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Abstract: In this paper, we clarify a serious misinterpretation and consequent misuse of
the Principle of Maximum Conformality (PMC), which also can serve as a mini-review
of PMC. In a recently published article, P. M. Stevenson has claimed that “the PMC is
ineffective and does nothing to resolve the renormalization-scheme-dependence problem”,
concluding incorrectly that the success of PMC predictions is due to the PMC being a
“laborious, ad hoc, and back-door” version of the Principle of Minimal Sensitivity (PMS).
We show that such conclusions are incorrect, deriving from a misinterpretation of the PMC
and an overestimation of the applicability of the PMS. The purpose of the PMC is to achieve
precise fixed-order pQCD predictions, free from conventional renormalization schemes and
scale ambiguities. We demonstrate that the PMC predictions satisfy all the self-consistency
conditions of the renormalization group and standard renormalization-group invariance;
the PMC predictions are thus independent of any initial choice of renormalization scheme
and scale. The scheme independence of the PMC is also ensured by commensurate scale
relations, which relate different observables to each other. Moreover, in the Abelian limit,
the PMC dovetails into the well-known Gell-Mann-Low framework, a method universally
revered for its precision in QED calculations. Due to the elimination of factorially divergent
renormalon terms, the PMC series not only attains a convergence behavior far superior to
that of its conventional counterparts but also deftly curtails any residual scale dependence
caused by the unknown higher-order terms. This refined convergence, coupled with its
robust suppression of residual uncertainties, furnishes a sound and reliable foundation for
estimating the contributions from unknown higher-order terms. Anchored in the bedrock
of standard renormalization-group invariance, the PMC simultaneously eradicates the fac-
torial divergences and eliminates superfluous systematic errors, which inversely provides
a good foundation for achieving high-precision pQCD predictions. Consequently, owing
to its rigorous theoretical underpinnings, the PMC is eminently applicable to virtually all
high-energy hadronic processes.

Keywords: perturbative quantum chromodynamics; principle of maximum conformality;
principle of minimal sensitivity

P. M. Stevenson has recently claimed [1] that the Principle of Maximum Confor-
mality (PMC) [2-7], developed by Brodsky et al., “is ineffective and does not solve the
renormalization-scheme-dependence problem”. His argument is not built on new evidence
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but rather on a reassertion of the Principle of Minimal Sensitivity (PMS) [8,9], which he
himself proposed in 1980. Moreover, he leans heavily on his earlier 1983 criticism [10] of the
effectiveness of the method of Brodsky-Lepage-Mackenzie (BLM) proposed in 1982 [11].
Back then, the vigorous debate between the PMS and the BLM aroused people’s great
interest in the QCD scale-setting problem, a discussion that significantly advanced both the
theoretical understanding and the precision of perturbative QCD (pQCD).

The QCD Lagrangian for massless quarks is invariant under conformal transforma-
tions. This symmetry is broken by quantum corrections due to the fact that the conformal
symmetry of a quantum field theory implies that the S-function must vanish [12]. Steven-
son states in Appendix B of Ref. [1] that one can choose a proper/optimal renormalization
scheme to achieve exact conformality; this statement is incorrect. Stevenson’s suggested pro-
cedure, the PMS, mandates that the optimal renormalization scheme and scale be identified
by forcing the derivative of any given fixed-order series with respect to the renormalization
scheme and scale choices to vanish. In doing so, it tacitly presumes that all contributions
from uncalculated higher-order terms are null, which is an unfounded assumption that
contravenes standard renormalization-group invariance (RGI) [13]. Stevenson states that
none of the points listed on Page 2 of Ref. [1], especially Equations (8) and (11) there, are
“in any way dependent upon the PMS”. This is, in fact, a disguised replacement of concept
since those points are surely correct for any physical observable that corresponds to an
infinite-order series. For simplicity, one can consider applying the PMS to a fixed-order
series. Stevenson’s Equations (8) and (11) are the PMS basic approximations for fixed-order
series. In essence, the PMS procedure is nothing more than finding the extreme point of
a given fixed-order series. Since the idea is transparent, the further developments of the
PMS method are then mainly concentrated on how to improve the quantitative analysis
with better numerical precision [14-16]. This explains why Stevenson’s comments on
BLM/PMC are still only based on early arguments at that time, even though many years
have since passed. Moreover, his successive comments and assumed “PMC samples” given
in Ref. [17] are unfortunately full of typos and wrong deductions, indicating he does not
understand the PMC at all. To show how to apply the PMC correctly, we have put a detailed
explanation of his misuse in Appendix A.

On the other hand, there have been a number of important developments in the BLM
method. In 1984 and 1992, Grunberg observed that the above criticism can be softened using
the method of effective charges [18,19]. In 1994, Brodsky et al. found that the criticism can
be clarified using commensurate scale relations (CSRs) among effective charges [20]. The
CSRs can relate the pQCD approximants of physical observables to each other, which then
ensures that the BLM pQCD predictions are independent of the choice of renormalization
scheme. The interested reader may consult Ref. [20] for a detailed explanation of scheme
independence in the BLM predictions. Ref. [20] gives an explanation of leading-order CSRs
and a novel demonstration of the scheme independence of CSRs to all orders using the
PMC language has been finished in 2021 [21]. The transitivity and symmetry properties of
the commensurate scales are the scale transformations of the renormalization “group” as
originally defined by Stueckelberg and Petermann [22,23]. Thus, Stevenson’s claim that
“the BLM/PMC does nothing to resolve the renormalization-scheme-dependence problem”
was already clarified in the BLM language more than 20 years ago. This observation was
more recently confirmed in 2012, e.g., Ref. [24] which presents a demonstration that the
BLM/PMC predictions satisfy all the RG self-consistency conditions, such as reflectivity,
symmetry, and transitivity. This reference also demonstrates that, in contrast, the PMS
predictions do not satisfy those self-consistency conditions, explicitly transitivity, so that
the PMS relations between observables depend on the choice of intermediate renormaliza-
tion scheme.
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It should be emphasized that the goal of resolving the conventional scale-setting
ambiguity is not to find the optimal scheme and/or optimal scale of the initial pQCD series
but to achieve an improved pQCD series that is free of any choice of scheme and scale. The
BLM/PMC achieves this goal.

The BLM method automatically resums both the color-octet gluon exchange and the
quark-pair vacuum-polarization contributions into the running behavior of a5, which is a
function of By = 11C4 — %n frat leading order, where C4 = 3 is the color factor and n 3 is
the number of active quark flavors. The BLM method has achieved many successes and has
so far been cited over 1200 times. The PMS paper [9] has also been cited over 1200 times,
although most of the citations are not for the PMS method itself, but for the suggested
method of extended RGEs, which provides a convenient way of analyzing the scheme and
scale-running behavior simultaneously. However, when one calculates the QCD corrections
at higher than the next-to-leading order (NLO), the problem of correctly resumming the n¢
power series into the coupling «; is encountered.

Since the BLM /PMC method works well, it has aroused great interest in understanding
the underlying principles and in finding correct methods for extending it to all orders.
Many attempts have been tried in the literature, which includes the dressed skeleton
expansion, the large Bo-expansion, the BLM expansion with an overall effective scale, the
sequential BLM etc. [25-35]. The emphasis of most of those references is just to eliminate
the n¢-terms or to improve the pQCD convergence; however, such procedures to extend
BLM do not simultaneously satisfy all the RG self-consistency conditions. Thus, although
these early methods have led to some improvements, the criticisms of BLM made in some
references are incorrect since the problems are actually due to improper extension of BLM
to higher orders. In fact, such methods do not retain its most important feature: namely
that the BLM prediction should be independent of any choice of renormalization scheme
and scale.

In 2011, the BLM procedure was extended into an all-orders method of PMC [2,3], the
purpose of which is to simultaneously solve both the conventional renormalization scheme
and scale ambiguities. The PMC is stimulated by the observation that if good matching of
the expansion coefficients with the corresponding coupling «s can be achieved, then exactly
scheme-independent predictions can be obtained. This demonstrates that dealing with
the {B;}-terms involved in the renormalization-group equation (RGE), which control the
breaking of conformality in the perturbative series, is more fundamental than dealing with
the n¢-terms alone [20]. The PMC thus perfects essential features of BLM.

In 2012, “degeneracy relations” among different orders of a pQCD series were sug-
gested; these relations ensure that the transformation of the n¢-terms into {B;}-terms is
made uniquely [6,7]. In 2015, we demonstrated that such degeneracy relations are gen-
eral properties of QCD theory [36]. Recently, we have derived new degeneracy relations
with the help of the RGEs involving both the S-function and the quark mass anomalous
dimension <y,,-function [37], which leads to an alternative PMC scale-setting procedure
that simultaneously fixes the correct magnitudes of the a; and the MS-scheme quark mass
of the perturbative series. The characteristic operator has been suggested to formalize those
PMC procedures [38].

The PMC determines the magnitude of as using the RGE; its arguments (the so-
called PMC scales) are obtained by shifting the initial argument of a; to eliminate all the
RGE-involved non-conformal {B;}-terms. The PMC scales thus reflect the virtuality of
the propagating gluons for the QCD processes. The resulting perturbative series then
matches the scheme-independent conformal series with 8 = 0. The PMC inherits all the
good features of BLM. For example: (1) In the Abelian limit, the PMC reduces to the Gell-
Mann-Low (GML) method [39]—this analytic limit provides an important constraint on
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the renormalization scale-setting problem in QCD. In contrast, the PMS cannot satisfy this
limit, and it cannot reproduce the GML scale for QED observables; (2) The PMC achieves
scheme- and scale-independent pQCD predictions; and (3) Because of the elimination
of the factorially divergent renormalon terms, which could be «af Bjn! by using large Bo-
approximation [27,28], the PMC series naturally becomes more convergent. There are
cases which accidentally have large cancellations among the conformal and non-conformal
coefficients for a specific choice of scale under a conventional scale-setting approach and
the elimination of the divergent renormalon terms alone may lead to an even weaker
convergence than conventional series. This, however, does not mean that the conventional
series is better than the PMC one since the PMC series is scale-invariant and represents the
intrinsic perturbative nature of the series, whereas the conventional series is largely scale-
dependent and the large cancellation for a specific scale usually disappears on choosing
another scale. In fact, we have shown that the PMC provides a systematic way to extend
BLM scale-setting from the NLO level to all orders; see the reviews [40-42], in which many
successful examples are also given.

The main argument that the PMC “does not work” lies below Equation (4) of Ref. [1].
Stevenson’s Equation (4) itself is correct, showing that the RGE determines the scale-
running behavior of as. This RGE is surely scheme-dependent. He then states that since
the PMC is a scale-setting approach, it cannot solve the scheme-fixing problem and thus
cannot work. However, this argument is incorrect, being based on a misunderstanding of
the PMC. In fact, if the scheme-dependent RGE is correctly applied to the pQCD series to
set the correct magnitude of a5, then a scale-invariant conformal series is obtained. Since
the conformal coefficients are well matched to the corresponding as coefficients at each
order, the resulting PMC series will be simultaneously scheme-independent. In fact, the
above-mentioned CSRs among different PMC pQCD approximants also ensure the scheme
independence of the PMC predictions. Thus, the PMC does indeed solve the scheme and
scale ambiguities simultaneously.

We remark that the PMC uses the RGE to reabsorb the 7 ¢-terms specifically related to
the UV-divergent diagrams. The PMC procedure works with any initial scheme definition.
Stevenson claims his Equation (7) to be valid in general, but this also includes variations
of the color parameters. This cannot be correct since a change in the color structure
corresponds to a change in the gauge structure of the initial SU(N) theory, which ends up
mixing results from different theories. Introducing terms that modify the color structure of
the B and B coefficients implies that the finite and divergent parts of the UV-divergent
diagrams run with different { 3;} terms. This is not correct and leads to incorrect results: the
{Bi} coefficients entering the RGE must be identical to those defined by the renormalization
scheme. Thus, Stevenson’s Equation (16) is incorrect.

The work of Banks and Zaks [43] directly contradicts a further statement by Stevenson:

34N3
13N2-3 <Ny <

%NC and has a non-interacting fixed point at Ny = % [42-45], which corresponds to the

the QCD strong coupling develops a conformal window in the interval

asymptotically free limit of QCD. Stevenson then fully contradicts himself when he states
that the C(9) in Equation (6) is scheme invariant since it depends only on B and 81, but
then in his Equations (20) and (21) he shows that it is scheme-dependent. Indeed, we hold
both the C(4) and the C; conformal coefficient to be scheme invariant according to the
“proper” extended RGE transformations. We refer to “proper” scheme transformations as
those that may be achieved by an RGE transformation. Thus, any scheme change translates
into a scale transformation, leaving the C(J) formally invariant. This corresponds to having
the right-hand side of Equation (7) of Ref. [1] void of any dependence on color factors.
Moreover, if the color structure for the coupling is altered, then for self-consistency,
the structure of the entire fixed-order calculation must also be varied accordingly; however,
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one cannot adopt such a procedure since a change in the color structure corresponds to a
change of the initial SU(N) theory (e.g., from QCD to QED, see Ref. [46]). Thus, any relation
among couplings in different schemes, which may have perturbative validity in QCD but
which cannot be considered to be “proper” extended RGE transformations, should be
considered to be matching relations among quantities defined in different approximations
or obtained using different approaches. In fact, starting from a given exact theory and
using different approximations or approaches, different “scheme” definitions may be
obtained. This is only a matter of using different strategies for calculations. However,
in this case too, results can be improved using the PMC, and the residual dependence
on the particular implicit definition of the “scheme” can be suppressed perturbatively by
including higher-order calculations.

It can also be explicitly shown that the results obtained using PMC are scheme-
independent (see, e.g., Ref. [47]). As an important example, the scheme independence
of the generalized Crewther relation provides a fundamental relation between the non-
singlet Adler function and the Bjorken sum rules for polarized deep-inelastic electron
scattering [12,31,48-52]; this example confirms that the scheme independence can be
achieved using the PMC [21,53].

We emphasize that, in order to apply the PMC correctly, it is important to distinguish
the nature of different n f-terms, ie., whether they are related to ultraviolet-finite contribu-
tions (such as light-by-light scattering in QED) or the running of the QCD coupling, or the
running of quark masses, and, in a deeper analysis, to particular UV-divergent diagrams (as
discussed in Ref. [42]). Once all f-terms have been associated with the correct diagrams
or parameters, the conformal coefficients become RGE invariant and match the coefficients
of a conformal theory. Moreover, a deep insight into the QCD strong coupling a;(Q?) at all
scales, including Q? = 0, has been recently achieved (see, e.g., Refs. [54,55]), again showing
the results are consistent with the PMC.

The PMC provides a consistent prescription for scale fixing by reabsorbing all scheme-
dependent terms of, say, a cross-section into the running coupling and the PMC scale; this
leads to the minimization/cancellation of the effects of scale and scheme uncertainties
in the perturbative series. It should be emphasized that the CSRs between the pQCD
approximates are impervious to the choice of renormalization scheme.

We now comment on Stevenson’s second point of view on the PMC predictions:
specifically, that the reason “why the PMC predictions often seem quite good” is because
the PMC introduces “residual scheme dependence” and has to introduce some way to
suppress it, thus rendering it a back-door imitation of the PMS. These deductions on
“maximum conformality” are simply not valid, being based on an early misunderstanding
of BLM/PMC and completely disregarding recent developments in BLM/PMC. Principally,
as explained above, as the successor of BLM, the PMC prediction is scheme-independent
and has no residual scheme dependence. Practically, a conventional scheme for defining the
running coupling «s suffers from a complex and scheme-dependent RGE, which is usually
solved perturbatively at higher orders owing to the entanglement of its scheme-running
and scale-running behaviors. If the complex { 8; }-terms in the higher-order pQCD series
are not dealt with precisely. These complications may lead to residual scheme dependence
even after applying the PMC. For example, not all 71¢-terms should be transformed as the
{Bi}-terms; if the n¢-terms are from the UV-free light-by-light diagrams, they should be
treated as conformal coefficients and be unchanged when applying the PMC. This can,
however, be avoided using the C-scheme coupling &, suggested in 2016 [56], whose scheme-
running and scale-running behaviors are governed by the same scheme-independent
RGE. Consequently, one can achieve an analytic solution for a5 at any fixed order. In fact,
using the C-scheme coupling together with the PMC single-scale-setting approach [57],
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a demonstration that the PMC prediction is scheme-independent to all orders for any
renormalization scheme was provided in 2018 [47].

There are, of course, uncertainties related to the unknown higher-order terms. In
the case of any perturbative series, for example, there are two kinds of residual scale
dependences for the PMC series [58] due to uncalculated higher-order contributions. The
PMC scale itself has a perturbative expansion in as. This leads to the first kind of residual
scale dependence for the PMC scale. In addition, the last terms of the pQCD approximant
are unfixed since its magnitude cannot be determined; this is the second kind of residual
scale dependence. These residual scale dependencies are distinct from the conventional
scale ambiguities and are suppressed due to the perturbative nature of the PMC scale.

The PMC “single-scale” method was introduced in 2017 [57] in order to suppress the
residual scale dependence; this method also renders the PMC scale-setting procedures
simpler and more easily automated. The single effective PMC scale is determined by
requiring all the RGE-involved non-conformal terms to vanish simultaneously; it can be
regarded as the overall effective momentum flow of the process. The PMC single-scale
method exactly removes the second kind of residual scale dependence. The overall effective
PMC scale displays stability and convergence with increasing order in pQCD, which can
approach the precision of N"~1LL-accuracy for a N"LO pQCD series when the power of
us of its leading-order terms is > 1; and the first kind of residual scale dependence is thus
highly suppressed.

In addition to eliminating the renormalization scheme and scale ambiguities at fixed-
order, the predictive power of pQCD depends on the important issue of finding a reliable
way to estimate the magnitudes of unknown higher-order terms using information from
the known pQCD series. The PMS cannot do this self-consistently since the contributions
of the unknown terms are set to zero at the first stage. In contrast, after applying the
PMC, the scheme- and scale-invariant series provide a precise basis for estimating the
unknown contributions. In 2020, we uncovered an additional property of renormalizable
SU(N)/U(1) gauge theories [59], called “Intrinsic Conformality (iCF)”, which underlies the
scale invariance of physical observables. This property demonstrates that the scale-invariant
perturbative series displays the intrinsic perturbative nature of a pQCD observable. In 2022,
following the idea of iCF, we then suggested another novel single-scale-setting approach
that utilizes the PMC [60] and proved the two PMC single-scale methods to be equivalent.
This equivalence indicates that using the RGE to fix the value of the effective coupling
is equivalent to requiring each loop term to satisfy scale invariance simultaneously and
vice versa.

In 2018 [61] and 2022 [62], it was found that using the Padé- approximation and
Bayesian approaches accordingly, the PMC series provides a reliable basis for obtain-
ing constraints on the predictions for the uncalculated higher-order contributions, thus
extending the predictive power of pQCD.

In summary, we have shown that Stevenson’s criticisms of the PMC are unfounded,
being based only on incorrect features of the PMS, as well as a disregard for the considerable
achievements of BLM/PMC, which have been developed over recent years.

It has been shown that the purpose of the PMS is to determine an optimal scheme
and optimal scale for a given pQCD series. To achieve the goal, the PMS assumes that all
uncalculated higher-order terms contribute zero, which then fixes the desired optimal val-
ues by mathematically requiring the partial derivatives of the pQCD series with respect to
scheme and scale choices to vanish. The PMS method does provide a scheme-independent
estimate around the determined optimal point, but it violates the symmetry and transitivity
properties of the RG [24] and does not even reproduce the GML scale for QED observables.
The PMS predictions thus have serious flaws and weak points. The convergence of the PMS
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series is often questionable, which does not agree with the usual perturbative behavior of
the series, even worse than that of conventional series. This explains why the PMS cannot
offer correct lower-order predictions [16]. Moreover, the PMS cannot achieve a reliable
prediction on the contributions of uncalculated higher-order terms. As an explicit example,
in 1987 and 1990, Kramer and Lampe [63,64] analyzed the jet production fractions in ete™
annihilation, showing that the optimal PMS scale increases without bound at small energy
scales of the jet fraction, which indicates that the PMS scale does not have the correct
physical behavior in the limit of small jet energy.

On the other hand, the PMC method provides a systematic way of eliminating con-
ventional renormalization schemes and scale ambiguities; it has a rigorous theoretical
foundation, satisfying standard RGI and all self-consistency conditions derived from the
RG. We emphasize that the CSRs between physical observables ensure the PMC predictions
are independent of the choice of renormalization scheme.

The PMC scales are obtained by shifting the argument of &, to eliminate all non-
conformal { B; }-terms; the PMC scales thus reflect the physical virtuality of the propagating
gluons in the QCD process. The factorially divergent renormalon contributions are elimi-
nated, as they are summed into &, and thus, the resulting pQCD convergence is, in general,
greatly improved. In the Abelian limit, the PMC method reduces to the GML method for
precision tests of QED [46]. The resulting scale-invariant and convergent PMC method
retains the underlying principles and features of the BLM method, extending it unam-
biguously to all orders. The resulting conformal series obtained by applying the PMC is
scheme and scale-independent. The resulting scale-invariant and convergent PMC series
thus also provides a reliable basis for obtaining constraints on uncalculated higher-order
contributions, greatly extending the predictive power of pQCD. The PMC thus improves
precision tests of the Standard Model and increases the sensitivity of experiments to new
physics beyond the standard model.
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Abbreviations
The following abbreviations are used in this manuscript:

PMC Principle of Maximum Conformality
PMS Principle of Minimal Sensitivity

QED  quantum electrodynamics

QCD quantum chromodynamics

pQCD  perturbative quantum chromodynamics
BLM Brodsky-Lepage-Mackenzie

GML  Gell-Mann-Low

RG renormalization group

RGE renormalization-group equation
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RGI renormalization-group invariance
CSR commensurate scale relation
NLO next-to-leading order

uv ultraviolet

iCF Intrinsic Conformality

Appendix A. Explanations on the Stevenson’s Misuse of PMC

In his article [17], Stevenson continues his arguments of Ref. [1] on the BLM/PMC and
presents two extreme examples to support his viewpoints. Since BLM has developed into
PMC, we will use PMC to replace BLM/PMC throughout this Appendix. We observe that
Stevenson misuses the BLM/PMC scale-setting procedures in these two examples, thus
leading to incorrect PMC predictions. Thus, all his comments on PMC are incorrect. In the
following, we will first give the correct PMC procedures and then explain why we say his
PMC predictions are wrong. In particular, we show that if the PMC scale-setting procedures
have been correctly used, one can achieve scheme-independent PMC predictions, well
satisfying the required RGIL.

Following the notation of Refs. [1,17], a pQCD series (for simplicity but without loss
of generality, we consider the case where the LO as-power is 1) is given as

p=C0(Z+Clll2+"', (A1)

where a = a5/ and the a; running behavior is governed by the RGE or -function,

= da - — 2 .« e
B(a) = ding ~ ba*(1+ca+---), (A2)
with
1 2 1 38

and the value of the NLO running-coupling a at scale y is given by the root of

ca

1(1+caln
a 1

ca') =bIn(u/A), (A4)
where A is the free QCD parameter.

Appendix A.1. Brief Introduction of PMC Procedures

For clarity, we briefly introduce the main steps of the PMC method for dealing with
the NLO pQCD series (A1), which can be rewritten as

p:coa+(B+Anf)a2+---. (A5)

We reiterate that the coefficient A of the n¢-term must be associated with the RGE. There
may be other n f-terms that are not related to the running behavior of «s; such n r terms
must be treated as conformal terms, and they thus must be incorporated into the parameter
B [7,20].

Then, we can use the RGE to fix the correct magnitude of a; for the considered pQCD
series. For this purpose, we rewrite Equation (A5) in the following form with the help of
the general QCD degeneracy relations [36], e.g.,

0 = Co,0a + (Cl,O + C1,1b>ﬂ2 + e (A6)
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By absorbing the non-conformal term ¢ 1b into a new effective coupling a, that is defined
via the expression (i.e., Equation (A.10) in Ref. [17] or Equation (3.4) in Ref. [42])

Ay =a—ba®In(u} /) +---, (A7)
one obtains the following conformal series:

OPMC = Co0fx + CL08% + -+ - . (A8)
Comparing Equations (A6)—(A8), we have

uy = urexp(—ci1/cop) = purexp(34),

and the conformal coefficient c; equivalent to c19 = ¢1], =33/2- In Ref. [1], Steven-
son incorrectly claimed, “However, making b vanish (by setting ny = 33/2) does not
produce a conformal theory (the B function does not vanish but becomes of the form
ha®(1+4---), where h = —bc = —(153 — 19n¢)/12 = 107/8)”. In fact, the NLO con-
formal coefficient ¢1 9 = 1], =33/2/ but the higher-order conformal coefficients c;~1 ¢ are
not simply equal to ¢, =33/2/ but instead contain some subtracted terms. For example,
c20 = C2ly 1=33/2 — C11 (be)|, =33/2, where (be) is the second coefficient of the B-function.
These subtracted terms are designed to make the higher-order coefficients of the § func-
tion vanish, and the choice of ny = 33/2 is merely a mathematical treatment. Strictly
speaking, the relationship between ¢, and ¢y arises from the degeneracy relations, i.e.,
c2 = c20+2bcoq + bPcyp + (be)ey . Since ay is fixed by the B-terms of the process, it
represents the effective coupling of the process, and we can obtain its correct magnitude by
substituting y; into Equation (A4). It should be clarified that Equation (A7) (i.e., Equation
(A.10) in Ref. [17] or Equation (3.4) Ref. [42]) describes the running behavior of 4, guiding
us on how to incorporate the non-conformal -terms into the effective coupling a. to obtain
the leading-log accuracy PMC scale yu; (to achieve higher accuracy, see Refs. [7,57]). It,
however, does not allow us to determine the precise value of a., which still needs to be
derived by solving the corresponding B-function (for example, the specific value of the
NLO a, should be determined from Equation (A4)). However, in Ref. [17], Stevenson
directly used Equation (A7) to derive the magnitude of a., which is incorrect.

Appendix A.2. Comments on the Stevenson’s First Example

The ete™ total cross-section ratio R +,- = o(ete™ — hadrons)/o(ete™ — utu~) =
3%, eé [14 R(Q)], where Q = /s is the eTe™ center-of-mass collision energy at which the
ratio is measured, is known up to O(a?) in the MS-scheme [65-68]. The PMC analysis in
this order can be found in the review [41]. Stevenson’s first example is based on the NLO
series [17], i.e.,

R(Q) =roa+ra*+---, (A9)
whose perturbative coefficients r;_(( 1, at the scale y» = Q in the MS-scheme are [66]
3
o = Z,YONS' (A10)

3 3
r = 1’)/11\15 + gpll\lsb(nf), (All)
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where b(ns) = (33 —2n¢)/6 and

W =cr=73, (A12)

e = —%c% + %CFCA — %cmn} = % — ;—in}, (A13)

A= cr(B ) - - 10, (A

Here the n’-terms in Equation (A13) represent the n f-terms that are not related to the
B-function, which cannot be adopted for fixing the correct running behavior of a;. When
using the PMC method, these must be treated as conformal terms.

More explicitly, as for the suggested first example of R(Q) with two active flavors at
Q=1GeVand [\W =0.2GeV.ForQ =1GeV, n f should be equal to 3, since Q is larger
than the strange quark mass. However, the conclusion will not change for either choice, so
we adopt this suggestion for ease of comparison. We have b = 29/6 and ¢ = 115/58 for the
first two B-coefficients. According to Equations (A10)—(A14), the first two coefficients of the
initial scale-dependent series for the case of = Q are

ro=1, (A15)
365 1, 55 2
=B+ Anf,
where
55 2
A=~ + 305 = 00374824, (A17)
107
B= % — 1175 = 1.68015, (A18)

which leads to r; = 2A + B = 1.75512, and then the NLO conventional series for y = Q is

R(i = Q)lys = ayis(Q) +711(Q)a3(Q) = 0.0993138, (A19)

where a5;5(Q) is derived from the NLO RGE solution (A4), e.g., a3;5(Q) = 0.0862557.
By applying the PMC, the initial series (A9) will be improved to a scale-independent
conformal series:

Rpyic = as + 11942 = 0.0971576, (A20)

where the NLO conformal coefficient r1 ¢ is

33
rp =5 A+B=229861,

and the PMC scale y* is
1= Qexp(3A) = 1.11901 GeV.

The magnitude of a, can be numerically derived from Equation (A4), e.g., a, = 0.0817833.
We point out that in Stevenson'’s treatment, the n’,-terms were wrongly adopted for fixing
the magnitude of s, e.g., the coefficient —11/72 was wrongly put into the coefficient A,
thus leading to incorrect PMC predictions and discussions. Moreover, in footnote 4 of
Ref. [17], Stevenson stated that “This error makes matters worse, in that the BLM result is not
even the same as using the MS(u = ;) scheme”. Here his meaning of “MS(y = u}) scheme”
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is to set = p* in the initial MS-series. Using the wrong BLM/PMC prediction to make the
comparison, this comment is incorrect. Moreover, we emphasize that the purpose of PMC
is not to find the optimal scale for the pQCD series but to obtain scale-invariant predictions.
Thus, a simple choice of ¢ = yu* in the initial series generally cannot provide the same
precise prediction as that of the PMC. It is interesting to note that for this particular NLO
example, by setting MS(y = u*) for the initial series, one can obtain the same numerical
result as that of the PMC, e.g.,

R(4 = 1) s =t (") + [n(Q) T bln(g)]aidsw*)
— 0.0971576, (A21)

where the RGE has been implicitly adopted to obtain the full p-dependence of the series.

Appendix A.3. Comments on the Stevenson’s Second Example

Using the above-mentioned NLO ete™ total cross-section ratio as the platform, Steven-
son’s second example concerns the scheme dependence/independence of the PMC predic-
tions. Again, for ease of comparison, we first introduce the same notation as Refs. [1,17] to
facilitate the calculations and discussions.

Following Refs. [1,17], one can convert a pQCD series from the I-scheme to another
II-scheme using the following relation between the strong coupling constants under dif-
ferent schemes. For higher-order pQCD series, one must also transform the expansion
coefficients properly via different schemes, so as to obtain the correct pQCD prediction
under different schemes. For example, the correct formulas for transforming a pQCD series
among different schemes up to N>LO-level can be found in Ref. [69]. Here, we accept
this simple scheme transformation for the discussion since it is correct at the presently
considered NLO level, i.e.,

ay = ag (1 + U%I'H)au + - ), (A22)

where the NLO coefficient

(LI) (L) (LI1)
0" =0 nptuy

Due to the Celmaster-Gonsalves (CG) relation [70,71], we have

[\1 = [\II eXp(U%I'H) /b) (A23)

In the following, II will be the MS-scheme, groughout, and I represents any other Eheme.

For brevity, we use v; to denote U(I'MS), and correspondingly, vp = Z)%’MS) and
v = vgll’MS). Thus, we can directly use the MS-scheme formulas listed in Section A.2.
Using the transformation (A22), one can transform the MS-series (A9) into that under the
I-scheme,

R(Q) = ryay +riaf + -+, (A24)

with coefficients
ry=ro=roo =1, (A25)
=11 —rgvy =ri9+ri1b — rovy, (A26)

where the (—rgv1)-term comes from the transformation of «; under different schemes,
e.g., Equation (A22), which should be treated as a non-conformal term and be used for
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fixing the correct magnitude of a5 under the I-scheme. Following the standard scale-setting
procedures, we obtain the PMC series under the I-scheme:

Rpme = ax + 11042, (A27)
where a, = a.(yf) and
33
1’{/0 =1 = 714 + B,
Hi = Qexp(—rl'l—l—vbl) (A28)
70,0

To discuss the scheme invariance of the PMC predictions, in addition to the MS-
scheme, Stevenson suggested two different schemes with two active flavors, which are
characterized by two typical choices of v1p and vy1, e.g., the ii-scheme, for v19p = 0 and
v11 = 2, and the iii-scheme, for v19 = 1 and v1; = 0.

For the ii-scheme, we have

Al = —2 = —0.244883, (A29)
Aji = Rggse®™/? = 0.302509 GeV, (A30)

and the NLO coupling 4;;(Q) under the ii-scheme can be solved from Equation (A4) as
2;; (Q) = 0.108568. Then the NLO conventional result under the ii-scheme is

R(u = Q)i = a3(Q) + ri'af;(Q) = 0.105682. (A31)

To compare with the result (A19) under MS-scheme, the conventional series is
scheme-dependent.
After applying the PMC, the corresponding conformal coefficient and scale are

rily = r1 = 2.29861,
pr s = 1.69256 GeV, (A32)

which lead to
BMc = auii + rigal ; = 0.0971576, (A33)

where the NLO a, (;;) can be solved from Equation (A4) as a, (;;) = 0.0817833. A comparison
of Equations (A20) and (A33) shows that the PMC predictions under both the MS-scheme
and ii-scheme are the same.

Similarly, for the iii-scheme, we have

Al 2= 0244883, (A34)
Aiii = Agge™’? = 0.302509 GeV, (A35)
2;i1(Q) = 0.108568. (A36)

Thus, we obtain the same NLO conventional result as that of the ii-scheme, i.e.,

R(p = Q)liii = @i (Q) + Va2 (Q) = 0.105682. (A37)
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Accidentally, the predictions of conventional series are the same for ii-scheme and iii-
scheme, both of them are different from the result of the MS-scheme. After applying the
PMC, we have

i = r1,0 = 2.29861,
1r i = 1.69256 GeV, (A38)

which lead to
R})ifv[c = A jii T ”ili,EJai,iii = 0.0971576, (839)

where the NLO 4, 3;; can be solved from Equation (A4) as a, (3;;) = 0.0817833. A comparison
of Equations (A20) and (A39) shows that the PMC predictions under both the MS-scheme
and iii-scheme are the same.

Equations (A20), (A33) and (A39) show that by applying the PMC correctly, one
can obtain exactly the same pQCD predictions under different schemes. So Stevenson’s

conclusion that the PMC cannot solve the renormalization-scheme-dependence problem
is incorrect, which is due to his misuse of PMC, e.g., he does not correctly deal with
the (—rgvp )-term so as to set the correct magnitude of as; and then to achieve the correct
PMC series.

As a final remark, in Appendix B of Ref. [1], Stevenson claimed,

“We may use the renormalization scheme (RS) choice to achieve exact conformality, with
our result for R being enerqy independent. There are several ways to do this. One is
to adjust the scheme, decreasing the i/ A value until the coefficient r1 becomes so large
and negative that rya = —1. The NLO result is then R = a(1 — 1) = 0. Alternatively,
we may make u/ A arbitrarily large, and hence a arbitrarily small; the rq coefficient
then becomes large and positive, approaching 1/a as a — 0; our NLO result is then
a(14+1) = 2a — 0. We may easily extend these stratagems to higher orders (no actual
Feynman-diagram calculations are needed!) to achieve R = 0 to any order.”

This argument is evidently incorrect and misleading. Since QCD is a non-conformal
theory, one can only approach conformality to the maximum extent via a step-by-step
method, as the PMC does. At the NLO level, the magnitude of the strong coupling can
be derived from Equation (A4), and by utilizing the CG relation (A23), we can rewrite
Equation (A4) into proper form for any renormalization scheme that is defined by a differ-
ent choice of vy, i.e.,

ca’

1+ca

1
= (1 +ca'In

_ [

where 4’ is strong coupling under corresponding scheme, b and ¢ are scheme-independent
coefficients of the RGE. This indicates that a scheme change at the NLO level is equivalent
to a proper scale change. In other words, a’(y) in Equation (A40) can also be regarded as
a(jexp(~v1/b)).

Moreover, Stevenson’s argument, as quoted above, essentially suggests that by select-
ing a specific and extreme renormalization scale, one could arbitrarily adjust the pQCD
prediction to any value, even zero. However, this statement is indistinguishable from
describing renormalization scale dependence. Can one truly assert that fixing the renormal-
ization scale to a specific value that sets the pQCD prediction to zero amounts to achieving
conformality, even exact conformality? Clearly, such a claim is untenable!
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