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Abstract In this article, global monopole solutions will
be presented for the Horndeski theory by solving linearized
field equations. We obtain two different classes of solutions
depending on whether the Horndeski scalar field is mass-
less or massive. Several properties of these solutions and
the motion of test particles around them are discussed in
detail, compared with the existing solutions in the literature.
The mass due to an arbitrary potential of the scalar field
changes the asymptotic behavior of the monopole compared
to the massless case by applying a screening effect, which
makes the monopole to asymptotically behave similarly to
those in General Relativity. We also discussed the Galaxy
rotation curves, and saw that only for the massless case and
the massive case with very light scalar mass, the flattening
of the galaxy rotation curves may be explained with global
monopoles.

1 Introduction

Global monopoles are very peculiar, exotic objects with quite
interesting properties. Their possible production in the early
universe is brought forward in General Unified Theories [1,2]
when a global O(3) symmetry is spontaneously broken to
U (1) [3] during the symmetry breaking phase transitions.
In General Relativity, these monopoles have distinct proper-
ties such as the spacetime around a global monopole has a
solid deficit angle, and they possess no active gravitational
mass [3], despite the tiny negative mass of the core [4]. They
are believed to contribute to structure formation in the early
universe [5], along with other topological defects, but obser-
vations revealed that they cannot be the primary mechanism
and their contribution is rather limited, but not completely
ruled out [6-8]. They also have interesting cosmological out-
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comes since they are very dense objects and should dominate
the early universe after being formed. The inflation mecha-
nism can resolve this monopole problem by the exponential
expansion of the universe during this phase, which dilutes
away the monopoles. For a review of topological defects
and their astrophysical and cosmological implications, we
refer to [9]. It is worth mentioning that there are numerous
interesting physical applications of global monopoles [10-
16]. Understanding the effects of global monopoles and other
topological defects, and their interaction with the surround-
ing matter and other fields, is an important topic concerning
their cosmological and gravitational implications.

Since the interest in modified gravity theories is not fading
away due to the growing number of accumulated observa-
tional data and theoretical considerations [17-21], it may
be worthwhile to study physical outcomes of well estab-
lished concepts of standard general relativity in the modi-
fied gravity theories. Therefore, in this regard, we consider
global monopoles and try to establish some of their phys-
ical outcomes into a particular modified theory. Therefore,
in this article, we would like to investigate the gravitational
field of a global monopole in the Horndeski theory [22]. It
is the most general scalar—tensor theory leading to second
order field equations in four dimensions. Hence, any scalar—
tensor theory having this property, including General Rela-
tivity, Brans—Dicke theory (BD) [23], f(R) theories, etc, is
a special case of Horndeski theory [24]. Thus, Horndeski
theory is a framework that covers an important subclass of
the modified gravity theories. Since the complexity of the
field equations of this theory and also the fact that even in
more simpler theories such as Brans—Dicke theory the cor-
responding global monopole solution is usually found in the
linearized field equations for BD [25] and a scalar—tensor
theory, [26], we also keep our discussion on the linearized
level. A global monopole solution [27] is discussed for mass-
less or massive dilaton gravity, where the scalar field is non-
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minimally coupled to matter-energy Lagrangian. Recently,
a global monopole solution in the framework of extended
Gauss-Bonnet theory with a positive ADM mass is presented
in [28]. There are many other works [29—32] obtaining global
monopole solutions in various modified gravity theories.

Despite staying in the linearized level, several phe-
nomenological questions can be answered, such as the behav-
ior of the spacetime outside the core of the monopole and
the behavior of test particles around such monopoles. The
generality of this theory will lead to a great phenomenol-
ogy depending on the properties of the scalar field. It could
involve a scalar potential that might change the local and
global behavior of the underlying spacetime. In other words,
the fact that the scalar field can be massless or massive in
the Horndeski theory leads to different characteristics for the
solutions obtained. Therefore, global monopole solutions and
their physical properties reveal the effects of massive theory
compared to massless one. The mass of the scalar field, orig-
inated from a scalar potential function, has the property that
it generally leads to a massive theory [33-35], rendering the
scalar field short range. Resulting massive theory will have
dramatically different local and asymptotic behavior, such
as showing a screening effect [36—38] where the scalar field
is frozen beyond a specific range determined by the mass
of the scalar field, compared to the massless theories where
the scalar field has a long range as in original BD theory
[23]. Therefore, the obtained solutions might be another good
example of the realization of such a mechanism.

The article is organized as follows. In Sect. 2, we review
the weak field equations and the energy momentum tensor of
a global monopole in Horndeski theory. We present solutions
of linearized field equations of Horndeski theory for a global
monopole for both the massless and massive cases in Sect. 3.
The next section will be devoted to obtaining several physi-
cal implications of these solutions, such as the angular deficit
they possess, the force they apply on nonrelativistic test parti-
cles, and geodesic particle motion around such monopoles for
massless and massive cases. Section 5 is devoted to galaxy
rotation curves, which might contribute to both cases. We
conclude this paper with a short discussion.

2 Field equations

The Lagrangian of the action § = f £/Tgld*x of Horndeski
theory [22], also known as the generalized Galileon theory
[39], can be written as [24]:

L =K@, X) = G3(¢. X)0p + Ga(¢. )R
+Gax [(C9) = (VIV' OV, V,9)]
+G5(6, X)Gu VIV

@ Springer

GZX [@,5)3 —30¢ (VHV$)(V, Vo)

2V V)V V) (Vi Vi )], ey

where X = —V#V,¢/2 is a kinetic term and K, G3, G4,
G, are arbitrary functions of the scalar field ¢ and the kinetic
term X. The comma denote partial differentiation for the
variable after the comma, such as fx = df/9X. We can
add an appropriate minimally coupled matter Lagrangian L,
to this Lagrangian to explore behavior of the matter-energy
distribution in this theory. The field equations of this theory
are rather complex and we will refer to the work [40] for
those equations.

2.1 Linearized field equations

In the paper we will consider linearized field equations and
their solutions of Horndeski theory. To achieve that, we
assume a weak field expansion of the metric tensor and the
scalar field as

guv = Ny +hy, g7 =" — K", (2)
¢ =0+ o, (3)

with 1, is the Minkowski metric, 4, is the metric pertur-
bation tensor with |A,,| < 1, ¢o a constant and ¢ is the
scalar perturbation function with again ¢ < 1. An arbitrary
function of the scalar field and the kinetic term X can be
expanded as

f@, X) = f(do, X0) + f.(do. X0) (¢ — ¢o)
+f.x(¢o, Xo)(X — Xo) + ...
= f(#0,0) + f.¢(¢0, 0 + O (%) “4)

around ¢ = ¢p and X = Xo = 0. Hereafter we use the
abbreviation f(¢g, 0) = f(0) for clarity.

Reading up linear terms in [40] and adding matter-energy
Lagrangian and corresponding energy—momentum tensor,
and also setting K (0) = K 4(0) = 0 to have an asymptoti-
cally flat background (characteristic deviations from asymp-
totic flatness due to monopole term in the energy—momentum
tensor will be encoded into £,,,,), since they can play the role
of a cosmological constant [41], we have the following field
equations in linear order in / and ¢ as [42,43]:

G4(0)G') + Ga6(0) (nyDye — @) =& T, (6))
Kpp(0) ¢ + [K x(0) — 2G3,4(0)] 0yp + G4 (R =0.  (6)

Using the Eq. (5) into (6) we bring the scalar field equation
in the form as

@Oy —mPHe =«'TWY, 7
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with the mass of the scalar field, m, and coupling constant
k" are defined as
2 K 49(0) ®)
K x(0) = 2G3,4(0) +3G3 4/ G4(0)
, G440k

o .
G4(0) [K x(0) — 2G3,4(0)] + 3G2 ,(0)

(€))

The Eq. (5) can also be put in a convenient form by expand-
ing G,(B in terms of &, and then transforming the metric
perturbation terms into a new perturbation tensor 6,,, defined
as

1 G4,4(0)

9//.1) = h/w - Enuvh - nMUT(O)(p. (10)
We also employ a Lorenz gauge
wo
0", =0, (1
then the Eq. (5) takes a much simple form
2k

— 1 )]
D,]OMV = —m T;u) = —2K1 T;LU . (12)
where we have defined

- (13)
K1 =

G4(0)

for clarity. The Egs. (7) and (12), together with the gauge con-
dition (11), are the main equations we will employ to obtain
the desired solutions. In the following subsection, we will
discuss the linearized energy—momentum tensor that corre-
sponds to global monopoles. The above equations agree with
linearized Horndeski field equations employed in the works
[42,43], mainly to the discussion of gravitational waves.

2.2 Global monopoles and their energy—momentum tensor

The Lagrangian giving rise to a global monopole is con-
structed by a scalar field triplet ®,, a = 1, 2, 3, given by

2 2
Limon| ®°] = 99,0 — 7 (CI>”CI>“ - n2> , (14)

having a global O(3) symmetry. By a spontaneous symme-
try breaking mechanism, global monopoles are formed with
the energy scale 1. Since a global monopole has spherical
symmetry, it might be convenient to consider the Minkowski
metric in spherical coordinates with ds®> = —dt*> + dr* +
rz(dé)2 + sin29d¢2). Hence, from now on, we use the
Minkowski metric in spherical coordinates, where

N = diag(—1, 1,72, r? sin’6), (15)

unless stated otherwise. The reason for using these coordi-
nates is the fact that expressing the energy—momentum ten-
sor of a monopole in Cartesian coordinates will give more
cumbersome equations to deal with. Hence, from now on, the
differential operators assume their flat spherical counterparts

with partial derivatives replaced with covariant ones in the
relevant equations [44]. Using the usual monopole ansatz [2]

_nf(r)x”
=

@ (16)
with x?x® = r2, and considering the fact that f(r) ~ 1
outside the core of the monopole [2], the nonzero components
of the energy momentum tensor becomes
n

mon ~_ mon ~_
TOO ~ _Trr ~ 2

A7)
We will consider this energy—momentum tensor (17) and its
trace T = —2n*/r? as a source into the Eqs. (7, 12) in
obtaining weak field Horndeski solutions corresponding to
global monopoles.

The exact solution of Einstein field equations correspond-
ing to a global monopole with the energy—momentum tensor
(17) was presented by Barriola and Vilenkin (BV) [3] as

2M dr?
2 _ _ 2“7 2 -
ds® = <1 Kn V>dt+1—/<n2—2M

7

2 (d92 + sin? 9d¢>2) . (18)

where k = 87 G/c* = 87 (in the natural units G = ¢ = 1)
and M is either the core mass of the monopole itself or the
mass of the black hole where the monopole is swallowed
by. In this work, we study linearized solutions, the weak
field form of (18) will be required in determining integration
constants for those solutions. Hence, we consider the weak
field line element of a global monopole as

oM oM
ds* = —(1—/{172——)dt2+(l+/<n2+—)dr2
r r
2 (d92 + sin? 9d¢>2) . (19)

Another form used in the literature is obtained by setting
M = 0 and rescaling time and radial coordinates [3], which
results

ds? = —di> + dr* + (1 — kn?) r2 (d92 + sin 9d¢2) ,
(20)

describing a spacetime with a global angle deficit generated
by the global monopole. The weak field global monopole
solutions will serve us as a boundary condition to determine
some arbitrary parameters obtained by solving the linearized
field equations of Horndeski theory. Note that the solution
(20) also describes a configuration described by Letelier [45],
where an ensemble of radially distributed straight cosmic
strings intersecting at a common point, which is also called
the gravitational hedgehogs [46,47].

@ Springer
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3 Global monopoles in linearized Horndeski theory
3.1 Massless case

Now let us derive the corresponding solution of a global
monopole in the linearized Horndeski theory. Namely, we
need first to solve the tensor part described by the Eq. (12)
for the energy—momentum tensor (17). Already knowing par-
ticular forms (19, 20) of the global monopole solution [3] in
linearized GR, we expect to have a diagonal /,,, which may
require a diagonal 6, , then we employ the following ansatz

0,00 = diag (900, Orr. B 12, Bgg 12 sin 9) . 1)

The tensor field equations (12), for a global monopole source
(17), with prime being derivative with respect to the radial
coordinate, leading to the following equations

2 r)2
9(/)/0 + ;0960 = —2K1 r—z, (22)
2 0 T 7]2
1 / rr _ -
9” + ;6’” - 4}"—2 + 4r_2 = 2[(1 r2 s (23)
o) Boo 0,
Oy +2-22 222 4277 = 0. 24
oo + r r2 + r2 @4

Note that the Egs. (22-24) correspond to tensor Laplace equa-
tions in spherical coordinates and are more complicated than
the usual scalar Laplace equations. Note also that the solu-
tions of the Eqs. (22-24) should satisfy the Lorenz gauge
condition (11). Indeed, we will use the equation obtained by
using this gauge to eliminate one of the variables from the
Egs. (23, 24). Namely, the Lorenz gauge (11) gives

0 0
o +22L =22 (25)
r r

Eliminating gy using this equation in (23) gives

4 n>
0" + - 0!, = 2/qr—2. (26)
Now, this equation and (22) involve a single variable and can
be solved by elementary methods. Moreover, the remaining
variable 6gy can be obtained using the solution of via Eq. (25).

The solutions we have found have the form

aq 2 r
B0 = ap — — —2k1n"In —, 27
r ro
by 2 5, T
Orr = by — —~ + —i1p*In —, 28
r 0= 33 T3k n (28)
by K1 )72 2 s, T
Bgg = b — - In —. 29
bo 0+6r3+3G4(0)+3K1n - (29)

Here ag, a1, bo, b1 and ry are arbitrary integration constants.
Finally, the Eq. (24) should be satisfied, and indeed it is for
the Gyg term above, which provides a consistency check for
the solutions obtained.

@ Springer

To present A, from 6,,, using the inverse of (10), we need
the solution of the scalar field equation (7) as well. To fulfill
this, we first consider the massless case, m = 0, in this part,
namely the case where the scalar field does not attain a mass.
This requires K44 = 0, since K involves the potential of the
scalar field. First, we consider the case where the potential
is massless or vanishing. Then, we will consider the massive
case in the next subsection. Therefore, from (7) we have to
solve
o

5. (30)

2
(p// + ;(ﬂ/ S, P

where «’ is defined in (9). The solution of this equation has
the general form

2k'M

’.2 r
—2k'n“In —, (31)
ro
where a constant term is ignored since it can always be inte-
grated into ¢y.
Using the above results, the metric perturbation tensor
have the form

o(r) =

ap aj 3b0 K1772 ~
hop = — — — + — , 32
w=5 =5 +5 o0 (32)
a—by b a kim® 4,
hyr = ————— — = In — — , 33
rr B 3,3 2 3 3K177 n 70 (/)(r) ( )
ap — by by a 4 L, r -
hoy = —_—— — — = In— — , 34
06 > te3 5 —zarh o @(r) (34)

where we have used the abbreviation

7 = $200)
G4(0)
There are four arbitrary integration constants ag, ap, by
and b in the obtained solutions (32-34) which need to be
determined using the previously known limiting solutions
such as (19). In the following, we will use the conditions that
this solution to reduce the weak field form of the BV global
monopole solution (19) to fix the values of these constants.
Since there is no 1/r3 term in the BV solution (19) in g,,
and ggp metric terms in GR, we should set by = 0. Also
comparing hoy with goo term in BV solution (19) or similar
solution in BD theory [25], we can deduce that we should
have a; = —4 M/G4(0) and a9 = —3bg + 4k1n*/3. Then
the line element becomes

p(r). (35)

2M
ds? = — |1 —kn? — == —G@r) | de?
s { K17 GaO)r w(r)]
2M Kt 4 )
1—2b — Zki’In— — d
+[ 0t Gy T3 zanin e dr
clie M +2K|772
Ga(0)r 0T T3

2
S ¢(r)] a9, (36)
3 ro

where dQ? = d6? + sin? 0d¢2. Note that since ¢(r) is
already at the linear order in M and 172, and since here we
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only consider linearized solutions, we can write the solution
in a conformal form as

oM
ds* = [1-¢()] [— (1 — ki’ = —) dr?
r
2M Kxnt 4,
Gs(0)r = 3 3!

(14 2M b +2K17]2 4 2 r 2502
— — -k In—)r ,
Ga0yr 0T T3 Ty
37

+<172b0+

which will help to compare previous solutions in the litera-
ture, such as the BD solution [25]. This solution is still not
in the conventional global monopole form, when the scalar
field vanishes, such as the Schwarzschild type solution (19)
presented in [3]. Hence, let us proceed to obtain a solution
of the Schwarzschild form (19) of global monopole solution
first, which means no monopole term in the angular part, with
the following coordinate transformation

2 5, r
r=R[1+ -kin“In—), (38)
3 ro
together with
2
b= 3 (39)

ds*> =[1-¢(R)] [— (1 o — %) dr?
+ <1 b +K1n2) dR*
G4+(0) R
+R? (1 + Z—M) sz] , (40)
G4(0) R

at the order of O(M) and O(n?). We are still a coordinate
transformation away from the BV solution in its usual form.
Namely the transformation

M M?

R=— + +r?
G4(0) | G4(0)?

(41)

brings the weak field solution to the desired form

2 [ _~ (2 2M 2
ds _[1 (p(r)]|: <1 K1n G4(O)r>dt

) dr’ + r2d§22] ) (42)

2
+ (1 + k1 + Ga(0) 7
When the scalar field vanishes, and G4(0) = 1, the obtained
solution is precisely the linearized form of the BV solution
[3] given in Eq. (19), corresponding to a global monopole
swallowed by a black hole in the order O(M) and O(n?). We
could also recover another well known form of the solution
by applying the following transformation
t

=1 —Kk1n?F, t=———, 43
r K1n°r N 43)

resulting
ds* = [1 - ¢(7)] [— <1

M I Y B NS P
+<1+G4(O)F)dr + 71 —kin )d521|, (44)

2M
— ) di?
G4(0)r )

in which, in the vanishing M limit, gives rise to a solution
conformal to the renowned global monopole metric (20)

ds? = [1 + 2 i] [—d? +dP + (=) fdeZ] . (45)
ro

describing a spacetime with solid angle deficit in the case of
vanishing scalar field.

It is clear that this solution is conformal to the GR
solution (20) and reduces to it, and also the BD [25] and
scalar—tensor [26] solutions in the appropriate limits. Hence,
we have found the linearized global monopole solution in
the massless Horndeski theory. Note that if M given in
Eq. (42) represents a compact object in which a global
monopole is swallowed by, then the Newtonian limit requires
G4.¢k’' + 1 = G4(0), which reduces to the well known BD
result o9 = Qw + 4)/Qw + 3) [23] in which G4(¢) =
¢, G3(¢) = G5(¢) =0, K =20X/¢.

Since, as shown in Fig. 1 the conformal factor in (45)
increases indefinitely with increasing r, the solution cannot
be applicable for asymptotically large values of r. In other
words the linear approximation is not valid for large values of
r and an exact treatment might be necessary. The solutions
(42, 45) we have presented for massless Horndeski theory
also valid for massless sub theories of it such as original BD
theory, scalar—tensor theories without potential, etc.

3.2 Massive case

If we consider a massive scalar field, namely m # 0, since
tensorial and scalar equations decoupled by defining auxil-
iary tensor 6, in (10), the only change in the field equations
will be in the scalar field equation (7), which now becomes
a massive scalar field equation

’ 2 2 n2
'+ =g —mp = 2=, (46)
r r

where its well behaving solution reads

2k’ M e ™" i [e*m’ Eimr) €™’ Ei(—m r):|
=" +«n - :

mr mr

47

Here Ei(x) is the exponential integral function [48]. Note
that the general forms of the solution obtained in the pre-
vious section are still valid for massive Horndeski theory,
since the mass of the scalar field does not affect the tensor
0,.v. Hence, the global monopole solution corresponding to
linearized massive Horndeski theory can be given by either

@ Springer
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—— Massive Horndeski Theory
----- Massless Horndeski Theory
coveennes (O=1

-
-
-
-
-

!
!
!
1
1
1
1
1

r

Fig. 1 Behavior of the conformal factors (2 = 1 — @) of massless
(45), massive (49) and general relativity (2 = 1) cases. It is clear that
in the massive case, the conformal factor approaches to unity, i.e., the
GR limit for large r values, whereas in the massless case, it increases
by increasing r. Note that plots are not scaled. We choose consistent
values such that these behaviors are clear to see on a single graph

(42), (44) or (45) where the scalar field ¢ should be given
by (47). Inspecting the mass term of the compact object, M,
reveals that now we have an effective gravitational coupling
term G(r) = (G4,¢,(0)K/e_’"’ + 1) /G4(0), which reduces
to corresponding sub cases for example the massive BD case
[34,49]. In the limit of vanishing monopole, n = 0, the
solution (47) reduces to that of a point particle in massive
Horndeski theory [42].

We can again ignore the mass of the monopole term, M,
for the time being, and set M = 0 in ¢. The metric pertur-
bation tensor /4, have exactly the same form as in (32, 33,
34) with the scalar field term reads as

G4,6(0) _ G4,¢(0)K, 2

G4(0) G4(0)

» |:e_’”r Ei(m r) B "’ Ei(—m r):| '
mr mr

o=

(48)

The general form of the metric (42) is also valid for massive
Horndeski theory, with the only difference being that the
scalar field now is given by (48). Namely we have

ds* = (1-¢) [—dl‘z +dr? + (1 — K1772) r?
x (d6? +sin0.dg?) . (49)

where the term ¢ now carries the effects of the mass of the
scalar field, m, given in Eq. (48).

When we look at the behavior of the scalar field, we see
that far from the monopole, it vanishes, and the monopole
metric effectively becomes similar to GR monopoles (20),

@ Springer

namely
ds* .~ —di* +dr* + (1 — /qnz)
xr? (d92 4 sin?6 d¢2> . (50)

Hence, the mass of the scalar field produces a screening
mechanism that diminishes the effects of the scalar field in the
far region. This shows that in the presence of a massive scalar
field, the behavior of the global monopoles changes dramati-
cally from those living in massless scalar fields in Horndeski
theory. Asymptotic behavior of global monopoles in massive
Horndeski theory resembles that of GR. This behavior is seen
in Fig. 1. The monopole solutions we have derived for mas-
sive Horndeski theory also valid for sub theories of Horn-
deski, such as BD with a potential, scalar—tensor theories
with a potential, f(R) theory, etc, which were not discussed
before, as far as we know.

We summarize some of the differences between massless
and massive cases in the following section.

4 Some properties of the global monopoles in
Horndeski theory

4.1 Deficit angle, Newtonian force on nonrelativistic test
particles and light deflection

Let us now discuss some of the physical properties of the
solutions obtained. The area of a sphere of radius » around a
monopole in massless Horndeski theory, from (45), is given
by

A= dnr? (1—K1n2—¢), (51)

which resembles with the GR [9] and the BD [25] results in
the appropriate limits. The area of a sphere of radius r and
the deficit angle is now clearly a function of the scalar field
in accordance with the corresponding BD solution instead of
its constant value in the GR.

Let us discuss the area formula for massive Horndeski
theory. Since the area of a sphere surrounding the monopole
is given as in (51), the only change is the scalar function
@(r). In this case, it is given by (48). Due to this, if the sphere
radius is small, the expression for the areas deviates from both
the GR and massless Horndeski monopoles. However, if the
radius of the sphere increases, for large r, the area formula,
as well as solid deficit angle, becomes similar to the GR one
with only difference is the coupling constant .

The solution of massless Horndeski theory can be put into
Galilean coordinates by the transformation

T =(1-nt, (52)
2 2
R:r(l—Klzn —l—%ln%), (53)
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giving
~ / /. R
ds* = [1 — §(R)] [— (14n2)ar?+ (1 —nzln%>
x (ax*+dy? +a7%)] (54)
=~ [+ + o)) ar?
2, R 2 2 2
+|:1—K1?7 lnr——w(R)] (dX +dY +dz), (55)
0

with R? = X% + Y? + Z2. One advantage of these Galilean
coordinates is to obtain the motion of a non-relativistic test
particle using the equation

1 dhoo

209Xxi 2 axi

i —

LR ) 2Gas@ X (o
G4(0) R

These results indicate that, unlike the GR case in which the
global monopole exerts no force on the test particles, nonrela-
tivistic test particles around the global monopole in massless
Horndeski theory experience an attractive force from it. In
the BD limit, this expression reduces to the one given in [25].

Another change due to a massive scalar field is the force
acting on non-relativistic test particles around the monopole
in massive Horndeski theory. In the near region of the
monopole, the particles feel a similar force. However, when
the distance between the monopole and the test particles
increases, the force reduces dramatically and vanishes prac-
tically at large distances. Hence, unlike the massless case,
apart from the near region, the force acting on test particles
becomes zero as in the GR case for massive Horndeski the-
ory.

Note that since the Horndeski monopole solution (45) is
conformally related to the corresponding GR solution [3], the
behavior of light rays has the same behavior as in GR, with
only differences being related to the gravitational coupling
constant. Therefore, if one considers the case where a light
source S and an observer O are perfectly aligned with the
global monopole, the image becomes a ring with an angular
diameter

§Q=r1n*l/d +1), (57)

where d is the distance between the monopole and the
observer, and / is from the monopole to the source. Deter-
mining €2 can lead to the determination of the coupling
constants in «1. Note that the null geodesics and hence the
angular diameter formula (57) do not change for both classes
of monopoles since the effect of the massive scalar field man-
ifests itself as a conformal factor, which does not affect the
null geodesics.

4.2 Geodesic motion
4.2.1 Radial geodesics and effective potential

Let us investigate particle and light motion around a global
monopole in Horndeski theory. Using the line element (45,
49) for a bare monopole without mass, let us consider the
Lagrangian

2[1:—Ai2+Bf2+C(92+sin29</32)=6, (58)

where A is an affine parameter, the overdot represent deriva-
tive with respect to A, € = —1 for massive particles and
€ = 0 for photons, A = B = 1 — ¢ is the conformal fac-
tor in (45) for massless case or in (49) massive case and
C = A(1 — k1n?)r?. Since the problem is spherically sym-
metric, the motion takes place in a plane, and we can align
coordinates such that the motion takes place in the equatorial
plane with & = /2. Then, the first integrals of the motion
become

i=—E/A, (59)
$=L/C. (60)
where the integration constant E is the specific energy and L
is the specific angular momentum of the particle. In this part,

we consider a bare monopole by ignoring its mass. From the
Lagrangian itself, we find

1 L?
2= [EZ

Defining a new affine parameter as dy = A~!d2 yields,

dr\? 2 2
(&) ==~ v

2 L2
V3= ———— —e(1—§),
= Ay TP
2 Lz
~ (14K )r—z—(l—@, (62)

where V,r is the effective potential and at the last step we
have used linear approximation we have used throughout in
this paper.

The turning points of the motion of a massive test particle
is given by

2 2 2 L7 ~

E> = Vi = +an) 5 —e(l - ). (63)

The behavior of the conformal factor outside the global
monopole core, | — ¢ term, can be seen in the Fig. 1. We
see that for both massive and massless Horndeski theory, the
conformal factor is an increasing function of 7. The difference
is that in massless theory, massive test particles are always
subject to a bounded motion around global monopoles. This
cannot be said for massive theory since we only observe an
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2
eff

Massive Horndeski Theory
----- Massless Horndeski Theory

(a) Behavior of the Effective Potential (62) for massless (45),
massive (49) cases for massive test particles. It is clear that

for the global monopoles in the massive or massless Horndeski

2
eff

Massive Horndeski Theory
----- Massless Horndeski Theory

(b) Behavior of the Effective Potential (62) for massless (45)
and massive (49) cases for massless test particles. There are
no bound states here as expected, and both massive and

theory, the massive particles are bounded for small r. We used massless Horndeski theory reproduces the general relativity
physical values such that all constants equal to unity to see the result. The scalar functions are used such that all constants

behavior of the graph. Hence, the graphs are not scaled.

equal to unity to see the behavior in the graph.

Fig. 2 Behavior of the effective potential for massive and massless Horndeski theory

upward trend until we hit the general relativity limit. These
behaviors can be seen in the Fig. 2a. Hence, the behavior of
effective potential clearly distinguishes massless or massive
cases. The motion of photons in the spacetime of linearized
Horndeski theory has similar characteristics. For both mas-
sive and massless theories, photons reach radial infinity, and
there is no bounded motion. This behavior can be seen in the
Fig. 2b.

4.2.2 Circular orbits

The form of the effective potential for both cases suggests
that around a global monopole in Horndeski theory, circular
orbits having r = r. with 7 = 0 present for massive test
particles. Indeed let us first calculate E> = Vesz and e’ff =
0 simultaneously to have the energy and angular momentum
for a test particle to follow a circular geodesics for massless
Horndeski case as:

G4,4(0) 2|: re
EX=14+—"""Zyn?[1+2In-2], (64)
G40 " 0
G4 ¢(0) 2.2
L2 = 222 22, 65
Ga0) < T'e (65)

This circular geodesics is stable since Ve’}f =
4Ga,4(0)kn*/(G4(0) 1) > 0.

For massive Horndeski theory, the resulting expressions
for circular timelike geodesics are more complicated. Hence,
we refer to them implicitly as

E*=1+ G(re),

2 2
L (1+2K1n)_~ 66)

c

1 5.
Lz = __r3(p/(rc)-

le (67)

@ Springer

Similar to the massless case, the result has similar character-
istics: The second derivative of the potential for 7. is posi-
tive. Hence, the circular geodesics around a bare monopole
in massive Horndeski theory are also stable.

This results permit us to speculate that the form of the
effective potential and the existence of stable circular orbits
may imply that, unlike GR, bare global monopoles of Horn-
deski theory can contribute to the structure formation in the
early universe, such as galaxy and black hole formation pro-
cesses, among other known mechanisms [9], by accumulat-
ing material around them due to their attractive gravitational
potential, which do not exist in GR global monopoles.

5 Galaxy rotation curves

It was shown in [50-54] that global monopoles in BD theory
can play a role in the flattening of galaxy rotation curves.
Here we investigate whether global monopoles of massive or
massless Horndeski theory can also have the same property.
To model this phenomenon, we consider a spherical static
galaxy with mass M. We need to calculate the rotational
velocity of stars around this galaxy with a global monopole
at the center. For the Lagrangian (58) with first integrals of
motion (59, 60) for a massive particle, we find the following
radial equation

P2+ U@r) =0, (68)
with

UGy = LZ—E2+1 69
(’”)—E<F 7 ) (69)
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We want these stars to follow a circular, stable orbit around
this galaxy. The stability condition for such orbits can be
expressed as:

. dU d*U
I‘—U(I")—O, W —0, W
The first two conditions give the energy and the angular
momentum of test particles following stable circular orbits
as

> 0. (70)

) A%
B = (71)
AC' — A'C
C?A
L’=—°" (72)
AC' —CA’

The second derivative of the potential evaluated at the
extrema reads
24'C’ C'A" — A'C”
U" = + . (73)
ABC  B(AC' —CA)

Note for C(r) = r? these expressions reduce to the ones
found in [55].

Using the definition of four velocity U* = dx*/dt =
(, i’,é =0, q'ﬁ), and the proper time relation dt? = —ds?
we obtain that

AP U1 =) =1, (74)

where U is the time component of the four velocity and v
is the spatial velocity of the particle given by

|1 dr\? d¢2._ 2 H\2
v _Z[B(Z) +C<E):|._(v) + @9, (75

with v" and v® being the components of the velocity v
observed in an orthonormal coordinate system. The angu-
lar component v? is given by

v? = \/g Q (76)

where €2 is the angular velocity of the particle, which can be
calculated using the first integrals of the motion as

o dp ¢ AL A

“dt i CE C”
in which we have used the circular geodesics conditions (71,
72) at the last step of the calculation. Using this result, the
tangential velocity of a particle in a stable circular motion is
found as

(77)

CA

2
")’ =25

(78)
5.1 Massless Horndeski theory

Reading the metric functions A(r), B(r) and C(r) from the
line element (42) with the help of the scalar field (31) for the

massless Horndeski theory, we find that

M rg'
612 _ ¢
V) =Gaor 2 (79
1+K’G4,¢(O)i| M k'Gsp(0) ,
= | T M K D0t 30
[ G0 )7 TG0 (59

We see that near the outside of the galactic center, we have
the usual 1/7 term due to the mass of the galaxy. Whereas far
from it, the effect of the monopole is to contribute a constant
term which may help to straighten the galaxy rotation curves.
This result is in accordance with previous ones obtained for
sub theories of massless Horndeski theory such as BD theory
[52-54].

5.2 Massive Horndeski theory

For the massive Horndeski theory, similarly using the line
element (42) with now the scalar field (31) we find that

(v¢)2 _ |:1 +K’G4.¢(0) 1+ mr)e—mr:| g

G4(0)
G0 , 5
2G4(0)?
N [(1 +mr)e”™ Ei(mr) (1 —mr)e"" Ei(-m r)]
mr mr

81)

Let us investigate this result for various cases. When we
ignore the monopole term, then the expression of the rota-
tional velocity can be put into the form:

w2 = GoM [1 fae 0 (1 n L)} : (82)
r ro

which is exactly the expression found in [56] by Sanders
for a hypothetical Yukawa type phenomenological potential
where rq is the length scale, and « is the coupling constant
of this Yukawa type potential, and G is the gravitational
coupling constant measured at the infinity. It was shown in
[56] that for the range —0.95 < o < 0.92, the general
properties of extended galactic rotation curves are recov-
ered. From (81) we have the identifications ro = 1/m, o =
k'G4,4(0)/G4(0) and G = 1. From these, we see that in
order for the Yukawa potential originated from the mass of the
scalar field to explain observed galaxy rotation curves is the
coupling constants to satisfy —0.95 < K/G4,¢(O)/Go(0) <
—0.92. For massive Brans—Dicke theory [34], this corre-
sponds to —2.04 < w < —2.02 for BD parameter, w, which
is a very unfavorable and restricted value for this parame-
ter. Hence, only for very restrictive and negative values of
«, the flat rotational curves of galaxies can be attributed to
the massive scalar field in Horndeski theory without a global
monopole.

Now, let us discuss whether the existence of a global
monopole changes this result. If the mass of the scalar field is
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“heavy”,i.e.,m — 00, thenthe second term in the expression
(81) vanishes. Therefore, for a heavy massive scalar field, the
monopole term cannot explain the flattening of the rotation
curves. For intermediate values of m, the second term in (81)
is a decreasing positive function of radial distance, hence it
cannot explain the flat rotational curves. For a light scalar
field, i.e., m — 0, the second term in (81) reduces to (79),
and it can contribute to the flattening of the rotational veloc-
ity of a star around a spherical galaxy, similar to the massless
scalar field case. In summary, only if the mass of the scalar
field is quite small, then we obtain the novel result that the
global monopoles may possibly be responsible for the flat-
tening of the rotational curves of the galaxies.

6 Conclusions

In this paper, we have presented two distinct solutions of lin-
earized Horndeski theory corresponding to global monopoles
obeying Barriola and Vilenkin’s approximation for their
energy—momentum tensor. The first case can be called the
massless Horndeski theory, whereas the second case is the
massive one, due to the existence of an arbitrary potential
term in the action. The existence of the potential changes
the asymptotical behavior of the spacetime as it possesses
a screening mechanism to suppress the effects of the long
range scalar field and effectively make it a short range one.
Due to this mechanism, the asymptotic behavior of the global
monopole becomes the same as the monopoles in General
Relativity, as it is seen in Fig. 1.

We have also investigated several physical properties of
the solution for both theories and see the effect of the mass
and hence the screening effect in the asymptotical behavior of
these solutions. For example, the geodesic equations clearly
show the different behavior of these theories, as we have seen
by investigating the radial motion of test particles. The effec-
tive potential for massive or null test particles clearly shows
these as shown in Fig. 2a, b. Namely, the local properties of
both cases have similar characteristics, whereas far from the
monopole, the properties of the massive Horndeski theory,
unlike the massless case, approach those of GR.

We have also investigated the effects of global monopoles
on the galaxy rotation curves. We have seen that, similar to
the Brans—Dicke theory, for a massless scalar field, global
monopoles can explain the flattening of the galaxy rotation
curves. For the case of the massive scalar field, however, only
if the mass of the scalar field is “light”, i.e., m — 0, then the
global monopoles can explain this phenomenon. For interme-
diate and heavy scalar field, however, the global monopoles
cannot explain the flattening of the galaxy rotation curves.
As far as we know, this and other novel results we have dis-
cussed throughout the paper, especially about monopoles on

@ Springer

massive scalar—tensor theories, were not discussed before in
the literature.

Acknowledgements M. H. S. and O. D. are supported by Mar-
mara University Scientific Research Projects Committee (Project Code:
FDK-2021-10432).

Data Availability Statement This manuscript has no associated data.
[Author’s comment: Data sharing not applicable to this article as no
datasets were generated or analysed during the current study.]

Code Availability Statement This manuscript has no associated
code/software. [Author’s comment: Code/Software sharing not applica-
ble to this article as no code/software was generated or analysed during
the current study.]

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adaptation,
distribution and reproduction in any medium or format, as long as you
give appropriate credit to the original author(s) and the source, pro-
vide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article
are included in the article’s Creative Commons licence, unless indi-
cated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permit-
ted use, you will need to obtain permission directly from the copy-
right holder. To view a copy of this licence, visit http://creativecomm
ons.org/licenses/by/4.0/.

Funded by SCOAP3.
References
1. T.W.B. Kibble, J. Phys. A 9, 1387 (1976)
2. A. Vilenkin, Phys. Rep. 121, 263 (1985)
3. M. Barriola, A. Vilenkin, Phys. Rev. Lett. 63, 341 (1989)
4. D. Harari, C. Lousto, Phys. Rev. D 42, 2626 (1990)
5. D.P. Bennett, S.H. Rhie, Phys. Rev. Lett. 65, 1709 (1990)
6. L.Pogosian, S.-H.H. Tye, I. Wasserman, M. Wyman, Phys. Rev. D

68, 023506 (2003)
7. L. Pogosian, S.-H.H. Tye, I. Wasserman, M. Wyman, Phys. Rev.
D. 73, 089904(E) (2006)
8. N. Bevis, M. Hindmarsh, M. Kunz, J. Urrestilla, Phys. Rev. D 75,
065015 (2007)
9. A.Vilenkin, E.P.S. Shellard, Cosmic Strings and Other Topological
Defects (Cambridge University Press, Cambridge, 2000)
10. H.W. Yu, Nucl. Phys. B 430, 427 (1994)
11. U. Nucamendi, D. Sudarsky, Class. Quantum Gravity 14, 1309
(1997)
12. H. Cheng, J. Man, Class. Quantum Gravity 28, 015001 (2011)
13. M.H. Secuk, O. Delice, Eur. Phys. J. C 80, 396 (2020)
14. ML.H. Secuk, O. Delice, Eur. Phys. J. Plus 135, 610 (2020)
15. R. Brandenberger, H. Jiao, JCAP 02, 002 (2020)
16. H.M. Haddad, M.H. Secuk, O. Delice, arXiv:2503.13683 [gr-qc]
17. S. Capozziello, M. De Laurentis, Phys. Rep. 509, 167 (2011)
18. T. Clifton, P.G. Ferreira, A. Padilla, C. Skordis, Phys. Rep. 513, 1
(2012)
19. A.Joyce, B. Jain, J. Khoury, M. Trodden, Phys. Rep. 568, 1 (2015)
20. S.Nojiri, S.D. Odintsov, V.K. Oikonomou, Phys. Rep. 692, 1 (2017)
21. S. Shankaranarayanan, J.P. Johnson, Gen. Relativ. Gravit. 54, 44
(2022)
22. G.W. Horndeski, Second-order scalar—tensor field equations in a
four-dimensional space. Int. J. Theor. Phys. 10, 363 (1974)


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/2503.13683

Eur. Phys. J. C

(2025) 85:806

Page 11 of 11 806

23.
24.

25.
26.
217.
28.
29.
30.
31.
32.
33.

34.
35.

36.
37.
38.
39.

C. Brans, R. Dicke, Phys. Rev. D 124, 925 (1961)

T. Kobayashi, Horndeski theory and beyond: a review. Rep. Prog.
Phys. 82, 086901 (2019)

A. Barros, C. Romero, Phys. Rev. D 56, 6688—-6691 (1997)

R.M. Teixeira Filho, V.B. Bezerra, Phys. Rev. D 64, 067502 (2001)
0. Dando, R. Gregory, Class. Quantum Gravity 15, 985-995 (1998)
N. Chatzifotis, N.E. Mavromatos, D.P. Theodosopoulos, Phys. Rev.
D 107, 085014 (2023)

T.R.P. Caramés, E.R. Bezerra de Mello, M.E.X. Guimaraes, Int. J.
Mod. Phys. Conf. Ser. 3, 446 (2011)

T.R.P. Caramés, E.R. Bezerra de Mello, M.E.X. Guimaraes, Mod.
Phys. Lett. A 27, 1250177 (2012)

T.R.P. Carameés, J.C. Fabris, E.R. Bezerra de Mello, H. Belich, Eur.
Phys. J. C 77, 496 (2017)

J.R. Nascimento, G.J. Olmo, P.J. Porfirio, A.Y. Petrov, A.R. Soares,
Phys. Rev. D 99, 064053 (2019)

C.M. Will, Theory and Experimentation in Gravitational Physics,
2nd edn. (Cambridge University Press, Cambridge, 2018)

H. Ozer, O. Delice, Class. Quantum Gravity 35, 065002 (2018)

J. Alsing, E. Berti, C.M. Will, H. Zaglauer, Phys. Rev. D 85,064041
(2012)

A.L Vainshtein, Phys. Lett. B 39, 393 (1972)

J. Khoury, A. Weltman, Phys. Rev. Lett. 93, 171104 (2004)

J. Khoury, A. Weltman, Phys. Rev. 69, 044026 (2004)

C. Deffayet, X. Gao, D.A. Steer, G. Zahariade, Phys. Rev. D 84,
064039 (2011)

40.

41.
4.
43.
44,

45.
46.
47.
48.

49.
50.

51.
52.
53.
54.
55.

56.

T. Kobayashi, M. Yamaguchi, J. Yokoyama, Prog. Theor. Phys.
126, 511-529 (2011)

H. Ozer, O. Delice, arXiv:2504.11378 [gr-qc]

S. Hou, Y. Gong, Eur. Phys. J. C 78, 247 (2018)

S. Hou, Y. Gong, Y. Liu, Eur. Phys. J. C 78, 378 (2018)

C.W. Misner, K.S. Thorne, J.A. Wheeler, Gravitation (W. H. Freed-
man and Co., San Fransisco, 1973)

P.S. Letelier, Phys. Rev. D 20, 1294 (1979)

E.I. Guendelman, A. Rabinowitz, Phys. Rev. D 44, 3152 (1991)
O. Delice, JHEP 11, 058 (2003)

M. Abramowitz, A. Stegun, Handbook of Mathematical Functions
(Dover Publications, New York, 1970)

L. Perivolaropoulos, Phys. Rev. D 81, 047501 (2010)

U. Nucamendi, M. Salgado, D. Sudarsky, Phys. Rev. Lett. 84, 3037
(2000)

U. Nucamendi, M. Salgado, D. Sudarsky, Phys. Rev. D 63, 125016
(2001)

T.H. Lee, B.J. Lee, Phys. Rev. D 69, 127502 (2004)

T.H. Lee, B.J. Lee, Phys. Rev. D 73, 128502 (2006)

F. Rahaman, M. Kalam, R. Mondal, B. Raychaudhuri, Mod. Phys.
Lett. A 22,971 (2007)

T. Matos, D. Nuiiez, F.S. Guzman, E. Ramirez, Gen. Relativ. Gravit.
34, 283 (2002)

R.H. Sanders, Astron. Astrophys. 136, L21 (1984)

@ Springer


http://arxiv.org/abs/2504.11378

	Global monopoles in Horndeski theory
	Abstract 
	1 Introduction
	2 Field equations
	2.1 Linearized field equations
	2.2 Global monopoles and their energy–momentum tensor

	3 Global monopoles in linearized Horndeski theory
	3.1 Massless case
	3.2 Massive case

	4 Some properties of the global monopoles in Horndeski theory
	4.1 Deficit angle, Newtonian force on nonrelativistic test particles and light deflection
	4.2 Geodesic motion
	4.2.1 Radial geodesics and effective potential
	4.2.2 Circular orbits


	5 Galaxy rotation curves
	5.1 Massless Horndeski theory
	5.2 Massive Horndeski theory

	6 Conclusions
	Acknowledgements
	References


