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Abstract

The description of the rotating disk in special relativity is revisited to find a new property that could
help to improve the performance of gyrometers. On a rotating disk, two particles which bounce in
opposite directions at the vertices of a regular polygon are considered. On the return to the entry
point, a clock measures the time difference. A particle moving in the direction of the rotation of the
disc needs more time to make one complete turn. Even if that particle is a photon, as in the original
Sagnac experiment. In this paper, the time difference is explained by the difference between clockwise
and counter-clockwise trajectories, due to different Coriolis effects. The particular case of the slow
disk where the two trajectories are very close and almost polygonal is studied. The theoretical existence
of a transition between a classical and a relativistic regime is proved, and an experimental verification
with an atomic interferometer is proposed. Although the novel effect discovered and the well-known
Sagnac effect seem analogous, in detail, their behavior is quite different.

1. Introduction

The roundtrip time nonreciprocity is studied for matter particles as well as for light. This effect was
experimentally verified, for the first time, with light, by Georges Sagnac in 1913 [1], but afterwards, also with all
kinds of particles like neutrons [2, 3], electrons [4] or atoms [5—7]. The time difference measured for the opposite
roundtrip directions in a rotating closed-path is called A7. The effect is present in a closed path of any shape. In
the case of the historical Sagnac effect, A7 is independent of the particle speed v [8—11].

In this paper, a novel effect is theoretically shown, which differs from the Sagnac effect in two ways: firstly,
this new effect is absent in the case of a circular trajectory, and secondly, it varies with the particle speed v. This
novel effect seems within reach of today’s atom gyrometers. As shown in section 5, the experiments carried out
in 1997 by Lenef et al [6] and Gustavson et al [7] were already close.

The classical study, with the example of a child on a merry-go-round with a ball, allows to grasp one of the
origins of the effect. The Coriolis force explains the difference in trajectory depending on the particle’s direction,
however the system studied here is very different from Coriolis force gyroscopes [12].

For arigorous study, paths in the shape of n-sided regular polygons are considered figure 1. A circular
contour is not directly envisaged because it is not experimentally feasible with particles or light rays. A free
particle does not follow a circular path. The circle can be approached but the approximation is not obvious and
contains ambiguities. Moreover, the original experiment of Georges Sagnac was carried out accordingto a
polygonal contour, and some of today’s gyrolasers, used daily in aeronautics for navigation, are made of a
polygonal laser cavity. It can be shown that the trajectory in the direction of rotation is not the same as the one in
the opposite direction, both for light and matter, which explains the roundtrip time difference. It is interesting to
note that even today, the Sagnac effect remains open to debate as to its theoretical interpretation in the context of
special relativity [13—16].

The paper is organized as follows: in section 2, the time difference At is calculated using classical mechanics.
In section 3, the calculation uses special relativity. The Sagnac effect is found again, but alongside the novel effect
added in equation (11). In section 4, the transition between the two effects is described. In section 5, an
experiment with an atom gyrometer is presented. Section 6 gives the conclusion.

© 2024 The Author(s). Published by IOP Publishing Ltd
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Figure 1. On a rotating disk of angular speed w, two particles bounce in opposite directions at the vertices A; of a regular polygon
(i € [2; n]). A, is both the entry and the return point where the time difference is measured. Due to the Coriolis effect, the trajectories
are different in the clockwise and counterclockwise directions. For the classical study, the Coriolis force F¢ is considered.

y=y'

Figure 2. Velocities angles with respect to the abscissa axis: o, o/ € ]5) %ﬂ[. Time to reach two adjacent vertexes : ,, .. Duration ofa

turn:t, = nt,,. Time difference: At =¢, —t_.

2. Classical novel effect
Asis appropriate, light will be studied later in the relativistic framework.

2.1. Trajectories and time difference
In the inertial reference frame R’ of the laboratory, where the disk is rotating with the angular frequency w, a
Cartesian system of coordinates (O, x’, y', z’) is considered. At the instant ' = 0, the particle is at the position
Ay = (1,0, 0) with an initial velocity ¥/ orthogonal to the rotation axis (O’z’). On figure 2, the quantities are
defined.

For a free particle, the trajectory is rectilinear:

x'=v'cosat +r, y' =v'sinat! and 2z =0 )
The non-inertial reference frame of the disk is denoted by R with the coordinates (O, x, y, z). The center of the

diskis O = O’,and atthedate =0, (O, x) = (O', x'). The following change of polar coordinates for a
counterclockwise rotating disk is used:
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p=p, 0=0—uwt', z=7 and =+ 2)

On the disk, from A1, at r = 0 the particle is thrown with the speed v and the direction a.. The additivity of
velocities give the initial quantities v/ and o/ in R":

—

V=V +Vr = vicosa =vcosa, v'sine/ =vsina+ wr

] wor \2 sina + =
and v =v, |cos’a + (sma + —) , o =arctan| ——L |+ 7 3)
v cos
Then, for t € [0, t,,], the trajectory on the disk frame is obtained:
p=+(cosat+ r)? + (vsina + wr)? 12
and 0= arctan(w) —wt+kr, ke 4)
vcosat + r

On figure 1, with equation (4), the difference of trajectories is shown for = 2 m, a period T'= 120 s, an
initial speed v = 0.3 m/s, and n = 6. The time difference found numerically is At~ 1.1 s. For n = 4, itis even
more: At~ 1.9 s. A child with a ball on a merry-go-round can easily measure the classical time difference.

2.2. Slow disk
The disk is slow compared to the speed of the particles. If the particle speed v’ is large compared to the disk speed
wrthe trajectories are close to a succession of straight lines. p(t,,.) = rand 6(¢,.) = £ 27/n, then a series
expansion is performed on wt,, and an analytical expression of t,,;. is obtained (Appendix A):

2rsin- rsin- 1 cos -

fyy + nonE L — 133 (5)
v 2v 3y

and At = n(t,, — t,_), the classical novel effect:

16 w3rt T . 4T
o~ n cos — sin® — (6)
3 v n n

The term of order zero of the t = nt, expansion is L, /v, where L,, = 2nr sin(7/n) is the perimeter of the
polygon. There is no first-order terms The second-order term is the same for counterclockwise and clockwise
particles. So, only the third order term contributes to the time difference At. Equation (6) shows the classical
novel effect proposed in this paper. At the circle limit, when 7 tends to infinite, the classical time difference tends
to zero. Also, this novel effect varies with v.

A first-order term would have been proportional to wA,, where A,, = nr? sin(m/n)cos(/n) is the polygon
area. As discussed later, this is the case for the relativistic Sagnac effect, for which the circle limit is non-null and
there is no dependence on v. Thus, although at a first sight the classical and relativistic effects are analogs, in the
details theirs natures are quite different.

3. Relativistic Sagnac and novel effects

3.1. Trajectories and time difference

The clocks in the inertial frame R’ are synchronized with Einstein’s synchronization method [17, 18]. In the
non-inertial disk reference frame R, the proper clocks cannot be synchronized. The reference frame of the disk is
stationary and coordinate clocks [9] are used. O’s clock is the master clock used to synchronize all the coordinate
clocks, sowe have t = t'.

On the disk, from A, at t = 0 the particle is thrown with the speed v and the direction «.. The law of
composition of velocities gives a relation between the velocities measured by two inertial observers. One
observerisatrestin R/, but the second observer cannot be the one at rest on the disk, because the disk frame is
not inertial. So the inertial reference frame coinciding locally at A; and t = 0 is chosen, because, according to the
equivalence principle, for any space-time event there is, locally, a coinciding inertial reference frame. This local
Minkowskian observer, and the neighboring observers, use their standard rulers and proper clocks to measure
the local velocity: v;,. = dl/dt), with dt;,. = d. Whereas the non-inertial observer coinciding at rest on the disk,
uses his coordinate clock and obtains the coordinate velocity: v = Veporg = dl/ At cooras At oora = dt = ypdTand
Vioe =ypvWith Bp =wr/cand vy, = 1 / 1 — 3% according to the metric in the rotating disk [17]. Considering
all of the above, the composition of velocities gives the initial quantities v/ and o/ in R':

3
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;/ _ (Vi loc (Vy)loc + wr
’YD(l + ﬂD(Vy)loc/C) 1+ ﬁD(Vy)loc/C
_ v €OS a. i YpV SIn & + Bp — (Vcosa ', v'sina )
1 + Bpypvsina/c 1+ Bpypvsina/c

\/cosza + (’yD sina + %)2

; 7
1 + Bpypvsina/c

and v/ = v

Ypsina + £
— Y47
cos o

, o = arctan(

Then, for ¢ € [0, t,)], the trajectory on the disk frame is obtained:

\/[v cosat + r(1 + Bpypvsina/c)> + (ypvsina + ¢Op)? t?
p= :
1 + Bpypvsina/c

and 0= arctan( Gpvsina + cBp)t ) —wt+kmr, kelZ (8)

vecosat + r(1 + Bpypvsina/c)

The trajectories for all particles and all rotation speeds can be determined.

3.2. Slow disk

If the particle speed v/ is large compared to the disk speed wr the trajectories are close to a succession of straight
lines. p(t,,..) = rand O(t,,...) = & 27/n, an a series expansion on € = wr/v is performed. Indeed v ~ v’ and

€ < < 1. An analytical expression of Atwith (. = v/cis obtained (Appendix B):

. .T
wWtyy = 2€ sin — +2¢23.2 sin — cos —
n n n

+ f3sinz[251n21 + ﬂcz(l — 5sin? 1)]
n n n

. 4 . . .
+ 264SIHECOSEI:—SIHZE — 2832 sin? X /6’54(1 — 2sin? E)]
n ni3 n n n
+ o(€?) )

Coordinate time difference for the slow disk:

At~ 4

A 3.2 4 . .
w_z” +4¢7 A”[E 81n2% - 242 Slnzg + 554(1 — 2sin? %)] (10)

Cc 14

Proper time difference with A7 = At/ypand 7, = 1/\/ 1 — €232

A 2201 1 .
Ar ~ 4 @40 1+£(___sz£)
c? ¢z \2

Sagnac effect
3r2 4 5
+4w: An[—sin21 — 282 sin2 L _ ~p.2 sinZz] (11)
% 3 n n 3 n

novel effect

This formula works for all particles. Whether light or matter.

In the first part of equation (1 1), the genuine Sagnac effect terms are placed. The second-order term in e,
AT=4wA/ &, is the main Sagnac effect. At fourth-order, corrections due to time dilation are added: the contour
is not circular, so the full well-known Sagnac effect is obtained by integrating explicitly on the polygonal contour
using the formula [19,20] AT = 554W7D da/c.

The novel effect appears in the second part of equation (11), from three new terms First, the purely classical
term is found again (see equation (6)). Although this term is at a higher order, it dominates when the particle
speed v becomes sufficiently low (see the next section 4). The other two new terms discovered are of relativistic
origin. The third term is independent of the speed v of the particle, and therefore obeys the same criterion of
universality as the Sagnac effect.

At the fourth-order, even for the luminous Sagnac effect, obtained with v > v;,. = ¢, anovel effect is added.
However, in the limit case of the circle, when 7 tends to infinity, there is no novel effect for both light and matter.

4
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Figure 3. Time difference, transition from classical to relativistic. A7 as a function of the particles speed. Figures for r = 2 mand
n = 4. (a) Slow disk with wr /v = € = const. Before the transition, when v < < v,, AT < 1/, and after A7 x 3. (b) Curves with
w = const and € < 0.01. Before the transition A7 o 1/v* and after AT = const.

4, Results and discussions

In the limit of the slow disk, in formula 11, appears the classical regime (¢ — + 00 ), the relativistic regime

(V1o — ¢) and the transition between the two. On figure 3(a), for each curve the ratio ¢, between the disk speed wr
on the rim and the initial particle coordinate speed v on the disk; is kept constant. In the classical regime the
Sagnac effect is inversely proportional to (3., whereas in the relativistic regime the Sagnac effect is proportional to
f3.. At the transition, a minimal value of A7 for 3, i, = 2/+/3 € sin(7/n) is obtained. From a practical point of
view, it is interesting to plot the curves for fixed rotation rates. On figure 3(b), the transition appears at the
critical speed v, defined at the crossover when the two terms in equation (11) are equal :

4 .
v, = 4| —w?r¥?sin? T (12)
3 n

For a circular path, there is no transition, and the behavior is always relativistic. In the relativistic regime the
Sagnac effect is independent of the speed v of the particle. It works for alight ray in a medium or a particle of
matter. This is the so called universality of the Sagnac effect [13].

5. Proposal for an atom gyrometer experiment

With the current progress of atomic interferometers, an experiment can be proposed. In the Sagnac experiment,
instead of looking at the difference in time when the rays return, the wave aspect of light is considered, and the
phase shift A¢ is measured. Nowadays, the same is done with atoms that follow two different paths and then
interfere in a Mach—Zehnder-type interferometer [21-23] figure 4. The inherent sensitivity of atom gyrometers
exceeds that of photon gyrometers by several orders of magnitude [7, 24].

Let us now consider a symmetrical interferometer [25]. The paths are diamond-shaped, and the laser light
pulses are considered to act as splitters and mirrors (figure 4 (b)). The calculations of subsection 3.2 are resumed
with p(t4 = 0) = rap, p(tp,) = nrpand O(tp,) = Lm/2. Aseries expansion on € = wryy/vis performed.
Considering symmetries Atyp = Atpc, then:

3712
Ar 2y 2T 250) i 1= i (13)
c 1%

In the context of the experiments carried out, v < < ¢, fp < < 1 and A1~ At, s0:

312
A722%+EWZA
c? 3 v

(14)

This result is for a half roundtrip as opposed to At in equation (11) where a complete roundtrip is considered.
Using the result of ] Anandan [26], A¢/m = (2mc*/h) A, then:
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Figure 4. (a) Mach—Zehnder interferometer: a coherent light source S, such as a laser, emits a light ray which encounter at O a first
half-silvered mirror, so half of the light is transmitted to the mirror M,, while the other halfis reflected by M,. Both beams recombine
at P with the second beam splitter and interfere on the detector I. Due to front-surface reflections the interference is destructive at J.
Unlike a Sagnac interferometer, here the entry and return points are different, and the particles interfere after only a half roundtrip. (b)
Atom interferometer: compared to the traditional optical interferometer (a), light and matter invert their roles. A coherent atomic
beam S s split by alaser into two beams, which after a certain distance are redirected to each other with another laser.

10*
Z/ Z rel

10°

10?

10

Lenef et al.

Gustavson et al.

0.1
0.1 1 10 X 10°

Figure 5. Two experiments results represented on the dimensionless curve z/z,,; versus x = v/v, with v, = 4/w?*c2/3. The fringe shift
compared with the relativistic limit: z/z,; = 1 + 1/x* with z,,; = 4mwA /h.

15)

z =

2 272
%N4mwA(1+cwl)

T h 3yt

On figure 5, two curves are plotted and the results of the Lenef et al [6] and Gustavson ef al [ 7] experiments
are compared. The angular rates w are of the order of the Earth’s rotation rate and a phase shift of several fringes
is obtained. The Lenef et al experiment use a beam of Na atoms with v~ 1030 m/s, rp; ~ 0.66 m, 1,,, > 27, 8 ym,
A ~ 37 mm?, and wranges up to 146 prad/s. The Gustavson et al experiment use a beam of Cs atoms with
v~290m/s, 1>~ 0.96 m, 1, >~ 11.5 um, A >~ 22 mm?, and w ranges up to 145 prad/s. The maximum relative
correction arising from the second term of equation (14) is 0.025% for the Lenef et al experiment, and 8.2% for
the Gustavson et al experiment. In this last experiment the transition is approached.

6. Conclusion

In the particular case of an n-sided polygon, and of a slow disk compared to particle velocities, the existence of a
new effect in addition to the well-known Sagnac effect is shown. This correction has been obtained by taking into
account the difference between the trajectories of particles moving counterclockwise and clockwise. This novel
effect is even dominant below a critical particle speed v,. It would be very interesting to conduct experiments to
study this transition. The more is known about the theoretical aspects of the roundtrip time nonreciprocity on a
rotating disk, the better the accuracy of future gyrometers can be.

6
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Data availability statement

No new data were created or analysed in this study.

Appendix A. Classical

To demonstrate equation (6), a series expansion on x = nt,, /T is performed. Indeed, for a slow disk v/ > >wr
and v >~ v/,s0 T > > nt,and x < < 1. Aswell as for wt,, = 27t,,/ T = (27/n)x < < 1. The coordinates p(t,.) = r
and 0(t,.+) = £ 27/n of the first vertex reached are set in equation (4), then:

12 = (vcosayut, + r)? + (vsina, + wr)?t?

(vsinay, + wr)t,

/
tan 0/, y—”/ = tan(£27/n + wt,) =
xn

vcosayt, +r

With 0, = +27/n + wt,, and where a, is the value of o to obtain a n-sided regular polygon. In these
equations, there are two unknown parameters, a,, and t,,. «,, is eliminated in order to provide an analytical
expression of At =n(t,, —t, ):

t 1 .
VCOSQntn  _ —1 if n>4 then x>0
r {1+ tan?0),
i t 1 . .
AL N S wt, if clockwise y’I >0 else yi; <0
r J1+ 1/tan’@),
2 2
t 1 1
then -2 = || —— — 1| +|t—m— — w1,

r J1 + tan?@), J1+ 1/tan’@),

The quantities are expressed with the infinitesimal x:

__ = |cosf)| = cos(z—W(I + x)), with x, > 0,
J1 + tan?@), n
1 . . (2
and ———— = |sinf)| = sm(—w(l + x))
J1+ 1/tan?0), n

If x, < 0 the signs balance out and the same expression is obtained. The expression is then ready to be

expanded:
2 2
Via _ \/(cos(zla + x)) - 1) T (isin(zl(l + x)) - wtn)
r n n

2
:\/2 — 2COS(2—7T(1 + x)) F Zsin(z—ﬂ(l + x))z—Wx + (z—ﬂ) x?
n n n

n

Series expansion on x:

2 3
= o) ()2 < S22
r n n n 3 n n

——
order 0 order 0 order 2 order 3
. 1 . 1
= 2sin (E) + —sin (z)(wtn,l)z + —cos (I)(wtﬂ,of—i—...
n 2 n 3 n

2 3
. . 8 .
= 2sin (E) + Z(W—r) sin® (z) + —(ﬂ) cos (z) sin® (Z) + ..
n % n 3\ v n n
Where wt,, , is wt,, up to order p on x. Atorder one: t,,; = t, o = 2r/v sin(7/n). The expression for Atin
equation (6) is now proven.

Appendix B. Relativistic

The calculation to demonstrate equation (9) is analogous to the classical case and the notations are the same, but
the relativistic case is more complex and an iterative method is used.

7
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From equation (8):

2 _ [reosanty + (1 + Bpypfe sinan)l + (ypvsinay + fp)’ty
(1 + Bpyp B sinay)?
(ypvsina, + ¢Bp)t,
vcosa,t, + r(1 + Bpyp LS. sin )

and tan(+27/n + wt,) =

The method is the same:

t . 1 .
%2(1 + BpypBesina,)| ————= —1| if n>4 then x>0
n

r J1 + tan?@/,

vsinagt, 1 j:1 + Bp7p B sin ay,

r D J1 + 1/tan?@),

The orders are now considered. For example, t,, , is t,, up to order pon e:

— wt, | if counterclockwise yr: >0 else yr: <0

Wty pt1 = e(l+ ﬂD’YDﬂc sin an,pfl)x

2

2 1 (2 wt,

[COS(_” + wtn,p) - 1] +— ism(_” + wtn’P) _ " (B1)
n YD n 1 + Bpyp B sin App—1

1 + BpypfBesina,,

YDWEn,p+1

Bpand yp are expressed as functions of e and 3,: Bpp Bc = €65, Yp = 1 / J1 — €28.2.So wt, and sin o, can
be expanded on e. For the first non-null orders:

wtn,p (B2)

sina,, = €

. (2
:I:sm(—7T + wtn,p) - -
n 1 + Bpypfesin App—1

LT . T
Wty = 2€ sin — and sin a0 = £cos —
n n

Then with equation (B1) and p = 1, wt,, , is obtained, and after with equation (B2) sin «,, 1:

. T .T . T LT
Wty = 2€ sin — =4 2¢€26,2 sin — cos — and sin v, = 2cos — — 2¢ sin® —
n n n n n

The same equations with p = 2 are iterated:

R - o
Wtp3 = Wy o + 63sm—[2 sin? — + ,Bcz(l — 5sin? —)]
n n n

. . 3 ., T ™
and sinq,, = sinay, | F 562 sin> —cos —(2 + (3.2)
n n

Then withp = 3:

LT |8 . ,m L, T ., T
Wtp4 = Wty 3 = €*sin —cos —| —sin®> — — 48,2 sin> — — 2@4(2 sin? — — 1)
n n n n n

equation (9) is now proved.
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