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For three-body hadron decays mediated by intermediate resonances with large widths, we show how
to properly extract the quasi-two-body decay rates for a meaningful comparison with the corresponding
theoretical estimates, using several B decays as explicit examples. We compute the correction factor
from finite width effects in the QCD factorization approach, and make a comparison with that using the
experimental parameterization in which the momentum dependence in the weak dynamics is absent.

Although the difference is generally less than 10% for tensor and vector resonances, it can be as large as
(25 — 40)% for scalar resonances. Our finding can in fact be applied to general quasi-two-body decays.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Hadronic decays of heavy mesons have been of great interest to
physicists because they provide an ideal environment to test our
understanding of heavy flavor symmetry, effective weak interac-
tions, and strong interactions at low energies. Among such decays,
quasi-two-body decays form an important class in the study of
bottom and charm meson physics. They typically involve an unsta-
ble particle in the final state that further decays to two hadrons,
possibly through strong interactions, and result in a three-body
final state. In the resonant region around the pole mass of the
intermediate particle, the contribution of quasi-two-body decay
overwhelms the non-resonant channels.

Take a B meson decay B — RP3 — P1P,P3 as an example,
where R and P3 are respectively an intermediate resonant state
and a hadron and R further decays to two hadrons Pi». It is a
common practice to apply the factorization relation, also known as
the narrow width approximation (NWA), to factorize the process

as two sequential two-body decays:
B(B — RP3 — P{P,P3) )
= B(B — RP3)B(R — P] Pz) .

thereby extracting the branching fraction B(B — RP3) from the
other two measured branching fractions, which is then compared
with theoretical predictions. However, such a treatment is valid
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only in the limit of 'y — 0. In other words, one should have in-
stead B(B — RP3 — P1P3P3)r;—0 on the left-hand side of Eq. (1),
assuming that both B(B — RP3) and B(R — P1P;) are not af-
fected by the NWA. In particular, all the decay channels of R vanish
in the zero width limit in such a way that B(R — P1P3) remains
intact. When R assumes a finite width, Eq. (1) no longer holds.
Besides, theoretical predictions of I'(B — RP3) are normally cal-
culated under the assumption that both final-state particles are
stable (i.e., I'g, I'p; — 0). Therefore, the question is for R with a
sufficiently large width, how one should extract (B — RP1) from
the experimental measurement of B(B — RP3 — P{P;P3) and
make a meaningful comparison with its theoretical predictions.
We propose that one should use

B(B — RP3 — P] P2P3)exp
B(R — Pq PZ)EXD

where B(B — RP3 — P1P3P3)exp is the measured branching frac-
tion around the resonance region and the correction factor is de-
fined by

B(B — RP3 — P1P2P3)r—0 3)
B(B — RP3 — P{P,P3)

Here B(B — RP3) on the left-hand side of Eq. (2) is the branching
fraction assuming that both R and P3 are stable and thus have
zero decay width. Therefore, it is suitable for a comparison with
theoretical calculations.

Conventionally, ng is set as unity in Eq. (2) to extract 5(B —
RP3) in the literature (e.g., the Particle Data Group [1]). This is
inappropriate because ng # 1 in general. The parameter ng is cal-
culable; it depends on not only the resonant state R but also the

B(B — RP3) =1, ; (2)
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decay process. It is also noted that ng and the corresponding quan-
tity for the CP-conjugated process are generally different as a result
of the interference between decay amplitudes with different CP-
violating phases, though the differences for the modes we have
studied are quite small.

While we focus on some three-body B meson decays in this
Letter to elucidate our point and explain the cause, our finding
generally applies to all quasi-two-body decays. To compute ng, we
employ the QCD factorization (QCDF) [2] to model both numerator
and denominator on the right-hand side of Eq. (3). The results are
compared with those obtained using the experimental parameteri-
zation (EXPP). A more detailed numerical study has been presented
elsewhere [3].

2. General framework

Consider the B — RP3 — P1P,P3 decay, where R is a reso-
nance of spin J. The associated decay amplitude has the form

A(mi2, ma3) = M(mqz, ma3)Rj(m12) 7T (M2, ma3) , (4)

where m =(pi + pj) , M(mq2,mq3) is a function containing in-
formatlon of both B — R(m12)P3 and R(mi2) — P1P2 decays, R
describes the line shape of the resonance and 7; encodes the an-
gular dependence. For example, a common choice of R; is the
relativistic Breit-Wigner line shape

1

W
= ’ 5
) o, ~ ) + imeTamia) :

At the resonance (mq, = mpg), the amplitude can be factorized into
the form

ivyaTmglgr A(mg, my3)
_ X3 MilB — R(mg)P3]M,[R(mg) — P1Pa] (6)
./mRFR/r[ ’

where A is the helicity of R. The above form is expectable because
there is a propagator of R in the amplitude A(miy,my3), and the
denominator of the propagator reduces to imgI'gr on the mass shell
of mi while the numerator reduces to a polarization sum of the
polarization vectors, producing the above structure after contract-
ing with the rest of the amplitude. The angular distribution term
77 in Eq. (4) at the resonance is governed by the Legendre polyno-
mial P;(cos®), where 6 is the angle between p; and p; measured
in the rest frame of R (see also [4]), as a result of the polarization
sum and the addition theorem of spherical harmonics.

Using the standard formulas [1], the three-body differential de-
cay rate at the resonance after the dm%3 phase space integration
can be recast to give

dI'(m%)

2
mi,

=T'(B— RPg)B(R — P1Py) (7)

amglg
= 27)3 32m3 /|A(mRam23)| dm23

where we have made use of the fact that B(R — P1P3) is indepen-
dent of the helicity (or spin) and I'g of R. Note that the ostensible
I'r dependence on the right-handed side of Eq. (7) would be can-
celed out by a corresponding factor coming from the phase space
integral. With the definition of normalized differential rate (NDR)

_ dF(n;%z)//‘ dF(mu) 2, )

2
dmg, dmy,

amglg

dl(m?,)

2
dmy,
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we then have for the correction factor that

_ wmgTg [ |A(mg, ma3)[2dm3,

J1A(m12, mp3)[2dm, dm3,
df(my) _ 7Tg dU(mg)
dm%z 2 dm12

(9)

=amglg

This equation shows that ng is determined by the value of the
NDR at the resonance. It should be noted that as the NDR is al-
ways positive and normalized to unity after integration, its value
at mqy2 = mpg is anticorrelated to that elsewhere. Hence, it is the
shape of the NDR that matters in the determination of nr. With
the help of the following identity

mRFR/n

im =8(m%, —m3), (10)
re—0 (m3, — m%)2 +m3T% 7R

one can readily verify that ng given by (9) approaches to unity
in the NWA. It has also been checked that the same would be
obtained if one chose to use the Gounaris-Sakurai line shape [5]
instead.

The following parameterization is widely used in the experi-
mental studies of resonant three-body B decays [4]

M(mi2, my3) =cXj(p3) x Xj(p1), (11)

with X; being the Blatt-Weisskopf barrier form factor and ¢ a
complex coefficient to be determined experimentally. It is straight-
forward to obtain nEXPP using the above parametrization together
with Egs. (4) and (9). Note that the coefficient c is canceled out in
nEXPP_ Also, the transversality condition has been imposed [4], and
we find that relaxing the condition yields similar results.

The EXPP and the QCDF approaches generally have different
shapes in the differential rates and, hence, render different values
of ng, ie, nE 3P, Therefore, the EXPP of the normalized
differential rates should be contrasted with the theoretical predic-
tions (e.g., from QCDF calculation) as the latter properly takes into
account the energy dependence in weak decay amplitudes.

3. Example

There are many particles with mass around 1 GeV that B
mesons can decay into and have sufficiently large decay widths.
Here we consider an explicit example of the B~ — p(770)7~ —
= (p1)7 T (p2)m ~(p3) decay to show the width effects associated
with the p meson, for which I'y/m, = 0.192. In QCDF, its decay
amplitude has the expression [6]

Ap=— g/ F(s12,mp)A(B — p(m1)7)T5>(s12)

x 2qcos6 + (512 <> $23) ,

(12)

where gP77" is the strong coupling mediating the physical p —
atm~ decay, q = |p1] = |p2| is the momentum of either pion
and 6 is the angle between p; and p3 in the rest frame of p,
sij= (pi+pj)* (i,j=1,2,3) and TS® is the line shape of p to
be introduced below. A form factor F(si2,m,) is introduced here
to take into account the off-shell effect of p(mq) — w7~ when
myz is off from m,. We shall follow Ref. [7] to parameterize the
form factor as F(s,mg) = [(A2 +m3)/(A% + )", where the cutoff
A is not far from the resonance, A =mpg + BAqcp with g =0O(1).
We shall use n =1, Aqcp =250 MeV and B =1.0+0.2 in subse-
quent calculations.
The quasi-two-body decay amplitude is given by [3]

A(B™ = p%(mi)m )
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Gr d
== Z A;){[(Sl,u(az — o) —ah —rhal

p=u,c

3 1
P, P P, .op p_ap
+5(a7 +ag) + 5(‘110 +ryag) — B3 — ﬂB,EW]np

x XETP) 4 [Spu(m + B2) +af —ryaf +al,
—r%ag + Y + Y EW]MX(B"*”)}, (13)

where kgj) = VppVy, is the CKM factor. The chiral factors ry and

r§ are defined in Ref. [8]. The factorizable matrix elements read

XBTP) =2 fomppcFE™ (s12)

. ) 1
KO0 =2 frmgpe| Ag” (m2) + 5 —

2mp (14)
2
e ) 42" () ]
x|\mp—m,——|]A m ,
( B P g+ mp> 2 s
with pe = [(m3 —m2 —s12)2 — 4m%m211/2/(2mp).
In Eq. (12), the broad p(770) resonance is commonly described

by the Gounaris-Sakurai model [5], as employed by both BaBar [9]
and LHCb [10,11] in their analyses involving the p(770) resonance

1+Dr%/m
Gs pIp 15
T s—m2 — f(s)+impTp(s) (13)

where Fg =T, (mf)) and explicit expressions of 'y (s), D, and f(s)
can be found in Refs. [9-11]. Note that f(s) takes into account
the real part of the pion-pion scattering amplitude with an in-
termediate p exchange calculated from the dispersion relation. In
the NWA, T'y — 0 and si; — mf,. It is straightforward to show
that A(B~ — p(mq2)mr ) is reduced to the QCDF amplitude of the
physical B~ — pm~ process given in [8]. The decay rate is given
by

(B~ — pn— s>t )

1
————— [ ds»3dsi2| A 16
=5 (277)332 3/ 23ds12|Apl. (16)

After integrating out the angular distribution, we are led to the
desired factorization relation

B~ —pn —»ntn—n)
Fp*)O _ _ +__—
———> T B = prn )B(p—>na"n"), (17)

where use of the relations

a5
Upsntn— = 6nm2 gp—nr"n )
Cp-_, =P a5 o), 18
B——pm 87Tm%| ( pr)| (18)

has been made.
For the finite width ') = 149.1 + 0.8 MeV, we find for the
B~ — pm~ — wta~m~ decay that

=(8.767188) % 107%, Acp = —(0.247329%, (19)

and (with negligible errors)

GS,QCDF __

gy =0.931 (0.855), (20)
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Fig.1. n, as a function of the p width in the Gounaris-Sakurai and the Breit-Wigner
models, where the solid (dashed) curves come from the QCDF (EXPP) calculation.

where the number in parentheses is obtained with the form factor
F(s,mp) = 1. The deviation of S® from unity at 7% level is con-
trasted with the ratio I',/m, = 0.192. For comparison, using the
Breit-Wigner model to describe the p line shape would give

7y PP =1.1114£0.001 (1.033). (21)

In the EXPP scheme, on the other hand, we obtain

ngS EXPP =0.950, 77BW EXPP

=1.152+0.001. (22)
The dependence of 7, as a function of the p width, be it variable,
is depicted in Fig. 1 for both Gounaris-Sakurai and Breit-Wigner
line shape models. It is the numerator of Eq. (15) that accounts for
the result 75® <1 < nB"W. Since the Gounaris-Sakurai line shape
was employed by both BaBar and LHCb in their analyses, B(B~ —
p7 ™) should be corrected using 15> rather than np".

4. Discussions

In Table I, we give a summary of the ng parameters calcu-
lated in both QCDF and EXPP approaches for various resonances
produced in some three-body B decays. Since the strong coupling
mediating the R(mi2) — P1Py decay is suppressed by F(s12, mg)
when my, is off the mg shell, this implies a suppression in the
three-body decay rate, rendering 77% always larger than nQ D,
which is defined for F(si2,mg) = 1. We see from Table I that
this off-shell effect is small in vector mesons, but prominent in

K3(1430), o/fo(500) and K;(1430). Moreover, the parameters

n%CDF and nEXPP are similar for vector mesons, but different in the

production of tensor and scalar resonances.

Take the K*(890) resonance as an example. The NDRs in the
QCDF calculation and the EXPP scheme are alike, as shown in the
upper plot of Fig. 2. Consequently, the n%SDF and nEXPP are similar

as expected from Eq. (9). While for K;(1430), as the values of NDR

QCDF

are anticorrelated, we can relate the smallness of .~ relative to

n 1<;;PP to the fact that the NDR obtained in the QCDF calculation is
much larger than that using the EXPP scheme in the off-resonance
region (particularly for large mg ), as shown in the lower plot of
Fig. 2.

To understand the enhancement of the B~ — ?3(1430)071‘ —
K~7*t7~ NDR in the large my, region in the QCDF calculation,
we need to look into the following amplitude,
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Table I
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A summary of the ng parameter for various resonances produced in the three-body B decays. Off-shell effects on the strong coupling

gRP1P2 are taken into account in the determination of n%CDF
are negligible.

but not in ﬁ%CDF

. Uncertainties in ng are not specified whenever they

Resonance B+ — RP3 — P1P,P3 Tr (MeV) [1]  Tg/mg 7PF nPF nEXer
f2(1270) B* — fort » ntn-mt 186.7122 0.146 0.974 1.00319900 0.93775:996
K3(1430) Bt » K7t > K*momt 109+5 0.076 0.715£0.009  0.972£0.001  1.053 +0.002
p(770) Bt — plnt > wta-at 149.1+0.8 0.192 0.86 (GS) 0.93 (GS) 0.95 (GS)

1.03 (BW) 111 (BW) 115 (BW)
p(770) Bt — K+p® — K¥m+m— 149.1+0.8 0.192 0.90 (GS) 0.95 (GS) 0.93 (GS)

1.09 (BW) 113 (BW) 113 (BW)
K*(892) B* — K®¥n+ - K*x~m+  47.3£05 0.053 1.01 1.067+0.002 1075
0/fo(500) Bt »oxt—mtroat 700+£26 [11]  ~1.24  1.63+0.03 2.15+0.05 1.50 +0.02
K§(1430) BT — K07t - Ktmomt  270+80 ~0.189 0317538 0.83 £ 0.04 1.1140.03

10 B o K11 KITT FB” (mm) and a factor of mKn /mK*, in additional to the BW fac-

1 2 3 4 5
mk(GeV)
1 B - Ky 11— K
L QCDF
Nt
% ootf! / TTe=al__
o I/ Exer Tl
£
£ 10
o
—
© ]
1076 i
1
1
1 2 3 4 5
mKrr(GeV)

Fig. 2. Normalized differential rates (NDRs) in B~ — K*°z7~ — K~7t7x~ and
B~ — K7~ — K~7 7~ decays.

-AK*(1430)

* -t
Z )Li)s)gKOHK T F(m%(n’ml(g)
p =u,c
1 p p p
— 5(110 +(Spuﬂ2 +,33

BW .2 p
Tz (M) | ag (23)

2
P Kg (Mk p_1p
T A3 pw — rX"(mz”)(ae - 5‘18)

Ks ﬂKa"
B (2 2 _ .2
X fizFo™" (Micr)(mp —mz)

where gKs=K"7" s the strong coupling constant for the physi-
cal I(3(1430)° — K=t decay, F(m%(n,mk*) is the strong decay

form factor, TBW(mKn) is the BW factor, F§™ (m%_) is the B — 7

K . .
form factor, r,° is the chiral factor and f,-(g is the vector decay

constant of RS(MBO). From the above equation, we can clearly see
that the mg, dependence in the QCDF amplitude is governed by
the strong decay form factor, F (mfm, m Kg), the B — m form factor,

tor, TBX"(mKﬂ) The last two factors, namely F§™(m%,) and m%_,

are responsible for the enhancement of the QCDF differential rate
in the large mg, region, and are not included in the EXPP ap-
proach for the scalar resonance. As a result, QCDF and EXPP give
different NDRs and ng’s for this mode.

In the EXPP scheme, the weak dynamics is parameterized by a
constant complex number, ¢, without any momentum dependence.
In the NWA, the normalized differential rate is highly peaked
around the resonance and much suppressed elsewhere. Therefore,
it is justified to use a momentum-independent coefficient to rep-
resent the weak dynamics. However, in the case of a broad reso-
nance, things are generally different because the peak at the res-
onance is no longer dominating, with its height lowered by the
NDR elsewhere. In this case, the momentum dependence in the
weak dynamics cannot be ignored and, hence, using a momentum-
independent coefficient to represent the weak dynamics is too
naive.

As shown in Table I, the finite-width effects are significant in
the BT — p7* decay and prominent in B¥ — o /fp(500)7* and
B+ — K3°(1430)*. For instance, the PDG values of [1]

BBt — pr)PPC = (8.3+£1.2) x 107°

B(BT — K3°mH)PPC = (397%) x 107° (24)
should be corrected to

BBT — pr PP = (7.94+1.1) x 1078
B(BT — K*O +)EXPP _ (43+7) %« 10-6 (25)
in the EXPP scheme and

BBT = prHUPF = (7.74+1.1) x 1078 26)

B(BT — K3 H)¥PF = (3243) x 107°

in the QCDF approach.
5. Summary

We have presented a general framework for computing the
correction factor ng for properly extracting quasi-two-body decay
rates from resonant three-body decay rates when the resonance
has a sufficiently large width, and shown that it is given by the
value of the normalized differential decay rate evaluated at the res-
onance. The shape of the normalized differential rate thus matters
in the determination of ng. We point out that the usual experi-
mental parameterization ignores momentum dependence in weak
dynamics and would lead to incorrect extraction of quasi-two-body
decay rates in the case of broad resonances, as contrasted with the
estimates using the QCDF approach. Among the studied processes,
the difference between the two approaches ranges from a few to
~ 40%.
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