Letters in Mathematical Physics (2025) 115:12
https://doi.org/10.1007/s11005-025-01896-2

n

Check for
updates

New combinatorial formulae for nested Bethe vectors Il

Maksim Kosmakov'® - Vitaly Tarasov?

Received: 7 November 2024 / Revised: 19 December 2024 / Accepted: 3 January 2025
© The Author(s) 2025

Abstract
We give new combinatorial formulae for vector-valued weight functions (off-shell
nested Bethe vectors) for the evaluation modules over the Yangian Y (gl,)).
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1 Introduction

In this paper, we construct new combinatorial formulae for vector-valued weight func-
tions for evaluation modules over the Yangian Y (gl,,). The weight functions, otherwise
called (off-shell) nested Bethe vectors, are quite important in the theory of quantum
integrable models and representation theory of Lie algebras and quantum groups. Their
initial definition originates in the framework of the nested algebraic Bethe ansatz, an
ingenious technique to find eigenvectors and eigenvalues of transfer matrices of lattice
integrable models associated with higher-rank Lie algebras [4, 5]. An excellent review
of the algebraic Bethe ansatz can be found in [18, 19]. The results of [5] have been
extended to higher transfer matrices in [10].

On the other hand, the vector-valued weight functions are an essential part of
construction of hypergeometric solutions to the quantized (difference) Knizhnik—
Zamolodchikov equations [9, 23]. They also appeared in various related problems
[3, 11, 24, 25]. In the last decade, the weight functions were connected to the stable
envelopes for cotangent bundles of partial flag varieties that are particular examples
of Nakajima quiver varieties, see [14—17, 26].

For various problems, it is desirable to have sufficiently explicit expressions for
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vector-valued weight functions for tensor products of evaluation modules over Y (gl,,).
Such expressions can be constructed in two steps. The first one is to deal with a single
evaluation module and the second one is to merge expressions for individual evaluation
modules into an expression for the whole tensor product. In this paper, we will consider
the first step of this construction. The second step is fairly standard, see Theorem 3.5
in [22].

An evaluation Y (gl,,)-module is the pull-back of a gl,-module via the evaluation
homomorphism Y (gl,,)) — U(gl,), see Sect.2. The goal in general is to expand the
vector-valued weight function for the evaluation Y (gl,,)-module in some natural basis
of the underlying gl,-module and find expressions for the coordinates. For Verma
modules over gl,, such kind of expressions were written in [22]. In this paper, we give
a generalization of formulae from [22].

Combinatorial formulae for the vector-valued weight functions associated with the
differential Knizhnik—Zamolodchikov equations were developed in [1, 7, 8, 13, 20,
21].

The expressions for weight functions in [22] are based on recursions induced by the
standard embeddings of Lie algebras, gl; @ gl,,_; C gl, and gl,_; ®gl; C gl,. The
recursions allow one to write down weight functions for Y (g[,,) via weight functions
for Y (gl,_1). This results in formulae for coordinates of weight functions in bases of
Verma gl,,-modules of the form

(TTei7v. mij e 250}, (1.1)

i>]

where e;; are the standard generators of gl,,, v is the highest weight vector, and a
certain ordering of noncommuting factors e:.n.” in the product is imposed. The ordering
is determined by a chain of embeddings gl; & --- @ gl; C - -- C gl,,, where the k-th
element of the chain is induced either by the embedding gl; @ gl,_; C gl; or by the
embedding gl;_; @ gl; C gl;. For instance, the chain

gl ®---dgl; Cghdgli®---Bgl; C--- Cgl, 2Dl Bgly Cgl,1Bgl C gl
yields the orderings
e is to the left of e} if i > kori =k, j > 1,
while the chain
gl ®---@gly Cgli®---®gl1®gl, C--- Cglydgl Bgl,» C gly@gl,—; C gl,
yields the orderings
M|

e:';ij is to the left of e}, if j <lorj =1,i <k.

These two orderings are examples of normal orderings of the factors e:n.U correspond-

ing to normal orderings of positive roots of the Lie algebra gl,,. An ordering is called
. . . Mmig - mjj

normal is for any i > j > k, the factor e;;" is located between the factors ¢, ; and

mijk
ejk .
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Formulae established in [22] do not cover all normal orderings of noncommuting
factors in (1.1). The first example occurs at n = 4 and looks as follows,

m3p M3\ M4y m4ay _may  mi43 .
{632 €31 €4 €41 €21 €3 Vs mij EZ20}- 1.2)

This example and similar ones for n > 4 are important in applications, see for instance
[8].
To enlarge the set of covered orderings, we consider recursions based on embed-
dings
gl,, ®gl,_,, Cgl, with 1l<m<n-—1.

For instance, the embedding gl, & gl, C gl, yields example (1.2). We worked out
example (1.2) in detail in our previous paper [6]. In this paper, we consider the general
case. The reasoning is very similar to the gl case, and we suggest taking a look into
[6] to clarify technicalities if needed.

The main result of the paper is Theorem 5.5. It gives an expression for the weight
function for Y (gl,,) via the weight functions for Y (gl,,) and Y (gl,_,,). Form = 1
and m = n — 1, Theorem 5.5 becomes, respectively, Theorem 3.3 and Theorem 3.1
in [23].

Unlike [22], we will consider only the case of weight functions for Yangian modules
(the rational case). The weight functions for modules over the quantum loop algebra
U, (gl,), the trigonometric case, cannot be dealt with by our current approach because
of essential noncommutativity of g-analogues of the generators e;;, i > j. For
instance, the obstacle in example (1.2) comes from the relation

—1
eqe3) —e3reqr = (g —q~ )eneq)

that holds in the trigonometric case. This kind of obstruction does not show up in [22],
but prevents one from extending the reasoning used in this paper to the trigonometric
case.

An alternative approach to get explicit expressions for the vector-valued weight
functions in the trigonometric case was developed in [2, 3, 12]. It is based on con-
sidering composed currents and half-currents in the quantum affine algebra and their
projections on two Borel subalgebras of different kinds. Although currents and half-
currents are rather complicated expressions in the original generators of the quantum
affine algebra, their commutation relations turn out to have a simple form in certain
cases. This approach allows one to recover combinatorial expression for vector-valued
weight functions in evaluation modules in the trigonometric case obtained in [22]. It
is an interesting question to obtain trigonometric analogues of new combinatorial
expressions for vector-valued weight functions developed in this paper within the
composed currents approach. This might require working out commutation relations
of composed currents with interlacing indices, like F3 1(f) and F4 2(¢) in the notation
of [3].
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2 Notations

We will be using the standard superscript notation for embeddings of tensor factors
into tensor products. For a tensor product of vector spaces V1 @ V2 ® - - - ® Vi and an
operator A € End(V;), denote

AD = 190D @ A @19*D c End(Vi @ Vb ® - -+ ® Vp).

Also, if B € End(V;), i # j, denote (A ® B)") = ADBU) etc.
Fix a positive integer n. All over the paper we identify elements of End C" with
n X n matrices using the standard basis of C". That is, for L € End C" we have
L= (L) where L¢ are the entries of L. Entries of matrices acting in the

a,b=1’
tensor products (C"®k are naturally labeled by multi-indices. For instance, if M €

_ by"
End (C* @ C"), then M = (M?d)a,b,c,d=1‘

The rational R-matrix is R(u) € End(C" @ C"),

1 n
R(u) = 1+; E Eap ® Epa, 2.1)
a,b=1

where E;, € End (C") is the matrix with the only nonzero entry equal to 1 at the
intersection of the a-th row and b-th column. The entries of R(u) are

1
REG @) = bacdha + —BadSpe. (2.2)
The R-matrix satisfies the Yang—Baxter equation
R — )R w)R® (v) = R )R (u) RI? (u — v).

The Yangian Y (gl,,) is a unital associative algebra with generators (Tb“){s} ,a,b=
I,...,n,and s = 1, 2, .... Organize them into generating series:

o0
Tow) =8+ Y (T8) u™, ab=1,....n. (2.3)

s=1

The defining relations in Y (gl,,) are
=) [T} ), T4 ()] = T @) T (v) — T (0) Ty (u) (24
foralla,b,c,d =1, ..., n.
Combine series (2.3) into a matrix 7 (1) = ZZ,};:] Eqp ® T, (u) with entries in
Y (gl,,). Then, relations (2.4) amount to the following equality
R w - ) TYw)T®w) = TP )TV @)RM (u — v),

where TO ) =37, | Ep® 1 QT () and TP () =30 )| 1® Eap @ T (v).
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The Yangian Y (gl,) is a Hopf algebra. In terms of generating series (2.3), the
coproduct A : Y (gl,,) — Y(gl,) ® Y(gl,,) reads as follows:

A (T (w)) =ZTI§(M)®T:(M), a,b=1,...,n. (2.5)

c=1

Denote by A Y(gl,) — Y(gl,) ® Y(gl,) the opposite coproduct

n
ATfw) =) T Tyw), ab=1,....n (2.6)
c=1
Fix a collection of nonnegative integers &1, &, ..., &,—1.Set§ = (&1, &2, ..., &—1)

andé? =& +---+&,,a = 1,...,n—1.Considerthevariablestlfl, a=1,...,n—1,
i=1,...&. We will write

=y, =t h. 2.7
We will use the ordered product notation for any noncommuting factors X1, . . ., X,
— <«
[] xi=x1x2... X4, [] xi = XeXeon - X0
I<i<k 1<i<k

Consider the vector space (C")®¢ "' and define

LUl . - . . [k, j1 .
Te)H)= [] 7¢ Pa). R 4)
1<k<E;

<«

i s

1<i<g © I<I<E;

where we view 7¢’ ™' 5 (t,{) as a matrix with entries in ¥ (gl,,) acting on (/! +k)-th
copy of C" in (C")®%"™". For the expression

~ 1] [n—1] A = l,jl ..
Tet)= T@h... T @) ]_[ ]_[ R(t’,t!)), (2.8)
1<i<n—1 N 1<j<i
denote by Bg (¢), the following entry

~ 161,28, .. n—15n—1
BS = (TE (t))zélyyéz, .“’Zgnfl ’ 29)
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where
1922 m=-D%1=1,1,...1,2,2,...2, ....n—1,n—1, ..., n—1,
e
& & &l
20 38 opbt =202 .233,....3, ....n,n, ..., n.
gl %—2 gnfl

To indicate the dependence on n, if necessary, we will write ]B%(") (1).

There is a one-parameter family of automorphisms py: Y (gl,) — Y (gl,) defined
in terms of the series T (1) by the rule o, T (u) = T (v — x), where in the right-hand
side, each expression (1 — x)™* has to be expanded as a power series in !

Denote, by eup, a,b = 1, ..., n, the standard generators of the Lie algebra gl,. A
vector v in a gl, -module is called singular of weight (A', ..., A") if egv = 0 for
alla < band e,qv = Agvforalla =1, ..., n.

The Yangian Y (gl,) contains the universal enveloping algebra U (gl,,) as a Hopf
subalgebra. The embedding is given by the rule e, — (Tab)“} foralla,b=1,...,n.
We identify U (gl,) with its image in Y (gl,)) under this embedding.

The evaluation homomorphism €: Y(gl,) — U(gl,) is given by the rule e:
(TH(u) > Sap + epau” ! for all @, b = 1, ..., n. Both the automorphisms p, and
the homomorphism € restricted to the subalgebra U (gl,,) are the identity maps.

For a gl,,-module V, denote by V(x) the Y (gl,)-module induced from V by the
homomorphism € o p,.. The module V (x) is called an evaluation module over Y (gl,,).

A vector v ina Y (gl,,)-module is called singular with respect to the action of Y (gl,,)
if Tb“ (u)v =0forall 1 < b < a < n. A singular vector v that is an eigenvector for
the action of Tll (#),...,T}(u) is called a weight singular vector, and the respective
eigenvalues are denoted by (Tl1 @)v), ..., (T} (w)v).

Example Let V be a gl,-module and v € V be a gl,-singular vector of weight
(Al, - A”). Then, v is a weight singular vector with respect to the action of Y (gl,,)
in the evaluation module V (x) and (Ta“(u)v) =14+Au—-x)"Ya=1,...,n

For k < n, we consider two embeddings of the algebra Y (gl;) into Y (gl,,), called
¢k and Yy

o (T ) = (T ), Y (TR )y = (T W)y~ ()
(2.10)
a,b=1,... k. Here (T(k>(u))z and ((T<”>(u))z are the series 7, (u) for the algebras
Y (gli) and Y (gl,,), respectively.

3 Splitting property
Let Ta(;)(u) be series (2.3) for the algebra Y (gl,), and R""(u) be the corresponding
rational R-matrix, see (2.1). For the rest of the paper, we fix integers m and n, 1 <

m <n.
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Consider Y (gl,,_,,)-module structure on the vector space C"~™ given by the rule
() T ™ W) > (u—x) "R (u — x). (3.1

Let vy, va, ..., Vv, be the standard basis of the space C*~™. The Y (g!,,_,,)-module
defined by (3.1) is a highest weight evaluation module with gl,,_,, highest weight
(1,...,0,0) and highest weight vector v;.

Consider Y (gl,,,)-module structure on the vector space C™ given by the rule

@ @) T W) > (x —u)~! (<R<m>(x — u))(m)[z, (3.2)

where the superscript #, stands for the matrix transposition in the second tensor factor.

We denote the standard basis of the space C™ by wy, wa, ..., wy,,. The Y (gl,,)-
module defined by (3.2) is a highest weight evaluation module with gl,,, highest weight
O, ...,0, —1) and highest weight vector wy,.

For any Z € End(C"™™), set v(Z) = Zvy, and for any X € End(C™), set v(X) =
Xw,,. Recall the coproducts A and A, see (2.5) and (2.6), and the embeddings v, :
Y(gl,_,,) — Y(@l,), &m : Y(al,) — Y(gl,) given by (2.10). For any r, denote by
(AN® 2y (gl) — ¥ (@)D and (AP 1 y(gl,) — (¥(gl)® D the
corresponding iterated coproduct and opposite coproduct. Consider the maps

Ynom (1o x) 2 Y (@hm) = () @ Y (gl,,),

YUnem (X1, - x0) = W @id) o (T (x1) ® -+~ ® 7 (x%) @ Yn—m) 0 (A= B)

and .
b (x1, - x) 1 Y(ghy) = (CM)F @ Y(gl,),

b (31, - x) = (% @id) o (@ (1) ® -+ @ @ (Xk) ® P) 0 (AP,

For any element g € ((C”_m)®k ® Y(gl,), we define its components g?, b =
(b1, ..., by), by the rule

n

g= Y Vn® - ®Vy g
by,....bp=m+1
For any element 2 € ((C’”)®k®Y(g[n),wedeﬁneits components h*,a = (ay, ..., ax),
by the rule
m
h: Z Wa1®"'®wak®ha~
ap,...,ap=1
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Given nonnegative integers &1, ..., &,_1, and the variables t = (tll, e, g 1) see

(2.7), denote

E=(1, ... 860-1),

E=(, ... &),

E=Enitoon Bun),

t=(tl ottty -3)
b=t gL g ),

P= Ot ).

Recallthat &4 =&+ & +---+&,,a=1,...,n— 1.
Let V beagl,-module, x € C,and V (x) be the evaluation Y (g[,,)-module. Consider

a weight singular vector v € V (x) of gl,,-weight A = (A1, ..., A,). Thatis, we have
- A
Tiuwv=0 1<b<a<n, Tlv= wv, a=1,...,n.
u—x

We are interested in finding a formula for the vector Bg (¢)v, where B (¢) is given by
2.9).

Proposition 3.1 Let v € V(x) be a weight singular vector and & = (&1, ...,&,—1) be
a collection nonnegative integers. Then

Bew = 3T (6™ (B D)) (e (B D)) v, G4)
a,b

where the sum is taken over all sequencesa = (ay, az, ..., ag,), b = (b1, b2, ..., bg,),
suchthata; € {1,2,... ., m},bj e {m+1,m+2,...,n}foralli =1,...,&,, and

Ty =TT, ,T(tgl)zgz. (3.5)

Proof Using the definition of the maps v, (¢"*) and ¢, (t"), formula (3.4) can be
written as:

£
- I ) [m—1] [1]
Be(tyv =Y T(t")s [T [] R&.6H| T @ hH...Teh
a,b I<j<m 1<i<j ()
[m+1] [n—1] - — [jil oo
m+ n— Ji . .
x| T @*hH... T ¢ I [] Rl v,
m+1<j<n—1 m<i<j &
(3.6)
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where the sequences a, b are as in (3.4) and

G =05, (m=1" m (m+ DT (= 1)),
@) =2, ... .m"a, m+ DT (=1,
=5, . .. omb (m+ D5, (m+2)5t L ).
To prove formula (3.6), we take the definition of B¢ (¢)v following from formulas

(2.8), (2.9), and observe that using the Yang-Baxter equation, one can express Bg (£)v
as follows:

£
- Ljil) [m] [m=11  [1] [m+1]  [n=1] - [Jl]
Bg (t)v = [[ RfT T ..T T .. T ]_[ [ ®
1<i<j<m m+1<j<n—1 1<i<j 1}

3

In detail, that gives

mya ) ) La . i l m—1 y - y( )
Bew= Y Tamy | [[ JI R« 7@ TaHY,)
L4(y,a)

a,b.x,yz I<j<m 1<i<j

£5(x,b,2)
m+1ye n—1\e 0 e VA B i
XT @) gy - T )2 1_[ l_[ R @/, 1) v,

m+1<j<n—1 1<i<j £

3.7
where

x=D, o xmmy y =Wy = @D 20Dy,
x([)z(xl xél) (l)—(y,...,yél), (l)—(z,...,zé,),

T = TEITE)] . T, )’& T =T Ta)

s+1
LU

y.a)=(yV, . y" D e, m DT = D),
fs(x, ba Z) = (x(l)v . '1x(m71)9 b1 z(m+1)9 . '1z(n71)) k]

and the sum is taken over sequences a, b, x, y, z with entries belonging to {1, .. ., n}.

- [jil

The next step is to show that forevery j = m+1, ..., n—1,the product [ [, <i<j R
- ljil

in the second line of formula (3.7) can be truncated to Hm<i< j R and the sum over
X = (x(l), el x(’”’l)) reduces to a single term with x = (251, R mgm—'). This can
be done by induction on j. The key idea is to combine two observations. First, since
v is a weight singular vector, we have zj > s forall s =m + 1, . —l,and k =

., &. And second, the entries of R-matrix (2.1) have the property R“ %4 = SacOpa if

@ Springer



12 Page 100f20 M. Kosmakov, V. Tarasov

b > ¢, see formula (2.2). We have worked out this reasoning in detail for the gl,-case

in [6].
After the last step, formula (3.7) becomes

£
mya 0 o A J 4l 1 m—1,y=D 1,0®
Beyo= > Ta™i | [[ ] R«@.&) T, Ty

ab.y,z 1<j<m 1<i<j ¢
4(y.a) 3.8)

— —

t6(b.2)
Gil
xT(tmﬂ);(mH)...T(t"1);(,11)( I1 I1 R(t-’,t’)) v,

m1<j<n—1 1<i<j t

where
Lo(b,z) = (25, ...,mEn=1 b, 2D L (7D

Formula (2.2) for entries of the R-matrix implies that the entry

- > U,
(]_[1<j<m ngi<j )14(y " equals zero unless a; € {1,2,...,m} for all
. - W )

i =1,..., &, and the entry (Hm+1<j<n—1 Hl<i<j R )e3 equals zero unless
bie{m+1,m+2,...,n}forali =1,...,§&,. Therefore, the sum over a, b in

formula (3.8) reduces to the same range of summation variables as in formula (3.6).
Furthermore, the sums over y and z in (3.8) can be evaluated,

¢
T R 1 m—1,y"Y 1,y ®
YU IT [T ®Badh T ey - TE e
y I<j<m 1<i<j 0(y.a)
— — i b
i oo ey -
_ l‘[ H R ¢/, t) T ¢ H...T@)
I<j<m 1<i<j (a)
and
Ls(b,2)

- — il
S TE" iy TE D0 I1 [] R@.eH
¥4

m+1<j<n—1 1<i<j &
[m-+1] (n—1] - — [l o0
m+ n— J1 L.
= T ¢"*H... T ¢ I1 [] Ra'.e)
m+1<j<n—1 m<i<j '

Thus, we transformed formula (3.8) to formula (3.6). Proposition 3.1 is proved. O

Remark The statement of Proposition 3.1 holds for any singular vector v in any Y (gl,,)-
module.

Remark For &,, = 0, Proposition 3.1 takes the form
_ (m) - (n—m)
Be(t)v = g (BY" () viu (B ) v. (3.9)
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Notice that the transformation of formula (3.8) to formula (3.6) in the case &, = 0
remains nontrivial.

4 Weight functions

Fix a positive integer M. Consider a collection of nonnegative integers A =

(A1, ..., Am) such that Y )" A = M. SetA® = Y3 Ak, s = 1,...,m. Intro-
duce the variables u},...,u;, s = 1,...,m. Denote u* = (u},...,u};) and
u= (ul, e, um_l). Let J = (J1, ..., J) be a partition of{l, . M} into disjoint
subsets Ji, ..., J, suchthat |Jy| = A, k=1,....,m

Similarly, consider a collection of nonnegative integers 4 = (Um+1, - - -, Un), SUch
that )y = M.Set " = Y y_. Mk, r =m,...,n— 1 Introduce the
variables v{,...,v/’t,, r = m,...,n — 1. Denote v = (v{,...,vl’”) and v =
(v””‘l, e, v"‘l). Let I = (141, -- ., Iy) be a partition of {1, ..., M} into disjoint
subsets 1,41, . .., I, such that |Ij| =uj,j=m+1,...,n

~ Given partitions I, J as above, we define rational functions Uj(v; v™) and
Uj(u; u™) that will be extensively used later in this paper. Set

Ur(v; v™)

n—1

1 - I ! poo l
1 va +1 v, —u, +1
= [T 11 H <z_vz‘1> I1 ( ] d171 ) I1 bl — |
=m =

I=m+1a=1 Va = Ve d=1 Ya = Vg b=a+1 Up ~Va
0= 1) N0 [=D_0
=lq d a
“.1)
where the numbers 1( ) are defined as follows
n
(1) (l)
U L= <...<i').
k=I+1
Similarly, set
UJ(u;um)
1 -1 -1 1
_m A A ul—uil-l—l A 1 A ”é—“é"‘]
—HH H - ﬂ [ H ul — il ’
I=2a=1| o=l Ug —Uc Ld=1 g — Uy b=a+1 "a —Hp
N <P D=
“4.2)

(D)

where the numbers j.’ are defined as follows

)
UJk—{J“ <<l

@ Springer



12 Page 120f20 M. Kosmakov, V. Tarasov

For a function f (x1, ..., x;) of some variables, denote

o €Sk
Introduce the weight functions Wy (v; v") and W J(u; u™)

Wi (v; Um) = Symvm+1 m+1
1 Mm+

...Symvpl.—l’__ ol Ur(v; v"™), 4.3)

e U .
ERERE) s
uh

1

,,,,,

Wy u; u™) = SYMy1yt - SYMynet ot Uy (s u™), (4.4)
A TrTum—

Foro € Syyand J = (J1, ..., Jm), seto(J) = (o (J1), ..., 0 (Jp)). Similarly,
forl = (y,.... 1)), 0) =0 Uy),....,0y).Fora,b=1,...,n,lets, be
the transposition of a, b.

Here is the main property of the weight functions, see for instance [15].

Lemma4.1l Letz = (z1, ..., 2g,). Then,
Za+1 — Za
Wi (21,00 Zat1: a1 2y) = ——————— Wy, o (0 (V3 2)
Za+1 — Za — 1
1
- — Wi (v; 2),
Za+1 — Za — 1
~ Za — Za+1 ~
Wy (w21, 0 Zat1s 2as -0 28y) = —————— Wy, () (@3 2)
Za = Za+1 — 1
1

- Wy 2).
Za — Zat1 — 1

This property provides us with the tool for the proof of the main result of this paper,
Theorem 5.5.

5 Main theorem

The main result of this paper is Theorem 5.5 formulated at the end of this section. It
will be approached in several steps. We use the notation given in (3.3).

Definition 1 For a collection @ = (ay, ..., ag,) such that a; € {1,2, ..., m} for all
i=1,...,&,, we define a partition J (@) = (J1, ..., Jy) of {1, ..., &,} by the rule
Jy = {jlaj =1}. Denote | US_, J;| = {5, sothat we have &, = = {1 2 ... 2
1 =20.Denote & = (&1,---5Cm—1)-

For a collection b = (bl, o ,bgm) such that b; € {m + 1,m + 2, ..., n} for all
i=1,...,&,,wedefine a partition I (b) = (Ijy+1, ..., Ip) of {1, ..., &,} by the rule
I} = {ilb; =1}. Denote | U[_ | I;| = ns, so that we have & = 0y 2 My = ... 2
Nn—1 2 0. Denote n = (Mm+1, - -+, Mn—1)-
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Lemma 5.1 The correspondences a — J(a) and b +— I(b) are bijections.
Proof By inspection. O

Consider g € Z” -l r e Z’;gl, such that n; < & and ¢; < &; for all relevant
i, J.Set

=@ .. t)
_ m+l m+1 n—1 n—1
t[,]—( ""”1+1"' i h ""’tﬂn—l)’
m+1 tm+1 . tn—l tn 1
(77 i Vlm+1+1’ U 1’ T T+ e
m—1 m—1
[E ;] ( ISI Zl’ o tl ’ tSm 1=8m— l)
. J— 1. . m—1 = 1
b g = (t§1—§1+1""’t§1’ R S LRERRL 1>
Lemma5.2 For a given sequence b = (by,...,bs,), where b; € {m + 1,m +
2,...,n}, consider the corresponding partition I(b) and the decreasing sequence
=&, 2 NMmt+1 = -+ =2 np—1 as described in Definition 1. Denote n =
Mm+1s -+ Mn—1) € Z';(')"_l. Let v be a vector, such that T#(u)v = O, for
m<c<a<nandT v =1+ AW — )Y, ¢ = m,...,n. Then for

E—ne Z">Om ! we have

(V- m<t’">< " m(t))) H @h_nb), sym; [Urp) (fin ") L, g @0 ]

where Uy ) ( > t'") is given by formula (4.1) and

n—2 Na+1 & a+l _ta+1 n—1 mn x—{—Al
L@ =TI TT Il —e 11 i
a=m+1 i=1 j=n.+1 i J o l=m+li=1 l

(Bé’n—_nm (Ew,é’])) : (5.1

1 E—n ¢ 25", then (@™ (B (t))) =0,

Proof The statement coincides with Lemma 4.3 in [23] up to a change of notation. O

Lemma 5.3 For a given sequence a = (ay, ..., ag,), where a; € {1,2, ..., m}, con-
sider the corresponding partition J(a) and the increasing sequence {1 < {2 <
Cm—1 < &m = &p as described Definition 1. Denote { = ({1, ...,¢m—1) € Z’;al.

Let ¥ be a vector, such that Ty (u)0 = 0, for 1 < b < ¢ < m, and Tbb(u)ﬁ =
A+ Aw—x)"Ho,b=1,...,m. Then,foré —¢ € Z’;al, we have
(qb " (]Ba“”)(i)))aﬁ = ]ﬁ[; S m'[ﬁ G oL '(t')]ﬁ
m ] - & —o)! Ymi [ YI@ g gy t.

=1
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where ﬁ](a)(i(é_; iy t"™) is given by formula (4.2) and

m—2 Ea+1—Ta+1 & patl _ t;_l +1

ché(t) - 1_[1 l_[ l_[ lta+1_ta

= i=1  j=f,—na+1 i J
=1 1 I+1 (>-2)
moAInTl gy L —x4+A
§—i (m) (.
<[TT1 P (Bg,; (’[5—;]))'
I=1 i=0 & —i

IFé— ¢ ¢ 22", then (¢m(tm) (Bé’") (i)))aﬁ —0.

Proof The proof is similar to the proof of Lemma 4.3 in [23] with Corollary 3.4 there
replaced by Corollary 3.2 op.cit. O

Consider collections ¢ = (gsp: s =m +1,...,n, p=1,...,m) of nonnegative
integers and introduce

n m
nk(Q)Z Z Zqu, k=m+1,...,n—1,
s=k+1 p=1
5.3)

n

1
a@= Y. Y qp. I=1....m—1

s=m+1 p=1

Given & = (&1, ..., &,—1), define a set

n m
Qun=la=Gw: Y Yap=6r m@ <& a@ <& foralkl}.
s=m+1 p=1
5.4
In addition, for any g € Q,, ,, we consider the set Sq of all pairs (I, J) of partitions
I = Ups1,.-- 1), J = 1, ..., ) of {1,...,&,} with given cardinalities of
intersections,

Sg={Ud.D: |[LNTy|=gyp, s=m+1,....n, p=1,....m}. (55)

Notice that,
!
Ur:] Jr

|U’:=k+]lr| = nk(q), = §(q).
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Proposition 5.4 Let v € V(x) be a weight singular vector of gl,,-weight (A1, ... Ap).
Then,

n—1 1

. .
Bgmv:llllm_ > 101 1:[ —{a)' Il &=

qumn i=m+1 ] 1 b=m+1

x Sym; Sym; [L"’g(t)Lt,é(t) > Uyt g_p iyt (s tm)] v,
I,0)eS,
5.6)
where the sequences ) = (Nm+1, .., Mn—1) and & = (&1, ..., &m—1), are given by the
rule

T’kznk(q)v §l=§l(q)’ k=m+15'-'7n_17 l=15'~'am_1'

Proof Taking formula (3.4) for B (£)v, we apply Lemma 5.2 to the expression

b .
(1/fm D) ( e m>(t)>) v. Next we observe that the vector ¥, _,,, (Bé"__”m (t(n «S])) v
in the right- hand side of (5.1) satisfies the conditions for the vector ¢ in Lemma 5.3.
Applying Lemma 5.3 to the expression <¢m ™) (Bé (t))) Vim ( E (t(n,fs'])) v

we obtain

B (£)v = Z(T(tm)) Sym;

a,b

Sym [U‘](a)(t(é' ;g],t )Ul(b)( )7]7 ) ”’g(i)zcsg(i)]va

where (T (t'”)) is given by (3.5), while the partitions J(a), I (b) and the sequences

N = NMm+1s---501—1), &£ = (&1, ..., &m—1) are described in Definition 1.

On the next step, we use the bijection between the sequences a, b and the partitions
I, J,see Lemma5.1, to rewrite the sum Za p as the sum 3 1.J over pairs of partitions.
The latter sum can be further written as the double sum } /o = > jes, Over
collections g € Q,, , and pairs of partitions (I, J) € S,. Thus, we obtain

a(J)
Be (£)v = (T o )
T S S 0
q€Qmn (I, 1)eS,
x Sym; Sym; [Ul(a)(i(é—l,é]’ tm)UI(b) (i"["], tm) Lﬂf(t)L§§(t )i|v

where a(J), b(I) are the sequences corresponding to the partitions I, J.

a
Finally, we observe that in the module V (x) we have (T(tm)>b =11, J Z’l’ ]_[

m . The last expression and the product L (L, :(F) depend only on the
tl — X 77’§ (sg
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collection ¢ and can be moved out of the sum 3 ; ;). s, - Proposition 5.4 is proved. O

The next theorem is the main result of this paper. It will be proved in Sect. 6.

Theorem 5.5 Let v € V(x) be a weight singular vector of gl,-weight (Aq, ... A,)

and & = (&1, ..., &,—1) be a collection of nonnegative integers. Then,
Em m q'J m—1 1 n—1 1
Be(t)v = Sij_
d 0 qe%,:n . I_I;!H jl_[] qij! al:[l (&a — ¢a)! b:llq ép — 1p)! (5.7)

x Symgm Symy Symy [L, )L, @) Uyoliz_p 11 EUf (i, ") 96™ |v.

Here the set Q,, , is given by (5.4), Iy = (In+1, ..., 1), Jo = (J1,..., Jm) is
any pair of partitions of {1,...,&y,} such that (1o, Jo) € Sy, see (5.5), io =
(00mt1), - ., 00(Ip)), where oy € Sg,, is the longest permutation, oo(i) = &, —i+1,
the sequences 1 = (Mm+1s---5Mn—1), &€ = (1, ..., &m—1), are glven by the rule
e = nk(q), & = ¢(q) forallk, 1, see (5.3), theﬁmcttons L E(t tm) L; E(t t™)

are given by (5.1),(5.2), the functions Uj Fob) ( ) ¢ ), UJO(a)(t(E_;, i i") are given
by (4.1), (4.2), "= (tsm, R ll ) and

m -t —1
e =[] L
1<a<b<é, ¢ b

Remark For &, = 0, we have . = (0,...,0), ¢ = (0,...,0). Then
~ . N 5 . m _ ey (n—m) 3
U.]o(a)(t(:;-_;’g]:t ) = 17 Ulo(b) (t[ﬂlv t ) = 1» L”’E(t) = wnfm <B§ (t ))»
L ¢ g'(i) = ¢ (Bém (f )). Notice that ¥, (Bén_m(i’)) is a symmetric function

oftf,...,1f foreachs =m+1,...,n—1, while ¢, (]Bé"”(t' )) is a symmetric func-
tionof 1, ..., tép,, for each p = 1, ..., m — 1. Therefore, formula (5.7) for &, = 0

reduces to formula (3.9),

Be()v = ¢ (B &)) v (BY " (D)) v.
Remark For m = 1 after a minor simplification, formula (5.7) reads

&1 ,nl

Bg (v = l_[ Z H 2l H ($b Symtl Sym;
q

111

(2,6 Ur(iin. ) o' )] v

where the sum is over ¢ = (g2, ...,qn) € Z”>O such that g + --- + g, = & and
M =qpr1+---+qun <& forallb=2,...,n—1,while I = (12,...,1,,) is any
partition of {1, ..., &} such that |/;]| = ¢; for all j = 2,...,n. Thus form = 1,
Theorem 5.5 becomes Theorem 3.3 in [23].
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Similarly, for m = n — 1 after a minor simplification, formula (5.7) reads

En 1 — q/ el
_ ﬂ
Be(® = ﬂ;l D3 E 2! H B

X Symyn-1 Sym; [~ g(t)ﬁ (i (- ;,é]’tn_l) d’(tn_l):l v,

where the sum is over ¢ = (g1, ...,¢qn—1) € Z >0 ! such thatgy + -+ qn—1 = &n—1
and ¢, =q1+...+qq <&, foralla=1,...,n—2,while J = (Jl,...,Jn,l)is
any partition of {1, ...,&,_1} such that |J;| = ¢; foralli = 1,...,n — 1. Thus for
m =n — 1, Theorem 5.5 becomes Theorem 3.1 in [23].

6 Proof of Theorem 5.5

Throughout this section, we use the notation in Theorem 5.5. We will begin with two
auxiliary lemmas.

Lemma 6.1 Consider functions F(xi,...,x;) and G(x1,...,x1), k < [, such that
G(x1, ..., x1) is a symmetric function of x1, ..., xx and of Xg+1, ..., x. Then,
Sym,, o [Fxi, ..., x)G(x1, ..., x)]

1
=4 Sym, [(Symx1 ..... o FG, ., xk))G(xl, cee xl)].

Proof By inspection. O

Recall the weight functions Wy (v; ), W 7(u; z), see (4.3),(4.4), and the functions

L, ;@ ™), Z£,E~(i, ™) given by (5.1),(5.2).

Lemma 6.2 One has

n—1
. . 1 ..
Sym; [UI (t[,,], tm) Lr/,g(t )] = 1_[ 7]_ Sym; [WI ( tm) ”’E(t )] R
s=m+1
m—1 1
~ . vm. . ~ . vm. .
sym; [0 Gg_y 4y FE, 6] = [T svmi (W1t i I ).

o b

Proof Observe that forevery s =m+1, ..., n— 1, the function L” g(i') is symmetric

intj,..., ; and in t,7 IRTRER g-i Similarly, for every s = 1, . — 1, the function

L (f)isa symmetric in tl, el tg —t and in té eyl tS Then the statement

follows from the formulas (4.3),(4.4) by applying Lemma 6 1 several times. O
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Recall that for 0 € Sg, and a partition J = (J1,...,Jy) of {1,...,&,}, we

have o(J) = (6 (J1),...,0 (Jy)). Similarly, for I = (ly4+1,..., Iy), we have
O(I) = (U (Ier]) yeeey O (In))‘
The next proposition is the key point of the proof. Foracollectionz = (z1, .. ., 2g,),
set
Za —2p — 1
d(z) = H %.
1<a<b<g, 4

Proposition 6.3 One has

> Vo (En &) Won @ gy 3.0
O‘Eng (61)

= Sym [ Wou()Eia1 Wy G, 31, 20,

where oy is the longest permutation in Sg,,, 00(i) = &, —i+1,andz® = (z¢,,, ..., 21).

Proof Formula (6.1) can be written as:

Y Vo (fn2) Won Gy 4.0

UESE’TI
= D Woyy G EOWr gy 4 )P ET), (6.2)
mESE,,
= (Zx(1)s - - - » Zu(&y))- Then, the proof of formula (6.2) is literately the same as
that of formula (7.16) in [6] with Corollary 4.1 in this paper substituting Lemma 7.5
in [6]. m]

Proof of Theorem 5.5: First we apply Lemma 6.2 to formula (5.6) and get

m—1 n—1 1

qt/ 1
Z n l_[ H (a—8a)! Ca! 1_[1 (&b —mp)! 11!

qum n = =1

Em
Bet)v =[] t’"
=11

x Sym;Symt|: g(t)L ;@) > W,(t(HE "YW (£ tm)}u.
,J)sS
(6.3)
Notice that every pair (I, J) € S; can be obtained from an arbitrary fixed pair
(Lo, Jo) € Sy by the action of the symmetric group Sg,, . Therefore, the inner sum in
the right-hand side of formula (6.3) can be written in the following way,

D Wit ") Wyl g t™)
I,)eSs,;

H H T 2 Woun (i t") Woun (g o™

i=m+1 j=1 O'ESEm

6.4)
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Here ]_[i’ j (gi,j)! is the cardinality of the isotropic subgroup of the pair (1o, Jo).

Applying Proposition 6.3 for z = ¢" to the sum over permutations »_ . S in the
right-hand side of (6.4), we get
En l]i' n—l1 1
Beyv = [ 7 ZHH”H Il
—)! —1)! n!
=1 tl qumn =t ]_1 ij: (8a ;a) Sa! [— (&b —np)! np!

vim

X Symym Sym;Sym;[Ln;g(E)Z;g(i)VT’JO USSR
Wi i ) 2 [0

Finally, we use Lemma 6.2 once more to transform the symmetrization Sym; Symy; in
the last formula to the form in formula (5.7). O
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