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1 Introduction and summary of results

There has been recent interest in the canonical approach to quantum gravity in Anti-de Sitter
(AdS) universes, e.g. [1-3]. The program of canonical quantization starts from the Hamiltonian
formulation of GR, which allows one to identify configuration variables and their conjugate
momenta. In the original context of (3 + 1)-dimensional gravity with zero cosmological
constant, these variables are given by the 3-metric of Cauchy slices and corresponding
conjugate momenta. Their Poisson brackets are promoted to commutators, and the classical
Hamiltonian constraint promoted to a Wheeler-DeWitt (WdW) equation in what is known
as ‘quantum geometrodynamics’ or WdW quantum gravity. Applying this approach to
quantum gravity to theories of gravity with negative cosmological constant is important to
formulate the fundamental problems of AdS quantum gravity, which has been extensively -
but somewhat indirectly - studied in the past two decades through holography. Especially
in low dimensions, where AdS holography has proven to be very powerful, it seems possible
to combine insights from WdW and holographic approaches [4-6].

Another development, in the context of AdS holography, has been that of 7T theory [7, 8].
This is the theory obtained from deforming 2-dimensional quantum field theories with



Zamolodchikov’s irrelevant TT operator [9]. The resulting theory has non-local features
but at the same time a closed form expression for its energy spectrum. This notion of
integrability has led to many complementary perspectives on T'T theory [10] other than
that of non-local QFT, such as 2-dimensional gravity [11-14], random geometry [15], and
worldsheet string theory [8, 13, 16] descriptions, which make T'T theory a very rich theory to
study. Moreover, when the undeformed theory is a 2-dimensional holographic CFT, the TT
deformation also has a powerful holographic interpretation as ‘pulling the boundary inwards’
or ‘cut-off holography’ [16] (see also [17-19]), which has opened the door to a strategic
approach to beyond AdS holography [20, 21].

One of the main arguments for the holographic TT proposal is the connection between
the TT flow and bulk evolution described by a radial WAW equation. It makes use of the
long-known observation that the WdW equation in the semi-classical limit reduces to a
Hamilton-Jacobi equation (which has been previously interpreted holographically in terms of
holographic RG [22-25]). In this way, T'T forms a bridge between different quantum gravity
approaches, namely WdW gravity on one hand and AdS/CFT on the other. In some sense,
cut-off holography tells us that 7T ‘dissects’ AdS/CFT, and as such we can expect 7T theory
to provide a language to discuss and address issues in WAW AdS gravity. The real challenge
will be to make statements beyond the semi-classical approximation.

The relation between TT and WdW gravity has been investigated in recent work [2, 3],
which includes the proposal of Cauchy slice holography. In these papers, one discusses the
standard canonical formalism in the context of AdS gravity, treating actual time as the
direction of WAW evolution.

In this paper, in contrast, we study the radial canonical formalism for AdSs (see also [25]),
which has been shown in [16] to have a direct T'T" interpretation at the level of the Hamilton-
Jacobi equation and cut-off AdS energy spectrum. We revisit both these T'T interpretations
(section 2.1 and 5), in the context of our more detailed discussion of the canonical treatment.
To this end, we construct the BTZ solution as well as corresponding WdW states by expo-
nentiating solutions to the Hamilton-Jacobi equation, which form a semi-classical basis of
the bulk theory. This follows the program of the recent works [26-28] (in 3 + 1 dimensions),
but applied to 2 + 1 dimensions. In [26, 28], the constructed WdW states (upon including a
counterterm contribution) were conjectured to be holographically equivalent to the Lorentzian
partition function of a field theory that was left unspecified (but a possible higher-dimensional
TT interpretation was mentioned in [26]). We apply the same strategy to 2 + 1 dimensions,
precisely to explicitly identify the dual field theory as T'T theory, which is 2-dimensional.

In section 2, on the radial canonical formalism, we introduce a mini-superspace approxi-
mation that allows the identification of a preferred time before quantization: the volume time
v = /—7, equal to the volume density of radial slices of the asymptotically AdS manifold.
This time variable is canonically dual to the York time [29], which has been previously
discussed in the context of AdS/CFT, e.g. in [2, 30, 31]. The identification allows a reduced
phase space formalism discussion of radial canonical AdSs gravity. In it, the Hamiltonian
constraint takes the form of a Schrodinger equation for the WdW wavefunctional. ‘True’
or physical canonical degrees of freedom are identified as the ones introduced in [16], and
the role of unconstrained (i.e. non-vanishing), ‘true’ Hamiltonian density is taken by the



York time 7m,. At the semi-classical level, these statements have a TT interpretation. In
particular, the semi-classical TT path integral solves a radial Schrédinger equation into
the AdS bulk, and the value of the generator of volume time translations is given by the
integrated expectation value of the 7T operator (Op7). We comment on the differences at
the full quantum level, and on the role of the counterterm in the gravitational action in this
discussion. The main result of section 2 is the volume time Schrédinger equation (2.27),
with semi-classical T'T interpretation (2.49) and (2.47).

In section 3 we proceed to construct the BTZ solution (3.18) from the Hamilton-Jacobi
equation. In particular, we include the technical complication of allowing rotating BTZ
solutions, with an eye on the T'T interpretation in which the rotation takes the role of
momentum. Corresponding semi-classical solutions of the WdW equation are subsequently
constructed in section 4. The evolution of the obtained Vilenkin wavefunctional (4.16) is
illustrated in the Penrose diagrams in figures 1 and 2. We discuss different measures of energy
of the solution, and their holographically dual interpretation, in section 5.

In appendix A we provide some more background on the ADM deparametrization
strategy [32], and in appendix B we repeat the BTZ solution construction of section 3 in
the volume notation employed in [26].

A comment on notation: throughout the paper we use a notation that distinguishes
between objects in the theory without counterterm contribution to the action, and with
counterterm. For reference, we summarize that notation here. In the presence of the
counterterm, we use 7% for the canonical momenta, S for the gravitational action, S, for the
on-shell action, and S for the Hamilton’s principal function. In the absence of the counterterm,
we use p* for the canonical momenta, I for the gravitational action, I,; for the on-shell action,
and Z for the Hamilton’s principal function. They are simply related by (3.1) and (3.2).

In the final stages of preparing this paper, the work [33] appeared, which also employs
a volume time interpretation of T'T evolution, applied to de Sitter, as well as [34] on the
notion of emergent time in Hamiltonian General Relativity.

2 Volume time reduced phase space

We consider a D = (2 + 1)-dimensional theory of gravity with negative cosmological constant
A = —1/1? in terms of AdS radius I. The gravitational action for a manifold M with
d = (D — 1)-dimensional timelike boundary dM is given by

1
K

gL / AP /=g(RD) — 2A) / iP-lp K — L / Plpy=y (2.1)

26 Jm oM Kl Jom
with gravitational constant x = 87 (G, 3-curvature R®) trace of extrinsic curvature K, and
the determinant of the 3-metric g, and induced 2-metric ;; on OM denoted g and ~. The
extrinsic curvature of OM in M is defined as K, = —%Enyw, for v = g — nyn, in terms
of the normal n* to the boundary. We follow the same conventions as in [35, 36].

The first two terms in (2.1) are the Einstein-Hilbert action and Gibbons-Hawking-York
boundary term, ensuring a well-defined variational principle. The last term is the standard
counterterm Sy = [dP'aLy = —L [dPlz\/=7 [37]. It is included to obtain a finite
gravitational stress tensor.



We write the spacetime metric in a D-dimensional ADM metric form
ds? = N?dr® + ~;j(dx’ + N'dr)(dz? + N7dr) (2.2)

where we choose the decomposition in the radial direction, meaning we think of r as playing
the role of a (Euclidean) ‘time’. It describes a foliation with d = 2-dimensional, timelike
hypersurfaces 3 homeomorphic to the boundary M. We use Latin indices for the 2-
coordinates ! and 2-metric 7i; on those constant r slices. In the ADM decomposition, all
functions are still functions of all coordinates, meaning lapse N, shift N? and 2-metric Vij
are short for N(r, @), N'(r, %), vi;(r, T).

Using the Gauss-Codazzi equation for the ADM split of the curvature into 2-curvature R
and extrinsic curvature terms (e.g. (A20) of [35]), the action S = [ dr d?z L becomes

1 iy 1
S = 7/ dPoy—g(R+ K? — KK, — 21) — 7/ AP 1e =, (2.3)
26 Jm Kl Jom
This expression can be brought in canonical form
S — / @ (790,75 — NH ~ N'H;) (2.4)
M

in terms of the momenta

Y 1 g D
i = = /=~ (K~ — KU 4 A 2.
Tr P 5.V 7( v +l7> (2.5)

AL Ly 1 g .
ij — _ = —— J~(K~AY — KY 2.6
D O, 5.V v (K ) (2.6)

where the dot refers to a derivative with respect to r, the Hamiltonian density

H = —2k Gy p/p" — 2;7(3 —2A)

V=7 26 (i
=5 (R—2A) — H(p pij—p2), (2.7)

and momentum density
Hi = —2D;p]. (2.8)

The Hamiltonian density is given in terms of the DeWitt metric G = ﬁ(%’lﬂjl +Yavik —
%%‘j’m), and D; in (2.8) is the induced covariant derivative for tensors tangent to the
boundary; traces of the momenta p’lg and W’lj are denoted p and w. The DeWitt metric is the
metric on superspace, which is the space of all 2-metrics v;;. The counterterm contribution
to (2.4) enters through the last term of 7%/ in (2.5). The densities % and H; are given in
their more standard form in terms of the momenta p” without this counterterm contribution.

The 2-metric and momenta in (2.4) form a pair of canonically conjugate variables (7;;, 7).
The lapse and shift act as Lagrange multipliers imposing respectively the Hamiltonian and
momentum constraints, H = 0 and H; = 0. These constraints are the G}, = 0 Einstein
field equations (rather than GZ = 0 in standard ADM slicing), so technically we could
refer to H = 0 as radial Hamiltonian constraint [25], but we will not always repeat this



specification explicitly, for reasons of conciseness. Written out in terms of (v;;,7%), the
(radial) Hamiltonian constraint is

(2r)?
Y

. 4 1
<7rij7T7’] — 71'2) + TH\/?’}/ m— R(vi;) = 0. (2.9)

The effect of using a notation that includes the counterterm contribution is twofold: the

appearance of a linear term in the momenta, and the disappearance of the cosmological
constant term, compared to (2.7).

Next, we make a symmetric ansatz for the metric in which all metric fields depend
only on the radial coordinate

N=N(r), N'=N'(r), 7j=";(r) (2.10)

This has two immediate consequences. The first is that the momentum constraint H; = 0 is
trivially satisfied. (Note that this would already be the case if only the hypersurface metric was
restricted, v;; = vi;(r), which is the radial equivalent of the ‘spatially constant’ ansatz used in
the canonical description of (2 + 1)-dimensional gravity in [38].) An ansatz with this property
can be called a mini-superspace ansatz, with ‘mini’ referring to the strong reduction in covered
superspace, and this is indeed how we will refer to (2.10). In the mini-superspace ansatz for
the slicing of spacetime, the fact that the hypersurfaces are imposed to be non-intersecting
means the Hamiltonian and momentum constraint are expressing diffeomorphism invariance of
the spacetime. In general, such an interpretation of the constraints is more subtle [39] (p.156).

A second consequence of the mini-superspace ansatz is that the radial slicing is flat,
more precisely R = R(v;;) vanishes up to possible delta function contributions. With this
form of the 2-curvature in mind, we will retain its presence in the equations. After the
freezing of degrees of freedom (2.10), the remaining freedom in the description is the choice
of radial coordinate r or ‘time’.

At the quantum level, the momenta are promoted to operators or variational deriva-
tives [39, 40]

1)
5%‘;‘

T = —j (2.11)

when acting on the gravitational wavefunction(al) in a ‘coordinate representation’ (¢ de-
pending on 7;;)

v=vs(y) = [ Dyl (2.12)
gls=v
The Hamiltonian constraint H = 0 is then promoted to the WdW equation

H1p =0, (2.13)

with H now in the role of an operator. It expresses a restriction on physically allowed
wavefunctionals . Explicitly, it has the form

(2’@2 =y 47"3#%_ L _
(ry (mﬂrﬂ 7T2) + Ve R(fyzj)> ¥ = 0. (2.14)



The term that is quadratic in the momentum operators comes with a prescribed normal
ordering [41].

In a semi-classical approximation, the wavefunction taking the WKB form ¢ ~ exp Sy
and taking the limit x — 0, one recovers from the WdW equation the Hamilton-Jacobi
(HJ) equation

2
(2/‘?)2 (5501 5501 5Scl 4k 1 5Scl
—— = — || |+ =" — R(yi;) =0 2.15

with the on-shell action S, in the role of Hamilton’s principal function S [42]. It is the

Hamiltonian constraint (2.9) rewritten (using 6Sy = [ 7 §7;; on a solution) as a condition
on the functional form of the on-shell action’s dependence on the boundary metric, Sg[7vi;]-

Where the Hamiltonian density # is purely quadratic in p% in (2.7), it contains a term
linear in the (trace of) the momentum 7%, since 7 = p¥ — Q%Z\/j'y'yij . Therefore the
linear term in the WdW equation can be traced back to the presence of the counterterm,
i.e. the fact that the action S in the exponent of the wavefunction v in (2.14) is the total
gravitational action including the counterterm.

The linear term in the WdW equation can now be identified as a variation with respect

to the volume of radial slices. This follows from

T = —z‘wj&ij = —iﬁé\% , (2.16)
which upon introducing the notation
v=—7, Ty = —1i i (2.17)
o=y
for the volume of the radial slices and its canonical partner, can be written as
T = UTy. (2.18)

This suggests a natural orthogonal decomposition of the momenta, obtained by splitting off
the trace part m or m, from a remaining traceless part,

oo 2 L (2.19)
T = - ™ .
v= 2

and a rewriting of the 2-metric by splitting off the volume

Yij = V=7 Yij- (2:20)

Or yet,

I A ~
™ =—+ 7y, Vij = VYij- (2:21)
v 2
The new introduced variables are 7%, which has the property that it is traceless, and Vijs
which has the property that its determinant equals minus one. The indices of these objects

are raised and lowered by the new metric 4;; and its inverse (defined through A = 5f ).



Therefore, m; = /=77 + %'yiﬂr and 77 = \/%—Wﬁij . The tracelessness of 7% implies
that the decomposition (2.19) is indeed orthogonal as [ d?z % yigm = [dPxFw =0 [43].
We've rediscovered the same variables that Martinec introduced in [38] for the description
of canonical (2+1)-dimensional A = 0 gravity, and that more generally are employed in
D-dimensional A = 0 canonical gravity discussions [39, 44] to argue that the volume of
the slices forms the direction of time of the (— 4 ...4) signature DeWitt metric G;;x on
W—dimensional superspace. We will now see that in the case of radial slicing they lead
to a reduced phase space description of (2+1)-dimensional A < 0 gravity.
In terms of the new variables, (2.9) becomes
(2K)2 (25)2 5 4k

—Tﬁijfrkl%ﬁlj + o e = R(v, i) = 0. (2.22)

It is the Hamiltonian constraint H = 0 with the general (v;;,7%) dependence rewritten
in terms of the orthogonal decomposition (v, m,,%j,77). Separating the linear term, it
takes the form

T = PO (my, v, T, Fij). (2.23)
This can be solved for m, to
m = To (v, 7, Fij) (2.24)

with the explicit solution of the quadratic equation simply

1 1 Zi)5. .
Td=——-—— 1+2;¢2l2L§”+
v

12 .
il il R(’U,’)/ij) . (225)

2
As we will shortly explain, the above reasoning is an ADM ‘deparametrization of gravity’
argument. To make the comparison to the ADM notation of [32] explicit, we have introduced
in equations (2.23)—(2.24) the same notation as in that original paper.

What the rewriting to (2.24) achieves, is that the Hamiltonian constraint — rather than
expressing the vanishing of the constrained Hamiltonian density H — takes the more familiar
form of a momentum equaling a ‘true’ Hamiltonian density given by

Hapu = —T3 (v, 79, 3i5). (2.26)

The momentum necessary for this identification is the volume time momentum m,. Upon
quantization, with m, = —id/dv, the Hamiltonian constraint then takes the form of the
Schrodinger equation

l% Y= Happn ). (2.27)

The sign of the square root in the solution (2.25) for 73 is chosen on the basis of boundedness
of the Hamiltonian, and Hapy = [ d?x H apys is the radial ‘true’ Hamiltonian.

The above argument follows the ‘deparametrization of gravity’ strategy' of Arnowitt,
Deser and Misner [32] and of Kuchar in e.g. [46]. In mechanics, a system of M degrees of

'As reviewed in [39], criticisms of this strategy can be kept in mind, e.g. in [45] for the case of a closed
universe.



freedom with action I = [ dt (pi0iqi — Herue(p, ¢, 1)) (withi = 1,..., M) can be brought into a
parametrized form I = [ drp;0;q; = [dr (pjOrq; — NH) (with j =1,..., M +1) by writing
Hamiltonian and time as a conjugate pair of variables (t, —Hpue) = (qar+1(7), par+1(7)), with
arbitrary parameter 7 and new degree of freedom gas+1. The second rewriting of I introduces
a Lagrange multiplier N(7) to impose the constraint equation H (par+1,9n+1,Pi,¢i) = 0,
which can be any equation with the solution par+1 = —Hyrue(Piy ¢y qrr+1).  To reverse
back from a parametrized to an unparametrized description,? one should substitute the
solution pprr11 = —Hppue(Pi, Gis qur+1) of the constraint equation H = 0, and impose a
‘coordinate condition’ qpry1 =t = 7 identifying the time ¢. In comparison to mechanics, the
gravitational action (2.4) evaluated on the mini-superspace ansatz (2.10) comes in an ‘already
parametrized’ form S = [ dr d*x (7% Orvij — NH), with the momentum constraint H; = 0
already identically satisfied and ‘time’ r in the role of parameter. It can be similarly brought
into a deparametrized form by substituting the solution of the constraint equations, with
solution (2.24) the equivalent of pyr+1 = —H (ps, ¢i), and imposing the identification of time

vl=—r (volume time), (2.28)

where the AdS radius [ enters for reasons of dimensionality, and the sign is such that the
infinite ‘past’ is situated at the asymptotic AdS boundary. This volume time® identification
/=71 = —r is thus the explicit equivalent of the coordinate condition gas+1 = 7. The
deparametrization results in singling out a choice of time before quantization. In the process,
the number of degrees of freedom decreases (from M + 1 to M in mechanics) and the ‘true’
degrees of freedom are observed to be the variables 4;; and their conjugate # on which
the ‘true’ or ADM Hamiltonian density in (2.26) depends. In the case at hand, Hapas also
depends on the volume time v itself.

Let us now discuss the deparametrized form of the action, applying the ADM reduction
technique of substituting the constraints and imposing coordinate conditions. Such a treatment
of (2+ 1)-dimensional A = 0 gravity can be found in [47], and indeed the following discussion
for the A < 0 case will be very similar. Upon substituting (2.19) and (2.20), the action (2.4)
evaluated on the constraints becomes

S = /f K 4—%%)@&%+%ﬁwﬂ (2.29)
::/dﬂﬂrﬁﬁ&%f+m6w) (2.30)

Going to the second line, the cross terms disappear due to the properties of the new variables
i; and 7%, that is, /=7 = 1 and 7 = 0. After the identification of volume time (2.28), we find

S:/mﬁuﬂm%+m) (2.31)

for the reduced phase space action. It indeed takes the form from the mechanics example,
I = [dt (piOrgi — Hirue(p, q,t)), such that we can read off from it that the true Hamiltonian

2This is detailed in appendix A.
3Technically, v is of course the volume density of the ¥ slices, but we will refer to it as volume time.



density is given (on the constraint) by the conjugate partner of volume time
HaDpM = —Typ- (2.32)

This is of course consistent with (2.24) and (2.26). The corresponding true Hamiltonian is

obtained by integrating over the boundary directions Hapy = — [ d?z m, /1.
The momentum 7, is known in the literature as York time [29]. From (2.5) and (2.18),
the momenta have trace 7 = —5-/—7(K + ) and
1 2
=——|K+-). 2.33
v 2K ( + l ) ( )

The second term is the contribution from the counterterm, which is not present in the flat
gravity context in which York time was introduced [29]. In that case, York time is just
proportional to the trace of the extrinsic curvature (of spacelike slices in that context), but
it is still the conjugate of volume, with the ‘true’ Hamiltonian in [29, 47] identified as the
volume of the universe. ADM deparametrization in terms of York time has been discussed
in [47] and in the context of cosmology in [48].

2.1 TT flow equation interpretation

The radial HJ equations have been holographically interpreted as TT trace flow equations
in [16] and [18] (in Euclidean signature). We will repeat their argument here (in Lorentzian
signature), showing that the volume time identification provides a natural, useful notation.

Given a classical solution, variations of the on-shell action S, (or ‘on-shell variations’ [49])
take the form [35]

(55012/ dQ.%'Td'ijé’yij. (2.34)
%

We rewrite this in terms of the new canonical pairs in our radial canonical gravity discussion,
given by the volume time and its canonical partner (v,7,) and the ‘true’ canonical degrees
of freedom (7;;,7%), to the simple form

S, = / dx (7765, +my 0v) . (2.35)
by

The absence of cross terms again follows from the same argument as in the derivation of (2.30).
From (2.34), we have 7% = % and from the second form in (2.35),

654
0%ij

0S5,
ov

7t and T, = : (2.36)
The solution’s gravitational energy-momentum that is contained in the bulk region bounded by

the constant r surface ¥ with intrinsic metric ;; is given by the Brown-York stress tensor [35]

= =5 (2.37)



L = 2 Jscl
or Iij = = 7= 5t

TV = \/%—vwij . From a T'T perspective, we are specifically interested in the combination of

It is immediate that the stress tensor is proportional to the momenta

Brown-York stress tensor components (with notation © for the trace T})
T,,TY — ©? (2.38)

which written out in terms of the canonical degrees of freedom is

4 ’ Tl 1
) (m-ﬂr” — 7r2> =4 (:7}2 — 27r3> . (2.39)

This is indeed the combination of momenta that also appears in the Hamiltonian con-
straints (2.9) and (2.22), the latter more precisely taking the form

O
Ty = Kl (22 - 2773) (2.40)

(with vanishing curvature R). With (2.36), these Hamiltonian constraints give HJ equations
for Selyij] or Seal¥ij,v]-

Now let us consider 71" theory, a 2-dimensional QFT defined on a background metric «;;
obtained by deforming a seed theory, which in our considerations will always be a holographic

2-dimensional CFT. Following the notation of [14], this ‘T'T theory’ or ‘T'T-deformed CFT’
in Lorentzian signature is described by an action that satisfies

0 _(x 1

oy Sokr =5 [ @2V 01 (2.41)
with Sg) l)mT the seed theory action, anﬁd S(Q’\ ;;f’\) the perturbatively deformed one from SC(Q/\}T.
The deformation is given by the T'T" operator

o
Opp = T Ty — (Oqrr)? (2.42)

which is well-defined as a composite local operator up to derivatives of other local operators [9],
anfl where TZ?FT is the stress tensor of the deformed theory Sg‘ }T, and Ogpr its trace. The
TT coupling X is the parameter that is positive in the 2-dimensional massive gravity description
of TT [14] and in the Nambu-Goto string description of T'T [8, 11, 13, 16], being respectively
identified with the inverse mass squared of the graviton and the Nambu-Goto string tension.
It has dimension length squared, hence the deformation is irrelevant.

Following the argument of [10, 18] that in the absence of other scales in the theory (apart
from the role of the UV cutoff which is less clear), u ng\ %T Jdp = [ d*x\/—y Oqpr for mass
scale p = 1/ ﬁ, the so-called trace flow equation of TT" follows:

(©qrr) = —MO77). (2.43)

In regular AdS/CFT, the Brown-York stress tensor 7% is holographically dual to the
stress tensor expectation value (TgFT> of the CFT living on the conformal boundary. The
cut-off holographic duality of [16] proposes that similarly, the Brown-York stress tensor T
of the bulk solution cut off at a finite value of the radial direction is holographically dual to

,10,



the stress tensor expectation value <TgFT> of a TT theory living on the slice ¥ with metric
7ij- Applying this prescription to the trace flow equation, the left hand side in bulk notation
becomes the trace of the Brown-York stress tensor © = %7r = 2m,, and the right hand side

(—A) times (2.39), such that the bulk translation of (2.43) reads

G Al 1
Ty = =2\ (;2 — 27r§> . (2.44)
Comparison to the radial HJ equation (2.40) leads to exact agreement, provided one makes
the identification?

1

between the QFT parameter A and gravitational parameters x = 87G and [. The sign
is such that the TT coupling has the opposite sign in a holographic context, sometimes
referred to as holographic 7T having the ‘wrong sign’, compared to in e.g. the Nambu-Goto
interpretation. In a ‘hybrid’ (meaning left hand side in bulk and right hand side in boundary)
notation, we could write

Ty = —=(Opp). (2.46)

Comparing the trace flow equation in this holographic notation to (2.32), we can identify
the expectation value of the T'T operator with the on-shell value of the ADM Hamiltonian
(density) generating evolution in the wv-direction into the bulk,

1
5/\<OTT> =1Hapm. (2.47)

This observation in terms of volume time fits naturally in the cut-off holographic idea that
TT deformations push the boundary inwards.

To arrive at the A identification (2.45), first obtained in [16], we have essentially repro-
duced their argument. This includes the decomposition of metric components and momenta
in (2.19) and (2.20), which was already employed in that paper. Our discussion adds a
canonical gravity viewpoint on a natural origin for this decomposition. Namely, as discussed
in section 2, it is the decomposition that allows an ADM deparametrization of the classical
GR problem for a special choice of ‘time’. The volume time identification then leads to a
simple notation, starting with (2.35), for the derivation of (2.45), and a natural interpretation
of the TT operator expectation value in terms of the corresponding ADM Hamiltonian.

The same \ identification (2.45) follows directly from comparing the trace flow equation
to the constraint (2.9) in terms of the original momenta, which is the approach of [18]. Let
us remark that the relation between the T'T coupling A and volume time v can be made
more explicit as follows. Similar to e.g. in [17, 50], we can alternatively interpret the dual
TT theory as living on the background geometry ij, as defined in (2.20), rather than ~;;.
This gives rise to the inversely proportional relation

1l
A= 3 (2.48)

“Our A relates to p in [16] as u = 4.
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We will however in the remainder of this paper stick to the interpretation of the T'T theory
on the induced boundary metric ~;;, and correspondingly use (2.45).

Modulo Weyl anomaly subtleties, the TT flow equation interpretation of the radial
HJ equation implies that the radial WAW equation for the semi-classical gravitational
wavefunctional ¢ can be interpreted as a T'T flow equation for the semi-classical, Lorentzian
TT partition function Zgpr = €*52FT [16]. Said otherwise, at the semi-classical level, 1 is
holographically dual to Zgpr, or in hybrid notation

¥ = Zgrr- (2.49)

Since in section 2 we have reinterpreted the radial WAW equation as a volume time Schrédinger
equation (2.27), we immediately arrive at the conclusion that the semi-classical, Lorentzian
TT partition function solves a radial Schrodinger equation describing volume time evolution
into the holographic bulk. This statement is closely related to the holographic RG discussion
in terms of radial Schrédinger equations in [24].

We note that the presence of the counterterm S, in the bulk dual played a role in arriving
at a Schrodinger interpretation of the WdW equation. Indeed we emphasized in section 2
that it is the linear term in the momenta in the WdW equation that suggested a rewriting
in Schrodinger form (2.27), and the origin of the linear term ~ m, is the counterterm in the
bulk action. (It is worth emphasizing this, because the counterterm is no longer required
to be present at a finite radial cut-off from the perspective of renormalization.) From an
AdS/CFT perspective, the volume time appears because the asymptotic radial WdW equation
for ¢ expresses the Weyl anomaly equation for the CFT path integral Zopr. The Weyl
anomaly equation or conformal Ward identity describes the behavior of Zopr under scale
transformations, or, variations of the volume v. The corresponding classical statement is that
the asymptotic Hamilton-Jacobi equation m, = ﬁR expresses the Weyl anomaly T} = 57-R.
We add that it does so most succinctly with volume time because T} equals 2m,. The TT
deformation then provides the holographic dual interpretation to the non-asymptotic HJ
and WdW equations, i.e. including quadratic terms in (2.22), or from the boundary point
of view, extending evolution along the RG flow direction.

The volume time interpretation provides a revealed structure of true canonical degrees
of freedom and a preferred radial time on the bulk side, as well as an indication to the
relevance of York time in the description of the system. Since volume time is dual to York
time, the semi-classical TT path integral 1 (7ij) is related by a Fourier transform to the
functional [27, 31]

V(my, Fij) = /dmp(v,%j)e*ifd?“”v. (2.50)

The WAW equation for ¢) will describe evolution in York time rather than volume time (with
minus v providing the corresponding Hamiltonian density, similar to in [29]). This perspective
should allow to further investigate the role of the mixed boundary conditions discussed in [2]
(see also [51, 52]). They consist of keeping 7, and the conformal class of metrics on ¥ fixed,
and are argued in [2] to be better defined from a WdW equation point of view than the
Dirichlet boundary conditions appearing in cut-off holography [16] (this is more pressing in
higher-dimensional set-ups). We leave this for future work.
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Figure 1. Non-rotating BTZ solution. Left: radial evolution in Lorentzian signature, with constant- R
slices ¥ in the outer (blue) and inner (red) horizon region. Right: Euclidean radial evolution (blue)
up to the horizon, followed by Lorentzian radial evolution (red).

The appearance of volume time in mini-superspace AdS gravity is not unexpected. Firstly,
the associated true canonical degrees of freedom in (2.21) are directly equivalent to the Dirac
canonical variables discussed in [53] in (3 + 1)-dimensional A = 0 gravity. Secondly, the
volume time is the natural Anti-de Sitter equivalent of the use of volume time in de Sitter
quantum cosmology [33, 39, 44], as the radial direction into the AdS bulk takes over the role
of the time direction in dS [54]. While in dS the volume will keep expanding, providing a
monotonous notion of time, in AdS, the volume time will reach a maximum at the maximal
volume slice. This is illustrated further on in figure 3. From a T'T perspective, this does
not give rise to complications, as the volume time provides a good dual description of T'T in
particular in the near-boundary limit in the bulk, or ¢ — oo limit in the boundary theory.
We discuss the reason for this regime in the next paragraph.

Going to the full quantum level, it is quite unclear if the Schrédinger wavefunction
interpretation of the Lorentzian T'T partition function provides any added value. This is
because equations (2.27) and (2.14) describe different quantum gravity theories, obtained
from different quantization (i.e. normal ordering) prescriptions. The latter is described by the
WdW equation with standard Laplace normal ordering [41], which is indeed the prescription
followed in [26-28] and the one we will follow in section 4. The former is instead described
by a WdW equation with normal ordering of the square root in (2.25). If one thinks of
quadratic normal ordering in the trace flow equation ©grr = —X : Op7 : as a definition
of the quantum T'T theory, then the normal ordering prescriptions of [41] or [2, 3] provide
more natural bulk interpretations when interested in beyond semi-classical statements, as
compared to the normal ordering prescription of the square root in (2.25) in our volume
time interpretation (2.27).

3 BTZ from the Hamilton-Jacobi equation

We have so far reinterpreted TT flow in terms of a radial WAW solution evolving in volume
time. To make the connection between the TT-deformed quantum theory and the WdW
solution more explicit, it will be useful to consider a particular example and construct a map
between quantities on each side of the duality. In particular, in this section we construct

,13,



m

Figure 2. Rotating BTZ solution. Radial evolution in the exterior (blue) and interior (red) regions,
with constant-R slices 3 as solid lines.

the BTZ solution from a canonical perspective. The corresponding Hamilton’s principal
function will be used in the next section to construct WdW states, and finally we will discuss
the holographic interpretations of different energy measures for this solution. To construct
the BTZ solution, we closely follow in this section the planar AdS4-Schwarzschild solution
derivation of [26], applied to one lower dimension. Working in 2+1 dimensions has two
benefits. Firstly, it makes it possible to compare directly to holographic T'T arguments [16],
without having to resort to proposed higher-dimensional extensions of TT theory [50, 55].
Secondly, it allows us to include the technical complication of rotation of the black hole.
To our knowledge, the derivation of Kerr from the Hamilton-Jacobi function is e.g. yet to
be explored in the literature.

To obtain the BTZ solution [56] from the HJ equation, we will start from the gravitational
action (2.1) without the counterterm

=58~ Sa, (3.1)

i.e. work with the Hamiltonian (2.7) in terms of the momenta p%, and account for the coun-
terterm’s effect afterwards by the canonical (i.e. Poisson bracket preserving) transformation
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(7ij>p7) to (yij,m7) with
g | g
) =p — —QRZ\/—’WZ]. (3.2)

We consider the mini-superspace ansatz (2.10) introduced in the previous section, given
by the ADM metric (2.2) with r-dependent lapse and induced metric functions N(r) and
75 (), now written as

ds* = —N?(r)dr? + v (r)dz'da’
= —N2dr? + yudt?® + 2y,dtde + R2dp? (3.3)

with vanishing N%(r) (fixing the freedom of choosing coordinates on the slice) and Yy, (1) =
R2%(r). For the two coordinates on the ¥ slices we have chosen the notation z? = (¢, ) with
angular coordinate ¢ for a manifold R x R x S'. Compared to (2.2), the sign of dr? was
changed to consider solutions in the region where r is actually timelike (and N? positive),
i.e. the ansatz (3.3) will describe the black hole interior in figures 1 and 2, where r is the
timelike coordinate.

We can instead introduce a notation that allows to construct the solution in both the
interior and exterior regions, by writing the ansatz

ds?® = e(=N2dr? + yudt?) + 2y,dtde + R2dp?, (3.4)

with € = 1 in the interior (r timelike and ¢ spacelike) and € = —1 in the exterior (r spacelike
and t timelike), for N2 and 7;; assumed positive. A similar discussion can be found in [57].
On this ansatz (3.4), we evaluate the action

1 2 1
I— 3. 3) ) _ f/ 2 K .
2%//\/1(1 xy/ g<R —|—l2 - BMd x\/Y (3.5)
to be
I[N, = /d%ﬁ, (3.6)

where the Lagrangian density is

(87“’715&,0)2 — € (aT'Ytt) (87“79050)
4KN\/|€’Ytt’7¢ga - ’7tgo2|

. (3.7)

N
L= W\/’EWWW —Yp?| +

From this Lagrangian, we obtain the momenta p* conjugate to the metric functions Vij in
the usual way (2.6), and construct the Hamiltonian

VIeruros — 162l 1
_ 2 V2 ttope) _ —
NH=N - {m ((p ) —edp”p ) ZQ} . (3.8)
The lapse N is a Lagrange multiplier that imposes the Hamiltonian constraint H = 0, or
explicitly,
1
oy A — (%) = 0. (3.9)
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Upon writing the momenta as p¥ = 0v,;Z(vij), per definition of the Hamilton’s principal
function Z(;;), the Hamiltonian constraint becomes the Hamilton-Jacobi equation

L (04,,2)° + €4 (8, 1) (9,,,Z) = 0. (3.10)

K2]2 Tt Yep

There is a family of solutions to (3.10). We will in particular consider

Twsiend) = —¢ %yt G 3 (=0l R)”
71] 7 G 41%207& l2 7(,090 46’}/@@ .

(3.11)
Here {c, j} are non-trivial constants of integration. Specifically, they are the Hamilton-Jacobi
constants, with which we construct the phase space of our classical solution. A third constant
of integration, contributing an overall shift in Z, could be included. Such a constant would
not contribute to dynamics and is thus not considered further. There is also a freedom
to choose the overal sign of Z.

In Hamilton-Jacobi theory, the solution to the classical equations of motion (the Euler-
Lagrange equations for (3.7)) is obtained by introducing another pair of constants {m,w}
such that

0. Z=m and 0,7 =w. (3.12)

Simultaneously solving these equations we can rewrite two of our metric functions in terms
of the third. In particular, we obtain

c? , .
Vet = €42 (’yw, <w2 e +c(em—jw) |, and yp = K () — 2Wyyy) - (3.13)

We are now in a position to recover the geometry associated with this classical solution. We
substitute (3.13) into the equation of motion for N from (3.7), to find

dYpp)?
N2dr? = ¢ ( 4z . 3.14
Amy,p — j2 — 4’yg<p/l2 ( )

We now have all functions in (3.3) in terms of v,, = R?, so we can write for the (finally
e-independent) metric solution

(j — 2wR?/c)?

ds?> = — | fmi(R) — 21— 170 ) d(2ckt)® + dR?
( i(8) AR? ) (2ext) fm i (R) (3.15)
+ (j - 2wR2/c> dp d (2ckt) + R%dp?,
where
2 2
J R

We have thus recovered the BTZ black hole solution [56]. Explicitly, if we define the rotated
angular coordinate and a rescaled time

¢ = —p +2wkt, and T = 2ckt (3.17)
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Figure 3. Illustrative plot of the volume density v of radial BTZ slices (in blue), and —v (in
orange) as a function of radial coordinate R, for choices of constants (m,j,1) = (1,0,1) (left) and
(m,3,0) = (1,1/2,1) (right). The volume time r = ewvl! is highlighted in thick. It runs from the
boundary to the outer horizon (orange thick) and then continues up until the interior maximal volume
slice (blue thick).

we can write (3.15) in the more familiar form

2 2 1 2, p2 J 2
ds” = —fm;(R)dT" + mdR +R <d¢— 2R2dT> . (3.18)
The transformation (3.17) preserves the periodicity of .

We have so far only considered one member of the family of solutions to (3.10). Provided
that we do not use both elements of a conjugate pair {c,m} or {j,w}, we could construct a
solution using any combination of these constants. In particular, we could have considered
the solution

1

Z (Vits Ve Vi M W) = *\/vw - mlz\/—e%t — Awkp — AWK Y. (3.19)
Kl

The classical equations of motion are solved when

OmI = ¢, and 9,7 = j, (3.20)

and we once again obtain (3.13). We introduce this solution because it will emerge in the
Fourier transform of Wheeler-DeWitt states in section 4.2. It is important to emphasize
that when evaluated on shell, (3.11) and (3.19) are equal to each other and the on-shell
action (up to a constant which acts as a phase).

BTZ volume time The volume time (2.28) for the BTZ solution is

r=eR\/|fmj(R)| = €R\/~¢mj(R) (3.21)

with e = —1 outside the outer horizon R > r1 and € = 1 inside the outer horizon r_ < R < r.
That is, radial ‘time’ r is equal to r = —vl in the outside-region and to r = vl in the inside-
region (where we’ve rescaled by a factor 2ckl to write (3.21)). Defined in this way, and as
illustrated in figure 3, the volume time r = e v is monotonous, running from the boundary to
the horizon, and then continuing until the interior maximal volume slice, which is located at
a value of R in the domain r_ < R < r1. Beyond that, it no longer provides a well-defined,
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monotonous radial time. In the former region, which is the one we consider, constant r = evl
surfaces correspond to constant R surfaces. The highlighted volume time evolution in figure 3
corresponds to the arrow of radial bulk evolution in figure 1 for the non-rotating case, and
in figure 2 for the rotating case.

4 Semi-classical Wheeler-DeWitt states

We study the semi-classical WAW states corresponding to the classical BTZ solution discussed
in the previous section. Note that in this section, we restrict the discussion to the interior,
setting ¢ = 1. It is straightforward to include € back in.

It is worth noting that here we have parameterized our WdW states in a different way to
in [26-28]. There, the metric function gy was used, and solutions in one region of spacetime
were continued into a causally disconnected region by extending the domain of g4 to be both
positive and negative. For instance, in [26], this was to allow a Lorentzian partition function
at future infinity (g — —o0) to prepare a wavefunction at the singularity (g, — +00). In
this work, we interpret the dual theory (the T'T-deformed CFT) to live on a slice in the
same causal region as the WdW state. Thus, we use our € to indicate which causal region
that is. This has a more natural connection with our volume time interpretation of the
WdW equation presented in section 2.

4.1 From classical to semi-classical

In order to construct semi-classical quantum states of the bulk, we follow the canonical
approach of [58]. The classical Hamiltonian is promoted to an operator, and the classical
Hamiltonian constraint H = 0 becomes a constraint on quantum states ¥, namely the Wheeler-
DeWitt equation H¥ = 0 in (2.13). Observe that in (3.6) we have an action of the form

1

1N ] = [ @ N | 515 Ganits® - V). (1)
and in (3.8) we have a corresponding total Hamiltonian of the form
1
NH =N |5G Ppapp +V(14)| . (42)

Here, V (4) is an effective potential of the metric functions 7;; and G 4p is the mini-superspace
DeWitt metric as in [58]. Each index A, B corresponds to two spacetime indices tt, tp, pp,
with 7;; in the role of configuration space coordinates g4 or 44, and p¥ in the role of their
corresponding momenta p4. The (A, B) notation, compared to the (ijkl) notation in section 2,
follows the quantum cosmology literature conventions, see e.g. chapter 8 of [39].

In constructing the operator H, momenta are promoted to operators, and there is an
ambiguity in the order of derivatives. The choice we consider here is the same as in [26-28];
which although differing from the recent work of [2, 3], follows the original prescription
of [59, 60] and does not affect the leading order semi-classical physics. Specifically, we
require that the quantization procedure should be covariant with respect to coordinate
transformations in mini-superspace, or equivalently redefinitions of the metric functions. This
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can be achieved by choosing as the Wheeler-DeWitt equation [59, 60]
h2
(—2V2 + h? nR + V("}ﬁ)) ¥ =0. (4.3)

Here, V? is the Laplacian for the DeWitt metric v/—GV? = Oy (\/zGAB(%B), R is the
curvature of the DeWitt metric, and n an arbitrary constant. The role of the n term is to
ensure invariance of the Wheeler De-Witt equation under lapse rescalings in the classical
action (4.1). Specifically, the Wheeler De-Witt equation is invariant under lapse rescalings
N — N = Q72N if (see e.g. [41, 61])
- _M7 (4.4)
8(n —1)
where n is the dimension of the mini-superspace, for n > 2. Note that n = 0 for mini-
superspaces with only two degrees of freedom, such as in [26-28], so the n term in (4.3)
is then not present. In our present discussion, we are dealing with a three-dimensional
mini-superspace; meaning that we require n = —1/16 for our WdW equation to be invariant
under lapse rescalings [41, 60].
However, the presence of the 1 term, and even the operator ordering ambiguity, are not
relevant if one is only concerned with leading order semi-classical physics, as we are in this
work. Observe that for solutions of the form e¢Z/" the leading order contribution (O(k°)) is

S (VD + V() =0, (4.5)

which is the Hamilton-Jacobi equation for (4.1). Indeed, the same leading order contribution is
obtained for any choice of operator ordering. That is, in the semi-classical regime, it is possible
to form a basis of Wheeler-DeWitt states by exponentiating the Hamilton-Jacobi solution.

4.2 Semi-classical states of the BTZ black hole

For our set-up, we can read off that the mini-superspace DeWitt metric (equal to G¥*) is

. 0 0-1
Gap = 020 (4.6)

4”\/ Jtt9pe — gt902 10 0

where A, B refer to tt, te, pp. The Wheeler-DeWitt equation, with n = —1/16, is therefore

;2 10 9 0 N 1
4072, O 0py 422

¥ =0.

8 (’Ytt')’gocp - 'Yt%p)

+

AR R A
Y 8’}/@@ Vit E Yt a%@ 3

From section 4.1, we know that to construct a basis of semi-classical solutions to (4.7),

+Z/h

we can consider e , where 7 is a solution to (3.10). We therefore introduce the basis

qj(%t;%g&a’ﬁowcaj) — eiI('ytt,“ftwmoso;C,j)/h’ (4.8)
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where here 7 is the solution introduced in (3.11). The basis of solutions (4.8) solves (4.7) up to
leading semi-classical order, that is O(h"). From the basis (4.8), we construct a general solution

® dj
v (’ytta ’thpa /75030) = / / ] 7‘1(7’5’57%5%’774/3%’7 :]) (49)

where ((c, j) is an arbitrary function. Here, we have only considered the e**Z solution in our
sum. This is the Vilenkin choice of retaining only ‘outgoing modes’ [41, 62]. It corresponds
to the choice of red region that the X slices transition into under WdW evolution, in figures 1
and 2, as the outer horizon is crossed. It is important to pick either the et™Z or the e~
branch if one wishes to define a positive definite norm when introducing clocks (see [26, 28]
for further discussion). A superposition of the e**Z solutions would lead to decoherence in
the wavefunction, a phenomenon we are not concerned with in this work.

We can obtain another set of semi-classical solutions by constructing a basis of states

from (3.19). That is, we could consider the basis
U (i1, Yigps Voo M, w) = €T Ap0), (4.10)

We can actually recover states formed from the basis (4.10) by Fourier transforming our
solutions (4.9). We define a(m,w) by

dm dw ) o
7ZCm7’L’LUJ. 4'11
Cj //\/27r \/27r w)e ( )

Substituting (4.11) into (4.9) and evaluating the ¢ and j integral by a 2D stationary phase
approximation, we obtain

© dm [ dw L (Tt (T
v (%u%goﬁw) :/ ﬁ/ %a(m,w)iwp (e (Z+w/4) +e (Z+ /4)) . (4.12)
—00 —00 Vpp — M

To semi-classical order, the prefactors are subleading; thus, the upshot of the above calculation
is that we can alternatively construct general semi-classical solutions as

© dm [ dw 7
v , = — —a(m,w)e’. 4.13
(’Vtta’)/tgo ’Ygogo) [w o [OO o a(m w)e ( )

Again here, we have only considered the et branch of solutions.

Of course, (4.11) is nothing more than a change of basis; we are yet to consider a
particular form for f(c,j). It is natural to consider Gaussian wavepackets, as these are
strongly supported on the classical solution. Let us consider a wavepacket

2
B(c,j) = Ngexp {—z’mo (c—co) — % (c— 60)2}

A
X exp —ZWOJ—T(J—JO) :

(4.14)

Here, Ng = \/AcAj/4m is the normalisation of the wavepacket, and A, A; are its inverse
width in the ¢ and j directions respectively. These wavepackets are strongly peaked around
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{c=co,j = jo} if Ac; Aj > 1. We can now explicitly compute (4.9) for the wavepackets (4.14)
by once again implementing a 2D stationary phase approximation. The wavefunction is
strongly peaked on values of the metric function such that

oL 0z
— =mg, and —
Oc

c=co 0j

These are of course the conditions which recover the classical solution (3.13) with m = mq

= wy. (4.15)
J=Jjo

and w = wy. As discussed before, we only consider one of the stationary points in the
stationary phase approximation. To leading semi-classical order, we therefore obtain

2
. C .
v (715157715@779090;CO?]Oamﬁva) =9 (%ﬁt = 4'“'72 (Pchcp <w2 - l2> + c(cm —]’U})>>

X0 (Ve = K (¢ — 27ppw)) (4.16)

2
X exp {ico ( ?;090 —mo>}.

The delta functions in (4.16) impose the classical solution (3.13). Evaluating the on-shell

action (that is, (3.6) on the classical solution), we obtain 2cyv,,/l%. That is, the phase
in (4.16) is simply the on-shell action, up to a phase which is a consequence of our choice
of gaussian wavepacket (4.14).

4.3 Quantum spread of the WdW states

The semi-classical quantum wavefunction presented in (4.16) is highly localized upon the
classical solution, and neglects any quantum spread in the wavefunction. In a usual quantum
mechanics, one may quantify the effect of quantum spread in the wavefunction by computing
expectation values of physical observables. To do so, one requires a definition of an inner
product, which is a conserved quantity in the Hilbert space of the quantum theory — a
quantity conserved with respect to some notion of time. That same notion of time describes
the evolution of the quantum state ¥ in some evolution equation (for example, the Schréodinger
equation). As we have emphasised, the Wheeler DeWitt equation encodes a relation between
metric functions on a given slice of spacetime. In that sense, it is “timeless”. Therefore, in
order to define an inner product and compute expectation values, one needs to choose a
coordinate (or some combination of coordinates) to treat as fixed, and label as a “clock”.
Changing the value of that clock is equivalent to evolving between slices.

For an (n + 1)-dimensional minisuperspace, if one chooses the 0-th coordinate as a clock,
one can use the DeWitt norm introduced in [58] to define an inner product

02 o —;/dql . dg" [\p (\/IGOA(‘)A\P) - h.c.} : (4.17)

where we employ the notation introduced under eq. (4.2). One has the freedom to rescale
the norm appropriately. One natural choice of clock for our Wheeler DeWitt equation is
Yep» a8 it is monotonic from the singularity to the boundary. In particular, this will make
it straightforward to compute the quantum effects as one passes through the horizon. For
the Wheeler DeWitt equation in (4.7), the norm for the clock 7, is

l
\‘I’\?,W x=3 /d%td%p

U*0.,, ¥ —h.c.). 4.18
(7tt7<p¢ - 7t24p)1/4 ( ! ) ( )
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Because of the (v, — 'yfw)*l/ 4 factor in the norm, completing computations with (4.18) is
unwieldy for the basis of solutions we have proposed in (4.9), as they are not linear in this
quantity. However, as discussed previously, Wheeler DeWitt equations related by a rescaling
of the lapse function are physically equivalent. As such a rescaling redefines the DeWitt
metric, it also redefines the inner product. Specifically, it introduces a factor of 22~ into
the integrand. We find that it is in particular convenient to introduce the lapse rescaling

~1/4
0= Yo (’Ytt'ﬁozp - %250) . (4.19)

Under this rescaling, the Wheeler DeWitt equation becomes

1 92 o 0 1 9 1
p2 (L B U = 4.2
< (4 3%<p2 87“ afy(pip + 2,%;%0 a’ytt ) + 4K2l2 ) 07 ( 0)

and the norm associated with ~,, as a clock

e, = / iy —— (U%0,, 0 — h.c.). (4.21)
Yo

The rescaling by €2 as in (4.19) has another upshot. We remarked earlier that our basis of
solutions (4.8) only solve (4.7) to leading semiclassical order. However, we note that the
basis (4.8) solves the rescaled equation (4.20) to all orders in h. That is to say, these states
were only really an approzimate basis of solutions for (4.7), where we had ignored subleading
pre-factors. Those pre-factors are in fact exactly absorbed by the lapse rescaling (4.19), so
that (4.8) is an ezact basis for (4.20). So the lapse rescaling not only simplifies computations,
but is also the most convenient choice for keeping track explicitly of the A dependence of
our quantum corrections.

For a general solution (4.9), we evaluate the norm (4.21) to be (from here onwards
dropping the explicit label to the 7,, clock)

0?2 = 2&71/ éﬁgc\ﬁ(e,j)y? (4.22)

To study the quantum spread of the wavefunction, we will in particular study the metric
function -y, its variance and its conjugate momentum p'’. It will be useful to introduce
a slightly redefined wavepacket (3,

AZ
B(c,j) = Ngv/cexp {—imo(c — ) — 76 (c— 00)2}

(4.23)

A2
x exp{—z‘woj -0 —j0)2}7

with Ng = 1/\/7mh (1+2c3A2) /(A3A). This wavepacket is strongly peaked on ¢y and wy
for Ac > 1 and A; < 1. The leading order semiclassical behaviour of this wavepacket is
thus still (4.16); we have additionally now specified the next-to-leading order behaviour such
that when (4.22) is evaluated on (4.23), the norm is |¥|* = 1.
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We can now proceed to evaluate the expectation value of the metric function ~4. In
general, we have (now reinstating e = +1)

(i) = 64/<:2h/ ém;j?

<2c»y¢¢aj5<c,j>aj5*<c,j> 2 W 18(c, 4|

(4.24)
+Z {C2h5(c7j) (]a],B*<C,j> - c@cﬂ*(c,j)) - hC} )7
which on our new wavepacket evaluates to
2 2 02 2
() = €4k Yop | Wy — 2 + co (como — jowp) | + O (h AQ’A >
(4.25)
= ’Ytt|classical +0 (hz E) AQ)
We may similarly evaluate the variance
2 2 2 4 w(Q) 272 2 1 2
(0F) ~ (w)? = 8t (55 + 122 ) + 0 (12, A ). (4.26)
J
Near the horizon (7i|classicat — 0), we find that
2
(vt) = (ee)? 203 (0(2) - l2w(2)) A? 0 A0 AO
o - : 2h2ﬂ+0(n,Aj,Ac). (4.27)
it (ve¢)—0 (como — Jowo) J

Recall that i, A; < 1 and A, > 1. Thus, the significance of (4.27) is that the variance
is significantly larger than the expectation value of () near the horizon. That is, the
spread of the wavefunction becomes very large around the horizon, and quantum effects
dominate over semiclassical ones.

We verify the result (4.26) by computing the expectation value of its conjugate momentum
and recovering the Heisenberg uncertainty limit. As noted in earlier discussion, there is an
ordering ambiguity when defining momentum operators such as p'* = —ihd,,,. We choose a
prescription consistent with our Laplacian normal ordering that recovers a real answer

) = (i) 5 [ e ("0, (85, 9) = 0,90, 0")
T (4.28)

__€h [ dcdj
——25/( a1

which gives

ty 2y _ 2
<p > B 4 260 + O(A ) p classical + O(AC) (429>
We similarly compute the variance to be
1 1
t\2 £\ 2
+0 4.30
(@) - 0" = g5aza +© (a) (130

and the uncertainty product

(@2 = 0"?) ((8) — (u)?) = ’1 +0 ( Az A2> (4.31)

We thus have a state which saturates the uncertainty principle, which is to be expected for a
Gaussian wavepacket. This computation verifies our computation of the variance in (7).
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Figure 4. Visualization of different surfaces that enter the energy discussion: 2-dimensional 3 (blue)
at constant R, 2-dimensional X7 (pink) at constant 7" and 1-dimensional B (red) at their intersection.

5 Energy discussion: CFT and TT interpretations

In sections 3 and 4, we have constructed a WdW state for the BTZ geometry, following the
program of [26-28]. As in those works, we expect this state to have a dual interpretation as a
QFT path integral. In [26-28], it was conjectured what the holographic relationship was, and
evidence was gathered about the properties of the dual theory. Here, in a (2 + 1)-dimensional
set-up, we can instead rely on earlier literature [16] to identify the dual theory more precisely
with a TT-deformed theory. In this section, we calculate gravitational energy measures for
the BT7Z solution of section 3, including the equivalent of the energy measure discussed
in [26]. We discuss their holographic interpretations in terms of a CFT dual at the conformal
boundary and a T7T dual on the ¥ slice. In particular, we review the match to the TT
spectrum, first presented in [16].

Brown-York stress tensor, conserved charges and energy The Brown-York stress
tensor (2.37) for a solution is given by

TV = iﬂiﬂ', (5.1)
with the contribution from the counterterm S included by using (3.2). It measures the
gravitational energy-momentum of the solution in the region bounded by the hypersurface >
with induced metric ;5. We will in this section use both the (r,t, ¢) coordinates and (R, T, ¢)
coordinates of section 3, and write out when necessary the components of v;; and T to
make clear which of the coordinates are being used. We consider ¥ to be a hypersurface
in the exterior region of the black hole at constant r, or equivalently, at constant R. The
induced metric on a constant-R hypersurface ¥ of the metric (3.18) is Vv = Guv — NpMy
in terms of the normal n, = 55/,/fm7j(R).

Following the volume time discussion in section 2, let us also introduce the trace-free
part 7% of the Brown-York tensor through

- 1
Ti; = Tij + g%‘j@- (5.2)
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It is the stress tensor associated with the metric 7;;,
T4 = LJNTU =279, (5.3)
V=3

with 4;; and 79 defined in (2.20)—(2.19). All objects with tildes are tensors whose indices are
raised and lowered with the determinant-one metric 7;;. Therefore, TJ’ =—7 Tj’ - é\/—ify 5;-@.
With the Brown-York tensor, one can define an energy density £, with respect to the time
T of the BTZ solution. The definition naturally requires the introduction of constant-7" slices
Y with induced metric hgp (with a,b = R, ¢). In an ADM decomposition notation, we have
ds? = —=NZ(R)dT? + hap(R)dz%dx®, with N2 = f,,, ; and h? = —j/(2R?), as can be read off
from (3.18). The normal to X is given by u, = —Nng, in terms of which the induced metric
is hyy = guv + uyu,. The proper energy density £ is then given by the projection [35, 36]

& = uwu; TV = 3T = Nz1TTT = f,, , 7T, (5.4)
The corresponding energy for X is
E= / AP =25 \Jouu T (5.5)
B

with 0, = Y +uuu, the intrinsic metric of the constant- R, constant-7', (D-2)=1-dimensional
hypersurface B at the intersection of 3 and 7. The different hypersurfaces ¥, ¥ and
B are shown in figure 4.

The conserved charge associated with a Killing vector field £ on X is [35, 36]

Qe = /B dP2x\/o&u TV, (5.6)

For the Killing vector {y = O, it gives the conserved BTZ mass M = Qg(T), and for
§(¢) = Oy, the conserved BTZ angular momentum J = —Qg(é). Using u - {7y = —Nr, the
mass can be written as

M = [ doy=1f, (5.7)

the angular momentum as

J = / dop/ =T}, (5.8)

and the energy as
E= / do/—yNpTTT (5.9)

with v = yr1Y6e — 7%¢. In the non-rotating case, the mass and energy differ only by a lapse
factor, M = NpFE, and in the rotating case by

1

J
= 5 M = 5737). (5.10)

E
2R?
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In the asymptotic limit R — oo where ¥ reaches the boundary, the conserved mass
is given by the constant ADM mass

Moo = Zm. (5.11)
K

Similarly, the constant j in the BTZ solution (3.18) is the conserved charge associated with
asymptotic invariance under rotations J|o, = 7j/k. That is, the constants m and j of the
BTZ solution are the conserved charges associated with asymptotic invariance under time
translations and rotations, i.e. mass and angular momentum [56].

5.1 Dual CFT energy

We now turn to a discussion of the dual CFT energy, which starts with an application of
the strategy used in [26] to our rotating solution. The on-shell action I as a function of
the boundary data is equal to the Hamilton’s principal function Z in (3.11), with e = —1 in
the exterior [42]. The effect of the counterterm can be included by performing the canonical
transformation (3.2), which amounts to an on-shell action Sy = I, + Se equal to the
Hamilton’s principal function S for the momenta 7% = O, S (Vig),

Salvits Yop, Yps ¢, 3] = S, (5.12)
with
2
e () T

S (viiic,j) = _ — . 5.13
(g3 €.9) Ar2c 't + 12 e + Acypp Ik ( )

This object has the invariance
S['Ytte_ka 'chcpeka Ttps Ce_ka ]ek] = S['Ytt, Yops Vtp; G, ]] (5'14)

From this, it follows that OxS|x—9 = 0, which can be written as

0S8 0S8

—c0.S+j0;S =yu—— — 5.15
WRY Vit 5’7tt Yo 5%0(’0 ( )

or still as
—c0eS + jO;S = LQ_V(Tg ~T?). (5.16)
The first term on the left hand side can also be written as Jk,S, with the constant ¢ = —e ko,

. . . . . )
to connect to the notation used in [26]. The right hand side is equal to /=7 (T} — 5), or
in terms of the traceless tensor Tj;,

—c0:S + jO;S = T}. (5.17)

By HJ construction, the expression is constant. More precisely, from (3.12), it is equal to
—cm + jw. On the right hand side, the constant can be expressed either as Ttt or as the
asymptotic limit lim,_,o /=7 T}, using that in that limit, the trace of the stress tensor of
the solution vanishes, lim,_,., ©® = 0 (for our flat slicing).
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Through the holographic dictionary, the Brown-York stress tensor for the asymptotic
radial slice ¥ calculates the expectation value of the dual CFT stress tensor. As such, the
integrated right hand side of (5.17) calculates the CFT charge

@€ = / dg (T{)crr (5.18)

associated with translations in ¢, to be given by 27 (—cm + wy).
Let us also pause explicitly at the interpretation in terms of the BTZ coordinates (R, T, ¢),
used in (3.18). From the coordinate transformation (3.17), we have

t _ T | Wor _ ¢ Wor
T =Tr+-_T,, T5=T5-"T; (5.19)
such that
1
271 (=€ 0.8 + j0;S) = 2ck / dp/— (T% + %Tg — 2@) (5.20)
= 20m/d¢ (TIT + “’Tg) . (5.21)
C

The factor of 2ck comes from a factor dT'/dt in the measure, as v in these lines now refers
to the determinant in the (7, ¢) coordinates. Using the definitions (5.7) and (5.8), the
first line (5.20) becomes

21 (—c .S + jO;S) = 2er (—M + %J - ;@> . (5.22)

All terms on the right hand side are R-dependent, M = M(R), etc. But again, using
lim, o, © = 0 for our slicing, the constant expression is equal to 2ck(—M|o + %J|x), OF
by (5.11) for the ADM mass, indeed equal to 27(—cm + wj) on the left hand side. This
is a consistency check on the definitions of m and j from the HJ perspective in (3.12) on
one hand, and as ADM mass (5.11) and angular momentum from the Noether charges
in (5.6)—(5.8) on the other.

From (5.21), it follows that the ADM mass Tm and momentum Z j respectively calculate
the classical values of the CFT charges (ngF T = [de jlpr) associated with translations
in time T and angular direction ¢,

@EET =~ [as(Thorr,  (@EET = [ do(Thorr, (5.23)

for conformal currents jé,FT = TgFng-

5.2 Dual TT energy

Now we turn to the energy discussion for non-asymptotic radial slices ¥ of the BTZ met-
ric (3.18), at a constant value of R. The induced metric on ¥ is ds = — f,, ;(R)dT? +

. 2 ~
R? (dqﬁ - %deT) , which can be written in terms of new coordinates (¢, ) as

ds% = —dt* + R? dp? (5.24)

— 27 —



with
J

t = NrT, P=0-om

T. (5.25)

By the cut-off holography proposal of [16], there is a dual interpretation of the BTZ solution
with boundary ¥ at a finite value of R in terms of a T'T theory living on the fixed boundary
metric ds, with R in the role of the radius of the cylindrical geometry. One of the main
arguments for this proposal is the identification of the cut-off BTZ energy spectrum with
the TT spectrum. We repeat this argument here, focusing on the difference between energy
E and mass M.

For the T'T spectrum, we look at the T'T conserved charge associated with translations in ¢,

QT = /dSZ’\/E<T££>QFT (5.26)

SO

with ¢ = R? the determinant of the metric ds2B = R?d@? on the constant-time hypersurface
B. On the bulk side, this is calculated by the conserved charge Qg@ for the Killing vector
{@ = 0Op or mass

M; = Qe = / dp/auTE (5.27)

where we used the definition (5.6). To distinguish it explicitly from the mass charge Qé(r,
introduced in (5.7), let us in this section use the notation My for (5.7) and Jy for (5.8). Then
we find by simple tensor calculus the following relation® between Mz, My and Jp:

1 J

This can be recognized as the energy of the constant-R ¥ slices with respect to bulk time
T, given as E in (5.10),
M; =E. (5.29)

This is the reason it is the energy formula (5.5) that is used (in [10, 16, 18] etc.) to calculate

what can be interpreted as the TT spectrum. We are just making very explicit here the

comment in [16] that E calculates the mass charge for ds% with lapse equal to one (in (5.24)).
Using the formulas (5.4) for the energy density and (5.5) for E, we recover

c_ V fm,](R) n i (5.30)

kR Kl

and

21y ) fm (R T
E:/dgbRE:— fmg(R) | 2rR (5.31)

K Kkl

with the function f,,, ; given in (3.16). The second term in these expressions is the contribution
coming from the counterterm in the action. It is such that in the limit of R — oo, both £ and

For t' = at, 0’ = cf + bt, we have My = (M, + 2Jp).
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E vanish, as / fm j(R) = R/l. It is the dimensionless object ER that asymptotes to (M.
The TT spectrum Egpr on a cylinder of size L (equal to R in (5.24)) is known as a function
of the TT coupling A and the seed CFT’s energy and momentum, given holographically by
M| in (5.11) and J|s below equation (5.11). In [16, 18], the dimensionless combination
ER is matched to the TT spectrum EgprL for the A identification (2.45), and we find
agreement with that conclusion.

In this section we have focused on the BTZ solution, and identified the bulk mass or
conserved charge (5.29) that calculates the TT energy spectrum (5.31) for TT coupling
A= —%Fﬂl . This constitutes a traditional holographic match between conserved charges on
each side of the duality (which is slightly obscured by using the energy formula (5.5) rather
than (5.6) in e.g. [10, 16]). It adds an explicit entry

M; = Egpr (5.32)

to the duality ¢ = Zgpr in (2.49) applied to the BTZ wavefunction (4.16), with ‘QFT’
referring to the dual TT theory.

5.3 WdAW perspective on TT energy levels

It is well-known that due to the square root structure of the T'T energy levels, these can
become imaginary. The standard cut-off holographic interpretation of this is the following: the
gravitational energy levels (5.31) of cut-off BTZ become imaginary when the cut-off crosses
the BTZ horizon and the BTZ solution as such no longer ‘fits’ in the imposed holographic
box. From the WAW perspective, one can argue that the imaginary energy levels are an
allowed feature of the theory, and correspondingly that the holographic interpretation of
the WAW wavefunction as a TT partition function holds even when the bulk cut-off crosses
the horizon. Let us expand on this argument.

In the discussion of the semi-classical states for BTZ, we chose in section 4.2 to construct
the Vilenkin wavefunction ¥ given in (4.10). This is the wavefunction with (+iZ) in the
exponent. It describes the set of hypersurfaces ¥ that cover the blue and red region in figure 1,
i.e. that cover the outside-horizon region and the future black hole interior. Thinking of these
hypersurfaces as evolving in the r-direction, the Vilenkin wavefunction (4.10) corresponds to
‘upwards’ evolution along r in figure 1. The other WKB solution, with (—iZ) in the exponent,
similarly would correspond to ‘downwards’ evolution along 7 in figure 1, associated with the
set of hypersurfaces > covering the outside-horizon and the past black hole interior. Since r
becomes a timelike direction past the horizon, the choice of sign in the exponent of our WKB
solution (4.10) corresponds to a breaking of time symmetry at the crossing of the horizon. This
leads to a CPT symmetry breaking and associated non-unitarity, which in turn is reflected in
energy levels becoming complex. This is entirely consistent with the 7T interpretation, as
the dual T'T energy levels become complex precisely at the point of crossing the horizon in
the bulk description. This provides the WdW wavefunction point of view on the origin of
imaginary energy levels in 7T In [3], such a point of view was discussed for Cauchy slices,
whereas our discussion here is for the radial slicing in figure 1 that we consider in this paper.
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Entirely analogous, the red regions in figure 2 where the r coordinate of the rotating BTZ
solution becomes timelike correspond to imaginary TT energy levels in the dual description
(fmj < 0).

The preceding argument makes use of the classical solution Z in (3.11), exponentiated to
give a WKB solution (4.10). More precisely, (4.10) is a Vilenkin wavefunction solution ¥ to
the WAW equation to leading semi-classical order. In section 4, we included some quantum
effects by discussing the construction of more general wavepacket solutions (4.9) that are
peaked around the classical solution. We will here investigate if the wavepacket solutions
provide additional information about the T'T spectrum, particularly as the horizon is crossed.

We constructed a particular wavepacket solution with large A, and small A; (centered
on classical values ¢y and wg of ¢ and w) by using 3 defined in (4.23). It is such that the
DeWitt norm of the wavepacket solution ¥ in (4.22) is one. This norm is defined with respect
to a particular choice of clock or ‘time’ in mini-superspace, namely v44. This is not only
a natural choice of clock from the bulk perspective, as explained in section 4.3, but also
from the dual T'T perspective, as we discuss next.

The TT coupling X given in (2.45) has dimensions length squared. For 7T on a cylinder,
dual to cut-off BTZ gravity, the dimensionless combination that appears in the TT energy
expression is the TT coupling divided by the cylinder radius squared. From the dual bulk
perspective, this is the dimensionless combination

A= % (5.33)
with R the radial coordinate of BTZ (3.18). This makes it particularly clear that the 7T
deformation corresponds to moving inwards into the holographic bulk. It also makes that the
choice of clock 7,4, = R? in (4.21) can be recognized as describing TT evolution A ~ 1 /Y-
Moreover, it is the more well-behaved choice of clock than the volume time r = vl in (3.21)
to investigate near-horizon physics, since volume time switches sign at the horizons as pictured
in figure 3. This volume time was argued (from an ADM reparametrization perspective) to
provide the natural bulk evolution dual to T'T in the semi-classical regime. In this regime,
the WAW equation for the T'T partition function can be rewritten as a Schrodinger equation
in volume time. Near the boundary of the BTZ solution, its volume time and y,, time
indeed coincide, as they should: v ~ R? in the limit R — co. Volume time is the useful
choice of time to describe the bulk evolution corresponding to the initial 77T deformation of
a holographic CF'T, but to probe the bulk deeper we use v,, = R? (see also the discussion
in the last paragraph of section 2.1).

Now that we have established that «,, is a sensible choice of time for TT interpretations,
we revisit the results of section 4.3 from this perspective.

The gravitational energy E in (5.9) that calculates the dual T'T energy can be written
in terms of the momenta as

E ~ /gt (5.34)

On the wavepacket, the expectation value of the energy in the 7, clock is (E) ~ (/yum').
Here, 7t differs by the contribution of the counterterm from p, the expectation value of
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which was calculated in (4.29). In terms of the coordinates ;; and momenta p*/, there are thus
contributions to the energy of the form (,/7p™) and of the form (\/=7477"). The notation
is short for expectation values with respect to ‘time’ 7., i.e. using the norm (4.21). Both of
these contributions can in principle be calculated using the techniques of section 4.3, there
put to use to obtain () and (p'*). In practice, however, the equivalent expressions to (4.24)
and (4.28) are very hard to obtain, and we have not succeeded in directly calculating (E) for
the wavepacket as a result. That said, in (4.27) we obtained the result that the variance of
¢+ becomes so large around the horizon that quantum effects dominate. It is highly likely
that the more complicated terms contributing to E, both dependent on 7, will similarly
have a variance that blows up around the horizon. Indeed, it would be sufficient for either the
pft contribution or the counterterm contribution to E to have such a near-horizon behavior
to cause a breakdown of the wavepacket description. Note however that the counterterm
contribution classically only is responsible for the addition of a term 27 R/(kl) to the energy
in (5.31), and as such plays no role in the classical discussion of imaginary energy levels
due to the square root structure i/ fm ;j(R).

To summarize, the energy levels becoming complex beyond the horizon can be understood
in terms of a CPT breaking argument at the classical level. On the wavepacket (4.23) centered
on the classical solution, the result (4.27) for the expectation value and variance of v indicates
that the wavepacket description of the energy levels is highly likely to break down near the
horizon, where quantum effects will instead dominate.

6 Discussion and outlook

In this work, we have studied the radial canonical formalism of asymptotically AdSs gravity.
In its original form, the WAW equation is a relation between metric functions on a slice of
spacetime, and with no explicit time parameter is in a sense “timeless”. By employing a
deparametrization strategy, as in [32], we showed in section 2 that in a radial slicing the
volume density of the radial slices can in fact be interpreted as a time, and the WdW equation
as a Schrodinger equation. From a holographic point of view, we concluded that at the
semi-classical level, the Lorentzian partition function of TT theory satisfies a Schrodinger
equation in volume time describing evolution into the bulk, and the T'T operator expectation
value can be naturally interpreted in terms of the bulk volume time Hamiltonian.

We looked to test our insight from our volume time interpretation by studying WdW
states of a (24-1)-dimensional theory of gravity and their dual 7T interpretation. In particular,
in sections 3 and 4 we turned our attention to the BTZ solution, constructing WdW states
from a Hamilton-Jacobi function. A technical upshot of this computation is that we were able
to include rotation of the black hole solution. We constructed both the classical solution and
wavepacket solutions, in Vilenkin wavefunction forms. On the wavepackets, we investigated
the expectation value and variance of mini-superspace coordinates and momenta in section 4.3.
Having constructed bulk semi-classical states, as in [26-28] we expected the WAW state
to be dual to a quantum theory. What we do here is specifically identify it as a (1+1)-
dimensional TT-deformed CFT theory, following [16]. The CFT limit corresponds to the
asymptotic boundary of the bulk, and deforming the theory corresponds to moving the theory
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to effectively living on a radial slice inside the bulk. In section 5, we explicitly matched
quantities in the WAW state to quantities in the T'T theory.

Let us also mention some directions for future work. In this work, we have considered
a (241)-dimensional bulk. The higher-dimensional generalization of T'T (in that context
called T?) [50, 55] should allow a completely equivalent interpretation of the AdS, solution
of [26] as discussed in our section 5. Inclusion of a gauge field (such as in [28]) or inclusion
of rotation in such an analysis may also lead to useful insights.

Connections between TT and WdW have been further explored in the context of Cauchy
slice holography [3]. Our work presented here on the radial WAW formalism in AdSs3 uses
a different set-up than the one considered in Cauchy slice holography. Specifically, the X
slices we consider in figure 1 are not Cauchy slices anchored on the boundary at constant
boundary time. We defer investigations of their set-up to later work. In addition, we plan to
consider applications of the techniques discussed in this paper to de Sitter spacetimes, where
the volume time evolution will correspond to actual timelike evolution. For this, relevant
work has very recently appeared [33].
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A ADM deparametrization

The action I of a mechanical system with M true degrees of freedom was discussed in

section 2 to have a parameterized incarnation
I:/dT(pjaTQj_NH(pj7Qj)) (]:1a7M+1) (A1>

This action is invariant under reparametrizations 7 — 7/(7) of the parameter 7, with N(7)
transforming in the same way as 0-¢;. Variation with respect to the field N(7) imposes
the constraint H(pj,q;) = 0 with solution pyry1 = —Hprue(Di, ¢i, qu+1). It is a Lagrange
multiplier, and thus undetermined by the dynamics of the system. Variation with respect to
par1 sets ¢y (1) ~ N(7), showing that gar41(7) is equally undetermined by the dynamics.
That is, gas+1(7) can be freely fixed by a gauge choice or ‘coordinate condition’. For example,
qM+1(7' ) = T.

Let us now very explicitly write out the steps that take us from the parameterized
form of the action to the unparameterized form. For each step, there will be an explicit

- 32 —



equivalent in the gravity discussion.

I:/dT(pjaTQj_NH(pjaqj» (]ZlaaM_'_l) (A2>
_ /dT (P301) Ly st ormrmnren G=1,....M+1, i=1,...,M) (A.3)
— [ 47 (pi0,s ~ Hipuepis i aars1)Oranrn) (0= L., M) (A4)

dg; .
= /dQM+1 <pid — Htrue(piv%"QMJrl)) (i=1,...,M) (A.5)
gn+1
dg; .
— [t (n e~ et ) (i=1,....M). (A.6)

The first step, going to (A.3), consists of substituting the constraint solution. In (A.4),
the resulting action is written out in terms of the M true variables, and the (M + 1)’th
variables are singled out. Next, in (A.5), the gauge choice gpr+1(7) = 7 is made, and finally
in (A.6), the notational choice is made to write gy+1 = t, identifying a time coordinate t as
the independent variable in terms of which the action takes the canonical form (A.6). The
combination of these last two steps can be referred to as imposing a coordinate condition.
It corresponds to the introduction of an ‘intrinsic’ coordinate, as opposed to the arbitrary
parameter 7, which is ‘extrinsic’ to the system.
Now we can apply the same steps to the gravitational action

S— / dr dx (r90,7; — NH(x, ;) (A7)

that we are dealing with in section 2:

S = /dT‘ d*x (ﬂ'ij&n%’j — N?—[(Trij,%j» (A.8)
_ 2 ij .
_ / drde (790,79 | oo (A.9)
o (R 1 -
= /d?‘d x 7 + 5")/371'1) (Uar’yij +fy,~j87~v) (A.lO)
ﬁv:—HADM(ﬁijﬂijav)
= /dr d’z (frijar%j +7r1,8rv)’ (A.11)
mo=—HApr (F Fi5,0)
= /dv e (790,55 — Hapm (79, 7,5,0) ). (A.12)

The steps echo the mechanics discussion (A.2)—(A.6): the deparametrization consists of first
substituting the constraint solution (2.24), with notation (2.26), then rewriting in terms
of the true degrees of freedom introduced in (2.21), and finally imposing the coordinate
condition —y/—v(r) = r = —v that identifies the volume time v as a preferred radial ‘time’.
(For conciseness, we set the AdS radius equal to one in this appendix.)

We summarize the equivalence of the mechanics and radial gravity discussion in table 1.
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Mechanics Radial canonical gravity
‘time’ parameter T T
degrees of freedom (pj.qj) G=1,...,M+1), (7, 7ij)
preferred ‘time’ qu+1(T)=17=t —/(r)=r=—v
true Hamiltonian prvi+1 = —Hipue(Dis Gis qras1) | 7o = —Hapu (79,55, 0)
true degrees of freedom (pi, @) (i=1,...,M) (79, %)

Table 1. Comparison of roles in Hamiltonian formulation of classical mechanics and radial canonical
AdS; gravity.

B BTZ from the Hamilton-Jacobi equation in (v, k) notation

This appendix shows a repetition of the calculations presented in section 3 using a notation
that makes the volume dependence explicit. In particular we will use the variables k, v
and w. The variable k measures the stretching of the metric component g in relation to
Jpp at a fixed spatial volume v. This is the reason why one can say that £ is a measure of
anisotropy [26]. On the other hand, w represents the angular frequency. The metric ansatz
for the solution inside the event horizon is given by the following expression:

ds® = —N2dr? + veFdt® + vefk(dtp - Wdt)Qa (B.1)

where N, k,v and w are functions of the radial coordinate r. Evaluating the gravitational
action S on (B.1), we reach the following Lagrangian:

v (Ov)? Nv
I = . 2 \Yr 2k . 2 e B.2
N <(8 k) 2 +e P (Orw)” | + pYE (B.2)
From this Lagrangian one can obtain the momenta conjugate to k,v,w in the usual way:
oL v
Ph=5F ~ 2N " (B-3a)
oL 0
= = : B.3b
b o 2k Nwv (B.3b)
oL Vo o
w —_— = . 3 B-
Po=90 2N ¥ (B-3¢)

where the dot represents differentiation with respect to r. Using these results, the Hamiltonian
reads as follows:

Nk v2
H = o pr — vps + 2 p? — 22| (B.4)

and the Hamiltonian constraint:

2
v
—pj, +v*pl — e*Fpl + —z =0 (B.5)

which yields the following constraint equation for the on-shell action:
2
(BT) +vH(B,T)? — 22+ L, (B.6)

K2[2
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where we have imposed the condition d,Z = j. This equation is solved by the action given by:

'Ze(k_ko)

7= %sinh(lﬁ— ko) — 1kl S
K

iw. B.
5y TIw (B.7)

At this point, one can recover the usual BTZ metric from (B.1). Firstly, we introduce
the constants {wp, €y} such that:

8kOI = €0; (B.8a)

ajI = wy- (B8b)

Solving these equations will give expressions for the metric components in terms of wg and
€. Then, we make the change of variable ve % = Z% From the Euler-Lagrange equation

for N we derive the following expression:

2(v?(dk? + e~ dw?) — dv?)
402

N%dr? = : (B.9)

Making the already mentioned change of variable and inserting the solutions of equations (B.8)
into (B.9), one reaches the following metric in the usual BTZ form:

1 [ dz? . eko A%
ds* = = — f(z)dt? + <de - (lwo +j/1z2> dt) , (B.10)

22\ f(2)

where z = %, { = tle % and

1 2ke
f(z):l—Q— i 022 4 2 R2 21

This derivation, which is analogous to the one presented in [26], shows another way
to recover the BTZ solution starting from a mini-superspace ansatz that has an explicit
dependence on the volume of the constant r slices (v) making it easier to relate it to the
volume time discussion in section 2.

B.1 Clocks and expectation values

Following the strategy described in section 4, the quantized version of the Hamilton-Jacobi
equation (B.6) reads as follows:

2
2 v _
For simplicity, we have set the angular frequency w = 0. This equation can be solved
semiclassically by the one-dimensional WKB approximation

de
\Il:t(va k) = %O[:t(ﬁ)i/):t(v, ka 6)7 (B12)
with
ezek 1}2 w/62 — 3722 T
L) : 2 _ _ -1 kA2
Yy (v, kye) = (62 1/ expq £t [{/€ o e tanh ; 1l (- (B.13)
T R2A2
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In the same way as in the metric components notation, the semiclassical solution is
constructed by wavepackets that consist of a Gaussian superposition, in this case of the WKB
modes. This is achieved by defining the function a4 (€) as:

011(0) = 1) YT ethetemeo/ (2%, (B.14)

where we need A < 1 for the wavepacket to be strongly peaked on the classical solution €.

Now we can use this result to compute the conserved norm and expectation values. The
choice of clock in this case will be the volume v to make contact with section 2. Although the
volume is not a monotonic function in the black hole interior it is still interesting to use it as
a clock for the region outside the horizon, in light of the T'T interpretation in section 2.1.
The conserved norm for the v clock is given by

i d

P — %/dk(‘ll*v&vlll W0, T = i/z—e\ai(e)\z. (B.15)
i

We make use of this result to compute the expectation value of the momentum p, = —id,,

which is the Hamiltonian for the v time. Using the Laplace ordering prescription, the

expectation value is given by

de 5 [ €2 1

1 . )
<p’U>U = _§/dk(\lj av(vav\lf) - 81)\1}1}61;\1’ ) = / 7|C¥i(€)| ﬁ — W

o (B.16)

In the semiclassical approximation, this is calculated to be

2 2 2 —3/2
€ 1 A € 1
(po)o = w2 K212 4K2[202 (1}2 K212 T (B.17)

The leading order of this expansion coincides with the classical value of the momentum
pv = 2 sinh[k + k0]. This is calculated from (B.7) after substituting the classical value of
the volume v = ¢pklsech[k + ko).

The quantum variance is given by

A? A?

—_——+ — AY). B.1
2(€k K212 — v2) + 202 +O(AY (B-18)

Var(pv) =
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