

tributions, and so for small x = δ we inevitably find1 expressions such as

lnF (x)− lnF (0)
x

→
{ ln(∆+ε)−ln ∆

δ analytically, which is finite
ln 0−ln ∆

δ as seen by the program,
(7.17)

which can arise from the collision of a plus-distribution [ 1
x ]+ with a lnF (x). The non-trivial

limit at 0 identically must be caught by an if-clause, and will evaluate correctly, but for

infinitesimal x the program will find F (x) = 0 due to the insufficient resolution of digits.

As this problem is mainly due to the measurement function, which we by as-

sumption do not know, we cannot solve the problem directly, but we can use other

methods to circumvent it:

1. We can use the substitutions in subsection 7.1.4 to suppress the integrand at the

boundary, which reduces its contribution to the integral and therefore assigns lower

weight to this area, reducing the effect this problem has on the integral and error

estimates.

2. Divonne has a feature which allows it to estimate the values of the integrand inside a

user specified boundary region by extrapolating from two values outside this region2.

3. We can increase the number of digits available for the computation.

If we manage to suppress the boundary region linearly using the substitutions in

subsection 7.1.4, the boundary feature of Divonne can be used by default to avoid

ever evaluating the integrand for small variable values and still get accurate results.

This is one reason we introduce the substitution y → xm, bcause Transverse Thrust

SCETI requires m = 4 to have the measurement function behave as c0 + c2x2 + . . . for

small values of x, and it is the main reason we hard code Divonne as the integrator

choice in the C++ based approach.

Unless otherwise stated, all the observables we’ll cover in chapter 8 lose their integrable

divergence at y = 0 if we substitute y → x2, the parameter m defined in 7.1.4 is

therefore usually m = 2.
1Using that for continuous functions with F (0) = ∆ we have F (δ) = ∆ + ε, with ε small.
2i.e. inside the bulk of the integration region.
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For a harmless measurement function a linear interpolation into the boundary

region, where the integrand is well approximated by its linearisation, is harmless, and

for problematic functions it helps avoid the large cancellation. Using the boundary

interpolation requires setting a non-zero border parameter in the Divonne function call,

and while precise estimates are not possible3, we expect that a border value lower than

the expected error estimate should be sufficient to avoid overly large systematic errors. To

check whether a chosen value for border is acceptable, varying it by one order of magnitude

in both directions is helpful. If the integral estimate changes, it should be chosen smaller,

as then the boundary region still contributes significantly. As a guiding data point: For

Transverse Thrust we choose a value of 10−7 and reproduce the correct result.

Finally, to increase the number of digits we provide additional branches for the C++

based approach, where we use the Boost[100] library’s cpp_dec_float_100 type variable

templates to define a 100 decimal digit precision data type decimal, which is then used

to compute the measurement function. While we cannot guarantee that this will solve

the problem - there could always be a measurement function for which 100 digits are not

enough - it will shift the point where the problem appears to even smaller variable values.

Using 100 digits slows the programs down considerably, and is therefore not recommended

as the standard choice, but it can help avoid rounding error based catastrophes.

3We don’t know the shape of the measurement function in detail



I pass with relief from the tossing sea of Cause and
Theory to the firm ground of Result and Fact.

— Winston Churchill,
The Story of the Malakand Field Force

8
Example Results

The purpose of this chapter is not mainly to present results for various observables we

can compute — most of the results we show are already known analytically — but to

show a selection of different observable types whose soft functions — or at least soft

anomalous dimensions/anomaly coefficients — we can now evaluate at NNLO. So if we

present results for Thrust, we haven’t regressed several decades and forgotten that a

resummed result already exists, we instead want to show that observables that share

their characteristics with Thrust can be treated.

We consider the NLO and NNLO 1-particle cut to be simple enough to be analytically

computable for generic observables, and will therefore not compute them for the example

observables here. We also only evaluate the CFCA and CFTFnf structures of the NNLO

2-particle cut diagrams numerically and assume that the C2
F structure is either determined

by non-abelian exponentiation (NAE) or can be computed analytically.

8.1 Results

Before we run through the collection of observables, we show the results in one comprehens-

ive section.

Details for each observable can be found following the table. We list measurement

functions where they are helpful to show new features, and list the full set of measurement

functions in appendix C.
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Figure 8.1: The numerical results for the Angularities observable’s Laplace space anomalous
dimension and NNLO constant contribution (dots) and the result of the analytic
formulae (lines).
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Figure 8.2: The finite terms for the hemisphere soft function. Dots are results of the C++ or
SecDec programs, dashed lines are the literature result.
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SCETI Observable γCA1 γ
nf
1 cCA1 c

nf
1

C-Parameter 15.7945(18)
15.7945

3.90982(74)
3.90981

−57.9764(34)
−58.16+0.26

−0.26

43.8182(15)
43.74+0.06

−0.06

Thrust 15.7943(71)
15.7945

3.90985(72)
3.90981

−56.5062(108)
−56.4990

43.3905(14)
43.3905

Angularities see below see below see below see below

Hemispheres 15.7943(71)
15.7945

3.90985(72)
3.90981 see below see below

Thrsh. Drell-Yan 15.7942(23)
15.7945

3.90984(76)
3.90982

6.81357(627)
6.81287

−10.6858(17)
−10.6857

W @ large pT
15.8008(90)

15.7945
3.90985(72)

3.90981
−2.6772(340)
−2.65010

−25.3073(16)
−25.3073

Transverse Thrust −158.155(70)
−148+20

−30

19.3995(46)
18+2
−3

— —

SCETII Observable d2,CA d2,nf

Broadening 7.0360(26)
7.0361

−11.5394(15)
−11.5393

ET Resummation 15.9809(31)
see below

−18.7370(8)
see below

Transverse Thrust 208.111(51)
208.0(1)

−37.174(4)
−37.191(6)

Table 8.1: A list of all derived SCETI (upper) and SCETII (lower) results and their comparison
to literature (grey, second lines). The colour structure assignment is such that
e.g. d2,nf

is the CSTFnF colour structure, with CS dependent on the Wilson line
configuration. Unless otherwise stated CS = CF , corresponding to Wilson lines in
the fundamental representation.

8.2 C-Parameter

The computationally easiest observable we could find is the C-Parameter[101], an e+e− →

dijet observable, whose N3LL resummation is known[102], with the O(α2
s) renormalised

soft function extracted using EVENT2[103]. Our programs can compute both the bare soft

function’s ε0 and ε−1 orders via the master formula in appendix B, so we can present a

numerical result for the NNLO finite terms as well as the soft anomalous dimension.
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The global definition of C-Parameter in terms of the final state momenta pi is

C = 3
2

∑
i,j |~pi| |~pj | sin θij

(∑i |~pi|)2 (8.1)

For massless soft particles this simplifies (in light cone coordinates) to[102]

Cs =
∑
j

1
Q

p+
j p
−
j

p+
j + p−j

(8.2)

which translates1 to a measurement function FA1 following chapter 5 of

F
(CP )
A1 = ab

a(a+ b) + (1 + ab)y + a

a+ b+ a(1 + ab)y (8.3)

and n = 1, correctly signalling a SCETI observable. The reason we consider it the

easiest observable is that it fits our idea of a generic observable perfectly, and doesn’t add

complexity. n is positively finite and non-zero, and the function FA1 and all functions FXi

that can be constructed from it are broken rational functions. The only bit of interest is

the zero at a = 1, but as this is not a critical limit, it represents an integrable divergence.

The results for the coefficients yi we find by running our C++ program, it was checked

with both the SecDec based and the analytic techniques, and provides a significant

improvement over the EVENT2 extraction that set the standard before.

8.3 Recoil-free Jet Broadening and ET Resummation

Jet Broadening as an e+e− → dijet event shape incorporates recoil effects, which can

be eliminated by a convenient choice of the broadening axis[104], which leads to an

observable definition of

B =
∑
i

√
ki−ki+

2 (8.4)

for Recoil-free Broadening in the soft region, where the sum runs over all soft emissions.

In physical parametrisation the measurement functions are given by

F (B) =
√

a

(1 + ab)(a+ b)
(1 + b)

2 (8.5)

in all four regions A1 to B2, with n = 0.
1After multiplying with Q to give it mass dimension 1
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We find agreement with the literature result.

Although it is not strictly an event shape, we include the transverse energy distribution

in Higgs production[105] here, as its measurement function differs from that of Recoil-free

Broadening only by a factor of 2:

F (E) =
√

a

(1 + ab)(a+ b) (1 + b) (8.6)

This observable is a hadron collider observable and the dominant contribution arises from

gluon fusion, i.e. the Wilson lines expanding to the matrix element are incoming Wilson

lines in the adjoint representation, rather than outgoing fundamental representation lines.

Nevertheless, as the different iε-prescriptions do not change the matrix elements[92], and

the adjoint representation just means CF ⇒ CS = CA, we can compute it.

As it turns out results disagree with the literature[105]. We find for the NNLO results

dCA2 = 15.9809(31), d
nf
2 = −18.7370(8), (8.7)

which corresponds in CTTW language to

B(2)
g = 33.0083(18) ⇔ B

(2)
g,literature = −5.1± 1.6 (8.8)

This discrepancy is as of yet still unresolved, but the measurement functions for Recoil-

free Broadening (which we reproduce flawlessly) and ET resummation match so closely

that we are confident in our result, especially as our result is based on an analytic

formula which just is evaluated numerically, while the literature result involves a fit

to the low-ET end of a fixed-order result.

As mentioned in section 5.9 the soft function’s finite terms are useless without the

jet function’s contribution, we will therefore not give results for them.

8.4 Thrust

Thrust, which is already familiar from chapter 2, is the first lepton collider event shape

to add complexity, its NNLO measurement function is

F
(T )
A1 = F

(T )
A2 = θ

(
a(a+ b)
1 + ab

− y
)
· 1 + θ

(
y − a(a+ b)

1 + ab

)
·
(

a

a+ b
+ ab

(1 + ab)y

)
(8.9)
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with n = 1, which originates from an observable definition in the soft region of

τs =
∑
k∈Xs

θ(k− − k+)k+ + θ(k+ − k−)k− (8.10)

The Heaviside step functions signal that it measures different regions of integration space

differently. We can easily implement such piece-wise defined measurement functions using

if-clauses in both C++ and FORTRAN77. Consequently we reproduce the literature[106,

107] result to relative 10−4 accuracy.

8.5 Angularities

The Angularities represent the extension of our programs to include parameters. It is an

observable which interpolates between Thrust and Recoil-free Broadening by the use of a

continuous parameter A, and can even be extended beyond the edges of the interpolation.

Its definition in terms of momenta is given by

ω =
∑
k∈Xs

θ(k+ − k−)k1−A2
− k

A
2

+ + θ(k− − k+)k1−A2
+ k

A
2
− , (8.11)

where A < 2 is required by IRC safety. It is easy to check that A = 0 corresponds

to Thrust and A = 1 to Recoil-free Broadening. The measurement function is quite

cumbersome, we relegate its definition to appendix C.

We can perform the calculations for fixed values of A to sample the functional

dependence on the parameter, which leads to the result illustrated in figure 8.3.

The dots represent the numerical results, the lines are the result from the analytic

method, both in perfect agreement, error bars are negligible.

This result is the current crown jewel in the selection of observables, since not only

is it a new result, but it actively enabled the NNLL’ resummation for angularities[108],

as the precise knowledge of the finite soft function terms allows the extraction of the

finite terms for the jet function as well.

8.6 Hemisphere soft function

The Thrust axis defines two hemispheres, left and right, for which we can build the

invariant masses of all emissions in these hemispheres M2
L/R = p2

L/R. Accordingly
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Figure 8.3: The numerical results for the Angularities observable’s anomalous dimension and
NNLO constant contribution.

the hemisphere soft function[106] is differential in two variables, precisely ML and

MR. The Laplace transformed hemisphere soft function then depends on two variables:

S(τ1, τ2), and can therefore not be accommodated in our approach directly. We can,

however, define new variables

τ = τ1 + τ2 u = τ1
τ1 + τ2

, (8.12)

and rasterise u as a parameter, while keeping τ as the Laplace space variable. A fit

through the resulting values for the anomalous dimension and finite terms can then

reconstruct the functional dependence on both variables.

The anomalous dimension turns out to be u-independent and can be found in table 8.1,

but the finite terms are parameter dependent and are shown in figure 8.4.

We find agreement with the Laplace transformed analytically known results, for

those values of u we rasterised.
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Figure 8.4: The finite terms for the hemisphere soft function. Dots are results of the C++ or
SecDec programs, dashed lines are the literature result.

8.7 Drell-Yan production at Threshold

With Threshold Drell-Yan[109] we leave e+e− → dijet observables behind, as it is a

hadronic 0-jet observable, and add a new feature because a straightforward calculation

shows that the observable variable ω, whose smallness requires resummation, is

ω = Ek + El ⇒ y
n
2 F = 1 + y√

y
⇒ n = −1, F = 1 + y, (8.13)

which is slightly at odds with section 4.4. There we tied the behaviour of observables under

changes in rapidity to their nature as SCETI or SCETII type observables. We found that

n = −1 would lead to a collinear sector of the scaling (1, λ∞, λ∞) = (1, 0, 0) and promised

a solution here. This solution is[93] that for observables such as Threshold Drell-Yan

no collinear sector in its usual sense contributes - we sit at threshold, there’s no energy

for its large component available. On the other hand, this is a hadronic observable, we

should expect beams, i.e. boosted proton contents, collinear modes with small virtuality.

Consequently the sectors to include are the soft sector (λ, λ, λ), where λ = 1− x and x is

the momentum fraction of the proton the quark carries, and the beam sectors (ε, λ,
√
ελ ),

where ε = Λ2
QCD

Q2 , which we implicitly set to zero so far. So the assumption that the

collinear sector scales as λ0 in its large component is the reason we found inconsistencies,

Drell-Yan is not exactly of the SCETI type illustrated in figure 3.1(a), here the soft

sector has higher virtuality than the collinear sector.

Theoretical issues aside, n = −1 is just as good as any other value for a computer,

we reproduce the literature to relative 10−4 accuracy.
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8.8 W production at large transverse momenta

The production of weak gauge bosons at large transverse momentum is similar to Threshold

Drell-Yan, it has he same contributing sectors, and is interesting for two reasons: On

a technical level it is the first observable showing angular dependence, on a theoretical

level it violates the “Two Wilson lines” assumption, because a large-pT gauge boson must

recoil against a jet, whose direction we denote as nj . Nevertheless, it can be shown[110]

that although the (momentum space) soft function is of the form

S(ω) =
∑
Xs

〈0|S†1S†2S†j |Xs〉 〈Xs|SjS2S1 |0〉 δ(ω − nj · pXs), (8.14)

i.e. in principle dependent on emissions from three Wilson lines, reparametrisation

invariance enforces that S(ω) ∼ f(
√

2n1·n2
n1·njn2·nj ω). The dependence on n1 and n2 can

only arise from emissions attaching to the corresponding beam Wilson lines in the cut

diagrams, and all 2-particle cut diagrams with 2 emissions attached to the beam Wilson

lines have either no attachment to the jet Wilson line, or vanish because they include

scaleless virtual sub-diagrams, or because of colour conservation. In other words: No

diagrams involving the Wilson line along nj contribute, this observable is effectively of

the “two Wilson lines” type, and we can compute its soft function.

The presence of the third Wilson line breaks the rotational invariance in transverse

space, and so we get angular dependence in the measurement function. We find this

by choosing our lightcone vectors appropriately. With n1 · n2 = n1 · nj = n2 · nj = 2

and nj = n1 + n2 + nj⊥ with n2
j⊥ = −4, we find that if we identify n1 = n̄ and

n2 = n, then for one emission we find

nj · k = k+ + k− + 2 |k⊥| cosϑ, (8.15)

where ϑ is the angle between ~k⊥ and ~nj⊥.

The presence of the third Wilson lines also changes the colour structure, we have

CS = CF − CA
2 for the q̄q → g case, and CS = CA

2 for the qg → q case.

Generalised to 2 particles we find a Drell-Yan-like n = −1, and

F
(W )
A = F

(W )
B = 1 + y − 2

√
ay

(a+ b)(1 + ab) (b [1− 2tk] + 1− 2tl) , (8.16)
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where we substitute for tk one of the two choices in equation 5.22 to arrive at FX1 and FX2

Using this measurement with m = 4 (note the leading √y in the measurement

function), we again reproduce the literature value[110] at 10−2 accuracy. The loss of

accuracy compared to other results can be traced to a large cancellation between NLO

and NNLO contributions, the bare soft function is accurate to relative 10−4.

8.9 Transverse Thrust

Transverse Thrust is in many regards the most difficult of our observables — it has many

of the features we already saw, plus a few new ones. First, it is a hadronic 2→ 2 event

shape, but following [111] we can derive the necessary components for NNLL resummation

from 0→ 2 and 2→ 0 observables, treating these two as separate. As this decomposition

only holds on the level of the anomalous dimension, the finite terms are here irrelevant

and can be discarded. For the soft anomalous dimension there are both an SCETI

and SCETII type contribution. The 2→ 0 part is a standard SCETII observable with

parametric dependence, and we therefore already know that we can treat it.

The 0 → 2 part is the more involved: It is an n = 1 SCETI observable, with

measurement function

FAi = 1
4y

[
b

√√√√( as

1 + ab
+

2c(1− 2tk)
√
ay√

(a+ b)(1 + ab)
− sy

a+ b

)2

+ 16aytk t̄k
(a+ b)(1 + ab) (8.17)

− b
∣∣∣∣∣ as

1 + ab
+

2c(1− 2tk)
√
ay√

(a+ b)(1 + ab)
− sy

a+ b

∣∣∣∣∣ (8.18)

+

√√√√( s

1 + ab
+

2c(1− 2tl)
√
ay√

(a+ b)(1 + ab)
− asy

a+ b

)2

+ 16aytl t̄l
(a+ b)(1 + ab) (8.19)

−
∣∣∣∣∣ s

1 + ab
+

2c(1− 2tk)
√
ay√

(a+ b)(1 + ab)
− asy

a+ b

∣∣∣∣∣
]

(8.20)

This function has a nontrivial limit as y → 0, which we can catch in the measurement

function using an if-clause, it is dependent on the parameters c = cos θ and s = sin θ,

where θ is the angle between beam and jet axes, it has different functional form in

the four regions A1 to B2, and it exhibits the problematic large cancellation issue

discussed in section 7.2. Also, its leading scaling in y is of the form F ∼ c0 +√y c1 +
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. . ., meaning we need m = 4 to have linearly vanishing plus-distributions in y (or

rather x, following the substitution).

Nevertheless, putting nontrivial limits and extended C++ data types on the list

of acceptable characteristics, we can again perform the calculations using the branch

of the C++ program which uses the Boost library’s data types, and produce results

consistent with and improving on the EVENT2 extracted literature result, albeit with

reduced performance, the program runs slower. Although we expect the results to be

dependent on the parameters c and s, this dependence cancels, we are left with a number:

γCA1 = −158.155(70) ⇔ γCA1 = −148+20
−30

γ
nf
1 = 19.3995(46) ⇔ γ

nf
1 = 18+2

−3,
(8.21)

where the right column are the EVENT2 extracted values.

It should be noted here that having a semi-automated method to calculate generic

soft functions can also serve as a means to cross-check results. Our computation for

the Transverse Thrust soft function did serve as such a check and revealed a trivial

inconsistency in the literature result.

8.10 Possible extensions

The master formulae we derived and programs we wrote are capable of computing

soft functions for a wide range of observables at lepton and hadron colliders already,

and the last eight sections attest to that. Nevertheless some areas where we can

extend our framework are

• The C2
F colour structure. We didn’t go into too much detail about the current

status of C2
F . Due to its divergence structure it should be possible to adapt our

framework to C2
F structures for SCETII observables, for SCETI observables a bit

more work is needed.

• Different Wilson line structures. If it proves possible to find parametrisations

factorising the regulator poles, changing the setup from two lightlike Wilson lines

to e.g. two spacelike ones does not change the overall approach or the programs,

and can be implemented.
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• Higher orders in the regulators. While not required for NNLL resummation, the

orders starting at ε1 will be required for the renormalisation of the N3LO soft

anomalous dimension. We can extend our programs to higher orders at the expense

of an additional integration dimension, i.e. slower programs.

• ε-dependence in the measurement function. As only a finite number of regulator

orders are required in the expansion of the integrand formulae, we can accommodate

ε-dependence at the cost of longer integrand formulae, i.e. slightly slower programs.

• Mass dimensions other than 1. This only changes constant factors in all integration

formulae, and can easily be implemented.



You can’t always get what you want,
but if you try sometimes, well you just might find:
You get what you need.

— The Rolling Stones,
You can’t always get what you want

9
Conclusion

We have derived in this thesis a strategy for the numerical computation of the CFCA

and CFTFnf colour structures of NNLO soft functions of wide classes of observables.

This strategy is based on the observation that the origin of all regulator poles can be

traced to the matrix elements describing the emission of soft and collinear radiation,

and is therefore independent of the observable.

We set up a generic computation for NNLO soft functions that involve two lightlike

Wilson lines, and motivated and listed the restrictions that observables need to obey to

be compatible with our approach by looking at the simpler NLO case. Subsequently we

generalised to NNLO and factorised the regulator poles, thereby making them explicit for

the two above mentioned colour structures. A working method to factorise the regulator

poles for the C2
F structure was briefly mentioned, as well, to be explored in a future paper.

In the process, we discussed some of the implications of IRC safety and the effects

it has on the behaviour of the soft function in critical limits associated with regulator

poles in the different colour structures.

We highlighted two numerical implementations for the CFCA and CFTFnf structures’

computation for SCETI and SCETII observables’ soft functions. Together with a third

approach based on purely analytic methods we mentioned, we thus achieve redundancy

to allow for cross checks. The computer based programs were set up using both the

publicly available tool SecDec and our own specially tailored C++-based code. Following

113
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a detailed explanation of the final programs, we highlighted some technical difficulties

and the strategies to solve them. Finally we presented results both new and previously

known, for various observables, thereby demonstrating the scope of the framework.

The computation of soft anomalous dimensions, which can be extracted using the

NNLO soft functions, is a crucial step for the resummation of Sudakov logarithms to

NNLL accuracy which is so far still performed analytically on a case-by-case basis. This

thesis therefore represents an important step towards the automation of resummation to

NNLL accuracy, as it eliminates one of the last analytic pen-and-paper steps required,

which may ultimately result in computational tools to be used for phenomenological

analyses, alongside the already existing computational arsenal - a definite benefit for

collider experiments in the present and future.



There are only two perfectly useless things in this world.
One is an appendix and the other is Poincaré.

— Georges Clemenceau
in Paris 1919 : Six Months That Changed the World

A
Appendices
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A
Wilson line configurations

Here we derive the Wilson lines for radiation off different particle types, and the

sign choices this entails.

q ∼ (1, λ,
√
λ)k ∼ (1, λ,

√
λ)

p ∼

(λ, 1,
√
λ)

(a)
q ∼ (1, λ,

√
λ)

k ∼ (1, λ,
√
λ)

p ∼ (λ, 1,
√
λ)

(b)
q ∼ (1, λ,

√
λ)

k ∼ (1, λ,
√
λ)

p ∼ (λ, 1,
√
λ)

(c)

Figure A.1: Diagram types yielding different Wilson lines. Particles going to the left are
anticollinear, to the right are collinear.

In chapter 3 we motivated the form for the Wilson line attached to an outgoing

collinear quark. Even though it may not be obvious that the matching of a quark current

ψ̄γµψ to the SCET current J depends on the physical situation, it is what we find:

Radiate from an incoming antiparticle (figure A.1c), and the correction due to one

emission computes along the lines of (3.17) to

ψ̄ig /A
a
T a

/k − /p
(p− k)2 + iε

Γψ → igT a

n̄ · k − iε sgnn · pn̄ ·A
a
nξ̄n̄Γξn (A.1)

Similarly we find for radiation off incoming quarks and outgoing antiquarks

− igT a

n̄ · k − iε sgnn · pn̄ ·A
a
nξ̄nΓξn̄ and − igT a

n̄ · k + iε sgnn · pn̄ ·A
a
nξ̄nΓξn̄, (A.2)

respectively.

To connect to the position space version and explain the integral boundaries, observe

that the Fourier transform of e.g. the outgoing quark eikonal factor (assuming n ·p > 0) is∫ d4k

(2π)4 e
ik·x iAn(k)

n̄ · k + iε sgnn · p =
∫ d4k

(2π)4

∫ ∞
0

ds eik·xAn(k)eis(n̄·k+iε)

=
∫ ∞

0
ds
∫ d4k

(2π)4 e
ik(x+sn̄)An(k) =

∫ ∞
0

dsA(x+ sn̄)
(A.3)
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Flipping the relative sign between the n̄ · k term and the iε leads to the integral
∫ 0
−∞ ds,

which we find for incoming particles and antiparticles.

It is also the case, although we will only motivate, not demonstrate it1, that Wilson

lines attached to antiparticles are anti-path-ordered, rather than path ordered. When

translating Feynman diagrams into formulae we follow the arrows on fermion lines

backwards, which leads to a string of colour matrices ordered by their appearance along

the particle trajectory. Antiparticles can be seen as particles travelling backwards,

leading to anti-path-ordering.

In a differential geometry picture the Wilson line is a gauge link, a parallel transport

of the gauge action along a trajectory. The path ordering then arises from the integration

of the vanishing covariant derivative as a differential equation defining parallel transport,

along the Wilson line’s trajectory. This involves the successive summation of non-

commuting, Lie algebra valued infinitesimal displacements.

So to summarise we find that the collinear Wilson lines appearing in the matching of the

current necessarily depend on the process that we describe using this current. This means

that the soft functions we want to compute are constructed from four types of Wilson lines:

S†out(x) = P exp

(
igT a

∫ ∞
0

ds n̄ ·Aan(x+ sn̄)
)

for outgoing particles,

S̄out(x) = P̄ exp

(
−igT a

∫ ∞
0

ds n̄ ·Aan(x+ sn̄)
)

for outgoing antiparticles,

Sin(x) = P exp

(
igT a

∫ 0

−∞
ds n̄ ·Aan(x+ sn̄)

)
for incoming particles, and

S̄†in(s) = P̄ exp

(
−igT a

∫ 0

−∞
ds n̄ ·Aan(x+ sn̄)

)
for incoming antiparticles.

(A.4)

The NNLO matrix elements only depend via the imaginary part of the 1-particle

cut on the different Wilson lines, but at NNLO only the real part contributes[92], which

allows us to cover all cases with two light-like back-to-back Wilson lines in one setting.

1A demonstration would require 2 particle emission including non-abelian diagrams.
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Master formulae

Here we list the master formulae for the three colour structures, in the physical and

computing parametrisations, as derived in chapters 5 and 7 and used in the programs

described in chapter 6. We have suppressed the dependence of the functions F on the six

integration variables in the formulae below, and mark sources for regulator poles in blue.

B.1 CFTFnf

The integrands are derived from (5.17), after assumptions about the measurement function

and the angular parametrisation are taken into account, and integrate to the yi or yij

in the square brackets of (5.26) or (5.33).

B.1.1 Physical parametrisation

Snf =
∫ 1

0
da dbdtdy dt5 dtl

27−4εεΓ[−2α−4ε]
e2εγeπ

3
2 Γ[1

2−ε]Γ[1−ε]
y−1+α+2nε t−1−ε

5 (2− t5)−1−ε

·a2−α−2εb−α−2ε (tt̄)− 1
2−ε (tl t̄l)− 1

2−ε
(
F 4ε+2α
A1 +F 4ε+2α

A2 +F 4ε+2α
B1 +F 4ε+2α

B2

)
· (1−a)2(1−b)2−4t(a+b)(1+ab)

((1−a)2 +4at)2 (a+b)−2+2ε(1+ab)−2+2α+2ε (B.1)

B.1.2 Computing parametrisation - Integrable poles removed

Snf =
∫ 1

0
dz dcdw dx ds5 dsl

217−4εmεΓ[−2α−4ε]
e2εγeπ

3
2 Γ[1

2−ε]Γ[1−ε]
z−1−4ε x−1+mα+2nmε s−1−2ε

5

· 1
(1+w4)3 c

1−2α−4εw1−4εs1−4ε
l

(
F 4ε+2α
A1 +F 4ε+2α

A2 +F 4ε+2α
B1 +F 4ε+2α

B2

)
(2−s2

5)−1−ε

·(1−z2)1−4ε(1−s4
l )1−4ε

(
(2−s4

l )(2−2s4
l +s8

l )
)− 1

2−ε ((2−z2)(2−2z2 +z4)
)−1−2ε

·
(
1+w4z2(2−z2)(2−2z2 +z4)

)− 1
2−ε ((1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

)1−α

·
(
1+c2((1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

))−2+2α+2ε
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·
(
c2 +(1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

)−2+2ε
[
−4w4

(
c2 +w4z2

(
2−z2

)
·
(
z4−2z2 +2

)
+
(
1−z2

)4)(
1+c2

(
w4z2(2−z2)(z4−2z2 +2

)
+
(
1−z2)4) )

−(1−c2)2(1−w4)2(w4z2(2−z2)(z4−2z2 +2
)
+
(
1−z2)4)]

B.2 CFCA

We split this colour structure into the sum of Pseudo-nf (PNF) and Real CA(RCA)

structures. The Pseudo-nf structure has the same divergence pattern as the nf structure,

splitting allows some terms to cancel in both PNF and RCA.

B.2.1 Physical parametrisation

SPNF =
∫ 1

0
dadbdt dy dt5 dtl

(1−ε)25−4εεΓ[−2α−4ε]
e2εγeπ

3
2 Γ[1

2−ε]Γ[1−ε]
y−1+α+2nε t−1−ε

5 (2− t5)−1−ε

·a1−α−2εb1−α−2ε (tt̄)− 1
2−ε (tl t̄l)− 1

2−ε
(
F 4ε+2α
A1 +F 4ε+2α

A2 +F 4ε+2α
B1 +F 4ε+2α

B2

)
· (1−a2)2

((1−a)2 +4at)2 (a+b)−2+2ε(1+ab)−2+2α+2ε (B.2)

SRCA =
∫ 1

0
dadbdt dy dt5 dtl

−25−4εεΓ[−2α−4ε]
e2εγeπ

3
2 Γ[1

2−ε]Γ[1−ε]
y−1+α+2nε t−1−ε

5 b−1−α−2ε

·(2− t5)−1−εa−α−2ε (tt̄)− 1
2−ε (tl t̄l)− 1

2−ε
(
F 4ε+2α
A1 +F 4ε+2α

A2 +F 4ε+2α
B1 +F 4ε+2α

B2

)
· (1−2t)

(
a2b+2a

(
b2 +1

)
+b
)−2ab

(1−a)2 +4at (a+b)−1+2ε(1+ab)−1+2α+2ε (B.3)

B.2.2 Computing parametrisation - Integrable poles removed

SPNF =
∫ 1

0
dz dcdw dx ds5 dsl

(ε−1)24(4−ε)mεΓ[−2α−4ε]
e2εγeπ

3
2 Γ[1

2−ε]Γ[1−ε]
z−1−4ε x−1+mα+2nmε s−1−2ε

5

· 1
(1+w4)3 c

3−2α−4εw1−4εs1−4ε
l

(
F 4ε+2α
A1 +F 4ε+2α

A2 +F 4ε+2α
B1 +F 4ε+2α

B2

)
(2−s2

5)−1−ε

·(1−z2)1−4ε(1−s4
l )1−4ε

(
(2−s4

l )(2−2s4
l +s8

l )
)− 1

2−ε ((2−z2)(2−2z2 +z4)
)−1−2ε

·
(
1+w4z2(2−z2)(2−2z2 +z4)

)− 1
2−ε ((1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

)1−α

·
(
1+c2((1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

))−2+2α+2ε

·
(
c2 +(1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

)−2+2ε
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·
[
2+w4z2

(
2−z2

) (
2−2z2 +z4

)
−z2

(
2−z2

) (
2−2z2 +z4

) ]2

SRCA =
∫ 1

0
dz dcdw dx ds5 dsl

24(4−ε)mεΓ[−2α−4ε]
e2εγeπ

3
2 Γ[1

2−ε]Γ[1−ε]
z−1−4ε x−1+mα+2nmε s−1−2ε

5

·c−1−2α−4ε 1
(1+w4)w

1−4εs1−4ε
l

(
F 4ε+2α
A1 +F 4ε+2α

A2 +F 4ε+2α
B1 +F 4ε+2α

B2

)
(2−s2

5)−1−ε

·(1−z2)1−4ε(1−s4
l )1−4ε

(
(2−s4

l )(2−2s4
l +s8

l )
)− 1

2−ε ((2−z2)(2−2z2 +z4)
)−1−2ε

·
(
1+w4z2(2−z2)(2−2z2 +z4)

)− 1
2−ε ((1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

)−α
·
(
1+c2((1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

))−1+2α+2ε

·
(
c2 +(1−z2)4 +w4z2(2−z2)(2−2z2 +z4)

)−1+2ε

·
[
2c2
(
w4z2

(
2−z2

)(
z4−2z2 +2

)
+
(
1−z2

)4)

−
(

1− 2w4z4(2−z2)2(2−2z2 +z4)2

w4z2(2−z2)(2−2z2 +z4)+(1−z2)4

)(
c2

+2
(
1+c4

)(
w4z2(2−z2)(z4−2z2 +2

)
+
(
1−z2)4)

+c2
(
w4z2(2−z2)(2−2z2 +z4)+

(
1−z2)4)2

+c2
)]
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C
Measurement functions

Here we list all measurement functions for the observables computed in chapter 8. We

suppress the dependence on the six integration variables, all functions should in their

full form read “FXi(a, b, y, t, t5, tl)”, rather than just “FXi”.

C.1 C-Parameter
n= 1

FA1 =FA2 = ab

a(a+b)+(1+ab)y + a

a+b+a(1+ab)y

FB1 =FB2 = a

a(1+ab)+(a+b)y + ab

1+ab+a(a+b)y

(C.1)

C.2 Recoil-free Broadening
n= 0

all FXi =
√

a

(a+b)(1+ab)
1+b

2
(C.2)

C.3 ET Resummation
n= 0

all FXi =
√

a

(a+b)(1+ab) (1+b)
(C.3)

C.4 Thrust
n= 1

FA1 =FA2 = θ

(
a(a+b)
1+ab

−y
)
·1+θ

(
y− a(a+b)

1+ab

)
·
(

a

a+b
+ ab

(1+ab)y

)
FB1 =FB2 = θ

(
a(1+ab)
a+b

−y
)
·1+θ

(
y− a(1+ab)

a+b

)
·
(

a

y(a+b) + ab

1+ab

) (C.4)
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C.5 Angularities

n= 1

FA1 =FA2 = θ

(
a(a+b)
1+ab

−y
)
·a1−A2 (a+b)

A
2 −1(1+ab)−

A
2
(
baA−1 +1

)
+θ

(
y− a(a+b)

1+ab

)
·a1−A2 (a+b)

A
2 −1(1+ab)

A
2 −1

(
(1+ab)1−A+b

(
a+b

y

)1−A)

FB1 =FB2 = θ

(
a(1+ab)
a+b

−y
)
·a1−A2 (a+b)−

A
2 (1+ab)

A
2 −1

(
aA−1 +b

)
+θ

(
y− a(1+ab)

a+b

)
·a1−A2 (a+b)

A
2 −1(1+ab)

A
2 −1

(
b(a+b)1−A+

(1+ab

y

)1−A)
(C.5)

C.6 Hemisphere masses

n= 1

FA1 =FA2 = θ

(
y− a(a+b)

1+ab

)(
(1−u) ab

y(1+ab) +u
a

a+b

)
+θ

(
a(a+b)
1+ab

−y
)
u

FB1 =FB2 = θ

(
y− a(1+ab)

a+b

)(
(1−u) a

y(a+b) +u
ab

1+ab

)
+θ

(
a(1+ab)
a+b

−y
)
u

(C.6)

C.7 Threshold Drell-Yan
n=−1

all FXi = 1+y
(C.7)

C.8 W production at large transverse momentum

n=−1

FAi =FBi = 1+y−2
√

ay

(a+b)(1+ab) (b[1−2tki]+[1−2tl])
(C.8)

Substitute one of

tk1 = t+ tl−2ttl−2
√
tt̄tl t̄l (1− t5)

tk2 = t+ tl−2ttl−2
√
tt̄tl t̄l (t5−1)

(C.9)

for tki to arrive at FX1 and FX2.
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C.9 Transverse Thrust, SCETI

FAi = 1
4y

[
b

√√√√( as

1+ab
+

2c(1−2tki)
√
ay√

(a+b)(1+ab)
− sy

a+b

)2

+ 16aytkit̄ki
(a+b)(1+ab)

−b
∣∣∣∣∣ as

1+ab
+

2c(1−2tki)
√
ay√

(a+b)(1+ab)
− sy

a+b

∣∣∣∣∣
+

√√√√( s

1+ab
+

2c(1−2tl)
√
ay√

(a+b)(1+ab)
− asy

a+b

)2

+ 16aytl t̄l
(a+b)(1+ab)

−
∣∣∣∣∣ s

1+ab
+

2c(1−2tl)
√
ay√

(a+b)(1+ab)
− asy

a+b

∣∣∣∣∣
]

FBi = 1
4y

[
b

√√√√( asy

1+ab
+

2c(1−2tki)
√
ay√

(a+b)(1+ab)
− s

a+b

)2

+ 16aytkit̄ki
(a+b)(1+ab)

−b
∣∣∣∣∣ asy1+ab

+
2c(1−2tki)

√
ay√

(a+b)(1+ab)
− s

a+b

∣∣∣∣∣
+

√√√√( sy

1+ab
+

2c(1−2tl)
√
ay√

(a+b)(1+ab)
− as

a+b

)2

+ 16aytl t̄l
(a+b)(1+ab)

−
∣∣∣∣∣ sy

1+ab
+

2c(1−2tl)
√
ay√

(a+b)(1+ab)
− as

a+b

∣∣∣∣∣
]
,

(C.10)

with c and s parameters as outlined in the appropriate section. Substitute one of

tk1 = t+ tl−2ttl−2
√
tt̄tl t̄l (1− t5)

tk2 = t+ tl−2ttl−2
√
tt̄tl t̄l (t5−1)

(C.11)

for tki to arrive at FX1 and FX2.

C.10 Transverse Thrust, SCETII

n= 0

FAi =FBi =
√

a

(a+b)(1+ab) (b (1−|1−2tki|)+1−|1−2tl|)
(C.12)

Substitute one of

tk1 = t+ tl−2ttl−2
√
tt̄tl t̄l (1− t5)

tk2 = t+ tl−2ttl−2
√
tt̄tl t̄l (t5−1)

(C.13)

for tki to arrive at FX1 and FX2.
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D
Source files

The CD glued to the back cover contains all the source files for the NNLO programmes

we described in chapter 6, and which we used to derive the results in chapter 8.
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With just enough of learning to misquote.

— Lord Byron
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