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Abstract: The algebraic group theory approach to pairing in nuclei is an old subject and yet it con-
tinues to be important in nuclear structure, giving new results. It is well known that for identical
nucleons in the shell model approach with j — j coupling, pairing algebra is SU(2) with a comple-
mentary number-conserving Sp(N) algebra and for nucleons with good isospin, it is SO(5) with
a complementary number-conserving Sp(2Q)) algebra. Similarly, with L — S coupling and isospin,
the pairing algebra is SO(8). On the other hand, in the interacting boson models of nuclei, with
identical bosons (IBM-1) the pairing algebra is SU(1, 1) with a complementary number-conserving
SO(N) algebra and for the proton—-neutron interacting boson model (IBM-2) with good F-spin, it is
SO(3,2) with a complementary number-conserving SO(QF) algebra. Furthermore, in IBM-3 and
IBM-4 models several pairing algebras are possible. With more than one j or £ orbit in shell model,
i.e., in the multi-orbit situation, the pairing algebras are not unique and we have the new paradigm of
multiple pairing [SU(2), SO(5) and SO(8)] algebras in shell models and similarly there are multiple
pairing algebras [SU(1,1), SO(3,2) etc.] in interacting boson models. A review of the results for
multiple multi-orbit pairing algebras in shell models and interacting boson models is presented
in this article with details given for multiple SU(2), SO(5), SU(1,1) and SO(3,2) pairing algebras.
Some applications of these multiple pairing algebras are discussed. Finally, multiple SO(8) pairing
algebras in shell model and pairing algebras in IBM-3 model are briefly discussed.

Keywords: pairing; multiple algebras; multi-j shell model; interacting boson models; SU(2); SO(5);
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sym15020497 Pairing is one of the most important concepts in nuclear structure physics and its
fingerprints are seen clearly in binding energies of nuclei, ground state spins, odd-even
effects, beta decay, double beta decay, orbit occupancies and so on [1,2]. Very early Bohr,
Mottelson and Pines [3] suggested the use of BCS theory for pairing in nuclei and all
the subsequent developments in this direction are well reviewed in [4-6]. Focusing on
nuclear shell model [7,8], algebraic group theory approach to pairing has started receiving
attention following Racah’s seniority quantum number [9,10]. For identical nucleons in a
single-j shell, pair state is coupled to angular momentum zero and the corresponding pair
creation operators are unique. The pair-creation operator, pair-annihilation operator and

the number operator generate the SU(2) pairing algebra. The eigenstates of the pairing
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Hamiltonian, that is a product of pair-creation and pair-annihilation operators, carry the
SU(2) quasi-spin or seniority quantum number. There are several single-j shell nuclei that
are known to carry seniority quantum number (v) as a good or useful quantum number;
This article is an open access article ~ S€€ [7] and also [11-14] and references therein for full details of quasi-spin and seniority
distributed under the terms and  fOT identical particles and their applications. Even when single-j shell seniority is a broken
conditions of the Creative Commons ~ Symmetry, seniority quantum number is useful as it provides a basis for constructing shell
Attribution (CC BY) license (https:// ~ model Hamiltonian matrices [15]. Pairing symmetry with nucleons occupying several
creativecommons.org/ licenses /by / j-orbits is more complex and less well understood from the point of view of its goodness
40/). or usefulness in nuclei. Restricting to nuclei with identical valence nucleons (protons or
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neutrons), and say these nucleons occupy several-j orbits, then it is possible to consider
the pair-creation operator to be a sum of the single-j shell pair-creation operators with
arbitrary phases and for each choice there will be quasi-spin SU(2) algebra giving multi-
orbit or generalized seniority quantum number v. With ¥ number of orbits there will be
2"~! number of SU(2) pairing algebras. With 2Q = ¥j(2j + 1), the spectrum generating
algebra (SGA) is U(2Q)) and the pairing SU(2) algebra is complementary to the Sp(2Q)
algebra in U(2Q)) D Sp(2Q)) with v denoting the irreducible representations (irreps) of
Sp(2Q)) that belong to a given number m of identical nucleons [m denotes the irrep of
U(2Q))]. The usefulness or goodness of these multiple pairing algebras is not well known
except a special situation that was studied long ago by Arvieu and Moszkowski (AM) [16]
in the context of surface delta interaction. We will discuss this in detail in Section 2. In
addition, pair states with linear superposition of single-j shell pair states with arbitrary
coefficients are used in generating low-lying states of nuclei, such as Sn isotopes, with
good generalized seniority [7], and they are also employed in the so called broken pair
model [17]. On the other hand, these are also used in providing a microscopic basis for
the interacting boson model [18]. Going beyond all these, there are also attempts to solve
and apply more general pairing Hamiltonian’s by Pan Feng et al. [19] and also a pair shell
model was developed by Arima and Zhao [20].

In the interacting boson models [21-23], the SO(N'B) algebras in the SGA U(N®) are
well known. For example SO(6) in sdIBM-1, SO(15) and SO(14) in sdgIBM-1 and so on.
However, what is not often emphasized is that the SO(NB) algebras correspond to pairing
for bosons. In fact, for identical bosons in single ¢ shell (for example d orbit in sdIBM,
g in sdgIBM) or in multi-/ situation (for example sd, sdg etc.), the pairing algebra is the
non-compact SU(1,1) algebra and the better known SO(NB) algebras are complementary
algebras (see Section 3 ahead) [21,24]. However, just as the situation with identical fermions,
here also there will be multiple SU(1, 1) pairing algebras (with r number of ¢ orbits, there
will be 2"~! number of algebras) and for each of these there will be a complementary
SO(NB) algebra. These multiple multi-orbit pairing algebras and their applications are
described in Section 3.

Pairing in identical fermion systems is easy to deal with as the algebra is SU(2).
However, the situation changes if we consider nucleons with isospin (T) degree of freedom.
Here, the algebra changes to the more complex SO(5) algebra that generates seniority
(v) and in addition also reduced isospin (t) [25,26]. Another important result is that the
SO(5) contains only isovector pair-creation and -annihilation operators (an unsatisfactory
aspect of the SO(5) pairing algebra of shell model is that it does not contain isoscalar pair
operators). With isospin, in a single-j orbit the SGA is U(4Q)) with 2Q) = (2j + 1). The
Sp(2Q)) algebra in U (4Q2) D [U(2Q)) D Sp(2Q))] ® SU7(2) is complementary to SO(5) with
(v, t) uniquely labeling the Sp(2j + 1) irreps. For the first papers on single-j shell pairing
with isospin see [25-31]. Similarly, for the technical work on the more complicated SO(5)
algebra [for example, deriving analytical formulas for the Wigner and Racah coefficients
for SO(5)] see [30,32-38] and for recent applications see [39-46] and references therein.
Although many of the single-j shell results extend to the multi-j shell situation with (2j + 1)
replaced by 2Q) = }7;(2j + 1), a crucial aspect of the multi-j shell SO(5) pairing algebra
is that there will be multiple SO(5) algebras (also the corresponding multiple Sp(2Q))
algebras) as the pair-creation operator here is no longer unique. Section 4 describes these
multiple SO(5) isovector pairing and seniority Sp(2Q2) multi-j algebras with isospin in
nuclei and their applications.

Parallel to pairing in shell model with isospin is the pairing with F-spin in interacting
boson models. Making a distinction between proton bosons and neutron bosons and
treating them as projections of a fictitious (F) spin 1/2 object, we have pnIBM or IBM-2
with F-spin degree of freedom (F-spin in IBM is mathematically similar to isospin in shell
model). As we present in Section 5, the pairing algebra changes from SU(1,1) to more
complicated SO(3,2) algebra [47]. More importantly, in the multi-¢ situation there will be
multiple SO(3,2) algebras and for each of these there will be a complementary SO(QF)
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algebra. In Section 5 multiple multi-orbit SO(3, 2) pairing algebras with F-spin in IBMs
are discussed.

Going further, interestingly multiple pairing algebras appear also in the LST pairing
SO(8) algebra in shell model and also in the isospin invariant IBM-3 model and spin-isospin
invariant IBM-4 model; see [48-54] for SO(8) algebra and [21,55,56] for IBM-3 and IBM-4.
In Section 6 we will briefly describe multiple SO(8) pairing algebras in shell model and the
pairing algebras in IBM-3.

Before proceeding further, let us stress that the most important aspect of pairing
algebras is the complementarity between the pairing algebras with number non-conserving
generators and the shell model /IBM algebras with only number-conserving generators [57].
A general mathematical theory describing this complementarity is due to Neergard [58-61]
and this is based on Howe’s general duality theorem [62,63]. It is important to mention
that the first proof of complementarity is due to Helmers [28] and later work is due
to Rowe et al. [64]. We will not discuss these more mathematically rigorous results in
this paper.

Many of the results in Sections 2—4 are presented in two conference proceedings [65,66].
Furthermore, the present article complements the results obtained for multiple SU(3)
algebras in nuclei as reported in [67-69].

2. Multiple Multi-Orbit Pairing Algebras in Shell Model: Identical Nucleons

With identical nucleons (protons or neutrons) in a single-j shell, the pair-creation
operator S and annihilation operator S_ = (S;)* and the number operator [/ or more
appropriately 7 — N/2 with N = (2j + 1), generate remarkably the quasi-spin SU(2)
algebra. The quasi-spin quantum number Q and its z-component Mg can be used to label
many (m)-particle states. On the other hand, the SGA is U(N) and the Sp(N) subalgebra of
U(N) is ‘complementary’ to the quasi-spin SU(2) algebra. The seniority quantum number
v that labels the states according to Sp(2j + 1) algebra [v labels Sp(N) irreps] corresponds
to Q and similarly, particle number  that labels the irreps of U(2j 4 1) corresponds to M.
Seniority quantum number gives number of particles that are not in zero coupled pairs.
Thus, the classification of states given by (Q, M) with number non-conserving operators,
is the same as the one given by the shell model chain U(N) D Sp(N) which contains
only number-conserving operators. More importantly, this solves the pairing Hamiltonian
Hp = =545 and allows one to extract m dependence of many particle matrix elements of
a given operator. All these are well known [7].

All the single-j shell results extend to the multi-j shell situation i.e., for identical
particles occupying several-j orbits, with (2j + 1) replaced by 2Q = }3;(2j + 1). In this
situation, v is called generalized seniority. A new result that appears for the multi-j situation
is that there will be multiple quasi-spin (or Sp(2(Q})) algebras with the pair-creation operator
here being a sum of single-j pair-creation operators with different phases; S+ = Y, a;5+ (j);
aj = +1. Then, clearly with r number of j-orbits, there will be 2"~! number of quasi-spin
SU(2) and the corresponding 2'~! Sp(2Q) algebras. Sections 2.1 and 2.2 give details of
these multiple multi-orbit pairing SU(2) and the complementary Sp(N) algebras. The
complementarity is established at the level of quadratic Casimir invariants of various group
algebras that appear here. These multiple multi-j quasi-spin algebras (one for each «;
choice) play an important role in deciding selection rules for electric and magnetic multi-
pole operators. This is the topic of Section 2.3. Correlations between realistic interactions
and pairing interactions that correspond to various multiple pairing algebras are studied in
Section 2.4. Applications of multi-j seniority describing data in certain nuclei is presented
in Section 2.5 with results drawn from [7,70-73]. Finally, a summary is given in Section 2.6.
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2.1. Multiple Multi-Orbit Pairing SU(2) Algebras

Let us say there are m number of identical fermions (protons or neutrons) in j orbits jj,
j2, ..., jr- Now, it is possible to define a generalized pair-creation operator S as

Se = Yasi() 3 5:0) = X (-0 el = YEEL () g

jm=j—m [
j m>0 2

Here, o are free parameters and assumed to be real. The m used for number of particles
should not be confused with the m in jm. Given the S operator, the corresponding pair-
annihilation operator S_ is

V2j+1

S-=(s1)" = Lays-(j); S-(j) = (5+ (i)' = —¥L— (aa))°. @
]

Note that a;,, = (—1)j’mﬁj,m. The operators S, S_ and S,

-0 ,
So="5— i 0= 0;, 0= (2j+1)/2, ©)
j

form the generalized quasi-spin SU(2) algebra [hereafter called SUg(2)] only if
zx]? =1forall j. (4)
Note that 71 = Ljm a;rma jm, 18 the number operator. With Equation (4) we have,
[So, S+] ==%S+, [S4+,S5-]=2S. ®)

Thus, in the multi-orbit situation for each

{lX]'l,[X]'z,...,Der}

with a;, = +1 there is a SUg(2) algebra defined by the operators in Equations (1)~(3). For
example, say we have three j orbits ji, j» and j3. Then, without loss of generality we can
choose 1 = +1 and then (ap, a3) can take values (+1,+1), (+1,-1), (-1,+1), (-1,-1)
giving four pairing SUg(2) algebras. Similarly, with four j orbits, there will be eight SU(2)
algebras and in general for r number of j orbits there will 2’1 number of SUg(2) algebras.
The consequences of having these multiple pairing SU(2) algebras will be investigated
in the following. Before going further let us mention that the SUg(2) here should not
be confused with the quantum group SU,(2) of Biedenharn and Macfarlane [74,75] (see
also [76]).

Though well known, for later use and for completeness, some of the results of
the SUq(2) algebra are that the S> = S, S_ — S + S} operator and the Sy operator in
Equation (3) define the quasi-spin s and its z-component m; with S?|sms) = s(s + 1) |sms)
and Sy|sms) = mg|sm). Furthermore, from Equation (3) we have ms = (m — Q)/2; the
m here is number of particles. Moreover, it is possible to introduce the so called seniority
quantum number v such that s = (Q) — v) /2 giving,

s = (Q—0)/2 ms=(m—-Q)/2,
v = mm—2,...,00r 1 for m <Q) 6)
= (20-m),2Q—-m)—2,.,0o0r 1 for m>Q .

Note that the total number of single particle states is N = 2() and therefore for m > ()
one has fermion holes rather than particles. With the pairing Hamiltonian H, given by

Hy, = -GS, @)
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where G being the pairing strength, the following results will provide a meaning to the
seniority quantum number “v”,

(S48 = (S:5.)" = (m,0,B| 515 | mo,B) "
= {(m—-v)2Q-m—-v+2),
imy0,B) = | 2P (6 )5 0, p = 20 ©)

(Q—o)!p! 2

with these, it is clear that for a given v and m there are (m — v)/2 zero coupled pairs in
eigenstates of Hy. Thus, v gives the number of particles that are not coupled to angular mo-
mentum zero. In Equation (9), B is an extra label that is required to specify a (j1, 2, ..., jr)"
state completely.

Before going further, an important result (to be used later) that follows from
Equations (1) and (2) is,

45,5 = 4Y S (HS-()+ Y ajaj,
j 1>)2

, ;m{ (o) () ] + [(a;zah)"(a;ﬁh)"]”} |

2.2. Multiple Multi-Orbit Complementary Sp(N) Algebras

In the (j1, j2, - - -, jr)™ space, often it is more convenient to start with the U(N) algebra
generated by the one-body operators ulq‘ (j1,72),

(10)

k
us(]lr]z) = (a;ﬁ]’z>q : (11)
The total number of generators is obviously N? and N = 2Q). All m fermion states will
be antisymmetric and therefore belong uniquely to the irrep {1"} of U(N). The quadratic
Casimir invariant of U(N) is easily given by

CUN)) = L (=)= (i, o) - () (12)
Jul2 k
with eigenvalues
(GUN))Y"=m(N+1—m); N=2Q. (13)

Equation (13) can be proved by writing the one and two-body parts of C;(U(N)) and
then showing that the one-body part is 20371 and the two-body part will have two-particle
matrix elements diagonal with all of them having value —2.

More importantly, U(N) D Sp(N) and the Sp(N) algebra is generated by the N(N +1) /2
number of generators u’; (j,j) with k=odd only and qu (j1,j2), 1 > j2 where

k k
Vi) = WG b2 (5,)) + XGu k) () | - Oz =1. (9
The quadratic Casimir invariant of Sp(N) is given by,

C(Sp(N)) =2Y" Y "G j) - G i)+ Y VG 2) - VEGuf) - (15)
j k=odd j1>j2sk

The Sp(N) algebra will be complementary to the quasi-spin SU(2) algebra defined
for a given set of {ocjl, @jyr e (x]-r} provided

NG o k) = (1) ajwj, , X(jy, o k) = (1)1 2 ) (16)
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Using Equations (12) and (14)—(16) along with Equation (10) it is easy to derive the
following important relation,

Co(U(N)) — Ca(Sp(N)) = 45,5 — 7. (17)
Now, Equations (8), (13) and (17) will give
(Co(Sp(N)Y™ =0(20+2 —0) (18)

and this proves that the seniority quantum number v corresponds to the Sp(N) irrep (17).

In summary, given the SUg(2) algebra generated by {S;,S_,Sy} operators for a
given set of {«;,aj,,..., &) } with aj, = +1 or —1, there is a complementary (+») Sp(N)
subalgebra of U(N) generated by

k
Sp(N) : uk(j, ) = (a}aj) with k = odd ,
L 1/2 _\k . Nk . . .
VEGu2) = [(~ D | {(“}ﬂh)ﬁ (=), (ﬂ}zﬂh)q] with o > jp .

As the Sp(N) generators are one-body operators and that Sp(N) «+ SUp(2), there will
be special selection rules for electro-magnetic transition operators connecting m fermion
states with good seniority. These are well known for a special choice of a’s [7] and their
relation to the multiple SU(2) algebras or equivalently to the {«; ,aj,, ..., «; } setis the
topic of the next Section.

(19)

2.3. Selection Rules and Matrix Elements for Electro-Magnetic Transitions

Electro-magnetic (EM) operators are essentially one-body operators (two and higher-
body terms are usually not considered). In order to derive selection rules and matrix

k
elements for allowed transitions, let us consider the commutator of S, with (a; ﬁjz) .
q

Firstly we have easily,

{S-&-(].) ’ (ﬂ;ﬁjz)k} = —0jj, (a}la};)k (20)

q q

This gives

+ o \K RN
[SJr , (ajlajz)q + X(ahah)q}
= —q; (aTaT>k {1—Xw @ (—1)f1+f2+k} 21
2 \"1 " q J17)2 ( )
=0 if X =aja, (—1)1T2"k
#0 if X = —aj aj, (—1)hT2tk,

Note that the commutator being zero implies that the operator is a scalar T with
respect to SUp(2) and otherwise it will be a quasi-spin vector Tj. In either situation the S,
component of T is zero as a one-body operator can not change particle number. Thus, for
j1 # j» we have

k k
kr: N . A 5
Uy (j1,j2) = Nu {(”}2 ajz)q + aj, aj, (1)t (a;fzaj]>q} — T3,
k k
k(i iy _ s s
Wi (j1, j2) = Nw {(a;ab)q — wj, aj, (—1)tRt (a;-;”fl)q} =T

(22)

Here NV, and Ny, are some constants. Similarly, for j; = j, we have
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k
(af7) with k odd — T3,
™ ’ (23)
(u;rﬁj) with k even — T} exceptfor k=0.
q

The results in Equation (22) are easy to understand as U][; in Equation (22) is to within

a factor same as qu of Equation (19) and therefore a generator of Sp(N). Hence it cannot
change the v quantum number of a m-particle state. Moreover, as Sp(N) <> SUp(2), clearly

k
U’; will be a SU(2) scalar. Similarly turning to Equation (23), as (a}ﬁ ]-) . with k odd are

generators of Sp(N) and hence they are also SU((2) scalars.
The general form of electric and magnetic multi-pole operators
tively with L =1,2,3,...1is, with X = Eor M,

L
XL _
I = Ze}l]z( 11“12>

XL

_ Ze (a a,) Z €]1]2[( ]1a]2>:+ ]ﬂl (ajzajl)L] .

1> ]1 J2

TEL TML

and respec-

(24)

Therefore, eXL /eXL along with Equations (22) and (23) will determine the selection

J2. 17 T]14)2
rules. Then,
eXL

]2’]1 chlﬂéjz(_l)jl+j2+L - T(()J w.rt. SUQ(z) ’
112 (25)
SR g (1) S T et SUQ(2)
etk
J1:)2

Thus, the SUp(2) tensorial nature of TXL depends on the «; choice. For T we have
v — v and for T& we have v — v, v £ 2 transitions. It is well known [7,16] that for TEL and

TML operators,
eEL eML
12r]1 _ U+l +j1+j2+L J2 1 U+l +j1+j2+L
= _(_1) 1Te2T1T)2 i = (_1) 1t+n+)2 . (26)
ettt €L
J1/72 J1/]2

In Equation (26) ¢; is the orbital angular momentum of the j; orbit. Therefore, com-
bining results in Equations (22)—(26) together with parity selection rule will give seniority
selection rules, in the multi-orbit situation, for electro-magnetic transition operators when
the observed states carry seniority quantum number as a good quantum number. The
selection rules with the choice &, = ( —1)% for all i are as follows.

1.  TEL with L even will be Tj w.rt. SUg(2).

2. TEL with L odd will be T} w.r.t. SUg(2). However, if all j orbits have same parity,
then TEL with L odd will not exist. Therefore here, for the transitions to occur, we
need minimum two orbits of different parity.

3. TMLwith L odd will be T{ w.r.t. SUg(2).

4. TML with L even will be T§ w.r.t. SUp(2). However, if all j orbits have same parity,
then TML with L even will not exist. Therefore here, for the transitions to occur, we
need minimum two orbits of different parity.

5.  For T§ only v — v transitions are allowed while for T bothv — vand v — v £2
transition are allowed. For both m is not changed.

The above rules were given already by Arvieu and Moszkowski [16] and described
by Talmi [7]. As stated by Arvieu and Moszkowski, they have introduced the choice
a; = (—1)% “for convenience” and then found that it will make surface delta interaction a
SUg(2) scalar. It is important to note that for SUq(2) generated by a; # (—1)%, the above
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rules (1)—(4) will be violated and then Equation (25) has to be applied. This is a new result
and it was reported first in [65] (see also [77]). A similar result applies to interacting boson
models as presented in Section 3.

Applying the Wigner—Eckart theorem for the many particle matrix elements in good
seniority states, the number dependence of the matrix elements of T and T} operators is
easily determined. For fermions we simply need SU(2) Wigner coefficients [78]. Results
for fermion systems are given for example in [7]. For completeness we will give these here,

(m,o,a | TY | m,o',B) =6,y (v,0,a|TY | v,0,B),

QO—m
(m,o,a | T} | m,0,B) = T <U,U,tx | T¢ | U,U,,B> ,

(27)

20-m—v+2)(m—v+2)

<m,v,o¢|T&|m,v—2,rB>: ( 001 1) <v,v,¢x|T3|v,v—2,,B>.

Before turning to applications, within the shell model context it is necessary to conform
that a realistic pairing operator do respect the condition a; = (—1)%. In order to test this, we
will use correlation coefficient between operators as defined in French’s spectral distribution
method [79].

2.4. Correlation between Operators and Phase Choice in the Pairing Operator

Given an operator O acting in m particle spaces and assumed to be real, its m particle
trace is ((O))" = Y, (m,a | O | m,a) where |m,a) are m-particle states. Similarly, the
m-particle average is (O)" = [d(m)]~1((O))" where d(m) is m-particle space dimension.
In m particle spaces it is possible to define, using the spectral distribution method of
French [79,80], a geometry [80,81] with norm (or size or length) of an operator O given by

| O |lm= 4/ <(’7(’7>m ; O is the traceless part of O. With this, given two operators 07 and
O,, the correlation coefficient

(01, 05) = (0:22) (28)
O = 10, T 1102 Tl ”

gives the cosine of the angle between the two operators. Thus, O; and O, are same within
a normalization constant if { = 1 and they are orthogonal to each other if { = 0[79,81]. The
most recent application of norms and correlation coefficients, defined above, to understand
the structure of effective interactions is due to Draayer et al. [82-84].

Clearly, in a given shell model space, given a realistic effective interaction Hamiltonian
H, the  in Equation (28) can be used as a measure for its closeness to the pairing Hamil-
tonian Hp = §;S_ with S defined by Equation (1) for a given set of a;’s. Evaluating
{(H, Hp) for all possible «; sets, it is possible to identify the a; set that gives maximum
correlation of Hy, with H. Following this, {(H, Hp) is evaluated for effective interactions in
Cfr/2.fs72, 1372, 172)s Chssar p3s2, P12, °89,2) and (°87/2, 15 0, M5 2, 2512, P11 )
spaces using GXPF1 [85], JUN45 [86] and jj55-SVD [87] interactions respectively. As we are
considering only identical particle systems and also as we are interested in studying the
correlation of H’s with Hp’s, only the T = 1 part of the interactions is considered (dropped
are the T = 0 two-body matrix elements and also the single particle energies). With this
((H, Hp) are calculated in the three spaces for different values of the particle number m and
for all possible choices of ;s defining S+ and hence Hp. Results are given in Table 1. It is

clearly seen that the choice a; = (—1)% gives the largest value for { and hence it should be
the most preferred choice. This is a significant result justifying the choice made by AM [16],
although the magnitude of { is not more than 0.3. Thus, realistic H are far, on a global
m-particle space scale, from the simple pairing Hamiltonian. However, it is likely that the
generalized pairing quasi-spin or sympletic symmetry may be an effective symmetry for
low-lying state and some special high-spin states [12]. Evidence for this will be discussed
in Section 2.5.
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Table 1. Correlation coefficient { between the T = 1 part of a realistic interaction and the pairing
Hamiltonian H, for various particle numbers () in three different shell model spaces. The single
particle (sp) orbits for these three spaces are given in column #1. The range of m values used is given
in column #3. The phases «; for each orbit in the generalized pair-creation operator are given in
column #4 (the order is the same as the sp orbits listed in column #1). The variation in { with particle
number m is given in column #5. Results for the phase choices that give |{| < 0.15 for all m values
are not shown in the table. See Section 2.4 for further discussion.

Sp Orbits Interaction m «j {(H,Hp)
27,2, 1d5,2,
1d, (2 251, jj55-SVD 2-30 (++,+,+,-) 0.33-0.11
h11/2
(+ 4+ +.—-) 0.26-0.09
(+,+ -+ -) 0.17-0.06
0 1
Jor2 para jun45 2-20 (++,+,-) 0.42-0.21
P1/2, "89/2
(+ +,—-) 0.27-0.13
(+ =+ -) 0.15-0.07

f7/2, P32,

xpfl 2-18 +,+,+,+ 0.36-0.33
0fs/zf 1Pl/z &P ( )

(+,+ +,-) 0.22-0.20

Before turning to applications of multiple pairing algebras, it is useful to add that in
principle the spectral distribution method can be used to study the mixing of seniority
quantum number in the eigenstates generated by a given Hamiltonian by using the so
called partial variances [11,79]. The v; — vy partial variances, with v; # 0 ¢, are defined by

o?(m,v; — m,uf) = [d(m,vi)]lzﬁ:Km,vf,ﬁ | H | m,vi,a>‘2 ) (29)

In Equation (29), d(m, v) is the dimension of the (m,v) space. It is important to note
that the partial variances can be evaluated without constructing the H matrices but by
using the propagation equations. These are available both for fermion and boson systems;
see [88-90]. However, propagation equations for the more realistic ¢ (m, v;, | — m,v 1)
partial variances are not yet available.

2.5. Applications

In order to understand the variation of B(EL) [similarly B(ML)] for fermion systems,
for states with good seniority, some numerical examples are shown in Figures 1 and 2.
Firstly, consider an electric multi-pole (of multi-polarity L) transition between two states
with same v value. Then, the B(EL) « [(QQ —m)/(Q — v)]* as seen from the second
equation in Equation (27). Note that, with a;, = (—1)%, the TEL operators are T} w.r.t.
SUp(2). Assuming v = 2, variation of B(EL) with particle number m is shown for three
different values of () and m varying from 2 to 2} — 2 in Figure 1. It is clearly seen that
B(EL) decrease up to mid-shell and then again increases, i.e., B(EL) vs m is an inverted
parabola. The parabolas shift depending on the value of Q). In addition, shown in Figure 1
is also the variation with m for states with v = 1 and 4. Assuming the ground 0" and first
excited 27 states of a nucleus belong to v = 0 and v = 2 respectively, B(E2;2" — 0T)
variation with particle number is calculated using the third equation in Equation (27) giving
B(E2) x (2Q0—m —v+2)(m —v+2)/4(Q2 — v+ 1). The variation of B(E2) is that it will
increase up to mid-shell and then decrease; i.e., the B(E2;2" — 01) vs m is a parabola.
This is shown in Figure 2 for three different values of () and again one sees a shift in
the parabolas with () changing. Similar is the result for more general B(EL) transitions,
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assuming that the transitions are from states with a v value to those with v — 2; see the
lower panel in Figure 2.

100

80

60

40

B(EL: v --> V)

20

(=]

-1

Figure 1. Upper panel shows variation of B(EL) with particle number m for five different values of ()
and seniority v for v — v transitions. Similarly, lower panel shows variation of quadrupole moment
Q(J) with particle number m and for three different values of Q. The quadrupole moments are for
states with seniority v. These results, useful in shell model description, are obtained by applying
the second formula in Equation (27). The B(EL) values are scaled such that the maximum value is
100 and similarly, |Q(])] is scaled such that the maximum value is 1. Thus, the B(EL) and Q(J) in the
figure are not in any units. See Section 2.5 for further discussion.

First examples for the goodness of generalized seniority in nuclei are Sn isotopes. Note
that for Sn isotopes the valence nucleons are neutrons with Z = 50, a magic number. From
Equation (8) it is easy to see that the spacing between the first 27 state (it will have v = 2)
and the ground state 0" (it will have v = 0) will be independent of m, i.e., the spacing
should be same for all Sn isotopes and this is well verified by experimental data [7]. Going
beyond this, recently B(E2;2; — 0;) data for 1%4Sn to 13°Sn are analyzed using the results
in Equation (27), i.e., the results in Figure 2. Data show a dip at 11°Sn and they are close
to adding two displaced parabolas; see Figure 1 in [71]. This is understood by employing
0g7/2, 1d5/2, 1d3/2 and 251/2 orbits for neutrons in 1%4Sn to 1'°Sn with QO = 10 and °°Sn
core. Similarly, 1d5/2, 1d3/2, 251/2 and 0h11/2 orbits with Q = 12 and 1%Sn core for 116Sn to
130Gn. Then, the B(E2) vs m structure follows from Figure 2 by shifting appropriately the
centers of the two parabolas in the figure and defining properly the beginning and end
points. It is also shown in [71] that shell model calculations with an appropriate effective
interaction in the above orbital spaces reproduce the results from the simple formulas given
by seniority description and the experimental data.
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Figure 2. Upper panel shows variation of B(E2;v = 2,27 — v = 0,0") with particle number m for
three different values of (). Similarly, lower panel shows variation of B(EL) with particle number
m for transitions between states with v to states with v — 2. These results, useful in shell model
description, are obtained by applying the third formula in Equation (27). The B(EL) and B(E2) values
are scaled such that the maximum value is 100 and therefore they are not in any units. See Section 2.5
for further discussion.

In addition to B(E2;2" — 07) data, there is now good data available for B(E2)’s and
B(E1)’s for some high-spin isomer states in even Sn isotopes. These are: B(E2; 10" — 87)
data for 11°Sn to 13Sn and B(E2;15~ — 137) for 29Sn to '2Sn and B(E1;13~ — 12%) in
12061 to 1269n. The states 10+ and 87 are interpreted to be v = 2 states while 15, 13~ and
12T are v = 4 states. Therefore, all these transitions are v — v transitions and their variation
with m will be as shown in Figure 1. This is well verified by data [70] by assuming that the
active sp orbits are 0h11/2, 1d3/2 and 251/2 with Q) = 9 (see also Figure 1 with (2 = 9). The
results with QO = 8 and Q) = 7, obtained by dropping %s1 /» and !d3,, orbits respectively,
are not in good accord with the data. In all this and in the analysis in [72,73], it is assumed
that the « and  in Equation (27) are independent of m, i.e., they remain same for a given
isotopic chain.

In summary, both the B(E2;2" — 0") data and the B(E2) and B(E1) data for high-
spin isomer states are explained by assuming goodness of generalized seniority with the
choice B; = (—1)4 but with effective () values. Although the sp orbits (and hence ()
values) used are different for the low-lying levels and the high-spin isomer states, the good
agreements between data and effective generalized seniority description on one hand and
the correlation coefficients presented in Section 2.4 on the other show that for Sn isotopes
generalized seniority is possibly an ‘emergent symmetry’or a “partial dynamical symmetry
(PDS)” (see [14] for PDS). Let us add that although detailed nuclear structure calculations
are possible for Sn isotopes [91], generalized seniority gives simple explanation for trends
seen in some of the observables.
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Going beyond Sn isotopes, with some further assumptions, near constancy of the ener-
gies of 2] and 3] levels and also B(E2;2] — 0;) and B(E3;3; — 0;") using Equation (27)
for B(EL)’s in Cd and Te isotopes are explained well [72]. In this study, neutrons in %g; >,
Ohyy /2 lds /2 Ld, /2 and 251 /2 orbits in various combinations, depending on their occupancy,
giving () = 9 — 12 are employed. Further, more recently Equation (27) is applied success-
fully to explain empirical data on g-factors, quadrupole moments and B(E2) values for
the 13/2%, 12" and 33/2" isomers in Hg, Pb and Po isotopes. See Figure 1 for variation
of quadrupole moments Q(]) with particle number m [this is obtained using the second
formula in Equation (27)] and the decrease as we move towards mid-shell region is seen in
data [73]. In addition, B(E2; Z;r — Of) values in these isotopes are also explained [73]. In
this study used are Equation (27) and neutrons in the single particle orbits Ong /2 Oi13 /2, 1f, /2
2p3 /2 and ! f5 5 giving Q) = 13, 17 and 18 depending on the occupancy of these orbits [73].

2.6. Summary

In this section presented are results on multiple multi-orbit pairing SU(2) and the
complementary SO(N) algebras in j — j coupling shell model for identical nucleons. The
relationship between quasi-spin tensorial nature of one-body transition operators and the
phase choices in the multi-orbit pair-creation operator is presented. As pointed out in
Sections 2.1 and 2.2, some of the results here are known before for some special situations.
Selection rules for EM transition strengths as determined by multiple multi-orbit pairing
algebras are presented in Section 2.3. In Section 2.4, results for the correlation coefficient
between the pairing operator with different choices for phases in the generalized pair-
creation operator and realistic effective interactions are presented. It is found that the
choice advocated by AM [16] gives maximum correlation though its absolute value, no
more than 0.3, is small. Applications using particle number variation in electromagnetic
transition strengths, of multiple pairing algebras are briefly discussed in Section 2.5 drawing
from the recent analysis by Maheswari and Jain [70-73]. Generalized seniority with phase
choice advocated by AM appear to describe B(E2) and B(E1) data in Sn isotopes both for
low-lying states and high-spin isomeric states. This agreement also appears to extend to
Cd, Te, Hg, Pb and Po isotopes. Though deviations from the results obtained using AM
choice is a signature for multiple multi-orbit pairing algebras, direct experimental evidence
for the multiple pairing algebras is not yet available. This requires examination of data
where EM selection rules are violated.

3. Multiple Multi-Orbit Pairing Algebras in Interacting Boson Models: Identical
Boson Systems

3.1. Multiple Quasi-Spin SUq(1,1) and Complementary SO(N') Pairing Algebras

Going beyond the shell model, also within the interacting boson models, i.e., for example
in sd, sp, sdg and sdpf IBM’s, again it is possible to have multiple pairing algebras as we
have several ¢ orbits in these models but with bosons [21-23,55,56,92-94]. Here, as is well
known, the pairing algebra is SU((1, 1) instead of SU(2) [95]. Let us consider IBM with
identical bosons carrying angular momentum /1, /5, ..., ¢, and the parity of an /; orbit is
(—1)%. Now, again it is possible to define a generalized boson pair-creation operator S¥ as

1 V20+1 o 1
S8 = st ()5 %06 = 2 -0t — Y2 oyt (o) = Lot o)
l m

sP = (53)4r = ;ﬁgSE(f); SE(6) = (sl’;(z))Jr = (=1)'=——— (bebr)

Here, f, are free parameters and assumed to be real. Given the S operator, the
corresponding pair-annihilation operator S? is

(V2+1 g s O:%Eé.f,z_ (31)

Note that by,, = (—1)'~"b,_,,. The operators S8, SB and SE, with % = ¥, af as,
the number operator,
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S§=—F+——;0=Y0f, of =(2r+1)/2 (32)
l
form the generalized quasi-spin SU(1,1) algebra [hereafter called Sllg( 1,1)—the SU(1,1)
here should not be confused with the quantum group SUj(1,1) of Kulish [96]] only if
B7 =1forall ¢. (33)
with Equation (33) we have,
[sg, si] — 158, [SE, SE] = 288 (34)
Thus, in the multi-orbit situation for each

{B} ={Be, Bty Bt} i Bo=%1, (35)

thereisa S Ug (1,1) algebra defined by the operators in Equations (30)-(32). Thus, in general
for  number of ¢ orbits there will 2/~ number of Sug(l, 1) algebras. Let us mention that
(SB)2 = (SB)2 — S8 — SBSB and SF = (A + QF)/2 provide the quasi-spin s and the S
quantum number m; giving the basis |s, m; ) [56,92],

(SB)?|s,ms,v) =s(s—1)|s,ms,v), Sols,ms,v) =ms|s,ms,y);
ms=s8,s+1,s+2,...

=

(36)

s=(OF +wP)/2, ms=(QB+NB)/2, wB=NBNB—-2,...,00r1,
SBSB |s,ms,v) = SBSE INB,wB, ) = }(NB — wB)(wB + NB + 208 —2) N5, wB, v ).

Here, N is number of bosons and 7 is an additional label needed for complete
specification of a state with N® number of bosons.
Just as for fermions, corresponding to each of the 2! SUS (1,1) algebras there will be,

inthe (£1,0a,...,0,)N" space, a SO(N') subalgebra of U(N) with N = 208 = ¥,(20 +1).
The U(N) algebra is generated by the N2 number of operators

(37)

k
k _ t 7
(01, 42) = (bglbgz)q .

As all the N® boson states need to be symmetric, they belong uniquely to the irrep
{NB} of U(N). The quadratic Casimir invariant of U(\) is easily given by

GUW)) = Y (=) 2 Y uk(ey, 6,) - uF (65, 01) (38)
41,6 k
with eigenvalues
(CUNINN" = NE(NB+ A —1) . (39)

More importantly, U(N) D SO(N) and the N(N — 1)/2 generators of SO(N)
are [55],

SO(N) : ug(£,£) with k odd,

1/2 -~ \k ~ \k
Vi, ) = { (=) (0, 0,k } {(b}lbgz)q+l/(€1,€2,k) (b}zbg1>q] ; (40)
Y (0, b, k) = (1)1 By, o, -

Just as for fermion systems, the SOP)(N') defined by Equation (40) is complementary

to the quasi-spin sug:(ﬁ ) (1,1) defined by Equations (30)—(32) and this follows from the
following relations that are proved in [55],
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488 SB = G (U(N)) — B — Co(SO(N)) ,
C2(SON)) = Y- Ca(SONY)) + Y Y VE(ei, ) - VE (43, 45) ;
14 £i<€j k
(41)

C(SONY)) =2 Y uk(e,0)-uk(e,0);
k=odd

— (Co (SO = wB(wP + N —2).

In the last step we have used Equations (36) and (39). Thus, the irreps of SO) ()
are labeled by the symmetric irreps [w?] with

wP=NB NP —2,...,00r1. (42)

In summary, we have established at the level of quadratic Casimir invariants that there
are multiple SU®(1,1) algebras each with a complementary number-conserving SO(N)
algebra when we have identical bosons in several ¢ orbits. An important property is that
the spectrum in the symmetry limit, generated by

HE = GpsBst ,

will not depend on {8}; see Equation (36). However, the eigenfunctions do depend on {B}
and a method to construct the eigenfunctions is given in Appendix A. Now, as an example,
we will consider the dependence on {B} giving selection rules for EM transitions.

3.2. Selection Rules and Matrix Elements for One-Body Transition Operators

Given a general one-body operator

k
k _ k t 7
Tq - Z efl,fz (bfl bfz)
l1,6 1

k P k
ol Ee ot e

(43)

as SO(N) <» SUp(1,1), it should be clear from the generators in Equation (40) that the
diagonal (b}l;g)]; parts will be S Ug(l, 1) scalars T for k odd and vectors T; for k even
(except for k = 0). Similarly, the off diagonal parts

(250 5 1)

41,6

will be sug(1, 1) scalars T§ or vectors T,

k k
€0 k41 €0

2 = (1) By By, = TY, 2L = (1) BB, = 1§ - (44)
€00 €00

1,42 142

Thus, the selection rules for the boson systems are similar to those for the fermion
systems. Results in Equations (40) and (44) together with a condition for the seniority
tensorial structure will allow us to write proper forms for the EM operators in boson
systems. Let us say that S% is given by

532;52%}‘.17}; By=+lor —1. (45)
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If we impose the condition that the TEL=¢%¢" and TML=0# gperators are T¢ and T
w.r.t. SUS (1,1), just as the fermion operators are w.r.t. SUp(2) (see Section 2), then

= Tel (i), + T e [CIART T ACIANY

=
TEL 18, TML TP

(46)

Note that for £1 # £, parity selection rule implies that (—1)“+‘2 must be 4-1. Similarly,
the parity changing TE-L=044 and TML=¢v" gperators are,

-~ \L -~ \L
TL = Z 65112 |:<b}-1 béZ) - ﬁelﬁZZ (b}2b€1> :| ’
(1> q q

=
TEL T8, TML TP

(47)

Note that for ¢; # {5, parity selection rule implies that (—1)“** must be —1 and
therefore here we need orbits of different parity as in sp and sdp f IBM’s. On the other hand,
if we impose the condition that TEL is T) wrt. S Ug(l, 1), then

L L
= L t 7 T 7 . U1+l
TEL=even _ gzp €7, 0, [(bflb@)q — Be,Be, (bgzbgl)q] ; (=1) 1t — 4,
1>462

L L
= L t 7 7 . O+l _
TEL=o0dd — y° egllgz[(bglbgz) + Bu,Be, (e, ) } ; (—1)ht — 1 48)
l1>0; q q
=
TEL - T3 .

Similarly, TME can be chosen to be T} w.r.t. S Ug(l, 1). Examples for sd, sp, sdg and
sdpf systems are discussed ahead.

Applying the Wigner—Eckart theorem for the many particle matrix elements in good
seniority states, the number dependence of the matrix elements of T and T} operators is
easily determined. Here, we need SU(1,1) Wigner coefficients. Using SU(1,1) algebra (see
for example [95]), we have

<NB,wB,tx | T | NB,wB,ﬁ> = %B,wf]%a | T | wB,wB,ﬁ> ,
+

(NP, @b, | Tg | N, ", ) = G55 (wh, @b a| T | P 0P B),

(NB,wB o | T} | NB, P —2,B) = (49)
(ZQB+NB+WB_2)(NB_WB+2) 5 B . .

\/ 4(0B +wB —1) <“’ W Ty | w —2/ﬁ>-

Note the well-established () — —() symmetry between the fermion and boson sys-
tem formulas in Equations (27) and (49); see also [55,56,90]. Moreover, T& generates both
v(w?) = v(wP) and v(w?) — v(w?B) £ 2 transitions while T{ only v(w?) — v(w?) transi-
tions for fermion (boson) systems. The later matrix elements are independent of number of
particles. Equation (49) is useful only when w® << N. In Figure 3, variation of B(EL) for
boson systems with boson number assuming w? = 2 for both w? — w? and w? — w® —2
transitions are shown by employing the last two equations in Equation (49). The B(EL)
values increase with N and this variation is quite different from the variation seen in
Figures 1 and 2 for fermion systems. However, for boson system such as those described by
IBM, it is well known that the low-lying states correspond to highest seniority (w? = NP)
and therefore, Equation (49) will not give, for example, B(EL) trends in yrast levels.
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Figure 3. Variation of B(EL) with particle number N® for w? — w® and w? — w? — 2 for transitions
for two values of QOF and seniority w®. Results are for boson systems and they are obtained by
applying the last two equations in Equation (49). The B(EL) values are scaled such that the maximum
value is 100 and therefore they are not in any units. See Section 3.2 for further discussion.

3.3. Applications to EM Transition Operators
3.3.1. sdIBM

In the applications to interacting boson models, let us first consider the SO(6) limit of
sdIBM. Then, we have U(6) D SO(6) and the complementary SU(1, 1) algebra corresponds
to the sd pair S; = s's" +d" . d". Arima and Iachello [21] used the choice S = s's™ —
d* - d*. The corresponding SU(1,1) we denote as SU(~)(1,1). Similarly, the SU(1,1) with
S, =s'st +d" . d" is denoted by SU(*)(1,1). Corresponding to the two SU(1, 1) algebras,
there will be two SO(6) algebras as pointed out first in [97]. Their significance is seen
in quantum chaos studies [98,99]. For illustration, let us consider the tensorial structure
of the E2 operator. Following the discussion in Section 3.2, the E2 transition operator
will be T w.r.t. Su-)(1,1) if we choose TF2 = a(s*d + d*sN);% where « is a constant.
This is the choice made in [21] and this operator will not change the seniority quantum
number (called o in [21]) defining the irreps of SO(6) that is complementary to SU(~)(1,1).
However, if we demand that the TE2 operator should be T3 w.r.t. S u-)(1,1), then we
have TF? = le(dthf)f, + i (std — d*§)]24. This operator will have botho — cand o — o £ 2
transitions. On the other hand, TF? = le(derN)% +ap(std + d*sN)I% will be a mixture of T
and T} operators.

Employing TF? = & (s*d + d+§)]24, analytical formulas for B(E2)’s in the two SO(6)
limits are derived in [97]. Used is U(6) D SO*)(6) D SO(5) D SO(3) giving the basis
states [N, 0, T, L) where 0 and 7 are SO(6) and SO(5) irreps withc = N,N —2,...,0o0r 1
andt=0,1,...,0. The T — L rules are well known [21]. For the low-lying levels c = N
and for these the following formula was derived in [97],

B(EZ;N,N,T+1,L1' — N,N, T, Lf)SO<+)(6)
(50)

T42 2
= (I\]—l—l) B(EZ,‘N,N,T—I—LLZ'—)N,N,T,Lf)so(,)(@

and for example [21],

B(EZ;N,N,T+1,L; =21 +2— N,N,7, Ly = 2T)55( ) 4)
(N-T)(N+T1t+4)(t+1)(47+5) (51)

_ .2
- (27 +5) '
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Thus, B(E2)s carry the signature of multiple SO(6) algebras in IBM.

3.3.2. spIBM

In the second example we will consider the sp boson model, also called vibron model
with applications to diatomic molecules [100] and two-body clusters in nuclei [101,102].
Just as in sdIBM, here we have U(4) D SO(4) and there will be two SO(4) algebras with
S. = sts" + Bp' - p'; B = £1. The general form of the E1 operator (to lowest order)
in this model is TH! = ¢, (s"p & p*s?)il. With SU(*)(1,1) defined by S; = stst + p'-
p', from Equation (47) we see that TE! = ie(s"p — p+§):l will be T} w.rt. SUM(1,1).
Similarly, with SU(~)(1,1) defined by S = s*st — p* - pt, from Equation (46) we see that
TE = e(sTp + p+§):’ will be T w.rt. SU()(1,1). If the definitions of TF! are interchanged,

then they will be T w.r.t. the corresponding SU(1,1) algebras. These results are described
and applied in [100,103,104].

3.3.3. sdgIBM

In the third example we will consider the sdg interacting boson model [22] and there is
new interest in this model in the context of quantum phase transitions (QPT) [105]. With s, d
and g bosons, the generalized pair operator here is S = s'st +-dt . d" + ¢ - ¢t giving four
Su(++%+)(1,1) algebras and the corresponding SO(++%) (15) algebras in U(15) O SO(15);
the superscripts in SU(**%)(1,1) and similarly in SO(15) are the signs of the s, d and g
pair operators in S. In QPT studies, Van Isacker et al. [105] have chosen the operators
(std + d*s?)%, and (s + g*s“);l, to be SO(15) scalars. Then, from Equation (44) it is seen
that the SO(15) will correspond to the SU(+—~)(1,1) algebra with H, = 5,5 where
Sy =s'st —dt.dt — ¢ ¢*. Note that here the sd-part is the same as the one used by Arima
and Iachello (see the sdIBM discussion above). In another recent study, the E2 operator in
sdgIBM was chosen to be [106]

TP = &y (d'd); + a2 (878}, + a3 (s7d + d'3)}, + aa(d'g + g"d)j, .

With respect to the SU(*—~)(1,1) above, this operator will be a mixture of T{ and T}
operators. However, w.r.t. SU(*%)(1,1), it will be a pure T} operator. It should be clear
that with different choices of SU(1,1) algebras (there are four of them), the QPT results for
transition to rotational SU(3) limit in sdgIBM will be different. It is important to investigate
this going beyond the results presented in [105]. Moreover, it will be useful to extend
Equation (50) to sdgIBM with the four SO(15) (or SU(1,1)) algebras and test these using,
say, the B(E2) and B(E4) data for Pd isotopes (they are examined using a different model
in [107]).

3.3.4. sdpfIBM

In the final example, let us consider the sdp f model [23,93,94] applied recently with
good success in describing E1 strength distributions in Nd, Sm, Gd and Dy isotopes [108]
and also spectroscopic properties (spectra, and E2 and E1 strengths) of even—even 8~ 11Ru
isotopes [109]. Note that the parities of the p and f orbit are negative. In sdp fIBM, following
the results in Sections 3.1 and 3.2, there will be eight generalized pairs S and the algebra
complementary to the SU(1,1) is SO(16) in U(16) D SO(16). Keeping the SO(6) pair
structure, as chosen by Arima and Iachello, of sdIBM intact we will have four S pairs,
S, =stst —at.dt +pt-pt £ £t ft giving SUH—%%)(1,1) and correspondingly four
SO+ —++) (16) algebras. For each of the four choices, one can write down the TEZ and TEY
operators that transform as T§) or T w.r.t. SU(1,1). In [23], su+—=-)(1,1) is employed.
Then, the E2 and E1 operators employed in [23,108,109] will be mixture of T and T} w.r..
to SU(+——~)(1,1). For example, the E1 operator used is
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1 1 1

TE = ag, (sT 5+ p's) +a, (ptd+dtp) +ay(dF+F1d (52
sp( ptp )M pd(p P)y df( f+f )H )
The first term in the operator will be T} and the remaining two terms will be T§ w.r.t.
SU==7)(1,1). However if we use as, (s'f — p+§)’11 in the above, then the whole operator

will be TJ. It will be interesting to employ the H, = S..S_ with S given above (there will
be four choices) in the analysis made in [109] and confront the data.

3.4. Application to QPT

Quantum phase transitions (QPT) are studied in sdIBM in great detail using the U(5),
SU(3) and SO(6) algebras of this model [110]. This topic continues to be important with
new investigations and experimental tests [111,112]. For example, with recent interest in
sdg [105] and sdpf [108,109] IBM’s, it will be interesting to study QPT and order—chaos
transitions in these models, in a systematic way, employing Hamiltonians that interpolate
the different pairing algebras in these models. Such studies for the simpler sd and sp IBM’s
are available; see [98,99,110]. Construction of the Hamiltonian matrix for the interpolating
Hamiltonians is straightforward as described briefly in Appendix A. As an example, results
for the spectra for a sdgIBM system are shown in Figure 4. The SGA for sd¢IBM is U(15)
and the generalized pairing algebra here is SO(15) in U(15) D SO(15). Dividing the
space into sd and g spaces, there will be two SO(15) algebras and therefore it is possible to
consider a Hamiltonian that interpolates the three symmetry limits

I U(15) D Ug(6) @ Ug(9) D SO.(6) & SOg(9) D K,
II. U(15) D SO (15) D SO(6) ® SO4(9) D K, (53)
II1. U(15) D SO (15) D SO4(6) ® SO¢(9) D K.

The algebra K will not play any role in our present discussion. Note that the U(15)
irrep is given by total number of bosons N in the system. Number of sd bosons N2, and
number ¢ bosons Ng label the irreps of Usy(6) and Ug(9) respectively. The SO(15) label
wP = NB NB —2,.. .. Similarly, the SO;4(6) and SOg¢(9) labels are w?, and wg respectively.
The rules for w? — (w5, wg

interpolating Hamiltonian

) are well known [113]. Employed in the calculations is the

Hygg = [(1=8)/NP] g + [(&/(N)?] [4(5 + x85) (5% + x8%) — NP(NP +13)| (54)

where S%/ is the S operator for the sd boson system and S for the g boson system. Results
are presented in Figure 4 for a sdg system with 50 bosons and (w?,, a)gB) = (0,0). Figure
clearly shows order—chaos—order transition as we have two SO(15) or SU(1, 1) algebras in
the model both giving the same spectrum for { = 1 and x = £1. Let us add that QPT here
was studied in the past by varying ¢ with x = 1 (equivalently x = —1) and it is shown that
the transition point is ¢ = 0.2 [114,115]. Going further, it is possible to extend the two level
results in Figure 4 using the four SU(1,1) or SO(15) algebras in s, d and g space. Then we
have in place of (S5 + xS ), the operator (S5 + x S% 4 y S% ). Explorations using this will
give further insights in QPT and the role of multiple pairing algebras in IBM.
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Figure 4. Energy spectra for 50 bosons and (w2, wgB) = (0,0) in sdgIBM with the Hamiltonian given
by Equation (54). In each panel, energy spectra are shown as a function of the parameter ¢ taking
values from 0 to 1. Results are shown in the figures for x = 1, 0.8, 0.5, 0.2, 0, —0.2, —0.5, —0.8 and
—1. Note that x = 1 and —1 correspond to the two SO(15) or SU(1,1) algebras in the model. In the
figures, energies are not in any units. See Section 3.4 for further discussion.

Finally, turning to fermion systems, just as using Equations (53) and (54) for QPT in
IBM, it is also possible to use in a two orbit identical nucleon example (with 3 = ()1 + (),
a Hamiltonian interpolating between the following three algebras

I U(2Q) D SplH)(2Q) D Sp(20;) @ Sp(20,) O R
II. U(20) > Spl=)(2Q) D Sp(20;) ® Sp(2Q) D R (55)
II1. U(2Q) D U(201) @ U(20y) D Sp(ZQl) 5%} Sp(202) DR

A study using these and their extensions will give insights into QPT in shell model spaces.

3.5. Summary

In this section, multiple pairing algebras SU(1,1) and the better known complemen-
tary SO(N) algebras in multi-orbit interacting boson models, with identical bosons, such
as sd, sp, sdg and sdpf IBM’s are presented. The relationship between quasi-spin tenso-
rial nature of one-body transition operators and the phase choices in the multi-orbit pair
creation operator is derived for identical boson systems described by interacting boson
models. All these results are presented in Sections 3.1 and 3.2. As pointed out in these
Sections, some of the results here are known before for some special situations. Turning to
applications to interacting boson model description of collective states, imposing specific
tensorial structure with respect to pairing SU(1, 1) algebras is possible as discussed with
various examples in Section 3.3. It will be interesting to derive results for B(E2)'s (say in sdg
and sdpf IBM’s) and B(E1)’s (in sdpf IBM) with fixed tensorial structure for the transition
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operator but with wavefunctions that correspond to different SU(1,1) algebras. Such an
exercise was carried out before only for sdIBM as discussed in Section 3.3.1. Finally, an
application to QPT in nuclei is presented in Section 3.4.

4. Multiple Multi-Orbit Pairing Algebras in Shell Model with Isospin

Going beyond identical nucleon (fermion) and interacting boson systems considered
in Sections 2 and 3, now we will consider pairing algebras for nucleons with isospin. As
already mentioned in the introduction (Section 1), with isospin the pairing algebra is SO(5).
In Section 4.1 the pairing SO(5) and the complementary seniority and reduced isospin
generating Sp(2Q)) algebras are described for multi-j situation giving their generators and
the quadratic Casimir operators. With r number of j orbits, there will be 2"~! number
of SO(5) algebras and for each of these there will be a corresponding Sp(2Q)) algebra as
shown in Section 4.1. Section 4.2 gives a brief discussion of the irrep reductions and also
the formulas for constructing many-particle matrix elements of the pairing Hamiltonian
generating multiple SO(5) algebras. In Section 4.3 presented are three applications. Finally,
Section 4.4 gives a summary.

4.1. Multiple Multi-j Shell SO(5) and Sp(2Q)) Algebras

4.1.1. Number-Conserving Group Chain with Sp(2Q)) Generating Seniority and
Reduced Isospin

Let us consider a system of m nucleons in r number of spherical j orbits (ji, ja, . . ., jr)
with Q) defined by

r
Z 2jk+1); 205 = (2jk+1). (56)

In addition, let us consider the one-body operators u%ﬁm ,(j1, j2) in terms of the single
particle creation and annihilation operators in angular momentum j and isospin f spaces,

k.t
e (1, J2) = (ﬂ+ 1 ﬂhz> (57)

12 My, 1y

whered, . = (—1)/ —m+g—me g . Using angular momentum algebra it is easy to

j=m, jm g

prove that the 1600? number of operators u**(j1, j) form a closed algebra (note that t = 0,1)
and this is the SGA U(4Q)). Moreover, we have the subalgebra

U(4Q) D U(2Q) ® SU7(2) . (58)

The operators ulr{ﬁ(;z,O (j1,j2) (402 in number) generate U(2Q)). Similarly, SUr(2) is
generated by isospin T with T]} given by

2ji+1 01

1_ ] ~

Ty = _2 . 2 (%%%) W (59)
Iy

Itis easy to prove that the T}ll commute with uﬁggro (f1, J2) operators giving Equation (58).
Let us add that the number operator is given by

= Y (z]+1)( ha %) (60)

] ]1r]2r r]r

Note that {T} ., 11} generate Ur(2). Following the known results for the multi-j shell
identical nucleon systems [65] and those for nucleons in a single-j shell with isospin, it is
easy to recognize that U(2Q)) D Sp(2Q2) and the generators of Sp(2Q2) are



Symmetry 2023, 15, 497

21 of 57

Sp(2Q))

kO .1 _
uﬂro(],]) ; k= odd

kO/: -\ .o kO /: - .o KO /. -] . .
Vo j2) = N2 (ja, jo, k) {uy,o(h/]z) + X(j1, j2, k) uy,o(lth)} >

By simple counting, it is seen that the number of generators in Equation (61) is

(2Q2)(2Q2 + 1) /2 as required for Sp(2Q2). An important task now is to find the conditions
on X(ji, j2, k) so that the generators in Equation (61) form Sp(2Q)) algebra that is comple-
mentary to the pairing SO(5) algebra; normalization factor N (jy, o, k) is determined such
that the quadratic Casimir operator gives eigenvalues in standard form. Before we turn to

this, a few other remarks are in order.
Firstly, Sp(2Q) contains angular momentum algebra SO(3) generated by J; where

o= YA iG+D@+1) . (62)
]

with this, we have the decomposition, with only number-conserving operators,

(61)

U(4Q) o [U(2Q) D Sp(2Q) D SO;(3)] ® SUr(2) (63)

All m nucleon states transform as the antisymmetric irrep {1"} of U (4Q2). Similarly,
the irreps of U(2Q)) will be two columned irreps {2"11"2} in Young tableaux notation with
2my +my = mand T = my/2. Thus, the U(2Q)) irreps are labeled by (m, T). Given
a two-column irrep of U(2Q)), the Sp(2Q)) irreps also will be at most two-columned,
denoted by (2°11°2) in Young tableaux notation. Then, v = 2v; + v; is the seniority
quantum number and { = v, /2 is called reduced isospin. Group theory allows us to obtain
{2Mm1™m2} — (2°11%2) — ] reductions [116]. Examples are presented ahead in Section 4.2.
In order to understand better the complicated Sp(2Q)) algebra, the (v, t) quantum numbers
and their relation to pairing, we will turn to the complementary multi-j shell SO(5) algebra.

4.1.2. Multiple SO(5) Pairing Algebras with Isospin

Consider the angular momentum zero coupled isovector pair-creation operator A;14 ()
for nucleons in a single-j shell,

ALl = Y2 (at))” (64

+
and its hermitian adjoint [A%l( ])} ,

[at)] = YL e (aya,) (65)

- 2 Jz [

Now, with nucleons in (ji, j, . . ., jr) orbits, pair-creation operator can be taken as a
linear combination of the single-j shell pair-creation operators but with different phases
giving the generalized pairing operator to be,

T
A(B) = 21 Bi,AuGp) i {BY ={Bjr B, Bj} = {£1,£1,...} . (66)
p=
Similarly, the corresponding generalized pair-annihilation operator is

[“411*(5)r = ;,21 B, [Ai(jp)r- 67)
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Using angular momentum algebra, it is easy to derive the commutators for the opera-
tors A}l(ﬁ), [.A%,(,B)]'f, T; and Qo = [l — 2Q)]/2. The results are independent of {8} when
Bj, = £1 as in Equation (66),

AL, (AL = V2D (et | L+ ) Ty 48,0 (=Qo),

_A;E , Qo| = —Aj,

Al Ty | = V2 (u [ L) Ay (68)
T Tﬁ} = V2 (W | L+ ) Ty,

T;, Qo| =0.

All the commutators that are not given above can be obtained by taking hermitian
conjugates on both sides of the above formulas. Furthermore, we have dropped {B} for
brevity and because the results are independent of { 8}. Equation (68) shows that the ten
operators A% (B), [AL(B)]*, T} and Qo (equivalently #) form a pairing SO¥)(5) algebra for
each {(B)} set. Without loss of generality we can choose f8;, = +1 and then the remaining
Bj, will be +1. Thus, there will be 2"-1 50(5) algebras. Then, with two j orbits we have

two SO(5) algebras SO(+1)(5) and SO(*+~) (5), with three we have four SO(5) algebras
SO+ (5), SO+ (5), SOH—+)(5) and SO+ —~)(5), with four j orbits there will be
eight SO(5) algebras and so on.

Before proceeding further, let us define isovector pairing Hamiltonians Hy () for each
B set,

Hy(p) = G Y AL [ALp)] - (69)
M

Here, G is the pairing strength. Then, the non-zero two-body matrix elements of H, () are,

(T =0T =11 () | (i) =0T =1) =2 J@ii+ 1)(@2js +1) By, (70)

and typically G ~ 27/ A. We can prove that the quadratic Casimir invariant of SO)(5) is,
+
C2(30P)(5)) =2 1 AL(B) [AL(B)] + T2+ Qo(Qo—3) - 71)
M

and this commutes with all the ten generators of SO(f)(5). This is used to identify the
complementary Sp(P) (2Q)) algebras as described below.

4.1.3. Multiple SO(P)(5) Algebras and the Complementary Sp(#) (2Q0) Algebras

With the generators of U(2Q)), Sp(2Q)) and SUt(2) given in Section 4.1.1, the quadratic
Casimir invariants of these algebras are

CUQ2Q)) = 2 Y (DR, jo) - u* 0, 1),

jlerrk
Co(Sp(20)) = 43 3 u*(j,j)-u0( )
7 k=odd )
+2 3 VR j2) - V)
j1>j2.k
GUr(2) = ) \/(211+1)(2]'2+1) (i, 1) - u (2, o) -

J1,j2;t=0,1
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Starting with these it is easy to prove that

Co(U(20)) + Co(Ur(2)) = A(2+29) ,
2 (73)
Cz(uT(Z)) = 5 —|—2T2 .

More importantly, carrying out considerable amount of angular momentum algebra,
we are able to prove that, if the following conditions hold

NG ja k) = (=D B; By, X(jr,jo k) = (=) 25 p, B, (74)

then we have the equality
C(U(20) - Cr(5p(20)) =4 ¥ ALB) [AL(B)] 7. 75)
K

Thus, there is a Sp#) (2Q2) that corresponds to the pairing Hamiltonians H, () or the

SO)(5) algebra. More explicitly, we have the important relation, combining
Equations (71)—~(73) and (75),

C2(SOP) (5)) = f%cz(s;ﬂﬁ) (20)) + Q(Q+3) . (76)

The Equation (76) establishes that the multiple SO(P) (5) algebras with number non-
conserving generators and S pP)(202) algebras with only number-conserving generators are
complementary provided Equation (74) is satisfied along with Equation (66). As mentioned
in the introduction, more formal mathematical proofs for all these are given recently by
Neergard [58-61]. It is also important to add that the expressions for Casimir invariants, in
a different form, are given by Racah very early [10,117].

Given the Sp(2j + 1) irrep (2°11%2) or equivalently (v, t), the eigenvalues of C;(Sp(2j+ 1))
are given by (see for example [56,118])

(Ca(Sp2j+1)™ =2[0(0+3) - (0 - g) (0- ; +3)—t(t+1)]. @)

Further, SO(5) irreps are labeled by (w1, w;) with wy and w; both integers or half
integers and wy > wy > 0[56,116,118]. Then, the eigenvalues of C,(SO(5)) are

(€2(S0(5)) ) = wi(wi +3) +walwr +1). 78)
Using this and Equations (76) and (78) show that (wy, wy) are equivalent to (v, ),
v
wlZQ—EI wy=t, (79)

Moreover, Equations (69), (71) (76) and (77) will give the eigenvalues of the isovector

pairing Hamiltonian H,S,’g ) as

<HF<7/5>>”4'T"”‘ — —% [(m — ) (20+3 - m;”) —2T(T +1) +2(t + 1)} - (80)

Note that SO)(5) 5 [SO(3) D SO(2)] ® U(1) subalgebra with SO(3) generating T,
SO(2) generating Mt (T, quantum number (N-Z)/2) and U(1) generating particle number

or Hy = (m —2Q)) /2. Then, the eigenstates of H;(,/3 ) are

0
‘\PH(/S) > = ‘(Q — E,t),Hl = 5 ,T,MT = (81)

m —2Q) N-Z >
R —
p
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22r+1 125
22712s+2

2r+212s—2
{27122y

In Equation (81), « are additional labels that may be needed for complete classification
of the eigenstates. Though the labels in Equation (81) do not depend on (), explicit
structure of the wavefunctions do depend on (B); see Section 4.3. Thus, they will effect
various selection rules and matrix elements of certain transition operators (see Section 4.3).
Finally, with SO(5) algebra it is possible to factorize (m, T) dependence of various matrix
elements and this is the most important application of SO(5) pairing algebra [7,33,42].

4.2. Classification of Symmetry Adopted States and Their Construction
4.2.1. Classification of States

The first important question to be addressed, in applications of SO(5)/Sp(2Q), is
enumeration of the irrep labels in Equation (81). To this end we will use [U(2Q)) D
Sp(20)] ® SUr(2). Rules for enumerating the U(2Q) irreps {2717} allowed for a given
Sp(2Q)) irrep (291172) are well known [116,119-121] and used for example in [53]. The
allowed {271} irreps are given by the U(2Q)) Kronecker product of the irrep {2°11%2}
with all allowed {2271} type irreps. All final irreps {2717} are irreps for m nucleons with
m =2a+band T = b/2 (where appropriate, we need to use particle-hole equivalence of
U(2Q)) irreps). Let us consider v = 0 states and then t = 0 and (291172) = (0). Therefore,
for (v,t) = (0,0) we have

{Zﬂlb} = {21} =>m=4r+2s, T=s
L opm e _mm_,om (82)
T2 T 272 ) T

Note that here 1 is even. For v = 1 we have t = } and then (2%11%2) = (1). Therefore,
for (v,t) = (1, %) we have

21" = {2717} x {1} = {271= 1} g 27T I1B )
(22121} = m—dr42s+1, T=s5+1
m m m m
> T=z-2=7,5-2 5 —4..., (83)
{22r+1125—1} = m=4r+2s+1, T:S—%
= T:mfzrflzﬂillm73/m75""‘

2 2 2 T2

Note that m is odd here. Results in Equations (82) and (83) are given in [7] and in
many other papers by using quite different methods. Proceeding further with v = 2, there
are two irreps (2) and (1) and they correspond to (v,t) = (2,0) and (2,1) respectively.

Then, for (v,t) = (2,0) we have

{297} = {2212} x {2} = (223} = m = dr 2542, T =5
= 1=" 9 =" 0 51 5 &
2 I R R

Finally, for (v,t) = (2,1) we have

— {227125} % {12} — {22r+112s}521 D {22712S+2} o) {2274—2125—2}521 ,
= m=4r+2+2 T=s=%-2r—-1, (85)

= m=4r+25+2, T=s+1=5%-2r,
= m=4r+25+2, T=s5s—-1=50-2r-2.
Note that here m is even and r = 0,1,2,.... A significant result that follows from

Equation (85) is that here there will be T multiplicity. Moreover, in Equations (82)-(85) we
need to apply particle-hole relation where appropriate (see Tables 1-4 for examples).

In reality, when pairing is important, often it is sufficient to enumerate the allowed
T values for a given (v, t) and m with seniority v = 0, 1 and 2. However, the procedure
used above extends to any v. For example, for the (m = 6, () = 6) system, for v = 4 the
{22712} = {12} only. Therefore, for (v,t) = (4,0) we have {271*} = {12} x {22} = {2212}
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giving T = 1 only. For (v,t) = (4,1) we have {12} x {212} = {23} + {2212} + {21%}
giving T = 0, 1 and 2. Similarly, for (v,t) = (4,2) we have {12} x {14} = {1°} +
{214} 4 {2212} giving T = 1, 2 and 3. Finally, for v = 6 we have (v,t) = (6,0) — T =0,
(v,t) =(6,1) = T=1, (v,t) = (6,2) - T =2and (v,t) = (6,3) - T = 3. In the same
manner, for m = 4 with v = 4 we have (v,t) = (4,0) = T =0, (v,t) = (41) - T =1and
(v,t) =(42) - T=2

Table 2 gives some examples for the basis state quantum numbers for m = 8, 6, 4,
2 and 0. Considered are systems with () = 5 and 6. These results are obtained using
the formulas in Equations (82)—(85). It is useful to note that in the table T* means T is
appearing x number of times. In some of the results in the table we have applied particle
hole equivalence. For example for m = 8, () = 6 and (v, t) = (00) in Equation (82) for r = 0
and s = 4, the U(12) irrep {18} goes to {1*} due to p — h equivalence giving T = 2 instead
of 4. Similarly, for m = 8, Q = 5 and (v,t) = (00) the U(10) irrep {18} goes to {1?} giving
T = 1instead of T = 4 and for m = 6, the {1°} goes to {1*} giving T = 2 instead of 6. In
addition for some other (v, t), the restrictions on s in Equation (85) apply. Given the results
in Table 2, the basis states with positive parity and T = 0 for an example of eight nucleons
in two-orbits, with the first orbit having (31 = 6 with —ve parity and second orbit having
), = 5 with positive parity, will be 30 in number. These are listed in Table 3.

7

1

Table 2. Allowed T values for m = 8, 6, 4, 2 and 0 number of nucleons in an orbit for (v, t) = (0,0),
(2,0) and (2,1). Results in column 3 are for Q) = 6 and in column 6 are for () = 5 . See Section 4.2.1
for further discussion.

O=6 O=5

m (v,1) T m (v,t) T

8 (0,0) 0,22 8 (0,0) 0,1,2
(2,0) 1,3 (2,0) 1,3
(2,1) 0,1,23,3 (2,1) 0,12,22,3

6 (0,0) 1,3 6 (0,0) 1,2
(2,0) 0,2 (2,0) 0,2
(2,1) 12,2,3 (2,1) 12,22

4 (0,0) 0,2 4 (0,0) 0,2
(2,0) 1 (2,0) 1
(2,1) 0,1,2 (2,1) 0,1,2

2 (0,0) 1 2 (0,0) 1
(2,0) 0 (2,0) 0
(2,1) 1 (2,1) 1

0 (00) 0 0 (0,0) 0

Table 3. Basis states for a m = 8 system with T = 0 and positive parity. Quantum numbers are shown
for seniorities in the two orbits v; and v, < 2. See Section 4.2.1 for further discussion.

# [(v1,t1)m1, Th 2 (v2, t2)mp, To; T=0)
1 [(0,0),8,0 : (0,0)0,0; 0)

2 [(2,1),8,0 : (0,0)0,0; 0)

3 [(0,0),6,1 : (0,0)2,1; 0)

4 1(0,0),6,1 : (2,1)2,1; 0)

5

12,1),6,1, : (0,0)2,1; 0)
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Table 3. Cont.

# [(v1,t1)m1, Th ¢ (va,t2)ma, T ; T=0)
6 1(2,1),6,1 : (0,0)2,1; 0)

7 12,1),6,14 ¢ (2,1)2,1; 0)
8 (
9

1(2,1),6,1, : (2,1)2,1; 0)

1(2,0),6,0 : (2,0)2,0; 0)
10 1(0,0),4,0 : (0,0)4,0; 0)
1 1(0,0),4,0 : (2,1)4,0; 0)
12 1(2,1),4,0 : (0,0)4,0; 0)
13 1(2,1),4,0 : (2,1)4,0; 0)
14 1(2,0),4,1 : (2,0)4,1; 0)
15 1(2,0),4,1 : (2,1)4,1; 0)
16 1(2,1),4,1 : (2,0)4,1; 0)
17 1(2,1),4,1 : (2,1)4,1; 0)
18 1(0,0),4,2 : (0,0)4,2; 0)
19 1(0,0),4,2 : (2,1)4,2; 0)
20 1(2,1),4,2 : (0,0)4,2; 0)
21 1(2,1),4,2 : (2,1)4,2; 0)
22 1(0,0),2,1 : (0,0)6,1; 0)
23 1(0,0),2,1 : (2,1)6,1,; 0)
24 1(0,0),2,1 : (2,1)6,1,; 0)
25 1(2,1),2,1 : (0,0)6,1; 0)
26 1(2,1),2,1 : (2,1)6,1,; 0)
27 1(2,1),2,1 : (2,1)6,1;; 0)
28 1(2,0),2,0 : (2,0)6,0; 0)
29 1(0,0),0,0 : (0,0)8,0; 0)
30 1(0,0),0,0 : (2,1)8,0; 0)

4.2.2. Construction of Many-Particle Pairing H Matrix with Multiple SO(5) Algebras

In order to probe the role of multiple pair SO(P) (5) algebras with isospin, we need to
obtain the eigenstates of the pairing Hamiltonian H, as a function of {}’s. A convenient
basis for constructing the H, matrix is the product basis defined by the single-j shell
SO(5) basis. We will illustrate this using two j-orbits, say j; and j,. Hereafter, we call the
corresponding spaces 2 and b respectively (or 1 and 2). Then, the basis states are,

¥,,(T My) = (w{wg)ﬁ“H”T”,(wi’wg)ﬁbeTb;TMT>

(86)
< |(v1,t1)B1m1 Ty, (va,t2)Bamy To; T M7)

Given m number of nucleons with nucleons m, in number in the first orbit and m»
in the second orbit, m = my + my. Then, with ()1 = j; + % and )y = jo + %, we have
H* = 5 — (O and HY = 2 — . Similarly T and T? are the isospins in the two spaces
respectively. Furthermore, the " (or ;) labels are additional labels that are required as
discussed in [33,35]; see Equation (90) ahead. In the second line in Equation (86), we used
the equivalent and often simpler (v;, t;) labels and m; instead of H* (or H b). Now, a general
pairing Hamiltonian is,
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m
Ay () = AL (1) + a Ay (j2)

Hy(,0) = L=, ,fz{4 2 Au() [AM} / (87)
M

Here 11, is the number operator for the second orbit and ¢ and « are parameters
changing from 0 to 1 and +1 to —1 respectively. Note that for { = 1 and « = +1 we have
a SO+ (5) algebra in the total two-orbit space and similarly for ¢ = 1 and &« = —1 the
SO(-)(5) algebra. This follows from the results in Section 4.1.

The diagonal matrix elements of #, in the basis defined by Equation (86) follow easily
from Equations (79) and (80) and they will be independent of the  labels. With 7, giving
my in the chosen basis, we have

((v1,t1)B1my Ty, (02, 1) Bo i To; TMr | Hp(E,a) | (v1,£1)B1m1 Ty, (02, t2) B2 mp To; TMr)
= (17(’:) mZ—%{A‘FD{ZB} ;
m m
{(m1 - vl)(201 +3— mlT”l) — 2Ty (2Ty + 1) + 2t (1 + 1)} )
= {(mz - 02) (202 +3— sz-Hiz> — 2T2(2T2 + 1) +2t2(f2 + 1)} .

(88)

Similarly, off-diagonal matrix elements follow from the SO(5) D [SO7(3) D SO(2)] ®
t
U(1) tensorial structure of A;( j) and [A%L( ])] operators. The general tensorial form is
+
TgflTwAZ/I)T Then, Aj(j) tensorial structure in the j-space is T1(111;)4 and [A}l(])} tensorial

structure within a phase factor is T£111)1 _— Now, the off-diagonal matrix elements of H,,

are first written in terms of the product of the reduced matrix elements of A!(j;) and

Al(j, Yin the j; and j, spaces. Then, applying the Wigner—Eckart theorem using the
J ] J2 sp pplying & &
SO(5) D SO(3) ® U(1) reduced Wigner coefficients and the formula

(@) [| T[] (w102) ) = [(@1(e1 +3) +walwn + D]
as described in detail in [33] (see Equation (14) of this paper) will finally give,

(i) HETE, (whad)BY HETY T My | Hy (G, )
4¢

| @fep)pr e 7Y (gt T T = — () )
X [ (e (0 +3) + wd(@d + )] [ (ch (cd +3) + wh(wh +1)]

To+T4+T+1 b T
x ((Wfw)BPHIT? (11)1,1 || (W%WS)IB?‘ HJu‘ T}l>

x (@b BEHYTY (1) =11 || (@hed)BY HETE) |

1/2
(89)

Note that Hf = "5 — Oy, H} = " — (0, H} = "5 — O and Hf = "32 — (0. Simi-
larly, the (— — —— || — — ——) are the SO(5) D SO(3) ® U(1) reduced Wigner coefficients.

For the m = 6 system considered in the next section, the needed Wigner coefficients
follow from Tables III in [33] and Table A.1 of [35]. It is important to mention that the
labels are not needed for the SO(5) irreps of the type (w,0). For the (w, 1) irreps used is the
B label as defined in [35]. This gives for example for T < 1, in the convention used in [35],
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for (w,1) irrep

H=-w T=1-==2

H=-w+1l, T=0-p=1

H=-w+1 T=1—-8=0 (90)
H=-w+2 T=1>-8=12

H=-w+3 T=0-=1

H=-w+3 T=1—=4=0

Finally, Equation (89) can be extended to three or more orbits by using isospin T
couplings. Thus, H,, construction is possible with multiple SO(F)(5) algebras provided all
the needed Wigner coefficients in Equation (89) are known. It is useful to add that the basis
defined by Equation (86), with multi-orbit extension was employed in the Rochester-Oak
Ridge shell model code [15].

4.3. Applications of Multiple SO(5) and Sp(2Q)) Algebras
4.3.1. Selection Rules for Electromagnetic Transitions

Electromagnetic transition operators TEL and TM! are one-body operators and selec-
tion rules for these follow from their SO(5) D [SOr(3) D SO(2)] ® U(1) tensorial structure.

(Wl ‘UZ) 2)

The general tensorial form is Ty . Firstly, the creation operators transform as T( 4
b2

3Ey
11
Similarly, the annihilation operator with an appropriate phase factor transforms as T' et 2]) L1
22742
Therefore the SO(5) tensorial structure of one-body operators (they will be of the form a*a)
is given by (w1, wy) where
11 11
(w1, wy) = (2, 2) X <2, 2) = (11) @ (10) @ (00) . 91)

Note that (11) irrep is ten-dimensional, (10) five-dimensional and (00) is one-dimensional.
The general formula for SO(5) dimensions is [116,118],

(w1 —wy+1) (w1 +wr+2)(2w1 +3) (2w + 1)
c .

d(wiwy) = (92)

Clearly, the 10 SO(P) (5) generators transform as the (11) irrep of SOP)(5) but not as
the (11) irrep of another SO¥) (5) with § # B'.

With X = E or M, the general form of electric and magnetic multi-pole operators,
ignoring the isospin part, is

Z €y ]2( i ]2>

J1j2

L eXk L
— ]2]1
= Ze (a]a]> + ) e]1 s [(”/1’1]2>q + XL (ajza]]>q] )

1>h 11/]2

L
XL
T‘?

q
(93)

As the electric TEL and magnetic TML L-th multi-pole transition operators are one-
body operators, their SO(5) tensorial character is (11) @ (10) & (00). Action of the (00) part
on a SO(5) irrep (wjwy) is simple. The (10) and (11) parts acting on a state with SO(5)

irrep (wyiwy) will generate states with SO(5) irreps (w{ wg ) and the rules for enumerating
the allowed (a){ a)£ ) correspond to the Kronecker product

(wi,wp) x (a,b) = Y (), e ; (a,b)=(1,0), (1,1).
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For the irreps of interest for the examples considered in Section 4.2, Sections 4.3.2 and 4.3.3
the following results for Kronecker products will suffice and they follow from the rules given

in [116,119,120],

(w,0)x (1,00 = (w—10®(w+10) & (w,1),

(w,1) x(1,0) = (w+11)® (w,2)w>2® (w,1)® (w,0)® (w—1,1)p>2,

(w,0)x(1,1) = (w+1,1)® (w,1) @ (w,0) P (w—1,1)4>2,

(2,1)x(1,1) — (L,0)®(1,1)®(2,0)®(2,1)2a(2,2) (94)
@ (3,00®(31)®(3,2),

(4,1)x(1,1) — (30®(3,1)®(3,2)®(4,0)® (4,1)%® (4,2)
® (50 ®((51)®(5,2).

These can be changed easily into the rules for (v,t) x (a,b) — (of,tf).

With H; = 0 for one-body operators, a isoscalar T;(L will be (11) & (00); the (10) irrep
gives only isovector operators. Thus, isoscalar EM transition that involve states with differ-
ent (v,t) will be generated purely by the (11) irrep part of TXL. Further, Equations (61), (74)
and (93) show that it is possible for TEL and TML to be generators of Sp(#)(2Q0) depending
on e]ﬁl / €]?1(,I;2. Then, they will preserve (v,t) or (wiw;) quantum numbers (note that the
group generators when acting on group irreps will not change the irrep labels). With these,

we have the following results.

1.  The isovector parts of TEF and TME will not be S p(ﬁ) (2Q)) scalars as the generators of
this algebra consists of only isoscalar operators.

2. The TEL with L even (they preserve parity) will not be generators of any Sp(#) (2Q))
as uk=event=0(j i) are not generators. In addition, even for L odd [they change parity
and hence we need j¢(¢f) # ji({;)], the TEL will not be generators of Sp(f)(2Q2);
see Equation (26).

3. Theisoscalar part of TML with L odd (they preserve parity) can be Sp(f) (2Q)) scalars.
Firstly, the first part of TML as given by Equation (93) consists of only the generators of
Sp)(202) as L is odd. The second part also consists of only the generators provided
one uses the Arvieu and Moszkowski [7,16] choice of B;y) = (—1)! for the j(¢) orbits;
see Equation (26).

4. The TML with L even will change parity and hence the TM! involve only the second
part in Equation (93). Clearly, the isoscalar TML will be Sp(P) (2Q)) scalars if Biwey =
(—1) for the j(¢) orbits.

With the phase choice ;) = (—1)*, the selection rule from the generators that they
will not change (v, t) or (wyw;) irreps can be used for ML transitions in experimental tests.
Moreover, if in an energy region high seniority v states occur with the immediate states
below it having seniority v/ << v, then all EL and ML transitions will be forbidden to
these levels as EL and ML transitions can change seniority only by units of 2, i.e., transition
for v — v £ 2 states only allowed. In addition, the (m, T) dependence of, say, magnetic
moments and B(E2)’s can be written down using the SO(5) Wigner coefficients listed
in [33-35]; see Ref. [7] for some examples.

4.3.2. Energy Levels and Order—Chaos Transitions

In the second application, let us consider a two level system with first level having
)y = 6 with —ve parity and the second level having () = 5 with +ve parity. This is
appropriate for nuclei in A = 56-80 region so that the (1p3,5, 0f5/2, 1p1,2) orbits with
degenerate single particle levels giving the () = 6 orbit (we will call it orbit #1 or (a) and
0g9,> giving the )y = 5 orbit (we will call it orbit #2 or (b). In our numerical calculations
we use the system with six nucleons in the above two orbits and without any restriction
on v; in any of the two orbits. Then, the number of +ve parity basis states for m = 6 and
T = 0 with all allowed v;, i = 1,2 (v; < 6) will be 24 and these are listed in Table 4. It is
important to note that the m = 6 basis states are multiplicity free.
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Table 4. Basis states for the m = 6 system with T = 0 and for all allowed v; and v,. Here, )1 = 6
and (), = 5. See Section 4.3.2 for further discussion.

# [(v1,t1)m1, Th 2 (v2, t2)mp, To; T=0)
1 1(6,0),6,0 : (0,0)0,0; 0)
2 1(4,1),6,0 : (0,0)0,0; 0)
3 1(2,0),6,0 : (0,0)0,0; 0)
4 (4,0),4,0 : (2,0)2,0; 0)
5 1(4,1),4,1 : (0,0)2,1; 0)
6 1(4,1),4,1 : (2,1)2,1;0)
7 1(2,1),4,0 : (2,0)2,0; 0)
8 1(2,0),4,1 : (0,0)2,1;0)
9 1(2,0),4,1 : (2,1)2,1; 0)
10 1(2,1),4,1 : (0,0)2,1;0)
11 12,1),4,1 : (2,1)2,1; 0)
12 1(0,0),4,0 : (2,0)2,0; 0)
13 1(0,0),2,1 : (4,1)4,1; 0)
14 1(2,0),2,0 : (4,0)4,0; 0)
15 12,1),2,1 : (4,1)4,1; 0)
16 1(2,0),2,0 : (0,0)4,0; 0)
17 1(2,0),2,0 : (2,1)4,0; 0)
18 12,1),2,1 : (2,0)4,1; 0)
19 12,1),2,1 : (2,1)4,1; 0)
20 1(0,0),2,1 : (0,0)4,1; 0)
21 1(0,0),2,1 : (2,1)4,1; 0)
2 1(0,0),0,0 : (6,0)6,0; 0)
23 1(0,0),0,0 : (4,1)6,0; 0)
24 (0,0),0,0 : (2,0)6,0; 0)

Using the basis states in Table 4, the matrix for H;, defined by Equation (87) is con-
structed using Equation (88) for the diagonal matrix elements and Equation (89) for the
off-diagonal matrix elements. The SO(5) D SO(3) ® U(1) Wigner coefficients needed are
all available from Table III in [33] and Table A.1 in [35]. As we are using all allowed (v;t;)
states in the ()1 = 6 and )y = 5 space for six nucleons (m = 6) with T = 0, diagonal-
ization of H,(§ = 1,a = £1) will give eigenvalues that must be same as those given
by Equation (80) with (3 = 11,m = 6,T = 0) and (v,t) = (6,0), (4,1) and (2,0). The
eigenvalues are 0, —1.222 and —2.333 respectively. Thus, there will be degeneracies in the
spectrum. There are two states with eigenvalue —2.333 and (v, t) = (2,0), nine with eigen-
value —1.222 and (v, t) = (4,1) and thirteen with eigenvalue 0 and (v, t) = (6,0). It is easy
to see that the wavefunctions are of the form |(vy, t1)(v2, £2) (v, t)y,m = 6,T = 0) where ¢
are additional labels. Therefore, a sum of Co(SO@ (5)) and C, (SO (5)) will remove some
of the degeneracies in the spectrum without changing the eigenvectors. Following this, we
have added the term —(&/m?)[Co(SO® (5)) + %Cz(SO(b) (5))] to Hp(¢, a), ie., used the
modified Hamiltonian

¢

Ao (z,a) = L85, {4 ¥ AL@) [AL @] + ca(507(5)) + Zcz(sobw))} (95)
14

m m?
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and calculated the eigenvalues for the (m = 6, T = 0) system. Shown in Figure 5 are the
energies of the 24 states as a function of ¢ for nine « values. In Table 5 the wavefunctions
structure for &« = +1 (with { = 1) is shown for all the 24 wavefunctions. With the «
dependence shown in the Table, clearly the two SO(*)(5) and SO(~)(5) limits generate
different results for EM transition strengths, two nucleon transfer (TNT) strengths etc. Some
TNT examples are discussed in the next subsection.

E 1 1 | T | T | T | T T | T | T | T | T I | T | T | T | T
O a,=1 a=0.8 OC=0.5

N I
0(:0!2 @ 0!:0.6 @

Q1
I.'
o
N
Lol bl

| | | | | | | | | | | | | | | | | | | | | | | | | | |
0.2040.60.8 0.20.40.60.8 0204060.81.0

A
o III|III|III|III|III

Figure 5. Energy spectra generated by the pairing Hamiltonian 7—[;”0’1 in Equation (95) as a function of
¢ and a. Note that the energies (E) are unitless. Results are for a two-orbit system with (m = 6, T = 0).
See Section 4.3.2 for further discussion.

As seen from Figure 5, clearly by changing (&, «) it is possible to study order—chaos—
order transitions as the spectrum for & = +1 and & = —1 is identical. The QPT here is
smoothed as we have a fermion system and the particle number is not large. It is easy to
see that as we change ¢ and a, there is transition among the following three group chains

I. U(4Q) D) U(401) ©® U(402) D [SP(ZQl) (9 SUTl (2)} S [SP(ZQZ) (9 SUTZ(Z)}
DK® SLIT(Z)

II. U4Q) D SpH)(20) @ SUr(2) D [Sp(2Q) @ Sp(2Q,)] ® SUT(2)
> K ® SUr(2)

II1. U(40) D Sp(-)(2Q) ® SUT(2) D [Sp(20) @ Sp(2Q%)] ® SUr(2)

> K ® SUr(2)

(96)
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Table 5. Eigenvalues (E) and eigenstates (¥) for the m = 6 system with T = 0 and positive parity.
Eigenstates are given as an expansion in the basis states given in Table 4. As stated in the text,
eigenstates are of the form |m(v1ty)(vatz)(vt)T = 0). See Section 4.3.2 for further discussion.

E
4417 16(0,0)(2,0)(2,0)T = 0) \/;|4ooo 2(2,0)0;0) —
a (/1€ 12(0,0)1:4(2,0)1;0) +/£10(0,0)0 : 6(2,0)0;0)
4078 16(2,0)(0,0)(2,0)T = 0) = 1/ 1116(2,0)0: 0(0,0)0;0) —
o \/214(2,0)1:2(0,0)1;0) + /1 [2(2,0)0: 4(0,0)0;0)
—3.347 16(0,0)(2,1)(4,1)T = 0) = |2(0,0)1 : 4(2,1)1;0)
3306 16(0,0)(2,0)(4,1)T = 0) = /5 14(0,0)0: 2(2,0)0;0) +
@/ 12(0,0)1: 4(2,0)1;0) \f\oooo 6(2,0)0;0)
—3.222 16(2,1)(0,0)(4,1)T = 0) = |4(2,1)1: 2(0,0)1;0)
3167 16(2,0)(0,0) (4 ) = /316(2,0)0:2(0,0)0;0) — /312(2,0)0: 4(0,0)0;0)
3139 6(0,0)(4,1)(4,1)T =0) =
\/%2(0,01:4 1)1;0) \/7\000 :6(4,1)0;0)
3014 6(2,1)(2, )( 0)=
V2122010 \/>\2 2,1)1:4(2,1)1;0)
~2.972 6(2,1)(2, )( DT =0) =
VG 142,1)0:2(2,000,0) — o/ 2(2,1)1 :4(2,0)1,0)
—2.958 6(2,0)(2,1)(4,1)T =0) =
Vo 42,0)1:22,1)1,0) — /£ 2(2,0)0: 4(2,1)0;0)
—2.889 6(4,1)(0,0)(4,1)T =0) =
\/%6(4,1 0:0(0,0)0;0) — \/;\4(4 1)1:2(0,0)1;0)
—2.083 - 16(0,0)(2,0)(6,0)T = 0) =
1214(0,0)0 : 2(2,0)0;0) + \/j|2(0,0)1 £4(2,0)1;0) + /2 10(0,0)0;6(2,0)0)
1944 6(2,0)(0,0)(6,0)T = 0) = \/ 5 6(2,0)0 : 0(0,0)0;0) +
o/ H14(2,0)1:2(0,0)1;0) + /3 [2(2,0)0: 4(0,0)0;0)
_1917 6(0,0)(4,1)(6,0)T =0) =
\/%2(0,0)1 4(4,1)1,0) + \/31\0(0,0)0 :6(4,1)0;0)
1792 g 6(2,1)(2,1)(6,0)T =0) =
3142 1)1:22,1)10) +ay/§ 2(2,1)1:4(2,1)1;0)
1750 62 1)(2,0)(6,0)7=0) =
\/%4(2,1)0 2(2,0)0;0) +« \E\z (2,1)1:4(2,0)1;0)
~1.736 16(2,0)(2,1)(6,0)T =0) =
\/%4(2,0)1:2(2, )1;0 +oc\/7\2200 4(2,1)0;0)
—1.708 16(0,0)(6,0)(6,0)T = 0) = [0(0,0)0 : 6(6,0)0;0)
~1.667 6(4,1)(0,0)(6,0)T =0) =
\/%6(4,1)0:0 ,0)0;0) + a\/g\ 4,1)1:2(0,0)1;0)

0
—1.583 16(2,1)(4,1)(6
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Table 5. Cont.

—1.486

—1.458

—1.361

-1.333

|((m=6,T =

0)gs) = \/214(0,00:2(2,000;,T =0) —a (/1 [2(0,0)1: 42,0, T =0)

The algebra K above will not play any role when we use the Hamiltonian in Equation (95).
Further analysis of the QPT involving the three limits in Equation (96) is important and this
needs to be addressed in future.

4.3.3. Two-Nucleon Transfer

In order to bring out explicitly the role of multiple SO(5) algebras, we will consider in
this Subsection two-particle transfer. As an example let us consider removal of a isovector
pair from the lowest state (see Table 5) of the (m = 6,T = 0) system considered in
Section 4.3.2 and this will generate some of the states of the (m = 4, T = 1) system. To study
the transfer strengths, we have diagonalized ’H;,”Od(ff =1l,a=+41)in (m =4,T = 1) space
and the basis states here are 14 in number; see Table 6. Then, the eigenstates (see Table 7)
belong to (v,t) = (21), (20) and (41) irreps of SO*) (5) in the four-nucleon space. There
are three, two and nine states respectively with these irreps [the corresponding eigenvalues
are —2.75, —2.5 and 0 respectively if we drop the C»(SO(5)) parts in Equation (95)]. The
transition operator is chosen to be

() = [a] +p [a@)] ©7)

and (1) and (2) here correspond to the (2; = 6 and Q) = 5 spaces. Acting with the operator
Pon the (m = 6,T = 0) ground state (gs) will generate states #4 and #7 in Table 7 of the
(m =4,T = 1) system. From Table 5 we have,

(98)
+ \/%W(O/O)O :6(2,0)0; T =0)
As both [A}(i)]" operators will not change (v, 1) and (v2, t2) in Equation (98), clearly

only the states #4 and #7 listed in Table 7 will be generated by the action of P' (). Then,
the transfer strengths are given by

S(m=6T=0:gs—>m=4T=1:4X) =

|(m=4,T=1:X||PY(B)||m=6T=0:gs) )

2. Xx=—4,7.

As all the states appearing in Equation (99) contain the « parameter [x = +1 for
SO+ (5) and « = —1 for SO(-)(5)], the two-particle transfer strengths carry information
about a, i.e., multiple SO(5) algebras. With the states having the structure |(T1T2)T), the
reduced matrix elements in Equation (99) will be sum of the reduced matrix elements of

[AL(1)] "and [AL(2)] " in the O; and spaces respectively (each multiplied by a factor as
follows from Equations (7.1.7) and (7.1.8) in [78]). Formula for the reduced matrix elements
of [AL(i)]tis [33],

((wiw)Hp, Ty || [AY]" || (@rw2) B, T; ) = [(wi (@1 +3) + wa(ws + 1))

100
()T 2T 4 1 <(w1w2)Hf, T (1)1—1]] (wlwz)Hi,Ti> (100



Symmetry 2023, 15, 497

34 of 57

All the SO(5) Wigner coefficients in Equation (100) are available in [33]. Using these
and carrying out all the simplifications will give

21 2
Sim=6T=0:gs—m=4T=1:#4) 5 [3+2Bal”, 101
S(m:6,T:0:gs—>m:4,T:1:#7):ﬁ[l—ﬁtx]z.
It is clearly seen that for f = a, the transition from (m = 6, T = 0)gs to state #7 of
(m =4,T = 1) system is forbidden. This is due to the fact that for § = «, the transfer opera-
tor P(B) is a generator of SO(*=P))(5) and the six-particle state belongs to (wyw>) = (2,0)
irrep while the four-particle state belongs to (wjw;) = (4,1) irrep; see Tables 5 and 7.
Equation (101) clearly shows that the two-particle transfer strengths depend on « (i.e., they
are different for « = + and —1) in the situation p # «. Finally, it is also possible to consider
pp, nn and pn pairs in the ground states of a (m, T) system and study their « dependence;
see [39,40] for the importance of such a study.

Table 6. Basis states for the m = 4 system with T = 1 and for all allowed v; and v,. Here, )1 = 6
and ), = 5. See Section 4.3.3 for further discussion.

# [(v1,t1)m1, Th 2 (v2, t2)mp, T ; T=1)
1 1(2,0),4,1 : (0,0)0,0; 1)
2 1(2,1),4,1 : (0,0)0,0; 1)
3 1(4,1),4,1 : (0,0)0,0; 1)
4 1(2,0),2,0 : (2,1)2,1; 1)
5 1(2,0),2,0 : (0,0)2,1; 1)
6 12,1),2,1 : (2,0)2,0; 1)
7 12,1),2,1 : (2,1)2,1; 1)
8 12,1),2,1 : (0,0)2,1; 1)
9 1(0,0),2,1 : (2,0)2,0; 1)
10 1(0,0),2,1 : (2,1)2,1; 1)
11 1(0,0),2,1 : (0,0)2,1; 1)
12 1(0,0),0,0 : (2,0)4,1; 1)
13 1(0,0),0,0 : (2,1)4,1; 1)
14 1(0,0),0,0 : (4,1)4,1; 1)

Table 7. Eigenvalues (E) and eigenstates (¥) for the m = 4 system with T = 1 and positive parity.
Eigenstates are given as an expansion in the basis states given in Table 6. As stated in the text,
eigenstates are of the form |m(vity)(vatz)(vt)T = 1). See Section 4.3.3 for further discussion.

# E ¥
1 -8 14(0,0)(0,0)(2, 1)T = 1) = [2(0,0)1: 2(0,0);T = 1)
14(0,0)(2, 1) )T = 1) =
2 7531 V200,001 :2Q,1)LT=1) —
@/ 310(0,0)0: 4(2,1)1;T = 1)

14(2,1)(0,0)(2,1)T = 1) —
3 _725 V142 11:00,00,T=1) +

@/ 3122, 1)1:2(0,001,T = 1)




Symmetry 2023, 15, 497

35 of 57

Table 7. Cont.

# E ¥

4 ~7.188 4(0,0)(2,0)(2,0)T = 1) = /3 [2(0,0)1:2(2,000,T = 1) +
o \/210(0,0)0: 4(2,0)1;T = 1)

5 —6.875 4(2,0)(0,0)(2,0)T =1) =

\/314(2,0)1;0(0,0)0) +a /1 [2(2,0)0;2(0,0)1)
14(0,0)(2,1)(4,1)T = 1) =
6 4781 VE 20,0122 )T =1) +
a\/£10(0,000: 42, )T =1)
14(0,0)(2,0)(4,1)T = 1) =
7 4688 V21200,01:2(2,000,T=1) —
x\/210(0,0)0:4(2,0),T =1)
14(2,1)(0,0)(4,1)T = 1)
8 45 V142 1)1:00,00,T=1) -
a\/f 22 1)1:22,01T=1)
14(2,0)(0,0)(4,1)T = 1)

9 4375 \/314(2,001:000,00,T = 1) —

@ (/}12(2,000:200,0);,T =1)
10 4313 14(0,0)(4,1)(4,1)T = 1) = [0(0,0)0: 4(4,1)L;T = 1)
11 4031 4(2,1)(2,1)(4,1)T=1) = [22,1)1:2(2,1)1: T = 1)
12 —3.938 14(2,1)(2,0)(4,1)T = 1) = [2(2,1)1:2(2,0)0;T = 1)
13 —3.906 14(2,0)(2,1)(4,1)T = 1) = [2(2,0)0: 2(2, 1), T = 1)
14 —3.75 14(4,1)(0,0)(4,1)T = 0) = [4(4,1)1: 0(0,0)0;T = 1)

4.4. Summary

Multiple multi-orbit pairing SO(5) and the complementary Sp(2Q)) algebras with
isospin degree of freedom for nucleons are described in this section. The complementarity
is established at the level of quadratic Casimir operators. Besides giving some details of
these algebras in Section 4.1, described in Section 4.2 are the methods for obtaining the
irrep labels for SO(5) D [SOT(3) D SOMm,(2)] ® U(1) algebra, i.e., the allowed values of
T for a given m of U(1) and (v, t) of SO(5). Tables are given for some particle numbers
of interest. In addition, a method to construct symmetry defined Hamiltonian matrix in
a two space example is also given. In this situation there will be two SO(5) algebras and
the wavefunctions that correspond to the two SO(5) algebras are tabulated explicitly in
two examples. Going further, in Section 4.3 three applications of multiple SO(5) algebras
are described and these are: (i) selection rules for EM operators; (ii) a simple Hamiltonian
generating order—chaos—order transitions; (iii) two nucleon transfer strength. Further
exploration of these and other examples will give us more signatures that are useful in
finding empirical examples for multiple SO(5) algebras in nuclei.

5. Multiple Pairing Algebras in Proton—-Neutron Interacting Boson Model with
Fictitious (F) Spin

For a two-species boson systems (such as the proton-neutron interacting boson model
(pnIBM or IBM2) [21]), it is possible to introduce a fictitious (F) spin for the bosons such that
the two projections of F represent the two species. Then, for N bosons the total fictitious
spin F takes values N/2, N/2—1,...,0 or 1/2. For such a system with N number of
bosons occupying orbits with angular momentum (41, 0y, ...,¢;) and the Hamiltonian
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preserving F-spin, the SGA is U(20%) > U(QF) ® SUr(2) with SUF(2) generating F-spin
and QF = ¥/(2¢ + 1). For example, for pn — sdIBM, pn — sdgIBM and pn — sdp fIBM we
have QF = 6, 15 and 16 respectively. There is good evidence that heavy nuclei preserve
F-spin [21,122-125]. Here below we will show that they are multiple pairing algebras for
boson systems with F-spin and consider some of their applications. It is important to
stress that although we consider pairing algebras for bosons, their physical interpretation
is different as is well known in the example of the SO(6) limit of IBM-1 [21].

5.1. Multiple Pairing SO(3,2) Algebras with F-Spin

Let us consider a system of N bosons in ¥ number of spherical ¢ orbits ({1, (5, ..., {;)
and each boson carrying F-spin 1/2 degree of freedom. Then, total number of degrees of
freedom for a singe boson is 208 where OF = ¥, OF and OF = (20 + 1). Now, it is easy

to see that the 4(Q%)? number of one-body operators Umf (€1, 02), with fy =0and 1,

koM £y
ush = \kfo
mk g (51/ 62) ( %b 2%)mk,mf0 (102)

where b and b are single boson creation and annihilation operators in angular momentum and
F-spin spaces, generate the SGA U (208). Note that b = (- 1)”"”r 215

Im, ] 2y

Moreover, with good F-spin symmetry, we have the subalgebra

{—m, —7mf'

U0 > u(Ql) @ sug(2) . (103)

The operators U 0(61, ¢5) [(QF)? in number] generate U(QP). Similarly, SUF(2) is
generated by F-spin operator F where

Z 2“1( Eé%)o’l. (104)

In addition, the number operator NB and the total angular momentum operator L are given by

N = L2 (i)
Ll Z\/m(bél /1)

Note that {£, NB} generate Ur(2). It is useful to note that all N boson states transform
as the symmetric irrep {N} of U(20?) and the irreps of U(QP) will be two-rowed, given
by {Ny, N2}, N1 > N in Young tableaux notation with Ny + N, = Nand F = (N7 — Np) /2.
Thus, the U(QP) irreps are labeled by (Ny, N,) or (N, F).

Turning to pairing, for boson systems with F-spin and a single ¢ orbit, the pair-creation
operator with angular momentum zero and F-spin 1 is B}, (¢) where

Lo 20%1 01
Bi(0) = | =5 — (b b(}l)oy (106)

+
and its hermitian adjoint {B}l(f)} is,

I e S I (ALY o

(105)
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SO(OP)

Now, with bosons in (¢1, ¢, ..., ;) orbits, the pair-creation operator can be taken as a
linear combination of the single-¢ shell pair-creation operators but with different phases
giving the generalized pairing operator (it is no longer unique) to be,

Bu(B) =) BeBu(0); {BY={BuBry--- Be} = {F1,£1,...}. (108)
l
The corresponding generalized pair-annihilation operator is
1 f 1"
[By(ﬁ)} = ; Be {B‘u(g)} : (109)
Using straightforward but lengthy angular momentum algebra, it is easy to derive
the commutators for the operators B},(ﬁ), [B;(IB)]*, Fpll and Qp = [NB + Q8] /2. Note the

difference in Qo for fermions. The results are independent of {#} when Be, = £l asin
Equation (108),

_B;l , (Bl_yl)+:| = 2|:\/§(—1>V, <1]/l 1;{/ | 1’V+VI>FP1‘+P, +5P¢/_}4,(_QO):| ,

B:[ ’ QO = _B‘lll 7

Bl Fy| =vV2 (' | L+ ) By (110)
Fio Byl =—V2 (pip | Lp+p) By

_F;, Qo| =0.

Equation (110) shows that the ten operators B;l (B), [B(B)]", Fi and Qo (equivalently

N B) form an algebra for each {8} set and this is the non-compact Lie algebra SO (3,2).
This was pointed out for the first time for bosons with F-spin by Lerma et al. [47]. Some
mathematical details of SO(3,2) algebra are given [118] and references therein. With-
out loss of generality we can choose f;, = +1 and then the remaining g, will be 1.

Thus, there will be 2"~! SO(3,2) algebras. Then, with two £ orbits we have two SO(3,2)
algebras SO(+)(3,2) and SO(+7)(3,2), with three ¢ orbits we have four SO(3,2) alge-
bras SO(+++)(3,2), SO(++-)(3,2), SO+—%)(3,2) and SO(+~)(3,2), with four £ orbits
there will be eight SO(3,2) algebras and so on. Before proceeding further, let us introduce
the pairing Hamiltonians Hy () for bosons,

Hy (B) = G )_B,(B) [35(ﬁ)]+ (111)
m

where Gp is the pairing strength. Now we will consider the complementary SO(Q)) algebra
for further results.

5.2. Complementary SO(QP) Algebras

Starting with the SGA U(20Q%) > U(QF) ® SUE(2), it is easy to recognize that
U(QPF) 5 SO(OP) and the generators of SO(QF) are

Uy°(¢4,¢) with k odd,

112
5004, 02) = N1V2(04, 2,0 [US (4, 02) + X(, 2 ) U (00,00)] , 1 > £ (112)

<

with AV and X determined such that SO(QF) is complementary to the pairing SO(3,2)
algebra. Towards this end we will define the quadratic Casimir operators (Cy) of the various
algebras involved and then we will use the formulas for their eigenvalues as given for
example in [118]. The quadratic Casimir invariants of U(Q?), Ur(2) and SO(QP) are
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C2(U(Q))

C2(Ur(2))

C2(S0(QF))

+ N,F,0,f
<;Bi(ﬁ)[l’>’}4(ﬁ)] > = (Gs)' (HE(B))

= 2 Z (—1)&762 Uk’o(glfz) . Uk’o(ngl) ,

01,02,k
0.f 0.f (NB?
= )3 \/(251 +1) (206 +1)) UM (Gif) - U (loly) = ~—— +2F7, (113)
ly,lo;f=0,1
= 4 Y Uk -uttuey+2 Y vEO6) - vR(66) .
{;k=odd 01>0;k

Using angular momentum algebra and Equation (113) the following important rela-
tions are derived,

C(U(QP)) — Co(Up(2)) = NB(QF —2),

5 ¥ 114
Ca(U(QF)) — C2(SO(0F)) = NB +2 Y BL(B) [ BL(B)| (19
K
and the second equality above is valid only when
X(t, by ) = (=)=, By, (115)

Note that for proper scaling for the Casimir operators, also needed is
N (b, k) = (1)1, B

with By defining the generalized pair B;, (B), we have from Equations (114) and (115) the
correspondence
SO(OF) — S0P (OF) + s0P)(3,2)

and [U(QB) > SOP) (QB)] ® SUE(2) solves the pairing Hamiltonian given by Equation (111).
With the U(QPF) irreps labeled by (Nj, Ny) or (N, F), the SO (QF) irreps are labeled by
[0, 02] with 0y > 0y or by (o, f) where ¢ = 04 + 0 and f = (07 — 02) /2. Then, ¢ is seniority,
like quantum number, and f is reduced F-spin. With these, the SO(QF) symmetry algebra
and the corresponding basis states are

SO(QF) : U(20F) > [u(QB) S5 so<ﬁ>(QB)} ® [SUF(2) > Uy, (1)]

(116)
Basis states: : |(N,F, M), (0, f),a) <> |N; {Ny, N} [01,02] MF, a)

where « are additional labels needed for complete specification of the basis states and Mr
is F, eigenvalue with —F < Mr < F. Note that sometimes Mr is included in «. Formulas
for the eigenvalues of the U(QF) and SOP) (OF) are well known [56,118,121],

(Cu(@B)))" = N(ZQB;N*"‘)HF(PH),
(117)
o B _
<cz(so<ﬁ>(QB))> (- wﬂﬂfﬂ).

The first formula here also follows easily from the first equality in Equation (114).
Using Equations (111), (114) and (117) we have

N,F,o,f
(118)

%(N—U)(ZQB—6+N+J)+F(F+1)—f(f+1).
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<(GB)71H

Thus, the pairing Hamiltonian Hg is solvable by the SO(QF) symmetry (pairing
eigenvalues do not depend on () and Mr). In order to establish the above correspondence
with SOP) (3,2) algebra, we will rewrite the second formula in Equation (117) as

1 (wB,wB) OB /0B
3 (€250 (@)Y N — bl - )+ wdtl +1)] - 5 (G -3)

QB+(7 B
wlB: 2 4 (’UZ:f'

(119)

with these we can identify the subalgebra of SO(3,2) algebra, the corresponding irrep
labels (basis states) and the quadratic Casimir operator of SO(3,2),
SO(3,2) : SO(3,2) D [sup( ) D Un, (1)] ® Ug,y (1),
1B (/J Q _ Qb +N JF, MF>

7

Basis states : 'w

Cx(501)(3,2)) = ~BL(B) [BL(B)] + F 4+ Qo(Q0~3), (120
(e2(50%¥)(3,2)) V% = [wB(wh ~3) + wh(wh +1)]
Then, we have the formula
(8)) VT = Q00— 3) + FF 1)~ [wf(f ~3) +wb(wh +1)]. (121)

It is important to note that Equations (119) and (77) are related by (2 — —() symmetry.

Finally, for obtaining the spectrum generated by H, (8) we need (N, F) — (0, f) reductions

or the set of (N, F) allowed for a given (o, f) or (a;f, w¥). We will turn to this now.

5.3. Irreducible Representations

For labeling the eigenstates of H5(B), for a N boson system we need the irrep reduc-
tions (N, F) — (o, f). A simple method for this is to use the results for Kronecker products
(denoted by x below) of the irreps of U(Q?) and similarly for SO(QPF). The rules for these
follow from the Schur functions theory as given in [116,119,120] and for the present purpose
the simplified results given for example in [56,113] will be adequate (see also Section 3).
Given a two-rowed irrep {N, Np} of U(QPF), it can be expanded in terms of Kronecker
products involving only symmetric irreps,

{Nl,Nz} = {Nl} X {Nz} — {Nl + 1} X {Nz — 1} ;{0} =1 and {—ﬂ} =0. (122)

Similarly, the Kronecker product of any two symmetric SO(QPF) irreps, with Q8 > 5,
will give

P—Q+k+2r,k]; P>Q. (123)

QQ
Ly

Equations (122) and (123) along with the well known result from the pairing algebra
for identical boson systems [65],

HM\

(N} = [o] = [N],[N=2],...,[0] or [1] (124)

will give the reductions for any (N, F) to (¢, f)’s. Note that { N} in Equation (124) is the
symmetric irrep of U(Q?F) with F = N /2 and similarly [¢] is a symmetric irrep of SO(Q5)
with f = 0/2. Using Equations (122)—-(124) we obtain for example
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[N/2]-1 [(N=1)/2]-1
(N-1,1} — [o,;0] = Y, [N-2r—1L1® Y  [N-2r—20],

r=0 r=0

[N/2]-2 [(N-1)/2]-2 (125)
{N-22} —o,00)= ). [N-2r—22l¢ ) = [N-2r-31]®

r=0 r=0

[(N)/2]-3
IN-2,00@[N-2-2[(N-2)/2,0]@ Y. [N-2r—40".
r=0

In these equations [X /2] is the integer part of X /2 and there is multiplicity (i.e., some
irreps appear more than once) in the {N — 2,2} reductions. For F < N/2 — 2, numerical
results for the reductions can be obtained easily using Equations (122)—(124) as they are
easy to program. Table 8 gives results for (N, F = N/2 — 3) and Table 9 gives results for
(N F=N/2—-4).

Table 8. U(QP) irreps {N,3} reductions to SO(QPF) irreps [07, ] for N = 3 to 15 and QF > 5.
The SO(QOP) irreps are given as afo; o] where a is the multiplicity. Note that N = A" +3,
F=(N-3)/2=N/2-3,0 =01 +0sand f = (07 — 03) /2. See Section 5.3 for further discussion.

{33}

1[ 1 1] 1[ 3 1] 1[ 3 3]

{43}

1[10] 10 211 1L 3 0] 1[ 3 2] 1[ 4 1] 1[ 4 3]

{53}

10111 1L 201 20 311 1[ 4 0] 1[ 3 3] 1[ 4 2] 1[ 5 1] 1[ 5 3]
{63} 1[0 10] 1[ 2 1] 2[ 3 0] 1[ 3 2] 2[ 4 1] 1[ 50] 1[ 4 3] 1[ 5 2]
1[ 6 1] 1[ 6 3]

{73}

10111 1L 2 0] 20 3 11 20 4 0] 1[ 3 3] 1[ 4 2] 2[ 5 11 1[ 6 0]
1[ 53] 1L 6 2] 1[ 7 11 1[ 7 3]

{83}

1L 10] 1L 211 2[ 3 0] 1[ 3 2] 2[ 4 1] 2[ 5 0] 1[ 4 3] 1[ 5 2]
206 11 1L 7 0] 106 3] 1[ 7 2] 1[ 8 1] 1[ & 3]

{93}

10111 1L 2 0] 20 3 11 20 4 0] 1[ 3 3] 1[ 4 2] 2[ 5 11 2[ 6 0]
1053 10 62] 20 7 11 1[0 8 0] 1[ 7 3] 1[0 8 2] 1[ 9 11 1[ 9 3]
{10 3}

1[ 1 0] 1L 211 2[ 3 0] 1[ 3 2] 2[ 4 1] 2[ 5 0] 1[ 4 3] 1[ 5 2]
206 11 20 70] 106 3] 1[ 7 2] 2[ 8 11 1[ 9 0] 1[ 8 3] 1[ 9 2]
1[10 1] 1[10 3]

{113}

10111 1L 2 0] 20 3 11 20 4 0] 1[ 3 3] 1[ 4 2] 2[ 5 1] 2[ 6 0]
1[0 53] 1[ 6 2] 2[ 7 11 2[ 8 0] 1[ 7 3] 1[ 8 2] 2[ 9 1] 1[10 0]
1[ 9 3] 1[10 2] 1[11 1] 1[11 3]

{123}

101 0] 10211 2[30] 1[ 3 2] 2[ 4 1] 2[ 5 0] 1[ 4 3] 1[ 5 2]
206 11 20701 106 3] 1[ 7 2] 2[ 8 11 2[ 9 0] 1[ 8 3] 1[ 9 2]
2[10 1] 1[11 0] 1[10 3] 1[11 2] 1[12 1] 1[12 3]

{13 3}

10111 1L 2 0] 20 3 11 20 4 0] 1[ 3 3] 1[ 4 2] 2[ 5 11 2[ 6 0]
1[0 53] 10 6 2] 20 7 11 20 8 0] 1[ 7 3] 1[ 8 2] 2[ 9 1] 2[10 0]
1[ 9 3] 1[10 2] 2[11 1] 1[12 0] 1[11 3] 1[12 2] 1[13 1] 1[13 3]
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Table 8. Cont.

{14 3}

1f 1 0] 10 211 2[ 3 0] 1[ 3 2] 2[ 4 1] 2[ 5 0] 1[ 4 3] 1[ 5 2]
206 11 20 70] 106 3] 1[ 7 2] 2[ 8 11 2[ 9 0] 1[ 8 3] 1[ 9 2]
2[10 1] 2[11 0] 1[10 3] 1[11 2] 2[12 1] 1[13 0] 1[12 3] 1[13 2]
1014 1] 1[14 3]

{153}

10111 1L 201 20 3 11 20 4 0] 1[ 3 3] 1[ 4 2] 2[ 5 1] 2[ 6 0]
1[0 53] 1[ 6 2] 2[ 7 1] 2[ 8 0] 1[ 7 3] 1[ 8 2] 2[ 9 1] 2[10 0]
1[0 9 3] 1[10 2] 2[11 1] 2[12 0] 1[11 3] 1[12 2] 2[13 1] 1[14 0]
1[13 3] 1[14 2] 1[15 1] 1[15 3]

Table 9. U(QP) irreps {N,4} reductions to SO(QP) irreps [07, 03] for N = 4 to 14 and QF > 5.
The SO(QP) irreps are given as a[o; 03] where a is the multiplicity. Note that N = A +4,
F=WN-4)/2=N/2-4,0 =01+ 0y and f = (07 — 02)/2. See Section 5.3 for further discussion.

{44}

1L 00] 1[ 20] 1[ 2 2] 1[ 4 0] 1[ 4 2] 1[ 4 4]

{54}

1 10] 1L 21] 103 0] 1[ 3 2] 1[4 1] 1[5 0] 1[ 4 3] 1[ 5 2]
1[ 5 4]

{64}

1fo0o0] 2[ 2 0] 1[ 2 2] 1[ 3 1] 2[ 4 0] 2[ 4 2] 1[ 5 1] 1[ 6 0]
1[ 4 4] 1[ 53] 1[ 6 2] 1[ 6 4]

{74}

1f10] 1[ 211 203 0] 1[ 3 2] 2[ 4 1] 2[ 5 0] 1[ 4 3] 2[ 5 2]
10611 1[ 7 0] 1[ 5 4] 10 6 3] 1[ 7 2] 1[ 7 4]

{84}

1L o0o0] 2[ 2 0] 1[ 2 2] 1[ 3 1] 3[ 4 0] 2[ 4 2] 2[ 5 1] 2[ 6 0]
1[ 44] 1[0 53] 206 2] 1[ 7 1] 1[ 8 0] 1[ 6 4] 1[ 7 3] 1[ 8 2]
1[ 8 4]

{94}

101 0] 1[ 211 20 3 0] 1[ 3 2] 2[ 4 11 3[ 5 0] 1[ 4 3] 2[ 5 2]
206 11 2[ 701 1[0 541 1[0 6 31 2[ 7 2] 1[ 8 1] 1[ 9 0] 1[ 7 4]
1[ 8 3] 1[ 9 2] 1[ 9 4]

{104}

1L 00] 2[ 2 0] 1[ 2 2] 1[ 3 1] 3[ 4 0] 2[ 4 21 2[ 5 1] 3[ 6 0]
10 4 4] 1[0 53] 206 2] 20 7 1] 2[ 8 0] 1[ 6 4] 1[ 7 3] 2[ 8 2]
1[ 9 11 1[10 0] 1[ 8 4] 1[ 9 3] 1[10 2] 1[10 4]

{114}
10101 10211 20 3 0] 1[ 3 2] 2[ 4 1] 3[ 5 0] 1[ 4 3] 2[ 5 2]
20611 3[ 701 1[ 54] 1[ 6 3] 2[ 7 2] 2[ 8 1] 2[ 9 0] 1[ 7 4]
10 8 3] 20 9 2] 1[10 1] 1[11 0] 1[ 9 4] 1[10 3] 1[11 2] 1[11 4]
{124}

1000l 20 2 0] 1[ 2 2] 1[ 3 1] 3[ 4 0] 2[ 4 2] 2[ 5 1] 3[ 6 0]
10441 10531 20 6 21 2[ 7 11 3[ 8 0] 1[ 6 4] 1[ 7 3] 2[ 8 2]
20 9 1] 2[10 0] 1[ 8 4] 1[ 9 3] 2[10 2] 1[11 1] 1[12 0] 1[10 4]
1[11 3] 1[12 2] 1[12 4]

{134}

10101 10211 20 3 0] 10 3 2] 2[ 4 1] 3[ 5 0] 1[ 4 3] 2[ 5 2]
20611 30701 1[ 54] 1[ 6 3] 2[ 7 2] 2[ 8 11 3[ 9 0] 1[ 7 4]
10 8 31 2[ 9 2] 2[10 1] 2[11 0] 1[ 9 4] 1[10 3] 2[11 2] 1[12 1]
1[13 0] 1[11 4] 1[12 3] 1[13 2] 1[13 4]

{14 4}

10001 20 2 0] 1[ 2 2] 1[ 3 1] 3[ 4 0] 2[ 4 2] 2[ 5 1] 3[ 6 0]
1[0 441 10 531 2[ 6 2] 2[ 7 11 3[ 8 0] 1[ 6 4] 1[ 7 3] 2[ 8 2]
20 9 11 3[10 0] 1[ 8 4] 1[ 9 3] 2[10 2] 2[11 1] 2[12 0] 1[10 4]
1[11 3] 2[12 2] 1[13 1] 1[14 0] 1[12 4] 1[13 3] 1[14 2] 1[14 4]
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For boson systems, it is well known that the states with F = N/2 will be lowest
in energy and then those with F = N/2 — 1 [21]. In order to obtain this ordering, it is
necessary to add Majorana interaction (M) term as recognized in IBM studies. Then, Hg (B)
changes to

H®(GP,aP) = HJ(B) + M ;

»(B) = Gs ;B},(ﬁ) {Bi(ﬁ)r, M= P {?(I\f_i_l) _152] (126)

with F? eigenvalues being F(F + 1). See [21,126] for details regarding the Majorana term M.
The HB(G8, aP) eigenvalues E for some states with F = N/2and F = N/2 — 1 are,

E(N;{N}[N]a) =0,

E(N;{N}|N —2]a) = GB (2N +2),

E(N; {N}[N - 4]a) = G® (4N),

E(N;{N —1,1}[N —1,1]a) = a® N, (127)
E(N;{N —1,1}[N —2Ja) = GBE (N +2) + 4B N,

E(N;{N —1,1}[N —3,1]a) = GB (2N) +a® N,

E(N;{N —1,1}[N —4]a) = GB(3N) +a® N .

These show the important result that for GB > 0and 4B > 0, the states with F = N /2
will be lowest in energy and the states with F = N/2 — 1 will lie at energy a®N above
the F = N/2 states and they will be next higher states. If a® = 0, the F = N/2 states
will not be separated from F = N/2 — 1 states. The states with F = N /2 — 1 are called
mixed symmetry states [21]. From Equation (127), it is clear that the formulas for irrep
reductions given in Equations (124) and (125) and the results in Tables 8 and 9 are sufficient
for most applications.

5.4. Applications
5.4.1. Selection Rules

In the symmetry limit, selection rules for EM transitions follow from Equations (112)
and (115). It is easy to see that only the isoscalar part of the EM operators will have selection
rules. General form of the isoscalar part of EM operators is, with X = E or M,

ng U0+ Y vy, Vi, &) . (128)

1>,

Therefore, isoscalar part of EL operators with L even will be SO(#) (QOF) generators and
therefore connect only states having the same (07, 02) [or (w?, w¥)] provided we choose the
operators such that xk 7 = 0forall £and VL0 in Equation (128) are such that Equation (115)
is satisfied. This is indeed the choice made for quadrupole (L = 2) transition operator in
IBM-2 studies [21,124,125]. However, for ML operators with L-even, due to parity selection
rule UL will not exist. Therefore, they will connect only states having the same (o7, 07)
[or (w?, w8)] provided we choose the operators such that V20 in Equation (128) satisfy
Equation (115). Turning to EM operators with L odd, both EL and ML operators with L
odd will connect only states having the same (07, 07) [or (w?, w%)] provided we choose
the operators such that V10 in Equation (128) satisfy Equation (115). This is due the fact
that U0 with L odd (they are needed only for ML operators while they do not exist for
EL operators due to parity selection rule) are generators of SO#)(QF). It is important
to add that the selection rules for the isoscalar part of EM operators will be violated if
the B in SOP(QP) are not same as the {8} needed for defining V10 in Equation (128)
via Equation (115). These selection rules may provide some tests of the multiple pairing
algebras with good F-spin in interacting boson models (sd, sdg, sdf, sdpf etc) of nuclei.
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5.4.2. H Matrix Construction

Results for electromagnetic transition strengths, as generated by multiple multi-orbit
pairing algebras, can be obtained by developing the Wigner-Racah algebra for SO(3,2)
and following the same procedure that is adopted in Section 4 for multiple multi-orbit
SO(5) algebras with isospin in shell model. It may be possible in future to follow the
methods used in Refs. [30-38] to obtain SO(3,2) Wigner and Racah coefficients. As these
group theory results, to our knowledge, are not available, an alternative is to construct
the H matrix in a convenient basis and obtain the eigenfuctions generated for different
choices of B in Equations (108) and (111). To this end, one can use the M basis, i.e., a basis

with proton (77) and neutron (v) bosons. We will use the notation |7) = ‘F = %, Mg = % >

and |v) = ’F = %, Mp = —% > More explicitly, for a system of interacting bosons with sp
angular momenta /1, {5, . .., a convenient basis is

[@3(L)) = | Thena,. {1¢7(6  LF) ¢7(6: L))} L) 120
o (4 L) = ‘NEB,:pr:pwf Lf>,p:7'(,1/. (129)

Here, ) /N £B~n = NZ is number of proton bosons, Yy N EV = NP is number of neutron
bosons giving N B'— NE + N2 the total number of bosons. Similarly, w? and w? being the
£ boson seniorities in 7t and v spaces. For a given nucleus (N2, N2) or (N, Mr = NE — NEB)
are preserved. Similarly, L} are the angular momentum of the Ng 0 number of bosons
with sp angular momentum /,. Further, L is the total angular momentum obtained by
vector addition of all LY. In addition, ¥ and A are additional labels needed for complete
specification of the basis states.

For example, the pairing Hamiltonian (Gg)~! HE

p (B) in terms of 7w and v bosons is

<GB>1H5<ﬁ>={2 Y (—1>W2ﬁelmzsﬂwl)sﬂ(ez)}

Uy, by, p=m1,v

, 110 (130)
+{ y \/(251+1)(2€2+1)(2L+1)ﬁ51ﬁg2 [(b}lném) (b}w@zv) } }

lq,0p;L

The S, (¢) and S_(¢) operators appearing above are as defined by Equations (30) and (31).
Following the results in Appendix A, it is easy to write the matrix element of the terms involving
S+ and S_ in the basis given by Equation (129). For the Second term in Equation (130) we
need the reduced matrix elements of b} and tables, formulas and computer programmes for
these are available for ¢ = 1 (p bosons), 2 (d bosons), 3 (f) bosons and 4 (g) bosons; see for
example [21,100,127-129]. Let us add that it is possible to consider a more general H with the
basis given in Equation (129), for example by adding splitting of single ¢-orbit energies. Without
explicit matrix construction, energy eigenvalues are obtained in [47] by employing the so called
Richardson-Gaudin (RG) equations. Studied in [47] are energy spectra in sd, sdg and sd f boson
systems (however, in this study multiple pairing algebras with F-spin are not considered). Let
us add that it may be possible also to use in proton—neutron spaces the methods developed
by Feng Pan et al. [19]. Further investigations using these approaches or by constructing the
H matrix explicitly will give new insights into multiple pairing algebras in interacting boson
models with F-spin but this is for future.

Going beyond sdIBM-2, in sdgIBM-2, sd f{IBM-2, sdp fIBM-2 and so on, there will be
many pairing algebras. For example, in sdgIBM-2 the SGA is U(30) and the first pairing
algebra corresponds to SO(15) in

U(30) D [U(15) D SO(15)] @ SUF(2)

with pair operator
B (sdg) = B, (s) = By (d) £ B, (g) -
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The SO(15) can be decomposed further into three subalgebras

SO(15) O sodg(14) 5 S0,4(5) @ sog( ),
SO(15) D S04 (6) ® SOg(9) D SO,4(5) ® SO,(9)
SO(15) D 5044 (10) & SO4(5) D SO4(5) @ SO4(9) -

There are SO(3,2) algebras corresponding to all these SO(#n) algebras. It is important
to recognize that the choice of the four signs in B}, (sdg) will uniquely fix the sign choices
of the pair-creation operators that correspond to the various SO(#) algebras in the three
SO(15) subalgebras given above. Investigations of these various multiple pair algebras
may prove to be useful.

5.5. Summary

Multiple multi-orbit pairing SO(3,2) and the complementary SO(Q?) algebras with
F-spin in the proton—neutron interacting boson models of nuclei are described in this
Section. The complementarity is established at the level of quadratic Casimir operators.
Besides giving some details of these algebras in Sections 5.1 and 5.2, described in Section 5.3
are the methods for obtaining the irrep labels for U(208) D [U(QF) D SO(OPF)] @ SUF(2)
algebra, i.e., the allowed values of (01,07) of SO(QF) for a given (N, F). Results for
F=N/2,N/2—1,N/2 -2, N/2 -3 and N/2 — 4 are presented. Going further, in
Section 5.4 some possible applications of multiple SO(3,2) algebras are described. Further
explorations using group theory approach as in Section 4 but extended to SO(3,2), by
explicit matrix construction, using the RG method employed in [47]) or by extending the
methods developed by Feng Pan are expected to give us signatures that are useful in finding
empirical examples for multiple SO(3,2) algebras in nuclei.

6. Multiple Pairing Algebras with L — S Coupling in Shell Model and in IBM with
Isospin T = 1 Degree of Freedom

In the shell model with L — S coupling, a L = 0 coupled nucleon pair carries spin-
isospin degrees of freedom (ST) = (10) and (01). With this, the pairing algebra is SO(8) as
established first in [48]. More importantly, with nucleons occupying several {-orbits, there
will be multiple SO(8) algebras and each of them contains both isoscalar and isovector
pair-creation operators unlike only isovector pair operator in the SO(5) pairing algebra for
nucleons in j orbits (see Section 4). The SO(8) algebra is complex with three subalgebra
chains as discussed ahead in Section 6.1. In addition, in Section 6.2 we will describe briefly
the various pairing algebras in the interacting boson model with the bosons carrying isospin
T = 1 degree of freedom (called IBM-3 or IBM-T [21,56]). Here also, there will be multiple
pairing algebras for sd, sdg, sdf, sdpf, ... boson systems. As the algebras appearing in this
Section are quite complex, the presentation will be brief without too many details. We hope
that the discussion here will prompt many investigations of these algebras in future.

6.1. Multiple SO(8) Pairing Algebras in Shell Model
6.1.1. SO(8) and Its Three Subalgebras

In the shell model, in the situation that nucleons occupy ¢ orbits (i.e., they occupy both
j = ¢+ ] orbits), then the nucleon pair coupled to orbital angular momentum zero, due to
antisymmetry, carries spin-isospin degrees of freedom (ST) = (10) and (01). With this, the
isoscalar and isovector pair-creation operators D;r, (¢) and P;: (£) respectively are

2041 0,1,0 20+ 1 0,0,1
t(py — to ot t [etT 1 t

with y = —1,0,+1. Note that we are using (L,S, T) order in Equation (131). For the
multi-orbit case, we have generalized isoscalar and isovector pair operators D;r, and P;[ as
linear combinations of single orbit operators except for phase factors giving
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=Y BeD(t), Pi=Y BePi(t); Br=+1or —1. (132)
l ¢

Now, the isoscalar plus isovector pairing Hamiltonian in LS-coupling is

Hp3T(x) = —=(1—x) Y PiPy, — (14+x) ) DiD, . (133)
M M

Note that P, = (PII )Tand D, = (D;)*. Most significant result here is that the twelve
operators (D;; , P;, Dy, Py), the six spin and isospin generators (SL, T;), the number
operator 7 [or Qp = % -0, QO =Y (20+1)] and the nine (07)111”1}[, operators, a total of
28 operators generate a SO(8) algebra independent of the B, in Equation (132) [48,53]
(note that the SO(8) algebra appearing here is different from the SO(8) appearing in the
schematic model for monopole and quadrupole pairing in nuclei by Ginocchio [130]). Thus,
there are multiple SO(8) algebras in shell model and the number is 2"~ for r number of ¢
orbits. Going further, each SO(8) algebra admits three subalgebra chains and the pairing
Hamiltonian in Equation (133) is diagonal in the basis defined by these subalgebra chains
for x = 0,1, —1. These are [48,53],

x=0 : SO(8) D SOsr(6) O SOs(3) ® SOr(3),
x=1 : SO(8) > [SOs(5) O SOs(3)] ® SOr(3), (134)
x=-1 : SO(8) > [SOr(5) O SOr(3)] ® SOs(3) .

Noted that SOs7(6) D SOs(3) ® SO7(3) above is the same as the well known SUst(4)
D SUg(2) ® SUrt(2) spin-isospin supermultiplet algebra [131]. By varying the parameter x
in Equation (133), it is possible to study the competition between isoscalar and isovector
pairing. It is important to recognize that H{;S T(x) contains only the generators of SO(8)
and therefore for all x values, the eigenstates will carry SO(8) quantum numbers. It is well
known that SO(8) irreps contain four numbers and they can be recasted into a seniority
quantum number v and three other numbers. It is useful to add that the shell model SGA is
U(4Q)) and the three subalgebra chains of this SGA that are in one-to-one correspondence
with the chains in Equation (134) are

x=0 : U4Q) D [U(Q) D SO(Q)] & [SOsr(6) D SOs(3) ® SO (3)]
x=1 : U4Q) D [U(2Q) D Sp(2Q) D SO(Q) ® SUr(2)] ® SUg(2) (135)
x=-1 : U(4Q) D [U(2Q) D Sp(2Q) D SO(Q) ® SUs(2)] ® SUr(2) .

Using group theory, all the irrep labels for the algebras in Equation (135) can be
determined and by correspondence, the irrep labels of the algebras in Equation (134).
See [53,54] for details. Most importantly, for the SO(8) seniority v = 0 a convenient set of
basis states for a given number m of nucleons and a given value of () are the SO(6) basis
states, i.e., the states given by the chain with x = 0 above. These states are labeled by

(ST) '\ _
‘¢50(6)> = |O,N,w, (S, T),a) .
The various quantum numbers appearing here are given by (assuming  is even) [49,53,54],

N=m/2 if m<2Q, N=(4Q—-m)/2 if m > 2Q),
w=N,N—-2,N—4,...,0 or 1, (136)
S+T=w,w—2,...,0 or 1.

For the SO(8) D SOs7(6) D SOs(3) ® SO7(3) limit, for the above SO(8) seniority
v = 0 basis states, the Wigner—Racah algebra was developed in [49]. Further, the algebra
is also available for v = 1 and v = 2 states; see [49,52]. Using these, spectra and two-
nucleon and « transfer strengths are studied in some detail using H with SO(8) pairing
and considering only SO(8) seniority v = 0in [50,51]. The SO(8) algebra was also applied
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to study some aspects of double B-decay matrix elements in [132] and in the study of
some aspects of IBM-4 (interacting boson model with spin-isospin degrees of freedom)
in [133,134].

6.1.2. Two-Nucleon Transfer in a Two-Orbit System

With our interest in this article being on multiple SO(8) algebras, here below we will
consider the simpler two-orbit situation and present some results for two-nucleon transfer
that distinguishes the two SO(8) algebras. Note that with two orbits there will be two
SO(8) algebras, with three orbits there will be four SO(8) algebras and so on.

Let us consider two orbits with () taking values say (); for the first orbit and ), for
the second orbit. Given that there are say m number of nucleons in these orbits, we can
distribute them in these orbits in all possible ways. Then, m = my + my with m; number
of nucleons in orbit #1 and m; in orbit #2. For each (m1,m;) we can generate the SO(6)
basis states in spaces 1 and 2 using Equation (136). Table 10 gives an example with (); = 6,
)y = 4 and m = 8 with total (S, T) = (0,0). Note that the basis states are of the form,

6)@9502(6) > = |{ ‘Qll N],(,d], (Slr Tl)/ IX1> ‘QZ/ N2/ wy, ('52/ TZ)/ D‘2>} X12 (S/ T)> (137)

and here one is restricting the SO(8) seniorities v; and v; in the two spaces to v; = 0 and
vy = 0. With m = my + mjy, the Nj above is defined by (()y, m; ) following Equation (136)
and similarly the Np by (Qp, m). Finally, the a labels in Equation (137) will not play any
role in the results presented here. Using the above basis and the algebra given in [49,131],
it is possible to construct the H matrix for the isoscalar plus isovector pairing Hamiltonian,

Hy(x,B) = —(1—x) [ (P} + BP}) (P + BP2)| — (1+2) [ (D} +DF) (D1 + D)) - (138)

Adding the splitting of the energies of the two orbits and restricting to f = +-1, spectra,
two nucleon transfer strengths and « transfer strengths are studied in two-orbit examples
in [51] and the systems studied are found to exhibit several interesting phase transitions.
As our interest is in multiple SO(8) algebras, we have analyzed the eigenvalues and
eigenvectors for various (ST) values as generated by Hy(x, 8) forx = 0,+1and g = +1
using ()1 = 6, () = 4 and m = 8. The results are as follows. Firstly, as is well known, the
eigenvalues do not depend on 8 and this is seen in the calculated results. For x = 0, the
eigevalues with respect to the eigenvalue of (ST) = (00); state for (ST); = (02)1, (04);,
(00)7, (02),, (04),, (01)1 and (10); are 38, 48, 6, 48, 58, 46 and 46 respectively. Further, for
x =1, they are 42, 76, 20, 42, 76, 42 and 22. Similarly, for x = —1 they are 6, 20, 20, 26, 40,
22 and 42. These eigenvalues, all independent of 8 = +£1, clearly show that the spectrum in
isospin space, as expected [53], for x = —1 is rotational and for x = +1 close to vibrational
(see the spacing between T = 0, 2 and 4 states). However, the eigenfunctions do depend
on B. In order to exhibit this feature, we have studied two-nucleon transfer strengths in a
simple example as described below.

Two nucleon transfer strength for adding a pair of two nucleons coupled to (SoTp) = (01)
to the ground state of a m = 6 system with the two orbits as above and (S;T;) = (01)
generating m = 8 states with (S¢T¢); = (00); are calculated using {TOUY* = p* = (P} + P})
as the transfer operator. Then, the transfer strength is given by

2
S(m=6,(01)—>m:8,(00)i):‘<m:8,(00)i||Pf+P§||m:6,(01)1>’ . (139)
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Table 10. SO(6) limit quantum numbers for the basis states in a two-orbit example with )1 = 6
and () = 4. Shown are the quantum numbers for eight nucleons (m = 8) with total (S, T) = (0,0).
Note that the SO(8) seniorities for the nucleons in the two orbits are zero. See Section 6.1.2 for
further discussion.

# Ny w1 S$1 Ty N; wy S2 T
1 0 0 0 0 4 4 0 0
2 0 0 0 0 4 2 0 0
3 0 0 0 0 4 0 0 0
4 1 1 0 1 3 3 0 1
5 1 1 0 1 3 1 0 1
6 1 1 1 0 3 3 1 0
7 1 1 1 0 3 1 1 0
8 2 2 0 2 2 2 0 2
9 2 2 1 1 2 2 1 1
10 2 2 2 0 2 2 2 0
11 2 2 0 0 2 2 0 0
12 2 2 0 0 2 0 0 0
13 2 0 0 0 2 2 0 0
14 2 0 0 0 2 0 0 0
15 3 3 0 1 1 1 0 1
16 3 3 1 0 1 1 1 0
17 3 1 0 1 1 1 0 1
18 3 1 1 0 1 1 1 0
19 4 4 0 0 0 0 0 0
20 4 2 0 0 0 0 0 0
21 4 0 0 0 0 0 0 0

Note that (|| ||) is the reduced matrix element with respect to both spin and isospin.
For calculating S, first the eigenstates of m = 6 system are obtained using the Hamiltonian
given by Equation (138) for both § = +1 and —1. The basis states for the m = 6 states are
given in Table 11. Note that the eigenfunctions for m = 8 system are linear combination of
the basis states in Table 10 and similarly, for m = 6 in terms of the states in Table 11. These
are obtained by diagonalizing the Hy(x, B = £1) matrices in m = 8 and m = 6 basis spaces.
Now, using angular momentum algebra, it is easy to see that all we need are the reduced
matrix elements of P{ in the first orbit basis states and PJ in the second orbit basis states.
From [49,51], we have following result (for an orbit with (2):

<Nf =N +1, wf =wi£1, (00) || P"|| N, o, (01)>

- CNCO- N w wh { @he't {11} wf, wf (140)
fT R )< oy oy | {<oo>} su)

Formulas for the f factors here are given in [49] and similarly, formulas for the SU(4)
coefficients are given in [131]. Using Equations (139) and (140) and the wavefunctions
obtained for m = 6 and m = 8 systems in the basis states given in Tables 10 and 11, the
transfer strengths are obtained. The strength to the first (00) state of the m = 8 system
with x = 0 for B = +1 is found to be 25 times the strength to the first (00) state for
B = —1. Similarly, it is 25 times also for the second (00) states. Thus, two nucleon transfer,
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distinguishes multiple SO(8) algebras. Further, for x = —1 the transfer strength for = +1
is found to be 25 times the strength to the first (00) state for p = —1. However, for the
second (00) state the ratio is zero. Further, for x = +1, the strength to the first (00) state
for B = +1 and —1 are same and so is the result for the second (00) state. It is possible to
extend this study to a general x value and also for (10) transfer as well as for two nucleon
removal strengths. Further, using the formulation described in [51], it possible to study «
transfer strengths as a function of .

Table 11. SO(6) limit quantum numbers for the basis states in a two orbit example with )1 = 6
and ) = 4. Shown are the quantum numbers for six nucleons (m = 6) with total (S, T) = (0,1).
Note that the SO(8) seniorities for the nucleons in the two orbits are zero. See Section 6.1.2 for
further discussion.

# Ny w1 S$1 Ty N, wy S2 T,
1 0 0 0 0 3 3 0 1
2 0 0 0 0 3 1 0 1
3 1 1 0 1 2 2 0 2
4 1 1 0 1 2 2 0 0
5 1 1 0 1 2 0 0 0
6 1 1 1 0 2 2 1 1
7 2 2 0 2 1 1 0 1
8 2 2 1 1 1 1 1 0
9 2 2 0 0 1 1 0 1

10 2 0 0 0 1 1 0 1

11 3 3 0 1 0 0 0 0

12 3 1 0 1 0 0 0 0

6.2. Multiple Pairing Algebras in IBM-3

Interacting boson model with the bosons carrying angular momentum (¢4, {5, ...) and
isospin T = 1 (or an intrinsic spin 1) degree of freedom, the SGA is U(3Q)), QO = Y ,(2¢ +1).
This model is called IBM-3 or IBM-T. For nuclei, it is possible to consider IBM-3 with sd,
sdg, sdf and sdpf bosons. The sd boson version was investigated with applications in the
past [42—44,135-137]. Interestingly, IBM-3 admits two types of pairing algebras and they
are related to U(3Q)) D SO(3Q2) and U(Q) D SO(Q). These are first discussed in [138] for
systems with several ¢; orbits but with ¢; = 0. Here, we will consider briefly the general
(01,03,...) systems.

6.2.1. Multiple SU(1, 1) Pairing Algebras with U(3Q2) D SO(3Q})

Denoting isospin by ¢ for a single boson, we have t = 1 in IBM-3. With bosons carrying
angular momentum (41, (5, ..., ¢,), single boson creation operator is b} —— and then the
generators of the SGA U(3Q)) are

Lk
k 7 koo
ué’;«(gi/ gj) = (bz,lbéjfl)q,y ;L] = 1—17r. (141)

Note that by 1, = (—1)"F14mp, 1 ... Ahead we will use the definition

0,0
ALK gLk _ (—1)L+k\/(2L +1)(2k+1) (AU‘ BLfk> .

Going further, clearly we have U(3Q2) D SO(3Q)) and the generator of SO(3(Q)) are
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uqy(él,ﬁ) with L+k = odd;
1/2 . .
Vo (i ty) = [ai ) (<) Ll 0, 6) 4 i ) (1P a6, 00 P>

with the «; ; determined by the pairing algebra as we will show now. In the 3() space, the
pair-creation operator S is

(142)

1
St =Y BeS+(0); S(0) =5 bly bley, Po==+1. (143)
4

O
The operators {S,S_,So} with S_ = (S4)" and So = ——" for each {8} = {B1, Ba, ...}

set, generate a SU(1,1) pairing algebra and this is in correspondence with the SO(3Q))
generated by the operators in Equation (142) satisfying

[X(ﬂi,f]’) - _ﬁf,'.ij . (144)

Thus, we have in IBM-3 multiple pairing SU(1, 1) algebras with corresponding SO (3(2)
algebras. These first class of pairing algebras are clearly established at the level of quadratic
Casimir operators. The following are easily proved [55] given Equations (141)—(144),

45,5 = (A +30—2) — C(SO(3Q)),

C(S0(3Q)) = Y ulMe o) ul 0+ Y Y VR, ) VIR, ),
L+k:odd€ i<j Lk (145)
ZZ / +€ Lk g g]) . uL,k(gjlei) )
ij Lk

Following the results presented in Section 3, given m number of bosons, the SO(3Q))
irreps [equivalently the irreps of SU(1,1)] are labeled by w with w =m,m —2,...,00r 1.
With this, the eigenvalues of the Casimir operators are,

(CUEYNY™ = m(m+30-1),
(C2(SO(300)))™ w(w +30Q-2), (146)
(45,8 Y™ = (m—w)(m+w+3Q—2)

Given several ¢ orbits, they can be grouped in different ways giving 3Q) = 30 +
3() + ... and we can define again pairing SU(1,1) ~ SO(3();) algebras in each 3Q); space.
For example with sdgIBM-3, we have () = 15 and the SGA is U(45). With this first we
have SU(1,1) ~ SOy4(45) pairing algebra and there will be four of these algebras as seen
from Equation (143). Further, we have SO;4(18), SOs4(30), SO,,(42) algebras (two each)
besides SO,(15) and SO, (27) algebras in sdgIBM-3. All these are pairing algebras with a
corresponding SU(1, 1) algebra for each of them. Thus, in IBM-3 there will be large number
of SU(1,1) class of pairing algebras. It is challenging to investigate the various structures
that they generate.

6.2.2. Multiple Sp(6) Pairing Algebras with U(Q)) D SO(Q)

In order to identify the second class of pairing algebras, let us first decompose the
space into orbital part and isospin part giving U(3Q2) D [U(Q D SO(Q)] ® [SU(3) D
SO7(3)] algebra. Generators of U(Q)), SO(Q)), SU(3) (and U(3)) and SO7(3) are identified
following the results in [55],



Symmetry 2023, 15, 497

50 of 57

U(Q) : hi(l, &) = V3ugg(6y, )
SO(Q) : ufg(6,0),L=o0dd, VE(l;, ) with i <j
Vit ta) = N2 {”5,'8(51,52) +a(ly, b) (=) ugg (6, 51)}

u@s) : glﬁz;./(zul)ug;ﬁ(&@;k:o,l,z (147)
Su@) : gk, k=12
SOr(3) : Thp=V2g,
U1) = A=Y \/320+1)ugg(4,0).
l

Note that «(¢1,¢,) = +1 and these are fixed by identifying the pairing algebra that
is complementary to the SO(Q) algebra. For a pair coupled to angular momentum zero,
symmetric nature of the wavefunctions with respect to U(3Q)) show that the isospin K of
the pairs will be K = 0,2 (K = 1 is forbidden due to symmetry). Therefore, we have six
pair-creation operators given by

0,K
K __ A . _ —
Pk _24 B/ (20+1) (bﬂbﬂ)w, K=02, By==1. (148)

Now, the 21 operators PS’Z, [Pg’z]‘L, g,ljz and 71 generate the Sp(6) pairing algebra for
each {B} set. Thus, we have multiple Sp(6) pairing algebras and they will be complemen-
tary to the SO(Q)) algebras given above provided

N = (D)8 B, a(ly, b)) = (=1)aT2H g, B, 01 # 4. (149)

with this we have the important relation,

_ K K T
= K:oz,z;yp’* () (150)
= G (U(Q)) — C(SO(Q)) — ..

The quadratic Casimir operators appearing here are given by

GUQ)) = Y (1)t Rl ey, 0) BB (6, 4)

R (151)
C(s0(Q) = 2 Y uk o) ut 0+ Y VG, L) VR, G).

¢, L=o0dd U<l L

Besides these, C2(U(3)) = Yy—0128" - 8" C2(SU(3)) = (3/2) Lk-12¢" - ¢* and
C2(SO7(3)) = 2¢' - ¢'. Finally, given m number of bosons, the irreps of U(Q) will be
three-rowed Young tableux {f1, f2, f3} with fj > f > f3 > 0and f; + f» + f3 = m. Simi-
larly, the U(3) irreps are labeled by the same { f} = {f1, f2, f3} and those of SU(3) then are
(A, u) = (fi — fa, f2 — f3). Given a three-rowed U (Q)) irrep, the SO(Q)) irreps will be also
maximum three-rowed and denoted by [w]| = [w1, wp, w3]. With this we have the states
|m,{f}, [w] : (A, u)Tmr ) and the reductions for { f} — [w]and (A, ) — T follow from the
rules given in [53,116,119,135,139]. It is important to recognize that the Sp(6) algebra we
have is a non-compact Sp(6, R) algebra [118]. The irreps of Sp(6) are labeled by three num-
bers (A1, Az, A3) and they will be in correspondence with [w1, wy, w3] via Equation (150).
Moreover, with Sp(6) pairing we have the algebra Sp(6) D [SU(3) D SO7(3)] @ U(1). This
algebra need to be analyzed in detail in future. Finally, by grouping the ¢ orbits in different
ways, it is easy to recognize that there will be large number of Sp(6) algebras in IBM-3. For
example, in sdgIBM-3 there will be Sp(6) algebras that correspond to U;(18) D [Usy(6) D
SOs4(6)] ® [SU(3) D SO7,(3)], Usg(30) D [Usg(10) D SOs(10)] @ [SU(3) D SO7,,(3)]
and so on.
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6.3. Summary

Multiple SO(8) pairing algebras appear with LS-coupling in shell model and they
allow for both isoscalar and isovector pairing terms in the Hamiltonian. The SO(8) algebra
generates three subalgebras with each having a correspondence with a algebra chain
that starts with the SGA U(4Q)). In Section 6.1 these are briefly discussed along with a
method to construct H matrices in a two-orbit example assuming SO(8) seniority zero
in the two-orbits. Using this system, it is shown that two-nucleon transfer distinguishes
the two SO(8) pairing algebras possible although the energy spectra are same. More
detailed investigations of the multiple SO(8) pairing algebras are possible by developing
further the corresponding Wigner-Racah algebra. An alternative is to employ nuclear shell
model codes as attempted in [140,141] or use the Richardson-Gaudin method as discussed
in [142]. Turning to boson systems, described briefly in Section 6.2 are the two different
types of pairing algebras in IBM-3 (or IBM-T). The first one operates in the total 3() space
giving SU(1, 1) pairing algebra in correspondence with the U(3Q2) D SO(3Q)) algebra. The
other one is a Sp(6) pairing algebra in correspondence with SO(Q) in the direct product
subalgebra U(3Q)) D [U(Q) D SO(Q))] ® [SU(3) D SO (3)]. In the multi-orbit situation
(as in sd, sdg, sdpf etc.), there will be multiple SU(1,1) and Sp(6) pairing algebras. These
algebras need to be investigated in further. Let us mention that the SO(8) and IBM-3
pairing algebras are important for heavy N = Z nuclei.

7. Conclusions and Future Outlook

Pairing plays a central role in nuclear structure and it is essential for many exotic
processes such as for example double beta decay. From the point of view of symmetries,
pairing algebras are a topic of investigation for many decades. In shell model for identical
nucleons, the pairing algebra is SU(2) and similarly for nucleons with isospin it is SO(5).
Furthermore, LS coupling gives SO(8) pairing algebra. In the same way, pairing algebra for
identical bosons in the interacting boson models is the non-compact SU(1,1) algebra and
F-spin gives SO(3,2) algebra. However, in the multi-orbit situation the pairing algebras are
not unique and recently it is recognized that we have the new paradigm of multiple multi-
orbit pairing algebras SU(2), SO(5) and SO(8) within shell model and SU(1,1), SO(3,2)
and Sp(6) within interacting boson models. In the present paper, a review of the results
for multiple multi-orbit pairing algebras in shell model and interacting boson models
is presented. In Section 2 results are presented for SU(2) pairing algebra for identical
nucleon systems in shell model and in Section 3 for SU(1, 1) pairing algebra for identical
bosons in interacting boson models. Similarly, in Sections 4 and 5 results are presented
for SO(5) pairing algebra for nucleons with isospin in shell model and SO(3,2) pairing
algebra for bosons with F-spin in the interacting boson models. As seen from the results
presented in Sections 2-5, clearly a given set of multiple pairing algebras generate the same
spectrum but different results for properties such as EM transition strengths, two-nucleon
transfer strengths and so on that depend on the wavefunctions. In the final Section 6, the
more complex multiple SO(8) pairing algebras in shell model with LS-coupling and the
two classes of pairing algebras in interacting boson models with isospin T = 1 degree of
freedom are briefly described. Here the algebras need much more further development.
Summarizing, Table 12 gives the list of main cases of complementary algebras described in
the present review. Let us add that, although we have discussed only IBM-1, IBM-2, and
IBM-3 models, it is also possible to consider multiple pairing algebras in IBM-4, interacting
boson model with spin-isospin degrees of freedom [21,55,56]. The algebras here will be
much more complex and they will be discussed elsewhere. In addition, multiple multi-
orbit pairing algebras each generating a pairing Hamiltonian and combining this with
the quadrupole—quadrupole (Q.Q) Hamiltonians generated by multiple SU(3) algebras
(both in shell model and interacting bosons models [67-69]) will give multiple pairing
plus Q.Q Hamiltonians. Nuclear structure studies using these new class of pairing plus
Q.Q interactions will be interesting. Finally, it is our hope that the results presented in
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this review will lead to much further work on multiple pairing and also multiple SU(3)
algebras in future.

Table 12. Summary of pairing algebras considered in this article. See Sections 2—6 for details. Note
that SGA stands for spectrum generating algebra.

Nature of Complementary
Model . SGA Pairing Algebra Number-Conserving
Constituents
Algebra
j — j coupling identical nucleons U(N) Su(2) Sp(N) in
shell model U(N) O Sp(N)
Interacting identical bosons uQ) su(1,1) S0(Q)
boson models (IBM-1) inU(Q) D SO(Q)
j — j coupling nucleons uQ) 50(5) Sp(Q)inU(2Q)) D
e [U(Q) > Sp(Q)]
shell model with isospin SU7(2)
Interacting bosons with uQ) 50(3,2) S0(Q)inU(2Q) D
g o [uQ) >soQ)e
boson models (IBM-2) F-spin SUF(2)
L — S coupling nucleons u(4Q) SO(8) with; S0(Q) in
shell model with isospin 3 limits-Equation (134) 3 limits-Equation (135)
Interacting bosons with u(sQ) su(1,1) 50(3Q))
boson models (IBM-3) isospin T =1 in U(3Q2) D SO(30)
Sp(6) SO(Q) inU(3Q) D

Q) > soQ)] @
[SU(3) > SOr(3)]
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Appendix A

Let us consider identical bosons in r number of ¢ orbits. Now, given the general
pairing Hamiltonian

H,(,; = ;(—:gﬁ? +8BsB

1 (A1)

S8 =Y xs(o), sE(0) = b} -],

l
itwillinterpolate U(N') D SO(N') D Yy SO(N)@ pairing algebra and U(N) D Y, [U(Ny) D
SO(N})]® pairing algebra for arbitrary values of x,’s and €,’s. Matrix representation for the

Hamiltonian H 5’ is easy to construct by choosing the basis

— B B . \jB B . B B
@ — Ngl,wzl,txgl, Nez,CUez,ﬂC[Z,. . .Nér,CLJér,ngr> (Az)
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where a, are additional labels required for complete specification of the basis states (they
play no role in the present discussion) and total number of bosons N® = ¥, N, KB. The first
term (one-body term) in HE is diagonal in the @ basis giving simply Y, €,N£. The second
term can be written as

+ Z XgixngE_(gi)Sli(éj) . (A3)

SBsB — [ZWZSE(@)S’E(@
Gi#L

14

In the basis ®, the first term is diagonal and its matrix elements follow directly from
Equation (36) and it is the second term that mixes the basis states ®’s. The mixing matrix
elements follow from,

SB(6:)SE (¢)) ’Né,wgaeﬁN}i,wz,% >
1
_ B_ . .B B B, .B B_ B B B, B
T4 \/(Nﬁj B wfj) (204‘ * ij twg T 2) (Nfi Wt 2) (20@ + N+ wff) (Ad)
‘Ng +2,w20cgi;NéBj —2,w§j,acg],> .

It is important to note that the action of H 1(7; on the basis states @ will not change the w E
quantum numbers. For boson numbers not large, it is easy to apply Equations (A3) and (A4)
and construct the H§ matrices. It is easy to extend the above formulation to fermion systems
and also for the situation where two or more orbits are combined to a larger orbit. The later,
for example for sdgIBM gives U(15) D SO(15) D SO44(6) ® SOg(9) and U(15) D [U(6) D
SO(6)] @ [U(9) D SO(9)] interpolation [similarly with SO,4,(14) and SOs¢(10) algebras].
Finally, it is also possible to use the exact solution for the generalized pairing Hamiltonians
as given by Feng Pan, Draayer and others; see [19] and references therein.
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