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We investigate the thermal properties of the Klein–Gordon oscillator in a dynamical noncommutative 
space. These properties are determined via the partition function, which is derived using the Euler–
Maclaurin formula. Analytical expressions for the partition function, free energy, internal energy, 
entropy, and specific heat capacity of the deformed system are obtained and numerically evaluated. 
The distinct roles of dynamical and flat noncommutative spaces in modulating these properties are 
rigorously examined and compared. Furthermore, visual representations are provided to illustrate 
the influence of the deformations on the system’s thermal behavior. The findings highlight significant 
deviations in thermal behavior induced by noncommutativity, underscoring its profound physical 
implications.
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In recent decades, there has been growing interest in understanding the thermodynamic and magnetic properties 
of quantum systems under various potential fields, within both non-relativistic and relativistic regimes. To 
explore such phenomena, simplified yet powerful models such as the Klein–Gordon (KG), Dirac, DKP, Pauli, and 
harmonic oscillators are often employed as foundational tools in theoretical research. These models mainly differ 
in how they incorporate relativistic effects and the spin characteristics of the particles they describe. In this work, 
we focus on the thermal characteristics of the KG oscillator within a dynamical noncommutative (DNC) space. 
This study lies at the intersection of relativistic quantum mechanics, statistical physics, and noncommutative 
(NC) geometry, intertwining three advanced concepts: the KG oscillator, NC geometry, and thermal functions.

Originating from the relativistic KG equation, the KG oscillator incorporates a harmonic oscillator potential 
into the dynamics of spin-0 particles, as introduced by Bruce & Minning1,2. In its relativistic formulation, it 
reduces to the well-known non-relativistic harmonic oscillator under suitable limits, yet it also exhibits novel 
features, such as modified energy spectra and symmetry properties. Since its introduction, the KG oscillator has 
attracted considerable interest, and has been extensively studied in diverse scenarios and settings, including NC, 
anti-de Sitter, topologically nontrivial, and cosmic string space-time, as well as with Kaluza–Klein theory, minimal 
length, rainbow gravity3–14. Recent studies have further expanded its exploration in relativistic and cosmological 
contexts. For instance15, investigates the KG oscillator within a cosmological space-time characterized by a 
cosmological constant16. explores the quantum dynamics of scalar particles governed by the KG equation under 
rainbow gravity effects in the Bonnor–Melvin-Lambda background17. analyzes the relativistic quantum behavior 
of spin-zero particles and antiparticles (scalar fields) in a magnetic Bonnor–Melvin–Lambda universe18. studies 
a position-dependent mass relativistic quantum oscillator within an Einstein–Maxwell–Lambda space-time, 
employing a modified KG equation to analyze position-dependent mass oscillator fields. Moreover, extensive 
research has delved into the alignment between the KG oscillator and thermodynamical aspects. For instance, 
studies have explored the solutions of the D-dimensional KG oscillator and its thermodynamic properties within 
the Snyder-de Sitter algebra19, as well as the exact solutions to the 2D KG oscillator in a NC complex phase-space 
and its thermal properties20. Additionally, investigations have been conducted on the thermal properties of the 
2D KG oscillator in a cosmic string spacetime using the Poisson approximation21, and the statistical properties 
of the KG oscillator in NC space22. Furthermore, research has examined the partition function and mean energy 
of the 3D KG oscillator in a background magnetic field within NC space23.

NC geometry has emerged as a prominent area of study, capturing considerable attention in high-energy 
and contemporary physics, including quantum physics24,25, quantum field theory26,27, Standard Model28, string 
theories29, matrix theory30, black holes, gravity, and cosmology31,32. Studies have underscored the importance of 
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NC spaces in understanding phenomena occurring at extremely short distances and within high-energy ranges. 
Various types of NC spaces have been explored, such as complex33 and time-dependent NC20 spaces, etc14,20,33–35. 
Among these, a specific type known as position-dependent NC space, or DNC space, is particularly significant to 
our study. In this context, the NC parameter Θ is treated as a function of coordinates, i.e., Θ → Θ(X, Y ). The 
transition from the commutative setting to the NC one (or vice versa) is accomplished using several substantial 
techniques, as has been extensively discussed in the literature, including: (i) Weyl–Wigner maps36, employing 
the Weyl operators. (ii) Moyal–Weyl product, or ⋆product, instead of ordinary product37,38. (iii) Bopp-shift 
transformations39,40. (iv) Seiberg–Witten maps24. In our present study, we adopt the Bopp-shift method to 
facilitate this transition.

In this study, we investigate the effects of both the DNC and flat NC spaces on the thermal properties of 
the KG oscillator via the partition function, employing the Euler-Maclaurin formula, including free energy, 
internal energy, entropy, and specific heat capacity. This work is part of a broader investigation into the NC 
spaces subject, aiming to shed more light on the phenomenological implications of them. It builds upon our 
previous research exploring the interplay between DNC space and relativistic quantum mechanics. As examples, 
we mention14, where we investigated the effects of the DNC space on the relativistic and nonrelativistic 2D KG 
oscillators in the framework of the perturbation theory. Additionally, in41, we have addressed the eigensystems 
of the 2D DNC Dirac oscillator; furthermore, we mention42, where we have investigated the graphene in the 
framework of DNC spaces and delve into some of its thermodynamic quantities at zero temperature limit and 
extreme relativistic case. Likewise43, that aims to investigate the Landau problem in the framework of a DNC 
space and its magnetoconductivity by employing the Kubo formula. It is also important to mention limitations 
of our work. It is also important to highlight the limitations of the present work. This study is restricted to the 
2D KG oscillator model and does not consider interactions with external magnetic fields. The analysis assumes 
a specific form of position-dependent noncommutativity and does not incorporate higher-order deformation 
corrections. Moreover, the partition function is derived using the Euler–Maclaurin approximation, which 
may reduce accuracy at very low temperatures. Finally, although non-Hermitian features inherent in the DNC 
framework are acknowledged, their consequences for thermodynamic consistency and physical observables 
remain unexplored and represent a promising direction for future research.

The rest of the paper is outlined as follows. In Sec. 2, the system of the KG oscillator within DNC space is 
briefly reviewed. Sub-Sec. 2.1 provides a concise overview of the DNC formalism, while sub-Sec. 2.2 revisits 
the the 2D KG oscillator in DNC space. Sec. 3 extensively investigates the thermal properties of the DNC KG 
oscillator. Sub-Sec. 3.1 presents the methods and numerical results, and sub-Secs. 3.2 provides graphical analyses 
and discussions. Finally, Sec. 4 concludes the paper.

KG oscillator system within DNC space
In this section, we present the DNC formalism used in this work. Additionally, we revisit the 2D KG oscillator 
and its solutions within the DNC space.

Brief aspects of the DNC formalism
Let briefly review the fundamental equations of the DNC space algebra employed in this study. At the string 
scale, extremely small scale, space acquires a NC structure, and the position coordinates no longer commute24. 
As a consequence, the canonical variables satisfy a modified Heisenberg commutation relation in the 2D flat NC 
space, expressed as

	
[
xnc

i , xnc
j

]
= iΘij = iΘϵij ,� (1)

where ϵij  is the Levi-Civita symbol. In the simplest scenario, the NC parameter Θ is typically treated as a fixed 
real constant. However, in a more general framework, Θ may depend on spatial coordinates43 or even on time44. 
In this study, we consider a position-dependent NC space, commonly referred to as DNC space, following 
the approach of14,34, where position-dependent properties are incorporated by introducing a set of 2D non-
Hermitian variables X, Y, PX , and PY . Within this framework, Θ is treated as a function of the coordinates, 
given by

	 Θ (X, Y ) = Θ
(
1 + τY 2)

,� (2)

where τ  is the DNC parameter, also known as the non-Hermitian parameter45. Many other forms for Θ (X, Y ) 
have indeed been proposed in the literature. For example, in46 one finds Θ (X, Y ) = Θ

(
1 − τY + τY 2)

, while 

in35 the form is given by Θ (X, Y ) = Θ
[
1 + Θα

(
1 + X2 + Y 2)]−1 with α is a locality parameter. However, 

the resulting coordinates are non-Hermitian. As noted in47, these deformed structures are intrinsically linked to 
non-Hermitian Hamiltonian systems48. The following explanation outlines the approach taken to address this 
issue. In the DNC space, or τ -deformed space, the non-Hermitian operators satisfy the following relations34:

	

[X, Y ] = iΘ
(
1 + τY 2)

,
[X, Py] = 2iτY (ΘPy + ℏX) ,
[X, Px] = [Y, Py] = iℏ

(
1 + τY 2)

,
[Y, Px] = [Px, Py] = 0.

� (3)
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In the DNC phase-space, instead of a vanishing commutator between Px, Py , as in Eq. (3), we have 
[Px, Py] = iΘ̄

(
1 + τY 2)

, where Θ̄ is a constant NC parameter associated with momentum, having the 
dimension M2L2T−1. It is worth noting that Θ and τ  have dimensions of L2 and L−2, respectively.

The algebra in (3) can be expressed in terms of the standard Hermitian flat NC variable operators xnc, ync, 
pnc

x , and pnc
y  as follows:

	 X =
(
1 + τ (ync)2)

xnc, Y = ync, Px = pnc
x , and Py =

(
1 + τ (ync)2)

pnc
y .� (4)

As τ → 0, the following non-DNC (or flat NC) commutation relations are recovered:

	

[xnc, ync] = iΘ,
[xnc, pnc

x ] =
[
ync, pnc

y

]
= iℏ,[

xnc, pnc
y

]
= [ync, pnc

x ] =
[
pnc

x , pnc
y

]
= 0.

� (5)

As previously mentioned, the representation in (4), reveals that some of the involved operators are non-
Hermitian. Specifically, we have

	 X† = X + 2iτΘY, Y † = Y, P †
x = Px and P †

y = Py − 2iτℏY. � (6)

This clearly indicates that the operators X and Py  are non-Hermitian. As a result, the Hamiltonian, which includes 
these operators, will generally also not be Hermitian, i.e., H † (Xi, Pi) ̸= H (Xi, Pi). To address this issue, 
the non-Hermitian variables are transformed into Hermitian ones using the Dyson map34 κ = (1 + τY 2)− 1

2  
applied to non-Hermitian observables O ̸= O†ensuring that the adjoint of these operators is given by O† κ→ 
κOκ−1 = O = O†. We require τ ≥ 0 to ensure that the Dyson map remains non-singular. Consequently, the 
new Hermitian variables X , Y , Px, and Py  are represented in terms of flat NC variables as follows:

	

X = κXκ−1 = (1 + τ (ync)2)
1
2 xnc(1 + τ (ync)2)

1
2 = X †,

Y = κY κ−1 = ync = Y†,
Px = κPxκ−1 = pnc

x = P†
x,

Py = κPyκ−1 = (1 + τ (ync)2)
1
2 pnc

y (1 + τ (ync)2)
1
2 = P†

y .

� (7)

The new Hermitian DNC variables (7) obey the following commutation relations:

	

[X , Y] = iΘ
(
1 + τY2)

,

[X , Px] = [Y, Py] = iℏ
(
1 + τY2)

,
[X , Py] = 2iτY (ΘPy + ℏX ) ,
[Y, Px] = 0, [Px, Py] = 0.

� (8)

Using the Bopp-shift, the flat NC variables can be mapped to the standard commutative variables as follows39,40:

	 xnc = x − Θ
2ℏpy ync = y + Θ

2ℏpx, pnc
x = px, and pnc

y = py. � (9)

In the DNC space (for a system of variables satisfying Eq. (3)), the uncertainty relations is giving by 
△A △B ≥ 1

2

∣∣⟨[A , B]⟩ρ

∣∣ where A , B ∈ {X, Y, PX , PY }. Hence, there is a minimum length associated with 
the coordinate X in a simultaneous measurement of X, Y34:

	
△Xmin = Θ

√
τ

√
1 + τ ⟨Y ⟩2

ρ,� (10)

while there is no minimum length for Y. Knowing that ρ = κ2 = 1/(1 + τY 2) represents the metric operator, 
which is Hermitian, and ⟨Y ⟩ρ is the expectation value of Y with respect to this metric. This is given by

	 ⟨Y ⟩ρ = ⟨Ψ| Y |Ψ⟩ρ .� (11)

The inner product, expressed in terms of the standard inner product, is defined as

	
⟨Φ | Ψ⟩ρ := ⟨Φ | ρΨ⟩ =

∫ +∞

−∞

dy

1 + τy2 Ψ∗ (y) Φ (y) ,� (12)

for arbitrary states ⟨Φ| and |Ψ⟩. Subsequently, any observable operator P  must satisfy ⟨Φ | PΨ⟩ρ = ⟨PΦ | Ψ⟩ρ, 
which makes P  Hermitian with respect to this metric. Note that the uncertainty relation for the non-Hermitians 
position operators X, Y, under Eq. (12), we have △X△Y ≥ 1

2

∣∣iΘ 〈
1 + τY 2〉∣∣.

Additionally, we find a minimal momentum in a simultaneous Y, Py  measurement34:

	
△ (Py)min = ℏ

√
τ

√
1 + τ ⟨Y ⟩2

ρ,� (13)
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while we do not encounter any minimal length or minimal momentum in a simultaneous X, Px measurement. 
Note that the solutions of simultaneous measurements of Y, Py  are given

	
△Y = 1

ℏτ
△Py ± 1

ℏτ

√
△P 2

y − ℏ2τ
(
1 + τ ⟨Y ⟩2)

.� (14)

A key physical implication and motivation for position-dependent noncommutativity is that objects in 2D 
space exhibit string-like behavior14,34,42. In particular, within this framework, a minimum length for X exists 
in a simultaneous measurement of X and Y, beyond which further resolution is unattainable. This implies 
that objects in the 2D space defined by X and Y, inherently are of string-like type naturally. As a result, DNC 
space reveals a deeper and more fundamental connection to string theory than the flat NC space. Furthermore, 
investigating the dynamics of the KG oscillator system within the DNC space not only offers insights into the 
interplay between DNC space and non-Hermitian Hamiltonians but also may advances our understanding of 
its link to string theory. Such studies may drive new theoretical developments, substantial advancements, and 
meaningful phenomenological implications that extend well beyond the ordinary NC framework.

Review on the 2D KG oscillator in DNC space
The KG oscillator in 2D commutative space is given by the following equation1:

	

{
c2 (px + imωx) (px − imωx) + c2 (py + imωy) (py − imωy) +

(
mc2)2 − E2

n,l

}
ψn,l (−→r ) = 0,� (15)

where ω is the oscillator angular frequency, m is the rest mass of the scalar particle. In the DNC space, we 
substitute Eq. (7) and (9) in Eq. (15) obtaining14:

	

c2
{

p2
x + p2

y + m2ω2 (
x2 + y2)

− 2mℏω − m2ω2

ℏ LzΘ
}

|ψn,l⟩ + τc2
(

p2
yy2+y2p2

y

2

+ pyy2py + 2m2ω2x2y2)
|ψn,l⟩ +

{(
mc2)2 −

(
EDNC

n,l

)2
}

|ψn,l⟩ + O
(
τΘ, Θ2, τ2)

= 0.
� (16)

where the wave function of the system in question is

	
|ψn,l⟩ =| n + l

2 ,
n − l

2 > .� (17)

The energy levels of the DNC KG oscillator (16), including first-order correction is given by14:

	
EDNC

n,l = E±
n,l (Θ, τ) = ±mc2

√
2A (n + 1) − 2A − A 2

B
Θl + Bτ + 1,� (18)

with A = ℏω
mc2  is a parameter that controls the nonrelativistic limit, and B = ℏ2

m2c2 . Note that The appearance 
of the deformation parameters in the energy spectrum lifts the degeneracy of the energy levels. By setting τ = 0, 
we recover the result of the flat NC space, similar to that obtained in3 with l = ml, giving by

	 ENC
n,l = E±

n,l (Θ) = ±
√

2ℏωmc2 (n + 1) − ω2m2c2Θl + m2c4 − 2mc2ℏω,� (19)

which resembles the behavior seen in the Zeeman effect. Furthermore, by setting τ = Θ = 0, we retrieve the 
well-known results corresponding to commutative space.

Thermal properties of the DNC KG oscillator
Methods and numerical results
In this part, we investigate the effect of DNC and flat NC spaces on the thermal properties of the KG oscillator. 
So, in the framework of statistical physics, these properties are determined using the partition function Z (β). 
Therefore, we first compute the partition function for the deformed KG oscillator by summing over all possible 
energy levels of the system (single oscillator) as follows:

	
Z (β) =

∞∑
n=0

e−β(En−E0) with β = 1
KBT

,� (20)

where β is the Boltzmann factor, E0 represents the ground-state energy corresponding to n = 0, T denotes 
the absolute temperature, and KB  is the Boltzmann constant. Revisiting the spectrum in Eq. (18), it can be 
expressed as follows:

	 E±
n = ±mc2

√
µn + λ,� (21)

with
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µ = 2A , and λ = 1 − A 2

B
Θl + Bτ.� (22)

Here, we restrict our analysis to the stationary state’s positive energy solutions, as the partition function fails 
to converge with the inclusion of negative energy solutions in the canonical ensemble. It is also important to 
note that the KG oscillator admits an exact Foldy–Wouthuysen transformation, which ensures that positive and 
negative energy solutions do not mix. This transformation diagonalizes the system’s Hamiltonian into separate 
blocks corresponding to particles (positive energy) and antiparticles (negative energy), resulting in two decoupled 
equations. Consequently, the time evolution of each component is independent, with no transitions between 
positive- and negative-energy states. This separation ensures a consistent particle–antiparticle interpretation, with 
a conserved and positive-definite probability current in the positive-energy sector. As a result, thermodynamic 
properties can be studied without concern for spurious particle-antiparticle mixing. Therefore, in this work, we 
consider only the positive energy states to contribute to the thermodynamic properties of the KG oscillator. Now, 
based on the form of the energy eigenvalues (21) the single-oscillator partition function is written as

	
Z (β) =

∞∑
n=0

e−βmc2
(√

µn+λ−
√

λ
)

= e
√

λ
κ

∞∑
n=0

e− 1
κ

√
µn+λ,� (23)

with κ = 1
βmc2 = T

T0
. Knowing that T0 = mc2

KB
≈ 5.93 × 10 9K is the characteristic temperature (its nature is 

very similar to the Debay temperature) that divides the range of temperature to very high temperature, T ≫ T0, 
and very low temperature, T ≪ T0 regions49. To evaluate the partition function, we apply the Euler-Maclaurin 
formula. However, let us first test the convergence of the partition function (23) through the integral of the 
function f (x) = exp

(
− 1

κ

√
µx + λ

)
, which is a monotonically decreasing function

	
I (κ) =

∫ +∞

0
e− 1

κ

√
µx+λdx = 2κ2

µ

(
1 + 1

κ

√
λ
)

e−
√

λ
κ .� (24)

According to the theorems of convergent series, it follows that the partition function is convergent. Therefore, 
we apply the Euler-Maclaurin formula50,51:

	

∞∑
n=0

f (n) = 1
2f (0) +

∫ +∞

0
f (x) dx −

∞∑
p=1

1
(2p)!B2pf (2p−1) (0) ,� (25)

where f (2p−1) (0) denotes the (2p − 1)th derivative evaluated at x = 0. The coefficients B2p are Bernoulli 
numbers, defined as50

	
Bn = 2 (2n)!

(2π)2n

∞∑
p=1

p−2n,� (26)

with specific values such as B2 = 1/6, B4 = −1/30, and B6 = 1/42... Then, using Eq. (25), one can find the 
partition function as follows:

	
Z (κ) = 1

2 + 2κ2

µ

(
1 + 1

κ

√
λ
)

− e
√

λ
κ

∞∑
p=1

1
(2p)!B2pf (2p−1) (0) .� (27)

Now, To determine the partition function, we need to calculate the sum in Eq. (27). So, up to p = 2 this sum 
can be written as:

	
e

√
λ

κ

∞∑
p=1

1
(2p)!B2pf (2p−1) (0) = 1

24
µ

κ
√

λ
− 1

1920
µ3

κλ5/2 − 1
1920

µ3

κ2λ2 − 1
5760

µ3

κ3λ3/2 .� (28)

Finally, we find the partition function as follows:

	
Z (κ) = 1

2 + 2
√

λ

µ
κ + 2

µ
κ2 +

(
1

1920
µ3

λ5/2 − 1
24

µ√
λ

)
1
κ

+ 1
1920

µ3

λ2
1
κ2 + 1

5760
µ3

λ3/2
1
κ3 .� (29)

Subsequently, employing Eq. (22), the partition function in DNC space is
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Z (κ, Θ, τ) = 1
2 +

√
1− A 2

B
Θl+Bτ

A κ + 1
A κ2 +

(
1

240
A 3(

1− A 2
B

Θl+Bτ
)5/2 − 1

12
A√

1− A 2
B

Θl+Bτ

)
1
κ

+ 1
240

A 3(
1− A 2

B
Θl+Bτ

)2
1

κ2 + 1
720

A 3(
1− A 2

B
Θl+Bτ

)3/2
1

κ3 .

� (30)

According to Eq. (30), we can see that the partition function depends on the DNC and NC parameters. 
Importantly, only the first three terms significantly influence the calculations at very high temperatures. In 
contrast, at very low temperatures, terms involving 1

κ , 1
κ2 , and 1

κ3  dominate the behavior of Z. At moderate 
temperatures—where neither low nor high extremes prevail—all terms contribute, reflecting a crossover regime 
between these thermal limits. The DNC KG oscillator partition function can be easily extended to an N-particle 
system without internal interactions using

	 Z (κ, Θ, τ) = ZN (κ, Θ, τ) .� (31)

Key thermal properties such as free energy F, internal energy U, entropy S, and specific heat capacity C can be 
systematically computed with the help of the following relations:

	
F = − 1

β
ln Z, U = −∂ ln Z

∂β
, S = ln Z − β

∂ ln Z

∂β
, C = β2 ∂2 ln Z

∂β2 .� (32)

Equation (32) can be reformulated in terms κ as follows:

	

F (κ) = F
mc2 = −κ ln Z,

U (κ) = U
mc2 = κ2 ∂ ln Z

∂κ
,

S (κ) = S
KB

= ln Z + κ ∂ ln Z
∂κ

,

C (κ) = C
KB

= 2κ ∂ ln Z
∂κ

+ κ2 ∂2 ln Z
∂κ2 ,

� (33)

It should be emphasized that for a very high temperature range T ≫ T0 (or β ≪ 1), the deformation parameters’s 
contribution remains negligible, and all terms in the sum of Eq. (28) have a positive power in β, which are very 
small compared with the term 2

µm2c4β2

(
1 + βmc2√

λ
)

. Thus, one can approximate the partition function as

	
Z ≃ 1

2 +

√
1 − A 2

B Θl + Bτ

A
κ + κ2

A
≃ κ2

A
= 1

ℏωmc2
1

β2 ,
� (34)

which leads to the following asymptotic limits of the mean energy U and the specific heat C:

	
U ≃ 2

β
= 2KBT, and C ≃ 2KB .� (35)

For a very low temperature range, T ≪ T0 (or β ≫ 1), we have

	

Z ≃

(
1

240
A 3(

1− A 2
B

Θl+Bτ
)5/2 − 1

12
A√

1− A 2
B

Θl+Bτ

)
1
κ

+ 1
240

A 3(
1− A 2

B
Θl+Bτ

)2
1

κ2

+ 1
720

A 3(
1− A 2

B
Θl+Bτ

)3/2
1

κ3 ,

� (36)

and consequently the both U and C tend to zero, U → 0, C → 0.
Now, by introducing the following reducing parameters

	




a =
√

1− A 2
B

Θl+Bτ

A , b = 1
A , w = 1

1920
(2A )3(

1− A 2
B

Θl+Bτ
)2 ,

q = 1
720

A 3(
1− A 2

B
Θl+Bτ

)3/2 , p = 1
240

A 3(
1− A 2

B
Θl+Bτ

)5/2 − 1
12

A√
1− A 2

B
Θl+Bτ

,
� (37)

the partition function (30) can be expressed as

	
Z (κ) = 1

2 + aκ + bκ2 + p
1
κ

+ w
1
κ2 + q

1
κ3 .� (38)

Consequently, employing Eq. (38) in Eq. (33), the reduced thermal quantities become
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F (κ) = −κ ln
{

1
2 + aκ + bκ2 + p

κ
+ w
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It is evident that DNC and flat NC spaces influence the thermal quantities. Next, we thoroughly investigate 
the behavior of the obtained thermal quantities, presenting visual results and illustrating the various effects 
considered on these quantities.

It is also important to point out that when the KG oscillator system is subjected to a uniform magnetic 
field 

−→
B = (0, 0, B), the momentum operator is modified via minimal coupling as −→p → (−→p − e

−→
A/c). Here, 

the vector potential is taken in the symmetric gauge 
−→
A =

−→
B ×−→r

2 = B
2 (−y, x, 0) with −→r = (x, y). Under this 

substitution, the KG oscillator system takes the following form:
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(B)

c2

}
ψn,l (−→r ) = 0.

� (40)

Subsequently, by applying Eqs. (7) and (9), the system is brought into the DNC framework. With this setup, the 
magnetic behavior of the system can be systematically explored by analyzing the magnetization M, and magnetic 
susceptibility χ, which are defined as follows52,53:

	
M = 1

β

1
Z

∂ ln Z

∂
−→
B

,� (41)

and

	
χ = ∂M

∂
−→
B

.� (42)

At absolute zero temperature T = 0, the magnetization reduces to21,52:

	
M = −

∂EDNC
n,l (B)

∂
−→
B

,� (43)

where EDNC
n,l (B) represents the energy of the system within the DNC framework under the presence of 

B. It is worth noting that magnetization is often used to examine the possibility of phase transitions, while 
magnetic susceptibility quantifies how much a material becomes magnetized under an applied magnetic field. 
Susceptibility also helps clarify the nature of a phase transition, if it exists.

Graphical analysis and discussion
Based on the obtained numerical results, we present plots illustrating the thermal behavior and partition function 
of the deformed KG oscillator under varying thermal (β), quantum (ω), and deformation (Θ, τ) parameters. 
The constants are set as ℏ = c = 1 (natural units), and B = l = 1. Accordingly, A = ω/m, serves as a 
parameter controlling the non-relativistic limit and, for simplicity, is used in place of ω to represent quantum-
relativistic effects. As reported in54–56, the values of A  determine whether the system is in the relativistic region 
or in the non-relativistic one. In our work, as in56 and others, one can distinguish two regions : the first, defined 
by A ≥ 0.5, corresponds to the relativistic regime, and the other, with A < 0.5, represents the non-relativistic 
regime. Note that in commutative case, Boumali56 studied the thermal properties of the relativistic harmonic 
oscillator including KG oscillator in one dimension. He derived the thermodynamics quantities by using the 
Euler-MacLaurin approximation, and the formalism employed covered the entire range of temperatures through 
the use of the Hurwitz zeta function method. Note that adopting κ instead of T in our calculations simplifies the 
plots and allows the use of dimensionless thermal quantities. Additionally, employing natural units enables for 
reduced dimensionless DNC and NC parameters, defined as τ ≡ τ l2

p and Θ ≡ Θ/l2
p, where lp denotes Planck 

length.
The partition function (Eq. (30)) is illustrated in Figs. 1–3. The reduced thermal quantities (Eq. (39)) are 

depicted in Figs. 4–15. Note that in all the plots involving A , red and black dashed lines represent the non-
relativistic regime, while solid lines of other colors are used for the relativistic regime.

In Fig. 1, the partition function Z is plotted separately as a function of κ and A , with Θ and τ  held fixed. In 
Fig. 2, Z is plotted versus κ for a fixed A , and the results are shown for different values of Θ and τ . Fig. 3 extend 
this analysis, showing the dependence of Z on Θ and τ  across varying A  and κ.

From sub-fig (1.a) Z increases monotonically with κ for all values of A , as expected. For the non-relativistic 
regime, the growth of Z is much more rapid with increasing κ. As A  increases, the curves flatten and the 
magnitude of Z is reduced, and the thermal response of the system becomes more stable or less sensitive to 
changes in κ. In sub-fig (1.b), the most striking feature is the sharp peak at A = 3.3 for all values of κ, shown 
in the zoomed inset. This confirms a critical point where Z sharply increases, possibly due to a resonance or 
singularity in the denominator. This reveals that small κ values lead to very large Z near the critical point, 
suggesting a diverging thermodynamic response that could be linked to a phase transition–like behavior. The 
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presence of a peak at A = 3.5 regardless of κ implies that this value corresponds to a universal feature of the 
system, likely tied to the structure of the DNC space. The suppression of Z at high A  (relativistic regime) and the 
enhancement at low A  (non-relativistic regime), especially for small κ, show how strongly the thermodynamic 
state density is modulated by both parameters. From Fig. 2, Z shows a similar increasing trend with κ in both 
the non-relativistic and relativistic regimes. The effect of the DNC and NC parameters appears consistent across 
both cases, indicating that the deformation effects on Z are comparable regardless of the relativistic scale. In 
Fig. 3, as κ increases, the overall magnitude and surface curvature of Z change significantly, indicating a strong 
interplay between the DNC/NC parameters and the oscillator strength. More precisely, Z exhibits noticeable 
variations with respect to the DNC and NC parameters, depending on the value of κ. Increasing κ alters both 
the amplitude and shape of the surface, highlighting the sensitivity of the system’s thermodynamic behavior to 
deformation effects.

We plot the free energy F , internal energy U , entropy S, and specific heat capacity C  as functions of the 
parameters κ and A  separately, with Θ and τ  held fixed in Figs. 4, 7, 10, and 13 respectively.

In Figs. 5, 8, 11, and 14, the same quantities— F , U , S, and C  respectively—are plotted versus κ for a fixed 
A , showing the effects each Θ and τ .

Finally, Figs. 6, 9, 12, and 15 extend the analysis by illustrating the dependence of F , U , S, and C , respectively 
on Θ and τ , across varying A  and κ.

Fig. 2.  The partition function Z as a function of κ, shown for different values of NC & DNC parameters Θ & 
τ . (a) Non-relativistic case, A = 0.1; (b) relativistic case, A = 1.5.

 

Fig. 1.  The partition function Z as a function of κ & A  separately, with fixed values of Θ = τ = 0.1. (a) 
Variation of Z with respect to κ for different values of A ; (b) variation of Z with respect to A  for different 
values of κ.
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It is noteworthy to highlight that in our calculations and plots, the expression 1 − A 2

B Θl + Bτ , which 
appears under square roots and raised to fractional powers in the thermal quantities, remains positive and real 
for the typical values of A , Θ, and τ  used in this work.

The plots in Fig. 4 show that the free energy F  exhibits non-monotonic behavior with respect to both κ 
and A , featuring a clear minimum (or dip) at intermediate values. This indicates the existence of an optimal 
point where the system’s thermodynamic stability is enhanced, as F  increases again for larger values of either 

Fig. 4.  The free energy F  as a function of κ and A  separately, with fixed values of Θ = τ = 0.1. (a) Variation 
of F  with respect to κ for different values of A ; (b) variation of F  with respect to A  for different values of κ.

 

Fig. 3.  3D plot of the partition function Z as a function of NC & DNC parameters Θ & τ , shown for different 
values of A . (a) κ = 0.2; (b) κ = 0.6; (c) κ = 1; (d) κ = 2.
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parameter. In contrast, the plots in Fig. 5 show that F  decreases monotonically with increasing κ across all 
cases. The magnitude of F  is more pronounced in the relativistic regime (A = 1, 2, 5), particularly for higher 
deformation parameters Θ and τ . Sensitivity to these deformation parameters becomes more significant 
as A  increases. Overall, F  exhibits consistent qualitative behavior while becoming steeper with increasing 
relativistic effects. The 3D plots in Fig. 6 reveal that F  generally decreases as both Θ and τ  increase, indicating 
that deformation effects reduce the system’s energy. This trend becomes more pronounced at higher values of 
κ, especially in plot (6.d). Additionally, the curvature of the surfaces intensifies with increasing A , suggesting 
stronger thermodynamic sensitivity in relativistic regimes. In summary, F  demonstrates a smooth, nonlinear 
dependence on both the NC and DNC parameters.

Figure 7 shows that the internal energy U  monotonically increases with increasing κ and decreases with A . 
However, in subplot (7.b), a slight non-monotonic behavior appears in the range A ∈ [3, 3.7], clearly more 
pronounced for κ = 1.5 and 3, where U  exhibits a shallow dip before continuing to decrease—hinting at a 
transitional effect in the system’s thermodynamics for intermediate relativistic strengths. Fig. 8 demonstrates that 
U  increases with the deformation parameters Θ and τ , especially in the relativistic regimes (A = 2, 5, 15). The 
effect is minimal in the non-relativistic case (8.a), but becomes more pronounced as A  increases, highlighting 
enhanced sensitivity to deformation in relativistic settings. In Fig. 9, the 3D plots show that U  decreases as both 
Θ and τ  increase, with this trend becoming more pronounced at higher values of κ. The energy surfaces become 
steeper as κ grows, indicating stronger sensitivity to deformation parameters in highly NC regimes.

Subplot (10.a) interestingly reveals a contrasting behavior of the entropy S: in the non-relativistic regime, 
S increases with κ, whereas in the relativistic regime it decreases. Precisely, the curves for A = 1.5 and 3 
deviate from this trend, displaying non-monotonic behavior. In subplot (10.b), S decreases as a function of 
A , but a noticeable peak appears around A = 3.3, indicating a nontrivial interplay between relativistic and 
thermal contributions near this regime. The plots in Fig. 11 show that the effect of the deformation parameters 
Θ and τ  on S is minimal in the non-relativistic regime but becomes significant as A  increases. Similarly, Fig. 
12 demonstrates that the influence of both Θ and τ  on S is negligible in the non-relativistic regime, while it 

Fig. 5.  The free energy F  as a function of κ, shown for different values of Θ & τ . (a): Non-relativistic case, 
A = 0.1; (b), (c), and (d): relativistic cases with A = 1, 2, 5, respectively.
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Fig. 7.  The internal energy U  as a function of κ and A  separately, with fixed values of Θ = τ = 0.1. (a) 
Variation of U  with respect to κ for different values of A ; (b) the variation is with respect to A  for different 
values of κ.

 

Fig. 6.  3D plot of the free energy F  as a function of Θ & τ , shown for different values of A . (a) κ = 0.1; (b) 
κ = 0.3; (c) κ = 1; (d) κ = 5.
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becomes considerable in the relativistic regime, especially as these parameters increase. This trend becomes 
more pronounced with increasing κ.

Subplot (13.a) shows a non-monotonic behavior of the specific heat capacity C  with respect to κ, featuring a 
slight initial increase followed by a rapid decrease. It is evident that the relativistic regime has a more pronounced 
effect on the trend compared to the non-relativistic case. In subplot (13.b), C  also exhibits non-monotonic 
behavior as a function of A , with a noticeable dip near zero appearing around A = 3.3. Interestingly, all the 
curves converge toward this point before increasing again, and this behavior becomes more prominent as the 
thermal parameter κ increase. The plots in Fig. 14 show that the effect of the deformation parameters Θ and τ  
on C  is minimal in the non-relativistic regime but becomes significant in the relativistic cases as A  increases. 
Similarly, Fig. 15 also demonstrates that the influence of Θ and τ  on C  is negligible in the non-relativistic regime 
but becomes substantial in the relativistic regime, particularly for A = 2.9 or 3. This trend is further intensified 
as κ increases.

When analyzing the data, it appears that the behavior of the thermal quantities exhibits significant variations 
and rich structural features. The results clearly demonstrate how thermal, quantum, or deformation-induced 
fluctuations dominate in different regimes—both non-relativistic and relativistic. The plots consistently reveal 
distinct patterns under the influence of DNC and flat NC deformations.

Moreover, when comparing our more general results with those in54, which explores the thermal properties 
of the KG system within a commutative framework, we observe excellent agreement in the corresponding plots. 
In particular, our results in the commutative case (Θ = τ = 0, shown as magenta lines) match those of54. For 
instance, our plots for F  (Fig.5), U  (Fig.8), and S (Fig.11) align closely with F  (Fig.2), U  (Fig.3) and S (Fig.4) 
in54, respectively. Similar consistency is found across the remaining plots. This agreement strongly supports the 
validity of our thermal analysis and visualization.

It is important to emphasize that the vanishing of the internal energy U and specific heat capacity C at low 
temperatures (or equivalently, low κ) reflects the suppression of thermal excitation in both the DNC and flat NC 
frameworks. This behavior is consistent with the third law of thermodynamics, which states that as T approaches 

Fig. 8.  The internal energy U  as a function of κ, shown for different values of Θ & τ . (a): Non-relativistic case, 
A = 0.1; (b), (c), and (d): relativistic cases with A = 2, 5, 15, respectively.
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absolute zero, entropy, and therefore thermal fluctuations, tends to vanish. In this regime, only the lowest energy 
levels i.e., the ground state, are populated, leaving no energy available for thermal distribution, and thus U → 0 
and C → 0. From a deeper perspective, this thermodynamic suppression is influenced by the deformation 
parameters Θ and τ , which modify the energy spectrum and density of states (see Eqs. (18) & (19)). Nevertheless, 

Fig. 10.  The entropy S as a function of κ and A  separately, with fixed values of Θ = τ = 0.1. (a) Variation of 
S with respect to κ for different values of A ; (b) the variation of S is with respect to A  for different values of 
κ.

 

Fig. 9.  3D plot of the internal energy U  as a function of Θ & τ , shown for different values of A . (a) κ = 0.5; 
(b) κ = 1; (c) κ = 5; (d) κ = 20.
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our numerical results indicate that even when the deformation parameters are fixed e.g., Θ = τ = 0.1, the 
suppression of thermal activity at low temperatures persists across a wide range of A  values. This indicates 
that the vanishing of U and C in the low-temperature regime is a robust and generic feature of the deformed 
KG oscillator model. Similar trends have also been observed in other quantum systems under deformation, 
including the KG oscillator in NC space22 and cosmological string-inspired backgrounds21. Physically, DNC 
deformation typically shifts or reshapes the energy spectrum but do not eliminate the energy gap between the 
ground and excited states. As long as the spectrum remains discrete (quantized) and bounded from below (i.e., 
with a well-defined ground state and no energy states exist below it), the suppression of thermal activity at low 
temperatures remains a universal characteristic. This feature is essential for ensuring thermodynamic stability.

Finally, the plots vividly highlight the intricate interplay between quantum-relativistic, thermal, and 
deformation effects throughout the thermal system’s behavior.

Conclusion
In this work, we have numerically investigated the 2D thermal behavior of the KG oscillator system within 
the framework of DNC space. First, we reviewed and utilized the energy spectrum energy of the deformed 
KG oscillator determined in our previous study14. Using this spectrum, we evaluated the numerical partition 
function and, subsequently, derived the thermal properties, including the free energy, internal energy, entropy, 
and specific heat capacity. The effects of DNC and flat NC spaces on these properties were thoroughly analyzed 
and discussed. The visual representations reveal a rich and nontrivial behavior of the system in DNC and flat 
NC spaces, characterized by mixed fluctuations arising from thermal, quantum-relativistic, and deformation 
effects. They suggest zones of stability and instability, as well as patterns of monotonicity and non-monotonicity, 
which are significant for both theoretical insights and potential physical applications. Additionally, the vanishing 
behavior of internal energy and specific heat at low temperatures supports the thermodynamic consistency of 
the modified energy spectrum. This suggests that the DNC and flat NC corrections do not lead to unphysical 
behavior in the low-energy limit, further reinforcing the idea that both DNC and flat NC deformations respect 

Fig. 11.  The entropy S as a function of κ, shown for different values of Θ & τ . (a): Non-relativistic case, 
A = 0.1; (b), (c), and (d): relativistic cases with A = 2, 10, 20, respectively.
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Fig. 13.  The specific heat capacity C  as a function of κ and A  separately, with fixed values of Θ = τ = 0.1. 
(a) Variation of C  with respect to κ for different values of A ; (b) the variation of C  is with respect to A  for 
different values of κ.

 

Fig. 12.  3D plot of the entropy S as a function of Θ & τ , shown for different values of A . (a) κ = 0.2; (b) 
κ = 0.5; (c) κ = 2; (d) κ = 5.
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fundamental thermodynamic constraints. Notably, investigating fundamental phenomena in DNC space is of 
particular interest, as objects in such a setting naturally exhibit string-like behavior—one of the key motivations 
for studying DNC geometry. Our findings can be used to explore the thermodynamical properties of other 
systems within DNC space. Furthermore, as discussed in Sect. 2, certain operators in the DNC framework are 
non-Hermitian. The interplay between DNC framework, non-Hermiticity theory, thermodynamic properties, 
and string theory may open up promising directions for future research.

Fig. 14.  The specific heat capacity C  as a function of κ, shown for different values of Θ & τ . (a): Non-
relativistic case, A = 0.4; (b), (c), and (d): relativistic cases with A = 2, 10, 20, respectively.
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Data availability
The datasets used and analysed during the current study are available from the corresponding author on rea-
sonable request.
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