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This study describes a novel and simple beam-focusing method for the formation of a charged-
particle beam with a hollow transverse intensity distribution using the nonlinear focusing force
of multipole magnets in a beam transport line. The dynamic behavior of the beam focused
by multipole magnets is theoretically investigated to predict the phase-space shape and spatial
profile of the hollow beam. It is shown numerically and experimentally that the hollow beam
has a steep peak at the peripheral edge and high contrast between the edge peak intensity and
the intensity near the beam center. Depending on the order and strength of the applied nonlinear
multipole field, the cross-sectional shape of the hollow beam can be diversely transformed, e.g.,
into an ellipse, a rounded rectangle, a rhombus for octupole focusing, or a triangle for sextupole
focusing. The present beam-formation method, applicable to various charged-particle beams of
different parameters such as the particle species, kinetic energy, and time structure, enables the
shaping of the transverse profile that can never be realized through conventional linear beam
optics.
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1. Introduction

The transverse spatial intensity distribution of a charged-particle beam generated by a particle accel-
erator is an essential experimental parameter that should be freely controlled based on the purpose
of utilization. In fact, to meet user demands, the intensity distribution of an energetic ion beam
extracted, e.g., from cyclotrons and synchrotrons is tailored into various shapes and distributions
using different types of magnets and/or other apparatuses such as collimators and scatterers. Exam-
ples include precise focusing on a small spot (< 1μm) for targeted irradiation of biological cells
[1,2] and uniformly expanding to a large area (a few tens of cm) for cancer therapy [3,4]. A hollow
beam is another example of such a tailored beam that is sometimes required for advanced applica-
tions. In general, the hollow beam can be defined as a beam with a higher intensity in the peripheral
(radially outer) part than that in the central (inner) part of a transverse beam cross-section, which
is qualitatively different from spot beam wobbling [5] in that the beam itself has a hollow intensity
distribution. Such extraordinary beams were experimentally generated in the study of high-energy-
density physics and heavy-ion inertial fusion through the strong nonlinear focusing of a plasma lens
[6,7]. A hollow circular profile of 1–2 cm in diameter was formed by matching the short pulse of
a high-energy heavy-ion beam to the timing of the plasma lens discharge. For low beam energy,
an electron gun dedicated to producing pulsed hollow electron beams was developed for the halo
collimation of high-energy intense beams [8]. In addition, a hollow-beam profile was observed in the
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transport process of high-current heavy-ion beams extracted from electron cyclotron resonance ion
sources [9,10]. This phenomenon is attributed to the strong space-charge effect due to the coexistence
of ion beams with different mass-to-charge ratios. The effect of the aberration of an einzel lens was
also reported [11]. Although a few methods of generating hollow beams have been studied, their
applicability and controllability are rather limited. For example, there has been no practical method
that can be applied to a continuous beam from a cyclotron.

Here, multipole magnets that produce a nonlinear focusing force are employed as a novel method
to form hollow beams. Most previous works on beam-profile manipulation using multipole (mainly
octupole) magnets aimed to form a beam with large-area uniform transverse intensity distributions
[12–15]. No comprehensive discussions have previously been made on the formation of hollow beams
using multipole magnets and their parameter dependences, although the hollowing of the profile has
been recognized during uniform-beam formation. In this paper, we demonstrate the formation of
hollow beams with different cross-sectional shapes and steep edge peaks based on the order and
strengths of the applied multipole magnets. In contrast to the existing methods mentioned above, the
present method is simple and thus has higher applicability and controllability because the source of
the nonlinear force is the magnetostatic field produced by multipole magnets.

The paper is organized as follows: In Sect. 2, we first derive analytical expressions to predict
the dynamic behavior of a beam focused with multipole magnets. Then, in Sect. 3, the results of
particle tracking simulations are described to verify the theoretical prediction. In Sect. 4, various
hollow beams are demonstrated experimentally. Section 5 is devoted to a discussion on the parameter
dependence of the hollow-beam characteristics. Finally, the present results are summarized in Sect. 6.

2. Theoretical consideration

The behavior of a beam focused with multipole magnets in a beam transport line is analytically
investigated. We take a step from Ref. [16] toward deriving approximate expressions on the phase-
space shape and spatial profile of the multipole-focused beam. For brevity, the 1D motion of an
on-axis particle is considered here, although the betatron motion between the horizontal and vertical
directions is actually coupled by multipole magnets. As will be shown later, the 1D treatment is
sufficient for the present purpose to understand the primary dynamics of the multipole-focused
beam.

Consider that the beam travels through the transport line including two thin octupole magnets
located separately before a target. The on-target position xt and momentum pt of a particle focused
by the two octupole magnets can be determined using the following matrix multiplication:

(
xt

pt

)
= T

(
x2

p2 − KO2x3
2/6

)
,

(
x2

p2

)
= M

(
x1

p1 − KO1x3
1/6

)
, (1)

where (x1, p1) and (x2, p2) are the particle’s coordinates at the first and second octupole magnets,
respectively. M and T are the transfer matrices of the linear optics from the first octupole magnet to
the second, and from the second to the target, respectively. KO1(O2) is the integrated strength of the
first (second) octupole magnet. Assuming p1 = − (α1/β1) x1, which is a reasonable approximation
when |α1| � 0 at the first octupole magnet, we obtain the on-target coordinate (xt , pt) of the particle
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as follows:

xt =
√

βt

β1
cos (ϕ + θ) x1 − KO1

6

√
β1βt sin (ϕ + θ) x3

1

− KO2

6

√
β2βt sin θ

(√
β2

β1
cos ϕx1 − KO1

6

√
β1β2 sin ϕx3

1

)3

, (2)

pt = − 1√
β1βt

{sin (ϕ + θ) + αt cos (ϕ + θ)} x1

− KO1

6

√
β1

βt
{cos (ϕ + θ) − αt sin (ϕ + θ)} x3

1

− KO2

6

√
β2

βt
(cos θ − αt sin θ)

(√
β2

β1
cos ϕx1 − KO1

6

√
β1β2 sin ϕx3

1

)3

, (3)

where α and β are the Twiss parameters in the linear beam optics. ϕ and θ are the linear-optics
phase advances from the first octupole magnet to the second and from the second one to the target,
respectively. The suffixes 1, 2, and t of the Twiss parameters denote the location along the beam
line, i.e., the first octupole magnet, second octupole magnet, and target, respectively. The transfer
matrices M and T have been rewritten using the Twiss parameters and phase advances. From Eqs. (2)
and (3), the phase-space shape (not distribution) of the octupole-focused beam on the target can be
determined numerically with respect to an arbitrary x1. In other words, these equations approximately
predict how the major axis of the original beam’s phase-space ellipse develops after the octupole
focusing.

Moreover, the on-target real-space intensity distribution ρt of the octupole-focused beam can be
related to the initial distribution ρ1 at the first octupole magnet as follows [16]:

ρt = ρ1

(
dxt

dx1

)−1

. (4)

For example, ρ1 can be a Gaussian distribution ρ1 = 1/
√

2πεβ1 × Exp
[−x2

1/ (2εβ1)
]
, where ε is

the un-normalized root-mean-square (rms) emittance.

3. Tracking simulation
3.1. Simulation conditions

Numerical tracking simulations were performed, paying particular attention to the particle motion
in the transverse direction, to reveal various characteristics of the hollow beam and confirm the
theoretical expectations above. In the simulation, a particle-tracking code that can consider the
nonlinear magnetic fields produced by multipole magnets (up to dodecapole) was employed [16].
We adopted the lattice structure of the high-energy beam transport line in the azimuthally varying
field cyclotron (K-number of 110 MeV) facility [17] of the Takasaki Ion Accelerators for Advanced
Radiation Application (TIARA), National Institutes for Quantum and Radiological Science and
Technology, where the hollow-beam formation experiment was performed. Two octupole and two
sextupole magnets were installed together with some quadrupole magnets near the end of the beam
line, whose path length was about 43 m. The detailed parameters of the beam line and multipole
magnets are summarized in Ref. [14]. Figure 1 shows a typical design of the linear beam envelope

3/11

D
ow

nloaded from
 https://academ

ic.oup.com
/ptep/article-abstract/2019/5/053G

01/5488080 by C
ER

N
 - European O

rganization for N
uclear R

esearch user on 17 June 2019



PTEP 2019, 053G01 Y. Yuri et al.

60

40

20

0

R
m

s 
ra

di
us

 [
m

m
]

4240383634
Path length from the cylotron exit [m]

 Horizontal 
 Vertical

Quadrupole

OctupoleSextupole

Target

Fig. 1. Schematic layout of magnets and transverse beam envelope calculation near the hollow-beam formation
target. The assumed rms emittance is 2π mm·mrad in the horizontal direction and 1π mm·mrad in the vertical
direction, according to past measurements. Two sets of sextupole and octupole magnets have been installed
beside the final quadrupole doublet. The maximum field gradients of the sextupole and octupole magnets are
3.1 × 102 T/m2 and 1.3 × 104 T/m3, respectively, and their effective axial length is 0.33 m.

Table 1. Beam and transport line parameters in the tracking simulation.

Horizontal Vertical

Rms emittance ε (un-normalized) 2πmm·mrad 1πmm·mrad
Average beta function β1 at the 1st octupole magnet 130 m 350 m
Average beta function β2 at the 2nd octupole magnet 150 m 1900 m
Beta function βt at the target 277 m 5360 m
Alpha function αt at the target −16.9 −496
Phase advance ϕ from the 1st octupole magnet to the 2nd one 0.013 rad 0.0025 rad
Phase advance θ from the 2nd octupole magnet to the target 0.021 rad 0.0013 rad

near the target. The main parameters of the beam and beam line in the simulation are summarized
in Table 1. The major difference between the beam optics for hollow-beam and uniform-beam
formations is the existence of the betatron oscillation’s horizontal–vertical coupling at the multipole
magnets in the former. The betatron coupling is crucial for the formation of a hollow beam with
various cross-sectional shapes, as will be shown later.

As for the initial conditions of the beam (10 MeV proton), the transverse intensity distribution
was assumed to be Gaussian, and the un-normalized rms emittance ε was set as 2π mm·mrad in the
horizontal direction and 1π mm·mrad in the vertical direction, according to past measurements [14].
The longitudinal momentum spread of the beam was ignored unless otherwise noted. The number
of particles tracked in the simulation was 107 to obtain the intensity distribution with a sufficiently
high precision.

3.2. Results

Figure 2 presents the on-target profiles of the beam focused by one or two octupole magnets. When
one octupole magnet is turned on (with the other quadrupole magnets), the tail of the original beam
profile is folded toward the inside on (and near) the horizontal and vertical axes owing to the focusing
effect based on the polarity of the octupole magnetic field, as shown in Fig. 2(a). A steep peak has
already been generated at the edge of the beam. In the oblique directions, on the other hand, particles
are defocused, and the four “tips” at which the particle density is locally high are generated owing
to betatron coupling.
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Fig. 2. Tracking simulation result of the intensity distributions for the 10-MeV proton beam focused using (a)
one or (b) two octupole magnets. The linear beam optics is the same as in Fig. 1. The field gradients (KOCT1,
KOCT2) of the two octupole magnets are (a) (0 m−4, 3100 m−4) and (b) (-10 500 m−4, 3100 m−4). The left
panels are the relative intensity distributions of the beam cross-section. The middle panels are the 1D relative
intensity distributions along the vertical axis. The red dashed lines are the results numerically obtained from
Eq. (4). The right panels are the phase-space distributions in the vertical direction. The pink dashed curves are
the results numerically obtained from Eqs. (2) and (3). The region of the 80% beam emittance is shown as a
gray area in the inset of (b).

When the two octupole magnets are excited properly, the tips are focused inward and thus an
elliptical cross-section is formed, as shown in Fig. 2(b). The steep high-intensity peak that surrounds
the central low-intensity part of the beam is generated in the periphery of the beam. The peripheral
edge of the beam is distinct as the beam intensity is very low at the outside of the edge. The peak
height is not even along the edge but is maximized near the horizontal and vertical axes. The contrast,
defined here as the ratio of the peak intensity to the intensity around the beam center, is 11 at the
maximum. The peak width of the beam is 1 mm for the full width at half maximum (FWHM).
The eight “streaks” have grown from the four peaks slightly inside the edge on the axes due to a
strong nonlinear kick of ions with large betatron amplitude at the octupole magnets. The transverse
phase-space shape of the beam, which is originally an elongated ellipse when no nonlinear force
is applied, has been bent into an “S”-shape due to the third-order nonlinear force, as shown in the
right panels of Fig. 2. It is found that the 80% emittance, defined as the phase-space area occupied
by 80% of the constituent particles, has been increased to 90π mm·mrad in the case of Fig. 2(b)
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because of this deformation of the phase-space distribution. It is, therefore, noteworthy that a sharp
peak is generated at the radial edge although the effective emittance is rather increased.

These beam characteristics obtained from the tracking simulation are compared with the theo-
retical results discussed above. The on-axis spatial distribution calculated using Eq. (4) has been
superimposed as a red dashed line in the middle panels of Fig. 2, which properly reproduces the
edge position of the simulation result (except for the inner peaks due to the coupling effect in
Fig. 2(b)). The phase-space shape calculated from Eqs. (2) and (3) has also been superimposed as a
pink dashed curve in the right panels of Fig. 2; this agrees well with the S-shape of the simulation
result.

As already shown in Fig. 2, the hollow beam has a radial edge of the steep peak. The edge
position corresponds to the point where the beam is sharply bent in the on-target (xt − pt) phase
space. Namely, the condition dxt/dpt = 0 is fulfilled at the edge. Since this condition can be
rewritten as dxt/dpt = (dxt/dx1) (dpt/dx1)

−1 = 0, particles at the edge position satisfy the condition
dxt/dx1 = 0. When this condition holds true, the right-hand side of Eq. (4) diverges infinitely, and
thus the intensity distribution of the beam naturally has a high-intensity peak at the edge. The edge
positions obtained using Eq. (2) are 4.0 cm and 3.2 cm in the horizontal and vertical directions,
respectively, in the case of Fig. 2(b), which agrees with the tracking simulation result.

3.3. Dependence of beam emittance

Equations (2) and (3) indicate that the phase-space shape and thus edge position of the multipole-
focused beam do not depend on beam emittance because the emittance ε is not explicitly included
there. On the other hand, the on-target spatial distribution should depend on ε through the initial
distribution of the beam, as shown in Eq. (4). Therefore, the dependence of beam emittance on the
hollow-beam profile is investigated. The results are shown in Fig. 3. The primary S-shape of the
phase space and the edge position are almost the same even though there is a sixfold difference in the
rms emittance. However, the particle distribution around the S-shaped curve actually depends on the
emittance. When the initial emittance of the beam is larger, the background particles are increased
due to the stronger nonlinear force and thus the beam loss is induced. In addition to the S-shape,
a lower-intensity linear structure has been enhanced in the phase space, which corresponds to the
above-mentioned streaks in the real-space profile.

4. Experiment
4.1. Conditions

The beam experiment was conducted at the TIARA cyclotron facility to demonstrate various hollow-
beam shapings using multipole magnets experimentally. The ion species chosen for the experiment
was a 10-MeV proton (magnetic rigidity of 0.46 Tm) as the reproducibility of its beam characteristics,
such as the spatial profile and emittance, was relatively high among the various ion species that could
be accelerated by the cyclotron. The gradients of quadrupole magnets in the beam line were set so
that the linear beam optics, the same as in Fig. 1, could be realized. The beam size at the target
was relatively large (5–10 cm) to conduct the tuning and measurement of the cross-sectional profile
(using sensitive phosphor screens and radiochromic films placed on the target) more readily. The
space-charge effect was negligible because the beam current was reduced to the order of 1 nA to
obtain moderate light intensity from the screens.
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Fig. 3. Emittance dependence on the hollow-beam profile. The initial rms emittance of the beam has been
set at (a) 0.5π mm·mrad and (b) 3π mm·mrad in both transverse directions. The upper panels are the phase-
space distributions in the vertical direction. Here, real particles tracked in the simulation are plotted for better
visibility. The lower panels are the 1D spatial distributions along the vertical axis. The simulation parameters
including the octupole-field gradients are the same as those in Fig. 2(b) except for the rms emittance.

4.2. Results

Figure 4 shows several on-target real-space intensity distributions of the octupole-focused beam. In
Figs. 4(a) and 4(b), the cross-sectional profiles, very similar to the profiles in Figs. 2(a) and 2(b),
respectively, are formed since the same octupole strengths as those in Fig. 2 are applied to the beam.
The eight streaks of the elliptical hollow beam in Fig. 4(b) can be removed by cutting off the original
beam’s tail using horizontal and vertical beam-defining slits located 2.2 m before the first octupole
magnet. Following this beam collimation, the resultant cross-sectional shape of the hollow beam is
nearly circular (or ring-shaped), as shown in Fig. 4(c).

Furthermore, the cross-sectional shape of the hollow beam can be changed in the same linear
beam optics by simply adjusting the strengths of the two octupole magnets. Figures 4(d) and 4(e)
show a rounded rectangle and rhombus, respectively, whose nonlinear-force-induced streaks have
been removed in the abovementioned way. In addition to the experiment, we have verified, through
systematic simulations, that the cross-sectional shape of the hollow beam changes with the strength
of the applied octupole forces. These observation results suggest that the cross-sectional shape of the
hollow beam depends on the degree of nonlinear betatron coupling, unlike the case of the rectangular
uniform-beam formation in the optics where the betatron coupling is sufficiently suppressed.

The contrast and width of the edge peak are evaluated for the characterization of the hollow beam.
The maximum contrast is 14 in Figs. 4(b) and 4(c) and over 20 in Figs. 4(d) and 4(e). The width of
the peripheral peak is 1–2 mm in FWHM. Here, while the beam size is much larger, the observed
contrast and peak width of the edge are, respectively, higher and smaller than those of the hollow
beams generated using the plasma lens [6,7].
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Fig. 4. Spatial intensity distributions of the 10-MeV proton beam focused with (a) one or (b)–(e) two octupole
magnets. The field gradients (KOCT1, KOCT2) of the excited two octupole magnets correspond to (a) (0 m−4,
3100 m−4), (b) and (c) (-10 500 m−4, 3100 m−4), (d) (-6700 m−4, 2400 m−4), and (e) (-11 300 m−4, 2300 m−4).
The right panels in (a)–(c) are the 1D distributions along the vertical central axis of the beam. These intensity
distributions were obtained using radiochromic films [18].
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5. Discussion

In the experiment, it is sometimes difficult to survey various parameter dependences of hollow beams
comprehensively. In this section, results of systematic tracking simulations are, therefore, described
to discuss various characteristics of hollow beams.

5.1. Characteristics of hollow beams

As demonstrated in the experiment above, the shape of the hollow beam depends on the applied
octupole force. Therefore, the characteristics of the hollow beams also change with the octupole
force and beam optics. As an example, the maximum contrast of the hollow beam and the ratio of
particle concentration at the edge peak are surveyed as a function of the octupole strength. As shown
in Fig. 5, a contrast higher than 20 can be reached and more than 50% of the constituent particles in
the beam are concentrated in the radial peak region for the present beam optics.

Moreover, it has been confirmed that the cross-sectional shape of the hollow beam can be trans-
formed into nearly a circle, rounded square, or 45-degree-rotated square by changing the gradient
of quadrupole magnets near the target, i.e., by adjusting the linear beam optics.

5.2. Effect of momentum spread

Next, the effect of the longitudinal momentum spread on the on-target distribution is investigated.
The momentum dispersion in the horizontal direction is not very large (about 6.5 m and 7.5 m
at the octupole magnets and at the target, respectively) in the present beam optics. When the rms
momentum spread of the beam is on the order of 10−4, which is close to typical values for beams
extracted from the TIARA cyclotron [19], the cross-sectional shape of the hollow beam is almost
the same although the peak intensity of the hollow beam is slightly decreased.

5.3. Effect of sextupole focusing

Finally, it is informative to discuss the effect of nonlinear focusing of a different order on the beam
profile. Figure 6 shows the on-target beam profile when the beam is focused by two sextupole magnets
instead of two octupole ones. Obtaining a high-contrast hollow beam is possible. The cross-sectional
shape is similar to a triangle owing to the symmetry of the sextupole nonlinear field. The on-target
beam is displaced horizontally due to the deflecting effect of sextupole magnets [20].
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Fig. 6. (a) Real-space and (b) phase-space intensity distributions of the beam focused using two sextupole
magnets. The sextupole field gradients are 150 m−3 and -37 m−3.

By comparing Fig. 6 with Figs. 2 and 4, it is obvious that the symmetry of the cross-sectional
profile depends on the order of the multipole force. The present result suggests that different cross-
sectional shapes of a beam can be realized using higher-order multipole magnet, e.g., decapole and
dodecapole magnets.

6. Conclusion

The formations of various hollow ion beams using octupole and sextupole magnets in a beam transport
line have been theoretically, numerically, and experimentally investigated. Analytical expressions
have been derived to predict the phase-space shape, edge position, and real-space distribution of the
beam focused by octupole magnets, which are helpful in the design of the beam line and target. The
hollow beam can be primarily characterized by the Twiss parameters, the betatron phase advance, and
the strength of multipole magnets (although the 2D theoretical analysis of the shape and distribution
in the beam cross-section is unsolved owing to the complexity of nonlinear betatron coupling).
The hollow beams have a distinct edge with a high contrast (over 20) and a narrow width (1 mm
in FWHM). The cross-sectional shape of the beam can be easily changed through the order and
strength of the applied multipole magnets (together with the linear beam optics). The proposed
method, based on existing accelerator technologies, is useful not only for forming a hollow beam
but also for non-destructively generating a specific clear-cut beam that cannot be realized in linear
beam optics.
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