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When numerically simulating the unitary time evolution of an infinite-
dimensional quantum system, one is usually led to treat the Hamiltonian H as
an “infinite-dimensional matrix” by expressing it in some orthonormal basis of
the Hilbert space, and then truncate it to some finite dimensions. However, the
solutions of the Schrödinger equations generated by the truncated Hamiltoni-
ans need not converge, in general, to the solution of the Schrödinger equation
corresponding to the actual Hamiltonian.

In this paper we demonstrate that, under mild assumptions, they converge
to the solution of the Schrödinger equation generated by a specific Hamiltonian
which crucially depends on the particular choice of basis: the Friedrichs exten-
sion of the restriction of H to the space of finite linear combinations of elements
of the basis. Importantly, this is generally different from H itself; in all such
cases, numerical simulations will unavoidably reproduce the wrong dynamics in
the limit, and yet there is no numerical test that can reveal this failure, unless
one has the analytical solution to compare with.

As a practical demonstration of such results, we consider the quantum par-
ticle in the box, and we show that, for a wide class of bases—which include as-
sociated Legendre polynomials as a concrete example—the dynamics generated
by the truncated Hamiltonians will always converge to the one corresponding
to the particle with Dirichlet boundary conditions, regardless the initial choice
of boundary conditions. Other such examples are discussed.

1 Introduction
Imagine you are assigned the following homework for an undergraduate quantum mechanics
class: to numerically solve the time-independent Schrödinger equation for a particle in the
box with periodic boundary conditions. You choose a basis of wavefunctions with the
correct boundary conditions, and express the Hamiltonian in this basis. You then solve
for the time evolution with your favorite method and programming language. You observe
that the numerical simulation converges when increasing the number of basis elements,
and that the solution is preserving the normalization of the initial wavefunction. You hand
back the solution, yet you fail the class: you have obtained the solution for the wrong box,
namely the box with hard wall (Dirichlet) boundary conditions.

This article is about what went wrong, and why this also has implications for research
level problems.
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1.1 Convergence of Galerkin approximations
Let us begin by integrating our problem in a more general framework. We shall consider a
quantum system whose energy is described by a self-adjoint operator H (the Hamiltonian)
on an infinite-dimensional Hilbert space H; in order to make our description suitable to
quantum systems with unbounded energy spectrum, like in the case of the particle in a
box, H will generally be an unbounded linear operator on H, and thus to be defined on a
proper subspace D(H) of the Hilbert space—the domain of H:

H : D(H) ⊂ H → H. (1.1)

We further assume H to be bounded from below, which is typically the case in applications.
As is well-known, the Hamiltonian H generates a unitary propagator U(t) = e−itH pro-

viding the unique solution of the Schrödinger equation. However, in most realistic situa-
tions, analytically computing U(t) proves to be a formidable challenge—nor can computers
handle systems with infinitely many degrees of freedom.

To this extent, we can consider a family (Pn)n∈N of finite-dimensional projectors on
H, e.g. each with n-dimensional range, and strongly converging to the identity—that is,
Pnψ → ψ as n → ∞ for every state ψ ∈ H. Assuming PnH ⊂ D(H) for every n, one
can define a family of finite-dimensional truncations of H via Hn = PnHPn, each of them
being a bounded operator on H generating a new unitary propagator Un(t) = e−itHn which
can be computed numerically using standard linear algebra procedures. This procedure
is usually referred to as Galerkin approximation or Galerkin’s method (cf. Section 1.3).
Typically, one constructs Pn by choosing some suitable orthonormal basis (ϕl)l∈N ⊂ D(H),
and defines Pn as the projector on the space spanned by the first n elements of the basis,

Pn =
n−1∑
l=0

⟨ϕl, ·⟩ϕl. (1.2)

Intuitively, one would then expect that, as n → ∞, the propagators Un(t) provide a “good”
approximation of the propagator U(t) generated by the original Hamiltonian H. This leads
us to the following:

Question 1.1. Under which conditions do the unitary propagators Un(t) generated by
Hn = PnHPn strongly converge to the unitary propagator U(t) = e−itH , in the following
sense:

lim
n→∞

∥Un(t)ψ − U(t)ψ∥ = 0 for all ψ ∈ H? (1.3)

One case in which the answer is always affirmative is the following: H has a discrete
spectrum, and the projectors Pn are defined via Eq. (1.2) by choosing the vectors (ϕl)l∈N
as a basis of eigenvectors of H itself (Remark 2.3). However, in practical applications,
such an explicit knowledge of the eigenvalues and corresponding eigenvectors of H is not
at our disposal, save from very particular cases. As such, it makes sense to worry about
this question for more general families of projectors.

As it turns out, the mere fact that Pn → 1 strongly is generally not sufficient to ensure
that the question above has an affirmative answer. Quite the contrary, in this paper we
will show (Proposition 2.11) that, in general,

lim
n→∞

∥Un(t)ψ − Ũ(t)ψ∥ = 0 for all ψ ∈ H, (1.4)

where Ũ(t) is the unitary propagator generated by a self-adjoint operator H̃, generally
distinct from H, obtained through the following procedure:
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1. one restricts H to the dense subspace Hfin = ∪nPnH, i.e., the space of all vectors
ψ ∈ H such that Pnψ = ψ for sufficiently large n;

2. one then considers the so-called Friedrichs extension H̃ of this restriction (cf. Defini-
tion 2.9).

Consequently, and taking into account that the relation between self-adjoint operators
and their corresponding unitary propagators is one-to-one, the question has an affirmative
answer if and only if H coincides with the operator H̃ as defined above. Since in general
the restriction of H to Hfin may have infinitely many self-adjoint extensions—with H being
only one of them—in general H ̸= H̃, and thus Un(t)ψ ̸→ U(t)ψ. In this case, all numerical
simulations of the Schrödinger equation based on this choice of projectors will dramatically
fail to reproduce the desired dynamics in the limit n → ∞. Merely choosing the projectors
in such a way that PnH ⊂ D(H) (for example, constructing them via an orthonormal basis
entirely contained in D(H)) is not sufficient, in general, to avoid this phenomenon.

1.2 Galerkin approximations of the particle in a box
We can now revisit the “thought homework” presented at the beginning of the paper in light
of these general results. To this extent, it will be useful to briefly recall the mathematical
description of a quantum particle in a one-dimensional box.

Without loss of generality, the box shall be identified with the real interval (−1, 1), its
boundary thus consisting of the two points x = ±1. The Hilbert space of the system
is H = L2((−1, 1)), that is, the space of square-integrable, complex-valued functions on
(−1, 1). One then proceeds to identify the Hamiltonian of the particle. As is well-known,
this operator should act on wavefunctions ψ as minus the second derivative with respect
to the position x of the particle—the one-dimensional Laplace operator:

(Hψ)(x) = −ψ′′(x) = − d2

dx2ψ(x), (1.5)

where the mass m of the particle was fixed to 1/2 and ℏ = 1. However, as already remarked
in the general case, one must also specify a proper domain D(H) for our operator. Here,
specifically,

• D(H) must contain functions satisfying the minimal condition ψ′′ ∈ H = L2((−1, 1)).
The space of such functions is the second Sobolev space H2((−1, 1)), cf. Definition 3.1;

• Besides, because of the presence of a boundary, D(H) must contain functions imple-
menting the specific boundary conditions satisfied by the wavefunctions.

The last piece of information is particularly relevant: distinct boundary conditions corre-
spond to distinct Hamiltonians and, ultimately, to distinct physical systems whose bound-
aries have physically distinct properties—or even different geometries. As is well-known,
there are infinitely many admissible choices of boundary conditions, each parametrized by
a 2 × 2 unitary matrix W ∈ U(2) (cf. Section 3.1 and references therein), each boundary
condition reading

i(I +W )
(

−ψ′(−1)
ψ′(+1)

)
= (I −W )

(
ψ(−1)
ψ(+1)

)
. (1.6)

Each choice of W will correspond to a distinct operator HW : D(HW ) ⊂ H → H, repre-
senting a distinct physical situation—and thus, generating a distinct unitary propagator
UW (t) = e−itHW .

Coming back to Galerkin approximations, the following question arises:
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Question 1.2. Consider an orthonormal basis (ϕl)l∈N ⊂ H2((−1, 1)) of the Hilbert space
L2((−1, 1)) with the following property: for every l ∈ N,

ϕl(±1) = 0, ϕ′
l(±1) = 0. (1.7)

Let Hn be the nth Galerkin approximation of the Laplace operator corresponding to this
choice of basis, and Un(t) the corresponding unitary propagator. Then:

• will Un(t) converge strongly to some unitary propagator?

• if so, does this propagator coincide with the unitary propagator generated by some
specific operator HW , i.e., corresponding to some specific choice of boundary condi-
tions?

Note the counterintuitive fact that Eq. (1.7) does not prevent (ϕl)l∈N from being a
complete orthonormal set in L2((−1, 1)): such bases can be found, and they are as good
as any other. The question itself is nontrivial for the following reason: an orthonormal
basis satisfying Eq. (1.7) is essentially blind to the choice of boundary conditions—that is,
it satisfies Eq. (1.6) for any possible choices of W . As such, there is no heuristic reason
why finite-dimensional approximations constructed this way should “privilege”, in the limit
n → ∞, one specific choice of boundary conditions.

Instead, we will show the following results:

• Under some assumptions, the unitary propagator Un(t) corresponding to a “boundary-
blind” orthonormal basis (ϕl)l∈N converges strongly to the evolution generated by the
Laplace operator with Dirichlet boundary conditions (Proposition 3.13; see Figure 1);

• Under the same conditions, it is further possible to modify the orthonormal basis
above in such a way that Un(t) converges strongly to the evolution generated by
the Laplace operator with other boundary conditions of our choice—specifically, pe-
riodic boundary conditions and some generalizations (Proposition 3.18). This can be
done in a minimal way: adding to the basis a single function satisfying the desired
boundary conditions can suffice.

In particular, we will offer a concrete example of “boundary-blind” orthonormal bases such
that the phenomena listed above happen: the normalized associated Legendre polynomials
(pm

l )l≥m of order m ≥ 4 (Theorems 3.17 and 3.19). We visualize our results for this choice
of basis in Figure 1, where the error ∥UW (t)ψ0 − Un(t)ψ0∥ is plotted as a function of n
for two choices of W : Dirichlet and periodic boundary conditions. In agreement with
Theorem 3.17, the approximation error converges to 0 for Dirichlet boundary conditions,
whereas it stays nonzero (and relatively big) for periodic boundary conditions. We refer to
Appendix B for the lengthy calculation of all quantities involved in evaluating the error.

This apparently contradictory phenomenon has, in fact, a clear mathematical interpre-
tation in the light of the abstract results informally presented in Section 1.1: in both cases
sketched above, the specific boundary conditions that are “selected” in the limit n → ∞ are
precisely those corresponding to the Friedrichs extension of the Laplace operator initially
defined on the space of finite linear combinations of these basis vectors. If the desired
boundary conditions differ from the one corresponding to the Friedrichs extension, one
will always obtain a wrong result—and yet there is no numerical test that can reveal this
failure, unless (like here) one has the analytical solution to compare with.
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Figure 1: Approximation error ∥UW (t)ψ0 − Un(t)ψ0∥ for the Dirichlet time evolution UDir of a Dirichlet
eigenvector ψ0(x) = sin(5/2π(x+ 1)) (left) and for the periodic time evolution Uper(t) of a periodic
eigenvector ψ0(x) = 1/

√
2 (right) over the number of basis elements n and for different times t. In

both cases, finite-dimensional truncations are constructed by means of associated Legendre polynomials
pm

l with m = 4. The error only converges to 0 in the Dirichlet case, in agreement with our analytical
results (cf. Theorem 3.17).

1.3 Some bibliographic remarks
Galerkin approximations and equivalent finite-dimensional truncations are constantly used
in the literature, cf. [1, p. 273], [2, p. 18], [3, p. 67]. In quantum chemistry, see e.g. [4,
pp. 202–204] and references therein, they are also often called finite basis representation.
They are also a fundamental tool in quantum control theory, where (again under the name
Galerkin approximations) they are employed in order to transfer controllability results from
finite-dimensional approximations to the full, infinite-dimensional control system [5–9], see
in particular [9, Theorem 4.7].

In the mathematical literature, the convergence of Galerkin approximations is often
treated in the Hilbert space framework introduced here; see, in particular, [10, p. 101, 243].
In the more general framework of Banach spaces, a variety of upper-bounds for the approx-
imation errors in the respective norms can be deduced [11–13]: in particular, parabolic
differential equations are discussed in [14–18]. Furthermore, Cea’s Lemma [19, 20] pro-
vides such an error estimate for finite dimensional approximations of stationary problems:
for the specific case of approximating the Dirichlet Laplacian with a Sobolev–complete
basis, see [21, 22].

In quantum chemistry, on the other hand, approximation errors and the question of
convergence are often treated by means of heuristic arguments or with the aid of numer-
ical simulations, e.g. by comparing numerical results with reference systems [23, p. 387].
In particular, no general convergence statements are usually involved [1, 2, 4]. Notable
exceptions are [24–26] and [23, p. 387], where the convergence of the lowest discrete eigen-
values of molecular Hamiltonians is shown for multiple typical basis sets used in quantum
chemistry. Cases in which Galerkin’s method fails to reproduce the correct dynamics in
the limit are usually not mentioned in the literature, an exception being [24] again.

Galerkin approximations of bosonic systems were considered rigorously in a number of
recent works [27–31]. In particular, [27, 28] highlight that finite–dimensional approxima-
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tions of higher–order squeezing operators always lead to unexpected oscillations in the
truncation size.

The potential relevance of such numerical issues extend far beyond its mere educational
value. Even the particular case study presented in this paper, the particle in a box with
hard walls, provides first important insights into the simulation of systems of physical rel-
evance: it serves as a simple model for confined particles, such as electrons in molecules
and crystals [32–38], nuclei in the nucleus [39, p. 77], quantum dots [40–42] or quantum
well lasers [43]. On the other hand, Cooper pair boxes are described by a particle in a box
with periodic boundary conditions [44–46]. As the associated Legendre polynomials are
often used in quantum chemistry in the form of spherical harmonics [2, 4, 47], convergence
issues similar to those presented here might also appear in other quantum chemistry prob-
lems. Finally, regarding quantum boundary conditions, the different boundary conditions
of a particle in a box are discussed in a more mathematical setting in [48, 49], the latter
providing a composition law for time-dependent, alternating boundary conditions. A more
general case on Riemannian manifolds is considered in [50], highlighting the importance
of boundary conditions in a variety of fields like the Quantum Hall effect [51, 52], cosmol-
ogy [53] and quantum field theory [54, 55]. The predominance of the Dirichlet boundary
condition is discussed in [56, Prop 4.14.1, p. 759] and [57]. Finally, in [58] the time evolution
of a particle in a box with hard walls is analytically calculated, and it is shown that initial
states which do not fulfill Dirichlet boundary conditions evolve into fractal functions.

1.4 Outline of the paper
The remainder of the paper will be devoted to translating the results presented above into
a rigorous mathematical framework. The paper is organized as follows:

• in Section 2 we list, together with relevant definitions, our main results (infor-
mally presented in Section 1.1) about the convergence of the dynamics generated
by Galerkin approximations of general self-adjoint operators;

• in Section 3 we list our main results (informally presented in Section 1.2) concern-
ing the convergence of the dynamics generated by Galerkin approximations of the
Hamiltonian of a quantum particle in a box;

• Sections 4 and 5 contain the proofs of all results listed in Sections 2 and 3;

• finally, we gather some final remarks in Section 6.

2 Galerkin approximations: general results
We will start by presenting some general results about the convergence of the unitary
dynamics generated by Galerkin approximations of a given self-adjoint operator H. These
results constitute the abstract substrate to the concrete convergence theorems for Galerkin
approximations of the particle in a box that will be presented in Section 3. As these
results are of interest by themselves—and potentially applicable to situations of physical
interest not covered in this work—we shall present them explicitly. The reader exclusively
interested in the specific case of the particle in a box might directly jump to the next
section.

For the remainder of this section, H will be an infinite-dimensional, complex, and
separable—that is, admitting countable complete orthonormal sets—Hilbert space; the
scalar product on H, and its associated norm, will be denoted by ⟨·, ·⟩ and ∥ · ∥. The
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Figure 2: Pictorial representation of the Galerkin approximation. The unbounded operator H on
the infinite-dimensional space H is truncated by means of a family of finite-dimensional projectors
(Pn)n∈N: this yields the bounded operator Hn = PnHPn on H, which only acts nontrivially on the
finite-dimensional subspace Hn = PnH, where its action is described by Ĥn, and zero everywhere else.

domain of an unbounded linear operator A on H will be denoted by D(A), and the adjoint
of A, whenever well-defined, will be denoted by A∗.

Definition 2.1 (Galerkin approximation). Let H : D(H) ⊂ H → H be a self-adjoint
operator on H, and (Pn)n∈N a family of finite-dimensional orthogonal projectors satisfying
the following properties:

• Pn → 1 strongly, that is, Pnψ → ψ for all ψ ∈ H;

• PnH ⊂ D(H) for every n ∈ N.

The nth Galerkin approximation of H is the bounded operator on H defined by

Hn : H → H, Hn := PnHPn = Ĥn ⊕ 0H⊥
n
, (2.1)

with Ĥn being the restriction of Hn to the finite-dimensional Hilbert space Hn = PnH.

Above, in Eq. (2.1), we exploited the direct sum decomposition of H given by H ≃
Hn ⊕ H⊥

n . The decomposition Hn = Ĥn ⊕ 0H⊥
n

is pictorially depicted in Figure 2. The
decomposition (2.1) of Hn immediately means that the corresponding unitary propagator
Un(t) = e−itHn decomposes as follows:

Un(t) = Ûn(t) ⊕ 1H⊥
n
, Ûn(t) = e−itĤn . (2.2)

We are interested in sufficient conditions under which Un(t) converges strongly to U(t),
that is, Un(t)ψ → U(t)ψ for all ψ ∈ H and t ∈ R. We begin by recalling a simple sufficient
criterion: Galerkin’s method works when the subspace of H defined by

Hfin :=
⋃

n∈N
PnH (2.3)

is a core of H, that is: the restriction of H to this space is still essentially self-adjoint, i.e.
it admits H as its unique self-adjoint extension:

Proposition 2.2. Let H be a self-adjoint operator on H, (Pn)n∈N a family of projectors
as in Definition 2.1, additionally satisfying PnPm = Pn for all m ≥ n, and Un(t) = e−itHn

the unitary propagator associated with the nth Galerkin approximation Hn of H. Assume
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that the restriction Hfin of H onto the space Hfin as per Eq. (2.3) is essentially self-adjoint.
Then, for all t ∈ R and ψ ∈ H,

lim
n→∞

∥U(t)ψ − Un(t)ψ∥ = 0 (2.4)

where U(t) = e−itH is the unitary propagator generated by H.

Proof. We recall that the property (2.4) is equivalent to strong resolvent convergence of
Hn to H (cf. [59, 287]), and that, by [60, Proposition 10.1.18], a sufficient condition for
strong resolvent convergence of a family of self-adjoint operators (Hn)n∈N to a self-adjoint
operator H is the following [60, Proposition 10.1.18]: there exists D0 ⊂ D(H) such that

(i) D0 is a core of H;

(ii) D0 ⊂ D(Hn) for all n ∈ N;

(iii) for all ψ ∈ D0, Hnψ → Hψ.

We choose D0 = Hfin. Then (i) is true by assumption, and (ii) is obvious since D(Hn) = H
for every n ∈ N. To prove (iii), let ψ ∈ Hfin. Then, as PnPm = Pn for m ≥ n, there exists
N ∈ N such that ψ ∈ PnH for all n ≥ N , and

lim
n→∞

Hnψ = lim
n→∞

PnHPnψ = lim
n→∞

PnHψ = Hψ . (2.5)

Thus limn→∞Hnψ = Hψ for all ψ ∈ Hfin, which proves that (iii) holds. This completes
the proof.

Remark 2.3. Proposition 2.2 covers the particular case in which H has a purely discrete
spectrum, thus admitting an orthonormal basis of eigenvectors1 (ϕl)l∈N, and the projectors
(Pn)n∈N correspond precisely to the projection on the span of the first n eigenvectors of H,

Pn =
n−1∑
l=0

⟨ϕl, ·⟩ϕl, Hϕl = Elϕl, (2.6)

with Ej ∈ R being the jth eigenvalue of H. Each of these projectors has a finite-dimensional
span, and PnH ⊂ D(H) since each eigenvector is in D(H). Then Hfin, as defined in
Proposition 2.2, is a core of H [61, p. 78]. As such, as anticipated in Section 1.1, the
Galerkin method always works when truncating H in its own eigenbasis.

As already pointed out in Section 1.1, here we are instead interested in the situation in
which the sufficient criterion presented above does not apply—that is, H is not essentially
self-adjoint on Hfin. In such cases, more sophisticated arguments will be necessary. We
begin by recalling two basic definitions:

Definition 2.4. Let A : D(A) ⊂ H → H be a densely defined symmetric operator on H.
Then:

• A is bounded from below (or semibounded) if there exists γ ∈ R such that

⟨ψ,Aψ⟩ ≥ γ∥ψ∥2 for all ψ ∈ D(A); (2.7)

1For definiteness, whenever considering an arbitrary orthonormal basis, the index l will range on all
natural numbers. However, when considering specific bases (like the associated Legendre polynomials,
cf. Definition 3.14), the index l could range on a different set of integers.
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• A is coercive if the equation above holds with γ > 0.

Proposition 2.5. Let A be a coercive self-adjoint operator. Then A admits a bounded
inverse with ∥A−1∥ ≤ 1

γ .

Proof. As A is coercive and self-adjoint, 0 is not in its spectrum [61, Theorem 2.19], hence
A admits a bounded inverse A−1. Let 0 ̸= ψ ∈ D(A). By the Cauchy–Schwarz inequality,

∥Aψ∥ = ∥ψ∥∥Aψ∥
∥ψ∥

≥ ⟨ψ,Aψ⟩
∥ψ∥

≥ γ∥ψ∥ . (2.8)

Furthermore, given ψ ∈ H,

γ∥A−1ψ∥ ≤ ∥AA−1ψ∥ = ∥ψ∥ for all ψ ∈ H, (2.9)

where we applied Eq. (2.8) onto A−1ψ ∈ D(A).

Remark 2.6. A central object in the study of Galerkin approximations are Galerkin
projectors (Definition 2.7), which require the operator to admit a bounded inverse. As such,
to keep the notation simple, we will only define them for coercive self-adjoint operators,
which automatically admit a bounded inverse by Proposition 2.5. However, in the more
general case of operators bounded from below with γ ∈ R, one can simply study the
operator A− γ + 1, which is clearly coercive:

⟨ψ, (A− γ + 1)ψ⟩ = ⟨ψ,Aψ⟩ + (1 − γ)∥ψ∥2 ≥ ∥ψ∥2, (2.10)

since the dynamics induced by A and A − γ + 1 only differ by an immaterial phase
term: e−it(A−γ+1) = e−i(1−γ)te−itA. We will use this simple argument in the proof of
Proposition 2.8.

Definition 2.7 (Galerkin projector). Let H : D(H) ⊂ H → H be a coercive self-adjoint
operator on H, and Pn, Hn, Ĥn as in Definition 2.1. The nth Galerkin projector is the
operator on H defined by

Qn : D(H) → H , Qnψ = RnHψ , (2.11)

where
Rn : H → H , Rn = Ĥ−1

n ⊕ 0H⊥
n
. (2.12)

We point out that Qn is generally a non-self-adjoint projector (cf. Lemma 4.1), that
is, Q2

n = Qn ̸= Q∗
n. The definition above is indeed well-posed: by Proposition 2.5 H

admits a bounded inverse, thus necessarily each operator Ĥn is also invertible in the finite-
dimensional space Hn. Pay attention to the fact that, instead, Hn is never invertible in H
(also see Remark 4.2).

We present our first general convergence statement about Galerkin approximations: it
consists of an adaptation to the Hilbert space scenario of a result by Parter, cf. [11]:

Proposition 2.8. Let H : D(H) ⊂ H → H be a coercive self-adjoint operator on H,
and Hn and Qn the Galerkin approximation and projector corresponding to a family of
projectors (Pn)n∈N as per Definition 2.1. Assume

lim
n→∞

Qnψ = ψ for all ψ ∈ D(H). (2.13)

Then, for all t ∈ R,
lim

n→∞
Un(t)ψ = U(t)ψ for all ψ ∈ H, (2.14)

where Un(t) and U(t) are the unitary propagators generated respectively by Hn and H, i.e.
Un(t) = e−itHn and U(t) = e−itH .
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We provide an explicit proof in Section 4.1.
Proposition 2.8 provides a sufficient condition for the convergence of the dynamics gener-

ated by Galerkin approximations: given a coercive self-adjoint H, and its Galerkin approxi-
mations (Hn)n∈N obtained through a family of projectors (Pn)n∈N such that PnH ⊂ D(H),
then a sufficient condition from Un(t) converging strongly to U(t) is Qnψ → ψ for all
ψ ∈ D(H), with Qn being the nth Galerkin approximation associated with Pn. In prac-
tical applications, computing Qn explicitly—and thus, using Proposition 2.8 to show con-
vergence of Galerkin approximations—might be unfeasible; it would then be nice to have
sufficient criteria for the property Qnψ → ψ to hold. We will present one such condition
that crucially involves the concept of Friedrichs extension of a symmetric operator. To this
end, we shall briefly recall some basic facts about the relation between sesquilinear forms
and linear operators.

Let A : D(A) ⊂ H → H be a (possibly not self-adjoint) symmetric operator bounded
from below, cf. Definition 2.4. As such, the sesquilinear form qA : D(A)×D(A) → C defined
by qA(ψ,φ) := ⟨ψ,Aφ⟩ satisfies qA(ψ,ψ) ≥ γ∥ψ∥2, or equivalently, satisfies qA−γ(ψ,ψ) :=
⟨ψ, (A− γ)ψ⟩ ≥ 0. As such, one can consider a stronger norm on D(A) defined by

∥φ∥2
+ := qA−γ(φ,φ) + ∥φ∥2, φ ∈ D(A). (2.15)

We remark that, for positive operators, this norm is equivalent to the graph norm of A1/2

[62, p. 227]. The following proposition allows us to construct a distinct extension of A.

Proposition 2.9. ([63, p. 177] [61, p. 70]) The following facts hold:

• qA−γ admits a unique extension q̃A−γ to a sesquilinear form defined on D(q̃A−γ) :=
D(A)∥·∥+, the closure of D(A) with respect to the norm ∥ · ∥+;

• There is a unique self-adjoint operator Ã : D(Ã) ⊂ H → H, with D(Ã) ⊂ D(q̃A−γ),
such that q̃A−γ(ψ,φ) = ⟨ψ, (Ã− γ)φ⟩ for all ψ,φ ∈ D(Ã).

Besides, Ã is a self-adjoint extension of A which is also bounded from below by γ, and it is
its unique self-adjoint extension such that D(Ã) ⊂ D(q̃A−γ).

Definition 2.10. Let A : D(A) ⊂ H → H be a densely defined, symmetric operator
bounded from below. Then the self-adjoint extension Ã as given by Proposition 2.9 is the
Friedrichs extension of A.

The following proposition showcases the central role of the Friedrichs extension in ap-
proximation theory:

Proposition 2.11. Let H : D(H) ⊂ H → H be a self-adjoint operator bounded from below,
and (Pn)n∈N a family of projectors as in Definition 2.1 additionally satisfying PnPm = Pn

for all n ≥ m. Let Hfin be the subspace of H defined in Eq. (2.3), and Hfin be the restriction
of H to Hfin. Then Hfin is densely defined and symmetric, and for all ψ ∈ H and t ∈ R we
have

lim
n→∞

Un(t)ψ = Ũ(t)ψ, (2.16)

where Ũ(t) is the unitary propagator generated by the Friedrichs extension H̃fin of Hfin,
cf. Definition 2.10.

This proposition could be derived from [10, Theorem 2.12.6, p. 101], which deals with
Galerkin approximations of a more general class of sectorial operators on a Hilbert space.
However, such a derivation is not immediate and we provide a direct proof in Section 4.2.
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As anticipated in Section 1.1, one clearly sees that, in general, the dynamics induced by
the Galerkin approximations of H will not converge to U(t) = e−itH , unless H actually
coincides with H̃fin. In agreement with Proposition 2.2, this is always the case if Hfin
is essentially self-adjoint, i.e. Hfin is a core of H: in this case H and H̃fin are both
self-adjoint extensions of the essentially self-adjoint operator Hfin, and thus equal. In
such cases, Galerkin’s method always works. If, instead, Hfin has multiple—and thus,
infinitely many—self-adjoint extensions, Galerkin’s method will produce convergence to
the dynamics generated by one privileged self-adjoint extension of Hfin (the Friedrichs
one), which may or may not coincide with the operator H whose dynamics we want to
reproduce. In the following section we will examine a situation in which, indeed, Hfin
has infinitely many self-adjoint extensions—so that the validity of Galerkin’s method is at
stake.

Remark 2.12. When the projectors Pn are obtained by an orthonormal basis Φ = (ϕl)l∈N
through

Pn =
n−1∑
l=0

⟨ϕl, ·⟩ϕl, (2.17)

then the space Hfin as defined in Eq. (2.3) is simply Span Φ, the space of finite linear
combinations of elements of the basis. This is exactly the scenario we will encounter in
Section 3, where, to stress the dependence on the choice of basis, the operator Hfin shall
be simply denoted by HΦ.

3 Galerkin approximations of the particle in a box
In this section we shall apply the results of the previous section to the quantum particle
in a box. We will prove the existence of a class of orthonormal bases satisfying Dirichlet
boundary conditions and possibly other boundary conditions, and having the following
property: the dynamics generated by the corresponding Galerkin approximation always
converge to the one corresponding to Dirichlet boundary conditions (Proposition 3.13);
these include, as a notable example of “boundary-blind” bases, associated Legendre poly-
nomials (Theorem 3.17).

Furthermore, we show that such bases can be minimally modified in such a way that the
dynamics generated by said approximations converge to the one corresponding to other
boundary conditions—namely, α-periodic boundary conditions (Proposition 5.2)—despite
again satisfying other boundary conditions.

3.1 Preliminaries
Following the discussion in Section 1.2, we now set H = L2((−1, 1)), and we use the
symbols ⟨·, ·⟩, ∥ · ∥ to denote the standard L2 scalar product and associated norm. In
order to set up the notation—and for the convenience of readers not familiar with this
language—we will recall here some known properties of Sobolev spaces, see e.g. [18, 64–
66], and self-adjoint realizations of the Laplace operator in a one-dimensional interval; our
results will be presented in Section 3.2–3.3.

Definition 3.1 (Sobolev spaces). Let k ∈ N. The Sobolev space of order k, Hk((−1, 1)),
is defined by

Hk((−1, 1)) =
{
φ ∈ L2((−1, 1)) : φ(α) ∈ L2((−1, 1)), α = 1, . . . , k

}
, (3.1)
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Above, φ(α) is the αth (distributional) derivative of φ, which is well-defined since all
functions in L2((−1, 1)) are locally integrable. For α = 1, 2, we shall denote the corre-
sponding derivatives by φ′ and φ′′. Each of these spaces, equipped with the scalar product
and associated norm defined by

⟨ψ,φ⟩Hk =
k∑

α=0
⟨ψ(α), φ(α)⟩ , ∥φ∥Hk =

(
k∑

α=0
∥φ(α)∥2

)1/2

, (3.2)

is a Hilbert space.
Recall that the elements of L2((−1, 1)) are, strictly speaking, equivalence classes of

square-integrable functions that are almost everywhere equal, i.e., each class contains func-
tions that differ in a set of zero Lebesgue measure. The following known result tells us
that each element of H1((−1, 1)) admits a unique continuous representative:

Proposition 3.2. [65, Theorem 8.2] Let φ ∈ H1((−1, 1)). Then there exists a unique
continuous function φ̃ : [−1, 1] → C that belongs to the equivalence class of φ, i.e., φ̃ = φ
almost everywhere in (−1, 1).

As a consequence, each element of H1((−1, 1)) (and so for higher-order Sobolev spaces)
can be identified, with a slight abuse of notation, with a continuous function. In the
following we will not distinguish between φ and its continuous representative; this will
allow us to write expressions like φ(x) for x ∈ [−1, 1], including the two boundary points
±1. We can thus provide the following additional definition:

Definition 3.3. The space H1
0((−1, 1)) is defined by

H1
0((−1, 1)) =

{
φ ∈ H1((−1, 1)) : φ(±1) = 0

}
. (3.3)

This is a closed subspace of H1((−1, 1)), corresponding to the closure of the space of dif-
ferentiable and compactly supported functions with respect to the norm of H1((−1, 1)) [65,
Theorem 8.12], and is thus itself a Hilbert space. Functions in this space satisfy an inequal-
ity which will turn useful for our purposes:

Proposition 3.4 (Poincaré’s inequality). Let ψ ∈ H1
0((−1, 1)). Then

∥ψ∥ ≤ ∥ψ′∥ . (3.4)

For completeness, we provide an explicit proof here. Analogous inequalities also hold in
higher dimensions, see e.g. [64, p. 166].

Proof. As ψ ∈ H1((−1, 1)) and ψ(−1) = 0, we have

ψ(x) =
∫ x

−1
ψ′(s) ds ∀x ∈ (−1, 0], (3.5)

whence we get

sup
x∈(−1,0]

|ψ(x)| ≤
∫ 0

−1
|ψ′(s)| ds, (3.6)
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and therefore ∫ 0

−1
|ψ(s)|2 ds ≤ sup

x∈(−1,0]
|ψ(x)|2

∫ 0

−1
ds

≤
(∫ 0

−1
|ψ′(s)| ds

)2

≤
∫ 0

−1
|ψ′(s)|2 ds

∫ 0

−1
ds′ =

∫ 0

−1
|ψ′(s)|2 ds, (3.7)

where we used Eq. (3.6) and, in the last step, the Cauchy–Schwarz inequality. Since we
also have ψ(+1) = 0, repeating the same procedure in [0, 1) yields∫ 1

0
|ψ(s)|2 ds ≤

∫ 1

0
|ψ′(s)|2 ds. (3.8)

Combining Eqs. (3.7)–(3.8) yields the desired inequality.

Notice that, as a direct result of this inequality, the function ψ 7→ ∥ψ′∥ defines a norm
on H1

0((−1, 1)) equivalent to ∥ · ∥H1 .
We now turn to the realizations of the Laplace operator on L2((−1, 1)), reprising the

discussion in Section 1.2. Let us recall some known facts:

Proposition 3.5. For every 2 × 2 unitary matrix W ∈ U(2), the operator HW : D(HW ) ⊂
L2((−1, 1)) → L2((−1, 1)) defined by

D(HW ) =
{
φ ∈ H2((−1, 1)) : i(1+W )

(
−φ′(−1)
φ′(+1)

)
= (1−W )

(
φ(−1)
φ(+1)

)}
; (3.9)

HWφ = −φ′′ (3.10)

is self-adjoint, and has a purely discrete spectrum bounded from below.

Proof. Self-adjointness of HW is a standard result, see e.g. [48–50], which comes from von
Neumann’s theory of self-adjoint extensions. For the spectrum in the general case, see
e.g. [48].

Each operator HW is a distinct self-adjoint realization of the Laplace operator, corre-
sponding to a specific choice of boundary conditions to be satisfied by all functions in their
domain; as such, each generates a distinct unitary group UW (t) = e−itHW , cf. Example 3.8.
For our purposes, let us introduce some specific kinds of self-adjoint realizations of the
Laplace operator.

Definition 3.6. We define the following boundary conditions:

Dirichlet b.c.: W = −1 ⇒ φ(−1) = φ(1) = 0;
Neumann b.c.: W = +1 ⇒ φ′(−1) = φ′(1) = 0;
α-periodic b.c.: W = W (α) ⇒ φ(−1) = eiαφ(1), φ′(−1) = eiαφ′(1),

(3.11)

where 0 ≤ α < 2π and

W (α) =
(

0 e−iα

eiα 0

)
. (3.12)

In particular, α-periodic boundary conditions corresponding to α = 0 and α = π are
respectively denoted as periodic and antiperiodic boundary conditions.
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Example 3.7 (Eigenvalues and eigenvectors of different boundary conditions). We recall
that, for the three particular boundary conditions as per Definition 3.6, one can explicitly
compute eigenvalues and eigenvectors:

Dirichlet b.c.: Ej = j2π2

4 ψj(x) = sin
(

jπ
2 (x+ 1)

)
j ≥ 1;

Neumann b.c.: Ej = j2π2

4 ψj(x) = cos
(

jπ
2 (x+ 1)

)
j ≥ 0;

Periodic b.c.: Ej = j2π2 ψj(x) = 1√
2eijπ(x+1) j ∈ Z.

(3.13)

Example 3.8 (Evolution induced by distinct boundary conditions). In order to stress
how drastically the choice of boundary conditions can influence the dynamics, let us
compare the evolutions corresponding to Dirichlet and periodic boundary conditions,
cf. Definition 3.6. For definiteness, let us adopt the self-explanatory notations HDir, Hper
for the two Hamiltonians, and UDir(t), Uper(t) for the corresponding unitary propagators.
Given ψ0 ∈ L2((−1, 1)), let

ψDir(x; t) = (UDir(t)ψ0)(x), ψper(x; t) = (Uper(t)ψ0)(x). (3.14)

For times t = p
q

4
π with rational prefactors p

q , p, q ∈ N, ψDir(x; t) is explicitly calculated
in [58]. In particular, at t = 4/π, the time evolutions are given by

ψDir(x; 4/π) = −ψ0(−x) ψper(x; 4/π) = ψ0(x) , (3.15)

see Appendix A for an explicit proof. As such, the time evolutions of an initially
symmetric wavefunction ψ0(−x) = ψ0(x) at t = 4/π are maximally different, that is,
∥ψDir(x; 4/π) − ψper(x; 4/π)∥ = 2, cf. Corollary A.1. The two processes are visually de-
picted in Figure 3. This result agrees with our intuition: hard walls reflect the particle,
causing the wavefunction to undergo a phase change of π and being mirrored, which
eventually results in ψDir(x; 4/π) = −ψ0(−x). Instead, at the same time, the particle in a
periodic box returns to its original position ψper(x; 4/π) = ψ0(x).

Remark 3.9. We note that the domain of the Dirichlet Laplacian HDir, cf. Definition 3.6,
corresponds to

D(HDir) = H1
0((−1, 1)) ∩ H2((−1, 1)), (3.16)

since H2((−1, 1)) ⊂ H1((−1, 1)) and the boundary condition φ(±1) = 0 corresponds
precisely to the one defining the subspace H1

0((−1, 1)) of H1((−1, 1)), cf. Definition 3.3.

3.2 Main results: convergence to the Dirichlet Laplacian
Given W ∈ U(2), we now consider Galerkin approximations Hn,W = PnHWPn of the
corresponding realization HW of the Laplacian. Given a complete orthonormal set (ϕl)l∈N
of H, we define Pn as the projector onto the n-dimensional vector space spanned by the
first n vectors of the basis,

Pn =
n−1∑
l=0

⟨ϕl, ·⟩ϕl. (3.17)

The first result we present is a sufficient condition under which Galerkin approximations
of the Laplace operator corresponding to some basis (ϕl)l∈N converge to the Dirichlet
Laplacian—regardless whether they also satisfie other boundary conditions. We start by
the following crucial property:

Proposition 3.10. Let Φ = (ϕl)l∈N be a complete orthonormal set of L2((−1, 1)) satisfying
the following additional properties:
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Figure 3: Time evolution of an arbitrary initial wavefunction ψ0(x) (a) and b)) and the specific symmetric
initial wavefunction ψ0(x) = sin(π/2(x+ 1)) (c) and d)) in a box with hard walls (a) and c)) and with
periodic boundary conditions (b) and d)). All functions are evaluated at t = 4/π, and the imaginary
part of all wavefunctions is zero.

(i) Φ ⊂ H1
0((−1, 1)) ∩ H2((−1, 1));

(ii) Span Φ′ = {1}⊥,

where Φ′ = (ϕ′
l)l∈N, and 1 denotes the function with constant value 1. Then the symmetric

operator HΦ defined by

D(HΦ) = Span Φ, HΦψ = −ψ′′ (3.18)

has a Friedrichs extension equal to the Dirichlet Laplacian HDir (cf. Remark 3.9):

D(HDir) = H1
0((−1, 1)) ∩ H2((−1, 1)), HDirψ = −ψ′′. (3.19)

This result is proven in Section 5.1.

Remark 3.11. Notice that Φ′ = (ϕ′
l)l∈N is a legitimate set in L2((−1, 1)) since each ϕl is in

the first Sobolev space; besides, each ϕ′
l satisfies

⟨1, ϕ′
l⟩ =

∫ +1

−1
ϕ′

l(x) dx = ϕ(1) − ϕ(−1) = 0, (3.20)

whence the inclusion Span Φ′ ⊂ {1}⊥ already follows from (i) as direct consequence of
Dirichlet boundary conditions; the converse inclusion is, instead, to be assumed.
Remark 3.12. The fact that the Dirichlet realization of the Laplacian corresponds to the
Friedrichs extension of the Laplacian initially defined on Span Φ mirrors—but is not implied
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by—the known fact that the Dirichlet Laplacian also coincides with the Friedrichs extension
of the Laplacian when initially defined on the space C∞

0 ((−1, 1)) of smooth compactly
supported functions, see e.g. [63, Example 1].

Proposition 3.13. Let Φ = (ϕl)l∈N be an orthonormal basis of L2((−1, 1)) satisfying the
following conditions:

(i) Φ ⊂ H1
0((−1, 1)) ∩ H2((−1, 1));

(ii) Span Φ′ = {1}⊥,

and let Hn be the nth corresponding Galerkin approximation of the Laplace operator,
cf. Definition 2.1. Then, for all ψ ∈ L2((−1, 1)) and t ∈ R,

lim
n→∞

∥(Un(t) − UDir(t))ψ∥ = 0 (3.21)

where UDir(t) = e−itHDir.

Proof. As the Dirichlet Laplacian is a self-adjoint operator bounded from below (cf. Propo-
sition 3.5), we can apply Proposition 2.11, and the Galerkin approximations Un(t) = e−iHnt

converge strongly to Ũ(t) = e−iH̃fint, where H̃fin is the Friedrichs extension of Hfin, the
restriction of H to Span Φ (cf. Remark 2.12). But H̃fin = HDir by Proposition 3.10, and
we obtain the claim.

As anticipated in Section 1.2, functions in Φ can, in principle, also satisfy other bound-
ary conditions—possibly all admissible boundary conditions—which makes the content of
Proposition 3.13 not obvious a priori. To prove this point, we shall now specifically con-
sider truncations of the Laplace operator constructed by means of associated Legendre
polynomials [67]:

Definition 3.14. Let l,m ∈ N such that l ≥ m. The Legendre polynomials Pl and the
associated Legendre polynomials Pm

l are defined by

Pl(x) = 1
2ll!

dl

dxl
(x2 − 1)l , (3.22)

Pm
l (x) = (−1)m(1 − x2)m/2 dm

dxm
Pl(x) . (3.23)

The Legendre polynomials Pl are the result of the Gram–Schmidt orthogonalization of
the polynomials [68, p. 208] with respect to the scalar product of L2(−1, 1), whence

Span (Pl)n
l=0 = Span (xl)n

l=0 for every n ∈ N (3.24)

For even m, each associated Legendre polynomial Pm
l is also a polynomial function of

degree l. It is known that, for each fixed m ∈ N, (Pm
l )l≥m is a complete orthogonal set

of L2((−1, 1)) with normalization factor ∥Pm
l ∥ =

√
2(l +m)!/(2l + 1)(l −m)! [61, p. 226],

whence the set of normalized associated Legendre polynomials (pm
l )l∈N, where

pm
l (x) = 1

∥Pm
l ∥

Pm
l (x), (3.25)

is a complete orthonormal set of L2((−1, 1)).
Most importantly for our purposes, for every m ≥ 4 the set (pm

l )l≥m is an example
of “boundary-blind” basis as defined in Section 1.2: it satisfies every admissible boundary
condition, in the following sense:
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Proposition 3.15. Let m ∈ N, m ≥ 4. Then pm
l (±1) = (pm

l )′(±1) = 0.

Proof. Let m ≥ 4. Using Eq. (3.23), Pm
l (±1) = 0. Furthermore,

d
dxP

m
l (x)

∣∣∣∣
x̄=±1

= (−1)mm

2 (1 − x2)m/2−1(−2x) dm

dxm
Pl(x)

+(−1)m(1 − x2)m/2 dm+1

dxm+1Pl(x)
∣∣∣∣∣
x̄=±1

= 0 , (3.26)

which proves Pm
l (±1) = (Pm

l )′(±1) = 0 and therefore pm
l (±1) = (pm

l )′(±1) = 0

In Figure 4, the normalized associated Legendre polynomials and their derivatives are
shown for m = 4 and l ∈ {4, 5, 8}. It is clearly visible that both the pm

l (x) and their
derivatives evaluate to zero at x = ±1, as shown in the proposition above; thus, the
corresponding matrix elements ⟨pm

l ,−(pm
k )′′⟩ with l, k ≥ m are the same for all HW . They

are explicitly calculated in Appendix B.

1.0 0.5 0.0 0.5 1.0
x

1.0

0.5

0.0

0.5

1.0

pm
l (x)

1.0 0.5 0.0 0.5 1.0
x

10

5

0

5

10
d
dxpm

l (x)

l = 4 l = 5 l = 8

Figure 4: The normalized associated Legendre polynomials pm
l (left) and their derivatives d

dxp
m
l (x)

(right) for l ∈ {4, 5, 8} and m = 4.

The following proposition shows that the conditions of Proposition 3.13 are fulfilled by
the associated Legendre polynomials:

Proposition 3.16. Let Pm
l be the associated Legendre polynomials and m ≥ 4. Then

Span
(
pm

l

)′
l≥m = {1}⊥ . (3.27)

The proof of this statement is provided in Section 5.2. Combining this result with
Proposition 3.13, our first concrete convergence result follows:

Theorem 3.17. Let H = L2((−1, 1)), Hn be the nth Galerkin approximation of the Laplace
operator corresponding to any basis of normalized associated Legendre polynomials (pm

l )l≥m

with m ≥ 4, and Un(t) = e−itHn the corresponding evolution group. Then

lim
n→∞

∥(Un(t) − UDir(t))ψ∥ = 0 ∀t ≥ 0 , ψ ∈ H , (3.28)

where UDir(t) = e−itHDir ; that is, Un(t) strongly converges to the evolution group generated
by the Laplace operator with Dirichlet boundary conditions.
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Proof. For all l ≥ m, pm
l (±1) = 0 (see Proposition 3.15), and thus pm

l ∈ H1
0((−1, 1)) ∩

H2((−1, 1)). By Proposition 3.16,

Span
(
pm

l

)′
l≥m = {1}⊥ , (3.29)

whence the claim follows from Proposition 3.13.

3.3 Main results: convergence to the α-periodic Laplacian
Proposition 3.13 shows that there exist orthonormal bases of L2((−1, 1)) such that the
corresponding Galerkin approximations of the Laplace operator will always generate a
dynamics approximating the one generated by Dirichlet boundary conditions; in particular,
Theorem 3.17 shows that this is the case for Galerkin approximations constructed via
associated Legendre polynomials—despite the fact that such functions satisfy all boundary
conditions.

Here we shall focus on cases in which the selected basis (ϕl)l∈N fulfills not all boundary
conditions, but still more than one boundary condition. Specifically, we will focus on α-
periodic boundary conditions, cf. Definition 3.6. For every α ∈ [0, 2π), the Laplace operator
with α-periodic boundary conditions has domain

D(HW (α)) =
{
f ∈ H2((−1, 1)), f(−1) = eiαf(1), f ′(−1) = eiαf ′(1)

}
, (3.30)

with W (α) as per Eq. (3.12).
Similarly to Proposition 3.13, we seek sufficient conditions for a basis Φ = (ϕl)l∈N so

that the corresponding Galerkin approximations of the Laplace operator reproduce, in the
limit n → ∞, the exact dynamics generated by HW (α).

Proposition 3.18. Let α ∈ [0, 2π), and Φ = (ϕl)l∈N a complete orthonormal set of
L2((−1, 1)) satisfying the following additional properties:

(i) Φ ⊂ D(HW (α));

(ii) There exists ϕ0 ∈ D(HW (α)) with ϕ0(1) ̸= 0 such that Span Φ̃′ = {1}⊥,

where
Φ̃ = (ϕ̃l)l∈N, ϕ̃l(x) = ϕl(x) − ϕl(1)

ϕ0(1)ϕ0(x), (3.31)

and Φ̃′ = (ϕ̃′
l)l∈N. Then, for all ψ ∈ H and t ∈ R,

lim
n→∞

∥∥∥(Un(t)ψ − UW (α)(t)
)
ψ
∥∥∥ = 0 . (3.32)

This is proven in Section 5.3.
Like in the Dirichlet case, we will construct explicit examples of bases satisfying the

conditions of Proposition 3.18. The basic idea is the following:

(i) as a starting point, take the normalized associated Legendre polynomials (pm
l )l≥m,

which have vanishing boundary data (Proposition 3.15) and therefore (pm
l )l≥m ⊂

D(HW (α));

(ii) add to this set a new function ϕ0, with ∥ϕ0∥ = 1 and ϕ0(1) ̸= 0, which specifically
satisfies the desired α-periodic boundary conditions, and define Φ as the set obtained
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by applying the Gram–Schmidt algorithm (using the scalar product of L2(−1, 1)) to
{ϕ0} ∪ (pm

l )l≥m starting from ϕ0, which we will compactly denote by

Φ = GS (ϕ0, (pm
l )l≥m) . (3.33)

Each vector in Φ is a linear combination of ϕ0 and finitely many associated Legendre
polynomials, whence Φ ⊂ D(HW (α)) as well.

The following theorem shows that a basis Φ constructed this way also fulfills condition (ii)
of Proposition 3.18, and thus the corresponding Galerkin approximations converge to the
evolution generated by the α-periodic Hamiltonian:

Theorem 3.19. Let f0 ∈ H2((−1, 1)) be a normalized and α-periodic function with
f0(1) ̸= 0. Let Φ = (ϕl)l∈N = GS(f0, (pm

l )l≥m) for m ≥ 4. Then the approximate
time evolution in the basis Φ, Un,Φ(t) converges strongly to the α-periodic time evolution
UW (α)(t) = e−iHW (α)t:

lim
n→∞

∥UW (α)(t)ψ − Un,Φ(t)ψ∥ = 0 ∀ψ ∈ H . (3.34)

The theorem is proven in Section 5.4. In the following we investigate two examples.

Example 3.20 (Periodic boundary conditions). We add the periodic function f0(x) = 1√
2

to the associated Legendre polynomials. f0(1) ̸= 0, and therefore using Theorem 3.19 the
Galerkin approximation in the basis Φ = GS (f0, (pm

l )l≥m), Un,Φ(t), converges strongly to
the time evolution of the periodic Laplacian, UW (0)(t) ≡ Uper(t).

Example 3.21 (Anti-periodic boundary conditions). Adding the anti-periodic function
f0(x) = cos

(
π
2 (x+ 1)

)
to the basis functions, the Galerkin approximation Un,Φ(t) in the

basis Φ = GS (f0, (pm
l )l≥m), converges strongly to the time evolution of the anti-periodic

Laplacian, UW (π)(t).

Notably, in both examples above, the function f0 used to construct the basis Φ also sat-
isfies Neumann boundary conditions; therefore, in both cases the Galerkin approximations
of the Laplacian satisfy two distinct boundary conditions—periodic and Neumann in the
first case, anti-periodic and Neumann in the second case—and yet in the limit n → ∞
Neumann boundary conditions are “discarded” in favor of the other choice. We comment
on this point in the following.

3.4 Summary
Let us summarize the findings of this section (see Table 1). When numerically simulating
the particle in a box in the eigenbasis of a specific self-adjoint extension HW , the dynamics
of the corresponding Galerkin approximations will always converge, in the strong sense, to
the exact dynamics generated by HW (see Remark 2.3). This is instead not guaranteed
when choosing a complete orthonormal set which does not span a core for any specific
boundary conditions—as pointed out in Section 2 (see Proposition 2.11), in general we will
obtain convergence to the dynamics generated by the Friedrichs extension of the Laplace
operator on the given basis, which will generally differ from the one corresponding to the
desired boundary conditions. Specifically:

• Galerkin approximations corresponding to a basis Φ = (ϕl)l∈N satisfying Dirichlet
boundary conditions and the additional condition Span Φ′ = {1}⊥ will always yield
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Basis Φ b.c. fulfilled by Φ b.c. of limiting dynamics(
sin
(

jπ
2 (x+ 1)

))
j≥1

Dirichlet Dirichlet(
cos

(
jπ
2 (x+ 1)

))
j≥0

Neumann Neumann
(exp (jπi(x+ 1)))j∈Z periodic periodic
(pm

l )l≥m all Dirichlet

GS
(

1√
2 , (p

m
l )l≥m

)
Neumann and periodic periodic

GS
(
cos

(
π
2 (x+ 1)

)
, (pm

l )l≥m

)
Neumann and anti-periodic anti-periodic

Table 1: Summary of the results of the section. The functions in the first three lines are the eigenvectors
of the Laplace operator with Dirichlet, Neumann, and periodic boundary conditions (cf. Example 3.7).

convergence to the dynamics corresponding to Dirichlet boundary conditions (Propo-
sition 3.10), even if they satisfy other boundary conditions—possibly all of them.
This is the case, in particular, for any basis of associated Legendre polynomials with
m ≥ 4 (Theorem 3.17).

• Similarly, Galerkin approximations corresponding to a basis Φ = (ϕl)l∈N satisfying
α-periodic (for example, periodic or anti-periodic) boundary conditions, plus an ad-
ditional condition, will yield convergence to α-periodic dynamics (Proposition 5.2).
Such bases can be obtained again by taking associated Legendre polynomials with
m ≥ 4, adding a function f0 satisfying α-periodic boundary conditions, and applying
Gram–Schmidt to the resulting system (Theorem 3.19). In both cases, the basis Φ
also satisfies Neumann boundary conditions.

We conclude with the following observation. While the domains corresponding to distinct
boundary conditions are not included into each other, the form domains corresponding to
Dirichlet, α-periodic, and Neumann boundary conditions satisfy

H1
0((−1, 1)) = D(qDir) ⊂ D(qW (α)) ⊂ D(qNeu) = H1((−1, 1)) , (3.35)

where qDir, qW (α) and qNeu are the forms associated with the respective Hamiltonians.
Thus, in all cases discussed in this work, Galerkin approximations favor the boundary
conditions corresponding with the smaller form domain. Interestingly, the prevalence of
Dirichlet boundary conditions also appears in other problems, see [56, Prop 4.14.1, p.759]
and [49, 57].

4 Proofs of Section 2
In this section we shall provide proofs for the general convergence properties stated in
Section 2, namely Propositions 2.8 and 2.11.

4.1 Proof of Proposition 2.8
To prove Proposition 2.8, we will use an adaptation of the methods in Ref. [11] to the
unitary case. To this purpose, we shall need some preliminary lemmata. We begin by
stating some basic properties of the Galerkin projector Qn, cf. Definition 2.7:

Accepted in Quantum 2026-01-17, click title to verify. Published under CC-BY 4.0. 20



Lemma 4.1. Let H : D(H) ⊂ H → H be a coercive self-adjoint operator, (Pn)n∈N a family
of finite-dimensional orthogonal projectors satisfying PnH ⊂ D(H), and Hn, Rn, Qn be as
per Definitions 2.1 and 2.7. Then the following identities hold:

HnRn = Pn , PnQn = Qn , HnQn = PnH , Un(t)Rn = RnUn(t). (4.1)

Furthermore, Qn is a (not necessarily self-adjoint) projector: Q2
n = Qn.

Proof. We show these identities using the direct sum decomposition of all operators with
respect to the decomposition H = Hn ⊕ H⊥

n , with Hn = PnH, cf. Definitions 2.1 and 2.7.
The first one follows from

HnRn =
(
Ĥn ⊕ 0H⊥

n

) (
Ĥ−1

n ⊕ 0H⊥
n

)
=
(
ĤnĤ

−1
n

)
⊕ 0H⊥

n
= 1Hn ⊕ 0H⊥

n
= Pn . (4.2)

Besides,
PnRn =

(
1⊕ 0H⊥

n

) (
Ĥ−1

n ⊕ 0H⊥
n

)
=
(
Ĥ−1

n ⊕ 0H⊥
n

)
= Rn, (4.3)

thus clearly implying PnQn = PnRnH = RnH = Qn. From the first identity we directly
get

HnQnψ = HnRnHψ = PnHψ, (4.4)

and, as D(Qn) = D(H), HnQn = PnH holds. For the third identity, recall (cf. Eq. (2.2))
that the evolution group Un(t) also admits a decomposition Un(t) = Ûn(t) ⊕ 1H⊥

n
. Then,

Un(t)Rn =
(
Ûn(t) ⊕ 1H⊥

n

) (
Ĥ−1

n ⊕ 0H⊥
n

)
=
(
Ûn(t)Ĥ−1

n

)
⊕ 0H⊥

n

=
(
Ĥ−1

n Ûn(t)
)

⊕ 0H⊥
n

=
(
Ĥ−1

n ⊕ 0H⊥
n

) (
Ûn(t) ⊕ 1H⊥

n

)
= RnUn(t) . (4.5)

Finally, to show Q2
n = Qn, we begin by noting that Q2

n is well-defined, as PnH ⊂ D(H).
Using Eq. (4.3) and the definition of Rn, we get the following identities:

(1− Pn)Rn = Rn −Rn = 0 , (4.6)

RnPn =
(
Ĥ−1

n ⊕ 0H⊥
n

)
Pn = Rn (4.7)

Rn(1− Pn) =
(
Ĥ−1

n ⊕ 0H⊥
n

)
(1− Pn) = 0 , (4.8)

as Pn acts on Hn as 1 and as 0 elsewhere. Then, inserting two identities into Q2
n and using

the first identity of the lemma and Eq. (4.7), we obtain

Q2
n = RnHRnH = Rn(Pn + 1− Pn)H(Pn + 1− Pn)RnH = RnPnHPnRnH

= RnHnRnH = RnPnH = RnH = Qn , (4.9)

which completes the proof.

Remark 4.2. We point out that, in [11], the operator Rn is denoted by Rn = H−1
n Pn. This

is an (ultimately harmless) abuse of notation, since, as previously remarked, the operator
Hn is not invertible—only its restriction Ĥn to the finite-dimensional space Hn is. Such an
abuse of notation essentially consists in identifying Hn and Ĥn. Here we decided to avoid
this abuse and keep the distinction between Hn and Ĥn explicit.

The following property is a particular case of [11, Lemma 4.1]: here we adapt it to the
unitary scenario, and we provide a proof for completeness.
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Lemma 4.3. Let H be a coercive self-adjoint operator, and Hn and Rn as defined above.
The following equality holds for all ψ ∈ H, t ∈ R:

Rn (U(t) − Un(t))H−1ψ = −i
∫ t

0
Un(t− s)

(
Rn − PnH

−1
)
U(s)ψ ds . (4.10)

Proof. We prove the statement for t ≥ 0; for t ≤ 0, the proof is analogous. To begin with,
we note that

U(t)Hϕ = HU(t)ϕ , d
dtU(t)ϕ = −iHU(t)ϕ ∀ϕ ∈ D(H), (4.11)

Un(t)Hnψ = HnUn(t)ψ , d
dtUn(t)ψ = −iHnUn(t)ψ ∀ψ ∈ H . (4.12)

Given t > 0, ψ ∈ H, define the H-valued function (0, t) ∋ s 7→ Gn(s) ∈ H by

Gn(s) := Un(t− s)RnU(s)H−1ψ . (4.13)

Since H−1ψ ∈ D(H), the function s 7→ U(s)H−1ψ is differentiable; as such, Gn(s) is
a differentiable function through H for 0 < s < t. Applying the chain rule and using
Lemma 4.1, its derivative reads

d
dsGn(s) = Un(t− s)Rn(−iH)U(s)H−1ψ − (−iHn)Un(t− s)RnU(s)H−1ψ

= −iUn(t− s)RnU(s)ψ + iUn(t− s)PnH
−1U(s)ψ

= −iUn(t− s)
(
Rn − PnH

−1
)
U(s)ψ .

(4.14)

On the other hand, using RnUn(t) = Un(t)Rn (again by Lemma 4.1) and the definition of
Gn(t), ∫ t

0

d
dsGn(s) ds = Gn(t) −Gn(0)

= Un(t− t)RnU(t)H−1ψ − Un(t− 0)RnU(0)H−1ψ

= Rn (U(t) − Un(t))H−1ψ,

(4.15)

whence the claimed equality is obtained by integrating Eq. (4.14) and computing the
left-hand side by means of Eq. (4.15).

We apply the previous lemma to the Galerkin projection Qn.

Lemma 4.4. For all ψ ∈ D(H2) and t ∈ R,

QnU(t)ψ − Un(t)Qnψ = −i
∫ t

0
Un(t− s)Pn (Qn − 1)U(s)Hψ ds . (4.16)

Proof. Let ψ ∈ D(H2). Then, using the identities RnUn(t) = Un(t)Rn and PnQn = Qn

(Lemma 4.1), and applying Lemma 4.3 to the vector H2ψ ∈ H, we have
QnU(t)ψ − Un(t)Qnψ = RnHU(t)H−1Hψ − Un(t)RnHH

−1Hψ

= Rn (U(t) − Un(t))H−1H2ψ

= −i
∫ t

0
Un(t− s)

(
Rn − PnH

−1
)
U(s)H2ψ ds

= −i
∫ t

0
Un(t− s)

(
Rn − PnH

−1
)
HU(s)Hψ ds

= −i
∫ t

0
Un(t− s) (RnH − Pn)U(s)Hψ ds

= −i
∫ t

0
Un(t− s)Pn (Qn − 1)U(s)Hψ ds ,

(4.17)
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which is the claimed identity.

Proof of Proposition 2.8. Let H be a coercive self-adjoint operator, i.e., there exists γ > 0
such that ⟨ψ,Hψ⟩ ≥ γ∥ψ∥2 for all ψ ∈ D(H). Thus, by Proposition 2.5, H is invertible
and ∥H−1∥ ≤ 1

γ ; in particular, Qn is well-defined. We now show that Rn is also bounded
by 1

γ . To begin with,

⟨ψn, Hnψn⟩ = ⟨ψn, Hψn⟩ ≥ γ∥ψn∥2 for all ψn ∈ Hn . (4.18)

Let Ĥn and ψ̂n be the restrictions of Hn and ψn on Hn. Then,

⟨ψ̂n, Ĥnψ̂n⟩ ≥ γ∥ψ̂n∥ , (4.19)

and, by the same argument as in the proof of Proposition 2.5, ∥Ĥ−1
n ∥ ≤ 1

γ . As Rn =
Ĥ−1

n ⊕ 0H⊥
n

, we have ∥Rn∥ ≤ 1
γ for all n ∈ N. We now return to proving

lim
n→∞

∥U(t)ψ − Un(t)ψ∥ = 0 ∀ψ ∈ H , t ∈ R. (4.20)

As U(t) and the Un(t) are unitary, and thus bounded operators, it is sufficient to prove
convergence on a dense set. We can choose the dense subspace D(H2), cf. [63, p. 180].
Then, given ψ ∈ D(H2), we have

∥U(t)ψ − Un(t)ψ∥ ≤ ∥U(t)ψ −QnU(t)ψ∥ + ∥QnU(t)ψ − Un(t)Qnψ∥
+ ∥Un(t)Qnψ − Un(t)ψ∥

= ∥(Qn − 1)U(t)ψ∥ + ∥QnU(t)ψ − Un(t)Qnψ∥
+ ∥(Qn − 1)ψ∥ .

(4.21)

Per assumption, limn→∞∥Qnϕ− ϕ∥ = 0 for all ϕ ∈ D(H). Since both ψ and U(t)ψ are in
D(H2) ⊂ D(H), the first and third term above converge to zero. We must still prove

lim
n→∞

∥QnU(t)ψ − Un(t)Qnψ∥ = 0 . (4.22)

For this purpose, consider the following function:

fn(s) = ∥(Qn − 1)U(s)Hψ∥ , s ∈ [0, t] , (4.23)

which is well-defined since ψ ∈ D(H2) implies Hψ ∈ D(H) and again U(t)Hψ ∈ D(H).
Then,

lim
n→∞

fn(s) = lim
n→∞

∥(Qn − 1)U(s)Hψ∥ = 0 ∀s ∈ [0, t]. (4.24)

Furthermore, for all s ∈ [0, t],

∥(Qn − 1)U(s)Hψ∥ = ∥(Rn −H−1)U(s)H2ψ∥ (4.25)

≤ ∥(Rn −H−1)∥∥U(s)H2ψ∥ ≤ 2
γ

∥H2ψ∥ ,

as ∥Rn∥ ≤ 1
γ and ∥H−1∥ ≤ 1

γ as well. Thus, the functions fn(s) converge pointwise to 0 as
n → ∞ for every s ∈ [0, t], and are uniformly bounded by 2

γ ∥H2ψ∥. Using Lemma 4.4,

∥QnU(t)ψ − Un(t)Qnψ∥ ≤
∫ t

0
∥Un(t− s)Pn (Qn − 1)U(s)Hψ∥ ds

≤
∫ t

0
∥(Qn − 1)U(s)Hψ∥ ds

=
∫ t

0
fn(s) ds . (4.26)
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As [0, t] is compact and the fn(s) are uniformly bounded, by Lebesgue’s dominated
convergence theorem [59, p. 24] we get

lim
n→∞

∥QnU(t)ψ − Un(t)Qnψ∥ = lim
n→∞

∫ t

0
fn(s) ds = 0 , (4.27)

which proves the claim.

Remark 4.5. This result could be alternatively proven by using the Kato–Trotter approxi-
mation theorem [69, p. 209]. The proof employed in the paper has the advantage of being
directly suitable to calculating state-dependent convergence rates for Galerkin approxima-
tions, which are especially useful for applications. For example, if ψ is an eigenvector of H
with eigenvalue E, the functions fn(s) as defined in Eq. (4.23) satisfy fn(s) ≤ E∥Qnψ−ψ∥,
whence

∥QnU(t)ψ − Un(t)Qnψ∥ ≤ Et∥(Qn − 1)ψ∥ ; (4.28)

in such a case, the convergence rate of each of the three terms in Eq. (4.21) essentially
depends on the (state-dependent) convergence rate of Qn to the identity.

In general, the tighter the bound on the functions fn(s), the tighter the one on the error.
Applying such arguments to concrete models will be the object of future research.

4.2 Proof of Proposition 2.11
We begin by noting that, while in the definition of Galerkin projectors (Definition 2.1) we
required our operator H to be coercive (⟨ψ,Hψ⟩ ≥ γ∥ψ∥2 with γ > 0) and thus to admit
a bounded inverse, Proposition 2.11 only requires boundedness from below—i.e., with γ
possibly being zero or negative. As anticipated in Remark 2.6, this is possible since any
symmetric operator bounded from below only differs from a coercive one by an immaterial
shift. For this purpose, we need to check that such a shift does not affect the Friedrichs
extension—that is, the Friedrichs extensions of two operators only differing by a constant
differ themselves by the same constant:

Lemma 4.6. Let A : D(A) ⊂ H → H be a densely defined symmetric operator bounded
from below, b ∈ R, and B = A+ b. Then the Friedrichs extensions Ã, B̃ of A and B satisfy
B̃ = Ã+ b.

Proof. By assumption, there is γ ∈ R such that ⟨ψ,Aψ⟩ ≥ γ∥ψ∥2 for all ψ ∈ D(A).
Consequently,

⟨ψ,Bψ⟩ = ⟨ψ,Aψ + bψ⟩ ≥ (γ + b)∥ψ∥2 ∀ψ ∈ D(B) = D(A) . (4.29)

Let ∥ψ∥+,A and ∥ψ∥+,B be the norms associated to A and B as defined in Eq. (2.15): for
all ψ ∈ D(A) = D(B),

∥ψ∥2
+,A = qA−γ(ψ,ψ) + ∥ψ∥2 = ⟨ψ, (A− γ + 1)ψ⟩ , (4.30)

∥ψ∥2
+,B = qB−γ−b(ψ,ψ) + ∥ψ∥2 = ⟨ψ, (B − γ − b+ 1)ψ⟩ , (4.31)

Thus, ∥ψ∥+,A = ∥ψ∥+,B for all ψ ∈ D(A) = D(B), and so clearly are the form domains of
their Friedrichs extensions:

D(q̃A−γ) = D(A)∥ · ∥+,A = D(B)∥ · ∥+,B = D(q̃B−γ−b) . (4.32)
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Let Ã and B̃ be the Friedrichs extensions of A and B; we claim B̃ = Ã+ b. To this extent,
it suffices to note that B̃ − b is a self-adjoint extension of A, since

(B̃ − b)ψ = Bψ − bψ = Aψ for all ψ ∈ D(A) = D(B) , (4.33)

and its domain is simply

D(B̃ − b) = D(B̃) ⊂ D(q̃B−γ−b) = D(q̃A−γ) . (4.34)

But Ã is the only self-adjoint extension of A whose domain is a subset of D(q̃A−γ) (cf. Def-
inition 2.10). Thus B̃ − b = Ã.

Proposition 4.7. Let H : D(H) ⊂ H → H be a coercive self-adjoint operator, (Pn)n∈N a
family of orthogonal projectors satisfying PnH ⊂ D(H), PnPm = Pn for all n ≤ m, and
Pnψ → ψ for all ψ ∈ H. Define

Hfin :=
⋃

n∈N
PnH, (4.35)

and let Hfin be the restriction of H to Hfin. Then Hfin is densely defined, symmetric and
positive. Let H̃fin be the Friedrichs extension of Hfin, cf. Definition 2.10, and Q̃n be the
Galerkin projection associated with H̃fin, cf. Definition 2.7. Then

lim
n→∞

Q̃nψ = ψ for all ψ ∈ D(H̃fin) . (4.36)

Proof. To begin with, let us check that Hfin is densely defined, symmetric and positive.
The fact that Hfin is dense follows directly from the property Pnψ → ψ: given ψ ∈ H,
the sequence (Pnψ)n∈N ⊂ Hfin converges to ψ. As H is symmetric, its restriction Hfin is
also a symmetric operator. Furthermore, per assumption there exists γ > 0 such that
⟨ψ,Hψ⟩ ≥ γ∥ψ∥2 for all ψ ∈ D(H), and therefore its restriction Hfin also satisfies

q(φ,φ) := ⟨φ,Hfinφ⟩ ≥ γ∥φ∥2 (4.37)

for all φ ∈ Hfin. As such, Hfin has a Friedrichs extension H̃fin : D(H̃fin) ⊂ H → H whose
associated quadratic form q̃ also satisfies

q̃(φ,φ) = ⟨φ, H̃finφ⟩ ≥ γ∥φ∥2 ∀φ ∈ D(H̃fin) . (4.38)

Besides, as q̃ is a symmetric positive form on the linear space D(H̃fin), it satisfies the
Cauchy–Schwarz inequality:

|q̃(ψ,φ)|2 ≤ q̃(φ,φ)q̃(ψ,ψ) ∀φ,ψ ∈ D(H̃fin) . (4.39)

Also notice that, by the very definition of Hfin, PnH ⊂ Hfin = D(Hfin) ⊂ D(H̃fin).
The two operators H and H̃fin are, in general, distinct self-adjoint extensions of Hfin.

However, since PnH ⊂ Hfin, the corresponding Galerkin approximations, PnHPn and
PnH̃finPn actually coincide:

Hn = PnHPn = PnH̃finPn =: H̃fin,n for all n ∈ N, (4.40)

while the corresponding Galerkin projectors, cf. Definition 2.7, generally do not. In the
following, let Q̃n be the nth Galerkin projector associated with H̃fin. We claim the following:

lim
n→∞

∥Q̃nψ − ψ∥ = 0 for all ψ ∈ D(H̃fin). (4.41)
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Let ψ ∈ D(H̃fin), n ∈ N, ψn = Q̃nψ and Hn = PnH. Then, using Eq. (4.40) and Lemma 4.1,

Hnψn = H̃fin,nQ̃nψ = PnH̃finψ , (4.42)

and therefore
⟨Hnψn, ϕn⟩ =

〈
H̃finψ, ϕn

〉
for all ϕn ∈ Hn . (4.43)

Thus, 〈
ϕn, H̃fin(ψ − ψn)

〉
= 0 for all ϕn ∈ Hn, (4.44)

and in particular 〈
ψn, H̃fin(ψ − ψn)

〉
= 0. (4.45)

As such, for all ϕn ∈ Hn we have

q̃(ψ − ψn, ψ − ψn) =
〈
ψ − ψn, H̃fin(ψ − ψn)

〉
=
〈
ψ − ϕn, H̃fin(ψ − ψn)

〉
= q̃(ψ − ϕn, ψ − ψn), (4.46)

whence, using Eq. (4.46) and the Cauchy–Schwarz inequality Eq. (4.39), for all ϕn ∈ Hn

we have

|q̃(ψ − ψn, ψ − ψn)| = |q̃(ψ − ϕn, ψ − ψn)|

≤
√
q̃(ψ − ϕn, ψ − ϕn)

√
q̃(ψ − ψn, ψ − ψn), (4.47)

and therefore

|q̃(ψ − ψn, ψ − ψn)| ≤ |q̃(ψ − ϕn, ψ − ϕn)| for all ϕn ∈ Hn; (4.48)

that is, the absolute value of q̃(ψ − ϕn, ψ − ϕn) for ϕn ranging in Hn reaches its minimum
at ψn. Finally, using the coercivity of q̃ (Eq. (4.38)) and Eq. (4.48), we obtain2

∥Q̃nψ − ψ∥2 = ∥ψ − ψn∥2

≤ 1
γ
q̃(ψ − ψn, ψ − ψn)

≤ 1
γ
q̃(ψ − ϕn, ψ − ϕn)

≤ 1
γ

∥ψ − ϕn∥2
+ for all ϕn ∈ Hn, (4.49)

with the norm ∥ · ∥+ as defined in Eq. (2.15).
Now, recall that, by Definition 2.10, the domain of the Friedrichs extension D(H̃fin) of

Hfin satisfies
D(H̃fin) ⊂ D(Hfin)∥ · ∥+ =

⋃
n∈N

PnH
∥ · ∥+

, (4.50)

Let ϵ > 0. By the equality above, there exists Nϵ ∈ N and ϕNϵ ∈ HNϵ such that

∥ψ − ϕNϵ∥+ ≤ ϵ
√
γ; (4.51)

2This is a special case of Céa’s lemma [19], which gives general bounds on Galerkin approximations with
respect to suitable norms on Banach spaces [20, p. 64].
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besides, clearly ϕNϵ ∈ Hn for every n ≥ Nϵ as well since we required PmPn = Pm for all
n ≥ m. By combining Eqs. (4.49) and (4.51) we finally get, for all n ≥ Nϵ,

∥Q̃nψ − ψ∥ ≤ 1
√
γ

∥ψ − ϕNϵ∥+ ≤ ϵ, (4.52)

and thus limn→∞ ∥Q̃nψ − ψ∥ = 0 as claimed.

Remark 4.8. Note that, in the proof of Proposition 4.7, the fact that H̃fin is precisely the
Friedrichs extension of Hfin (and not any other self-adjoint extension of it) entered our
argument when applying Eq. (4.50), since the Friedrichs extension of Hfin is its unique
self-adjoint extension satisfying this property.

Proof of Proposition 2.11. Let us start by proving the claim for coercive H, i.e. there is
γ > 0 such that ⟨ψ,Hψ⟩ ≥ γ∥ψ∥2 for all ψ ∈ D(H). In this case, by Proposition 4.7 we
know that the Galerkin projectors Q̃n associated with the Friedrichs extension H̃fin of Hfin
satisfy

lim
n→∞

Q̃nψ = ψ for all ψ ∈ D(H̃fin), (4.53)

which implies, by Proposition 2.8,

lim
n→∞

Un(t)ψ = Ũ(t)ψ for all ψ ∈ H. (4.54)

Let us now consider the general case in which H is bounded from below by some possibly
nonpositive γ ∈ R. In such a case, let A := H − γ + 1. This is clearly a coercive operator,
since ⟨ψ,Aψ⟩ ≥ ∥ψ∥2; besides, Afin = Hfin − γ + 1 and, by Lemma 4.6, their Friedrichs
extensions also differ by the same constant,

Ãfin = H̃fin − γ + 1; (4.55)

The Galerkin approximations of the two operators satisfy

An := PnAPn = Hn + (1 − γ)Pn, (4.56)

and, recalling the decomposition Hn = Ĥn ⊕ 0H⊥
n

and noticing that Pn = 1Hn ⊕ 0H⊥
n

,

An = Ân ⊕ 1H⊥
n

=
(
Ĥn + 1 − γ

)
⊕ 0H⊥

n
. (4.57)

As such, defining T̃ (t) = e−itÃfin and Tn(t) = e−itAn , the first propagator only differs from
Ũ(t) by a phase term:

Ũ(t) = ei(1−γ)tT̃ (t); (4.58)

and, as for Tn(t) and Un(t), we have

Tn(t) = e−i(1−γ)te−itĤn ⊕ 1H⊥
n

; (4.59)

Un(t) = e−itĤn ⊕ 1H⊥
n
, (4.60)

whence

ei(1−γ)tTn(t) = e−itĤn ⊕ ei(1−γ)t1H⊥
n

= e−itĤn ⊕ 1H⊥
n

+ 0Hn ⊕ (ei(1−γ)t − 1)1H⊥
n

= Un(t) + 0Hn ⊕ (ei(1−γ)t − 1)1H⊥
n
, (4.61)
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implying

Un(t) − Ũ(t) = ei(1−γ)t
(
Tn(t) − T̃ (t)

)
+ 0Hn ⊗ (1 − ei(1−γ)t)1H⊥

n
; (4.62)

the first term converges strongly to zero as discussed above, and the second term also
converges strongly to zero since Pn converges strongly to the identity, thus completing the
proof.

5 Proofs of Section 3
In this section we shall provide proofs for the convergence statements on the Laplace
operator on (−1, 1), namely: Propositions 3.10, 3.16, 3.18, and Theorem 3.19.

5.1 Proof of Proposition 3.10
Proof of Proposition 3.10. Let qΦ : D(HΦ) × D(HΦ) → C be the sesquilinear form associ-
ated with HΦ,

qΦ(ψ,φ) = −
∫ +1

−1
ψ(x)φ′′(x) dx =

∫ +1

−1
ψ′(x)φ′(x) dx, (5.1)

where, in the last step, we performed an integration by parts and used the fact that all
functions in Span Φ satisfy Dirichlet boundary conditions. Therefore, HΦ is a nonnegative
operator, and the form qΦ is closable; the closure of qΦ, which we denote by q̃Φ, is defined
on D(HΦ)∥·∥+ , where the norm ∥ · ∥+ is given by

∥ψ∥2
+ = ∥ψ′∥2 + ∥ψ∥2, (5.2)

and thus, in particular, coincides with the Sobolev norm ∥ · ∥H1 , cf. Eq. (3.2). We claim
the following equality:

D(HΦ)∥·∥+ = H1
0((−1, 1)). (5.3)

We begin by proving D(HΦ)∥·∥+ ⊂ H1
0((−1, 1)). Let ψ ∈ D(HΦ)∥·∥+ , meaning that there

exists a sequence (ψn)n∈N ⊂ Span Φ such that ∥ψn − ψ∥+ → 0, i.e.

∥ψn − ψ∥ → 0 and ∥ψ′
n − ψ′∥ → 0. (5.4)

Necessarily, ψ ∈ H1((−1, 1)); we must prove that it also satisfies Dirichlet boundary
conditions. By Proposition 3.2, ψ is continuous up to the boundary (in the sense that it
admits a continuous representative, with which we hereafter identify it). Now, ∥ψn−ψ∥ → 0
implies that there exists a subsequence (ψnk

)k∈N ⊂ Span Φ such that ψnk
(x) → ψ(x) almost

everywhere [64, p. 312]; since ψ is continuous, ψnk
(x) → ψ(x) everywhere. But then, in

particular,
ψ(−1) = lim

k→∞
ψnk

(−1) = 0, ψ(1) = lim
k→∞

ψnk
(1) = 0 (5.5)

since each ψnk
satisfies Dirichlet boundary conditions. This proves the desired inclusion.

We now proceed to prove the converse inclusion D(HΦ)∥·∥+ ⊃ H1
0((−1, 1)). Let ψ ∈

H1
0((−1, 1)), and thus ψ′ ∈ L1((−1, 1)); besides,

⟨1, ψ′⟩ =
∫ +1

−1
ψ′(x) dx = ψ(1) − ψ(−1) = 0, (5.6)
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whence ψ′ ∈ {1}⊥ = Span Φ′, implying that there exists a sequence (ξn)n∈N ⊂ Span Φ′

such that ∥ξn −ψ′∥ → 0. But then, by linearity, each ξn is the first derivative of a function
ψn ∈ Span Φ, i.e. there exists a sequence (ψn)n∈N ⊂ Span Φ such that

∥ψ′
n − ψ′∥ → 0. (5.7)

Furthermore, as Φ ⊂ H1
0((−1, 1)), both ψn and ψ are in H1

0((−1, 1)); as such, Poincarè’s
inequality (Proposition 3.4) applies:

∥ψn − ψ∥ ≤ ∥ψ′
n − ψ′∥ → 0, (5.8)

and thus ∥ψn − ψ∥+ → 0. This proves the desired inclusion, and thus the claimed
equality (5.3).

We have thus proven that the domain of the closure q̃Φ of the sesquilinear form associated
with HΦ is H1

0((−1, 1)); as such, the Friedrichs extension H̃Φ of HΦ admits H1
0((−1, 1))

as form domain, and in particular D(H̃Φ) ⊂ H1
0((−1, 1)). By the general properties of

Friedrichs extension (Proposition 2.9), H̃Φ is also the unique self-adjoint extension of HΦ
such that D(H̃Φ) ⊂ H1

0((−1, 1)). But the Dirichlet realization HDir of the Laplace operator
has domain

D(HDir) = H1
0((−1, 1)) ∩ H2((−1, 1)) ⊂ H1

0((−1, 1)), (5.9)
cf. Remark 3.9, and is itself a self-adjoint extension of HΦ since Φ ⊂ H1

0((−1, 1))∩H2((−1, 1))
by assumption. By the aforementioned uniqueness of the Friedrichs extension, H̃Φ =
HDir.

5.2 Proof of Proposition 3.16
Proof of Proposition 3.16. We will prove the following equality:

Span
(
Pm

l

)′
l≥m = {1}⊥, (5.10)

which, of course, implies the claimed equality Span
(
pm

l

)′
l≥m = {1}⊥ since the linear span

is unaffected by normalization factors.
Let m ≥ 4 fixed. We start by proving the inclusion

Span
(
Pm

l

)′
l≥m ⊆ {1}⊥. (5.11)

To this purpose, recall that the associated Legendre Polynomials for m ≥ 4 fulfill Dirichlet
boundary conditions (Proposition 3.15), whence

⟨1, (Pm
l )′⟩ =

∫ 1

−1

d
dxP

m
l (x) dx = Pm

l (1) − Pm
l (−1) = 0. (5.12)

By linearity, this readily implies ⟨1, ψ⟩ = 0 for all ψ ∈ Span (Pm
l )′

l≥m; furthermore, by the
continuity of the scalar product, the same holds for all ψ ∈ Span

(
Pm

l

)′
l≥m.

We shall now show that, in fact, the two sets are equal. Let us begin by showing the
following equality for all n ∈ N:

Span (Pm
l )m+n

l=m = Span
(
(1 − x2)m/2xl

)n

l=0
. (5.13)

To this purpose, let ψ ∈ Span (Pm
l )m+n

l=m ; from the definition (3.23) of associated Legendre
polynomials, this means that there exist cm, . . . , cm+n ∈ C such that

ψ(x) =
m+n∑
l=m

clP
m
l (x) = (1 − x2)m/2 dm

dxm

m+n∑
l=m

clPl(x) (5.14)
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and thus also

ψ(x) = (1 − x2)m/2 dm

dxm

m+n∑
l=0

clPl(x) (5.15)

with c0 = . . . = cm−1 = 0. But, since Span(Pl)m+n
l=0 = Span(xl)m+n

l=0 (Eq. (3.24)), this is
equivalent to stating that there exist c̃1, . . . , c̃m+n ∈ C such that

ψ(x) = (1 − x2)m/2 dm

dxm

m+n∑
l=0

c̃lx
l = (1 − x2)m/2

m+n∑
l=m

c̃ll(l − 1) . . . (l −m+ 1)xl−m

= (1 − x2)m/2
n∑

l=0
c̃l+m(l +m) . . . (l + 1)xl

=
n∑

l=0
c̃l+m(l +m) . . . (l + 1)(1 − x2)m/2xl,

(5.16)

thus being equivalent to ψ ∈ Span
(
(1 − x2)m/2xl

)n

l=0
, which proves Eq. (5.13). The latter

implies

Span
(
(Pm

l )′)m+n
l=m = SpanSn; (5.17)

Span
(
(Pm

l )′)∞
l=m = SpanS, (5.18)

where Sn := (vl)n
l=0 and S := (vl)∞

l=0, with each vl(x) being the first derivative of (1 −
x2)m/2xl, namely:

vl(x) = d
dx(1 − x2)m/2xl = (1 − x2)m/2−1

(
lxl−1 − (m+ l)xl+1

)
≡ v−1(x)

(
lxl−1 − (m+ l)xl+1

)
∀l > 0 , (5.19)

v0(x) = d
dx(1 − x2)m/2x0 = −m(1 − x2)m/2−1x

≡ v−1(x)(−mx) , (5.20)

where we defined v−1(x) := (1 − x2)m/2−1. Then the following equality holds:

Span (Sn ∪ {v−1}) = Span
(
v−1 x

l
)n+1

l=0
∀n ≥ m. (5.21)

Indeed, let ψ ∈ Span (Sn ∪ {v−1}). Then there exist c0, c1, . . . , cn+1 ∈ C such that

ψ(x) = v−1(x)
(
c0 + c1(−mx) +

n∑
l=1

cl+1
(
lxl−1 − (m+ l)xl+1

))

≡ v−1(x)
n+1∑
l=0

dlx
l,

where, by a direct comparison of the two sums in the above equation, the coefficients
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d0, d1, d2, . . . , dn+1 are defined through

d0 = c0 + c2;
d1 = −mc1 + 2c3;
d2 = −(m+ 1)c2 + 3c4;

... =
...

dl = −(m+ l − 1)cl + (l + 1)cl+2;
... =

...
dn−1 = −(m+ n− 2)cn−1 + ncn+1;
dn = −(m+ n− 1)cn;

dn+1 = −(m+ n)cn+1,

(5.22)

which can be recast as a matrix equation: d = Ac, where d = (d0, d1, . . . , dn+1)⊺, c =
(c0, c1, . . . , cn+1)⊺, and A is a (n + 1) × (n + 1) upper triangular matrix whose diagonal
elements are all nonzero; as such, A is invertible and the relation above can be inverted.
Therefore, ψ ∈ Span (Sn ∪ {v−1}) if and only if ψ ∈ Span(v−1 x

l)n+1
l=0 . This proves Eq. (5.21)

for all n ∈ N. From Eq. (5.21), we then get

Span (S ∪ {v−1}) = Span
(
v−1 x

l
)∞

l=0
. (5.23)

At the same time, replacing m with m− 2 in Eq. (5.13), we obtain

Span
(
Pm−2

l

)m+n−2

l=m−2
= Span

(
(1 − x2)m/2−1xl

)n

l=0
= Span

(
v−1x

l
)n

l=0
, (5.24)

which implies
Span

(
Pm−2

l

)∞

l=m−2
= Span

(
v−1x

l
)∞

l=0
. (5.25)

Consequently, equating Eqs. (5.23) and (5.25), we get

Span (S ∪ {v−1}) = Span
(
Pm−2

l

)∞

l=m−2
, (5.26)

and finally, taking closures,

Span (S ∪ {v−1}) = Span{Pm−2
l }∞

l=m−2 = H, (5.27)

where in the last step we used the fact that (P l
m−2)l≥m−2 is a complete orthonormal set in

H.
We now claim that v−1 ∈ Span(S ∪ {1}). To begin with, because of Eq. (5.27), for every

ϵ > 0 there exist αϵ ∈ C and uϵ ∈ Span S such that

∥1 − (αϵv−1 + uϵ)∥ < ϵ , (5.28)

whence, by the Cauchy–Schwarz inequality,

|⟨1, 1 − (αϵv−1 + uϵ⟩| ≤ ∥1∥∥1 − (αϵv−1 + uϵ)∥ <
√

2ϵ . (5.29)

The left-hand side of the equation above can be computed explicitly: indeed, ⟨1, 1⟩ =∫ 1
−1 dx = 2, while ⟨1, v−1⟩ computes to

⟨1, v−1⟩ =
∫ 1

−1
(1 − x2)m/2−1 dx =

√
πΓ(m/2)

Γ((m+ 1)/2) =: κm > 0; (5.30)
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finally, ⟨1, uϵ⟩ = 0, since uϵ ∈ Span S = Span{(Pm
l )′}∞

l=m (Eq. (5.18)) and the latter is
contained in {1}⊥ (Eq. (5.12)). As such, Eq. (5.30) becomes

|2 − αϵκm| <
√

2ϵ, (5.31)

whence, by the reverse triangle inequality,

|2 − |αϵ|κm| < |2 − αϵκm| <
√

2ϵ. (5.32)

This holds for all ϵ > 0. Let us take ϵ < 1; then

|2 − |αϵ|κm| <
√

2 (5.33)

and therefore |αϵ|κm ∈ (2 −
√

2, 2 +
√

2); in particular, αϵ ̸= 0. But then Eq. (5.28) can be
written as

|αϵ|
∥∥∥∥v−1 − 1 − uϵ

αϵ

∥∥∥∥ < ϵ (5.34)

whence, using |αϵ|κm ≥ 2 −
√

2,∥∥∥∥v−1 − 1 − uϵ

αϵ

∥∥∥∥ < ϵ

|αϵ|
≤ ϵκm

2 −
√

2
. (5.35)

As κm/(2 −
√

2) is an ϵ-independent constant, we have shown that indeed v−1 is in
Span(S ∪ {1}).

We can now wrap up our proof. Since v−1 ∈ Span(S ∪ {1}), we have Span (S ∪ {v−1}) ⊂
Span(S ∪ {1}) and thus, taking closures,

Span (S ∪ {v−1}) ⊂ Span(S ∪ {1}); (5.36)

but, on the other hand, we had already proven Span (S ∪ {v−1})) = H; therefore the
equation above yields Span(S ∪ {1}) = H, which is the desired claim.

5.3 Proof of Proposition 3.18
We will now prove sufficient conditions for the convergence of Un(t) to the evolution group
UW (α)(t) generated by the Laplacian with α-periodic boundary conditions. In the following,
α ∈ [0, 2π) shall be fixed.

Lemma 5.1. The subspace of H1((−1, 1)) defined by

H1
α,per((−1, 1)) =

{
f ∈ H1((−1, 1)) , f(−1) = eiαf(1)

}
(5.37)

is closed with respect to the norm ∥·∥+ defined by ∥ψ∥2
+ = ∥ψ′∥2 + ∥ψ∥2.

Proof. Let ψ ∈ H1
α,per((−1, 1))∥·∥+ . Then there exist (ψn)n∈N ⊂ H1

α,per((−1, 1)) such that
∥ψ − ψn∥+ → 0, and therefore ψ ∈ H1((−1, 1)). We follow analogous steps as in the proof
of Proposition 3.10: without loss of generality we can assume that ψ is continuous up
to the boundary (see Proposition 3.2). ∥ψ − ψn∥+ → 0 implies ∥ψ − ψn∥ → 0 and thus
there exists a subsequence ψnk

with ψnk
(x) → ψ(x) almost everywhere [64, p. 312]: as ψ

is continuous, ψnk
(x) → ψ(x) for all x ∈ [−1, 1]. Consequently,

ψ(−1) = lim
k→∞

ψnk
(−1) = lim

k→∞
eiαψnk

(1) = eiαψ(1) . (5.38)

Thus, ψ ∈ H1
α,per((−1, 1)).
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Note that, differently from the Dirichlet case, D(HW (α)) ⊊ H1
α,per((−1, 1)) ∩ H2((−1, 1)).

Lemma 5.2. Let Φ = (ϕl)l∈N be a complete orthonormal set of L2((−1, 1)) satisfying the
following additional properties

(i) Φ ⊂ D(HW (α));

(ii) There exists ϕ0 ∈ Φ with ϕ0(1) ̸= 0 such that Span Φ̃′ = {1}⊥,

where Φ̃ = {ϕ(x) − ϕ(1)
ϕ0(1)ϕ0(x), ϕ ∈ Φ}, and Φ̃′ denotes the set of derivatives of elements of

Φ̃. Then the symmetric operator HΦ defined by

D(HΦ) = Span Φ, HΦψ = −ψ′′ (5.39)

has a Friedrichs extension equal to the α-periodic Laplacian HW (α) with domain D(HW (α)).

Proof. We follow the same strategy of the proof of Proposition 3.10, starting with showing
that the quadratic form qΦ : D(Hϕ)×D(HΦ) → C given by qΦ(ψ,φ) = ⟨ψ,HΦφ⟩ is positive:

qΦ(ψ,φ) = −
∫ +1

−1
ψ(x)φ′′(x) dx =

∫ +1

−1
ψ′(x)φ′(x) dx−

[
ψ(x)φ′(x)

]+1

−1
≥ 0 . (5.40)

The boundary term vanishes as ψ(−1)φ′(−1) = eiαψ(1)eiαφ′(1) = ψ(1)φ′(1). Thus, qΦ is
closable with closure q̃Φ. The norm ∥ · ∥+, defined as in Definition 2.10, is again equal to

∥ψ∥2
+ = qΦ(ψ,ψ) + ∥ψ∥2 = ∥ψ′∥2 + ∥ψ∥2 (5.41)

We claim the following equality:

D(q̃Φ) = D(HΦ)∥ · ∥+ = H1
α,per((−1, 1)) . (5.42)

The right-hand side is indeed closed with respect to ∥ · ∥+, as shown in Lemma 5.1.
We begin by proving D(HΦ)∥ · ∥+ ⊂ H1

α,per((−1, 1)). Let ψ ∈ D(HΦ)∥ · ∥+ . Then there
exists a sequence (ψn)n∈N ∈ D(HΦ) such that ∥ψ − ψn∥+ → 0, and therefore, ψ ∈
H1((−1, 1)). Besides, following the same steps as in the proof of Lemma 5.1, one readily
shows

ψ(−1) = eiαψ(1) , (5.43)

whence ψ ∈ H1
α,per((−1, 1)).

We now prove the inclusion H1
α,per((−1, 1)) ⊂ D(HΦ)∥ · ∥+ . Let ψ ∈ H1

α,per((−1, 1)), i.e.
ψ ∈ H1((−1, 1)) and ψ(−1) = eiαψ(1), and define

ψ̃(x) = ψ(x) − ψ(1)
ϕ0(1)ϕ0(x) . (5.44)

Then, as per assumption ϕ0(1) ̸= 0, ψ̃(±1) = 0, and as both ψ, ϕ0 ∈ H1((−1, 1)), we get
ψ̃ ∈ H1

0((−1, 1)). According to assumption (ii), Span Φ̃′ = {1}⊥. Following analogous steps
as in the proof of Proposition 3.10, cf. Eqs. 5.6–5.8, there exists a sequence (ψ̃n)n∈N ⊂
Span Φ̃ such that ∥ψ̃ − ψ̃n∥+ → 0. Let

ψn(x) = ψ̃n(x) + ψ(1)
ϕ0(1)ϕ0(x) . (5.45)
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Per definition, Span Φ̃ ⊂ Span Φ. Then, as ϕ0 ∈ Φ and ψ̃ ∈ Span Φ̃, all ψn ∈ Span Φ as
well. But

∥ψ − ψn∥+ =
∥∥∥∥ψ̃ + ψ(1)

ϕ0(1)ϕ0 − ψ̃n − ψ(1)
ϕ0(1)ϕ0

∥∥∥∥
+

= ∥ψ̃ − ψ̃n∥+ → 0 , (5.46)

proving the desired inclusion. Thus, the form domain of the closure q̃Φ is equal to
H1

α,per((−1, 1)). For the domain of the α-periodic Hamiltonian HW (α) the following inclu-
sions hold:

D(HΦ) ⊂ D(HW (α)) ⊂ H1
α,per((−1, 1)) . (5.47)

Thus, HW (α) is a self-adjoint extension of HΦ and its domain is a subset of the form
domain of q̃Φ; by uniqueness of the Friedrichs extension (Proposition 2.9) we get the desired
equality H̃Φ = HW (α).

Proof of Proposition 3.18. We claim that HW (α) is the Friedrichs extension of the operator
Hfin given by

D(HW (α)) =
⋃

n∈N
PnH , (5.48)

where the Pn are the projections on the first n elements of Φ. Indeed, HW (α)ψ = −ψ′′,
D(HW (α)) = Span Φ, and as Φ satisfies the conditions of the previous Lemma 5.2, HW (α)
is the Friedrichs extension of Hfin. Then, using Theorem 2.11, the result follows.

5.4 Proof of Theorem 3.19
Proof of Theorem 3.19. We show that the basis

(ϕl)l∈N = GS(f0, (pm
k )k≥m)

fulfills the two conditions of Proposition 3.18. To this end, notice that we can write ϕl, the
lth element of the Gram-Schmidt orthogonalization of f0 and (pm

k )k≥m, as

ϕl(x) = β(l)f0(x) +
l∑

k=1
γ

(l)
k pm

k+m−1(x) , (5.49)

with coefficients β(l) and γ
(l)
k in C. In particular, ϕ0 = f0. Since the associated Legendre

polynomials have zero boundary data (Proposition 3.15), ϕl(±1) = β(l)f0(±1) and ϕ′
l(±1) =

β(l)f ′
0(±1). Therefore ϕl fulfills condition (i) of Proposition 3.18: ϕl ∈ D(HW (α)) for all l.

We now show that they also fulfill condition (ii). To begin with, we show γ
(l)
l ̸= 0 for

l ≥ 1. As f0(1) ̸= 0, f0 is linearly independent from the (in itself linearly independent) set
(pm

k+m−1)l
k=1. Thus, pm

l+m−1 is also linearly independent from the set (ϕk)l−1
k=0. Therefore,

when adding the function pm
l+m−1 to the orthogonal set (ϕk)l−1

k=0 using the Gram–Schmidt
algorithm, the resulting coefficient γ(l)

l is non-zero: γ(l)
l ̸= 0. Furthermore, using Eq. (5.49)

and noticing that ϕl(1) = β(l)f0(1) since all other terms in the sum vanish there, ϕ̃l ∈ Φ̃ is
given by

ϕ̃l(x) = ϕl(x) − ϕl(1)
f0(1)f0(x) = β(l)f0(x) +

l∑
k=1

γ
(l)
k pm

k+m−1(x) − β(l)f0(1)
f0(1) f0(x)

=
l∑

k=1
γ

(l)
k pm

k+m−1(x) .
(5.50)
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Next, we show the following equality for n ∈ N and n ≥ 1:

Span(ϕ̃l)n
l=1 = Span(pm

l )n+m−1
l=m (5.51)

Let ψ ∈ Span(ϕ̃l)n
l=1. Then, there exist coefficients (cl)n

l=1 such that

ψ =
n∑

l=1
clϕ̃l =

n∑
l=1

l∑
k=1

γ
(l)
k pm

k+m−1 =
n∑

k=1
dkp

m
k+m−1 , (5.52)

where we used (5.50) for the second equation. Comparing the coefficients, we get

dk =
n∑

l=k

γ
(l)
k ∀ 1 ≤ k ≤ n , (5.53)

which we can write, similarly to Eq. (5.22), as a matrix equation d = Ac, where d =
(d1, d3, . . . dn)⊥, c = (c1, c2, . . . , cn)⊥ and A is an n × n lower-triangular matrix whose
diagonal elements γ(l)

l are, as shown above, nonzero; as such, A is invertible. Thus,
ψ ∈ Span(ϕ̃l)n

l=1 if and only if ψ ∈ Span(pm
l )n+m−1

l=m . Taking n to infinity and using
ϕ̃0 = f0 − f0 = 0, we get

Span(ϕ̃l)∞
l=0 = Span(pm

l )∞
l=m . (5.54)

Using Proposition 3.16, we finally obtain

Span(ϕ̃′
l)∞

l=0 = Span((pm
l )′)∞

l=m = {1}⊥ , (5.55)

which is condition ii) of Proposition 3.18, thus concluding the proof.

6 Concluding remarks
In this work we have provided a detailed discussion on the convergence—or lack thereof—of
the solutions of the Schödinger equation generated by finite-dimensional truncations of a
given quantum Hamiltonian H with finite ground state energy on a Hilbert space H via
a family of projectors (Pn)n∈N converging to the identity. Not surprisingly, the success
or failure of this approximation method crucially depends on the specific choice of Pn:
for example, if one discretizes with respect to a given orthonormal basis (ϕl)l∈N, different
choices of basis can lead to very different results.

Surprisingly enough, however, a relatively simple criterion for the outcome of the method
can be found. To begin with, one restricts H to the union of all finite-dimensional spaces
PnH (which, as a direct consequence of infinite-dimensionality, is not simply equal to the
whole H), thus obtaining a symmetric, not self-adjoint operator Hfin. Then:

1. if Hfin to this space is still essentially self-adjoint (i.e., it admits a single self-adjoint
extension, necessarily coinciding with H), then the correct solution is obtained in
the limit n → ∞, and we do not need to worry;

2. if Hfin has multiple self-adjoint extensions, with H only being one of them, then the
truncated solutions will reproduce, in the limit n → ∞, the one corresponding to a
specific self-adjoint extension of Hfin among all others: its Friedrichs extension.

Let us rephrase this in a slightly more appealing way. Finite-dimensional truncations
are guaranteed to work only if they ensure that “not too much information about the
physics” of the system is lost, so that Hfin is still essentially self-adjoint. If, instead, we
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lose such information when truncating, physics cannot help us choosing the correct self-
adjoint extensions—in this case, mathematics makes this choice for us, always selecting
the Friedrichs extension among all others. Since Hfin can either admit one or infinitely
many self-adjoint extensions, in the second case there are simply infinitely many ways we
can take the wrong choice. And once again, numerics cannot generally help us in this case:
what we will see is that the solutions, as n → ∞, are converging to a legitimate, normalized
wavefunction. Without mathematics, we just cannot trust this wavefunction to correspond
to the physics we want to reproduce. Morally, not only must the basis be suited to the
particular physical situation we aim to reproduce: they should also be unsuited to similar,
but distinct ones.

To put this machinery in motion in a case where we do have the exact, analytical
solutions at hand, we went back to the essentials, and analyzed the particle in a box—a
case in which different self-adjoint extensions of Hfin are conveniently mapped in different
boundary conditions—proving that it is indeed possible to find choices of discretization
bases such that things go spectacularly wrong: namely, one can as well find themselves in
the position of the unlucky student in the “thought homework” presented at the start of
this paper, reproducing in the limit n → ∞ the right solution for the particle in the wrong
box.

In this case, at the very least, we could come to the aid of our (imaginary) unfortu-
nate student by just computing the exact analytical solution corresponding to the desired
boundary conditions, and comparing it with the numerical one. For most complex quan-
tum systems of research interest, e.g. in the context of quantum chemistry, obtaining
analytical solutions is however out of question. In such cases, a wrong choice of basis can
cause analogous issues that just go undetected: all we observe is that our computers yield
a legitimate solution for each n, and that the solutions stay normalized as n grows.

Our work motivates a more careful study of finite-dimensional truncations in the broader
context, and stimulates a discussion between “practitioners” performing numerics and the-
oreticians applying functional analysis. In particular, it would be interesting to bridge
between rather abstract domain issues on the one hand and practical convergence issues
encountered in the numerics, as well as sufficiently general tricks to avoid them. This will,
of course, require thinking outside the box.
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A Exact time evolution for Dirichlet and periodic boundary conditions
In this appendix, we calculate the exact time evolution of the the Dirichlet Laplacian,
UDir(t) and the periodic Laplacian Uper(t) at time t = 4

π . This is used in Example 3.8 to
show that the two time evolutions can be maximally different at specific times, cf. Figure 3.

In the following, as in Section 3.1, we set H = L2((−1, 1)), and we denote by HDir and
Hper the Laplace operator with Dirichlet and periodic boundary conditions (Definition 3.6),
with UDir(t), Uper(t) being the corresponding unitary propagators. Furthermore, given
ψ0 ∈ H, we use the following notation:

ψDir(x; t) = (UDir(t)ψ0)(x) , ψper(x; t) = (Uper(t)ψ0)(x) . (A.1)
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Proposition A.1. Let ψ0 ∈ H and t = 4
π . Then

ψDir(x; 4/π) = −ψ0(−x). (A.2)

Proof. The eigenfunctions ψj and eigenvalues Ej of the Dirichlet Laplacian are given by
(cf. Example 3.7):

Ej = j2π2

4 , ψj(x) = sin
(
jπ

2 (x+ 1)
)
, j ≥ 1 . (A.3)

For odd j the wavefunctions are symmetric, and for even j anti-symmetric:

ψ2j+1(−x) = ψ2j+1(x), ψ2j(−x) = −ψ2j(x), n ∈ N, n ≥ 1. (A.4)

As such, we can define projectors onto the symmetric (Ps) and anti-symmetric subspace
(Pa) of H by means of the following expressions:

Ps : H → H, Psψ =
∞∑

j=0
⟨ψ2j+1, ψ⟩ψ2j+1,

Pa : H → H, Paψ =
∞∑

j=1
⟨ψ2j , ψ⟩ψ2j ,

(A.5)

and by construction

(Psψ)(−x) = (Psψ)(x), (Paψ)(−x) = −(Paψ)(x), Psψ + Paψ = ψ, ∀ψ ∈ H. (A.6)

Using the spectral theorem and Eq. (A.3), the time evolution of an initial state ψ0 reads
at time t

UDir(t)ψ0 =
∞∑

j=1
e−iEjt ⟨ψj , ψ0⟩ψj . (A.7)

Inserting t = 4
π and using Ej = j2π2

4 , we get

UDir

( 4
π

)
ψ0 =

∞∑
j=1

e−i j2π2
4

4
π ⟨ψj , ψ0⟩ψj =

∞∑
j=1

(−1)j2 ⟨ψj , ψ0⟩ψj

= −
∞∑

j=0
⟨ψ2j+1, ψ⟩ψ2j+1 +

∞∑
j=1

⟨ψ2j , ψ⟩ψ2j = −Psψ0 + Paψ0 ,

(A.8)

where in the last line we split the sum into even and odd parts and used the definition of
the projectors in Eq. (A.5). Finally, by Eq. (A.6),

UDir

( 4
π

)
ψ0 = −Psψ0 + Paψ0 = −(Psψ0)(−x) − (Paψ0)(−x) = −ψ0(−x) , (A.9)

thus completing the proof.

Proposition A.2. Let ψ0 ∈ H and t = 4
π . Then the periodic time evolution of ψ0 reads at

t = 4/π
ψper(x; 4/π) = ψ0(x). (A.10)
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Proof. The eigenfunctions ψj and eigenvalues Ej of the periodic Laplacian are given by
(cf. Example 3.7):

Ej = j2π2, ψj(x) = 1√
2

e−ijπ(x+1), j ∈ Z . (A.11)

As they form a complete orthogonal set, summing over their respective projectors yields
the identity: ∑

j∈Z
⟨ψj , ψ⟩ψj = ψ ∀ψ ∈ H . (A.12)

Using the spectral theorem and Eq. (A.11), the periodic time evolution of the initial state
ψ0 at time t reads

Uper(t)ψ0 =
∑
j∈Z

e−iEjt ⟨ψj , ψ0⟩ψj . (A.13)

Inserting t = 4
π , Ej = j2π2 and using Eq. (A.12),

Uper

( 4
π

)
ψ0 =

∑
j∈Z

e−ij2π2 4
π ⟨ψj , ψ0⟩ψj =

∑
j∈Z

⟨ψj , ψ0⟩ψj = ψ0 , (A.14)

thus completing the proof.

Corollary A.1. For t = 4
π the Dirichlet and periodic time evolutions are maximally

different, in the following sense: the operator norm of their difference reads∥∥∥∥UDir

( 4
π

)
− Uper

( 4
π

)∥∥∥∥ = 2 . (A.15)

Proof. Clearly the difference between two unitaries is always bounded by 2. To show that
the equality holds, just consider any even wavefunction ψ0, i.e., ψ0(−x) = ψ0(x). Then, by
Propositions A.1 and A.2,∥∥∥∥UDir

( 4
π

)
ψ0 − Uper

( 4
π

)
ψ0

∥∥∥∥ = 2∥ψ0∥ , (A.16)

which proves the claim.

Finally, we remark that the exact time evolution generated by the Dirichlet Laplacian
for arbitrary rational times t = p

qπ , p, q ∈ N (in units of 1
π ) was famously discussed by

Berry in [58]. Similar techniques can be applied to other boundary conditions.

B Expansion coefficients in the associated Legendre polynomials
In this appendix we show how we obtained the numerical data in Figure 1, and how similar
plots can be obtained. To this extent, let us begin by finding a computable expression for
the state-dependent approximation error ∥Un(t)ψ0,W − UW (t)ψ0,W ∥, with ψ0,W being an
eigenvector of the corresponding realization HW of the Laplace operator,

HWψ0,W = E0,Wψ0,W . (B.1)
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In this case, given any orthonormal basis (ϕl)l∈N, one easily gets

∥UW (t)ψ0,W − Un(t)ψ0,W ∥2 =
∞∑

l=0
|⟨ϕl, UW (t)ψ0,W − Un(t)ψ0,W ⟩|2 (B.2)

=
n∑

l=0
|exp(−iE0,W t) ⟨ϕl, ψ0,W ⟩ − ⟨ϕl, Un(t)ψ0,W ⟩|2

+
∞∑

l=n+1
|exp(−iE0,W t) − 1|2 |⟨ϕl, ψ0,W ⟩|2 (B.3)

=
n∑

l=0
|exp(−iE0,W t) ⟨ϕl, ψ0,W ⟩ − ⟨ϕl, Un(t)ψ0,W ⟩|2

+ |exp(−iE0,W t) − 1|2
(

1 −
n∑

l=0
|⟨ϕl, ψ0,W ⟩|2

)
, (B.4)

where we used the property e−itHWψ0,W = e−iE0,W tψ0,W , as well as the fact that Hn by
construction acts trivially on the vectors ϕl with l > n. No infinite sum is thus required
to compute the error in this case.

In the following we choose the normalized associated Legendre polynomials (pm
l )l≥m

as orthonormal basis, and we consider the two cases of Dirichlet and periodic boundary
conditions, for which all eigenvalues and eigenvectors are known. In these cases, to compute
the quantity in Eq. (B.4) we need to compute the following quantities:

• the expansion coefficients ⟨ϕl, ψ0,W ⟩ of the eigenvector ψ0,W in the basis (ϕl)l∈N;

• the quantities ⟨ϕl, Un(t)ψ0,W ⟩.

As we will see, the expansion coefficients of both Dirichlet and periodic boundary conditions
can be evaluated exactly; this is done in Sections B.2–B.3. To compute ⟨ϕl, Un(t)ψ0,W ⟩,
we adopt the following strategy:

1. We evaluate exactly the matrix elements ⟨pm
l , HW pm

k ⟩ of the Laplace operator, which
gives us the exact expression of Hn for every fixed n. This is done in Section B.1.

2. We then determine the exponential Un(t) = e−itHn numerically via direct matrix
exponentiation.

For the latter purpose, we use the python library mpmath [70], which provides arbitrary
precision floating point arithmetic. This allows us to avoid overflow issues when dealing
with large factorials and determine Un(t) with high precision. In particular, we used a
precision of 500 decimal places; at this point further increasing the precision did no change
the results.

Before going through the calculations, we state some auxiliary lemmata on the deriva-
tives of the associated Legendre polynomials that will be needed in the remainder of the
appendix.

Lemma B.1. Let α, l be integers such that α ≤ l. Then

dα

dxα
Pl(x)

∣∣∣∣
x=1

= 2−α

α!
(l + α)!
(l − α)! . (B.5)

For α > l, dα

dxαPl(x) = 0.
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Proof. We will use the following representation of Legendre polynomials [67]:

Pl(x) =
l∑

k=0

(
l

k

)(
l + k

k

)(
x− 1

2

)k

. (B.6)

In this representation, the derivative at x = 1 reads

dα

dxα
Pl(x)

∣∣∣∣
x=1

=
l∑

k=0

(
l

k

)(
l + k

k

)
dα

dxα

(
x− 1

2

)∣∣∣∣
x=1

= 2−αα!
(
l

α

)(
l + α

α

)
, (B.7)

whence, for l ≥ α,
dα

dxα
Pl(x)

∣∣∣∣
x=1

= 2−αα! l! (l + α)!
α! (l − α)!α! (l + α− α)! = 2−α

α!
(l + α)!
(l − α)! . (B.8)

Lemma B.2. Let m,α, l integers such that m is even and α ≤ l. Then

dα

dxα
Pm

l (x)
∣∣∣∣
x=1

= (−1)m/22−αα!
(
m

2

)
!

×
min(m,α)∑

t=m/2

(l +m+ α− t)!
(α− t)!(t−m/2)!(m− t)!(m− t+ α)!(l −m− α+ t)! . (B.9)

For α > l, dα

dxαPm
l (x) = 0.

Proof. Using the product rule, we get

dα

dxα
Pm

l (x)
∣∣∣∣
x=1

= (−1)m dα

dxα

(
(1 − x2)m/2 dm

dxm
Pl(x)

)∣∣∣∣
x=1

=
α∑

t=0

(
α

t

)
dt

dxt
(1 − x2)m/2

∣∣∣∣∣
x=1

dm−t+α

dxm+α−t
Pl(x)

∣∣∣∣∣
x=1

(B.10)

The first part of each summand is 0 for t < m
2 , as one term (1 − x2) that evaluates

to 0 at x = 1 always remains. Therefore, we take t ≥ m
2 . Furthermore, for t > m,

dt

dxt (1 − x2)m/2 = 0. If α < m, then α is the upper limit of the sum. Then, using
Eq. (3.22),

dt

dxt
(1 − x2)m/2 = (−1)m/22m/2(m/2)! dt−m/2

dxt−m/2Pm/2(x), (B.11)

and by Lemma B.1 we get

dα

dxα
Pm

l (x)
∣∣∣∣
x=1

= (−2)m/2(m/2)!
min(m,α)∑

t=m/2

(
α

t

)
dt−m/2

dxt−m/2Pm/2(x)

∣∣∣∣∣
x=1

dm−t+α

dxm+α−t
Pl(x)

∣∣∣∣∣
x=1

= (−2)m/2(m/2)!
min(m,α)∑

t=m/2

α!
t! (α− t)!

2−t+m/2t!
(t−m/2)!(m− t)!

2−m+t−α(l +m+ α− t)!
(m− t+ α)!(l −m− α+ t)!

= (−1)m/22m/2+m/2−m−t+t−αα!(m/2)!

×
min(m,α)∑

t=m/2

t!
t!

(l +m+ α− t)!
(α− t)!(t−m/2)!(m− t)!(m− t+ α)!(l −m− α+ t)! ,

(B.12)

which concludes the proof.
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B.1 Matrix elements of the Laplacian
By using Lemmata B.1–B.2, we will now be able to compute the matrix elements of any
realization HW of the Laplace operator on (−1, 1). Here, to avoid cumbersome expressions,
we will compute them without the normalization factors.

Proposition B.3. Let m ≥ 4 even, W ∈ U(2), and HW being the corresponding realization
of the Laplace operator on L2((−1, 1)). Then, for every integers l, k ≥ m,

⟨Pm
l , HWPm

k ⟩ = 2δmod(l+k,2),0 ×
{
hlk l ≥ k

hkl l < k
,

hlk =
m∑

t=⌊ m
2 ⌋+1

(−1)t dm−t

dxm−t
Pl(x)

∣∣∣∣∣
x=1

×

× dt−1

dxt−1

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dm

dxm
Pk(x)

))∣∣∣∣∣
x=1

.

(B.13)

In particular, for m = 4,

hlk =
(

2 − l(l + 1)
12

) (k + 4)!
(k − 4)! + 18

5!
(k + 5)!
(k − 5)! . (B.14)

As anticipated in the main text, the matrix elements do not depend on the particular
choice of boundary conditions. As HW is self adjoint, we assume l ≥ k without loss of
generality. Furthermore, with a slight abuse of notation, in the following we will drop the
explicit dependence on the operator on W . In addition, we recall the following property
of the associated Legendre polynomials:

dm−tPl(x)
dxm−t

= 1
2ll!

dl+m−t(x2 − 1)l

dxl+m−t
, m < t ≤ l +m. (B.15)

We prove an auxiliary lemma before proving the proposition.

Lemma B.4. Let l, k,m be integers with l ≥ k ≥ m ≥ 4 and m being even. Then, for
every integer T such that 1 ≤ T ≤ l +m, the following equality holds:

⟨Pm
l , HPm

k ⟩ =
T∑

t=1
(−1)t

(
dm−tPl(x)

dxm−t

)
dt−1

dxt−1 (1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

)∣∣∣∣∣
1

−1

+ (−1)T +1
∫ 1

−1

(
dm−TPl(x)

dxm−T

)
dT

dxT

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

))
dx

(B.16)

Proof. To begin with, we note that all expressions dm−tPl(x)
dxm−t are well-defined by Eq. (B.15),

as we assumed t ≤ T ≤ l +m.
The claim will be obtained by performing T integrations by parts. To this extent, we

prove the lemma by induction over T , starting with T = 1:

⟨Pm
l , HPm

k ⟩ = −
∫ 1

−1

(
(−1)m(1 − x2)m/2 dmPl(x)

dxm

) d2

dx2

(
(−1)m(1 − x2)m/2 dmPk(x)

dxm

)
dx

= −
(

dm−1Pl(x)
dxm−1

)
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

)∣∣∣∣∣
1

−1

+
∫ 1

−1

(
dm−1Pl(x)

dxm−1

)
d

dx

(
(1 − x2)m/2 d2

dx2 (1 − x2)m/2 dmPk(x)
dxm

)
dx ,

(B.17)
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where we performed a single integration by parts.
Now assume Eq. (B.16) to hold for some integer T with 1 ≤ T ≤ l + m − 1. Then it

also holds for T + 1:

⟨Pm
l , HPm

k ⟩ =
T∑

t=1
(−1)t

(
dm−tPl(x)

dxm−t

)
dt−1

dxt−1

(
(1 − x2)m/2 d2

dx2 (1 − x2)m/2 dmPk(x)
dxm

)∣∣∣∣∣
1

−1

+ (−1)T +1
∫ 1

−1

(
dm−TPl(x)

dxm−T

)
dT

dxT

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

))
dx

=
T∑

t=1
(−1)t

(
dm−tPl(x)

dxm−t

)
dt−1

dxt−1

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

))∣∣∣∣∣
1

−1

+ (−1)T +1
(

dm−T −1Pl(x)
dxm−T −1

)
dT

dxT

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

))∣∣∣∣∣
1

−1

− (−1)T +1
∫ 1

−1

(
dm−T −1Pl(x)

dxm−T −1

)
dT +1

dxT +1

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

))
.

(B.18)

Rearranging the terms, the claim is verified, closing the induction.

Proof of Proposition B.3. After T ≤ l + m integrations by parts, the matrix element
⟨Pm

l , HPm
k ⟩ is given by Eq. (B.16). Setting T = k+m− 1, the remaining integral vanishes

and only the sum remains as we will show in the following. Recalling the definition of the
Legendre polynomials (see Definition 3.14), Pk is a polynomial of degree k, and assuming
m to be even,

(1 − x2)m/2 d2

dx2 (1 − x2)m/2 dm

dxm
Pk(x) (B.19)

is a polynomial of degree k − 2 + m. Thus, setting T = k + m − 1, the integrand in
Eq. (B.16) evaluates to 0:(

dm−TPl(x)
dxm−T

)
dT

dxT

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

))
= 0 , (B.20)

as the second part of the product evaluates to 0. The now simplified matrix elements read

⟨Pm
l , HPm

k ⟩ =
k+m−1∑

t=1
(−1)t

(
dm−tPl(x)

dxm−t

)
dt−1

dxt−1 (1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

)∣∣∣∣∣
1

−1
(B.21)

We now show that we can further restrict the sum to t ∈
[⌊

m
2
⌋

+ 1,m
]
. The following term

(cf. Eq. (B.15))
dm−t

dxm−t
Pl(x)

∣∣∣∣
x=±1

= 1
2ll!

dl+m−t

dxl+m−t
(x2 − 1)l

∣∣∣∣
x=±1

(B.22)

evaluates to 0 at the boundaries for m < t ≤ l+m. Therefore, the sum can be cut off at m.
Furthermore, for t− 1 < m

2 , the term dt−1

dxt−1 ((1 − x2)m/2g(x)) (for an arbitrary polynomial
g) evaluates to zero at the boundaries. In particular,

dt−1

dxt−1

(
(1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

))∣∣∣∣∣
±1

= 0 (B.23)
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for t− 1 < m
2 , and we can simplify Eq. (B.21) further to

⟨Pm
l , HPm

k ⟩ =
m∑

t=⌊ m
2 ⌋+1

(−1)t Fm,l,k,t(x)|1−1

Fm,l,k,t(x) =
(

dm−tPl(x)
dxm−t

)
dt−1

dxt−1 (1 − x2)m/2 d2

dx2

(
(1 − x2)m/2 dmPk(x)

dxm

)
,

(B.24)

where we newly introduced the polynomial Fm,l,k,t(x) for
⌊

m
2
⌋

+ 1 ≤ t ≤ m. We now show
that (for even m)

Fm,l,k,t(−x) = (−1)k+l+1Fm,l,k,t(x) . (B.25)

Indeed, for the Legendre polynomials the following parity relation holds: Pl(−x) =
(−1)lPl(x). Furthermore, (1 − x2)m/2 is a symmetric function, and the derivative of a
symmetric function is antisymmetric and vice versa. Thus,

Fm,l,k,t(−x) = (−1)m−t+l+t−1+2+m+kFm,l,k,t(x) = (−1)l+k+1Fm,l,k,t(x) (B.26)

proving the claim. Therefore, the evaluation at the boundaries reads

Fm,l,k,t(x)|1−1 = Fm,l,k,t(1) − Fm,l,k,t(−1)
= (1 − (−1)l+k+1)Fm,l,k,t(1) = 2δmod(k+l,2),0Fm,l,k,t(1) . (B.27)

Inserting this into Eq. (B.24) proves Eq. (B.13).
To conclude, in the case m = 4 (m/2 = 2), we obtain a sum with two summands from

t = 3 to t = 4. We use Eq. (3.22) and Lemma B.1 to calculate the terms explicitly. For
t = 3, the second derivative needs to be fully applied to dt−1

dxt−1 (1 − x2)2
∣∣∣
1

to not evaluate
to 0, yielding

d
dxPl(x)

∣∣∣∣
x=1

= d2

dx2

(
(1 − x2)2 d2

dx2

(
(1 − x2)2 d4

dx4Pk(x)
))∣∣∣∣∣

x=1

= 1
2

(l + 1)!
(l − 1)!

d2

dx2 (1 − x2)2
∣∣∣∣∣
1

d2

dx2 (1 − x2)2
∣∣∣∣∣
x=1

d4

dx4Pk(x)
∣∣∣∣∣
x=1

= l(l + 1)
12

(k + 4)!
(k − 4)! . (B.28)

For t = 4, the product rule is used, yielding

Pl(1) d3

dx3

(
(1 − x2)2 d2

dx2

(
(1 − x2)2 d4

dx4Pk(x)
))∣∣∣∣∣

x=1
(B.29)

=
(

3
3

)
d3

dx3 (1 − x2)2
∣∣∣∣∣
x=1

d2

dx2 (1 − x2)2
∣∣∣∣∣
x=1

d4

dx4Pk(x)
∣∣∣∣∣
x=1

+
(

3
2

)
d2

dx2 (1 − x2)2
∣∣∣∣∣
x=1

(
3
3

)
d3

dx3 (1 − x2)2
∣∣∣∣∣
x=1

d4

dx4Pk(x)
∣∣∣∣∣
x=1

+
(

3
2

)
d2

dx2 (1 − x2)2
∣∣∣∣∣
x=1

(
3
2

)
d2

dx2 (1 − x2)2
∣∣∣∣∣
x=1

d5

dx4+1Pk(x)
∣∣∣∣∣
x=1

(B.30)

= 2(k + 4)!
(k − 4)! + 18

5!
(k + 5)!
(k − 5)! , (B.31)

which proves Eq. (B.14), thus completing the proof.
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B.2 Expansion coefficients of the Dirichlet eigenfunctions
In this section, we calculate the expansion coefficients of the Dirichlet eigenfunctions ψj , j ∈
N, j ≥ 1. Recall that they are given by (see Example 3.7)

ψj(x) = sin
(
jπ

2 (x+ 1)
)
, j ≥ 1 , (B.32)

Here, we state the non-normalized expansion coefficients.

Proposition B.5. Let j,m, l be integers such that j ≥ 1, l ≥ m ≥ 4, and m is even, and
ψj as defined in Eq. (A.3). Then

⟨Pm
l , ψj⟩ = −2

jπ

(
(−1)j − (−1)l

) tmax∑
t=tmin

(−1)t
( 2
jπ

)2t d2t

dx2t
Pm

l (x)
∣∣∣∣∣
x=1

, (B.33)

where tmin =
⌊

m
4 − 1

2

⌋
+ 1 and tmax =

⌊
l
2

⌋
.

We prove the claim using integration by parts.

Lemma B.6. Let j,m, l be integers such that j ≥ 1, l ≥ m ≥ 4, and m is even, and ψj as
defined in Eq. (A.3). Then, for every integer 0 ≤ T ≤ l

2 , the following equality holds:

⟨Pm
l , ψj⟩ = −2

jπ

T∑
t=0

(−1)t
( 2
jπ

)2t

cos
(
j

2π(x+ 1)
) d2t

dx2t
Pm

l (x)
∣∣∣∣1
−1

− (−1)T
( 2
jπ

)2T +2 ∫ 1

−1
sin
(
j

2π(x+ 1)
) d2T +2

dx2T +2P
m
l (x) dx . (B.34)

Proof. This will be proven by performing 2T+2 integrations by parts. After two integrations
by parts, the expansion coefficients read

⟨Pm
l , ψj⟩ =

∫ 1

−1
sin
(
j

2π(x+ 1)
)
Pm

l (x) dx

= −2
jπ

cos
(
j

2π(x+ 1)
)
Pm

l (x)
∣∣∣∣1
−1

+ 2
jπ

∫ 1

−1
cos

(
j

2π(x+ 1)
) dPm

l (x)
dx dx

= −2
jπ

cos
(
j

2π(x+ 1)
)

(1 − x2)m/2Pm
l (x)

∣∣∣∣1
−1

+
( 2
jπ

)2
sin
(
j

2π(x+ 1)
) d

dxP
m
l (x)

∣∣∣∣1
−1

−
( 2
jπ

)2 ∫ 1

−1
sin
(
j

2π(x+ 1)
) d2

dx2P
m
l (x) dx .

(B.35)

As sin
(

j
2π(±1 + 1)

)
= 0, the second boundary term vanishes, proving the claim for T = 0.

Assuming that Eq. (B.34) holds for 0 ≤ T ≤ l/2 − 1, after two further integrations by parts
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we get

⟨Pm
l , ψj⟩ = −2

jπ

T∑
t=0

(−1)t
( 2
jπ

)2t

cos
(
j

2π(x+ 1)
) d2t

dx2t
Pm

l (x)
∣∣∣∣1
−1

(B.36)

− (−1)T
( 2
jπ

)2T +2 ∫ 1

−1
sin
(
j

2π(x+ 1)
) d2T +2

dx2T +2P
m
l (x) dx (B.37)

= −2
jπ

T∑
t=0

(−1)t
( 2
jπ

)2t

cos
(
j

2π(x+ 1)
) d2t

dx2t
Pm

l (x)
∣∣∣∣1
−1

(B.38)

− (−1)T
( 2
jπ

)2T +2 −2
jπ

cos
(
j

2π(x+ 1)
) d2T +2

dx2T +2P
m
l (x)

∣∣∣∣1
−1

(B.39)

+ (−1)T
( 2
jπ

)2T +2 −2
jπ

∫ 1

−1
cos

(
j

2π(x+ 1)
) d2T +3

dx2T +3P
m
l (x) dx (B.40)

= −2
jπ

T +1∑
t=0

(−1)t
( 2
jπ

)2t

cos
(
j

2π(x+ 1)
) d2t

dx2t
Pm

l (x)
∣∣∣∣1
−1

(B.41)

− (−1)T
( 2
jπ

)2T +2 ( 2
jπ

)2
sin
(
j

2π(x+ 1)
) d2T +3

dx2T +3P
m
l (x)

∣∣∣∣1
−1

(B.42)

+ (−1)T
( 2
jπ

)2T +2 ( 2
jπ

)2 ∫ 1

−1
sin
(
j

2π(x+ 1)
) d2T +4

dx2T +4P
m
l (x) dx . (B.43)

Plugging Eq. (B.39) into the sum (B.38), and using sin
(

j
2π(±1 + 1)

)
= 0 in Eq. (B.42),

we prove the assumption for the case T + 1.

Proof of Proposition B.5. We show that the integral in Eq. (B.34) vanishes for T = tmax =⌊
l
2

⌋
. Then,

2T + 2 = 2
⌊
l

2

⌋
+ 2 ≥ l + 1 > l , (B.44)

and as the associated Legendre polynomials are polynomials of degree l, the derivative
d2T +2

dx2T +2P
m
l (x) = 0. Hence, after T = tmax integrations by part, we get (cf. Lemma B.6)

⟨Pm
l , ψj⟩ = −2

jπ
×

tmax∑
t=0

(−1)t
( 2
jπ

)2t

cos
(
j

2π(x+ 1)
) d2t

dx2t
Pm

l (x)
∣∣∣∣1
−1

(B.45)

On the other hand, for 2t ≤ m
2 − 1, d2t

dx2t (1 − x2)m/2 evaluates to 0 at the boundaries, such
that the summands vanish for

t < tmin =
⌊
m

4 − 1
2

⌋
+ 1. (B.46)

Plugging the boundaries for t into Eq. (B.45), we get

⟨Pm
l , ψj⟩ = −2

jπ
×

tmax∑
t=tmin

(−1)t
( 2
jπ

)2t
(

cos
(
jπ

2 (x+ 1)
) d2t

dx2t
Pm

l (x)
) ∣∣∣∣1

−1
. (B.47)

Furthermore, by using the following parity properties:

cos
(
jπ

2 (1 + 1)
)

= (−1)j , cos
(
jπ

2 (−1 + 1)
)

= +1 , (B.48)

d2α

dx2α
Pm

l (x)
∣∣
x=−1 = (−1)l d2α

dx2α
Pm

l (x)
∣∣
x=1 ∀α ∈ N . (B.49)
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we finally get

⟨Pm
l , ψj⟩ = −2

jπ

(
(−1)j − (−1)l

)
×

tmax∑
t=tmin

(−1)t
( 2
jπ

)2t d2t

dx2t
Pm

l (x)
∣∣∣∣∣
x=1

. (B.50)

B.3 Expansion coefficients of the periodic eigenfunctions
To conclude, we calculate the expansion coefficients of the (non-normalized) periodic eigen-
functions ψj , j ∈ N, j ∈ Z, which are given by (cf. Example 3.7)

ψj(x) = e−ijπ(x+1), j ∈ Z . (B.51)

Proposition B.7. Let j ∈ Z, and m, l be integers such that l ≥ m ≥ 4 and m is even.
Furthermore, let tmin =

⌊
m
4 − 1

2

⌋
and tmax =

⌊
l
2

⌋
. Then

⟨Pm
l , ψj⟩ =


2∑tmax

t=tmin−1
(−1)t

(jπ)2t+2
d2t+1P m

l (x)
dx2t+1

∣∣∣∣
x=1

l even

−2i∑tmax
t=tmin−1

(−1)t

(jπ)2t+1
d2tP m

l (x)
dx2t

∣∣∣∣
x=1

l odd
(B.52)

For j = 0, the expansion coefficients of the constant function for even m and even l are
given by

⟨Pm
l , 1⟩ =

∫ 1

−1
Pm

l (x) dx = 2m
l

((l/2)!)2(l +m)!
((l −m)/2)!((l +m)/2)!(l + 1)! . (B.53)

For even m and odd l, they are 0.

Again, we use integration by parts:

Lemma B.8. Let j ∈ Z, and m, l be integers such that l ≥ m ≥ 4 and m is even, and
ψj as defined in Eq. (B.51). Then, for every integer T such that 0 ≤ T ≤ l, the following
equality holds:

⟨Pm
l , ϕj⟩ =

∫ 1

−1
Pm

l (x)eijπ(x+1) dx =
T∑

t=0
(−1)t 1

(ijπ)t+1 eijπ(x+1) dt

dxt
Pm

l (x)
∣∣∣∣∣
1

−1

− (−1)T 1
(ijπ)T +1

∫ 1

−1
eijπ(x+1) dT +1

dxT +1P
m
l (x) dx . (B.54)

Proof. This will be proven by performing T + 1 integrations by parts. We show the
statement using induction over T . For T = 0, a single integration by parts yields

⟨Pm
l , ϕj⟩ =

∫ 1

−1
eijπ(x+1)Pm

l (x) dx = 1
ijπ eijπ(x+1)Pm

l (x)
∣∣∣1
−1

− 1
ijπ

∫ 1

−1
eijπ(x+1) dPm

l (x)
dx dx .

(B.55)
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Assuming that Eq. (B.54) holds for 0 ≤ T ≤ l− 1, for T + 1 we get, again using integration
by parts,

⟨Pm
l , ϕj⟩ =

T∑
t=0

(−1)t 1
(ijπ)t+1 eijπ(x+1) dt

dxt
Pm

l (x)
∣∣∣∣∣
1

−1

− (−1)T 1
(ijπ)T +1

∫ 1

−1
eijπ(x+1) dT +1

dxT +1P
m
l (x) dx

=
T∑

t=0
(−1)t 1

(ijπ)t+1 eijπ(x+1) dt

dxt
Pm

l (x)
∣∣∣∣∣
1

−1
+ (−1)T +1 1

(ijπ)T +2 eijπ(x+1) dT +1

dxT +1P
m
l (x)

∣∣∣∣∣
1

−1

− (−1)T +1 1
(ijπ)T +2

∫ 1

−1
eijπ(x+1) dT +2

dxT +2P
m
l (x) dx . (B.56)

Combining the first line into a sum from t = 0 to T + 1, we get the desired equality for
T + 1, thus closing the induction.

Proof of Proposition B.7. As the associated Legendre polynomials are polynomials of de-
gree l, the integral in Eq. (B.54) vanishes for T = l:

dl+1

dxl+1P
m
l (x) = 0 . (B.57)

Thus, using Lemma B.8, the expansion coefficients read

⟨Pm
l , ϕj⟩ =

∫ 1

−1
Pm

l (x)eijπ(x+1) dx =
l∑

t=0
(−1)t 1

(ijπ)t+1 eijπ(x+1) dt

dxt
Pm

l (x)
∣∣∣∣∣
1

−1
. (B.58)

Furthermore, for t ≤ m
2 − 1, the derivative d2t

dx2t (1 − x2)m/2 evaluates to 0 at the boundaries
again, and the first m/2 − 1 terms vanish:

⟨Pm
l , ϕj⟩ =

l∑
t=m/2

(−1)t 1
(ijhπ)t+1 eijπ(x+1) dt

dxt
Pm

l (x)
∣∣∣∣∣
1

−1
. (B.59)

As eijπ(x+1)
∣∣∣
x=±1

= 1 holds, which terms contribute to the sum only depends on l. Recalling
that we assume m to be even, for m/2 ≤ t ≤ l we have

dt

dxt
Pm

l (x)
∣∣∣∣∣
x=−1

= (−1)l+t dt

dxt
Pm

l (x)
∣∣∣∣∣
x=−1

. (B.60)

In the following, we introduce t̃ ∈ N to write an even t as 2t̃ and odd t as 2t̃ + 1. We
distinguish between even and odd l:

(i) Even l: Then dt

dxtP
m
l (x)

∣∣∣1
−1

= 0 for even t. Thus only terms with odd t = 2t̃ + 1
contribute to the sum. In this case, (−1)t/it+1 = (−1)2t̃+1/i2t̃+2 = (−1)t̃.

(ii) Odd l: Then dt

dxtP
m
l (x)

∣∣∣1
−1

= 0 for odd t. Thus only terms with even t = 2t̃ contribute.
Then, (−1)t/it+1 = (−1)2t̃/i2t̃+1 = −i(−1)t̃.
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These two cases result in the two cases in the proposition. For each case, we can replace
the sum over t in Eq. (B.59) with a sum over t̃ from tmin to tmax, with

tmin =
⌊
m

4 − 1
2

⌋
, tmax =

⌊
l

2

⌋
, (B.61)

concluding the proof.

We finally point out that the expansion coefficients of the Neumann eigenfunctions
φj(x) = cos

(
jπ
2 (x+ 1)

)
(see Example 3.7) for j ∈ N could be calculated in the same way.

They read

⟨φj , P
m
l ⟩ =

( 2
jπ

)2 (
(−1)j − (−1)l+1

) tmax∑
t=tmin−1

(−1)t
( 2
jπ

)2t d2t+1

dx2t+1P
m
l (x)

∣∣∣∣∣
x=1

. (B.62)

For j = 0, they are given by ⟨Pm
l , 1⟩ as in Eq. (B.53) [71].
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