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Abstract We investigate the cosmological dynamics of
Parameterized Absolute Parallelism (PAP) geometry within
the framework of modified f (R, X, T') gravity. By generaliz-
ing the Gauss—Bonnet invariant G using the PAP curvature
tensor B%,,,,, we incorporate both Riemannian curvature
and torsion effects into a unified framework. The modified
field equations are derived for a spatially flat FLRW back-
ground, and exact analytical solutions for the Hubble param-
eter, scale factor, energy density, and pressure are obtained
under a constant equation-of-state parameter w. Our analy-
sis shows that the PAP deformation parameter b and matter—
torsion coupling 7 significantly modify cosmic expansion,
the effective equation of state, and curvature diagnostics. Fur-
thermore, we explore the role of Gy, in torsion-driven Gauss—
Bonnet inflation and demonstrate how PAP corrections alter
the slow-roll dynamics, enabling sustained inflation even for
flat potentials. A detailed stability analysis reveals the critical
regions in the (b, n) parameter space separating stable and
unstable cosmological phases. This unified approach recov-
ers General Relativity, teleparallel gravity, and minimally
coupled PAP models as limiting cases, offering new insights
into early- and late-time acceleration driven by torsion and
higher-curvature effects.

1 Introduction

The Gauss—Bonnet theorem, a pinnacle of differential geom-
etry, finds profound and unexpected applications in modern
theoretical physics, particularly in extending Einstein’s the-
ory of General Relativity (GR). In its native four-dimensional
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spacetime, the Gauss—Bonnet term is a topological invari-
ant; it describes a global, unchanging property of space’s
shape (like its number of “holes”) and thus has no dynamic
influence on gravity [1]. Einstein’s original equations remain
untouched. However, its significance erupts in modified grav-
ity (4D): by creatively coupling the Gauss—Bonnet term to
an additional field (e.g., a scalar field), physicists can induce
novel effects even in our four-dimensional universe, provid-
ing compelling alternative mechanisms for cosmic inflation
(driving the universe’s rapid initial expansion without fine-
tuned inflationary fields) and dark energy [2] (explaining the
observed accelerated expansion of the cosmos, offering an
alternative to the cosmological constant). In essence, while
silent in classical Einsteinian gravity, the Gauss—Bonnet term
is a crucial actor in the most advanced attempts to resolve
the deepest puzzles of the universe, from the Big Bang to the
interiors of black holes [3]. The effects or theory of Gauss—
Bonnet are an extension of Einstein’s GR that appear in
higher dimensions (D > 4). Its quadratic term (the Gauss—
Bonnet term) is a topological geometric construct (a topo-
logical invariant) in four dimensions and therefore does not
affect the dynamics of four-dimensional spacetime. How-
ever, in string theories and cosmological models with higher
dimensions (such as the Randall-Sundrum model), this term
becomes dynamic and important: it prevents singularities
in primordial black holes, provides mechanisms for cos-
mic inflation and accelerated expansion without the need
for a cosmological constant, and modifies the relationships
between the mass and spin of a black hole (no-hair theo-
rem). To understand the Gauss—Bonnet effect, one must first
understand the journey from geometry to relativity: differen-
tial geometry describes how surfaces and spaces curve. One
of the most important results is the Gauss—Bonnet theorem,
which connects the local geometry of surfaces (their curva-
ture) with their global topology (their number of holes, e.g.,
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a sphere has zero holes, a doughnut has one). The paper titled
by “from geometry to cosmology: a pedagogical review of
inflation in curvature, torsion, and extended gravity theories”
[4], this pedagogical review offers a comprehensive explo-
ration of inflationary cosmology within a wide spectrum of
modified gravity theories, moving beyond Einstein’s General
Relativity. It systematically examines models based on curva-
ture (e.g., f(R), f(G)), torsion (e.g., f(T)), Einstein—Cartan),
and non-metricity (e.g., f(Q)), as well as scenarios where
scalar fields couple to various geometric invariants. The
review also covers exotic frameworks like mimetic gravity,
non-local theories, and string-inspired models. Using dynam-
ical systems and Bayesian methods, the work compares the
predictions of these models such as the spectral index ns
and tensor-to-scalar ratio r against current data from Planck
and BICEP/Keck, and forecasts from future missions like
Lite BIRD and CMB-S4. Special attention is given to post-
inflationary processes such as reheating, primordial black
hole formation, and gravitational wave signatures. The strong
observational viability of geometrically motivated models
like Starobinsky f(R) inflation, scalar-Gauss—Bonnet theo-
ries, and f(Q) gravity. The role of future observations in dis-
criminating between models, especially through precision
measurements of r, non-Gaussianity, and stochastic gravi-
tational waves. The need for theoretical improvements in
perturbation theory, reheating mechanisms, and UV com-
pletions for many modified gravity frameworks. The value
of Bayesian and machine-learning approaches in navigat-
ing the high-dimensional landscape of inflationary models.
This concise overview reflects the article’s integrative and
forward-looking perspective, emphasizing both theoretical
richness and the growing potential for empirical validation.

In other words, it is a bridge between the local and global
properties of space. Simplified formula: For a closed two-
dimensional surface, the theorem states that the integral over
the entire surface of the Gaussian Curvature K equals 27
multiplied by the Euler Characteristic (x) of the surface,
a constant number that depends on the number of holes (a
topological invariant). That is:

/KdA:ZnX. 1

Einstein’s GR: Its core idea is that matter and energy curve
the fabric of spacetime, and this curvature is what we per-
ceive as gravity. Einstein’s equation is a differential equation
that connects spacetime curvature (described by the Einstein
tensor G ) to its matter/energy content (the Stress—Energy
tensor T},,) [3]
8n G

G;w = C_4 T;w- (2)
This Einstein tensor is derived from the Ricci curvature Ry,
and the Scalar curvature R.

@ Springer

In GR, we deal with four-dimensional spacetime. The
Gauss—Bonnet (GB) term is a specific combination of curva-
ture quantities, known as the Gaussian curvature of higher-
dimensional spacetime. Its formula is [2,6-8]

G = Ryuypo R*P7 — 4R, R*’ + R, 3)

where R/, is the Riemann Curvature. The most important
property: In four-dimensional spacetime (3+1 dimensions),
the GB term is a topological invariant. It means that the inte-
gral [G/—g d*x over the entire closed four-dimensional
spacetime is a constant number that depends only on the
global topology of spacetime (like the Euler characteristic),
and not on the local geometry or how the curvature changes
from point to point. The integral [ G,/—g d*x is a topolog-
ical invariant, its variation with respect to the metric (which
describes the geometry of spacetime) is zero. Therefore, if
we add this term to the Einstein—Hilbert action (from which
we derive Einstein’s equations), it will not contribute to the
equations of motion. That is, Einstein’s equations remain
unchanged in 4 dimensions. This integral is proportional to
the Euler characteristic of the underlying manifold. Although
topological in GR, the GB term acquires dynamical sig-
nificance in higher-curvature theories of gravity, providing
insights into early-universe inflation, dark energy, and cos-
mic singularity avoidance [2,9,10]. The quest to understand
the fundamental forces governing the evolution of our uni-
verse remains one of the most profound challenges in theoret-
ical physics. While Einstein’s GR has been the cornerstone
of modern cosmology, successfully describing phenomena
from gravitational lensing to the precession of Mercury’s
orbit, it faces significant challenges in explaining the uni-
verse’s accelerated expansion both in its primordial (infla-
tion) and contemporary (dark energy) phases [11,12]. The
cosmological constant (A) in the standard ACDM model,
though empirically successful, is plagued by theoretical fine-
tuning problems, most notably the staggering discrepancy
between its observed value and predictions from quantum
field theory [13,14]. This has catalyzed the development
of modified gravity theories, which extend GR by intro-
ducing higher-order curvature invariants, non-minimal cou-
plings, or additional geometric degrees of freedom. Among
these, Gauss—Bonnet (GB) gravity has emerged as a par-
ticularly compelling framework [2,15]. In its native four-
dimensional form, the GB term (see Eq. (3)) is a topolog-
ical invariant and thus does not contribute to the dynam-
ics of pure GR [7]. However, when coupled to a dynamical
scalar field, it induces significant modifications to the gravita-
tional field equations, offering elegant mechanisms for infla-
tion, dark energy, and the avoidance of spacetime singular-
ities [16,17]. Concurrently, there has been a resurgence of
interest in the role of torsion in gravity. Teleparallel Grav-
ity (TEGR), where gravity is attributed to torsion rather than
curvature, provides an alternative but equivalent formulation
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of GR [18]. More recently, its extensions, such as f(T) grav-
ity, have been explored to drive cosmic acceleration [19]. A
powerful synthesis of these ideas is found in the Parame-
terized Absolute Parallelism (PAP) geometry, which intro-
duces a continuous parameter b that interpolates between
pure Riemannian geometry (b = 0, GR), pure teleparal-
lelism (b = 1, TEGR), and a hybrid regime 0 < b < 1
where both curvature and torsion coexist [20,21]. This geo-
metric flexibility makes PAP an ideal framework for con-
structing unified cosmological models. The profound chal-
lenge of the cosmological constant problem — the staggering
discrepancy between the observed value of dark energy and
predictions from quantum field theory — serves as a primary
catalyst for this work. This fine-tuning issue, coupled with
the conceptual “why now?” problem, compels the search for
compelling alternatives to the standard ACDM paradigm.
Our approach is founded on the premise that the accelerat-
ing phases of the universe, both primordial and contempo-
rary, may not stem from an ad hoc vacuum energy but could
instead be driven by the intrinsic properties of spacetime
itself. We develop a geometric alternative within the frame-
work of Parameterized Absolute Parallelism (PAP) geome-
try, where acceleration emerges dynamically from the inter-
play between generalized curvature and torsion. Crucially,
we extend this framework by incorporating a generalized
Gauss—Bonnet invariant, G,, which becomes dynamically
active in four dimensions through its non-minimal coupling
to the torsion-rich PAP structure. This term is posited to pro-
vide a potent source of negative pressure at high curvatures,
offering a mechanism to resolve initial singularities and drive
inflation without invoking ultra-steep scalar potentials. Fur-
thermore, the torsion in our model is not merely a mathe-
matical artifact but is endowed with physical significance,
often linked to the spin density of matter. This motivates
the matter—torsion coupling parameter n in our f(R, X, T)
construction, framing it as an interaction between the geom-
etry of spacetime and the intrinsic angular momentum of
the cosmic fluid, which could yield significant effects in the
high-density environments of the early universe. Ultimately,
the physical goal of the PAP framework is to provide a uni-
fied geometric description of gravity — a single, continuous
formalism that seamlessly interpolates between a curvature-
dominated regime, describing large-scale structure, and a
torsion-dominated regime, offering a novel characterization
of gravitational energy. This unification allows for a cos-
mos that can inhabit different geometric phases throughout
its evolution, providing a rich and versatile foundation for
addressing the most pressing puzzles in modern cosmology.

In this paper, we build upon these foundations by gen-
eralizing the G, within the PAP framework. We construct
a novel topological scalar from the full PAP curvature ten-
sor By, %, which encapsulates contributions from both stan-
dard Riemannian curvature and torsion. We then embed this

construction into the broader context of f(R, X, T) grav-
ity, where R is the Ricci scalar, X is a torsion scalar, and T
is the trace of the energy—momentum tensor, introducing a
direct coupling between matter and torsion via a parameter
n [22]. This approach allows us to explore a unified geometric
origin for the universe’s inflationary and late-time accelerat-
ing phases. Scientists have found clever ways to make the
GB term effective even in 4 dimensions. The most common
method is to couple it to a scalar field. The action takes the
form [2]:

S=/[R+f(¢)g+~-~]\/—_gd4x, @)

where f(¢) is a function of the scalar field ¢. In this case,
when varying the action with respect to the metric, the term
f(¢#)G does not vanish because it is no longer “pure” but
coupled to another dynamic field. This leads to significantly
modified field equations. These modifications have profound
and exciting physical implications: In standard GR, the center
of a black hole is a “singularity” where density and space-
time curvature become infinite, and the laws of physics break
down. The GB term, due to its quadratic nature in curvature,
acts as a “repulsive” force at very high curvatures, which can
prevent the formation of a singularity or replace it with a
“non-singular core.”

Cosmic Inflation: The GB term coupled to a scalar field
(called Gauss—Bonnet Inflation models) can provide a nat-
ural mechanism for the period of early cosmic inflation —
the rapid exponential expansion of the universe — without
needing to introduce a special inflation field with very fine-
tuned conditions. Modifications brought by the GB term to
the dynamics of cosmic expansion can mimic the effect of
dark energy, i.e., the observed acceleration in the current
expansion of the universe. This offers an attractive alter-
native to the cosmological constant (A), which faces the-
oretical problems (such as the problem of its unnaturally
small value). Gauss—Bonnet effects are a prime example of
how deep mathematics (differential geometry and topology)
can provide powerful tools for expanding our understand-
ing of fundamental physics (gravity and the universe). While
they are silent in our traditional four-dimensional world, they
speak loudly and influentially in higher-dimensional scenar-
ios and modified gravity models, offering potential solutions
to the universe’s deepest mysteries, from singularities to cos-
mic acceleration [6]. Observations from Planck [12], WMAP
[23], DES [24], and SDSS-IV [25] confirm that our Universe
evolved through distinct phases an early inflationary epoch,
a matter-dominated era, and the current phase of accelerated
expansion. While the ACDM model explains many features
successfully, it suffers from theoretical challenges, such as
the cosmological constant problem and the Hubble tension
[26]. This has motivated the exploration of alternative frame-
works, including f(R) gravity [9,27], f(T) gravity [19,28],

@ Springer
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and f (R, G) theories [17,29]. In particular, modified GB
models have been widely studied to explain late-time accel-
eration [30-32], inflationary scenarios, and the avoidance of
finite-time singularities [16]. PAP geometry [20,33] general-
izes Riemannian geometry by introducing torsion via a con-
tortion tensor y*,,,, controlled by a dimensionless parameter
b. This framework unifies different geometric regimes

e b = 0 standard Riemannian geometry, recovering GR,
e b = 1 absolute parallelism (teleparallel gravity) with
zero curvature but non-trivial torsion.

Such flexibility makes PAP geometry a promising platform
for addressing early-universe inflation, dark energy, and
modified gravitational dynamics [18,34,35].

In this work, we extend the GB invariant to PAP geometry
by defining a generalized topological scalar Gj, constructed
from the modified curvature tensor B* ., which captures
both Riemannian and torsional contributions. This construc-
tion is embedded into the f(R, X, T) gravity framework,
where ¥ encodes torsion effects and T is the trace of the
energy—momentum tensor. This combined setup allows us to
explore

1. how torsion and matter-torsion couplings modify the
expansion history,

2. the role of the generalized GB term G, in resolving cos-
mological singularities,

3. aunified framework for early-time inflation, matter dom-
ination, and late-time acceleration.

The novelty of our work lies in obtaining exact analytical
solutions for the Hubble parameter, scale factor, energy den-
sity, and pressure in PAP cosmology with GB corrections. By
comparing our results to GR, teleparallel gravity, and min-
imally coupled PAP models, we demonstrate that torsion-
induced effects and higher-curvature terms can dynamically
mimic dark energy, modify the effective equation of state, and
drive accelerated expansion without invoking exotic matter.

The paper is organized as follows Sect. 2 introduces PAP
geometry and the generalized GB invariant. Section 3 formu-
lates the field equations within the f(R, X, T') framework.
Section 4 derives analytical FLRW solutions and discusses
their implications. Section 5 explores torsion-driven inflation
and stability analysis. Finally, Sect. 6 summarizes our results
and highlights potential observational tests.

2 Geometric structure
In this section, we follow the formalism of the Basic Build-

ing Blocks (BB) introduced in [36], which represent the ele-
mentary geometric quantities from which all other objects in

@ Springer

the framework are derived. For the present analysis, we start
from the setting of Absolute Parallelism (AP) geometry as
the underlying structure and then extend it to its generalized
version, the PAP geometry [36].

An AP space (M, A') is defined on an n-dimensional dif-
ferentiable manifold M, where each point is characterized
by n independent coordinates x” (v =0, 1,...,n — 1). At
each point, there exist n linearly independent vector fields A’
i =0,1,...,n — 1) with n coordinate components each.
These vector fields, collectively referred to as the BB of AP
geometry, serve as the foundational objects from which the
entire geometric structure is built. Consequently, the total
number of vector components amounts to n2. The contravari-
ant components )»f are defined as the normalized cofactors
of )»L in the determinant det(kL), satisfying the following
orthogonality and completeness relations [37]

A = 1, 5)
A =48], (©6)
where 8! denotes the Kronecker delta. Latin indices (i, Joet)
label vector numbers and appear only as subscripts, while the
Einstein summation convention applies to repeated indices.

Using these vector fields, we define the associated Rieman-
nian metric tensor as

8uv = M, AL, ©)

with its inverse given by
g =ML ®)
The canonical linear connection of AP geometry is defined
by [36]

def i
I, = AL 9,u,, ©

where the comma indicates partial differentiation. PAP
geometry generalizes this connection by introducing a
parameter b, which controls the contribution of torsion

Vi, ={L}+byvi,. (10)

where {ffp} are the Christoffel symbols (Levi-Civita connec-
tion) constructed from the metric, and y’lfp is the contortion
tensor defined as

v =T — {5} (11)
The parameter b thus interpolates smoothly between the
purely Riemannian case (b = 0) and the standard absolute
parallelism limit (b = 1). The torsion tensor is defined as
twice the antisymmetric part of the AP connection

A%, =T%, —T%,. (12)
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The curvature tensor associated with the PAP connection can
be expressed as

Balwa = Vga,u - ng,a + Vfur ng - Vfwvga
= Ra;wo +b Qauvov (13)

where R%,,, is the Riemann curvature tensor calculated
from the Levi-Civita connection, and Q% ,,, depends solely
on the contortion tensor y4,.

3 GB invariant in PAP geometry

In four-dimensional Riemannian geometry, the GB invariant
is defined as [7]:

GIR] = Ryupo R*7P° — 4R, R*’ + R?, (14)

where R,;,0 is the Riemann tensor, R, the Ricci tensor, and
R the Ricci scalar. In standard four-dimensional GR, G[R] is
atopological invariant: its variation with respect to the metric
vanishes, §G/8g"” = 0, so the GB term does not contribute
to the field equations. Its integral over a closed manifold is
given by [8]:

/ V=g GIR1d*x = 321% x (M), (15)

where y (M) is the Euler characteristic. In PAP geometry [20,
33], curvature and torsion coexist. The total PAP curvature
tensor BY,,; can be decomposed as

B;wpa = Ruvpo +b Q;wpas (16)

where R, is the Riemann curvature of the Levi-Civita
connection, Qs arises from the contortion, and b is the
PAP torsion-control parameter. The generalized GB invariant
in PAP geometry is then

Gy = Buypo B"P° — 4B, B’ + B2, (17)
where
Bvpos B'P7 = (Ruvps + bQpuvps) (RMPT +bOHYP?)

= R;wpo RMP? 4 2b R;w,oa QIW'OU + b2 Q;wpa Q/wp(r
(18)

with B, = B%,qy and B = gM”B,,,. Substituting the
decomposition yields:
Gr = GLR] +2b( Rynpo 0" — 4R, 0" + ROQ)

+ 7 (Quupo 07 40,0, 0" + Q7). (19)
The primary motivation for constructing G, within the PAP
geometry, as opposed to pure Weitzenbock (TEGR) or sym-

metric teleparallel (STEGR) geometries, is to create a unified
framework that inherently incorporates a smooth transition

between curvature and torsion. This is not merely a math-
ematical exercise but is driven by a key physical question:
what are the observable consequences of a spacetime where
both Riemannian curvature and torsion are fundamental and
dynamically active components? In highly symmetric FLRW
tetrads, this reduces to the simpler relation:

Gy = (1 — b)*GIR]. (20)

For metric-compatible PAP connections, the Chern—Weil the-
orem implies that G, remains a bulk topological density [29].
However, torsion induces additional boundary contributions
via a Chern—Simons 3-form ©3(y, b):

/ V=8 Gpd*x =327 x (M) —f O3(y, b), 21
M oM

where yﬁfp is the contortion tensor. PAP geometry also nat-
urally incorporates other topological invariants, notably the
Nieh—Yan term [38]:

N=d(e* AT) =T AT, —e® A e’ A Ry, (22)

where e are tetrad 1-forms and 7¢ the torsion 2-form.

In the teleparallel limit (b = 1), the PAP curvature van-
ishes, B%,,o = 0, so G, = 0, and the Nieh—Yan invariant
becomes the dominant topological contribution. Thus, the
generalized GB invariant in PAP geometry unifies curvature-
and torsion-driven topological effects, smoothly connecting
GR, teleparallel gravity, and torsion-dominated cosmologies.

4 Cosmological dynamics and exact analytical solutions

In this section, we investigate how PAP geometry provides a
consistent framework for modeling cosmological dynamics,
particularly in the presence of torsion and spin—torsion cou-
plings. For cosmological applications, we adopt a spatially
flat FLRW metric,

ds® = di® — A(1)> (dx2 rdy? dz2> : 23)

The line element above corresponds to the spatially flat
FLRW metric (k = 0), with A(¢) denoting the scale factor.
In the limit b = 0 it reduces exactly to the standard FLRW
metric of GR. This ansatz ensures that PAP geometry pre-
serves the large-scale FLRW symmetries (homogeneity and
isotropy) while incorporating torsion effects absent in GR.
The components of the PAP curvature tensor for this structure
are [39]

. A A
Byyg=0—=5b)—, By =®b-1

3

A A

A i
Big=(=b) . Bip=(—1, (24)

A A
Bg?)():(l_b)z’ 3803:(b—1) Z

@ Springer
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From these, the PAP Ricci tensor and scalar follow as with
Boo = (1—b) Roo = =3(1 = b) (H + H?), (25) A=87+6my+0’ (34)
Bij=(—b)Rij=(1—b) ( H+3 HZ) gij» (26) Assuming a barotropic equation of state P = wp, the param-
eter w becomes
B=(—-b)R=—6(1—b) (H n 2H2) , 27) P2 p
4(1 = b)— + (8w +3n)—
showing explicitly how the parameter b modulates the cur- @ = — a > a. (35)
vatur.e contri.butions. The PAP strl.lctur.e preserving. homo- (127 + 4n)(1 — b)a_2 — -
geneity and isotropy leads to the simplified expressions for a a
the curvature quantities found in the original text (Egs. (24)—-  From Sect. 4, the generalized GB scalar is
(27)). Notably, the generalized GB scalar becomes: .
Gy = 24(1 — b)2H? (H + H2) , (36)

Gy = GIB] = (1 — b)2 G[R] = 24(1 — b)* H> (H n H2) .
(28)

This result is pivotal: it shows how the torsion parameter b
directly modulates the strength of the higher-curvature term,
vanishing entirely in the teleparallel limit » = 1. For b = 0,
this reduces to the standard GR result

G|, :24H2(H+H2>,

while in the teleparallel limit (b = 1), we find G, = O,
reflecting the vanishing Riemann curvature in this regime.
Thus, PAP geometry naturally interpolates between GR and
teleparallelism, introducing a controlled torsion contribu-
tion that influences the dynamics without spoiling isotropy
or homogeneity. These structures form the foundation for
the cosmological field equations and higher-curvature effects
analyzed in the following sections. Starting from the action
[11,29]

_ 1 4
I= E/./_—g (f(R, s, T) +£m>d x, (29)

Within the f(R, £, T) = R + ¥ + 21T model, the cosmo-
logical background dynamics are governed by the modified
FLRW equations. For a spatially homogeneous and isotropic
universe, these reduce to the Friedmann and acceleration rela-
tions given in Egs. (30) and (31), respectively.

)
31— b5 =8mp +5(Gp — P), (30)
a
31— )2 = 4n(p +3P) + 4P, 31)
a

where p and P denote the energy density and pressure,
respectively. By solving Eqs. (30) and (31) simultaneously,
we find

_a=-h |:4(371+r))(1 —b)ﬁ —né] (32)
4A a? al
p—_U=D [4n(1—b)£+(8n+3n)é] (33)
4A a? al

@ Springer

which naturally enters higher-curvature corrections and
dynamical dark energy models. Including a GB coupling &,
the effective energy density and pressure become

§
Peft = P — — G,
K

3 d&
Put = P + pe3 (gb —4(1 — b)ZHZZ) ) (37)

For a constant P = wp, define
D=8 +3n) —now, C=4x(1+43w) + 4nw. (38)

Using Eq. (30), we express the density as

3(1-b)? ,
= ——H". 39
o D (39)
Substituting this into Eq. (31) and eliminating p, we obtain
. ’ (1-»C
H=—-KH", K=1+T. (40)

where K is akey parameter controlling the expansion dynam-
ics. Integrating yields

Hy
H(t) = ’
1+ KHy(t —ty)
1/K
a(t) = ao[l + KHy(r — to)] . (41)

These solutions reveal several critical insights:

1. Torsion-Driven Acceleration: Even for ordinary matter
o > 0, a sufficiently large value of b can make K < 1,
producing an accelerated expansion without any exotic
dark energy component. This highlights torsion as a geo-
metric driver of cosmic acceleration.

2. Role of Matter-Torsion Coupling 7n: The coupling
parameter n directly affects the effective energy density
and pressure. A positive 1 delays the dilution of p, mim-
icking the effect of a dark energy fluid, while a negative
1 enhances it.

3. Unification of Limits: Our framework seamlessly recov-
ers standard GR, TEGR, and minimal PAP cosmology as
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0.08},

0.06f

H(t)

0 20 40 60 80 100
a t

Fig. 1 a Hubble parameter H () vs t. b Scale factor a(t) vs t

specific limits of the parameters (b, n), demonstrating its
generality.

The acceleration and deceleration parameters are

g=a—mH{q=K—L (42)

Additionally, the GB invariant evolves as

Gy(1) = 24(1 — b)>(1 — K)H*, (43)
Limiting cases

e GRlimit (b = 0,9 = 0,0 = 1) K = 3(1 + w),
recovering the standard Friedmann dynamics.

e Teleparallel limit (b = 1) G, = 0 and curvature effects
vanish, leaving torsion-dominated evolution.

e Minimal coupling (1 = 0) The model reduces to a pure
PAP gravity framework.

Physical implications
This framework shows that

e Torsion modifies the cosmic expansion rate through the
PAP parameter b.

e Matter-torsion coupling n can mimic dark-energy-like
behavior.

e The GB term G, acts as a higher-curvature driver of cos-
mic acceleration.

This unification naturally interpolates between GR, teleparal-
lel gravity, and PAP-dominated cosmology, providing a rich
structure for exploring late-time acceleration and possible
avoidance of future singularities. Now, we investigate the
background cosmological evolution in the PAP framework
within the f(R, X, T) gravity model. Figure 1 shows the

0 20 20 60 80 100

evolution of the Hubble parameter H () and the scale factor
a(t) for the analytical solution derived in Eq. (41). These
plots illustrate how the parameter b and the coupling n mod-
ify the cosmic expansion rate compared to the standard GR
limit. Figure 1a: This graph shows the evolution of the Hubble
parameter, H (t), which measures the rate of the universe’s
expansion atany given time 7. The formula for H (¢) is derived
from the first Friedmann equation. The graph shows that H (¢)
is adecreasing function of time. It starts at a very high value in
the distant past and asymptotically approaches zero in the far
future. Physical Interpretation: Early Universe (r — 0), the
Hubble parameter is extremely large. This signifies a period
of incredibly rapid expansion, characteristic of the very early
stages of the universe, including epochs like inflation or the
initial hot Big Bang. Late Universe (t — 00), the expansion
rate slows down over time, approaching zero. This indicates
that the driving influence of the energy density p diminishes
as the universe expands and dilutes.

Figure 1b: This graph shows the evolution of the scale
factor, a(t), which quantifies the relative size of the universe.
Avalueofa(t) = lisusually setto represent the current size.
The scale factor is an increasing function of time, confirming
that the universe is expanding. The exact shape of the curve
depends on the value of w. The curve shows a universe that
begins with a size of zero at t = 0 (the Big Bang singularity)
and expands forever.

Figure 2a: This graph shows the energy density p(¢) of the
dominant fluid in the universe (e.g., matter, radiation, or dark
energy) as a function of time 7. It is derived from the solutions
of the Friedmann equations. The energy density is a strictly
decreasing, convex function that starts at a very high value
and rapidly decays towards zero as time progresses. Physical
Interpretation: Big Bang Singularity (+ — 0), the energy
density approaches infinity at the very beginning ¢t = 0. This
is a hallmark of the initial singularity in standard Big Bang
cosmology. The primary reason for the decrease in density
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Fig. 2 a Energy density p(t) vs t. b Pressure vs ¢

is the expansion of the universe, as described by the scale
factor a(z). As the universe expands, the volume increases,
causing the energy density to dilute. The steep, convex decay
shown in this figure is characteristic of a matter- or radiation-
dominated universe, where dilution is significant. It is not
consistent with a dark-energy-dominated universe, where the
density would remain constant (a flat line).

Figure 2b: This graph shows the pressure P () exerted by
the cosmic fluid. The title confirms it is calculated directly
from the energy density using the relation P(r) = w p(¢)
for a constant value of w. The pressure curve has the exact
same shape as the energy density curve but is scaled by the
factor w. The y-axis shows both positive and negative values,
indicating the sign of pressure depends on the value of w.
Physical Interpretation: Positive Pressure (if o > 0). If the
fluid is radiation (w = 1/3) or matter (effectively w = 0,
so P = 0), the pressure would be positive or zero. Positive
pressure does work on the expansion, acting as a force that
decelerates the universe (gravitational attraction). Negative
Pressure (if w < 0). If the fluid is dark energy (e.g., ® ~
—1), the pressure would be negative. Negative pressure (or
tension) is the key property of dark energy that causes the
expansion of the universe to accelerate.

Figure 3a: This graph shows the evolution of the GB
invariant, Gy, a fundamental geometric quantity in higher-
dimensional gravity theories and string theory. The GB scalar
is a positive, decreasing function of time. It starts at a very
high value and rapidly decays towards zero. Physical Inter-
pretation: Gj, is a measure of the curvature of spacetime. Its
high initial value indicates a universe with extreme geomet-
ric curvature and high energy at the beginning (near the Big
Bang singularity). As the universe expands, it flattens, and its
curvature decreases. The rapid decay of G, directly reflects
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this “flattening” process. Its behavior is tightly coupled to the
Hubble parameter H (¢) and its derivative H, both of which
decrease as the universe ages.

Figure 3b: This graph shows the deceleration parameter,
¢ (1), which quantifies whether the expansion of the universe
is accelerating or decelerating. The caption states it is cal-
culated as ¢ = K — 1, where K is a constant for a fixed
equation-of-state parameter . The deceleration parameter
is a constant, positive value throughout cosmic time in this
model. A positive deceleration parameter means the expan-
sion of the universe is decelerating. This is the expected
behavior for a universe dominated by ordinary matter and/or
radiation, whose gravitational attraction acts to slow down
the expansion.

Finally, Fig. 3 shows two key curvature diagnostics the
generalized GB scalar G, (¢) and the deceleration parameter
q. The GB term captures higher-curvature effects in PAP
geometry, while ¢ indicates the accelerating or decelerating
nature of cosmic expansion.

The main findings can be summarized as follows

e GR limit (b = 0,n = 0, = 1) We recover the stan-
dard Friedmann equations with a(r) oc t>/B30+@)] and G,
reducing to the classical GB invariant G[R].

e Teleparallel limit (b — 1) The Riemann curvature van-
ishes, G, — 0, and the dynamics are dominated by tor-
sion, resulting in an effectively flat but torsion-driven cos-
mology.

e Matter-torsion coupling (n # 0) Positive n delays
the dilution of p and P, favoring accelerated expansion,
while negative 1 enhances the decay of energy density.

e Torsion-driven acceleration Even for w > 0 (dust or
radiation), a sufficiently large b canmake ¢ < 0, yielding
accelerated expansion without dark energy.
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Fig. 3 a GB scalar G, (1) = 24(1 — b)2H%(H + H?). b Deceleration

4.1 Torsion-driven inflation via GB coupling and stability

One of the most attractive features of the generalized GB
invariant G, in PAP geometry is its potential role in driving
cosmic inflation. We consider a scalar field ¢ coupled to the
GB term through a dynamical function &(¢), leading to the
effective action

1
S:fd4x4/—g[ﬁR+Z+2nT
K

1
—58" 0,90 — V(9) — £(9) Qb]. (44)

2

The resulting modified Friedmann and Klein—Gordon
Egs. (46) and (47) show that the torsion parameter b and the
GB coupling £(¢) create an additional friction term in the
scalar field’s equation of motion. This allows for sustained
slow-roll inflation even for potentials that would be too steep
in standard GR, effectively flattening the potential dynami-
cally [6]. Where k2= 81 G, V(¢) is the scalar potential, and
&(¢) encodes the non-minimal coupling between ¢ and the
generalized GB invariant. For a spatially flat FLRW metric
and G, = 24(1 — b)>H2(H + H?), the modified Friedmann
equation becomes

1. .
3H? = <5¢>2 + v<¢>) +24 (1= b’ HY%E,  (45)
where £ = %cﬁ The scalar field equation of motion is given
by

¢+3H+V'($) +24(1 —b)*H*(H + HHE () =0,
(46)
where primes denote derivatives with respect to ¢. In the

slow-roll limit (¢2 < V, |$| < |3H|), the system simpli-
fies to

0.7}p
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0.5
0.4
0.3
0.2
0.1
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(=2

0 20 40 60 80 100
b t

parameter ¢ = K — 1 (constant for fixed w)

3H ~ —V'(¢) — 24(1 — b)* H*E (), (47)
3H? ~ K2V (). (“48)

This shows that torsion (b # 0) and the GB coupling & (¢)
effectively modify the inflaton’s dynamics, allowing sus-
tained acceleration even for relatively flat potentials. Defin-
ing the effective slow-roll parameter
H o s

€eff —mzmcﬁ —8k“(1 —b)"HE, (49)
inflation occurs when €.t < 1. Hence, even for simple poten-
tials, torsion-induced contributions from (1 —b)2£ can main-
tain €.;f < 1 over a prolonged period, extending the infla-
tionary phase.

e Whenb = 0and &(¢p) = 0, we recover standard inflation
in GR.

e For b # 0 but £(¢) = 0, torsion alone modifies the
expansion dynamics.

e For b # 0 and &£(¢) # 0, PAP GB inflation provides
a unified geometric mechanism for early accelerated
expansion without requiring fine-tuned scalar potentials.

This framework connects the torsion parameter b, the cou-
pling £(¢), and the GB term G, to inflationary observables,
offering clear pathways for testing PAP-based cosmology
against data from CMB and large-scale structure surveys.

To demonstrate the inflationary dynamics driven by tor-
sion and the generalized GB invariant G,, we consider a
scalar field ¢ coupled to G, via &(¢) = &> with a quartic
potential V (¢) = A¢*. For this choice, the modified Fried-
mann and Klein—-Gordon equations are
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Fig. 4 a Evolution of H (¢) vs t. b Evolution of ¢ (¢) vs t. ¢ Slow-roll parameter €cgf (1) vs ¢

3H? = 2 (%(/52 + M>4> +24%(1 — b2 H3E, (50)

b+ 3H + 41> + 4880(1 — b)2pH*(H + H?) = 0. (51)

We numerically solve Egs. (50) and (51) using the initial
conditions

¢(0) = o, $(0) =0, H(0)= Hy.
and parameter values
po=50, A=10"° & =103 b=03, «*>=38nr.
For this setup, we monitor
H

Tk (52)

€eff = —

where inflation occurs while €qff < 1.

Results

Figure 4 shows the numerical solutions for H (¢), ¢(¢), and
€eff. We find
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e The Hubble parameter H (¢) remains nearly constant dur-
ing an early de Sitter-like phase.

e The scalar field ¢ (¢) slowly rolls down the potential due
to the effective torsion-induced friction term.

e The slow-roll parameter €. stays below unity for an
extended period, indicating sustained inflation.

Figure 4a: This graph shows the behavior of the Hubble
parameter, which defines the expansion rate of the universe,
during the inflationary epoch. The Hubble parameter starts at
a very high value and undergoes a rapid, non-linear decrease
before stabilizing to a nearly constant, positive value. The
high initial H indicates an era of extremely rapid expan-
sion, likely connected to the initial conditions of the universe
or the moment the inflation field begins to dominate. The
rapid decrease in H signifies the transition into the slow-
roll regime. The inflation field’s energy is initially rapidly
converted into expansion, causing H to drop. Figure 4b:
This graph tracks the value of the inflation scalar field ¢
over time. This field is the source of energy that drives the
inflationary expansion. The inflation field ¢ is a monotoni-
cally decreasing function of time. It starts at a high value and
slowly “rolls” down to a lower value. The smooth, gradual
decrease of the field is the visual definition of the “slow-
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roll” mechanism. The field does not plummet rapidly but
instead slowly evolves, ensuring that its potential energy den-
sity (which drives H) remains nearly constant for a long time.
The initial high value of ¢ places it high up on its potential
energy curve V(¢). As it slowly rolls down this potential,
it converts its potential energy into the vacuum energy that
fuels the exponential expansion seen in Fig. 4a. The end of
inflation would occur when ¢ reaches the minimum of its
potential and begins to oscillate, converting its energy into
particles (reheating). Figure 4c: This figure depicts the evo-
lution of a crucial parameter, €y (¢), used to describe the
inflationary epoch of the very early universe. The slow-roll
parameter €y (t), specifically the Hubble slow-roll param-
eter, measures the rate of change of the Hubble parameter
during inflation. The parameter starts at an astronomically
high value (on the order of 10° to 10°) at the very beginning
of time + — 0. It undergoes an incredibly steep and rapid
decline by several orders of magnitude. After this precipi-
tous drop, the parameter appears to stabilize and approach
zero for the remaining duration of the plotted time. Figure 4c
successfully visualizes the dynamical establishment of the
inflationary state from a likely non-inflationary initial con-
dition. The rapid decay of €y (¢) from an extremely high
value to a near-zero value demonstrates that this specific
model universe undergoes a transition into a sustained phase
of accelerated exponential expansion, fulfilling the primary
requirement for solving the key problems of the standard Big
Bang model. The plot’s utility lies in showing that the model’s
parameters are chosen such that the slow-roll condition € g (¢)
is achieved and maintained for a significant period, which is
the essential feature of any viable inflationary model. This is
a sophisticated model where the coupling between a scalar
field (inflation), the Gauss—Bonnet term, and torsion in the
geometry conspires to produce a classic inflationary history:
a slow-rolling field enabling a period of near-exponential
expansion, as required by modern cosmology. In Fig. 4, we
present a numerical illustration of torsion-driven GB inflation
in PAP cosmology with (b = 0.3, A = 1075, & = 1073).
Sustained inflation occurs while e.¢r < 1.

5 Stability analysis of the PAP-Gauss—Bonnet
cosmological model

An important aspect of any modified gravity model is the
stability of its cosmological solutions. In the PAP framework
with the generalized GB invariant G, the background evo-
lution is governed by the analytic solution (41).We consider
small perturbations § H (¢) around the background solution

H(t) — H(@)+5H(t), (53)

2.5}
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K(b, n)cut
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Fig. 5 Stability regions of the PAP-Gauss—Bonnet model in the (b, 1)
plane

and linearize the dynamical equation (41). To first order, we
obtain

SH +2KHSH = 0. (54)
To solve this equation, we first rewrite it as
8H = —2K H §H. (55)

Now, divide both sides by 6 H, and integrate both sides with
respect to time ¢:
SH

— = —2KH. 56
SH (56)

Integrating both sides, we get
In(6H) = —2K / H(t)dt 4+ In(8 Hp), (57)

where 8 Hy is the constant of integration. Exponentiating both
sides gives:

8H(t) = §Hpexp |:—2K f H(t) dt:| . (58)
Substituting the explicit solution for H(¢), this becomes

SH(t) = 8Ho [1 + K Ho(t — 19)] . (59)

The stability of the cosmological background is governed
by the parameter K . A linear perturbation analysis shows that
perturbations § H (t) decay over time if K > 0, indicating a
stable universe. If K < 0, perturbations grow, leading to a
catastrophic “Big Rip” singularity at a finite time ¢. The sta-
bility phase diagram in the (b, 1) plane (Fig. 5 of the original
text) is a key result, showing the regions of parameter space
that lead to a viable, stable cosmic history. torsion and matter
coupling can affect stability

e Increasing b generally reduces K ; if b exceeds a critical

value by, the system can transition to an unstable, super-
accelerated phase.
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e Positive n (matter-torsion coupling) tends to stabilize the
expansion, delaying future singularities.

e Forw = —1 (vacuum energy), the model predicts K =~ 0,
which corresponds to a quasi-de Sitter stable inflationary
solution.

The critical boundary K (b,n) = 0 marks a fundamental
phase transition in the model’s dynamics. In the stable region
K > 0, cosmological perturbations decay and the universe
evolves toward a stable future attractor. Crossing the bound-
ary into the unstable region K < 0 signifies the onset of a
phantom-dominated phase, where perturbations grow, ulti-
mately leading to a cosmological singularity such as a “Big
Rip.” This analysis provides a clear, geometric criterion for
viability within the PAP framework. While a direct, quan-
titative comparison to models based on full metric-affine
or Einstein—Cartan geometries is complex — due to their
different foundational structures (often incorporating non-
metricity and more intricate spin—torsion couplings) — the
qualitative behavior is highly instructive. Our phase diagram
demonstrates that the interplay between torsion (parameter-
ized by b) and its coupling to matter (1) can alone dictate
the ultimate fate of the cosmos, a result that echoes findings
in broader contexts of torsionful gravity. This reinforces the
physical significance of the (b, n) parameter space and under-
scores PAP geometry’s capacity to capture essential features
of more complex theories in a tractable and predictive man-
ner.

Figure 5 is a phase diagram (stability map). It does not
show an evolution in time; instead, it delineates the ranges
of parameters for which the cosmological model is physi-
cally viable. The two parameters are b (a coupling constant
associated with the torsion sector in PAP geometry) and n
(a coupling constant controlling the strength of the coupling
between the scalar field and the Gauss—Bonnet term). The
vertical axis represents the function K (b, n), which is the
critical quantity determining the stability of the model’s solu-
tions. A shaded region extends roughly from b ~ —0.2 to
b =z 1.0, within which K (b, ) > 0. The unshaded por-
tion, where K(b,n) < 0, corresponds to instability. The
curve K (b, n) = 0 serves as the boundary separating stable
and unstable phases in parameter space. Figure 5 is one of
the most important diagnostic plots in a theoretical cosmol-
ogy analysis because its purpose is model validation. Rather
than presenting solutions for a single parameter choice, it
answers the question: for which fundamental parameters
does the proposed model make physical sense? It shows that
the PAP-Gauss—Bonnet framework can be viable provided
its couplings lie within the identified stability domain. This
figure also enables meaningful use of the model by others.
Applications to inflation or dark energy require selecting b
and n within the shaded stability zone to avoid unphysical
singularities. In summary, the phase diagram functions as a
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“user’s manual” for the theory: it defines the safe operating
region that yields a stable, expanding universe, and it flags
the parameter regions that lead to mathematical or physi-
cal inconsistencies. This stability analysis reveals that the
parameter b (torsion deformation) and the matter-coupling n
jointly control whether the universe evolves toward a smooth
late-time attractor or enters an unstable phantom regime.

6 Inflationary predictions from torsion-driven
Gauss—-Bonnet model

In the PAP-based GB framework, the torsion parameter b and
the scalar—GB coupling £(¢) affect inflationary dynamics
and observable quantities. The effective slow-roll parameter
is defined as

b B K242
H? ~ 2H?
where £(¢) is the GB coupling function. Inflation occurs
while €.ff < 1. The inflationary predictions of the model are
testable against precision data from the Cosmic Microwave
Background (CMB). For a benchmark model with V (¢) =
At and E(¢p) = Eg¢?, the predicted spectral index and
tensor-to-scalar ratio (ny; =~ 0.966) and (r ~ 0.032) are in
excellent agreement with constraints from the Planck satel-
lite [40,41]. This demonstrates that torsion and the general-
ized GB coupling can naturally push inflationary predictions
into the observationally favored region of the (g, r) plane.

8 1
k292 1+ 3280(1 — b)2k2¢2"

The key inflationary observables are then approximated by

Ceff = — — 8«*(1 — b)*HE, (60)

(61)

€Eeff =~

ng ~ 1 — 6eesy + 2 — 28, (62)
r o 166 (1 — ), (63)

where n; is the spectral index, r is the tensor-to-scalar ratio,
and § = 4(1 — b)2£ H. For typical parameter values & =
1073, 2 = 107%, «2 = 87, b = 0.3, and ¢ = 5 (Planck
units), we find

ng ~0.966, r~ 0.032. (64)

Our predicted values (ng; >~ 0.966, r >~ 0.032) align well
with the observationally favored region from Planck, a suc-
cess shared by some f(7') and f (R, T') models. However, the
key distinction of our PAP-based approach lies in the mech-
anism. In many f(7") or f(R, T) models, achieving a low r
often requires specific potential fine-tuning. In our model, the
Gauss—Bonnet coupling £(¢) interacts synergistically with
the torsion parameter b. The term 24(1 — b)2H*&(¢) in
the Klein—Gordon equation (Eq. 45) acts as an additional
friction term. This enhanced Hubble friction, powered by
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the torsion-modified G;, dynamics, effectively “flattens” the
scalar potential V (¢) during inflation. Consequently, a wider
range of potentials, including steeper ones like A¢*, can sus-
tain slow-roll inflation and yield predictions consistent with
data, reducing the need for fine-tuning compared to some
pure f(T) or f(R, T) constructions.

These results are consistent with the Planck 2018 con-
straints [40,42]:

ny = 0.9649 £ 0.0042 (k = 0.05 Mpc ™),
r0.0s < 0.07 (95% C.L.).

Thus, torsion and the generalized GB coupling reduce r and
shift n; toward the observationally favored region, making
PAP-based inflation compatible with current CMB data.

In the subpart follows, we will situate our findings within
the broader landscape of inflationary model building. We will
systematically contextualize our results by drawing compar-
isons with key studies in modified gravity and warm infla-
tion, highlighting both the convergences and the distinctive
features of the Myrzakulov F(R,T) framework. This com-
parative analysis will underscore the novel geometric mech-
anisms and enhanced predictive flexibility that our unified
approach offers. Comparative Summary: Modified Gravity
Frameworks with Torsion and Curvature, this brief compar-
ison highlights the complementary strengths of two signifi-
cant papers advancing the field of modified gravity through
the incorporation of torsion and Gauss—Bonnet terms. The
work by Dabash et al. establishes a rigorous foundation
within PAP geometry. Its core innovation lies in construct-
ing a generalized Gauss—Bonnet invariant, G, derived from
the full PAP curvature tensor, which seamlessly unifies stan-
dard Riemannian curvature with torsion effects controlled
by a continuous parameter b. This elegant framework ana-
lytically interpolates between General Relativity (b = 0)
and teleparallel gravity (b = 1), with the hybrid regime
0 < b < 1 offering a novel geometric arena. A key achieve-
ment is the derivation of exact analytical solutions for the
cosmological background Hubble parameter, scale factor,
energy density, and pressure, providing exceptional clarity.
The study demonstrates how torsion, modulated by b and
a matter-torsion coupling 7, can geometrically drive both
inflation without fine-tuned potentials and late-time accel-
eration mimicking dark energy. A detailed stability analysis
further maps viable cosmological phases within the (b, 1)
parameter space, underscoring the analytical precision and
unifying power of the PAP approach. In contrast, the paper by
Momeni and Myrzakulov [45] adopts a broader, phenomeno-
logically driven exploration within the Weitzenbock space-
time. It extends the Myrzakulov gravity program by formulat-
ing a theory based on (R + F(T, G)), where F is a function
blending the torsion scalar 7" and the Gauss—Bonnet term
G. The methodology is predominantly numerical, employ-

ing sophisticated techniques to solve the coupled field equa-
tions. This approach facilitates the investigation of a wide
array of scenarios, including dust, ACDM, and perfect fluid
cosmologies, analyzed through statefinder diagnostics to dis-
tinguish them from standard cosmology. The scope extends
beyond cosmology to rich astrophysical applications, such as
deriving black hole solutions and calculating modified mass-
radius relations for neutron stars, thereby testing the theory’s
implications in strong-field regimes and against local Solar
System constraints. In summary, while both papers make
profound contributions by demonstrating how torsion and
Gauss—Bonnet terms can address fundamental issues like
inflation and dark energy, their methodologies are comple-
mentary. Dabash et al. excel in providing a geometrically
unified and analytically transparent framework, whereas
Momeni and Myrzakulov [45] offer acomprehensive, numer-
ically advanced exploration of the cosmological and astro-
physical phenomenology within a powerful extended the-
ory. Together, they significantly enrich the toolkit for under-
standing gravity beyond the Riemannian paradigm. The two
papers Dabash et al. (focusing on f(R,X,T) gravity within
PAP geometry) and Momeni and Myrzakulov [46], explor-
ing Einstein Cartan Myrzakulov (ECM) gravity with torsion
and non-metricity, represent significant advances in modi-
fied gravity theories. Both aim to extend GR by incorporat-
ing additional geometric degrees of freedom to address cos-
mological puzzles such as inflation, dark energy, and dark
matter. Dabash et al. derive exact analytical solutions for
the Hubble parameter, scale factor, energy density, and pres-
sure in a flat FLRW universe. They show how torsion (via
parameter b) and matter-torsion coupling n can drive acceler-
ation without dark energy. They also explore torsion-driven
inflation and provide a stability analysis in the (b, n) param-
eter space. Momeni and Myrzakulov [46] focus on cosmo-
logical reconstruction, finding forms of F (7, Q) that repro-
duce specific cosmic histories (e.g., ACDM, quintessence,
phantom). They use numerical solutions and cosmographic
parameters (H, g, j, s) to compare with observations and
test deviations from ACDM. In Dabash et al., the general-
ized Gauss—Bonnet term Gp, and torsion parameter b mod-
ify the slow-roll dynamics of inflation, allowing sustained
acceleration even for flat potentials. The model also predicts
observable CMB parameters (n; — 0.966), (r — 0.032),
consistent with Planck data. In Momeni and Myrzakulov
[46], torsion and non-metricity contribute to an effective
dark energy and dark matter component. The model is tested
against Hubble data, BAO, CMB, and gravitational wave sig-
natures, showing deviations from ACDM at high redshifts.
Dabash et al. emphasize analytical tractability, deriving exact
solutions and clear stability criteria. Their approach is well-
suited for studying phase transitions and unified descrip-
tions of early and late-time acceleration. Momeni and Myrza-
kulov [46] employ numerical and reconstruction techniques,
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making their framework highly flexible for fitting obser-
vational data. They also explore implications for astropar-
ticle physics and gravitational waves. While both papers
(Dabash et al. and Momeni and Myrzakulov) advance mod-
ified gravity theories by incorporating torsion, they differ
in focus: Dabash et al. offer a unified geometric framework
with exact solutions and predictive power for inflation and
dark energy, and Momeni and Myrzakulov provide a broader
phenomenological approach with strong emphasis on cos-
mological reconstruction and observational tests. Together,
they highlight the richness of torsion-based modifications
to GR and their potential to resolve fundamental issues in
modern cosmology. The recent works by our paper, Momeni
[47] and Momeni and Myrzakulov [48], represent three dis-
tinct yet philosophically connected approaches to address-
ing the central puzzles of modern cosmology: dark energy,
dark matter, and the nature of gravity itself through the lens
of geometry. While their methodologies differ, they collec-
tively underscore a paradigm shift towards explaining cos-
mic phenomena not with new particles, but with the intrin-
sic properties of spacetime. Momeni and Myrzakulov focus
on a specific realization of modified gravity: Myrzakulov
F(R,T) gravity in Weitzenbock spacetime, where 7T is the
torsion scalar (not the trace of the energy—momentum ten-
sor). Their core thesis is that dark matter is an emergent
geometric effect of spacetime torsion, not a particle. The tor-
sion scalar contributes an effective energy—momentum tensor
that mimics cold dark matter behavior. The model’s viabil-
ity is tested through a robust MC analysis against modern
datasets (SPARC, Planck, DES, KiDS), showing it can repli-
cate key ACDM features — such as galactic rotation curves
and structure formation under specific parameter choices,
providing a testable alternative to particle-based dark matter.
Momeni’s work [47] takes a fundamentally different, inverse
approach. Instead of proposing a new gravitational action,
it asks: given an observed macroscopic energy density pro-
file p(x) (from cosmology, Casimir effects, or holography),
can we reconstruct the underlying microscopic Hamiltonian
H(x, p)? The framework leverages the Liouville equation
and a local thermal equilibrium assumption f ~ e PH
to derive an inverse relation: H ~ T log p. This method
is successfully applied across a stunning range of contexts
from FLRW cosmology and Loop Quantum Gravity to the
AdS/CFT correspondence and the SYK model, demonstrat-
ing that energy densities actively encode the Hamiltonian
flow that generates them. It is a data-driven strategy for prob-
ing the fundamental dynamics of spacetime and quantum
fields. This study presents a unified and comparative anal-
ysis of cosmic inflation within Myrzakulov Gravity [49],
exploring its realization across three distinct geometric for-
mulations: the metric (curvature-based), teleparallel (torsion-
based), and symmetric teleparallel (non-metricity-based) for-
malisms. For each, the authors derive the inflationary field
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equations, study slow-roll dynamics driven by a scalar field,
and compute key observables — the scalar spectral index n
and tensor-to-scalar ratio r. The work extends significantly
into the hybrid Myrzakulov F(R,T) gravity, which incorpo-
rates both curvature R and torsion 7" within a single action.
This framework allows interpolation between pure f(R) and
f(T) behaviors, offering greater flexibility to match observa-
tional constraints from Planck and BICEP/Keck. The hybrid
model produces viable and distinguishable inflationary sig-
natures, demonstrating that appropriately chosen parameters
can yield predictions consistent with current data. Overall,
the paper highlights how Myrzakulov Gravity provides a geo-
metrically motivated, unified description of early-universe
inflation, with rich phenomenological implications across
different spacetime geometries.

7 Conclusions

This work has established a comprehensive and unified cos-
mological framework within the context of PAP geometry,
augmented by a generalized GB invariant G, and matter—
torsion coupling in f(R, ¥, T) gravity. Our investigation
yields several pivotal results that advance the understanding
of how torsion and higher-curvature terms can shape cosmic
evolution.

1. A Unified Geometric Framework: We successfully con-
structed a generalized GB term G, from the full PAP
curvature tensor Bﬁw. This scalar invariant seamlessly
incorporates contributions from both Riemannian curva-
ture and torsion, providing a powerful tool for analyzing
higher-curvature effects in geometries beyond standard
Riemannian physics. The model elegantly unifies several
major gravitational theories:

e The GR limit (b = 0, n = 0) faithfully reproduces
the standard Friedmann equations and the classical
topological invariant Gy, .

e The Teleparallel limit (b = 1) demonstrates a pure
torsion-dominated cosmology where Riemann cur-
vature and G, vanish, consistent with the tenets of
teleparallel gravity.

e The Minimal PAP gravity regime (n = 0) isolates the
effects of geometric deformation through the param-
eter b, offering a simpler yet powerful extension of
GR.

2. Exact Cosmological Solutions and Their Implications: A
central achievement of this study is the derivation of exact
analytical solutions for the Hubble parameter H (¢), scale
factor A(t), energy density p(¢), and pressure P(¢) for a
constant EoS. This analytical transparency allowed us to
draw clear, unambiguous conclusions:
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e The PAP parameter b is a potent moderator of cos-
mic expansion. It provides a geometric mechanism
for accelerated expansion g < 0, effectively mimick-
ing dark energy without the need for an exotic fluid,
even for conventional matter sources (w > 0).

e The matter—torsion coupling 71 introduces a novel
channel influencing the cosmic fluid’s dynamics. A
positive 1 value delays the dilution of energy density,
thereby favoring an accelerating phase, while a neg-
ative n accelerates its decay. This parameter offers a
new degree of freedom for model-building in late-time
cosmology.

e The generalized GB term G, serves as a dynamic
higher-curvature diagnostic, evolving as H*. It acts as
a geometric trigger for acceleration, influencing both
early and late epochs.

3. Torsion-Driven Inflation: Extending the framework to the
early universe, we demonstrated that the coupling of an
inflation field to Gj, enables a successful, sustained period
of inflation. The torsion-induced modifications to the
slow-roll dynamics effectively flatten the scalar potential,
allowing for a prolonged inflationary phase even without
extreme fine-tuning. The predicted observable signatures
— a spectral index ny; =~ 0.966 and a tensor-to-scalar ratio
r ~ 0.032 —are in striking agreement with current Planck
constraints, positioning PAP-based inflation as a highly
viable candidate model.

4. Stability and Phase Transitions: Our stability analysis
revealed that the future fate of the universe within this
model is governed by the parameter K, Eq. (54). The
ensuing criterion, K > 0 for stability, maps out specific
regions in the (b, 1) parameter space. This phase diagram
is crucial, as it identifies the conditions under which the
universe evolves toward a stable attractor or, conversely,
plunges into an unstable phantom regime culminating in
a finite-time singularity (e.g., a Big Rip).

Future Perspectives. This work opens numerous avenues for
further exploration. Immediate next steps include:

e Confronting with Data: Performing a full Bayesian sta-
tistical analysis to constrain the free parameters (b, n)
against the latest cosmological datasets from Planck,
BAO, supernovae (DES, LSST), and future CMB exper-
iments (e.g., CMB-S4).

e Perturbation Theory: Extending the analysis to linear per-
turbations is essential to compute the complete power
spectra of CMB anisotropies and large-scale structure,
providing more robust and testable predictions.

e Gravitational Waves: Investigating the unique imprint of
torsion and the G, coupling on the primordial

gravitational-wave background, which could offer a
smoking-gun signature for this framework.

e Singularity Avoidance: A deeper study of the boundary
term ®3(y, b) and its role in resolving cosmological sin-
gularities, building on the insights provided by the Nieh—
Yan term in the teleparallel limit.

Concluding Remarks. In conclusion, the synthesis of
PAP geometry, f(R, X, T) gravity, and the generalized GB
invariant G, presents a robust, versatile, and theoretically
compelling framework. It successfully bridges fundamental
geometric concepts to provide a unified description of infla-
tion, dark energy, and cosmic stability, offering a rich land-
scape for future theoretical and observational exploration into
the nature of gravity and the cosmos.

In summary, we have presented a comprehensive and
unified cosmological framework based on PAP geometry,
f(R, X, T) gravity, and a generalized GB invariant. This
model successfully incorporates curvature, torsion, and their
coupling to matter into a single action principle. We derived
exact analytical solutions for the cosmological background
evolution, demonstrating how torsion (parameterized by b)
and matter—torsion coupling 1 can geometrically drive both
early-time inflation and late-time acceleration without the
need for exotic fields or a cosmological constant. The model
is not only theoretically elegant — seamlessly encompassing
GR, TEGR, and hybrid geometries as limiting cases — but
also phenomenologically rich. It offers a viable mechanism
for torsion-driven inflation consistent with Planck data and
provides a clear stability criterion for the universe’s evolu-
tion. By offering new geometric explanations for the two
periods of accelerated expansion, this work opens up excit-
ing new avenues for exploring the fundamental nature of
gravity and the cosmos. Our work extends the cosmolog-
ical reconstruction techniques explored in modified grav-
ity theories — such as the analysis of f(P) gravity with
Gauss—Bonnet corrections by Harko et al. [43] by deriv-
ing exact analytical solutions within the PAP framework.
While their approach emphasizes reconstruction methods,
our model provides explicit expressions for the scale fac-
tor, Hubble parameter, and energy density, enabling a more
transparent analysis of cosmological dynamics. Furthermore,
compared to the study of non-singular bounce and cyclic
cosmologies in symmetric teleparallel Gauss—Bonnet grav-
ity by Bamba et al. [44], our PAP-based approach offers a
distinct pathway for singularity avoidance. Unlike their focus
on symmetric teleparallel geometry, our work leverages the
unification of curvature and torsion in PAP geometry, with
the generalized Gauss—Bonnet term G, playing a pivotal role
in modulating spacetime geometry to prevent singularities.
This highlights the versatility of our framework in address-
ing fundamental cosmological problems while maintaining
analytical tractability.

@ Springer
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Table 1 Synthesis and contrast of the present study with works by Momeni and Myrzakulov

Feature Our paper Momeni and Myrzakulov [48] Momeni [47]

Primary Goal PAP Explain DM as a torsional Reconstruct ~ dynamics from
geometric effect observed energy data

Methodology Top-down (Action — Field Eqs — Top-down + Observational Fitting Bottom-up (Inverse Problem)

Solutions)

Key Geometric Object

Generalized Gauss—Bonnet

(MCMC)

invariant G,

Dark Sector Explanation

Geometric (Torsion + Gj, drive

acceleration)

Experimental Link

Predictive, future tests with

CMB/LSS data

Torsion scalar T’
Geometric (Torsion mimics DM)

Directly constrained by current

Energy density p(x)
Emergent (From reconstructed H)

Framework to interpret data from
various sources

Table 2 Summary comparison

Feature

Momeni and Myrzakulov (2025) [4]

Our article

Primary Goal

Main Result

Key Conclusion

Relation

Identifies benchmark models

Compare and synthesize existing models across
different geometric theories

A “map” of the inflationary landscape, identifying
the most viable classes of models (e.g., f(R)),
scalar-GB) given current data

Future observations will narrow the field, but
geometrically motivated models like Starobinsky
inflation are currently the most robust

Provides the broad context and benchmarking
criteria against which specialized models like
Dabash et al.’s can be evaluated

Benchmark models that are highly consistent with

current observational data (Planck, BICEP/Keck).

Notably, the curvature-based Starobinsky
f(R)model remains a top contender due to its

Construct and analyze a new unified model (PAP
geometry with Gauss—Bonnet)

Exact solutions and a new mechanism showing how
torsion and GB terms can jointly drive inflation
and late-time acceleration

Torsion and curvature can be unified in a single
framework (PAP) to provide a compelling
geometric alternative to the standard inflationary
paradigm

Provides a concrete example of the kind of
innovative theoretical model discussed in the
review, demonstrating the predictive power of
combining geometric concepts

Shows that the coupling between the inflaton and the
torsion-modified Gauss—Bonnet term enables
successful inflation with predictions ns &~ 0.966,

r 2 (0.032 that align with Planck data

predictions (ns &~ 0.965, r ~ 0.003

In conclusion, to provide a clear and concise synthesis of
our results, we present a direct comparison between our key
findings and those of other prominent studies in the field.
Table 1 below offers a structured overview, contrasting the
geometric foundations, inflationary mechanisms, and pre-
dicted observables of our model against related approaches,
thereby highlighting the distinct advantages and novel fea-
tures of the F(R,T) formalism.

Together, these papers exemplify the richness of con-
temporary geometric approaches to gravity. Our paper and
Momeni and Myrzakulov propose specific prescriptive mod-
ifications to GR, using torsion to explain acceleration and
dark matter, respectively. Momeni, conversely, develops a
diagnostic tool to extract dynamics from observations, inde-
pendent of any assumed Lagrangian. All three move beyond
the standard model by treating the dark sector not as a sub-
stance to be discovered, but as a profound geometric or ther-
modynamic manifestation of spacetime itself.

@ Springer

Comparison of Two Studies on Inflation in Modified Grav-
ity: From geometry to cosmology: a pedagogical review of
inflation in curvature, torsion, and extended gravity theories
[4] , and our article are given in Table 2.
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