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Abstract: Due to constraints in current quantum hardware manufacturing, the number of available qubits remains
limited. This limitation poses significant challenges to the feasibility of quantum computation. Qubit reuse, supported
by the hardware-enabled dynamic quantum circuit, has emerged as a promising method for optimizing the width
of quantum circuits. However, enabling width optimization through qubit reuse for circuits that lack qubit reuse
opportunities remains a challenging problem. This paper aims to address this challenge by introducing RaQCT (Reuse-
aimed Quantum Circuit Transformation), an algorithm for converting non-reusable qubit pairs into reusable ones.
Moreover, this paper proposes a more general method for identifying reusable qubits based on the perspective of
the execution sequence of the quantum gates. Based on the proposed identification method of reusable qubit pairs
and RaQCT, this paper proposes width optimization strategies based on a tree structure. Compared with state-of-
the-art qubit reuse methods, our proposed methods enable further circuit width optimization, which proves effective.
Furthermore, the comprehensive set of methods proposed in this paper for handling qubit reuse does not require
specific differentiation of circuit types. Meanwhile, it is applicable to both static and dynamic circuits, thereby also

demonstrating generality.

Keywords: qubit reuse; mid-circuit measurement and reset; quantum circuit width optimization; quantum circuit

transformation

1. Introduction

Quantum computing, as an advanced computational technology, integrates concepts from quantum physics, com-
puter science, and information theory. Compared to classical computing, quantum computing has demonstrated
significant advantages in fields such as artificial intelligence [1,2], materials chemistry [3,4], and optimization prob-
lems [5]. At present, quantum computing devices remain in the NISQ (Noisy Intermediate-Scale Quantum) era [6].
However, due to the constraints of hardware manufacturing [7], current quantum computers face strict limitations
on the number of available qubits. As quantum computing technology advances, the number of qubits required for
designing complex quantum circuits gradually increases, but existing devices struggle to meet this demand. To fully
harness the potential of quantum computing in practical applications, researchers are actively exploring more efficient
methods of qubit utilization [8,9].

Most quantum algorithms are traditionally represented as static quantum circuits [10], where a series of quantum
gates perform specific operations on qubits, with the computational results ultimately extracted through measurement
at the end of the circuit. Recently, numerous quantum hardware manufacturers have introduced devices supporting
mid-circuit measurement and reset [11-13], including qubit architectures based on superconducting circuits and ion
traps [14,15]. With this support, qubits can be measured and reset during circuit execution, allowing further circuit
evolution based on measurement outcomes. This type of circuit, which allows mid-circuit measurement and reset, is
also referred to as dynamic quantum circuit [16,17]. Initially, the primary application of mid-circuit measurement
and reset was quantum error correction [18], but it has also introduced a novel circuit optimization method known
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as qubit reuse [19]. Through mid-circuit measurement and reset, qubits that have completed their operations can be
measured and reset, and replace qubits to which no operation has been applied. Thus, qubit reuse can reduce the width
of a quantum circuit. The quantum circuit width refers to the number of qubits used within a quantum circuit [20].
However, after a circuit is mapped from a logical circuit to quantum hardware [21-23], the insertion of numerous
SWAP gates can diminish the opportunities for qubit reuse [24]. Therefore, qubit reuse is typically applied to logical
quantum circuits before mapping to quantum hardware. As shown in Figure 1, after g is completed, go, the control
qubit of gp, has no further operations while g1, the control qubit of another gate g1, has not yet begun any operations;
thus go can be measured and reset to replace g7.

Jo g1
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Figure 1. Reduce qubit of circuit by qubit reuse: (a) Original circuit, (b) Reuse g to replace 4.

The execution of some quantum algorithms currently requires a large number of qubits, which far exceed the
capacity of current NISQ devices. Therefore, qubit reuse can be leveraged to optimize the width of these quantum
algorithms. Qubit reuse was first proposed in [25], which illustrated that quantum computation can actually make
full use of qubits. This work provided a foundation for subsequent research on qubit reuse. Then, as quantum com-
puting hardware continued to evolve and develop, in [26], they proposed a qubit reuse strategy through mid-circuit
measurement and reset, providing both an exact optimization model and a heuristic for obtaining the width optimiza-
tion solutions of quantum circuits. Moreover, their work introduced the concept of dual circuits to further improve
the effect of width optimization for quantum circuits. In [24], they designed QS-CaQR, a compiler-assisted tool for
qubit reuse, which presented different schemes to trade off the quantum circuit width with other metrics. Furthermore,
in [27], they proposed a SAT-based model to combine qubit reuse with quantum circuit mapping, which optimized
different performance metrics like circuit depth and SWAP insertions. In [28], they presented a systematic study of
dynamic quantum circuit compilation. Their work established the first general framework for optimizing the dynamic
circuit compilation via graph manipulation, as well as addressing the circuits with commutable structures. In [29],
they proposed two quantum circuit resizing algorithms. The first algorithm leveraged gate-dependency relations and
the second found resizing opportunities through numerical instantiation and synthesis. In [30], they revisited the qubit
reuse and introduced qubit dependency graphs as a key abstraction for width optimization. In [31], they proposed the
GidNET algorithm which leverages the directed acyclic graph of a quantum circuit and its matrix representation to
identify pathways for qubit reuse.

The above works provided inspiration for us to explore the problem of qubit reuse. The key aspect of addressing
qubit reuse is ensuring that the gates applied to the qubit to be reused and the qubit to be replaced must satisfy a
specific relationship if we view qubit reuse from the specific order in which operations are executed: quantum gate
execution sequence. By taking the above factor into account, it becomes possible to identify qubits to be reused
and qubits to be replaced, thereby optimizing circuit width. Actually, the inability to optimize the circuit width
arises from the absence of reusable and substitutable qubits within the circuit. It is due to the execution sequence
of quantum gates failing to meet specific conditions that the reusable and substitutable qubits cannot be found in the
circuit. Therefore, by adjusting the execution sequence of quantum gates within the circuit while ensuring circuit
equivalence, it becomes possible to transform non-reusable qubits into reusable ones. Specifically, the key to solving
this problem is to determine which quantum gates need execution sequence adjustments and how to implement them.

This paper aims to address the issue of qubit reuse through a general methodology, including both the identification
of qubit reuse opportunities and the strategy for width optimization. Following are our main contributions:

* We introduce a sequential partitioning method for quantum circuits. Then, a general method for identi-
fying reusable qubits from the perspective of the execution sequence of the quantum gates is presented.

This method is applicable to both static and dynamic circuits.
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* In order to optimize circuit width better, a reuse-aimed quantum circuit transformation (RaQCT) algo-
rithm is proposed. Through utilizing RaQCT, non-reusable qubit pairs can be converted into reusable

ones at appropriate moments.

» For optimizing the width of quantum circuits, we design a tree-structure model for width optimization.
We view the process of optimizing width as a nodes generation process of a tree.

* Based on the proposed tree-structure model, we provide an exact algorithm and a heuristic algorithm for
width optimization.

* Our experiments show that we obtain further optimized width for circuits on average through our pro-
posed RaQCT. Moreover, the experimental results indirectly demonstrate that our comprehensive
approach exhibits greater generality, as it does not require differentiation among types of quantum
circuits.

The organizational structure of this article is as follows: In Section 2, we investigate the general method for
identifying reusable qubits, and the RaQCT for converting non-reusable qubits into reusable ones. In Section 3, we
focus on studying the circuit width strategy method based on the tree structure. In Section 4, we experimentally
validate the effectiveness of the proposed strategies in decreasing circuit width. Finally, we conclude the paper in

Section 5.

2. Reuse-Aimed Quantum Circuit Transformation

In this section, we present a generalized method for the identification of reusable qubit pairs based on the execution
sequence of the quantum gates. However, in some scenarios, quantum circuits may not be able to exploit qubit reuse
opportunities using this general method. To overcome this limitation, we propose the RaQCT algorithm, designed to

convert non-reusable qubit pairs into reusable ones.

2.1. Ildentification of Reusable Qubit Pairs

In a quantum circuit, assuming that Q is the set of qubits and G is the set of quantum gates, Q={qo,....4;,.- -Jn—1},

G={g0,--:8j>-~gn—1}- In this paper, there are only single-qubit gates and two-qubit gates in quantum circuits.

Definition 1. For two different qubits q; and q; in a quantum circuit, if g; can be reused o replace q;, then the qubit
pair (q;,47) is a reusable qubit pair.

For a qubit pair (g;,q;), if q; is to be reused for replacing g;, in addition to ensuring that the gates applied to g;
have been completed, the execution sequence of the gates applied to g; must also be taken into account. Thus, the
identification of reusable qubit pairs in a circuit depends on the execution sequence information of quantum gates.
Based on the considerations above, assigning each quantum gate independent execution sequence information would
be highly beneficial for identifying reusable pairs within the circuit in an intuitive and generalizable way.

Definition 2. In a quantum circuit with N quantum gates, the N quantum gates are sequentially divided into N time
steps from left to right. The order of quantum gates that can be executed in parallel can be arranged arbitrarily. This

partitioning method is called the sequential partitioning method for quantum circuits.

In Figure 2, we demonstrate an example of the sequential partitioning method. The partitioned circuit in Figure 2b
is transformed from the original circuit in Figure 2a. After performing the sequential partitioning on the circuit in
Figure 2a, we obtain an ordered execution sequence of gates (g0, 1, §2- 83, $4, &5- §6)- In this paper, we present
a method for identifying qubits that can be reused and replaced from the perspective of the specific gate execution
sequence. The method we present offers greater generality by focusing on the circuit itself. Furthermore, the method

we propose is applicable to both static and dynamic circuits.

Theorem 1. In a sequentially partitioned quantum circuit, the necessary and sufficient condition for reusing q; to
replace q; is that the execution sequence of all gates applied to q; must precede the execution sequence of all gates

applied 10 g;.

Proof. (Necessity) Assuming that within the execution sequence of gates applied to g;, there exist gates whose exe-
cution sequence is later than the execution sequence of gates applied to g;. Since g; needs to be measured and reset
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before reuse, when to reuse g; for replacing 4;, the gates applied to 4;, whose execution sequence follows that of gates
applied to g;, are disrupted due to the mid-circuit measurement and reset. At this point, the circuit is no longer equiv-
alent to the original circuit. Therefore, the execution sequence of all gates applied to ¢; must precede the execution
sequence of all gates applied to g;.

(Sufficiency)If all gates applied to g; are completed, then g; is no longer used, thus it is feasible to measure and
reset ¢; for reusing it to replace g;. [
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Figure 2. Sequential partitioning for circuit: (a) Original circuit, (b) Circuit after sequential partitioning.

For any qubit pair in the circuit, as long as it satisfies the above condition, it is considered a reusable pair. Thus,
it is obvious that there should not be any gate between ¢; and ¢;. In Figure 2b, there is no gate between g and 41, and
the execution sequence of gp and g3 is before the execution sequence of g4 and gs. Accordingly, go can be reused
to replace q1. Therefore, we only need to insert a set of mid-circuit measurement and reset operation after the last
operation, g3, on go and then apply the operations originally acting on g7 to qq after the mid-circuit measurement
and reset. This transforms the original circuit into an equivalent circuit with fewer qubits. The equivalent circuit
with fewer qubits is shown in Figure 3. We emphasize that the above-introduced method for identifying reusable
qubits is applicable to both static and dynamic circuits. This is because, regardless of whether the qubit pairs are in
a static or dynamic circuit, they must follow the essence of qubit reuse, which is the temporal ordering of quantum
gate executions. As long as the qubit pairs satisfy the conditions we describe, they can form a reusable pair. Thus,
our identification method for reusable qubit pairs is more general.

It is worth noting that the depth of the original circuit in Figure 2a is 4, and the depth of the equivalent circuit
in Figure 3 is 6 (including the mid-circuit measurement and reset). Since the introduced mid-circuit measurement
and reset operations inevitably increase circuit depth, qubit reuse is actually a circuit optimization method that trades
circuit depth for a reduction in the number of qubits.
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Figure 3. Equivalent circuit after reuse g for replacing 4.

2.2. Qubit Reuse Based on RaQCT
2.2.1. Problem Analysis

In the quantum circuit shown in Figure 2b, for the qubit pair (g¢,q4), the gates applied to g are go and g3, while the
gates applied to g4 are g1, $2, 5 and gs. According to the identification method for reusable qubit pairs in Section 2.1,
(40,94) is not a reusable pair, and g cannot be reused to replace q4. However, according to the exchange rules of the
quantum gate execution sequence provided in [32,33], two quantum gates with adjacent execution sequences can
exchange their execution sequence without affecting the equivalence of the quantum circuit in certain scenarios. For
example, if two adjacent CNOT gates in the execution sequence share the same control or target qubit, they can
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exchange their execution sequence. Moreover, if the two adjacent CNOT gates act on completely different qubits,
they can also exchange their execution sequence.

According to the aforementioned exchange rules, g3 can exchange its execution sequence sequentially with g»
and g1 while preserving circuit equivalence. The transformed circuit is shown in Figure 4. In the transformed circuit,
the execution sequence of g and g3 is before the execution sequence of g1, ¢2, g5, 6. The condition for reusing go
to replace g4 is satisfied. Therefore, we only need to insert a set of mid-circuit measurement and reset after the last
operation, g3, on go and then apply the operations originally acting on g4 to gg after the mid-circuit measurement and
reset. The equivalent circuit in which g is reused to replace g4 is shown in Figure 5.
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Figure 4. Circuit after transformation.
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Figure 5. Equivalent circuit after reuse qq for replacing q4.

For the qubit pair (¢;,4;), for which g; cannot be reused to replace g, it is possible to adjust the execution sequence
of gates applied to g; and g; in the quantum circuit so that the execution sequence of gates applied to g; and g; can
satisfy the condition for reusing g; to replace q;. Due to the complex sequential relationships between the gates
applied to g; and g, obtaining a gate execution sequence adjustment scheme that satisfies the reuse condition for g;
is relatively difficult. Hence, accurately identifying the quantum gates that require execution sequence adjustments
is of importance. This point is especially critical for circuits in which reusable pairs cannot be obtained through the
reusable pair identification method.

Definition 3. In a sequentially partitioned quantum circuit, for the pair ( qi,9;) where q; cannot be reused to replace
qj, the gates applied to q; whose execution sequence precedes all gates applied to q; are called preceding gates. The

gates applied 1o q; whose execution sequence comes dfter any gate applied to q;j are called succeeding gates.

Taking the pair (gg,q4) in the circuit of Figure 3 as an example, we mark the gates acting on g with red dashed
lines and those acting on g4 with green dashed lines. The circuit being marked is shown in Figure 6. According
to Definition 3, the execution sequence of gg precedes the execution sequence of all gates applied to g4, thus go is
a preceding gate. The execution sequence of g3 is after g7 and gy, therefore, g3 is a succeeding gate. Obviously,
according to the identification method for reusable qubit pairs, go cannot be reused to replace g4.
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Figure 6. Preceding gates and succeeding gates of qubit pair (§¢,44) in circuit of Figure 3.

Since the execution sequence of the succeeding gates does not satisfy the reuse condition for ¢;, all succeeding
gates must be converted into preceding gates. During the process of converting succeeding gates into preceding gates,
equivalent transformations need to be applied to the circuit. Therefore, the process of converting succeeding gates
into preceding gates is essentially the process of equivalence transformation of the quantum circuit, where enabling

g; to satisfy the reuse condition is actually an equivalent transformation of the quantum circuit to make g; reusable.

2.2.2. RaQCT Algorithm

From the analysis in Section 2.2.1, in order to enable g; to be reused to replace g;, we can apply an equivalent
transformation to the circuit. Since the execution sequence of the succeeding gates does not satisfy the reuse condition
for g;, an equivalent transformation needs to be applied to the circuit to convert the succeeding gates into preceding
gates. We propose the following two rules for converting succeeding gates into preceding gates.

Rule 1 For a pair (q;,q;), if the execution sequence of a succeeding gate is able to precede the execution sequence
of all gates applied to ¢; through circuit equivalent transformations, then this succeeding gate can be converted into
a preceding gate.

Rule 2 For a pair (4;,4), if the execution sequence of a succeeding gate is unable to precede the execution sequence
of all gates applied to g; through circuit equivalent transformations, then this succeeding gate cannot be converted
into a preceding gate, and the reuse condition for g; cannot be satisfied.

The following are the specific steps for converting a succeeding gate into a preceding gate.

Step 1:  Identify the gate applied to ¢; that has an execution sequence preceding the current succeeding gate and is
closest to it.

Step 2: Move the execution sequence of the current succeeding gate forward. If this makes the execution sequence
of the current succeeding gate precede the gate applied to g; identified in the first step, check whether the
current succeeding gate has been successfully converted into a preceding gate. If the current succeeding
gate has already been converted into a preceding gate, the circuit transformation ends. If not, return to
Step 1. If the execution sequence of this succeeding gate is unable to move forward, turn to Step 3.

Step 3:  Move the execution sequence of the gate applied to g; identified in the first step backward. If this makes the
execution sequence of the succeeding gate precede the execution sequence of the gate applied to g; identified
in the first step, check whether the succeeding gate has been successfully converted into a preceding gate. If
this succeeding gate has been converted into a preceding gate, the circuit transformation ends. If not, return
to Step 1. If it is impossible to make the execution sequence of the succeeding gate precede the execution
sequence of the gate applied to g; by moving the execution sequence of the gate applied to g i backward, the

circuit transformation ends, and g; does not satisfy the reuse condition.

In Step 1, the circuit is scanned from the current succeeding gate toward earlier positions in the execution sequence
to locate the nearest gate applied to q;. Given a circuit with n gates, this scan may, in the worst case, traverse the entire
circuit from end to beginning. Hence, the worst-case time complexity of Step 1 is O(n). In Step 2 and Step 3, we
assume that each gate movement (regardless of whether it is forward or backward) requires constant time, i.e., O(1).
In the worst case, the current succeeding gate may need to be moved from the end of the circuit to the beginning,
resulting in O(n) gate movements. In the worst case, the process of converting a succeeding gate into a preceding gate
may require up to O(n) iterations (each involving repeated execution of Step 1, Step 2 and Step 3) before successfully
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completing or concluding that the condition cannot be met. Therefore, the worst-case time complexity for converting
a succeeding gate into a preceding gate is O(n?). In practice, the worst-case time overhead is rarely encountered.

For a pair (4;,q;), in order to make ¢; satisfy the reuse condition, the above strategy can be applied sequentially to
all succeeding gates in the circuit until all succeeding gates are converted into preceding gates. During the process of
RaQCT performing equivalence transformations on the circuit, various exchange rules [32,33] for execution sequence
of gates are applied. These exchange rules are applied to quantum gates executed in series or parallel, depending on
the specific situation. It should be particularly noted that a set of mid-circuit measurement and reset is considered as
a complete operation, and no gate can be exchanged in execution sequence with this set of operations. Based on the
identification method for reusable qubit pairs and the above proposed strategy, this paper presents a quantum circuit
transformation algorithm to enable a qubit to be reused. In this algorithm, during any equivalent transformation of the
circuit, if it is impossible to convert a succeeding gate into a preceding gate, the algorithm terminates, and g; cannot
be reused to replace g;. If after several equivalent transformations of the circuit, the execution sequence of the gates
applied to g; and g; satisfies the reuse condition for g;, the algorithm terminates, and g; can be reused for replacing
gj. This algorithm ultimately outputs a flag indicating whether g; is reusable. The following is the pseudocode for
the Algorithm 1.

Algorithm 1: Reuse-aimed Quantum Circuit Transformation

Input: qubit pair(q;,4;), quantum circuit list Cir =[go, &1.---1, list of gate applied to q; Lg;=[gs....]
Output: reuse flag of q; flag

1 flag < 1;// Initialize the reuse flag of g;

2 foreach gate in Ly, do

3 while preceding_gate_judgment(gate) == 0 do

4 if circuit_trans formation(gate, Cir) == 1 then

5 ‘ continue;// Judge if this gate can be converted into preceding gate

6 end

7 else

8 flag < 0;// Mark gq; as non-reusable

9 break;

10 end

1 end

12 if flag == 0 then

13 ‘ break; // Check reuse flag

14 end

15 else

16 continue; // Current succeeding gate can be converted into preceding gate,
continue to judge the next gate in Lq,.

17 end

18 end

19 return flag

2.2.3. Example

Based on the pseudocode provided in Section 2.2.2, we execute the qubit pair (41,43) in the circuit shown in
Figure 7a, where g1 cannot be reused to replace q3. Lg1 = [0 §2, 6]

First, initialize the flag as 1. In Figure 7a, the execution sequence of go precedes the execution sequence of all
gates applied to g3, making g a preceding gate. In Figure 7a, ¢» is a succeeding gate; it needs to be converted into
a preceding gate. Since g and g» share the same control qubit, g, can exchange its execution sequence with g7. In
Figure 7b, g7 has already been converted into the preceding gate, and no further adjustment of the execution sequence
of go is needed. In Figure 7b, g4 is a succeeding gate. Since the qubits operated on by gg are distinct from those
operated on by g5 and g4, g6 can sequentially exchange its execution sequence with g5 and g4, making the execution
sequence of gg precede the execution sequence of g4. As shown in Figure 7c, g¢ is still a succeeding gate. At this
point, the forward movement of g4 is blocked, but g; can sequentially exchange its execution sequence with g3 and
g6 according to the exchange rules. In Figure 7d, all succeeding gates have been converted into preceding gates, and

g1 can be reused for replacing g3.
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Figure 7. Example of execution process of RaQCT.

3. Width Optimization Method Based on Tree Structure Model

Quantum circuits can achieve width optimization through qubit reuse. In this section, we introduce a tree-structure-
based model for width optimization. Building upon the tree-structure model of width optimization, we propose both
an exact algorithm and a heuristic algorithm for circuit width optimization, aiming to minimize the number of qubits
required for circuit execution.

3.1. Tree-Structure Model for Width Optimization

For an original circuit C, with width n, if there exists a reusable qubit pair (qi,q]-), then the mid-circuit measure-
ment and reset can be inserted after the last operation applied to g;, allowing g; to replace g;. This updates the original
circuit Cy, to an equivalent circuit C,,_q with width n — 1. As shown in Figure 8, if the original circuit with width n
is viewed as the root node of a tree, and the equivalent circuit with width n — 1 is viewed as a child node of the root,
then the transformation from the original circuit to the width-optimized circuit can be considered as a node generation
process in the tree. Therefore, if the original circuit C;, with width n has k reusable pairs p;(fori=0,1,....k — 1), then
the original circuit C, can be updated to k equivalent circuits C,,_1 with width n — 1 based on each reusable pair
(since the width-optimized circuits are functionally equivalent, no further distinction is made here).

Based on the above analysis, the width optimization process of a quantum circuit can be viewed as the continuous
generation of nodes in a tree. As shown in Figure 8b, by repeatedly generating nodes in this way, the process continues
until no new nodes can be generated in the /-th layer of the tree. The width optimization process ends, and the width
reaches the minimum value n — [ + 1 by using the identification method for reusable qubit pairs and the RaQCT
in Section 2.2. However, as the scale of the circuit expands, the number of qubit pairs that need to be evaluated
increases accordingly. If the width-optimized circuit for each layer is still obtained precisely in the aforementioned
manner, the time required to achieve the optimal width will significantly increase. Therefore, exploring a method that
can accelerate the width optimization process while ensuring the quality of the width-optimized solution (smaller
width) is crucial.

If a quantum circuit contains a substantial number of reusable pairs, it implies that the interactions between
qubits within the circuit are relatively less dense. Furthermore, since the identification of reusable pairs depends
on the identification method and RaQCT, a higher number of reusable pairs in a circuit also reflects considerable

adjustability in the execution sequence of quantum gates within that circuit. These are potential features that enable
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continuous width optimization of a circuit. Therefore, as long as a circuit contains a sufficient number of reusable
pairs, the next-generation circuits will potentially inherit the characteristic of having many reusable pairs. As shown
in Figure 9, after generating all nodes in the current layer of the tree, the number of reusable pairs for all equivalent
circuits in the current layer is calculated. The equivalent circuit with the most reusable pairs is selected to generate
the next layer of nodes in the tree. If there are multiple circuits with the maximum number of reusable pairs, we
randomly select one to proceed to the next layer. This node generation approach helps avoid generating nodes with
a low probability of leading to a high-quality width-optimized solution. This node generation process is repeated
until no new nodes can be generated in the /-th layer of the tree. The width optimization process ends, and the width
reaches the minimum value n — I + 1 by using the identification method for reusable qubit pairs and the RaQCT in
Section 2.2.

<«——— root node of tree

reusable pair

<—— child node of root node . L. .
k equivalent circuits of width n-1

(a) (b)

Figure 8. Width optimization of quantum circuit based on tree structure: (a) Viewing the circuit width
optimization as a process of generating tree nodes, (b) Generating k child nodes by k reusable pairs.

equivalent circuit with
the most reusable pairs

'
'

! equivalent circuit with
I — :

! the most reusable pairs
'

'

Figure 9. Width optimization process of medium or large circuits.

3.2. Width Optimization Algorithm for Quantum Circuit

Based on the above analysis, when the user seeks to obtain an exact solution for width optimization, the circuit
width is optimized through hierarchical branching. In each layer, the algorithm sequentially explores all possible
reusable pairs for each node, then generates the next layer of nodes, until no reusable pairs remain for the nodes in the
current layer. This algorithm can search all possible width optimization solutions and obtain the exact solution for
width optimization. Hence, the algorithm for obtaining the exact solution for circuit width optimization is referred to
as ES.

As the scale of the circuit increases, the time required to obtain a width-optimized solution will rise significantly
if the ES algorithm continues to be employed. To efficiently obtain the width optimization solution(smaller width), a
greedy heuristic algorithm is adopted. The original circuit is treated as the root node of the width optimization tree.
In each layer of the tree, the circuit with the highest number of reusable pairs is selected as the optimal node of the
current layer, and the optimal node of the current layer is then selected to enter the next layer of the tree. Through
this greedy heuristic algorithm, nodes that are less likely to lead to a high-quality width optimization solution can
be pruned at each layer, thus quickly searching for a high-quality width optimization solution for the circuit. This
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approach provides a locally optimal solution for the width optimization and approximates the optimal solution as
soon as possible. This algorithm for obtaining the greedy heuristic solution of circuit width optimization is referred
to as GHS.

Below is the pseudocode for the quantum circuit width optimization Algorithm 2:

Algorithm 2: Width Optimization of Quantum Circuit
Input: Original Candidate Circuit List Cir_List=[circuit]
Output: Optimized Width width

1 if TargetMethod is ES then

2 while True do
3 All_List < []; // Candidate circuits of next loop
4 foreach cir in Cir_List do
5 RP_List < reusable_pair(cir); // List of reusable pairs
6 foreach pair in RP_List do
7 new_cir <— cir_trans formation(pair); // Width optimization
8 add new_cir to All_List;
9 end
10 end
11 if All_List.length == 0 then
12 calculate width of any new_cir in All_List;
13 break; // No reuse opportunity
14 return width
15 end
16 else
17 Cir_List < All_List; // Start the next round of width optimization
18 end
19 end
20 end
21 else
22 while True do
23 foreach cir in Cir_List do
24 RP_List  reusable_pair(cir);
25 end
26 if no reuse opportunity in current level then
27 calculate width of any cir in Cir_List,
28 break;
29 return width
30 end
31 else
32 obtain cir with max RP_List.Length from Cir_List;
33 Reduce_Q + [];// Choose circuit with the most number of reusable pairs
34 foreach pair in RP_List of cir do
35 new_cir <— cir_trans formation(pair);
36 add new_cir to Reduce_Q;
37 end
38 Cir_List < Reduce_Q;
39 end
40 end
41 end
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4. Experimental Evaluation

The method proposed in this paper is compared with two state-of-the-art works [24,26]. In [24], they classified the
circuits into two types: the circuits with pre-determined structures and the circuits without pre-determined structures.
They defined the former as regular circuits, as they generally have a fixed gate execution sequence. In the latter, there
are a large number of gates with commutativity, and the qubits operated on by these gates depend on the problem
input, which is random. In [24], they handled two types of circuits by different methods. In [26], they did not propose
respective methods based on different types of circuits. We assume that the method in [26] is applicable to both types
of circuits.

To assess our proposed method, we also choose the two types of circuits mentioned above. The regular circuits
for evaluation come from RevLib [34] and [35]. For circuits without pre-determined structures, we use the Quantum
Approximate Optimization Algorithm (QAQOA) [36], which is designed for solving combinatorial optimization prob-
lems on quantum computing devices [37]. The QAOA unitary is constructed by alternating between two types of
operations: the mixing unitary and the problem unitary. This process is repeated for p layers, where p is a parameter
that controls the depth of the algorithm. The MaxCut problem is to partition the vertices of a graph into two sets such
that the number of edges between the two sets is maximized. In QAOA circuits for the MaxCut problem, each qubit
represents a vertex in the graph, and the two-qubit gate connections are determined by the edges between the vertices.
We chose the aforementioned circuits above because they were used for evaluation in previous works [24,26]. The
method proposed in this paper is implemented in Python, and evaluated on a personal laptop with an Intel i9-13900HX
CPU @2.20GHz with 16GB of RAM.

To intuitively evaluate the performance of different methods, this paper uses the following method proposed
in [28] to quantify the width optimization effect of a quantum circuit:

e:o;f,ee[o,l) 0

where o is the original width and f is the final optimized width. The value of the e reflects the width optimization effect
of the circuit. The larger the value of e, the better a width optimization method performs in obtaining high-quality
width optimization solution (smaller width). Therefore, e is actually the width optimization rate of a single circuit.

For regular circuits, we evaluate our proposed width optimization methods along with those from [24,26]. We
perform the GHS algorithm 5 times and record the best result during testing. Figure 10 illustrates the width optimiza-
tion rate(e) achieved by applying our proposed ES and GHS to optimize the width of regular circuits, as well as a
comparison with the width optimization rate(e) obtained by methods in [24,26].
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Figure 10. The width optimization rate of different regular circuits by methods in [24,26] and our proposed
ES and GHS. The labels on the x-axis are the circuit names, with the original width of the circuits in
parentheses on the right. The ticks on the y-axis represent the width optimization rate.

For regular circuits, both our proposed ES method and GHS method demonstrated improvements in most circuits.
Specifically, our ES achieved an average width optimization rate that surpassed the method in [26] by 16.1% and the
method in [24] by 11.4% across circuits for evaluation. The average width optimization rate of GHS exceeded that of

[26] by 14.5% and that of [24] by 9.8%. We analyze this improvement from the following aspects.
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The key point lies in the difference in the identification of reusable qubits. The method in [24] focuses on imposing
additional dependencies on the gates in the circuit to determine whether the gates acting on qubits to be reused and
replaced satisfy the reuse condition. The method in [26] emphasizes analyzing the causal relationships of the output
qubits in the circuit to select the measurement order of the qubits. Both of their methods could achieve reusable pairs.
However, they did not additionally consider adjusting the execution sequence of quantum gates in the circuit to obtain
more reusable pairs. Our RaQCT can transform non-reusable qubits into reusable ones by using exchange rules of
gate execution sequence in some cases. This allows us to convert qubit pairs that do not meet the reuse conditions
into reusable qubit pairs. Since we apply this additional optimization at each level of the tree structure, it naturally
leads to improved width optimization results, especially when a circuit can no longer be further optimized in terms
of width.

For circuits without pre-determined structures, we use QAOA circuits for the MaxCut problem with p=1 to eval-
uate our method and those from [24,26]. Experiments are executed on the random graphs [38] with a density of 30%.
In the graph, there is a 30% probability that an edge exists between each pair of vertices, and approximately 30% of
all possible edges are present in the graph. During evaluation, we use NetworkX [39] to generate 10 random graphs
with a fixed number of vertices for tests. For our GHS, we run it 5 times and record the best result. We calculate the
average width optimization rate for each method on QAOA circuits with a fixed number of qubits by:

nor
ae=1- 711’21”];’ )

where n represents the number of generated random graphs with a fixed number of nodes, and m represents the fixed
number of qubits in the QAOA circuit, f; is the optimized width of the QAOA circuit with a fixed number of qubits
when solving the MaxCut problem of the i-th random graph. Thus, ae denotes the average width optimization rate
for QAOA circuits with a fixed number of qubits. A larger value of ae indicates a better average width optimization
outcome(smaller width).

Figure 11 demonstrates the average width optimization rate obtained by using the methods in [24,26] and with our
proposed methods. The x-axis represents QAOA circuits with a fixed number of qubits. For example, QAOA-5 means
QAOA circuits with five qubits. Our proposed ES and GHS performed better than the methods from [24,26] in most
circuits. Compared to the average width optimization rate of 65.2% for the method in [26] and 67.6% for the method
in [24] for addressing circuits without pre-determined structures, the ES achieved an average width optimization rate
of 71.6% and the GHS obtained 68.9%. In the evaluation of QAOA circuits, the effect of our method is relatively
similar to the method in [24] for addressing circuits without pre-determined structures. Our method, as well as the
method in [24], achieves a better width optimization rate compared to the method in [26]. The main reason is that
the method in [26] did not take the exchange rules of gates into account. Actually, a large number of gates that can
exchange execution sequences are in the QAOA circuits that do not have pre-determined structures. Our RaQCT, as
well as the method in [24] for addressing circuits without pre-determined structures, makes full use of the exchange
rules. Fully utilizing the exchange rules of gate execution sequences can enhance the width optimization rate. It is
worth noting that the combination of our reusable pair identification method and RaQCT is independent of circuit

types, making it more general compared to the approach presented in [24].
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Figure 11. Comparison of average width optimization rate of QAOA circuits.
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Figure 12 shows a comparison of the time costs for the ES and the GHS. The time cost is presented as the average
time. The original width of a circuit around ten appears to be a dividing line. For circuits with original width smaller
than ten, both ES and GHS have relatively small search trees, so the time required to obtain optimized width is
relatively short. The reason GHS requires relatively less time than ES is that GHS selects a locally optimal equivalent
circuit at each level to enter the next search layer. However, for circuits with original width bigger than ten, time
cost of both ES and GHS starts to increase dramatically as the circuit width grows. One of the reasons is the need to
evaluate more qubit pairs. As the circuit scale increases, the workload of RaQCT also begins to rise. On the other
hand, the expansion of the search tree is the other reason. The time required to obtain the optimized width by GHS is
less than ES. This is again due to the nature of GHS to select locally optimal solutions, making its search tree much
smaller than ES, which performs enumeration. Therefore, considering the time cost, circuits with width smaller than
ten are more suitable for obtaining the exact optimized width within a reasonable time range by ES. The circuits with
width bigger than ten are better optimized using GHS to obtain an approximately limited optimized width.
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Figure 12. Comparison of time cost between ES and GHS. The labels on the x-axis represent the circuit
names, and the original width of each circuit is given in parentheses.

5. Conclusion

This paper proposes a general method for identifying reusable qubit pairs from the perspective of quantum gate
execution sequence. Then, the RaQCT algorithm is proposed. By performing equivalent transformations on the
quantum circuit, the algorithm converts non-reusable qubit pairs into reusable ones, thereby enabling the circuit to
achieve further width optimization. The reusable pair identification method and RaQCT proposed in this work exhibit
greater generality, as they do not require differentiation among types of quantum circuits. Building upon this, a tree-
structured width optimization model is introduced in this paper, along with both exact and heuristic algorithms for
width optimization. Compared with existing works, the general framework proposed in this paper can further reduce
the number of qubits required for circuit execution; these strategies further reduce the number of qubits required for
circuit execution.

Although the work presented in this paper can improve the circuit width optimization performance to a certain
degree, further improvements are still needed. For example, the combination of RaQCT with our width optimization
strategy incurs a certain amount of time as a cost. In the future, it will be crucial to explore more scalable strategies.
Optimizing circuit width is the direct benefit brought by qubit reuse for circuit optimization. However, qubit reuse can
also bring other advantages and disadvantages to circuit execution [27]. Considering that optimized circuits require
qubit mapping [21,23,40], the trade-offs associated with qubit reuse need to be further evaluated. In addition, some
previous works [26,28] have explored and analyzed quantum algorithms suitable for circuit optimization via qubit
reuse. They provided theoretical proof that some quantum algorithms can achieve optimal width through compilation
utilizing qubit reuse. For example, the Bernstein-Vazirani (BV) algorithm has been theoretically proven to implement
any n-qubit BV algorithm using 2 qubits through qubit reuse. In the future, as we combine qubit reuse with qubit
mapping, further investigation of circuits that can benefit from qubit reuse will be required. Moreover, a thorough
analysis and exploration of qubit mapping methods that incorporate qubit reuse will be conducted, considering the

specific characteristics of these circuits.
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