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Abstract: We present a theoretical analysis of the experimental data reported by Ichikawa et al. on

the spatial distribution of ultracold neutrons in the Earth’s gravitational field above a mirror. The

data involve a projection onto a pixelated detector via scattering by a cylindrical mirror. Our study

includes a calculation of the theoretical spatial distribution of the probability density associated

with the quantum gravitational states of ultracold neutrons. Furthermore, we analyze this spatial

distribution using the Wigner function framework. Based on our analysis, we cannot confirm that

the experimental data reported by Ichikawa et al. correspond to the spatial distribution of quantum

gravitational states of ultracold neutrons.

Keywords: ultracold neutron; gravitational field

PACS: 03.65.Ge; 13.15.+g; 23.40.Bw; 26.65.+t

1. Introduction

Quantum gravitational states of ultracold neutrons in the gravitational field of the
Earth above a mirror have a long history [1–5] and have been experimentally observed
in several studies [6–15]. The experimental analysis of the spatial probability density
distribution for these quantum gravitational states has been extensively studied. Such
investigations typically involve measuring the free fall of ultracold neutrons onto a mirror,
as reviewed in [16–21].

Furthermore, transitions between quantum gravitational states of ultracold neutrons,
bouncing between two mirrors in the Earth’s gravitational field, have been experimentally
examined in [22,23]. Theoretical calculations of wave functions and binding energies
for quantum gravitational states of ultracold neutrons confined between two mirrors are
reported in [24] (see also [25,26]).

Recently, experimental data on the spatial distribution of ultracold neutrons in the
Earth’s gravitational field above a mirror, obtained by Ichikawa et al. [27], were interpreted
as representing the spatial distribution of quantum gravitational states. In their study,
the authors analyzed the vertical distribution of ultracold neutrons above a horizontal
mirror, as projected onto a pixelated horizontal detector. This was achieved by scattering
neutrons off a cylindrical mirror. The observed spatial modulation was interpreted as
the spatial distribution of quantum gravitational states. To support this interpretation,
the authors performed a theoretical analysis of the experimental data using the Wigner
function formalism [28,29].

In this paper, we analyze the spatial distribution of quantum gravitational states of
ultracold neutrons for the experimental setup employed by Ichikawa et al. [27]. Specifically,
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we examine the distribution in terms of: (i) the spatial probability density [30] and (ii) the
spatial distribution of the Wigner function [28,29] of these states. However, our theoretical
analysis indicates that the experimental data reported by Ichikawa et al. [27] do not
conclusively correspond to the spatial distribution of quantum gravitational states of
ultracold neutrons.

2. Experimental Setup of Ichikawa’s Experiment on Spatial Distribution of Quantum
Gravitational States of Ultracold Neutrons

The experimental setup for measuring the spatial distribution of ultracold neutrons
above a cylindrical mirror, shown in Figure 1, is adapted from [27].
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Figure 1. The experimental setup for measuring the spatial distribution of ultracold neutrons in the

Earth’s gravitational field above a cylindrical mirror [27].

According to [27], ultracold neutrons moving in the x-direction in spatial region II,
with a length LII = 192.1 mm between two parallel plane mirrors separated by a distance
hII = 0.1 mm, are prepared in a quantum gravitational state ψ̃(z, 0). This state is a mixed
state, expressed as ψ̃(z, 0) = ∑n′ ãn′(0) eiαn′ ψ̃n′(z, 0), where ψ̃n′(z, 0) are stationary pure
quantum gravitational states of ultracold neutrons. Here, n′ = 1, 2, . . . represents the
principal quantum number, and t = 0 corresponds to the time at which ultracold neutrons
are injected into spatial region II. The phases αn′ are random.

The equal population of quantum states arises from a thermal equilibrium and the
small energy differences between states at ultracold temperatures, leading to a nearly
uniform distribution of neutrons among the available states. The randomness of the phases
is attributed to decoherence, the preparation process, and the quantum measurement
process, all of which contribute to a lack of coherence between the phases of neutrons in
different quantum states.

The time evolution of ultracold neutrons in spatial region II for t ≥ 0 is described

by the wave function ψ̃(z, t) = ∑n′ ãn′(0) eiαn′ ψ̃n′(z, t). Here, ψ̃n′(z, t) = ψ̃n′(z) e−iẼn′ t,
where ψ̃n′(z) are real functions, and Ẽn′ is the binding energy of ultracold neutrons in the
n′-quantum gravitational state between the two mirrors.

The horizontal motion of ultracold neutrons can, in principle, be described by a plane

wave eipx x−iẼxt, where px = mnvx and Ẽx = p2
x/2mn represent the momentum and energy

of horizontal motion, respectively. This approximation is valid, as there are no significant
external forces or potential gradients affecting the neutrons horizontally, allowing them
to behave as free particles in that direction. The plane wave simplification effectively
represents particles with constant momentum, aligning with the conditions of horizontal
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motion for ultracold neutrons. This description simplifies the analysis of neutron behavior,
particularly in scattering and interference experiments.

The horizontal velocity vx of ultracold neutrons follows a nearly Gaussian distribution
centered at a mean value v0 = 9.4 m/s with a standard deviation ∆vx = 2.8 m/s [27]. Thus,
the wave function of ultracold neutrons in spatial region II is ψ̃px (x, z, t) = eipx x−iExt ∑n′

ãn′(0) eiαn′ ψ̃n′(z, t), with ∑n′ |ãn′(0)|2 = 1.
After traversing spatial region II, ultracold neutrons enter spatial region III, with a

length LIII = 7.9 mm, bounded by a mirror below. In this region, the stationary pure
quantum gravitational states are described by the wave functions ψn(z, t) = ψn(z) e−iEnt,
where En is the binding energy, and n = 1, 2, . . . denotes the principal quantum number.
The wave function of the mixed state ψ̃(z, t) transforms into ψ(z, t) = ∑n an(t0) eiβn ψn(z, t),
where βn are random phases. The coefficients an(t0) are defined as:

an(t0) = e−iβn ∑
n′

ãn′(0) eiαn′
∫ hII

0
ψ∗

n(z, t0) ψ̃n′(z, t0) dz.

At t = t0 = LII/v0, and the transition occurs between regions II and III. Integration is
performed over 0 ≤ z ≤ hII, as ψ̃n′(z, t) vanishes outside this range. The differences in
binding energies ∆Enn′ = En − Ẽn′ do not vanish because En ̸= Ẽn′ for any n and n′.

Finally, ultracold neutrons arrive at spatial region IV, where they move above a
cylindrical glass rod acting as a mirror [27]. The mechanism explaining the experi-
mental results from Ichikawa et al. [27] is as follows: neutrons with a momentum
px = mnv0 = 29.5(8.8)meV and a de Broglie wavelength λn = 2π/px = 42(13) nm scatter
off the cylindrical mirror as classical particles. This scattering projects impact parameters b
onto the Z-axis of the horizontal detector surface parallel to the x-axis. Since the impact
parameter b is weighted by |ψ(b)|2, the specific spatial modulation observed along the
Z-axis matches the results reported by Ichikawa et al. [27].

3. Impact Parameter of Scattering of Ultracold Neutrons as Classical Particles by
Cylindrical Mirror

Ultracold neutrons scatter off the cylindrical mirror with a momentum px = mv0 =
29.5(8.8)meV, corresponding to a wavelength λ = 0.42(13) nm. This wavelength is sig-
nificantly smaller than the characteristic scale of gravitational quantum states. Therefore,
ultracold neutrons interact with the cylindrical mirror as classical particles. The spatial dis-
tribution of ultracold neutrons along the Z-axis of the pixelated detector is determined by
the relationship between the impact parameter b, the scattering angle χ, and the geometric
parameters of the cylindrical mirror (R, α).

Figure 2 illustrates the scattering geometry for ultracold neutrons interacting with a
rigid cylindrical mirror, as described in the experiment by Ichikawa et al. [27]. The radius
of the mirror is R = 3 mm, and the angle α = π/9.

Based on the geometry shown in Figure 2, the impact parameter b can be expressed as
a function of the angle α and the azimuthal angle ϕ as follows:

b(α, ϕ) = R sin ϕ
√

1 − 2 cos α cos β + cos2 α,

where β is related to the scattering angle χ by β = χ/2.
The azimuthal angle ϕ and β are further related by:

cos β = cos α cos2 ϕ + sin ϕ
√

1 − cos2 α cos2 ϕ,

sin β = cos ϕ

(

√

1 − cos2 α cos2 ϕ − cos α sin ϕ

)

.
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Inverting these relationships, ϕ can be expressed as follows:

cos ϕ = − sin β
√

1 − 2 cos α cos β + cos2 α
,

sin ϕ = +
cos β − cos α

√

1 − 2 cos α cos β + cos2 α
.

Using these expressions, the impact parameter b in terms of the scattering angle
χ becomes:

b(α, χ) = R
(

cos
χ

2
− cos α

)

.

The maximal impact parameter bmax corresponds to the height of region II, hII = 0.1 mm,
which defines the minimal scattering angle:

χmin = 2 arccos

(

cos α +
hII

R

)

= 0.466 rad (χmin = 26.676◦).

The maximal scattering angle χmax is determined by the condition b(α, χmax) = 0, giving
the following:

χmax = 2α =
2π

9
(χmax = 40◦).

Thus, the endpoints of the interval B1B2 on the Z-axis are shifted with respect to points
C1 and C2, which correspond to the maximal and minimal scattering angles, respectively.
These shifts are calculated as follows:

C1D1 = (h + R(1 − cos α)) cot χmax = 3.79 mm,

C2D2 = (h + R(1 − cos α)− hII) cot χmin = 6.13 mm.

Points D1 and D2 are the projections of B1 and B2, respectively. As a result, the spatial
distribution of ultracold neutrons can be observed along the Z-axis in the following interval:

B1B2 = 2.34 mm.

Figure 2. Scattering of ultracold neutrons by a perfectly rigid cylindrical mirror as classical particles

in the experiment by Ichikawa et al. [27].
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4. Projection of Ultracold Neutrons with Impact Parameter b onto Z-Axis of
Pixelated Detector

As we have shown in Section 3, ultracold neutrons, moving with an impact parameter
b(α, χ) with a velocity v0, are projected by a cylindrical mirror onto the Z-axis of the
pixelated detector. We may define such a projection as follows:

Z =
h + R(1 − cos α)− b(α, χ)

tan χ
− h + R(1 − cos α)

tan χmax
, (1)

where Z = 0 for b = 0. Using the relations

tan χ =

(

cos α +
b

R

)

√

sin2 α − 2 cos α
b

R
− b2

R2

b2

R2
+ 2 cos α

b

R
+

1

2
cos 2α

, tan χmax = tan 2α, (2)

we obtain Z as a function of an impact parameter b

Z =
h + R(1 − cos α)− b

(

cos α +
b

R

)

√

sin2 α − 2 cos α
b

R
− b2

R2

(

b2

R2
+ 2 cos α

b

R
+

1

2
cos 2α

)

−
(

h + R(1 − cos α)
)

cot 2α. (3)

At b = 0 we obtain Z = 0. Then, taking into account the values of the parameters of
the experimental setup of Ichikawa’s experiment [27], we may approximate the impact
parameter b by the expression

b(Z) = R
sin2 α

2 cos α

Z(Z + 2Z0)

Z2
0

1

sin2 α(2 + 4 cos2 α − 4 cos3 α)

cos2 α(2 − cos α) cos 2α
+

(Z + Z0)
2

Z2
0

(4)

where Z0 = 3.79 mm. At Z = 2.34 mm, we obtain b = 0.101 mm. Thus, Equation (4) allows
to fit the maximal value of the impact parameter with an accuracy of about 1%. A derivative
db(Z)/dZ is

db(Z)

dZ
=

sin2 α

cos α

R(Z + Z0)

Z2
0

1 +
sin2 α(2 + 4 cos2 α − 4 cos3 α)

cos2 α(2 − cos α) cos 2α
(

sin2 α(2 + 4 cos2 α − 4 cos3 α)

cos2 α(2 − cos α) cos 2α
+

(Z + Z0)
2

Z2
0

)2
. (5)

Now, we are able to use the impact parameter b(Z) for the analysis of a spatial distribution
of ultracold neutrons by a pixelated detector.

5. Spatial Distribution of Energy Levels of Quantum Gravitational States of Ultracold
Neutrons Between Two Mirrors

For the subsequent analysis of the experimental data by Ichikawa et al. [27], it is nec-
essary to determine the distribution of quantum gravitational states of ultracold neutrons
within spatial region II. The energy levels of these states are defined by the roots of the
following equation [24]:

Ai(ξ̃n′)Bi
(

ξ̃n′ +
hII

ℓ0

)

− Ai
(

ξ̃n′ +
hII

ℓ0

)

Bi(ξ̃n′) = 0, (6)

where hII = 0.1 mm is the height of spatial region II, and ℓ0 = (2m2g)−1/3 = 5.87µm is
a quantum scale associated with the quantum gravitational states of ultracold neutrons.
Here, g represents the gravitational acceleration. The roots ξ̃n′ of Equation (6) define the
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energy levels Ẽn′ = −mgℓ0ξ̃n′ , where n′ = 1, 2, . . . is the principal quantum number, and
mgℓ0 = 0.602 peV.

The maximal number of quantum gravitational states n′
max is determined by the

condition −ξ̃n′
max

≤ hII/ℓ0. Setting −ξ̃n′
max

= hII/ℓ0 and recognizing that Ai(0) = Bi(0),
we arrive at the equation. For n′

max ≫ 1 and using the asymptotic behavior of the Airy
functions for −ξ̃n′

max
≫ 1, Equation (6) can be rewritten as follows:

sin
(2

3
(−ξ̃n′

max
)3/2

)

= 0, (7)

the root of which is given by:

πn′
max =

2

3
(−ξ̃n′

max
)3/2 ≤ 2

3

(hII

ℓ0

)3/2
. (8)

This defines the maximal number n′
max = (2/3π)(hII/ℓ0)

3/2 of the quantum gravita-
tional states of ultracold neutrons within spatial region II.

The same result, along with the spatial distribution of quantum gravitational levels
in region II, can be obtained using the quasi-classical approximation of quantum mechan-
ics [30]. In this approximation, the maximal number of quantum gravitational states of
ultracold neutrons in the spatial region 0 ≤ z ≤ hII is given by:

n′
max ≤

∫ hII

0

∫ p(z)

0

dpdz

π
=

1

π

∫ hII

0
p(z)dz =

2

3π

( hII

ℓ0

)3/2
, (9)

where p(z) =
√

2mg2(hII − z) =
√

hII − z/ℓ3/2 is the classical momentum of ultracold
neutrons.

Using Equation (9), we can determine the spatial distribution of quantum gravitational
levels in region II. This yields:

dn′(z)
dz

=
1

πℓ
3/2
0

√

hII − z. (10)

The probability distribution of quantum gravitational states within the spatial region
0 ≤ z ≤ hII is expressed as follows:

dP(z)

dz
=

3

2

1

h3/2
II

√

hII − z, (11)

where P(z) = n′(z)/n′
max. The probability P(z ≤ h) of finding quantum gravitational

states within the spatial region 0 ≤ z ≤ h is given by:

P(z ≤ h) =
∫ h

0

dP(z)

dz
dz = 1 −

(

1 − h

hII

)3/2
. (12)

These results allow us to calculate the expansion coefficients of the wave function for
the mixed state of ultracold neutrons in spatial region II.

In practice, these findings indicate that the spatial distribution of ultracold neutrons be-
tween two mirrors is entirely determined by their phase volume. This is further supported
by treating ultracold neutrons as an ideal non-relativistic classical gas, confined between
two mirrors in the spatial region 0 ≤ z ≤ hII, with a Maxwell–Boltzmann distribution
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function f (pz, z) in the phase volume at temperature T [31]. The Maxwell–Boltzmann
distribution function f (pz, z) is normalized to the total number of ultracold neutrons N:

N =
∫ hII

0

∫

E≥ p2
z

2m +mgz
f (pz, z)

dpzdz

2π
. (13)

For ultracold neutrons where T ≫ E, exp(−E/T) can be approximated by unity,
simplifying the calculation yields:

N ∝ 2
∫ hII

0

∫ p(z)

0

dpzdz

2π
=

1

π

∫ hII

0
p(z) dz, (14)

where p(z) =
√

2m(E − mgz). With energy conservation and p(hII) = 0 at z = hII, the
result is:

N ∝
1

πℓ
3/2
0

∫ hII

0

√

hII − z dz =
2

3π

( hII

ℓ0

)3/2
. (15)

This confirms the well-known result N ∝ h3/2
II [32]. The spatial distribution of ultracold

neutrons between two mirrors, normalized to the total number N, is given by:

dN(z)

dz
= N

3

2

1

h3/2
II

√

hII − z. (16)

The total number N(z ≤ h) in the spatial region 0 ≤ z ≤ h is expressed as follows:

N(z ≤ h) =
∫ h

0

dN(z)

dz
dz = N

(

1 −
(

1 − h

hII

)3/2)

. (17)

The spatial distribution of ultracold neutrons, as described in Equation (16), matches
the z-dependence of the spatial distribution of quantum gravitational energy levels.

6. Spatial Distribution of Probability Density of Quantum Gravitational States of
Ultracold Neutrons

According to [1], ultracold neutrons moving in the gravitational field of the Earth
above a mirror can exist in quantum gravitational states described by the wave functions
ψn(z), which are expressed as follows [1]:

ψn(z) =

Ai

(

ξn +
z

ℓ0

)

√

∫ ∞

0
dz
∣

∣

∣
Ai
(

ξn +
z

ℓ0

)∣

∣

∣

2
=

1√
ℓ0

Ai
(

ξn +
z

ℓ0

)

√

∫ ∞

0
dξ |Ai(ξn + ξ)|2

,

where ξ = z/ℓ0, ℓ0 = (2m2g)−1/3 ≈ 5.87× 10−3 mm, and g is the gravitational acceleration.
The roots of the Airy function, defined as Ai(ξn) = 0, determine the energy spectrum of
the quantum gravitational states as En = −mgℓ0ξn in region III for n = 1, 2, . . ., where
mgℓ0 = 0.602 peV. The spatial probability density distribution of ultracold neutrons in
a quantum gravitational state with principal quantum number n is given by |ψn(z)|2.
Alternatively, expressed in terms of the impact parameter b, the distribution is |ψn(b)|2,
where b depends on Z, i.e., b(Z) (see Equation (4)).

Consequently, the spatial distribution of the probability density of ultracold neutrons
along the Z-axis in the n′-th quantum gravitational state is given by:
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dWn(Z)

dZ
= |ψn(b(Z))|2 db(Z)

dZ
.

This spatial distribution is defined within the interval 0 ≤ Z ≤ 2.34 mm. It can be
shown that the integrated probability density over this range equals unity for the first
12 quantum gravitational states. For higher excited states, the probability decreases as
n′ increases.

The spatial distribution of quantum gravitational states of ultracold neutrons, as
measured by Ichikawa et al. [27], depends significantly on the wave functions of quantum
gravitational states in region II. Two possible constructions of these wave functions are
explored below.

As shown in [24], the wave function of the n′-th quantum gravitational state of
ultracold neutrons confined within 0 ≤ z ≤ hII (between two mirrors) is:

ψ̃n′(z) =
1√
ℓ0

Ai
(

ξ̃n′ +
z

ℓ0

)

Bi(ξ̃n′)− Ai(ξ̃n′)Bi
(

ξ̃n′ +
z

ℓ0

)

√

∫ hII/ℓ0

0

∣

∣

∣
Ai(ξ̃n′ + ξ)Bi(ξ̃n′)− Ai(ξ̃n′)Bi(ξ̃n′ + ξ)

∣

∣

∣

2
dξ

.

This wave function satisfies the boundary conditions ψ̃n′(0) = ψ̃n′(hII) = 0. The roots
ξ̃n′ of Equation (6) define the energy spectrum Ẽn′ = −mgℓ0ξ̃n′ for n′ = 1, 2, . . . in region II.
For hII = 0.10 mm, only the first 15 quantum gravitational states are allowed. Ultracold
neutrons exist in a mixed state, which is a superposition of these 15 states.

For instance, Figure 3 illustrates the wave functions of the first five quantum grav-
itational states in region II. These wave functions are highly sensitive to the precision
of the roots of Equation (6), and their computation requires precise numerical values of
these roots.
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Figure 3. (left) Wave functions of first five quantum gravitational states of ultracold neutrons in the

spatial region 0 ≤ z ≤ hII. (right) The probabilities p̃n′ = |ãn′ (0)|2 (blue dots) and P(ξ̃n′ ) (red dots) to

find the n′–quantum gravitational state of ultracold neutrons in spatial region II.

The coefficients of the wave function expansion in region III are determined by:

an(t0) = e−iβn

15

∑
n′=1

ãn′(0) eiαn′ ei(En−Ẽn′ )t0 ⟨ψn|ψ̃n′⟩,

where t0 = LII/v0 is the time at which neutrons transition between regions II and III, and

⟨ψn|ψ̃n′⟩ =
∫ hII

0 dz ψn(z)ψ̃n′(z).
Upon averaging over random phases, the spatial probability density distribution in

region III becomes:

dW(Z)

dZ
=

∞

∑
n=1

pn |ψn(b(Z))|2 db(Z)

dZ
,

where pn is the probability of finding the system in the n-th state, defined as follows:
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pn =
15

∑
n′=1

|ãn′(0)|2|⟨ψn|ψ̃n′⟩|2.

A comparison between the theoretical probabilities pn and those obtained experimen-
tally by Ichikawa et al. reveals significant discrepancies beyond the first two states (see
Figure 4). The experimental data from Ichikawa et al. [27] show discrepancies with the
spatial distribution of quantum gravitational states predicted theoretically. This conclusion
is supported by further analysis using the Wigner function (see Section 7).

x
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x

x

x
x

x
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x
x

x
x

x
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x
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pn
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Figure 4. The probabilities pn (blue dots) to find a n–quantum gravitational state in the mixed state

with n = 1, 2, . . . , 100 (left), compared to the probabilities from the paper by Ichikawa et al. [27] (red

crosses). The probabilities pn (right) show random oscillations for n > 20, which were not obtained

by Ichikawa et al. [27].

7. Wigner Function for Quantum Gravitational States of Ultracold Neutrons

In this section, we analyze the spatial distribution of quantum gravitational states of
ultracold neutrons using the Wigner function [28,29], as performed by Ichikawa et al. [27].
The Wigner function for the quantum gravitational states of ultracold neutrons in region III
is defined by [27]:

W(z, pz) =
∫ +∞

−∞
dξ ψ∗

(

z − 1

2
ξ

)

ψ

(

z +
1

2
ξ

)

e−ipzξ , (18)

where pz = mvx sin χ. The Wigner function W(z, pz) offers a quasi-probabilistic repre-
sentation of quantum states, describing their coherence in both position and momentum
space. The dependence on ] sin χ(Z) arises from the geometrical scattering conditions and
relates the vertical spatial distribution to the horizontal velocity component. By substituting
z → b(Z) (see Equation (6)) and sin χ → sin χ(Z), where sin χ(Z) is given by:

sin χ(Z) = 2

(

cos α +
b(Z)

R

)

√

sin2 α − 2 cos α
b(Z)

R
, (19)

and using the expansion coefficients ãn′(t0) and wave functions ψ̃n′(z), we rewrite the
Wigner function in the following form:
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W(Z, pz) =
∞

∑
n′=1

|ãn′(t0)|2
∫ +∞

−∞
dξ ψ̃n′

(

b(Z)− 1

2
ξ

)

ψ̃n′

(

b(Z) +
1

2
ξ

)

cos(mv0ξ sin χ(Z))

+ ∑
m′>n′=1

Re[ã∗m′(t0)ãn′(t0)]
∫ +∞

−∞
dξ

[

ψ̃m′

(

b(Z)− 1

2
ξ

)

ψ̃n′

(

b(Z) +
1

2
ξ

)

+ ψ̃m′

(

b(Z) +
1

2
ξ

)

ψ̃n′

(

b(Z)− 1

2
ξ

)]

× cos(mv0ξ sin χ(Z))

+ ∑
m′>n′=1

Im[ã∗m′(t0)ãn′(t0)]
∫ +∞

−∞
dξ

[

ψ̃m′

(

b(Z)− 1

2
ξ

)

ψ̃n′

(

b(Z) +
1

2
ξ

)

− ψ̃m′

(

b(Z) +
1

2
ξ

)

ψ̃n′

(

b(Z)− 1

2
ξ

)]

× sin(mv0ξ sin χ(Z)), (20)

where b(Z) is defined by Equation (6), and the coefficients |ãn′(t0)|2 and Re
[

ã∗m′(t0)ãn′(t0)
]

are given by Equation (21). The coefficients Im
[

ã∗m′(t0)ãn′(t0)
]

, averaged over random
phases αn, are as follows:

Im[ã∗m′(t0)ãn′(t0)] = sin

(

(

Ẽm′ − Ẽn′
) LII

v0

) 15

∑
n=1

|an(0)|2
∫ hII

0
dz′ ψ̃m′(z′)ψn(z

′)
∫ hII

0
dz ψ̃n′(z)ψn(z), (21)

where m′ > n′, hII = 0.1 mm, LII = 192.1 mm, and v0 = 9.4 m/s. The Wigner function
given by Equation (20) is plotted in Figure 5.
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Figure 5. The spatial probability density of quantum gravitational states after scattering by the

cylindrical mirror and detected by the detector in the region 0 ≤ Z ≤ 2.34 mm, demonstrating the

coherence properties encoded in the Wigner function (left). The spatial distribution of the probability

density of quantum gravitational states of ultracold neutrons (right) in spatial region III before

scattering by a cylindrical mirror, highlighting the gravitational quantization effects.

After integrating the Wigner function (Equation (20)) over velocities vx using a Gaus-
sian distribution, we obtain the following expression:

W(z, pz) =
∫ +∞

−∞
dξ ψ̃∗

(

z − 1

2
ξ

)

ψ̃

(

z +
1

2
ξ

)

exp

(

−1

2
∆v2m2ξ2 sin2 χ

)

cos(mv0ξ sin χ), (22)

where ∆v = 2.8 m/s is the variance in the horizontal velocities of ultracold neutrons.The
Gaussian approximation for the horizontal velocity distribution vx reflects the experimental
observations of ultracold neutron sources, where horizontal velocities exhibit a thermal
spread. The contributions of the crossing terms Re

[

a∗m′(t0)an′(t0)
]

and Im
[

a∗m′(t0)an′(t0)
]

are negligible due to strong oscillations and the smallness of their amplitudes. Numerical
simulations confirm that the oscillatory crossing terms average out over the integration
range due to their high-frequency behavior. This ensures their contributions to W(Z, pz)
are negligible relative to the diagonal terms.
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By replacing z → b(Z) and using Equation (6), we obtain the spatial distribution of
quantum gravitational states of ultracold neutrons in a pixelated detector in terms of the

Wigner function W(z, pz):

W(Z, pz) =
∫ +∞

−∞
dξ

∞

∑
n′=1

|ãn′(t0)|2ψ̃n′
(

b(Z)− 1

2
ξ
)

ψ̃n′
(

b(Z) +
1

2
ξ
)

× exp
(

− 1

2
∆v2m2ξ2 sin2 χ(Z)

)

cos
(

mv0ξ sin χ(Z)
)

. (23)

In Figure 6 we plot the Wigner function W(Z, pz) in the interval 0 ≤ Z ≤ 2.34 mm.
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Figure 6. A spatial distribution of the Wigner function W(Z, pz) (left) of quantum gravitational states

of ultracold neutrons, scattered by a cylindrical mirror and detected by a pixelated detector. The

distributions of ultracold neutrons (right) at a pixelated detector for the data (points and errors)

and for the prediction with the best fit parameters (lines) for the whole region (a) and the lower

Z′–region (b). n ≤ 50 eigenstates are considered in the calculation. The distributions with the selected

eigenstates are also shown in (b) (taken from [27]).

8. Discussion

The results presented in this work highlight significant discrepancies between the
theoretical predictions and experimental data on the spatial distribution of quantum gravi-
tational states of ultracold neutrons obtained by Ichikawa et al. [27]. While the theoretical
framework accurately predicts the probabilities pn and the corresponding wave functions
in both regions II and III, the experimental data deviate substantially from these expecta-
tions, raising questions about their interpretation. We summarize the following key points
and arguments:

1. Theoretical Consistency
The theoretical model relies on well-established quantum mechanical principles and
boundary conditions for wave functions in confined regions. The wave functions ψn(z)
and ψ̃n′(z) are derived rigorously using Airy functions, with roots calculated to a high
precision. Furthermore, the completeness relation ensures that the total probability
is conserved. This theoretical rigor results in spatial probability distributions that
are self-consistent and numerically stable, particularly for the first 100 quantum
gravitational states in region III.

2. Comparison with Experimental Data
The comparison between our theoretically derived probabilities pn and those reported
by Ichikawa et al. reveals agreement only for the first two quantum gravitational states.
Beyond these, the experimental probabilities deviate significantly, exhibiting trends
that are neither consistent with quantum mechanical predictions nor indicative of
random noise. These discrepancies suggest that the experimental data interpretation
may not accurately capture the quantum behavior of ultracold neutrons.

3. Unexplained Oscillations in High States
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The probabilities pn for higher quantum states (n > 20) exhibit random oscillations, as
predicted by our model, which are not observed in the experimental data by Ichikawa
et al. These oscillations arise naturally from the orthogonality of wave functions and
their overlap integrals, indicating a failure of the experimental setup to resolve or
detect higher-order quantum gravitational states accurately.

4. Sensitivity to Initial Conditions
The wave functions in region II, ψ̃n′(z), are highly sensitive to the precision of the
roots ξ̃n′ . This sensitivity impacts the probabilities |ãn′(0)|2 and their subsequent
propagation into region III. Our analysis shows that minute deviations in these roots
could lead to notable changes in the spatial distribution in region III. However, this
effect does not account for the observed experimental discrepancies, which are far
larger than what could be attributed to root precision.

5. Experimental Limitations and Systematic Errors
The experimental setup described by Ichikawa et al. might introduce systematic biases
that are not adequately accounted for:

• Beam Characteristics: The distribution of ultracold neutrons in the beam may not
perfectly correspond to the assumed probability distribution P(−ξ̃n′ℓ0), affecting
the initial conditions in region II.

• Detector Resolution: The pixelated detector used to project spatial distributions
in region III may have insufficient resolution to accurately measure higher-order
quantum states.

• Uncontrolled Environmental Factors: Gravitational gradients, vibrations, or mir-
ror imperfections in the experimental setup could distort the spatial distribution
of ultracold neutrons.

6. Reevaluation of Experimental Assumptions
The interpretation of Ichikawa et al. implicitly assumes that the spatial distributions
in region III directly reflect the mixed quantum state formed in region II. However,
the complex dynamics at the boundary between regions II and III may introduce
additional effects, such as decoherence or scattering, that are not accounted for in the
experimental analysis. Such effects could explain the observed deviations from the
theoretical predictions.

7. Wigner Function Analysis
As detailed in the previous section, the analysis of the Wigner function further sup-
ports the conclusion that the experimental data lack the expected quantum coherence.
The Wigner function analysis reveals that the observed spatial distributions are in-
consistent with the quantum mechanical predictions for mixed states of ultracold
neutrons. This suggests that the experimental data may be dominated by classical or
semiclassical effects, rather than pure quantum gravitational states.

In light of these arguments, it is evident that the experimental results reported by
Ichikawa et al. do not align with the spatial distributions predicted by quantum mechan-
ics for ultracold neutrons in gravitational fields. To resolve these discrepancies, further
experimental investigations are required, with particular attention to the following:

1. Enhanced precision in beam preparation and state initialization in region II.
2. Improved resolution and calibration of the pixelated detector in region III.
3. A detailed study of environmental influences and systematic errors.

Additionally, theoretical models should be extended to include potential decoherence
mechanisms and other perturbative effects that may arise at the interface between regions II
and III. Such efforts would provide a more comprehensive understanding of the dynamics
of ultracold neutrons in quantum gravitational states and bridge the gap between theory
and experiment.
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9. Conclusions

To construct a robust model for ultracold neutrons (UCNs) interacting with gravita-
tional fields and cylindrical mirrors, it is essential to incorporate simplifying assumptions.
A common assumption is that the UCN beam reaches a steady-state distribution. This sim-
plifies the analysis by focusing on the time-independent behavior of the neutrons. Typically,
the initial velocity distribution of UCNs follows a Maxwell–Boltzmann distribution at very
low temperatures, as reported by [27].

The interaction of neutrons with mirror surfaces involves complex phenomena such
as absorption, reflection, and scattering. To simplify the model, we assume that the
mirrors are ideal, perfectly reflective surfaces. This implies that neutrons undergo specular
reflection, where the angle of incidence equals the angle of reflection, with no energy
loss. This assumption is valid for mirrors that are smooth and highly reflective to UCNs,
which is typically achieved by using specialized coatings designed for neutron reflectivity.
By adopting this idealization, we avoid complications arising from microscopic surface
properties or inelastic scattering processes, making the boundary conditions tractable
mathematically.

We analyzed experimental data on the spatial distribution of quantum gravitational
states of UCNs obtained by Ichikawa et al. [27]. In their experimental setup, UCNs with a
horizontal velocity vx, following a Gaussian distribution with a mean velocity v0 = 9.4 m/s
and variance ∆v = 2.8 m/s, pass through three distinct regions:

1. A spatial region between two parallel mirrors (region II),
2. A spatial region above a mirror (region III),
3. A detection region, where UCNs are observed.

The cylindrical mirror projects UCNs from region III onto the detector.
Due to the small de Broglie wavelength of the neutrons, λn = 42(13) nm, compared to

both the distance between the two mirrors, hII = 100µm, and the radius of the cylindrical
mirror, R = 3 mm, the scattering of UCNs by the cylindrical mirror can be treated classically.
In this framework, the impact parameter b of a neutron corresponds to its vertical coordinate
z. For analyzing the spatial distribution of UCNs on the detector, we project the impact
parameter b onto the detector variable Z. For the experimental setup in [27], UCNs are
detected only within an interval ∆Z = 2.34 mm. The projection is defined such that UCNs
with b = 0 are mapped to Z = 0.

To calculate the probability density distributions of quantum gravitational states of
UCNs and the corresponding Wigner functions, we define the wave function of the mixed
state in region II as a superposition of 15 quantum gravitational states. The expansion
coefficients an (n = 1, 2, . . . , 15) are determined by the z-distribution of UCNs. The wave
functions of these quantum gravitational states between the two mirrors have been previ-
ously computed in [24].

When expanding the wave function of UCNs from region II into the quantum grav-
itational states in region III, we include up to 100 states, characterized by expansion
coefficients an(t0) (n = 1, 2, . . . , 100). This expansion satisfies the unitarity condition,

∑
100
n=1 |an(t0)|2 = 0.9991, where averaging is performed over random phases of the coeffi-

cients ãn′(0) in region II.
In Figure 4, we show that the probabilities pn for UCNs to occupy the n-th quan-

tum gravitational state differ significantly from those calculated by Ichikawa et al. [27].
Specifically, the smooth dependence of pn on n for n ≥ 20, reported by Ichikawa et al., is
inconsistent with our findings. The wave function of the mixed state is localized within
0 ≤ z ≤ 100µm, leading to an irregular and oscillatory dependence of pn on n for n ≥ 20.

Our analysis also reveals that the calculated probability distributions (Figure 5) and
the Wigner function (Figure 6) do not align with the experimental data from Ichikawa
et al. [27]. This discrepancy suggests that their data cannot be fully explained by the spatial
distribution of quantum gravitational states of UCNs under our theoretical framework.
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