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Abstract
The description of the rotating disk in special relativity is revisited tofind a newproperty that could
help to improve the performance of gyrometers. On a rotating disk, two particles which bounce in
opposite directions at the vertices of a regular polygon are considered. On the return to the entry
point, a clockmeasures the time difference. A particlemoving in the direction of the rotation of the
disc needsmore time tomake one complete turn. Even if that particle is a photon, as in the original
Sagnac experiment. In this paper, the time difference is explained by the difference between clockwise
and counter-clockwise trajectories, due to different Coriolis effects. The particular case of the slow
diskwhere the two trajectories are very close and almost polygonal is studied. The theoretical existence
of a transition between a classical and a relativistic regime is proved, and an experimental verification
with an atomic interferometer is proposed. Although the novel effect discovered and thewell-known
Sagnac effect seem analogous, in detail, their behavior is quite different.

1. Introduction

The roundtrip time nonreciprocity is studied formatter particles as well as for light. This effect was
experimentally verified, for thefirst time, with light, byGeorges Sagnac in 1913 [1], but afterwards, alsowith all
kinds of particles like neutrons [2, 3], electrons [4] or atoms [5–7]. The time differencemeasured for the opposite
roundtrip directions in a rotating closed-path is calledΔτ. The effect is present in a closed path of any shape. In
the case of the historical Sagnac effect,Δτ is independent of the particle speed v [8–11].

In this paper, a novel effect is theoretically shown,which differs from the Sagnac effect in twoways:firstly,
this new effect is absent in the case of a circular trajectory, and secondly, it varies with the particle speed v. This
novel effect seemswithin reach of today’s atomgyrometers. As shown in section 5, the experiments carried out
in 1997 by Lenef et al [6] andGustavson et al [7]were already close.

The classical study, with the example of a child on amerry-go-roundwith a ball, allows to grasp one of the
origins of the effect. TheCoriolis force explains the difference in trajectory depending on the particle’s direction,
however the system studied here is very different fromCoriolis force gyroscopes [12].

For a rigorous study, paths in the shape of n-sided regular polygons are considered figure 1. A circular
contour is not directly envisaged because it is not experimentally feasible with particles or light rays. A free
particle does not follow a circular path. The circle can be approached but the approximation is not obvious and
contains ambiguities.Moreover, the original experiment ofGeorges Sagnacwas carried out according to a
polygonal contour, and some of today’s gyrolasers, used daily in aeronautics for navigation, aremade of a
polygonal laser cavity. It can be shown that the trajectory in the direction of rotation is not the same as the one in
the opposite direction, both for light andmatter, which explains the roundtrip time difference. It is interesting to
note that even today, the Sagnac effect remains open to debate as to its theoretical interpretation in the context of
special relativity [13–16].

The paper is organized as follows: in section 2, the time differenceΔτ is calculated using classicalmechanics.
In section 3, the calculation uses special relativity. The Sagnac effect is found again, but alongside the novel effect
added in equation (11). In section 4, the transition between the two effects is described. In section 5, an
experiment with an atomgyrometer is presented. Section 6 gives the conclusion.
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2. Classical novel effect

As is appropriate, light will be studied later in the relativistic framework.

2.1. Trajectories and time difference
In the inertial reference frame ¢R of the laboratory, where the disk is rotatingwith the angular frequencyω, a
Cartesian systemof coordinates ( )¢ ¢ ¢ ¢O x y z, , , is considered. At the instant ¢ =t 0, the particle is at the position
A1= (r, 0, 0)with an initial velocity ¢


v orthogonal to the rotation axis ( )¢ ¢O z . On figure 2, the quantities are

defined.
For a free particle, the trajectory is rectilinear:

( )a a¢ = ¢ ¢ ¢ + ¢ = ¢ ¢ ¢ ¢ =x v t r y v t zcos , sin and 0 1

The non-inertial reference frame of the disk is denoted byRwith the coordinates (O, x, y, z). The center of the
disk is = ¢O O , and at the date t= 0, ( ) ( )= ¢ ¢O x O x, , . The following change of polar coordinates for a
counterclockwise rotating disk is used:

Figure 1.On a rotating disk of angular speedω, two particles bounce in opposite directions at the verticesAi of a regular polygon
(i ä §2; n¨).A1 is both the entry and the return point where the time difference ismeasured. Due to the Coriolis effect, the trajectories
are different in the clockwise and counterclockwise directions. For the classical study, theCoriolis force


FC is considered.

Figure 2.Velocities angles with respect to the abscissa axis : ] [a a
p

¢ Î p,
2

, 3

2
. Time to reach two adjacent vertexes : tn±. Duration of a

turn : t± = ntn±. Time difference:Δt = t+ − t−.

2

Phys. Scr. 99 (2024) 025410 MRouaud



( )r r q q w= ¢ = ¢ - ¢ = ¢ = ¢t z z t t, , and 2

On the disk, fromA1, at t= 0 the particle is thrownwith the speed v and the directionα. The additivity of
velocities give the initial quantities ¢v and a¢ in ¢R :
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Then, for tä [0, tn], the trajectory on the disk frame is obtained:

⎛
⎝

⎞
⎠

( ) ( )
( ) ( )

r a a w

q
a w
a

w p

= + + +

=
+
+

- + Î 

v t r v r t

v r t

v t r
t k k

cos sin

and arctan
sin

cos
, 4

2 2 2

On figure 1, with equation (4), the difference of trajectories is shown for r= 2 m, a periodT= 120 s, an
initial speed v= 0.3 m/s, and n= 6. The time difference found numerically isΔt; 1.1 s. For n= 4, it is even
more:Δt; 1.9 s. A childwith a ball on amerry-go-round can easilymeasure the classical time difference.

2.2. Slowdisk
The disk is slow compared to the speed of the particles. If the particle speed ¢v is large compared to the disk speed
ωr the trajectories are close to a succession of straight lines. ρ(tn±)= r and θ(tn±)=± 2π/n, then a series
expansion is performed onωtn, and an analytical expression of tn± is obtained (Appendix A):

( )w w+ 
p p p

 t
r

v

r

v
t

r

v
t

2 sin sin

2

cos

3
5n

n n
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2 2 3 3

andΔt= n(tn+− tn−), the classical novel effect:

( )w p p
D t

r

v
n

n n

16

3
cos sin 6

3 4

4
3

The termof order zero of the t= ntn expansion is Ln/v, where ( )p=L nr n2 sinn is the perimeter of the
polygon. There is nofirst-order terms The second-order term is the same for counterclockwise and clockwise
particles. So, only the third order term contributes to the time differenceΔt. Equation (6) shows the classical
novel effect proposed in this paper. At the circle limit, when n tends to infinite, the classical time difference tends
to zero. Also, this novel effect varies with v.

Afirst-order termwould have been proportional toωAn, where ( ) ( )p p=A nr n nsin cosn
2 is the polygon

area. As discussed later, this is the case for the relativistic Sagnac effect, for which the circle limit is non-null and
there is no dependence on v. Thus, although at afirst sight the classical and relativistic effects are analogs, in the
details theirs natures are quite different.

3. Relativistic Sagnac and novel effects

3.1. Trajectories and time difference
The clocks in the inertial frame ¢R are synchronizedwith Einstein’s synchronizationmethod [17, 18]. In the
non-inertial disk reference frameR, the proper clocks cannot be synchronized. The reference frame of the disk is
stationary and coordinate clocks [9] are used.Oʼs clock is themaster clock used to synchronize all the coordinate
clocks, sowe have = ¢t t .

On the disk, fromA1, at t= 0 the particle is thrownwith the speed v and the directionα. The law of
composition of velocities gives a relation between the velocitiesmeasured by two inertial observers. One
observer is at rest in ¢R , but the second observer cannot be the one at rest on the disk, because the disk frame is
not inertial. So the inertial reference frame coinciding locally atA1 and t= 0 is chosen, because, according to the
equivalence principle, for any space-time event there is, locally, a coinciding inertial reference frame. This local
Minkowskian observer, and the neighboring observers, use their standard rulers and proper clocks tomeasure
the local velocity: vloc= dl/dtlocwith dtloc= dτ.Whereas the non-inertial observer coinciding at rest on the disk,
uses his coordinate clock and obtains the coordinate velocity: v= vcoord= dl/dtcoord, dtcoord= dt= γDdτ and

vloc= γDvwithβD= ωr/c and g b= -1 1D D
2 according to themetric in the rotating disk [17]. Considering

all of the above, the composition of velocities gives the initial quantities ¢v and a¢ in ¢R :
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Then, for tä [0, tn], the trajectory on the disk frame is obtained:
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The trajectories for all particles and all rotation speeds can be determined.

3.2. Slowdisk
If the particle speed ¢v is large compared to the disk speedωr the trajectories are close to a succession of straight
lines. ρ(tn±)= r and θ(tn±)=± 2π/n, an a series expansion on ò= ωr/v is performed. Indeed ¢v v and
ò<< 1. An analytical expression ofΔtwithβc= v/c is obtained (Appendix B):

⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

( ) ( )

w
p

b
p p

p p
b

p

p p p
b

p
b

p

= 

+ + -

 - + -

+

  







t
n n n

n n n

n n n n n

o

2 sin 2 sin cos

sin 2 sin 1 5 sin

2 sin cos
4

3
sin 2 sin 1 2 sin

9

n c

c

c c

2 2

3 2 2 2

4 2 2 2 4 2

5

Coordinate time difference for the slow disk:
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Proper time difference withΔτ=Δt/γD and g b= - 1 1D c
2 2 :
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novel effect

This formulaworks for all particles.Whether light ormatter.
In thefirst part of equation (11), the genuine Sagnac effect terms are placed. The second-order term in ò,

Δτ= 4ωA/c2, is themain Sagnac effect. At fourth-order, corrections due to time dilation are added: the contour
is not circular, so the full well-known Sagnac effect is obtained by integrating explicitly on the polygonal contour
using the formula [19, 20]Δτ= ∮ 4wγD dA/c2.

The novel effect appears in the second part of equation (11), from three new terms First, the purely classical
term is found again (see equation (6)). Although this term is at a higher order, it dominates when the particle
speed v becomes sufficiently low (see the next section 4). The other two new terms discovered are of relativistic
origin. The third term is independent of the speed v of the particle, and therefore obeys the same criterion of
universality as the Sagnac effect.

At the fourth-order, even for the luminous Sagnac effect, obtainedwith v; vloc= c, a novel effect is added.
However, in the limit case of the circle, when n tends to infinity, there is no novel effect for both light andmatter.
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4. Results and discussions

In the limit of the slow disk, in formula 11, appears the classical regime (c→+∞ ), the relativistic regime
(vloc→ c) and the transition between the two.On figure 3(a), for each curve the ratio ò, between the disk speedωr
on the rim and the initial particle coordinate speed v on the disk, is kept constant. In the classical regime the
Sagnac effect is inversely proportional toβc, whereas in the relativistic regime the Sagnac effect is proportional to
βc. At the transition, aminimal value ofΔτ for ( )b p=  n2 3 sinc min is obtained. From a practical point of
view, it is interesting to plot the curves forfixed rotation rates. On figure 3(b), the transition appears at the
critical speed vt defined at the crossover when the two terms in equation (11) are equal :

( )w
p

=v r c
n

4

3
sin 12t

2 2 2 24

For a circular path, there is no transition, and the behavior is always relativistic. In the relativistic regime the
Sagnac effect is independent of the speed v of the particle. It works for a light ray in amediumor a particle of
matter. This is the so called universality of the Sagnac effect [13].

5. Proposal for an atomgyrometer experiment

With the current progress of atomic interferometers, an experiment can be proposed. In the Sagnac experiment,
instead of looking at the difference in timewhen the rays return, thewave aspect of light is considered, and the
phase shiftΔf ismeasured. Nowadays, the same is donewith atoms that follow two different paths and then
interfere in aMach–Zehnder-type interferometer [21–23]figure 4. The inherent sensitivity of atom gyrometers
exceeds that of photon gyrometers by several orders ofmagnitude [7, 24].

Let us now consider a symmetrical interferometer [25]. The paths are diamond-shaped, and the laser light
pulses are considered to act as splitters andmirrors (figure 4 (b)). The calculations of subsection 3.2 are resumed
with ρ(tA= 0)= rM, ( )r =t rB m and ( )q p= t 2B . A series expansion on ò= ωrM/v is performed.
Considering symmetriesΔtAB=ΔtBC, then:

⎛
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bD + - = +t
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c

l A

v
l r r2

2

3
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3

2
with 13c M m2

3 2

4
2 2 2

In the context of the experiments carried out, v<< c,βD<< 1 andΔτ;Δt, so:

( )t
w w

D + A

c

l A

v
2

2

3
14

2

3 2

4

This result is for a half roundtrip as opposed toΔτ in equation (11)where a complete roundtrip is considered.
Using the result of J Anandan [26],Δf/π= (2mc2/h)Δτ, then:

Figure 3.Time difference, transition from classical to relativistic.Δτ as a function of the particles speed. Figures for r = 2 mand
n = 4. (a) Slow diskwith w = =r v const . Before the transition, when v < < vt,Δτ ∝ 1/βc, and afterΔτ ∝ βc. (b)Curves with
w = const and ò < 0.01. Before the transitionΔτ ∝ 1/v4 and after tD = const .
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4
1
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15
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On figure 5, two curves are plotted and the results of the Lenef et al [6] andGustavson et al [7] experiments
are compared. The angular ratesω are of the order of the Earthʼs rotation rate and a phase shift of several fringes
is obtained. The Lenef et al experiment use a beamofNa atomswith v; 1030m/s, rM; 0.66m, rm; 27, 8μm,
A; 37mm2, andω ranges up to 146μrad/s. TheGustavson et al experiment use a beamofCs atomswith
v; 290m/s, rM; 0.96m, rm; 11.5μm,A; 22mm2, andω ranges up to 145μrad/s. Themaximum relative
correction arising from the second termof equation (14) is 0.025% for the Lenef et al experiment, and 8.2% for
theGustavson et al experiment. In this last experiment the transition is approached.

6. Conclusion

In the particular case of an n-sided polygon, and of a slow disk compared to particle velocities, the existence of a
new effect in addition to thewell-known Sagnac effect is shown. This correction has been obtained by taking into
account the difference between the trajectories of particlesmoving counterclockwise and clockwise. This novel
effect is even dominant below a critical particle speed vt. It would be very interesting to conduct experiments to
study this transition. Themore is known about the theoretical aspects of the roundtrip time nonreciprocity on a
rotating disk, the better the accuracy of future gyrometers can be.

Figure 4. (a)Mach–Zehnder interferometer: a coherent light source S, such as a laser, emits a light raywhich encounter atO afirst
half-silveredmirror, so half of the light is transmitted to themirrorM1, while the other half is reflected byM2. Both beams recombine
atPwith the second beam splitter and interfere on the detector I. Due to front-surface reflections the interference is destructive at J.
Unlike a Sagnac interferometer, here the entry and return points are different, and the particles interfere after only a half roundtrip. (b)
Atom interferometer: compared to the traditional optical interferometer (a), light andmatter invert their roles. A coherent atomic
beam S is split by a laser into two beams, which after a certain distance are redirected to each otherwith another laser.

Figure 5.Two experiments results represented on the dimensionless curve z/zrel versus x = v/vtwith w=v l c 3t
2 2 24 . The fringe shift

comparedwith the relativistic limit: z/zrel = 1 + 1/x4 with zrel = 4mωA/h.
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AppendixA. Classical

Todemonstrate equation (6), a series expansion on x= ntn/T is performed. Indeed, for a slow disk w¢ > >v r
and ¢v v , soT>> ntn and x<< 1. Aswell as forωtn= 2πtn/T= (2π/n)x<< 1. The coordinates ρ(tn±)= r
and θ(tn±)=± 2π/n of the first vertex reached are set in equation (4), then:
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With q p w¢ =  +n t2n n, andwhereαn is the value ofα to obtain a n-sided regular polygon. In these
equations, there are two unknownparameters,αn and tn.αn is eliminated in order to provide an analytical
expression ofΔt= n(tn+− tn−):
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The quantities are expressedwith the infinitesimal x:
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If ¢ <x 0n the signs balance out and the same expression is obtained. The expression is then ready to be
expanded:
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Series expansion on x:
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p p
w

p
w

p w p w p p

= +  +

= +  +

= +  +

         

vt

r n n

x

n n

x

n

n n
t

n
t

n

r

v n

r

v n n

2 sin 2 sin
8

3
cos ...

2 sin
1

2
sin

1

3
cos ...

2 sin 2 sin
8

3
cos sin ...

n

n n

order 0 order 0

2

order 2

3

order 3

,1
2

,0
3

2
3

3
3

Whereωtn,p isωtnup to order p on x. At order one: ( )p= =t t r v n2 sinn n,1 ,0 . The expression forΔt in
equation (6) is nowproven.

Appendix B. Relativistic

The calculation to demonstrate equation (9) is analogous to the classical case and the notations are the same, but
the relativistic case ismore complex and an iterativemethod is used.
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From equation (8):

[ ( )] ( )
( )

( ) ( )
( )

a b g b a g a b
b g b a

p w
g a b

a b g b a

=
+ + + +

+

 + =
+

+ +

r
v t r v c t

n t
v c t

v t r

cos 1 sin sin

1 sin

and tan 2
sin

cos 1 sin

n n D D c n D n D n

D D c n

n
D n D n

n n D D c n

2
2 2 2

2

Themethod is the same:

⎧

⎨

⎪
⎪

⎩

⎪
⎪

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

( )a
b g b a

q

a
g

b g b a

q
w

= +
+ ¢

- > ¢

= 
+

+ ¢
- ¢ ¢ <





v t

r
n x

v t

r
t y y

cos
1 sin

1

1 tan
1 if 4 then 0

sin 1 1 sin

1 1 tan
if counterclockwise 0 else 0

n n
D D c n

n

n

n n

D

D D c n

n

n n n

2

2

The orders are now considered. For example, tn,p is tnup to order p on ò:

⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

⎡
⎣
⎢

⎛
⎝

⎞
⎠

⎤
⎦
⎥

( )

( )
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p
w

g
p

w
w

b g b a

= + ´

 - +   -
+

+ -

-

t

n
t

n
t

t

1 sin

cos
2

1
1

sin
2

1 sin
B1

n p D D c n p

n p
D

n p
n p

D D c n p

, 1 , 1

,

2

2 ,
,

, 1

2

⎡
⎣
⎢

⎛
⎝

⎞
⎠

⎤
⎦
⎥ ( )a

b g b a
g w

p
w

w
b g b a

=
+

  -
+

-

+ -


t n
t

t
sin

1 sin
sin

2

1 sin
B2n p

D D c n p

D n p
n p

n p

D D c n p
,

, 1

, 1
,

,

, 1

βD and γD are expressed as functions of ò andβc : b g b b g= D D c c D
2 , g b= - 1 1D c

2 2 . Soωtn and asin n can
be expanded on ò. For thefirst non-null orders:

w
p

a
p

= = t
n n

2 sin and sin cosn n,1 ,0

Thenwith equation (B1) and p= 1,ωtn,2 is obtained, and after with equation (B2) asin n,1:

w
p

b
p p

a
p p

=  =  -  t
n n n n n

2 sin 2 sin cos and sin cos 2 sinn c n,2
2 2

,1
2

The same equationswith p= 2 are iterated:

⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

( )

w w
p p

b
p

a a
p p

b

= + + -

= +





t t
n n n

n n

sin 2 sin 1 5 sin

and sin sin
3

2
sin cos 2

n n c

n n c

,3 ,2
3 2 2 2

,2 ,1
2 2 2

Thenwith p= 3:

⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

w w
p p p

b
p

b
p

=  - - -t t
n n n n n

sin cos
8

3
sin 4 sin 2 2 sin 1n n c c,4 ,3

4 2 2 2 4 2

equation (9) is nowproved.
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