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ABSTRACT OF DISSERTATION

TOPICS IN QUANTUM QUENCH AND ENTANGLEMENT

The dissertation includes two parts.

In Part I, we study non-equilibrium phenomena in various models associated with
global quantum quench. It is known that local quantities, when subjected to global
quantum quench across or approaching critical points, exhibit a variety of univer-
sal scaling behaviors at various quench rates. To investigate if similar scaling holds
for non-local quantities, we consider the scaling behavior of circuit complexity under
quantum quench across the critical massless point in Majorana fermion field theory
of the one-dimensional integrable transverse field Ising model and find it obeys such
scaling. To investigate if similar scaling holds for non-relativistic theories, we test
various solvable critical quantum quench protocols in a theory of fermions in a har-
monic oscillator potential and find local quantities as well as entanglement entropy
obeys different scaling behaviors at different quench rates. We study quantum quench
in the ¢ = 1 matrix model which is holographically dual to two-dimensional string
theory. Unlike higher dimensional holographic setups where quantum quench leads to
black holes, the emergent spacetime in this model generically develops cosmological
singularities at late times.

In Part II, we expand the proposal that target space entanglement provides a pre-
cise notion of entanglement in the bulk gravitational duals of Dp brane theories, which
was shown in a gauge fixed formalism. We developed a gauge invariant description
of target space entanglement in these theories and derived path integral expressions
for the entanglement entropy which can be used in numerical calculations.

KEYWORDS: Quantum Quench, Entanglement Entropy, Matrix Model, Circuit Com-
plexity, Holography
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Chapter 1
Introduction

Theoretical physicists have a long history in studying equilibriumﬂ systems and have
developed systematic methods to understand equilibrium phenomena. However, equi-
librium is only an ideal situation. There are many natural phenomena which are
far from equilibrium. One class of such phenomena involve systems in excited states
which then relaxes to equilibrium: transport properties are examples of process which
probe such out-of-equilibrium phenomena. Another class involve systems whose pa-
rameters vary in time. Our current understanding of non-equilibrium phenomena in
the quantum regime is rather rudimentary. However recent progress in cold atom ex-
periments has triggered a lot of interest in this field. A major part of this dissertation
deals with studies of some aspects of quantum non-equilibrium behavior.

In many-body systems and quantum field theories, quantum quench describes a
process during which a system, initially in equilibrium, is driven out of equilibrium
by some external time-dependent coupling. Quantum quench is therefore a useful
theoretical and experimental tool to study non-equilibrium phenomena. The first
three papers on which this dissertation is based deals with aspects of quantum quench
dynamics.

One important problem which is studied utilizing quantum quench is thermal-
ization. Here thermalization means local correlators (as well as nonlocal quantities
such as entanglement entropy of a subregion of the system) starting from a pure
state, asymptotically approach their expectation values in grand canonical ensem-
ble. While this is expected to happen in generic interacting systems, the process of
how this happens is still not well understood. Also, there are some systems which
do not thermalize such as integrable many-body systems and systems which exhibit
many-body localization|TH3].

Another important problem which can be studied using quantum quench relates
to critical dynamics. Here one starts with a gapped phase and then a time dependent
parameter later takes it across a quantum critical point (gapless phase) or makes it
approach a critical point. Such quench protocols are called critical quenches. In equi-
librium, a critical point is characterized by universality. Near a critical point, various
physical quantities scale as powers of the difference of the parameter from its critical
value with exponents which are the same for a large class of microscopically different
systems. The underlying mechanism for such universality is well understood. The
exponents can be evaluated utilizing renormalization group. While one might expect
that a similar universality should hold in critical quench, there is no general theoret-
ical framework like the renormalization group which holds for such non-equilibrium
situations. Over the past several decades theoretical research in this area has con-
centrated on studying a variety of models which can be investigated analytically or

In this dissertation, equilibrium (system) means (a system) in a steady state unless otherwise
stated explicitly.



numerically, and using simplifying (and sometimes drastic) assumptions to draw more
general conclusions [4].

The earliest investigation on critical quench was done by T. Kibble in 1970s when
studying defect formation in cosmology [5], and was later extended by W. Zurek
in 1980s to condensed matter systems [6]. They considered systems driven through
a critical point by a time-dependent source whose rate of change is slow compared
to the initial energy gap. Initially the system evloves adiabatically. As the system
approaches the critical point, the adiabatic approximation fails to describe the time
evolution of the physical quantities. By making some perhaps drastic assumptions,
Kibble and Zurek showed that certain universal properties hold. For example quan-
tities like one- or two-point functions scales with the quench rate with exponents
determined in terms of the equilibrium critical exponents of the critical point. This
is called Kibble-Zurek scaling. Even though these conclusions were derived using
rather drastic simplifying assumptions, the scaling behavior turns out hold in both
analytic and numerical calculations in theoretical models where the quench process
is studied without these assumptions. There are also indications that they hold in
some recent experiments. This has motivated a lot of recent work aimed at a better
understanding of the origin of this scaling.

It turns out that universal scaling, with different exponents, also hold when the
quench rate is fast, as shown in [7HI0]. In their investigation they proved that in
a general relativistic field theory, the quantum quench with a rate fast compared
to the initial energy gap but slow compared to the UV scale (e.g. lattice spacing),
results in the renormalized quantities scaling with the quench rate with the exponents
again determined by equilibrium critical exponents (different from slow quench ones).
The mechanism of this scaling behavior is understood by utilizing the properties of
relativistic theories, and the general results have been explicitly verified in many
theoretical models where the exact quench dynamics can be studied.

Though these scaling behaviors are quite generic, explicit investigations have been
mainly launched in solvable models subject to solvable quench protocols. Moreover,
the physical quantities that have been most extensively investigated are local quan-
tities such as one- or two-point functions. In comparison, much less is known about
the scaling behaviors of non-local quantities such as entanglement entropy of a sub-
region or complexity of a quantum state (a measure of how difficult to prepare a
quantum state). However, these non-local quantities actually characterize properties
of a quantum state that are not easily captured by correlation functions. Therefore
it is important to study if scaling holds for such quantities. Earlier studies by other
authors have found evidence for scaling properties of entanglement entropy in both
slow and fast quench regimes [I1]. In this dissertation, we investigate whether the
complexity of a quantum state produced by quantum quench also show similar be-
havior: We considered the simplest model of a quantum critical phase transition —
the one-dimensional transverse field Ising model, and found that universality holds
in both slow and fast quench regime. This is based on the paper [12].

Many interesting systems which are studied in condensed matter physics or cold
atom physics are non-relativistic. In these theories, Kibble-Zurek scaling is expected
to hold. However, the status of fast quench scaling in these theories is unclear, though



in specific models similar scaling behavior to relativistic systems is found due to the
existence of an effective finite velocity of signal propagation. In this dissertation
we study such a non-relativistic system which has direct relevance to experiments:
one-dimensional non-relativistic fermionic field theory in external harmonic oscillator
potential with time-dependent frequency. This part of the dissertation is based on
[13]. Here we found quench protocols which are exactly solvable and showed that there
is scaling behavior both for slow and fast quenches. For slow quenches, the result is
consistent with Kibble-Zurek scaling. And the fast quench scaling is consistent with
perturbation theory.

When quantum quench happens in a quantum field theory holographically dual
to some gravitational theory, thermalization has an interesting dual interpretation.
In such theories, the dynamics of the field theory is equivalently described by a
gravitational theory living in one higher dimension. The additional dimension is
“emergent”. As a result, quantum quench in the quantum field theory also leads to a
time-dependent geometry in the dual gravitational theory.

The most well-known example of holographic duality is the AdS/CFT corre-
spondence [14]. It conjectures that a certain gravitational theory living on (d + 1)-
dimensional asymptotically anti-de Sitter spacetime is dual to some deformed con-
formal field theory (which does not contain gravity) on its d-dimensional boundary,
where the additional dimension is identified with an energy scale in the field the-
ory. Therefore the quench, acting on the conformal field theory, behaves as a time-
dependent boundary condition in the AdS bulk. Usually, the resulting time-dependent
geometry describes the formation of a black hole [15]. The black hole emits Hawking
radiation, and simultaneously absorbs the Hawking radiation bounced back by the
boundary, as well as the later gravitational radiation due to the quench. Eventually
quantum quench leads to a steady black hole state in equilibriumﬂ with the ther-
mal environment outside the horizon. From the view of CFT side, this process is a
thermalization.

However, in other well studied examples of holography this is not expected to
happen. One example is the correspondence between the singlet sector of (0 + 1)-
dimensional gauged quantum mechanics of a single N x N Hermitian matrix model,
called ¢ = 1 matrix model, and the (1 + 1)-dimensional critical string theory [16]- It
is generally believed that the singlet sector in fact does not have a black hole. One
evidence for this belief is that an incoming tachyon pulse does not produce a black
hole [I7]. However, quantum quench should lead to a time-dependent geometry. In
a case like this, it is important to understand the nature of this emergent spacetime.
To approach this goal, the nature of the time-dependent geometries produced by a
quantum quench in matrix quantum mechanics is investigated in this dissertation
(based on [18]). We found quench protocols for which the quantum dynamics can be
studied exactly and the results could be used to determine the emergent spacetime.
We found that unless the quench protocol is finely tuned, the spacetime has spacelike
regions of large coupling in the gravity description at late times. A dual interpretation
in terms of a smooth geometry however holds only when the bulk coupling is weak.

2The equilibrium here means thermal equilibrium.



Therefore in this region smooth spacetime interpretation fails, even though the time
evolution of the underlying matrix quantum mechanics is well defined. This kind
of scenario could have implications for higher dimensional models of holographic
cosmologies.

The final part of this dissertation deals with a different subject: the role of entan-
glement in holography. It is widely believed that classical spacetime is an emergent
description of some underlying microscopic quantum mechanical theory [19]. In par-
ticular, a smooth spacetime is rather an effective description (in the approximate
semiclassical notion) of the entanglement structure between quantum degrees of free-
dom. A great amount of evidence has been found in the most widely known example
of holography, AdS/CFT correspondence, to support this idea. The idea is that states
which highly entangle in different spatial regions of the boundary field theory have
dual description in terms of a smooth higher dimensional space-time.

However, there are examples of the holographic correspondence where the dual
theory has no space at all. The earliest example of holography which predates the
AdS/CFT correspondence of this type: this is the duality of the ¢ = 1 matrix model
mentioned above with string theory in two dimensions which contain gravity. Another
example is the BF'SS matrix model. It is natural to conjecture that in these examples,
the emergence of a smooth dual space-time is related to entanglement in target space
of the quantum mechanical system. More generally, even when the dual theory is a
field theory, target space entanglement should play a key role.

This necessitates a precise understanding of entanglement in target space. Some
formal properties of target space entanglement have been studied in [20].

Recently, [21] proposed a precise formalism to define and study target space en-
tanglement in a class of holographic models arising in string theory. They argued that
the target space entanglement in the gauge field theory on the boundary provides a
precise and exact notion which reduces to the notion of entanglement between spatial
regions of the gravitational dual in the semiclassical regime. This work, however,
developed the notion of target space entanglement in a specific gauge of the gauge
theory. In this dissertation, based on [22], I provide a completely gauge invariant defi-
nition of target space entanglement and study some of its properties. The connection
of this to emergence of smooth space-time is under current study.

In the rest of this chapter we introduce relevant concepts. The outlines and a summary
of this dissertation is in section

1.1 Overview of Quantum Quench

Quench means rapid cooling, a heat treating process to obtain certain properties of
materials. In quantum physics, a quantum quench is used to describe a process,
during which a system is driven from equilibrium by a time-dependent coupling. To
be concrete, one can consider a quantum field theory initially at ground state, with
Hamiltonian containing a time-dependent parameter A(t). A(t) varies during a time
scale 0t and approaches some constant values, \g and A\ = A\g + 0\, at early and



late times, respectively, resulting in time-independent initial and final Hamiltonians.
This is called a global quench.
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t

Figure 1.1: A typical global quantum quench protocol, described by time-dependent
parameter A(t).

Quantum quench has attracted recent attention because it provides a possible way
to study problems related to non-equilibrium phenomena — The ground state of initial
Hamiltonian finally becomes an excited state of the new Hamiltonian at late times.
Usually after a long time, the system thermalizes and we would like to understand
the way this happens. The study of thermalization by means of quantum quench can
be also experimentally studied — One may refer to the experiments with cold atom
systems as examples.ﬂ

1.1.1 Scaling Behaviors at Critical Point with various Quench Rates

Apart from its use to understand thermalization, the study on quench-relevant prob-
lems is also motivated by efforts to understand critical dynamics, i.e. the universal
scaling behaviors at critical points[] When the time-dependent coupling brings the
system close to the critical point, e.g.

S = Sovitical — / dt / 4™z \(H)OA(F,1) (1.1)
AE) = Ao + X - F(£/61) (1.2)

where A(f) — 0 at some time and the theory becomes critical, the evolution of the
system, as a response, is expected to follow the universal scaling laws. These universal
scaling behaviors have been obeserved in expectation values of coupled observables
(OA), correlation functions, and entanglement entropy.

Different universal scaling are known to hold in different regimes characterized by
the quench rate.

3Several experimental references could be found in [23-25].
*A review can be found in [26]



e Slow quench 6t > )\071/(de)

In slow quench regime, the change rate of the energy gap is slow compared to
the initial gap. Therefore the time evolution of the system should be adiabatic
at early times. However, as the time-dependent parameter approaches critical
point, the instantaneous energy gap E,,,(t) becomes small. As a result the
Landau criterion for adiabaticity

1 dEg(t)
Eyop(t)?  dt

<1 (1.3)

t=txgz

is no longer satisfied and the adiabatic approximation is no longer a good one.
It was assumed by Kibble and Zurek that soon after the time when the LHS
of is at the order 1, which is called Kibble-Zurek time tg, the system
becomes diabatic — all physical quantities remain unchanged since ¢t = tx 5. E]
Furthermore, they assumed that when the system is in diabatic regime, the
instantaneous correlation length at Kibble-Zurek time, £k, is the only length
scald’| in the problem. Then the universal scaling behaviors are entirely deter-
mined by powers of {x,. Here the power can be easily found via dimensional
analysis. For example, after entering diabatic regime (¢ > txy), one-point
function (Oa) scales as

(Oa) ~ €57 (1.4)
where A is the conformal dimension of operator Ox.

It is remarkable that though Kibble and Zurek’s assumptions are crude, the
scaling behaviors predicted appear to be correct.

e Abrupt/instantaneous quench[| 5t = 0

In the instantaneous quench regime, we consider the scaling behaviors of a sys-
tem that will be relevant to this dissertation — the 1 + 1-dimensional time-
dependent system with Hamiltonian of the system abruptly switch from a
gapped one, Hy, to a critical one H = Hepp. The Heisenberg picture state
which is the ground state of the initial gapped Hamiltonian, |¢) could be ap-
proximated, for long distance properties, by the form [27-29]

[t) o e |B) (1.5)

where |B) is a conformally invariant state in the (1 + 1)-dimensional conformal
field theory Heopr called a "boundary state" (i.e. the state obtained by per-
forming an euclidean path integral on a half plane with conformally invariant
boundary condition on the boundary), and 7y is proportional to the correlation

5All physical quantities remain unchanged from ¢ = tx 7 till a future time when the Landau
Criterion is satisfied again.

6The correlation length £k satisfies tx 7 ~ €% ,, where 2 is the dynamical critical exponent.

“Here "abrupt" or "instantaneous" means the quench rate is fast compared to all scales in the
problem including the UV scale.



length (or inverse mass gap) of the initial state A\, V(@2 " Then the univer-

sal scaling laws of one-point and higher point functions are given by boundary
conformal theory. For example, when x,t > 7y the one-point function and
two-point function of local primary scalar operators are

©x(0) ~ e (-3t (16)

To

(OA(x,t)OA(0,0)) ~ exp <—% X min{t,x/Q}) (1.7)

respectively[]

e Fast quench A, < 0t < )\_1/ (@=4)

Universal scaling law has also been found in intermediate quench regime when
the field theory is relativistic [7HI0]. Here "intermediate" means that the quench
rate is fast compared to inverse physical mass scale A, Vd=2) while slow com-
pared to UV cutoff A . In such a regime the expectation value of observable,

Oa(Z,1), can be Computed via perturbation theory, i.e.

t

(A1) = (Oa(F, )2, —6\ / At/ F(t/5t) / 410 Gy (7 7, 1)

N (1.8)

+0O(5N%) +

where the Green’s function is given by
G (7,17, ¢) = i0(t = 1){[Oa(7,1), Oa (@, 7)1, (1.9)

Now we turn on the quench at t = 0 and consider the late-time response at t = 6t

such that |t — ¢'| < dt. Because 1) in the relativistic theories, Green’s function

should satisfy causality (|Z— 2’| < [t —t']), and 2) in the limit )\1/ @2 5t < 1,

Green’s function of the field theory is indistinguishable from that of a UV

conformal field theory, we have

GR,AO(:Z:’ twg}v t/) ~ GR,CFT<f’t; 17/7 t/) ~ (t - t,)2 - (f_ $/>2‘_ ~ 6t_2A

(1.10)

Thus, the universal scaling behavior in fast quench regime is controlled by

combinations of the scale of quench coupling A and the quench rate dt, which
could be figured out by dimensional analysis.

8For two-point function we assume that (Oa) # 0 s.t. the boundary scaling dimension of the
leading boundary operator to which Oa couples, Ay, vanishes. This is in order to make it more
clear that the scaling behavior of two-point function is related to the light-cone. The general scaling

behavior when ¢t < z/2 is ~ exp ( ”Af) exp (”Ab (2t — m)) One can refer to [27, 28] for details.




1.1.2 Quantum Quench in Holographic Setup

The study of quantum quench problems in gauge theories also sheds light on gravi-
tational theories via gauge/gravity duality. Gauge/gravity duality is a strong/weak
correspondence motivated by string theory, which conjectures an equivalence between
gauge theories and gravitational theories.ﬂ A typical example of gauge/gravity duality
is AdS/CFT correspondence [14].

AdS/CFT correspondence is based on holographic principle. In particular, it is
conjectured that a certain gravitational theory on (d+ 1)-dimensional AdS spacetime
is dual to some conformal field theory on its d-dimensional boundary. If one adds a
source ¢o(x) = ¢o(Z,t) for some gauge invariant operator with conformal dimension
A to the CFT action at the boundary, i.e.

S/CFT = SCFT — /dd$¢0($)OA($) (111)

then in the regime where the bulk theory is weakly coupled while the boundary theory
is strongly coupled, the AdS/CFT correspondence has the mathematical statement
that |31

(e [ dlom(@)0()) = eswonso (112)
CFT

which relates the generating function of CFT to classical supergravity (or string
theory) action. Note that the source is related to the boundary value of scalar field ¢
which has mass m? = A(d — A) in AdS spacetime. To be concrete, one can consider
the AdS spacetime near the boundary

1 L
ds* = 2 (dz* + g;j(z, z)da'da?) (1.13)

where = = (Z,t), z is the radial coordinate of AdS spacetime, and the boundary of
AdS is at z = 0. Then near the boundary the scalar field ¢ takes the form

O(Z,t, 2) ~ 2972 [A(Z, 1) + O(2%)] + 22 [B(Z,t) + O(2%)] (1.14)

The AdS/CFT correspondence claims that A(Z,t) is identical to the source ¢o(Z,1).
Also, B(Z,t) is claimed to satisfy

(On)orr = B(T,t) + .. (1.15)

where "..." depends on the theory we consider. Since for each primary operator in

CFT there is a field in (d + 1)-dimensional bulk whose restriction to boundary is a
source coupled to the operator, there are analogous asymptotic behaviors of vector
current, metric, etc (with different exponents of z).

Now if we compared with , one finds that the quench coupling A(t)
can be regarded as a space-translation invariant source of the CFT on boundary (the
critical action is chosen to be CFT now). Therefore, when the field theory has a

9For reviews one can see [30].



gravity dual, quantum quench becomes a time-dependent boundary condition in the
bulk. When a quench in gauge boundary is turned on, it actually creates gravitational
radiation that propagates from the boundary into the gravitational bulk. TIf the
bulk is finite, the radiation usually results in the formation of a black hole horizon,
which absorbs later radiations and increases the size of itself. However, the black
hole, once formed, radiates. This effect is called Hawking radiation and leads to
the evaporation of the black hole. Since AdS spacetime acts as a spatial box the
two opposing processes will eventually leads to a balance and results in a static
black hole.m In the boundary theory, this corresponds to a new equilibrium@ after
thermalization, i.e. the thermalization in the field theories usually corresponds to a
black hole formation in their gravitational duals/?|

The correspondence implies that difficult issues in the gravitational theories may
be addressed by studying quantum quenches in the dual field theories or vice versa.

1.2 A bit of Quantum Entanglement

Quantum entanglement is a fundamental phenomenon in quantum systems. For a
quantum system divided into two parts, the entanglement entropy of each subsystem
gives a measure of entanglement between them[”| Tn quantum mechanics, all infor-
mation of the state is encoded in density matrix p, which is a semipositive-definite
Hermitian operator with trace 1, such that the expectation value of an observable O
is

(0), = TH(Op) (1.16)

If one is only interested in a subsystem A (not its complement A), similar statement
is still true for the density matrix p, that encodes information of the state in the
subsystem. p4 is called reduced density matrix, and it satisfies

(Oa)ps = Tr(Oapa) =Tr (Oap) (1.17)

where O, is observable local to the subsystem A. Thus the reduced density matrix
pa is given by the partial trace of A

pa=Trzp (1.18)

Then the quantum entanglement can be quantified by von Neumann entropy of pa,
i.e.
Sa=—Trpalogpa (1.19)

10The Hawking radiation power is inverse proportional to the square of the mass of the black hole.
This means that smaller black hole evaporates faster. Thus if the black hole formed by gravitational
radiation is not large enough, the Hawking radiation will always dominate. In this case there will
be no black hole eventually. In AdS the thermalization in the boundary theory usually leads to a
stable black hole.

U The equilibrium here means thermal equilibrium.

12Examples can be found in [15, [32H45].

I3For reviews, one can see [46].



Von Neumann entropy is a special case of Renyi entropies, which is a one-parameter
entropy defined as

1 n
Sy = 1_n10gTrpA (1.20)

The n — 1 limit is von Neumann entropy. Therefore Renyi entropies are sometimes
treated as an intermediate step to obtain von Neumann entropy. The calculation of
Renyi entropies can be performed by a replica trick and therefore by Euclidean path
integral. In particular, the element of reduced density matrix p4 can be represented by
a Euclidean path integral with proper boundary conditions (path ends in subregion
A). Then the ingredient needed to compute n-th order Renyi entropy, Trp%, is n
copies of the path integral with the endpoint of each copy identified with the starting
point of the next copy and integrated over subregion A. Thus, Tr p’ corresponds to
a closed cyclic path integral with some constraints.

1.2.1 Many-Body Entanglement and Biparticle Fluctuations

For any reduced density matrix p4, one can define modular Hamiltonian H 4

pa = %G_HA (1.21)
where Z is the partition function of the Gibbs state Z = Tre 4. In quantum many-
body system where Wick’s theorem is satisfied, the correlation matrix C'y, which is
the matrix of correlation functions in the subsystem A, also contains all information
of the state pa. Therefore one can represent von Neumann entropy, as well as Renyi
entropies by correlation matrix Cy.

On the other hand, all the number distribution cumulants of particles, e.g. (Na),
((Na — (N4))?), etc., are derivatives of a generating function

x(A) = Tr petVa (1.22)

where N4 is the number operator in subsystem A. x()\) also encodes all information
of the state, and can be expressed in terns of the correlation matrix C'4.

Thus, correlation matrix builds a bridge between entanglement entropies and num-
ber distribution cumulants

vim = (—i)"07 log XM,y (1.23)
In particular, for fermionic theory, one have von Neumann entropy [47, 48|
0 2k B
Z | 2% v (1.24)
k=1
where B, are Bernoulli numbers. The leading order contribution is
m 2 2
Sa = T ((N) — (V) (125

10
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Figure 1.2: Penrose diagram of two-sided AdS black hole. The black dotted
line is the Cauchy slice we consider. The thermal state lives on subregion A.
The Einstein-Rosen bridge that connects the A and A. The red dotted circle is the
bifurcate horizon, which is the minimal surface between A and A. The figures are
based on figure 10 in [46].

1.2.2 Holographic Entanglement Entropy

Quantum entanglement in a quantum field theory may be quantified by extremal
surfaces in the gravitational dual. In particular, for a conformal field theory, if one
considers a Cauchy slice in its AdS bulk dual, it is conjectured that the von Neumann
entropy of a subregion A in the boundary theory of the Cauchy slice is holographically
determined by minimal codimension two surface with the same boundary in its bulk

dual
_ Area(va)

4G N

where 7,4 is the minimal surface in the bulk Cauchy slice with boundary 0A, and Gy
is Newton constant.

The holographic entanglement entropy formula is known as Ryu-Takayanagi
formula [49].@ It is motivated by Bekenstein-Hawking entropy

Sa (1.26)

Area(mhom'zon)
4Gy

Sy = (1.27)
which relates the thermal entropy of a black hole to the area of black hole horizon.
Though Bekenstein-Hawking entropy is a thermal entropy, it could be understood
as an "entanglement" entropy. In particular, a static AdS black hole spacetime is
holographically dual to a thermal state on boundary conformal field theory. The
thermal state is a mixed state. However, one can always construct a pure state called
thermofield double state via purification. Thermofield double state lives on a larger

14The Ryu-Takayanagi formula has an extension called HRT formula [50]. We will not discuss
the latter here.
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system that consists of two copies of Hilbert space on which the thermal state lives.
As a result, the thermal state can be regarded as a state on the subsystem, and the
(thermal) density matrix of the thermal state is understood as the reduced density
matrix of the subsystem now. The thermofield double state is holographically dual to
a two-sided extended black hole (See figure . The two copies of the original AdS
black hole spacetime now become the two exterior regions. They are connected by
a spatial section of the geometry at a special moment in time, called Einstein-Rosen
bridge. The minimal surface in such a structure is the bifurcate horizon, which is the
horizon of the original black hole spacetime. Thus the Bekenstein-Hawking entropy
can be understood as a special case of Ryu-Takayanagi formula.

1.2.3 Target Space Entanglement

The partition of system considered above happens in the base space where the field
lives. For example, it could happen in the spatial dimension of a (1 4 1)-dimensional
quantum field theory. However, because (1 + 1)-dimensional quantum field theory is
the second quantization of a (0 4 1)-dimensional quantum mechanics, one may ask
what the corresponding partition and measure of entanglement are in this quantum
mechanical system. Obviously the partition should not happen in base space because
there is no spatial dimension for the theory to live on. Instead, it is a partition in
target space where the field takes values in [20)].

One can factorize the target (Hilbert) space by defining the subsystem A to be
the sub-algebra A the operators Q4 belong to. Then the reduced density matrix is
determined via . According to Artin-Wedderburn theorem, the target (Hilbert)
space and therefore the operators O4 can be decomposited into direct sums (called
sectors) of tensor products of two parts, A and its complement A, i.e.

H= @ Har @ Hag (1.28)
X

OA:@OA,I@@HAIC (1.29)
k

Thus, a practical strategy to obtain reduced density matrix p4 is to find the projector
of each sector first. The projector P, belongs to the set of operators on A that
commute with all operators in A. Tt gives the density matrix of each sector

p=r.  p=PpPr (1.30)
k

Then one can partially trace over the subsystem A, and p4 will be the direct sum of
the partial trace of each sector

pA:®TrA7kPkak (131)
k

There is a physics interpretation of sectors. Again take 1-particle quantum me-
chanics as an example. In this case the target space is actually the permitted position
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of the particle. Thus, the possible two sectors are that particle is in A and that par-
ticle is in A, respectively. This could be easily generalized to N-particle quantum
mechanics and furtermore matrix models.

1.2.4 Quantum entanglement is not enough

Quantum entanglement is one quantity that captures global properties of a quantum
state. There is another important property of a quantum state called complexity. For
a (discrete) quantum system of size K (K qubits), a state |1)) can be obtain from a
simple state called reference state, e.g. |000...0), via a unitary transformation. The
unitary transformation can be produced by a sequence of one- or two-qubit operators
(gates). Then the complexity of |¢) is the minimal number of gates that gives the
unitary transformation. The motivation of introducing quantum complexity is that
the estimated time for a quantum system of size K to reach its maximal complexity
is e/, which is much longer compared to thermalization, which takes some power of
K. Note that complexity depends on the choice of the reference state.

It has been recently conjectured that when the quantum system has a gravitational
holographic dual, complexity captures properties of the dual geometry which are not
captured by e.g. Ryu-Takayanagi surfaces. This has motivated several authors to
seek definitions of complexity in quantum field theories. One such definition involves
circuit complexity [51]. Circuit complexity is defined to be the minimal geodesic
between different states or operators on the manifold of unitary operators with metric
determined by cost functional. The framework have been largely used for Gaussian-
like state and therefore Gaussian unitary transformation.

1.3 Two Matrix Models

In this section we introduce two matrix models. They are examples of gauge/gravity
duality.

1.3.1 ¢ =1 Matrix Model and 2D string theory

The partition function of 2-dimensional quantum gravity coupled to a scalar field
can be described by a sum over random sufaces of all topologies, where the contribu-
tion from each random surface is given by a path integral of an action of a massless
scalar field X that lives on 2-dimensional geometry described by metric g,,. This
action is indeed the worldsheet action of 1-dimensional noncritical string theory and
is equivalent to 2-dimensional critical string theory. This is because one can choose
a new gauge where G,y = €®Go. The field ¢ is called the Liouville mode. It has been
shown that ¢ can be regarded as an extra target space spacelike dimension. In this
description we have two scalar field X and ¢ that live on a fixed two-dimensional
spacetime with a fixed metric g,,. As a result, one obtain a string theory embed-
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ded in 2-dimensional target space (X, ¢) that is Weyl-invariant (critical) under Weyl
transformations of §/|

To carefully define the continuum limit, the random surfaces are discretized by
triangulation. Since the metric on the two dimensions is dynamical we have a dy-
namical triangulation. Such a dynamial triangulation is Hodge dual to a Feymann
diagram of the quantum mechanics of a single N x N matrix M (t), where the double-
line Feymann diagram is used to show the orientation of random surface. Thus one
can build a correspondence between 2-dimensional string theory and the ¢ = 1 matrix
model with action

Syt = B / At Tr B (OM)? — U(M)] (1.32)
U(M) = —%MQ + %M?’ (1.33)

where 5 = N/g is a ratio of N and ’t Hooft coupling ¢g. In the continuum llimit, N
is large and g is fixed [/

Indeed the duality between matrix model and 2-dimensional string theory can
be seen in a more transparent way [16]. In the singlet sector, the matrix model is
represented in terms of the eigenvalues of matrix M. The change of variables from
the matrices to the eigenvalues leads to a Jacobian which is the square of the van
der Monde determinant. Then by rescaling the wavefunction with van der Monde
determinant, the theory becomes a theory of N fermions in one dimension (which is
the space of eigenvalues) in the potential U(\), i.e.

- 1 o
He, = Z {_ﬁw + ﬂU(Al)] (134)

The second quantized discription involves a fermion field x (A, ¢) with a Hamiltonian

= [ [%W LU wmxﬂ (1.35)

where in the last term we have introduced a Lagrangian multiplier that enforces
the condition that the number of fermions is N (from canonical ensemble to grand
cannonical ensemble). In the double scaling limit

B — oo, pur — 0, 9. = 2Buy is fixed (1.36)

if we rescale A\ = (Bg,)~2x, x = (Bgs)"/*1p, we can see that only quadratic term in
the potential U(\) survives, which leaves us a theory of N non-relativistic fermions
moving in an inverted harmonic oscillator potential [55H59]

Js 2 L 5 2 1 2
Hr = | dz |2 - — 1.
o / x [2 10,9 29817 [V + 2gs|¢| (1.37)

15The procedure can be carried out for multiple scalar fields that define the worldsheet theory of
noncritical strings in higher dimensions. For 25 scalar fields one gets the standard 26 dimensional
bosonic string (the Liouville mode ¢ is regarded as a timelike dimension). For review, see [52].

6 For reviews, see [53} 54].
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Furthermore, one can consider the density of the eigenvalues of the matrix [16]
0xC(x,t) = Tr 6(M — ) = phap(x, t) (1.38)

This is a bosonic field called collective field, since the excitation of fermions is always
in terms of productions of particle-hole pairs. Then by rewriting the theory one has
completed a bosonization of the theory [60]. The classical action is

1 {1 (0:,0)* w2

95

2 0, 6

(0,0)% + % (22 — 1) (0:0) (1.39)

In the classical limit where g5 is small, one can expand around the saddle point
solution (solution to equation of motion)

D.Co = ~v/a2 =1 (1.40)

™

and fluctuations n(z,t) around the saddle point. In particular, the fluctuation field
that satisfies

(1) = Gola) + Lna ) (1.41)

is subject to the action

(2) _ 1 (aﬂ?)z . 8tC0 ((at<0)2 2 ) 2}
Sy’ = Py dzdt [ e Q(axCO)Q((?m)(@xn) + N 70:Co | (027m)
(1.42)

The fluctuation action Sg) describes a relativistic massless scalar in (1+1)-dimensional
conformally flat spacetime if one transform the space coordinate z into
1 [* da

=] 0.6

(1.43)

Now one have obtained an example of holography — the quantum mechanical de-
scription of N fermions in inverted harmonic oscillator potential which is dual to a
field theory of (1 + 1)-dimensional relativistic massless scalar field. The latter indeed
describes the ¢ = 1 "tachyon", the only propagating mode in 2-dimensional string
theory[”"| This is the earliest example of holography. Recently more evidences have
been found to show the duality.

Unlike the generic cases where black holes are formed due to quench in the bound-
ary, tachyonic matter seems not to form a black hole in singlet sector via collapsing
pulse — the radiation bounces off before the black hole is about to form [I7]. Actually it
is widely believed that black holes that live in 2-dimensional gravity or 2-dimensional
string theory are not contained in the singlet sector of this ¢ = 1 matrix model [61].

1"Tachyon has imaginary mass, therefore we use a quotation mark here. Indeed in 2d string
theory, there is no transverse dimension. Thus one could find that the only dynamical mode is the
motion of center of mass of the string, which is the massless scalar field called "tachyon". This
means that though 2d string theory is called "string theory", it is not a real string theory since the
oscillation of a string should have infinite modes.
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1.3.2 DO-Brane Theory

A Dp-brane is a (p+1)-dimensional object in spacetime where open strings can end.@
When the system has low energy, one only need to consider the open bosonic strings
(as well as fermionic strings) in their lowest excited states, which can be reprensented
by (9 + 1)-dimensional vector field operator. Among the 10 components of the vector
field, (p + 1) of them parallel to Dp-brane are interpreted as U(1) gauge field; the
rest of them are the fluctuation of Dp brane in transverse directions, which become
9 — p scalars on the Dp-brane worldvolume. The action is (supersymmetrized) Dirac-
Born-Infeld action (with a Chern-Simons term). The induced metric of Dp-brane
worldvolume is determined by (9 — p) scalar fields. Then in the low-energy limit,
the DBI action turns into the (p + 1)-dimensional U(1) supersymmetric Yang-Mills
theory, and the exponential of the expectation value of the dilaton is absorbed by
Yang-Mills coupling gy ;.

For N parallel Dp-branes in low-energy system that dual to U(1)" supersymmetric
Yang-Mills theory, the open bosonic strings that end on them have lowest energy
proportional to the stretching length of the string. When the N Dp-branes are close,
the stretching length and therefore the lowest energy of strings that end on different
Dp-branes approach zero. This makes all open strings correspond to massless vector
fields. Thus, it is robust to believe that a U(N) symmetry should be restored from
U(1) symmetry in each Dp brane — the supersymmetric string theory of N Dp-branes
is dual to U(N) supersymmetric Yang-Mills theory [64].

An example of the gauge/gravity duality happens when p = 0, in which all the
N D-branes are points in the space. The action of dual supersymmetric Yang-Mills
theory is given by

N
s [
2(gsN)ls

In the action, g, and I, are the string coupling and string length, respectively. X7(t)
where I = 1,2,...,9 are nine N x N Hermitian matrices. The element of matrix
X/,(t) represents the I-th transverse component of the string that ends on i-th and
j-th DO-branes. D; stands for the covariant derivative

9 9
> (Dx')y Z (X1, X7]?| + fermions (1.44)
=1

ls I£J=1

D X" =0, X" +i[A;, X (1.45)
where A; is the gauge field.
1.4 Outlines and Summary of the Dissertation
The dissertation includes two parts.

In Part T (Chapter , and , we study non-equilibrium phenomena in various
models associated with global quantum quench.

18For reviews see [62] [63].
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It is known that quantities like one and two point correlation functions, as well
as entanglement entropies, exhibit a variety of univeral scaling in global quantum
quench across or approaching critical points (see section . It would be interest-
ing to see if similar scaling holds for other quantum information theoretical quantities
such as circuit complexity. In Chapter 2| we consider the scaling behavior of circuit
complexity under quantum quench in free relativistic fermion field theory on a one
dimensional spatial lattice with a time-dependent mass. This is equivalent to trans-
verse field Ising chain with a time dependent transverse field. We find an exactly
solvable quench protocol which asymptotes to massive phases at early and late times
and crosses a critical point in between. We find a variety of scaling behavior as a
function of the quench rate, starting with a saturation for quenches at the lattice
scale, a "fast quench scaling" at intermediate rate and a Kibble Zurek scaling at slow
rates. This chapter is based on [12].

To investigate fast scaling in non-relativistic theories, in Chapter [3| we investigate
a class of exactly solvable quantum quench protocols with a finite quench rate in
systems of one dimensional non-relativistic fermions in external harmonic oscillator
or inverted harmonic oscillator potentials, with time dependent masses and frequen-
cies. These hamiltonians arise, respectively, in harmonic traps, and the ¢ = 1 Matrix
Model description of two dimensional string theory with time dependent string cou-
pling. We show how the dynamics is determined by a single function of time which
satisfies a generalized Ermakov-Pinney equation. The quench protocols we consider
asymptote to constant masses and frequencies at early times, and cross or approach
a gapless potential. In a right side up harmonic oscillator potential we determine
the scaling behavior of the one point function and the entanglement entropy of a
subregion by obtaining analytic approximations to the exact answers. The results
are consistent with Kibble-Zurek scaling for slow quenches and with perturbation
calculations for fast quenches. For cis-critical quench protocols{if] the entanglement
entropy oscillates at late times around its initial value. For end-critical protocols the
entanglement entropy monotonically goes to zero inversely with time, reflecting the
spread of fermions over the entire line. For the inverted harmonic oscillator potential,
the dual collective field description is a scalar field in a time dependent metric and
dilaton background. The chapter is based on a paper with Sumit R Das and Shaun
Hampton [13].

A quantum quench in a boundary theory typically leads to black hole formation in
the bulk in usual holographic correspondence like AdS/CFT [15] (see section [I.1.2)).
However, when it comes to ¢ = 1 matrix model/2D string theory duality, it is be-
lieved that the singlet sector of ¢ = 1 matrix model does not contain the black hole
of 2D string theory[I7] (see section [1.3.1]). It is therefore interesting to ask what is

19The definitions of different classes of quench protocols are given in Chapter The three quench
protocols referred to in this dissertation are: Trans-critical protocol (TCP) — the system begins in a
gapped phase and the coupling varies monotonically across a critical value, and approaches a final
value which also corresponds to a gapped phase. Cis-critical protocol (CCP) — the system starts
from a gapped phase, approaches a critical point and reverts back to a constant value which also
corresponds to a gapped phase. End-critical protocol (ECP) — the system begins in a gapped phase
and monotonically approaches a critical point at infinitely late time.
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the emergent bulk geometry produced by such a quench. In Chapter |4 we consider
quantum quench in large-N singlet sector quantum mechanics of a single hermitian
matrix in the double scaling limit. The time dependent parameter is the self-coupling
of the matrix. We find exact classical solutions of the collective field theory of the
eigenvalue density with abrupt and smooth quench profiles which asymptote to con-
stant couplings at early and late times, and with the system initially in its ground
state. With adiabatic initial conditions we find that adiabaticity is always broken
regardless of the quench speed. In a class of quench profiles the saddle point solution
for the collective field diverges at a finite time, and a further time evolution becomes
ambiguous. However the underlying matrix model expressed in terms of fermions pre-
dict a smooth time evolution across this point. By studying fluctuations around the
saddle point solution we interpret the emergent space-times. They generically have
spacelike boundaries where the couplings of the fluctuations diverge and the semi-
classical description fails. Only for very finely tuned quench profiles, the space-time
is normal. The chapter is based on a paper with Sumit R Das and Shaun Hampton
[18].

Part IT (Chapter [5)) is motivated by following question: Quantum entanglement plays
a key role in gauge-gravity duality. There is some indication that if gauge-gravity
duality is true, the properties of quantum entanglement of a quantum field theory is
profoundly ingrained in the structure of gravity. For example, in AdS/CFT correspon-
dence, theoretical physicists have learnt a lot about how to determine the entangle-
ment entropy of boundary theory from its holographic dual utilizing Ryu-Takayanagi
formula and its extensions [49, 50| (see section [I.2.2). However, to determine the
entanglement in the bulk and its interpretation in its boundary dual is tricky since
the bulk theory is gravitational.

It has been suggested in https://arxiv.org/abs/2004.00613 [2I] that in Dp-brane
holography, entanglement in the target space of the D-brane Yang-Mills theory pro-
vides a precise notion of bulk entanglement in the gravity dual. However this con-
struction was done in a gauge-fixed description. In Chapter [5] we expand on this
discussion by providing a gauge invariant characterization of operator sub-algebras
corresponding to such entanglement. This is achieved by finding a projection oper-
ator which imposes a constraint characterizing the target space region of interest.
By considering probe branes in the Coloumb branch we provide motivation for why
the operator sub-algebras we consider are appropriate for describing a class of mea-
surements carried out with low-energy probes in the corresponding bulk region of
interest. We derive expressions for the corresponding Renyi entropies in terms of
path integrals which can be directly used in numerical calculations. This chapter is
based on a paper with Sumit R. Das, Anurag Kaushal, Gautam Mandal and Sandip
P. Trivedi [22].

Technical details can be found in appendices.

Copyright© Sinong Liu, 2021.
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Chapter 2
Complexity and scaling in quantum quench in 1+ 1 dimensional
fermionic field theories

2.1 Introduction

Quantum quench at finite quench rates which involve critical points are known to
display universal scaling behavior in various regimes. For quench rates which are
slow compared to physical mass scales local quantities in many systems obey Kibble
Zurek scaling [5l 6, 65]. [] In systems which have relativistic continuum limits there
is a different scaling behavior for quench rates which are fast compared to physical
mass scales, but slow compared to the UV scale [7HI0, [[TH74]. Finally at quench
rates at the scale of a UV cutoff one expects that the response saturates as a function
of the rate. These scaling behaviors are characteristic of early time response, i.e. for
measurements made in the middle of the quench or soon after the quench is over.

While the scalings themselves are quite generic, explicit investigations typically
involve solvable models and a lot has been learnt from exactly solvable quench proto-
cols in these models. They have also been studied for models which have holographic
descriptions via the AdS/CFT correspondence [26] [75H79]. In fact fast quench scaling
was first discovered in holographic studies in [77H79]. They have been most exten-
sively studied for local quantities like one point functions and correlation functions.
For one dimensional harmonic chain scaling has also been found for the entanglement
entropy [11], 80] and recently for circuit complexity [&1].

Complexity in a field theory quantifies the difficulty in preparing a quantum state
starting from some reference state. Study of such measures is motivated by ideas of
holographic complexity [82H89)]. Since this is a quantity which characterizes proper-
ties of a quantum state which are not easily captured by correlation functions, it is
interesting to study its behavior in non-equilibrium situations. There are several pro-
posals for quantifying complexity in field theories. The proposal we consider in this
paper is "circuit complexity" which relates the length of the optimal circuit of unitary
operations relating the reference state and a target state to a geometric quantity in
the space of states parametrized in a suitable fashion [51, 90-08|. Clearly, because
of the dependence on the reference state as well as the unitary gates used, this is
not uniquely defined. Nevertheless such a definition is expected to capture the true
complexity of a state and seems to agree with holographic expectations. For other
approaches to field theoretic complexity, see [99HI06].

In this paper we study scaling of circuit complexity in quantum quench for 1+ 1
dimensional majorana fermions on a spatial lattice with a time (and momentum)
dependent mass function - this is the fermionic description of a one dimensional
transverse field Ising model with a time dependent transverse field. Following [71]
we consider a time dependence for which the dynamics can be solved exactly - this
corresponds to a transverse field which asymptotes to constant values at early and late

!For example, see the following reviews [66H70].
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times and passes through the critical point at some intermediate time which we choose
to be t = 0. The Heisenberg picture state of the system is chosen to be the "in" state,
which approaches the ground state of the system at early times. This latter state is
also chosen as the reference state. The Heisenberg picture state is then a Bogoliubov
transformation of the reference state with time dependent Bogoliubov coefficients.
As shown in [92] for such a free fermion theory, circuit complexity (as defined in that
paper) can be expressed entirely in terms of these Bogoliubov coefficients. Using the
exact expression for this quantity we study the complexity analytically in various
regimes.

In the slow regime we use the standard adiabatic-diabatic sceneario underlying
Kibble Zurek scaling to evaluate the complexity in the middle of the quench. We
find a scaling behavior ~ constant + (6¢)/2 where dt denotes the time scale of the
quench. We compare this result with a numerical evaluation of the integral involved
in the exact result and find excellent agreement. Interestingly this comes mostly from
contribution of modes which remain adiabatic. This is in contrast to what happens for
the bosonic theory studied in [81] where the zero momentum modes in fact dominate
the result.

In the fast regime, we can perform an expansion of the exact answer in a power
series in Jbdt where J denotes the mass scale of the theory and b is the quench
amplitude. In this expansion, the complexity at t = 0 is proportional to &t for
arbitrarily small 6¢t. This agrees nicely with a numerical evaluation of the exact
answer. The complexity at a slightly later time ¢ < 0t shows a slightly different
behavior : for ot smaller than a t-dependent threshold value the complexity saturates
as a function of dt, while for ¢t larger than this threshold, the above mentioned linear
behavior holds.

The content of the paper is as follows: In section we summarize the definition
of circuit complexity. In section we introduce 1D Majorana fermion field theory
and the derivation of complexity of its quench by considering Bogoliubov transfor-
mation. In section we study the scaling of complexity with respect to quench
rate. In section we discuss the similarity and defference between 1D Majorana
fermionic field theory and bosonic field theory in [81], then we show some numerical
results of the late-time behaviors of complexity.

2.2 Complexity in Free fermionic theory

We follow the definiton of complexity in [51] and [92] which we summarize below:
complexity is the minimal number of elementary unitary gates needed to prepare a
certain target state |ir) from a reference state |1g)

[vr) = Uln), U = ][ Vi (2.1)
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In continuum limit, U takes a form of path-ordered exponential of the sum of products
of control function Y7 (s) and a basis of elementary gates O

—i /03 ds Z Y (s)O;

And the complexity is defined to be the circuit that minimizes a cost

U(s) = Pexp U =Ul(s=1) (2.2)

D(U(t)) = /0 dsF (U(s); Y'(s)). (2.3)

Notice that Y(s) can be intepreted as the I'" component of the tangent vector
of trajectory U(s). The functional F' is a measurement of “distance” from reference
state at U(0) to target state at U(1): for example, if all classes of gates have equal
cost, ' can have a general form F,(U;Y') = >, |Y/|*. Then minimizing the cost
is equivalent to looking for the shortest geodesic on the manifold formed by tangent
vector Y (s).

When both the target state |¢)r) and the reference state |1)g) are gaussian, there
exist two pairs of sets of creation and annihiliation operators {ar}, {a}.} and {az}, {a}}
s.t. ar|tr) = 0 and ag|gr) = 0. Then the transformation between the two states
can be described by the transformation between the two pairs of creation and anni-
hiliation operators. Most of time the transformation is a Bogoliubov transformation
Pl Below we give a rudimentary argument about fermions:

For a pair of fermions, the unitary operation U from reference state |¢)g) to target
state |ir) is of the form

a=aa— Fb,

R (2.4)
bl = a*bl + B*a,

where operators a,b and af,b! are annihilation and creation operators of reference

state, i.e. alyg) = b|Yr) = 0; Similarly, @, b and at, bt are annihilation and creation

operators of target state, i.e. alir) = b|ypr) = 0. To preserve the anti-commutation

relations, o and [ satisfy

la* + 18] = 1. (2.5)

The equation implies that all of the possible target states form a unit sphere
with the north pole the reference state. This is made explicit by writing o and 5 by
two angles 6 and ¢, i.e.

a = cosb, B = e'?sind. (2.6)

2A single-fermion excited state |k) = aL\vac) with fermion momentum k can be expressed in
the form “f,|k) = 0,Vp” as well, i.e. one can find sets of creation and annihilation operators,
{fp} and {f}}, to represent |k) as their vacuum state. This is because vacuum state |vac) satisfies

“aplvac) = 0,Vp”, and as a result one can always define f; = a,t (while for other p, f, = a;).
This implies that single-fermion excited state is gaussian. However, if we choose single-fermion
excited state as the target state and vacuum state as the reference state, there is no Bogoliubov
transformation between these two gaussian states.
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Then a definition of the circuit complexity is the length of the geodesic from north
pole to the position of the target state, i.e. |f| gives the minimal cost. This can be
generalized to N-pairs of free fermions. Since the Bogoliubov transformation does not
mix operators with different momenta, it still takes the form in and therefore
. for each pair of fermion with momentum k: —k. On the other hand to prepare
the target state |¢or) from the reference state |¢R) one need to Bogoliubov transform
all the independent (momentum) modes. As a result, the circuit complexity is the
sum of geodesics |0|(k) of all momenta, i.e.

dd
e \e\ ) 5 v/ o 2.7)

where

Bl 1 o 2ol Bl

o] 2 |lagl? = |82

0] (k) = tan

2.3 The model and quench dynamics

The model considered in this paper is Majorana fermion field theory of the one
dimensional transverse field Ising model with a time dependent transverse field (The
model is discussed in details in [71]). The Hamiltonian is given by

H= / m(k, o3 + Gk)on] x (k. ). (2.9)

where 0, 3 are 2D Gamma matries and y denotes the two component spinor field, i.e.

(),

The Heisenberg equation of motion for x(k,t) is a superposition of two indepen-
dent solutions U(k,t) and V (k,t),

i0, (U(k, 1), V(~k, 1)) = [-m(k, t)o3 + G(k)or] (Ulk, 1), V(~F, 1)) (2.10)

and
x(k,t) = a(k)U(k,t) +a' (=k)V (—k,1). (2.11)

because of Majorana condition x2(k) = x|(—k). The operators a(k) and af (k) satisfy
the usual anti-commutation relations

{a(k),d'(K)} = o(k—K)
{a(k), a(k)} = {a'(k),a'(¥)} = (2.12)

We can relate the spinor to a scalar field ¢(k,t) by letting
)

(k
z@t+m( b
) P(k

U(k,t) = (
V(—k,t) = ( z8t+m(k n >¢ (k,1),
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where ¢(k,t) satisfies
7o +idm - ¢ + (m* + G*)¢p = 0. (2.14)

according to (2.10)), and
0:0° + (m* + G?) |¢|* — 2m - Tm (¢0,4") = 1 (2.15)

to preserve anti-commutation relations and the orthonormality of U(k,t) and V (k, t).
An exactly solvable quench dynamics has been found in [7I] which we use

m(k,t) = A(k) + Btanh(t/dt), (2.16)
and the rest of the parameters are
A(k) =2J(a — cosk), B =2Jb,G(k) = 2Jsink, (2.17)

where J is the interaction strength between the nearest-neighbor spins in Ising model.
It has dimension of energy. a is the lattice spacing of Ising model. b determines the
mass gap.

In the rest of the paper we mainly consider the case a = 1, which describes a
cross-critical-point (CCP) type-like potential at & = 0; another interesting case is
when a = 1 — b, which corresponds an end-critical-point (ECP) type-like potential at
k=0.

The Heisenberg picture state we use is the "in" state. This means that the spinors
U(k,t) should asymptote to the positive frequency solution of the equation in the

infinite past. This "in" solution is given by (2.14)) and (2.15]) is

Sunlh, ) = G(lk” , /“i”zj;:m exp|—iw. (k)t — iw_(k)dtlog(2cosh(t/5t))]

S [+ e (K)t + 1Bt iw (K)5t — iBSt: 1 — i (k)5t: %(1 + tanh(t/5))],
(2.18)

where the frequencies wjy, out,+ are defined to be

ontin = /GO + (AR) BP0 = 3 (0oue £ win). (2.19)

and m;, = m(t - —o0) = A(k) — B.

For the reference state we will choose the ground state of the system in infinite
past, while the target state is the Heisenberg picture state. For some momentum k
the former is annihilated by a set of fermionic oscillators a_o (k) and a' (k) defined
by

X(k,t) = a oo (K)U_oo(k, t) 4 al oo (—k)V_ oo (=K, 1) (2.20)
where U_o(k,t) and V_o(k,t) are given by the expressions (2.13) using the asymp-
totic form ¢_.(k,t)

1 .
(k) = e~ wint 2.21
¢ ( ) \/QWW (win - min) ( )
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The relationship between a_q(k),a’ (k) and a(k), a' (k) then becomes a set of Bo-
goliubov transformations of the form (2.4)

a-co(k,t) = a(k,t)a(k) — B(k, t)a (—Fk),

al (—k,t) = B*(k, t)a(k) + a*(k, t)a’ (—k), (222)

where a(k,t) = a(—k,t) and 5(k,t) = —f(—k, t); anti-commutation relation requires
la(k,t)]*+|B(k,t)|* = 1. Then a(k,t) and S(k,t) can be expressed by U (k,t), V (k,t):

ak,t) = U (k,)U(k,t) = VI(—k, t)V_s(—Fk, 1),

(2.23)
B(k,t) = =U' _(k, )V (=k,t) = Ul (k, t)V_oo(—k, 1),
and therefore ¢(k,t):
alk,t) = ¢* (k1) {G2 (k) + (—win + min) [i0; + m(k, )]} ¢(k, t) (224

Bk, t) = ¢" (k, t)G(k) {[i0; + m(k,t)] — (—win + min) } ¢ (k, ).

In this paper we consider the measurement closest to the original definition of com-
plexity in the discrete case, i.e. F(U,Y) =), ‘YI|, therefore the circuit complexity
of the model is

dk
(1) = _—
C v/ 161k, ), (2.25)

where the integrand 0(k,t) is given by

L
61k, ?) =tan |< o1

O—oo(k, 1)G (k) {[=i0 + m(k, )] — (—win + min)} ¢(k, 1)
¢*_ (k. ) {G?(k) + (—win + min) [=i0, + m(k, 1)]} o (k, )

(2.26)

=tan

For practical reason, we ignore factor %

2.4 Scaling of Complexity

Now we want to see how circuit complexity scales with respect to quench rate. The
behavior of CM(t) as a function of 0t is shown in Fig. and Fig. There are
three regimes of the quench rate: slow quench, fast quench and instantaneous quench.

2.4.1 Slow quench

In slow quench region, Jét > 1/b, the asymptotic behavior of circuit complexity with
respect to the quench rate is C) ~ P’ + Q'6t71/2, where P’, Q' are constants (Fig.
2.1)). This behavior is consistent with Kibble-Zurek scaling. In particular, the system
evolves adiabatically at the beginning because the rate of change of time-dependent
coupling (m(k,t) in this system) is much smaller than the square of the initial energy
gap. However, the adiabaticity breaks down as one approaches the critical point
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Figure 2.1: Exact CV(0)-6t relations in log-log scale. Red and blue dots correpond
to b = 0.01 and b = 0.1 respectively. The orange, blue, and yellow fitting curve are
y =cx?, y = P+ Qlogx, and y = P' + Q'z7'/2, respectively. The linear fitting
coefficient d = 0.985146 for b = 0.1 and d = 0.984975 for b = 0.01, which implies the
linear relation between CV(0) and 6t in fast quench regime.
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Figure 2.2: Exact CV(t)-6t relations in log-log scale. Red and blue lines correpond
to b = 0.01 and b = 0.1 respectively. From solid to dashed, the curves correspond to
t = 0.002,0.001 and 0.0005, respectively. We can see the circuit complexity saturates
around dt ~ t (gridlines), and the saturation value is approximately 8Jbt (in yellow
dotted lines). As reference, CM)(0)-t relations are in dotted lines.
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Figure 2.3: Relation between single-mode contribution |0|(k,0) and momentum
k: Red line shows the exact mode contribution to complexity 6(k,0); green and blue
dashed lines are approximated complexity with KZ mass and critical mass, respec-
tively. b = 0.1. Relation between |0|(k,0) and Jdt: From dark blue to red,
k = 1.5,0.5,0.25,0.1,0.05,0.025,0.01; the grey solid horizontal lines are adiabatic
approximations when J6t > besc? k. b= 0.01.

at a time called Kibble-Zurek time txz, because of critical slowing down. Since
the instantaneous energy gap scales with time-dependent coupling m(k,t) with the
correlation length exponent v as E, ~ |m(k,t) — m.|". txz can be found by using

the Landau criterion
1 dE,(t)

~1, (2.27)
E2(t) dt

—tKz

where E is the instantaneous energy gap, and in the model we study,

E, = /m(k,t)2 + G(k)2. (2.28)

Adiabaticity holds when the quantity is much smaller than 1.

Clearly the Kibble-Zurek time depends on the momentum of the mode according
to and . In CCP type-like potential case, one can find that adiabaticity
breaks down at —tx and reappears at txz. On the other hand, in ECP type-like
potential case, adiabaticity breaks down at tx.

To make it clear, the circuit complexity is plotted mode by mode at t = 0 (See
Fig. . We find that the momentum-dependence of circuit complexity can be
divded into two regions by Landau criterion. In particular, a critical momentum k.

exists, where
Y i b
sink, = 1/ 27\/ Tsi (2.29)

For k < k. the adiabatic approximation breaks down, and the system is frozen after
—tkz. This implies that circuit complexity can be evaluated approximately by that
at a fixed mass myz = m(—tkz), which can be treated as an effective mass of the
frozen system. For k > k., adiabatic approximation is valid, and circuit complexity
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can be evaluated by using the instantaneous mass at ¢ = 0. Then in general, the
approximation is

(M —m)G

L
0]~ Ftan mt=0), k>k,

Therefore, by summing over all momenta (k € [0,7]), an approximation of circuit
complexity is

[Min —m(t = 0)]G
My - m(t =0) + G?

1 [k n —m(t = 1 [k
— —/ dktan~! [min — m(t = 0)]G + —/ dktan~?
2 Jo 2 Jo

Min - m(t = 0) + G?
where the Ist and the 2nd terms are the adiabatic approximation of |0| for k > k.,
and the 3rd term is the response of the system at a constant mass equal to the Kibble-
Zurek mass myg, when adiabaticity breaks down. Under the condition Jot > 1/b,
we can simplify the complexity and determine the leading and subleading term of it:

/2 b b
cW(o N/ dztan™? ( cotac) +O0 1\ == |- 2.32
(0) 0 2—b Jot ( )

Numerically we can find that leading term is 0.207762 when b = 0.1, which is close
to the curve fitting result of exact CV(0), P’ = 0.207605 (yellow fitting in Fig. .
Therefore, in the slow quench regime, circuit complexity follows the expectation of
KZ.

1 ™
cW(0) z§/ dktan™!
0

[min - mKZ] G

Y

Myn - MKz + G2
(2.31)

2.4.2 Instantaneous quench

In the instantaneous quench regime, i.e. Jot < 1, we find that circuit complexity at
time ¢ shows linearity when 0t > t and saturation when 0t < t; In both cases the
circuit complexity is proportional to the gap of mass Jb (Fig. . One can see these
features more clearly from the asymptotic behaviors of ¢ and § when ¢, 0t < 1.
Notice that when 0t > ¢, tanh(t/dt) — t/dt. Therefore we can expand solution

Gin(k,t) in (2.18) and find

- 1 Wiy, + My .
in k’,t ~ in N _jwyt
Pulh D) METIV 2o

——[1 —idt(w_ — B)log(%(l + %))}

, , _—B 1
21— Ly T2 i, 4 B)log(5(1+ %m} o

ot Wout 2

1 , .
NEG Hin LI st 16t + B) (- — B)log2

+ (higher order contributions).
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Then the leading term of §*(k,t) (2.24) is now approximately
1 in mn g —iw; .
B*(k, 1) za%ie wt—iwint (195t (w, + B)(w_ — B)log2}. (2.34)
Win
Since Jot < 1, circuit complexity |0(k,0)| ~ |5| and as a result, we can plug G(k) in
and estimate the complexity to be
CV(0) ~ bJbt - 4log2 ~ 2.77bJ5t. (2.35)

when b < 1. This is close to the linear fitting of exact circuit complexity in Fig.
where the slopes are ¢ ~ 0.261913 when b = 0.1 and ¢ =~ 0.0261736 when b = 0.01.
When 0t < t, tanh(t/5t) — 1 — e /%, Again one can expand solutions and find

- 1 Win + My
(K, 1) ~ () e exp | —iw_Gte” /%
Gin(k,t) GO o exp[—iw_dte ]

X {e—wftﬂ (1 +idt(w_ — B)e /%) (2.36)

Wout
ywo — B

Wout

+ efeut (1 —idt(wy + B)th/‘St)} .

Therefore 5(k,t)* is approximately

G — m. ,
B*(k,t) ~ — iexp[—iw_dte /%] (70w = Min) et sinw it
WinWout

L mip +win _; : (2.37)
+ a 2'; n e_“"""texp[—iw_5te_2t/5t]4(w_ . B)B—Qt/&ezwoutt’
Win

and then the leading term and subleading term of the circuit complexity is
CO(t) ~ 8bJt + O(te /%), (2.38)

Thus the leading term is dt-independent, and linearly increase as t increases, which
corresponds to the saturation when 0t < ¢ in Fig. 2.2

Behavior of circuit complexity in instantaneous quench regime is consistent with
the behavior when quench occurs instantaneously (6t — 0). In the latter case the
time-dependent mass in can be described by

m(k,t) = A(k) + B (6(t/5t) — 1/2) (2.39)

where O(x) is the Heaviside step function. The circuit complexity can be exactly
figured out. The exact “in” solution is

1 Min + Win 6—iwmt7 t<0
¢(t> - |_G’ 2wln { %e_iwoutt + %eiwoutt' t 2 0 (240)
and thus the circuit complexity
T 2bsink 8bJt
cW(t) = / dk i 2Tt ~ 8b.Jt (2.41)
o +/sin’k + (1 — cosk — b)2 v1—0

when b < 1.
One can see that at ¢ = 0 the circuit complexity CV(0) does not saturate. This
is different from (yx), which saturates when Jot < |b| (|[71]).
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2.4.3 Fast quench

Between slow quench Jdt < 1 and instantaneous quench Jét > 1/b, we find a
logarithmic dependence, i.e. CV(0) ~ P + Qlog(Jdt), where P, Q roughly linearly
rely on b.

One can easily generalize the other definition of complexity in to the time-
dependent case, s.t.

L 2ak0llAtk,0)
2" Tlatk, 0 = 1Bk 0P|

Combined with ((2.13) and (2.23)), we can rewrite the denominator ||a(k,)* —
|8(k, t)]?| in terms of the c-number VV = V(—k,t)TosV (—k, t):

la(k, t)]* — |B(k, t)|* = T%nVV + wC-TY cosyy/1 — (VV)2 (2.43)

where 7 is the angular part of —2G(k)¢*(—i0; + m(k,t))o.
On the other hand, the quench Hamiltonian (2.9 can be rewriten into the form

6] (k, 1) =

(2.42)

H:/%XT(k,t) [=minos + G(k)o1] x(k, t) _/%5m(t)X(k’t)X(k’t) (2.44)

EHCFT — 5)\/d$F(t/(5t)OA,

where 0A = 2B, F(t/dt) = (1 4 tanh(t/dt))/2, and Op = x(z.t)x(z, 1) is an operator
with comformal dimension A. Therefore one can use the Kubo formula to find the
leading terms of (Oa(t)) = (0|Oa(t)|0) when ¢ < dt, where state |0) is the “in”
vacuum that satisfies a(k)|0) = 0 for all momentum k:

t

(Oa(,8)) = (Oa (2, 1))y, — 6X /

dt’F(t'/ét)/dfGR,mm(Lt;x/,t’) + ... (2.45)
ot

where G, (x,t;2',t') is the retarded Green’s function
GRrm,, (62, 1") = iO)([Oa(z,t), Oa(2, )] im,, (2.46)

The argument in [26] [}| implies that one can use the Green’s function in CFT as
an approximation to the exact one when §t < ((5)\)71—%, (mm)_ﬁ, where d is the
spacetime dimension. This is based on two facts: One is that the Green’s function
should satisfy causality. As a result the bound of integral over x is actually (—t +
t';t —t'). The other is that when space and time scales are both much smaller than
the correlation length (mm)_ﬁ, the commutator in CFT is a good approximation
to the Green’s function. The argument leads to the conclusion that the integrals in
the Kubo formula scale with 6t only, i.e.

(Oa(2, 1)) — (OA(2, 1)), ~ IN(0)T724 (2.47)

3]26] considered a general continuous field theory instead of a lattice one. Here we follow the
logic and argue in continuous case as well.
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A more concrete calculation in [71] shows

_ _ L 11
(X, O)x(@, ) = (X(@)x (@, t))m,, = lim 2moAlog(t/n)+..., It < A (2.48)

Now, notice that V(—k.t)V (—k,t) is related to Y, (t)xx(t) by a Fourier transform

a0 = [ el o, 010) = [ SEOI7 (kv (ko)
(2.49)

on the Ising model we consider. Momentum k € (—m, x| is independent from the
scale 0\ and dt. Thus the order of A and dt in the leading term and subleading term
should not change. Figure out the leading term by plugging the ¢_., in, and we find

VV = 0V (—k, )V (~k, 1)[0) = % 4 O(blog(t /) (2.50)
and leading term of cos~y is 1.
Therefore, (2.42) turns into
1 blog 5t
10 (K, t) ~ = tan"! ?( 0g 9t/n) _ ~ blog(5t/n) (2.51)
2 — 5 [O(blogdt/n)]

Circuit complexity is therefore of the form P + @ log(Jdt) as Fig. shows.

Here we need to make a comment on the higher order terms of cosvy. In the
fast quench regime, it can be ignored because blog(dt) is the second lowest order.
However, in instantaneous regime, subleading term of cos~y is at the order O(dt),
which can be found by expanding the Hypergeometric function. This might explain
why CW)(t)-0t relation is not quadratic, though
Myp,

VV + O((J6t)?) (2.52)

Win,

when Jot < 1 ([71]).

2.5 Discussions

In many ways the circuit complexity C(V(0) of relativistic fermionic Ising theory scales
in a way similar to free bosonic oscillators [81]. In particular, like circuit complexity of
free bosonic oscillators when wydt < 1, circuit complexity of free fermionic oscillators
also shows linear behavior at ¢ = 0 in instantaneous quench regime (Jot < 1). This is
because the contribution from each single (momentum) mode, |0|(k,0), scales linearly
as 6t varies (2.34). To explain the behavior of circuit complexity C(0) in bosonic
theory when slow quenched, [81] analyzed the contributions from single modes C*
and found that C* scales logarithmically when 6t < £ csc?(®) and saturates when
ot > ¢ CSCQ(g). Here we can draw a similar conclusion from that single nonzero
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mode contribution |6](k # 0,0) saturates when J§t > besc? k (See Fig. [2.3b)). To be
concrete, k > k. is the condition for ||(k,0) to be adiabatic. Then by plugging in
(2.29) one can find the inequality between k and ot

: _ af 1 b 1 9 9
_ 41 NS N , 2.
sink > sin k. 7\ Tar = Jot > 27b csc”k ~ besc” k (2.53)

Given that adiabatic result is independent of Jot due to m(t = 0) = A(k),
when the inequality is satisfied, |0|(k, 0) is independent of dt. []

However, the zero mode contribution C*=° in free bosonic theory is very different
from |0|(k = 0,0) in free fermionic theory. In the free bosonic case, the contribution
from zero-mode C*=" ~ logdt in KZ regime due to the fact that the saturation
happens when 6t > “2 csc?(£) — co. In the free fermionic case the contribution from
zero-mode |0|(k = 0,0) is subtle. From one may find that it is because when
k=0, U_o(k,t) and V_,(—k,t') are both zero vectors. A more profound reason

might come from (2.22). When k& = 0, (2.22)) turns into

a_ose(0,1) = a(0,1)a(0) — 5(0,t)a’(0), (2.54)
a' (0,t) = 5*(0,)a(0) + (0, )a’(0). '

Then anticommutator a(0)2 = (a'(0))? = a_(0)? = (a' _(0))? = 0 implies that

a(0,1)3(0,£) = 0 (2.55)

Combined with (2.5)), we find that (|«(0,t)],|5(0,t)]) = (1,0) or (0,1). Therefore the
contribution from the zero-mode |0](0,¢) = 0,7/2 [92]. However, given that in the

latter case (2.54) turns into

— _ i)t ,
O gy, | = B0.0= =, (2:56)
i.e. the zero-mode contribution |f|(k = 0,t) has to be zero in our case. The Bo-
goliubov transformation of the zero-mode is trivial, since Majorana fermions have an
unpaired zero-mode.

As for nonzero-modes, Fig. [2.3a]shows that single-mode contribution has a peak at
some nonzero mode and it moves close to zero mode as quench becomes slower. Most
of the contribution to complexity C(0) comes from modes that remain adiabatic,
ie. |0|/(k > ke, 0). According to (2.29), when J&t increases, k. decreases, so that
adiabaticity is moving toward £ = 0. On the other hand, when ¢ = 0, adiabatic
contribution
(min, —m(t =0))G
My - m(t =0) + G?

-1

10| adia(k, t = 0) =

tan

(2.57)

1
2

“Here we cannot give a stronger condition such as Jot > ,/%b csc? k because according to Fig.

2.3a) adiabatic result does not match exact one when Jdt is slightly larger than 1/%1) csc? k.
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monotonically decreases (as k increases). However, |0|(k,t) — 0 when k£ — 0 (2.23).
Thus there exists a peak somewhere around k.. As Jdt increases, the peak moves
toward k£ = 0; more concretely, the peak of the exact || moves along the curve of
‘e‘adia-

Now since k. — 0 when Jdt — oo, all of the contributions from non-zero modes
are adiabatic, i.e. |0]|(k,0) = |0|agia(k,0) for all k& # 0. This implies that circuit
complexity C™M(0) saturates to a constant value

/ Q18] (k. 0)
0
given that |0|u4q(k,0) is dt-independent. For a large dt that satisfies Jot > 1/b, the
difference

ke
C(0)]se — (0500 =/ dE [|6](F, 0) = |0]adia(F; 0)]
0

S He‘(kao) - ‘e‘adia(k70)] ’k%O X kc - _yeyadiaaﬂ — 070) X k'c
(2.58)

since |0|q4i0(k, 0) is monotonically decreases and |6|(k, 0) is non-negative. |0).q4iq(k —
0,0) is dt-independent, and one can figure out that

0] adia(k — 0,0) — /2.

On the other hand, according to (2.29), when 6t is large, k. ~ sink. ~ 6t='/2.
Therefore, we can see

c<1>(0)\5t:/ k6] gia (k, 0) + O(6t71/?) (2.59)
0

This might explain why in slow quench regime (J&t > 1/b), CV(0) in the fermionic
theory saturates with the rate §¢~/2. A more rigid argument is given in section m

The theory with ECP-type-like potential is slightly different when slow quenched
(Fig. , complexity saturates much more quickly because the single-mode contri-
bution saturates at large Jét (Fig. [2.4a).

Finally, we numerically compare the late-time behaviors of circuit complexity
(J107, 108 have studied circuit complexity at late time in the bosonic free field with
smooth quench and fermionic free field with instantaneous quench, respectively) in
ECP-type-like potential (a = 1 — b) and CCP-type-like one (a = 1), and the results
are shown in Fig. It shows that circuit complexity of ECP-type saturates without
oscillation, unlike CCP-type potential. This is consistent to quantities such as (Yx)
(7).

In conclusion, in this paper we have studied the scaling of circuit complexity
in Majorana fermion field theory of 1D transverse field Ising model under quantum
quench. It provides another evidence for the fact that just as correlation functions
(e.g. (xx)) and entanglement entropy, complexity is a good quantity to see universal
scaling in critical quench.
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Figure 2.4: Single-mode contribution to complexity at ¢ = 0, |0|(k,0) in ECP and
CCP-like potentials when b = 0.01. Purple, red, yellow, green and blue solid lines are

Jot = 0.01,0.1, 1, 10, 100, respectively.
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Figure 2.5: Exact CM(t)-Jdt relations in log-log scale when b = 0.01. Red and
yellow lines correpond to ECP and CCP-type-like potential respectively. From solid
to dashed, the curves correspond to ¢ = 0.002,0.001 and 0.0005, respectively. The

plots differ at large Jot (Red plots saturate more quickly).
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(a) ECP-type-like: from solid to dotted lines(b) CCP-type-like: from solid to dotted lines
J&t = 200,100, 10,1,0.1,0.01, respectively
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Figure 2.6: [2.6al&2.6bt Time evolution of complexity CY)(¢) in ECP and CCP-like
potentials; 2.6d:Time evolution of (yx) in ECP and CCP-like potentials. From

Jot = 150, 100, respectively

thick solid lines to dotted lines Jdt decrease. Choose b = 0.01.
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Chapter 3
Quantum Quench in Non-relativistic Fermionic Field Theory: Harmonic
traps and 2d String Theory

3.1 Introduction

A common way to study non-equilibrium properties of quantum field theories is to
subject them to a quantum quench, i.e. introduce an explicit time dependence to
parameters which appear in the lagrangian. Among other things, this is interesting for
several reasons. One motivation is to study equilibration and possible thermalization
of these systems. Suppose the time dependent parameters approach constant values
in the far past and future, and the system is initially in the ground state. The quench
then excites the system. At late times, when the parameter again becomes a constant
(which is generally different from the initial value), one would like to know the nature
of the excited state, and if it is approximately described by a thermal state in some
appropriate sense.

A second motivation - which is one of our main interests - is to study dynamics
in critical phase transitions [66-70]. Suppose the initial hamiltonian is gapped, while
the quench protocol crosses or approaches a critical point where the gap vanishes. On
general grounds one expects that various observables would obey universal behavior.

An early example of such a universal behavior is Kibble Zurek scaling for global
quenches [, [6 [65] (where the parameters depend only on time). This holds in many
systems when the time scale of the quench 4t is large compared to the inverse of the
initial energy gap F,. In this case, the initial time evolution is adiabatic. However
since the instantaneous gap is descreasing with time, adiabaticity breaks down at
some time called the Kibble Zurek time tx,. This is typically determined by the
Landau criterion,

1 dEq(t) |
Egop(t)2  dt 77

where Ey,,(t) is the instantaneous energy gap. This equation then determines ¢y,
in terms of 0t. According to the assumptions of Kibble and Zurek, the system soon
enters a diabatic regime, and the instantaneous correlation length at the Kibble Zurek
time is the only length scale in the problem.

In the following we will follow standard nomenclature to distinguish several classes
of quench protocols. The first protocol is called a trans-critical protocol (TCP). Here
the system begins in a gapped phase and the coupling varies monotonically across a
critical value, and approaches a final value which also corresponds to a gapped phase.
The second is called a cis-critical protocol (CCP) where the time dependence is not
monotonic. Here the system starts from a gapped phase, approaches a critical point
and reverts back to a constant value which also corresponds to a gapped phase. The
third protocol is called a end-critical protocol (ECP). Here the system begins in a
gapped phase and monotonically approaches a critical point at infinitely late time.
In TCP or CCP, the response at early times then scales as appropriate power of the

~1 (3.1)
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correlation length, leading to a scaling as some universal power of the quench time
scale. For example the one point function of an operator O will scale as

(0) ~ &3 (3.2)

where A is the dimension of O. For ECP, the appropriate scaling variable is the energy
scale at the Kibble Zurek time. At any given time the response will be adiabatic for
sufficiently large dt, while for a small enough dt¢ there will be a Kibble Zurek regime
[111, TO9HIT2].

Even though these assumptions appear to be drastic, such a scaling - together with
an accompanying mechanism for defect formation in symmetry breaking transitions -
appears to hold for many systems. Kibble Zurek scaling has been studied in a variety
of solvable models and in holographic setups [75], [76, T13-116]. The latter provide
some insight into the origins of universality. The best known results involve one point
functions (e.g. defect density) and correlation functions. However similar scaling
holds for the entanglement entropy of a subregion in some model 1 + 1 dimensional
systems.

At the other extreme is instantaneous quench where a sudden change of a param-
eter causes the system to go from a gapped phase to a critical point abruptly. In
this case, universal results are known for correlators and entanglement entropies of
1 + 1 dimensional systems [27-29]. Of particular interest is the spread of entangle-
ment with time |27, 28] - this kind of spread has been conjectured to hold for higher
dimensional systems [I17H120] and there has been evidence for this in holographic
calculations [117, T2TH125] as well as in free field theories.

More recently it has been found that in a relativistic theory there is an inter-
mediate regime where a different universal scaling holds [7HI]- a result which was
first found in holographic calculations [77H79] and later found to hold quite gener-
ally. Consider a relativistic quantum field theory in d dimensional space-time which
is obtained by the RG flow from a UV fixed point. The action can be then written
as

S = Sepr — / dt / 41 \(H)OA (7. 1) (3.3)

Here Scpr stands for the conformal field theory action at the UV fixed point and
A denotes the conformal dimension of the operator Oa(Z,t) in this CFT. The time
dependent coupling A(t) goes from a constant value ) in the infinite past some other
value A1 in the distant future, and the time dependence is in some time interval of
size 0t. Then this regime is defined by

1

Apy < 0t < (OX) 75, (Mg p) T3 (3.4)

where A; denote the largest and smallest value of the coupling and d\ is the excursion
of the coupling during the quench process. In this regime the one point function soon
after the quench is over scales as

(Oa) ~ (6t)7724 (3.5)
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This is a result in any relativistic field theory, and follows from two basic properties [7-
9]. The first is causality. The second property is that the causal Green’s functions of
a massive theory become those of the UV conformal theory for space-time separations
which are small compared to the inverse mass gap. Once these properties hold, it turns
out that the dimensionless parameter which controls time dependent perturbation
theory is the combination of the coupling with an appropriate power of 0t, and all
other scales go away. This combination is small in the fast quench limit and the
result follows from the lowest order perturbation theory. This regime of scaling
has been investigated explicitly in free field theories with time dependent masses
and in conformal field theories with relevant and marginal deformations [72H74]. In
continuum free theories there appears to be a smooth transition between Kibble-
Zurek and Fast scaling regimes [10], while in lattice theories this connects to the
abrupt quench regime at quench rates at the scale of the lattice spacing [71]. Apart
from one point functions, the whole range of scaling behavior is visible in quantities
like the entanglement entropy [I1] as well as circuit complexity [12) &T] []

In many situations, particularly in experimental setups, one is interested in non-
relativistic systems. Our ultimate goal is to investigate whether there are universal
scaling laws which hold in non-relativistic systems. While Kibble Zurek scaling is
expected to hold, the status of fast quench scaling is unclear. In specific models where
non-relativistic Lifshitz type dispersion relations appear, e.g. the anisotropic critical
points of the Kitaev model one indeed finds fast quench scaling with appropriate
scaling dimensions [71]. More generally, Lieb Robinson bounds [127] for lattice non-
relativistic systems may provide the necessary ingredient. Indeed in recent work in
lattice models with dynamical exponent z # 1 it has been found that the spread of
entanglement following a sudden quench indeed has an effective finite velocity [128].
However, such a finite speed has been also observed in non-relativistic systems which
do not obey Lieb-Robinson bound [129, [130)].

In this work we study the issue of scaling in a specific solvable system : a system
of N mutually non-interacting non-relativistic fermions in a harmonic or inverted
harmonic potential with a time dependent frequency and a time dependent mass.
Using the results of [I3THI33] will show how the problem of quantum quench with
some smooth quench profile in such systems can be solved analytically once one can
solve a nonlinear equation (Ermakov-Pinney (EP) equation). The solutions of this
equation can be in turn determined in terms of the solutions of the classical equation
of motion of a single particle in the same harmonic potential.

Indeed harmonic traps are of considerable interest in experimental cold atom
physics : quantum quench experiments often involve release of particles from har-
monic traps.

Our interest in the inverted harmonic oscillator potential on the other hand stems
from its connection to two dimensional string theory [52], 53| 134, 135]. As is well
known, the double scaled limit of the singlet sector of the quantum mechanics of a
single hermitian matrix reduces to a set of fermions in an inverted harmonic oscil-

1Other aspects of time dependence of complexity following a quench have been studied earlier
in [107, [126].
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lator potential. The string coupling appears as the mass of the fermion. Thus two
dimensional string theory with a time dependent coupling reduces to the problem of
fermions with time dependent mass in such a potential Pl String theory with time
dependent string couplings have been studied extensively in the context of AdS/CFT
to investigate thermalization via black hole formation [I5, B7]. In a different con-
text these have been used as models of AdS cosmology [I39HI50], but the outcome
has been rather inconclusive. Here we hope to obtain exact results in a simplified
situation.

In this paper we will set up the formalism necessary to solve both the harmonic and
inverted harmonic potential problems. We present detailed results for the problem in
harmonic trap : the problem of two dimensional string theory will appear in a future
publication [I8§].

We will solve the quantum mechanical time evolution of such a system for inter-
esting time dependent frequencies of the CCP and ECP type and calculate the early
time response of one point functions as well as entanglement entropies for a sub-region
for arbitary quench rates to find the scaling behavior in various regimes. We will also
explore the late time behavior of the entanglement entropy. We find Kibble-Zurek
scaling for slow quenches, while for fast quenches we show that the result scales in
a way which is consistent with time dependent perturbation theory. At late times
the entanglement entropy in a CCP oscillates with an amplitude which appears to
remain constant in time. This reflects the lack of thermalization of the system. For
the ECP the entanglement entropy monotonically goes to zero as a power law in time,
reflecting the fact that the particles can now spread all over space.

Such solvable systems have played a major role in providing insight into scaling
properties of quantum quench in continuum relativistic theories and in spin systems
which can be reduced to lattice versions of relativistic fermions [7HI0, [71]. As we will
see, our example may not be the appropriate setup to explore a possible universal
scaling at fast rates. Neverthless, we hope that these exact solutions will provide
some insight into the general problem.

Abrupt quantum quench in a system of free non-relativistic fermions which arise
from Matrix Quantum Mechanics with various potentials has been investigated in
several papers [I5IHI6I]. In particular [I51] [I52] has extensively studied the problem
in terms of the dynamics of the Wigner phase space density, investigated approach to
a generalized Gibbs ensemble and discovered interesting dynamical phase transitions.
The papers [I53HI58], 160, 161] deal with the fermion problem directly in the presence
of various kinds of abrupt quenches. Other aspects of the dynamics in such fermion
systems (e.g. shock wave formation) have been studied in [162] 163].

The paper [159] considers the dynamics of the Wigner phase space density as well
as a system of bosons and fermions using methods similar to us, in particular the EP
equation. The paper [164] considers slow smooth quenches for bosons also using the

2Fermions in harmonic oscillator potentials also appear in the description of special states in
the AdS/CFT correspondence [I36HI38]. Introducing a time dependent mass for such fermions
naively corresponds to a time dependent coupling of the Yang-Mills theory. However this breaks
supersymmetries : the truncation of matrix models and therefore fermions do not hold any more.
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EP equation. The EP equation has also been used to study entanglement dynamics
following an abrupt quench in a harmonic chain in [165].

Our work is complementary to these papers. We are interested in studying scaling
of various quantities as functions of the quench rate. We have been able to find exact
analytic solutions to several smooth quench protocols which we use for this purpose.

In section we set up the second quantized fermion field theory and show
how this can be solved exactly for +22 potentials in terms of a function p(t) which
satisfies generalized Ermakov-Pinney equation and show how to obtain its solutions.
In section we quantize these theories in the Heinsenberg picture "in" state and
show how observables can be expressed entirely in terms of p(t). In section we
provide exact solutions for some CCP and ECP quench protocols for the harmonic
problem. Sections - contain our results for the one point function of the
quenched operator and the entanglement entropy for these protocols and their scaling
as functions of the quench rate. Section deals with comments about the behavior
of the phase space density.

3.2 Fermion field theory

Consider a system of N non-relativistic fermions in 1+ 1 dimensions with a hamilto-
nian given by

h 02 1
H= [ dv ' (z) |——= = + —=m(t)*(t)a? 3.6
[ 4000 | =g s £ gm0 vt (3.5)
where m(t), v(t) are real smooth functions. The Schrodinger picture fermion field
operators above satisfy the usual anti-commutation relations

{U(@) (@)} = oz —a)
{¥(@), v} = {¥i(@)¢'(@)} =0 (3.7)

The condition that the total number of fermions is N then leads to the constraint

/OO dx ' (z, t)h(x,t) = N (3.8)

—00

The plus sign in is the hamiltonian of particles with a time dependent mass in
a harmonic trap with a time dependent frequency. The minus sign with v = 1 is the
hamitonian of the singlet sector of the double scaled single hermitian matrix quantum
mechanics which is dual to two dimensional string theory with a time dependent string
coupling gs(t) = m(t). The Heisenberg picture equation of motion is the Schrodinger
equation

OY(x,t) h 0? 1 9/ 9
i~ = ~Sim(t) 927 + ﬁm(t)y (t)z* | Y (z,1) (3.9)

In the following we will set A = 1.
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3.2.1 The general solution

In terms of a new time variable 7

dt
dr = — (3.10)
m(t)
we can transfer the time dependence of the mass to the frequency term and (3.9)
becomes

ia@b((;i o _%aa_; + %”2(7)952 U(z,7) (3.11)

where
w(T) =m(t)v(t) (3.12)

A solution to the equation (3.11)) can be obtained in terms of the solution of the

Schrodinger equation with a constant mass and a constant frequency as follows [I31+
133]. First define a new field ®(z, 1) by

U(z,7) = exp[—a(r)r? — B(1)] ®(z,7) (3.13)

Secondly, make a change of variables

T /
T—=T = / dr
p(7')?

Ty = >0 (3.14)
Then ®(y,T) satisfies
0P (y, T 19> 1
@'% = {—58—3/2 + 5;&] oy, T) (3.15)
provided
B(r) =loglp(r)]'/*  a(r) = —id:(r) (3.16)

and the function p(7) satisfies a generalization of the Ermakov-Pinney equation [166],

167
1

p(7)?
Here the positive sign refers to the right-side up harmonic oscillator while the negative
sign refers to the inverted harmonic oscillator of relevance to the hermitian matrix
model. The latter case will be discussed in detail in [I§].
In the adiabatic approximation the function p(7) is simply —A—. A departure
Ve(r)

07p(7) £ w(7)’p(r) =+ (3.17)

from this value denotes a departure from adiabaticity and describes the exact re-
sponse.
Furthermore the most general solution of (3.17) is given by

p(1)* = Af(r)* +2Bf(7)g(7) + Cy(r)* (3.18)
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where A, B, C are constants and f(7), g(7) are two linearly independent solutions of
the classical equation of motion of a single particle moving in a harmonic (inverted
harmonic) potential with the same time dependent frequency w(7)

X +w(r)’X =0 (3.19)
Furthermore A, B, C' must satisfy

v
Wr(f,g)?

where Wr(f, g) = f0.g— g0, f is the wronskian of the two solutions. By the equations
of motion this is a constant in time and can be therefore evaluated at any time.

The problem of fermions with a time dependent mass in a harmonic (or inverted
harmonic) potential with a time dependent frequency can be therefore reduced to
a problem with a constant mass and a constant frequency. The only equation one
needs to solve is the classical equation . As we will see below, many quantities
of physical interest can be expressed entirely in terms of the function p(t) = p(7).

A general solution of the equation has the form

AC - B? =+ (3.20)

(I)n(va) =N, eii)\(n)Tan(y) (3'21)

where ¢, denote a complete orthonormal set of eigenfunctions of the hamiltonian
given by the right hand side of (3.15|) with eigenvalue f(n). Then the above discussion
implies that a general solution of the equation (3.11) may be written as

bnlw, ) = % exp B a;?i;)xﬂ o, (%,T) (3.22)

The orthonormality conditions for the eigenfunctions ¢,(y) then imply the orthonor-
mality conditions for the solution (3.22]).

The form of the solution (3.22)) reveals another physical meaning for the function
p(7). In the wavefunctions of a harmonic oscillator at fixed frequency w, one can
rescale out the frequency by * — y/wzx and 7 — wr. The normalization of the
wavefunction also involves w'/*, as would be required by the rescaling of z. In our
problem p(7) almost plays the role of such a time dependent rescaling. The term which
spoils this is the phase factor which involves 0,p(7). This is of course consistent with

the fact that in lowest order of adiabatic approximation p(7) = \/%

The function p(7) is given by (3.18). The independent solutions f(7), g(7) and
the constants A, B, C have to be chosen so that the solutions ([3.22)) satisfy the correct

initial condition.

3.2.2 Solution in terms of Phase Space Density

It will be useful to think in terms of the Wigner phase space density operator

ulg,p.t) = / dwe™ /P (g — 2/2)0(q + 2/2) (3.23)
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The condition (3.7) then becomes

u(gq, p,t) *u(gq, p,t) = u(q, p,t) (3.24)
while (3.8]) becomes
dqdp B
| S utap.) = N (3.25)

where * denotes the Moyal star product. As shown in [I68-170] the fermion field
theory can be expressed as a path integral in terms of these variables with a co-adjoint
orbit action. Formulating the theory in terms of u(p, ¢, t) is particularly useful in the
classical limit A — 0, N — oo with N#A held fixed. In this limit the Moyal product
reduces to an ordinary product.

In this limit the operator u(p, q,t) satisfies the equation

[0r + pdy F W (1)qd,u(p, ¢, 7) = 0 (3.26)

If we make the change of variables

T 1
T—>T = /dT'

p(7')?
¢—Q = ——
p(T)
p—P = pp(r) —q0-p(7) (3.27)
the function
U(P,Q,T) = u(p,q1) (3.28)
satisfies

provided (3.18)) holds.

This transformation is in fact a canonical transformation. Therefore the condition
(3.25) that u(p,q,t) describes N fermions transforms into the condition

/ dPdQ w(P,Q,T) = N (3.30)

The equation (3.29)) is the equation satisfied by the phase space density operator for a
system of fermions which is in an external harmonic (or inverted harmonic) potential
with unit mass and unit frequency. Therefore once we know the solution for this
latter case, we can find a solution of the time dependent case in terms of a solution
of the equation (3.17]).

3.3 Quantization and the "in" state

The quantization of the fermionic field theory proceeds in a standard fashion. Given a
complete set of modes {,,(x, 7)} which solve the equations of motion the Heisenberg
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picture field operators may be expressed as

Q/J(xaT) = Zan %(9077)

[e.9]

Wiz, 1) = al Yy, (w,7) (3.31)

n=0

where the oscillators satisfy the standard anti-commutation relations
{am,al} = 6pn  {an,am} = {al ,al} =0 (3.32)

Different choices of modes determine different inequivalent quantizations related by
Bogoliubov transformations.

We will be interested in profiles of m(t),v(t) such that they approach constant
values m;, and v;,, as t — —oo, and their time derivatives approach zero. Furthermore
we will have choices of m(t) such that when ¢ — —oo, one also has 7 — —oo. In
particular our choices of m(t) are such that as ¢ — —oo, we have m(t) — m;, so that
T — m%_"t. The equation (3.17)) means that p(t) = p(7) has the initial condition

1 1
B vV MinVin B V Win

The corresponding solution v, in (3.31) must then have the property that this is
positive frequency in the far past,

(3.33)

hm‘rﬁfoop@—) = Pin

lim, ootn(z,7) ~ e a>0 (3.34)
We will consider the Heisenberg picture state which is the "in" ground state,

apliny = 0 n>N
allin) = 0 0<n<N-1 (3.35)

3.3.1 Observables

The observables we will be interested in are the expectation value of the quenched
operator and the entanglement entropy. We will now show that both these quantities
can be expressed in terms of the corresponding quantities in the time independent
problem and the function p(7).

In the following we will consider the expectation value of the operator

o0

O(T) :/ dx %' (z, 7)Y (2, T) (3.36)
—00

This is the operator which comes multiplied by the time dependent coupling w?(7)

once the theory is expressed in the time variable 7. In the spirit of response theory, the

expectation value then measures the response of the system to the external driving.

(O(1)) of our problem can be expressed simply in terms of the expectation value
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of the quenched operator in an auxiliary problem of a harmonic oscillator with unit
mass and frequency, using (3.22)

(in|O()lin) = 3 /_ w22 0 @, TV, 7) (3.37)

Using (3.21)) and (3.22)) this becomes, after a change of variables,

=

-1

(lO@in) = A Y [~ ary2 )6, = olr? X (n+1/2) = oty

2
(3.38)
where we have used the fact that the integral on the right hand side is the expectation
value of the potential energy of a single harmonic oscillator with unit frequency in
the state with quantum number n, and used the standard result.

For fermionic systems, the entanglement entropy of a subregion A has an expan-
sion in terms of cumulants of the particle number distribution [47, 48|, 171HI74]. In
the leading order of large N the dominant term is the variance of the expectation
value of the particle number in A,

Il
=)

n

Salr) = 7Tg[(iVA(T)2> — (Na(7))’] (3.39)

where the operator N4 is given by

Na(T) = /A dxpt(z, T (z, 7) (3.40)

where the integral is over the region A.
This simplifies for the "in" state. Using the mode expansion (3.31) and the state
defined in (3.35) it may be easily shown that

Sa(1) = (in|Na(7)|in) —/Adx/Ady|C’(:17,y,T)|2 (3.41)

where
Clx,y,7) = (in[¢" (z,7)¢(y, 7)|in) (3.42)

This quantity can be also expressed entirely in terms of the expectation value of the
phase density operator as follows

1 o0
Sa =5 /_Oo dp/Adx (in|u(p, z, T)|in)
1 o .
- —/ dpldPQ/ dady e~ PPV (inlu(py, (2 +y)/2,7)|in)
(27T)2 —00 A

x (infu(ps, (€ +y)/2,7)|in)

(3.43)
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Expressing the above expectation values in terms of the mode functions one has

(in|Na(r)in) = / de 3 0, T, 7)

1

C(l‘,y,T) = wi(%ﬂ%(yﬁ) (3'44)

n=0

Using it then follows that the entanglement entropy can be expressed in terms
of the entanglement entropy of a rescaled region in the ground state of the theory
with a constant mass and frequency. If the subregion A is defined by a < x < b then
the rescaled subegion is defined by

a b
Salw(r)] = Sapjw = 1] Ap: o0 <z< o) (3.45)

3.4 Results for fermions in Harmonic Oscillator Potential

For the right side up harmonic oscillator, the two independent solutions of the equa-
tion (3.19) may be therefore chosen to be such that

i, f(7) = e T gl) = () (3.46)
To ensure that p(7) is real we then need to choose
A=C=0 B=1 (3.47)
Therefore for this solution we have
p(r) = V2 |f(7)| (3.48)

This yields the final form of the solution

. J% [ﬂp(lf)z}l/4 o [—i(.n—l— 1) /T P?j/)z} (3.49)
exp B (OT log p(7) + ﬁ) fz] Hy(z/p(7))

where H,(z) denotes the n-th order Hermite polynomial. This solution approaches
the normalized solutions of the Schrodinger equation with a frequency w;, as 7 —
—o0. The oscillators in (3.31]) with these modes are in the "in" oscillators.

We now provide exactly solvable quench protocols for fermions with a fixed mass
m in a harmonic oscillator potential with time dependent frequencies. The two times
t and 7 are then related by 7 = t/m.
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3.4.1 Cis-Critical Protocol

The first protocol is a cis-critical-protocol (CCP). As described in the introduction
in such a protocol the system starts from a gapped phase, approaches a critical point
and then turns back to another constant value. In this work we choose a protocol
where the initial and the final values are the same. More specifically we choose

w(7)? = w2 tanh?(7/dt) (3.50)

This corresponds to a trap which is smoothly removed for a finite interval of time
and then re-introduced.
The solution to the equation (3.19) which behaves as e=“°7 is then given by

1 2w0dteosh® (1 /6t)
V2w E1/2E;/3/2 - Ei/in’»/2

fecr(T)

- 1 ) T ;T 1 13 } T
{ 52 21 (a, b; 5 —sthE) + E1/231ﬂh§ o Fi(a+ 3 b+ 375 —sthE)}
(3.51)
where we defined
1 /
! ot, b + ! ot
a=a—-wylt,b=a+ -w

2" 2" (3.52)

PA/2T(b—a) - TE/200-a)
TO(1/2—a) "~ T(b+1/2)0(1 —a)
E. = E.(a < b)

The key function p(7) is then given by (3.48) with f(7) given by (3.51]).

Ey)p =

3.4.2 End Critical Protocol (ECP)

Another solvable quench protocol is the end critical protocol where the initial theory
is a harmonic oscillator with a frequency wy which monotonically descreases smoothly
to a vanishing frequency at infinitely late times. This corresponds to a smooth release
from a harmonic trap.

Consider the slightly more general protocol

20\ 2 T
() = W (a + btanh &) (3.53)

with the real constants a, b chosen such that a > b to ensure reality of w(7). Then
the "in" solution of the equation (3.19)) is given by

exp|—iwy T — iw_otlog(2cosh(7/dt))]

fecp =
v 2in : (3.54)
o F1[1 + iw_dt,iw_dt; 1 — dw;y,ot; 5(1 + tanh(7/6t))]
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where we defined
Win = WV a — b,
Wout = Wov a by (355)

1
W4 = _(wout + win)
2
The end critical protocol we consider has a = —b = % The function p(7) which

determines the time dependence of the observables considered above is shown in

Figure for both these types of protocol.

At early times p(—o0) = \/21T For ECP p(7) monotonically increases and be-

haves as p(7) ~ 7 at large 7. For CCP p(7) initially increases and then starts
oscillating. At late times these oscillations are around a mean value which is roughly
the initial value \/% with an amplitude which remains constant in time and with a

frequency approximately given by wy.

3.5 The response and scaling : CCP

In this section we present the results of the expectation value of the quenched operator
O = [ dza?®yy at early times for CCP (equation (3.50))) and investigate their scaling
behavior in various regimes. The details of the analytic approximations which lead
to these results are given in Appendix

3.5.1 Slow Quench Regime

In the slow quench regime wydt > 1 we can use the asymptotic form of gamma
functions )
[(2) ~ V2me #TE2)082 5, g (3.56)

to obtain p(7 = 0). The leading expression for the one point function (O) at 7 = 0

is, using (3:38),
ot
(©(0)) ~ Yz, [0 (3.57)
2 wo
This result is consistent with Kibble-Zurek scaling. The Landau criterion with the

instantaneous frequency given by (3.50) leads to

cosech? (12 /0t) = 1 (3.58)

woét

which defines the Kibble-Zurek time 7x7. We expect a scaling behavior only when
Tz < 0t. In this regime (3.58) leads to

ot
TK7 — —_— (359)
Wo
The condition 7z < 0t then becomes consistent with the slow quench condition
wodt > 1. This leads to the instantaneous frequency at the Kibble-Zurek time,

Wi, = % (3.60)
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(a) wodt = 1(CCP) (b) wodt = 1(ECP)
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Figure 3.1: relation between p(7) and 7 in various wydt cases.
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According to the Kibble-Zurek argument p(7) in the middle of the quench (which is
7 = 0) is roughly equal to its value at 7 = 7xz. Since the system is approximately
adiabatic at 7 = Tx this is in turn roughly equal to pugia(Tkz), the value of p for
the fermions in a harmonic oscillator potential with a constant frequency wgz. From

(3.17) this is simply

1
P(TKZ) ~ Padia(TKZ) = Tors (3.61)
leading to
N? [ot
~ 5\ .62
©)~ 5= (362

which is in agreement with the result from the exact solution (3.57) upto a numerical
factor.

3.5.2 Fast Quench Regime

We now consider the regime wpot < 1. While we have the exact answer anyway,
we are able to approximate the answer by suitable expansions and obtain analytic
expressions when we have in addition wym < 1 . The latter are useful to make a
comparison with perturbation calculations.

First consider the response at a time 7 which is in the range

WoT K C&)Oét <1 (363)

In this case, for the CCP (equation ([3.50) we get an expression (see Appendix
equations (8)-(18)

NQ 2
(O(1)) =~ — {1 + 2log2 - wadt? 4 2wadt - T + O(wgdt? T—)} (3.64)

L

- 20.10 ’ ot?

This is the response at early times. At late times, (see equations (A.19) to (A.28))

w0(5t L weT K 1 (365)

one gets instead

N2
(O) ~ o (1 + 2wodtsin2woT + O(wydt?)) (3.66)

Wo

These results should also follow from usual time dependent perturbation theory.
Let us discuss this for a general perturbation dw(7)? from the initial value. The
leading term in the perturbation expansion is

(O(7))

~(O(~)

L [ dx | dal(zx')*0w(r)? M, P (x, 1), 0T (&, 7!, 7'
w5 [ ar [dn [ e Poa POl e it ), ol e m(()m)
3.67
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where (),,, denotes the expectation value in the ground state of the theory at 7 — —oo
which is the harmonic oscillator with a constant frequency wy and

bw(T)? = w(7)? — Wi (3.68)

The Green’s function which appears in the linear response can be calculated. The
result is

Grr) = O(r -7 / du / da’ 2% ()2 (O|[6! (@, 7)o (w, 7), o1 (@, ), 7] [0V

= —O(r—1 )— sin[2wo (T — 7')] (3.69)
wg
Now consider evaluating the response at a time which is of the order of 7 ~ +dt. In
the fast quench regime wqdt < 1. The limits of the integral in can be replaced
by (—dt,dt). Suppose the form of dw(7)? is dw(7)* = dwj f(7/0t) where 4t is the time
scale of the quench and f(x) some smooth function. Using the above form of the
Green’s function the linear response becomes in the fast quench regime

ot

(O = (O(=0)) ~ sz [ dn' 1(0'1ot)sinf2en(r — )
~ 5”(%2%22(”0&2 (3.70)

In the protocol we are using dw? = w? and f(7/6t) = sech®(7/dt). We therefore
reproduce the scaling in (3.64])).

3.5.3 The exact response

The exact response for CCP is shown in Figure This shows that the analytic
approximatations in the fast and slow regime agree very well with the exact answer,
and the transition between the two regimes is rather sharp.

3.6 The response and scaling : ECP

The investigation of the scaling behavior for the ECP case (3.53)) follows along lines
similar to CCP.

3.6.1 Slow Quench Regime

In the slow quench regime (wodt > 1) one expects a Kibble Zurek scaling. For the
protocol (3.53)) the Landau criterion determining the Kibble-Zurek time ¢k, becomes

1
COSh2(TKz/(St)(1 — tanh(TKz/5t))3/2
For wydt > 1 the solution can appear only at late times. This yields

Tz ~ O0tlog(wodt) (3.72)
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Figure 3.2: (Colour online) The response p*/(26t) = (O)/(N?6t) as a function of
woot for CCP when 7 = 0. The black dashed curve is the exact result obtained by
using (3.51)). The blue curve is the leading Kibble Zurek result for wydt > 1, i.e. Eq.
(3.62). The red curve is the leading behavior when wydt < 1, i.e. Eq. (3.64). The
green curve is the perturbation expansion result i.e. Eq. .

In this case the instantaneous gap vanishes in the infinite future. This means that
in the slow quench regime adiabaticity will fail at late times. The frequency at this

time is
1-— tanh(TKz/5t) 1
s =) 519
Therefore the standard Kibble Zurek argument would predict that the response at
late times is given by

1 N? 1
~ ZN? 2 _ ~ ZN? 74
(0) 5 p(TKz) oy 2 ot (3.74)

At a time earlier than the Kibble Zurek time i.e. when
T < dtlog(wodt), (3.75)

the adiabatic approximation is valid. Therefore if one measures the response at some
fixed value of 7/0t = ¢ we should have

N2 N?

O Y ~Y
(0) 2 1—tanh(r/5t)  /2wg/1 — tanh ¢
2

(3.76)

This expectation needs refinement. Using the exact solution we can perform an
expansion for wgdt > 1 and for 7 > dtlogwydt. We find that the leading term of
pA(7) is

s

2 T\2
2 — | — — . — | ~
po(T) ~ ot LT ( log wodt +log2 — vp + 5t> + 2] o(1) (3.77)
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The additional logarithmic dependence is not easily visible from the naive Kibble-
Zurek argument.

3.6.2 Fast Quench Regime

In the fast quench regime one can get an analytic expression

() AN S (3)
p2<7_) NW05t2 <_ I wg5t2 + 5 + w—o = w—o + (.U07-2 — 9 (det)ST. (378)
at late times, i.e. wydt < worT < 1. Details of calculation which leads to (3.78) are
summarized in Appendix

The limit 6t — 0 is smooth. In this limit the expression (3.78)) reduces to the
result which is obtained in an abrupt quench where the frequency suddenly changes
from wy to zero,

1
pibrupt(T) = w_()[l + (CU()T)2] (379)

In relativistic theories this limit is non-trivial because of UV divergences, as discussed
in [7H9).

Once again the answer should be obtainable by a perturbation expansion in wydt.
Again let dw(7)? = w2 f(7/dt), where

0, r < —1;
fly=q 8%, -1<z<1; (3.80)
1, x> 1.

2

~ ——sin” wyT. (3.81)
Thus wyT < 1 the perturbation expansion gives a good approximation.

3.6.3 The exact response

The above discussion shows that for the ECP it is useful to look at the response for
a fized value of 7/6t = (. Our analytic approximations then predict

o0 ﬁ + (wodt)¢? twpot K 1
(0) _ ) constant 11 € wydt < €S
N2ot V2 S Wbt > €S

(wodt)4/1—tanh(¢)

Figure [3.3| shows how the exact result compares with the above expectations.
Here we plot the quantity p?/dt = 2(O)/(N?6t) as a function of wydt for different
values of (. For very small wydt one reproduces the abrupt quench result. For slightly
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Figure 3.3: (Colour online) The response p*(7)/dt as a function of wydt for ECP. The
dots are the exact results obtained by using (3.54)) for fixed values of ( = 7/0t =
0,2,4,6,8,10,12 which are colored from red to blue respectively. The grey dot on
each curve corresponds to wydt = e¢ for that particular (. Thus all points in the
yellow shaded region are in the adiabatic regime. The points which lie in the blue
shaded region have 1 < wydt < e¢. For larger values of ¢ there is a small window in
this regime where p?(7)/dt is roughly constant which is the expectation from Kibble
Zurek scaling. The slight increase is consistent with the logarithmic term in (3.77)).
The dark red and dark blue solid lines are the linear fitting (logy = Plogz + Q)
results of red (7/0t = 0) and blue dots (7/0t = 12) when wydt > e™/% (yellow
region), respectively. Both the slopes P are approximately —1. The orange, blizzard
blue and light blue solid curves in the fast quench regime (wydt < 1) are the sudden
quench result for 7/0t = 2,6, 10, respectively. For wydt < 1 the data points lie
on these solid lines. For wydt > 1 they continue to lie on the solid lines for a while
and then depart from them, reflecting the O(w3d6t?) terms in (3.78)).

larger wydt we can see the fast quench correction predicted in (3.78]). To investigate
the behavior in the fast quench regime, it is useful to subtract the abrupt quench
response. The quantity [p*(7) — p2y,.,,(7)|/0t is plotted in Figure . This quantity
is close to zero (and slightly negative) for sufficiently small wydt. For larger woot
this becomes positive and in a reasonable range of wydt this is consistent with the
(wodt)? term in the fast quench response, equation (3.78)) which are shown by solid
lines. Note that the cusps in the data appear because the quantity p*(7) — P2y (7)
changes sign and we are plotting the absolute value - there is nothing singular here.

For sufficiently large values of wydt this quantity is proportional to 1/(wydt) with a
proportionality constant which depends on (, as expected from an adiabatic response.
There is a small window in the intermediate regime where p?(7)/dt is roughly constant
upto a logarithmic dependence as in (3.77]).
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Figure 3.4: (Colour online) The response D= Parn @1 5y funetion of woot for

ECP. The dots are the exact results obtained b§ using for fixed values of
¢ =71/0t =0,2,4,6,8,10,12 which are colored from red to blue respectively. The
vertical gridline wydt = 1 is the threshold between fast quench and slow quench. The
dashed lines are a set of cubic functions y = az?, where a = 10,45, 80, 115 from the
lowest one to the highest one, respectively to compare with the leading term in (3.78)).
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3.7 Entanglement Entropy

In this section we present the results for the entanglement entropy of a subregion,
its scaling at early times and the time dependence at late times. As argued above,
the entanglement entropy in a given subregion for a time dependent frequency can
be expressed entirely in terms of the entanglement entropy of a scaled subregion for
the system at fixed unit frequency, with the scaling factor given by p(7) (eqn (3.45)).
In the following we will examine the behavior of the entanglement entropy for a
subregion —a < z < a. We will also be interested in the limit N > 1 so that we can
use the expression ((3.41)).
We will be interested in the entanglement entropy for a subregion size

<N (3.82)
p(7)
For ECP the function p(7) monotonically increases with time, so this condition is
equivalent to the condition |/wpa < 1 since p(—o0) = \/+To - the monotonicity then
implies that once we impose at the initial time, this will continue to hold
for all times. For CCP the function p(7) oscillates roughly around p(—oc) with an
amplitude which is roughly constant in time : once we pick a value of a such that this
condition is satisfied at some sufficiently large time, this will continue to be satisfied
for all times.
The expression for entanglement entropy at large N can be written down us-

ing (3.41] [3.42)) and (3.45) by using the Christoffel-Darboux formula for orthogonal
polynomials

% Hk(‘:}gk(y) _ n!21n+1 Hn(y)Hn—H(l‘; : 5N(I)Hn+1(y). (383)
This leads to
(Na) = o [ dee® [Hy 1 (BN () — By (OHN(E)]  (3.89

D(N)2VV/T S 4,
/ dzdy|C(x, y) |
APXAP

___ o (€402 Hy_1(n)Hy(€) — Hy-1(€)Hn(n)\”
722N (T(N))? /AprP ey ( £—n >

(3.85)

where the notation Ap X Ap means that the integrals go over the range defined by
Ap. These expressions simplify in two regimes. First consider the regime

1 a
— <K =<K VN 3.86
VN T p(7) (3:50)
Then one gets, using (3.41])
1
Saox — 41+ yp+ log [4V2N (3.87)
m? p(7)
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where g is Euler’s constant. The derivation is given in Appendix

The logarithmic dependence on the subsystem size is characterisic of 1+ 1 dimen-
sional systems. For relativistic systems the scale is provided by a UV cutoff. For
free non-relativistic fermions on a line the entanglement entropy is finite with the UV
cutoff replaced by N [I75, I76]. A similar result holds for fermions in an invererted
harmonic oscillator potential [I7T5HI77]. For fermions in a harmonic oscillator poten-
tial with a constant frequency this logarithmic dependence has been shown in the so
called "bulk limit" in [I78§].

For CCP protocols, p(7) oscillates and the condition continues to hold once
it is imposed at early times. However for the ECP p(7) monotonically increases
so that at very late times the condition \/LN < # will be violated. It turns out,

however, that for the regime

P (3.88)
p(t) VN '

one can use a different approximation which yields
Sp X ——— (3.89)

Note that the entanglement entropy is now proportional to a. However the propor-

tionality constant decreases steadily as l since the function p(7) ~ 7 at late times.

The derivation of (3.89) is given in Appendlx Bl

Plots of the time dependence of the entanglement entropy in various cases are
shown in Figure For the cis-critical protocol, the function p(7) oscillates after
an initial increase, so that the effective size of the interval in the equivalent constant
frequency problem also oscillates. This would lead to oscillations in the entanglement
entropy as well.

For ECP, however, p(7) decreases continuously. This means that for a given a
the effective value of the interval in the equivalent constant frequency problem keeps
decreasing with time. This should also mean that the entanglement entropy keeps
desceasing with time. This is basically because as the fermions are released from the
trap they simply spread out : both (N4) and ((AN4)?) keep decreasing leading to
a loss of entanglement. It follows from that at late times the entanglement

1
entropy goes to zero as a power law ~ =

3.8 Phase Space Density for Harmonic Oscillator Potential

In this section we present the time evolution of the Wigner Distribution function, also
called the phase space density, u(z,p,7), under CCP and ECP quench protocols in
a right side up harmonic oscillator potential. In the classical limit, which is given by
h — 0, N — oo with Nh = fixed, u(z,p,T) can only take values of 0, 1 since no two
fermions can occupy the same position and momentum. A value of 1 corresponds to
the presence of one fermion within a phase space volume between ¢ and ¢ + dq and
p and p + dp.

96



0.405 -

—7 /6t

(a) woot = 0.1(CCP)

Sa
0.58 ,

0.56 F

. /5t

I I I I I
-4 -2 2 4 6 8 10

(¢c) wedt = 1(CCP)

Sa

e T/ot
(e) wodt = 10(CCP) (f) wodt = 10(ECP)

5

Figure 3.5: Time evolution of Entanglement Entropy Sa(7) in various cases. Red
dots are exact large N result from (3.85). Blue solid lines are results (3.87) in the

regime . N =50,a=1.
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Using the canonical transformations in (3.27)), we can write the time evolved phase
space density as a function of the original coordinates as

u(Lam—air) =o(28;— (L2 + oo - ai) ) (3.90)

Here F; is the fermi level and defines the boundary of the phase space density, i.e.
the fermi surface. 6 is the Heaviside step function which satisfies the relations

1, x>0
O(z) = { 0 <0 (3.91)

Equation 1) takes a value of 1 for ¢,p which satisfy the relation 2E; > (%)2 +

(pp — qp)?. This will produce what we call a phase space ‘droplet’. As time evolves,
the shape of this ‘droplet” will evolve according to the chosen quench protocol. We
present the results for the ECP and CCP cases.

3.8.1 ECP case

Here we discuss the time evolution of for the ECP case that has a p which is
given in (3.48) and (3.54).

In Figure [3.6| we see that the phase space ‘droplet’ spreads out in the upper right
and lower left quadrants. This corresponds to motion along both directions of the
infinite line. Since we are quenching to zero potential, we are ‘freeing’ the fermions
from the harmonic trap and they begin to spread over the real line. The rate at which
the ‘droplet’ spreads is related to 6t, the timescale of the quench protocol.

3.8.2 CCP case

Here we discuss the time evolution of for the CCP case that has a p which is
given in (3.48) and (3.51)).

In Figure we see that the phase space ‘droplet’ initially spreads out and then
begins to rotate in a clockwise fashion. This rotation comes from the oscillatory
nature of p in the CCP case for 7 > 0. We can understand the physical origin of
this rotation. We are quenching from a potential of frequency wy, to 0, back to wy
over a timescale of 6t. The fermions initially just spread along the real line as the
potential barrier goes to zero just as in the ECP case. However, when the barrier is
restored to its original value, the fermions hit the edge of the restored barrier and
then reflect back. This reflection is indicated by the rotation of the stretched droplet
in a clockwise fashion. As time evolves the stretched droplet will continue to rotate
indefinitely as the electrons keep reflecting off the walls of the potential barrier.

3.8.3 Time evolution of perturbations along fermi surface

In the previous subsection, we demonstrated the time evolution of a phase space
‘droplet’ under the influence of a right side up harmonic oscillator potential with a
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Figure 3.6: Time evolution of a contour plot of the Wigner Distribution function in
the classical limit for the ECP case. The black region corresponds to u = 1 and the
white region corresponds to u = 0. We have taken 6t = 1, wy = 1. The radius
of the initial droplet is \/2E; = 21/2 and the area, which is conserved in time, is
Nh = 2nE}.
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Figure 3.7: Time evolution of the Wigner Distribution function in the classical limit
for the CCP case. We have taken 6t = 1 , wg = 1. The radius of the initial droplet is
V2E; = 21/2 and the area, which is conserved in time, is Nk = 2nEy.
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Figure 3.8: Time evolution of a perturbation of the fermi surface for a time indepen-
dent harmonic oscillator potential. We have taken wg = 1.

time dependent frequency. In this subsection we consider the time evolution of a
perturbation of the fermi surface of this ‘droplet’. We would like to know how this
perturbation evolves in time. To gain a better understanding of what happens in this
case, let us first consider the time evolution under a harmonic oscillator potential
with a time independent frequency. In figure [3.8 we plot this evolution. As expected,
we find that the perturbation maintains its shape throughout all of time. This is
a consequence of the harmonic oscillator frequency being time independent. As a
result, all points of an initial perturbation of the fermi surface will move at the same
angular frequency for all subsequent times leaving its shape unaltered.

Now consider the case where an initial perturbation of the fermi surface of a
phase space ‘droplet’ evolves under the influence of a right side up harmonic oscillator
potential with a time dependent frequency. In particular, we consider the ECP quench
protocol. We plot this evolution in Figure’s [3.9] [3.10] In this case we find something
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Figure 3.9: Time evolution of a perturbation of the fermi surface for the ECP case.
We have taken 6t =1, wy = 1.
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Figure 3.10: We zoom in to the region of the perturbation of the fermi surface to
clearly see a ‘fold’ forming as time evolves.
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quite interesting. We see that the perturbation develops what we call a ‘fold’. This
is a phenomenon in which a phase space point which is further from the fermi surface
moves faster than a phase space point which is closer to the fermi surface. As a
result, at some time later than the initial time, the outer most phase space points
begin ‘folding’ over towards the fermi surface.

The feature of an initial perturbation developing a fold is characteristic of a system
evolving under the influence of a harmonic oscillator potential with any arbitrary time
dependent frequency. One can rewrite the phase space coordinates ¢, p in terms of
polar coordinates r,d. One can then show that % oc f(6,w(),w(7)) and is therefore
not constant in time. On the contrary, if % = const, then all the phase space points
rotate with the same angular frequency. This is exactly the case for the harmonic
oscillator potential with a time independent frequency.

3.9 Discussion

In this paper we considered quantum quench in a nonrelativistic field theory of
fermions in an external harmonic oscillator or an invererted harmonic oscillator po-
tential with time dependent mass and frequency. While the strategy we outlined to
obtain exact solutions hold for both these potentials, we gave results for the right
side harmonic potential in this paper. Explicit solutions for the inverted oscillator
potential, which corresponds to quantum quench in the Matrix Model description of
two dimensional string theory, will be presented in a future publication [I§].

We examined scaling behavior of observables in the slow and fast quench regime.
We found that the slow quench scaling is consistent with Kibble Zurek, and the fast
quench scaling is a result of perturbation theory. This system is, however, not suitable
to explore if there is a universal fast quench scaling. For the latter we would need
to examine a translationally invariant system with an upper bound on the energy
spectrum (for example a lattice system) so that a Lieb Robinson bound is possible.
We are currently investigating the quench problem in situations like this.

Copyright© Sinong Liu, 2021.
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Chapter 4
Quantum Quench in ¢ =1 Matrix Model and Emergent Space-times

4.1 Introduction

In the usual AdS/CFT correspondence, quantum quench Il-] in a non-gravitational
field theory is described as a time dependent boundary condition in the gravitational
dual. When the system is initially in a nice state (e.g. the ground state) and the time
dependence causes an energy injection over a finite time period, the usual outcome
is black hole formation in the bulk [I5, B2H45]. This manifests as thermalization in
the field theory. Such quantum quenches have been accordingly used extensively to
investigate thermalization in strongly coupled theories. In other situations where the
quench takes the system across, or approaches a critical point this holographic connec-
tion has been used to understand universal scaling and dynamical phase transitions
[75-79, TT3HIT6, 179).

There are, however, other examples where holographic quenches lead to time
dependent bulk backgrounds which resemble cosmologies [139-142, [144H150], 180~
186] E] When the coupling of the boundary theory goes through a small value, the
bulk develops a space-like or null region of high curvature, physically resembling
a cosmological singularity. In this region the classical gravity approximation fails
and it is interesting to ask if the dual field theory can provide an unambigious time
evolution. While there are indications that some of these examples may indeed involve
smooth time evolutions (especially for a null time dependence or a sufficiently slow
time dependence), the nature of the final state is not clear : this possibly contains a
black hole. Neverthless these examples have been useful in understanding boundary
signatures of bulk singularities.

In this paper we will investigate quantum quench in the earliest example of holog-
raphy which predates the AdS/CFT correspondence : duality of double scaled Matrix
Quantum Mechanics and two dimensional non-critical string theory[’| This is a model
of holography where both sides of the duality are understood quantitatively : as such
this could have lessons for the general question discussed above. The singlet sector of
this model can be written exactly in terms of a theory of non-relativistic fermions in an
inverted hamonic oscillator potential [55H59] and at large NV it is more useful to write
the model as a collective field theory of the density of eigenvalues [I87]. The space on
which these fermions live is the space of eigenvalues of the matrix. The fluctuations
of the collective field around the large N saddle point solution is a massless scalar
which is related to the single dynamical degree of freedom of two dimensional string
theory [16]. The saddle point itself is related to a classical tachyon background of the

In this paper we will use "quantum quench" to describe a time dependent coupling, typically
with a finite rate of change

2In these examples the time dependence turns off in the inifinite past but in an exponential
fashion, rather than at some finite past time

3For reviews see [52, 53], 134} [135].
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string theory [I88|. In fact a precise relationship involves a spatial transformation
whose kernel is nonlocal at the string scale [I89]. There is no propagating graviton,
and the emergent space and gravitational effects are figured out by examining the
propagation and scattering of collective field fluctuations. Recent work has made the
relationship between two dimensional string theory in worldsheet formalism and the
matrix model results even more precise [I90HI93]. The way holography works in this
case is somewhat different from the usual AdS/CFT correspondence, even though the
origins come from the physics of D-branes in either case [194] 195]. In particular this
not really a "bulk-boundary correspondence"”. Nevertheless the description in terms
of the collective field in 1+ 1 dimension is a "bulk" description, while the description
in terms of N? matrix degrees of freedom is the analog of the boundary description.

In two dimensional string theory, gravity and the higher string modes are not
propagating degrees of freedom. Nevertheless there can be distinct backgrounds with
different metrics and other fields. Indeed, the low energy description in terms of
dilaton gravity has a well known black hole background and there is worldsheet theory
in this background [196H199] - this led to significant insights in the issue of black hole
evaporation. E] Despite many decades of effort, this black hole background is not
understood in the matrix model description. It is generally believed that the singlet
sector in fact does not have a black hole. One evidence for this belief is that an
incoming tachyon pulse does not produce a black hole [I7]. The non-formation of
black holes is related to the presence of an infinite number of W, charges in the
theory. It has been speculated that the non-singlet sector does contain a black hole
[61]- however the status of this speculation is not clear at the moment. This naturally
raises the question : what happens when we subject the matrix model (restricted to
the singlet sector) to a quantum quench ?

We perform quantum quench in this model by introducing a time dependent self-
coupling of the matrix which interpolates between constant values at early and late
times. As we will show, in the singlet sector and in the double scaling limit, this model
maps to a system of N fermions in an inverted harmonic oscillator potential with a
time dependent coefficient of the potential (We will call this coefficient “frequency"
below). Using standard methods, the collective field description can be written down.

We show that the action of the collective field theory with time dependent fre-
quency can be mapped to one with a constant frequency plus a boundary term by a
transformation involving a single function of time p(¢) which satisfies a generalization
of nonlinear Ermakov-Pinney (EP) equation [167, 203]. Thus, in the classical limit,
the response of the collective theory can be obtained once we know the solution of
the EP equation with appropriate initial conditions. Actually what determines the
solution is p?(7) and this quantity can be both positive and negative. The EP equa-
tion can be solved in terms of the independent solutions of the classical equations
of motion of a single particle moving in the inverted harmonic potential with a time
dependent frequency f(t). Our method is adapted from known methods of solving
the single particle Schrodinger equation in the presence of a harmonic potential with
a time dependent frequency|132, 133, 204]. This technique has been used to under-

“For reviews and references to the original papers see [200H202].
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stand aspects of the quantum quench problem for N non-relativistic fermions in such
a potential [I3], 159, 164] as well for quench in a harmonic chain in [I65].

We discuss exact solutions for several quench protocols. These include abrupt
quenches with piecewise constant frequencies, where the frequency increases or de-
creases in a single step, and a "pulse" or "dip" where the frequency rises or dips down
for a finite period of time, and becomes a constant after that. For smooth quenches,
our solvable examples include those which monotonically interpolate between con-
stant values at early and late times with a time scale dt, as well as cases where the
frequency starts with some constant value and ends up at the same constant value
after dipping down for some time. The quench starts off with the system in a ground
state at large negative times where the energy levels on both sides of the inverted
harmonic potential are occupied upto some fermi energy.

The initial conditions are such that the collective field and its time derivative
match the adiabatic solution in the far past. The initial time evolution is then adia-
batic. The collective field has a cut (i.e. it vanishes inside a finite interval in eigenvalue
space) which changes with time. However, in contrast to the right side up harmonic
oscillator, we find that with these initial conditions adiabaticity is always broken at
some finite time, regardless of the speed of the quench. This can be qualitatively
understood by casting the generalized EP equation in terms of a potential problem :
this analog potential is unstable which renders an adiabatic expansion invalid. As a
result, the qualitative aspects of the solution are well approximated by similar profiles
with abrupt changes.

We show that generically at late times the function p?(7) becomes infinitely large
positive or negative. However, there are finely tuned pulse or dip protocols for which
p(7)? approaches a constant value.

For the case where p? goes to negative infinity, it crosses zero at a finite time
T = Tp : at this time the saddle point solution for the collective field diverges, and the
equations cannot predict a further time evolution unambigously. This is therefore a
situation where the “bulk” equations of motion fail. However, the underlying fermion
description remains well-defined even at the classical level and predicts a smooth
time evolution across this time. For 7 > 7y the fermions in the initial fermi sea cross
over to the other side of the potential. Using the fermion picture one can now define
a different collective field (which is no longer the fermion density), but nevertheless
obeys the same equations of motion. At infinite matrix model time, this new collective
field vanishes everywhere.

We then seek a space-time interpretation of the model by considering fluctuations
around the saddle point solution. The fluctuation action is that of a massless scalar
field in a relativistic two dimensional space-time with couplings which are space and
time dependent. Since the scalar is massless, we can read off the metric from the
quadratic action only upto a conformal factor. However, this can be used to derive
the Penrose diagram showing the global properties of the emergent spacetime. We
do this in detail for abrupt quenches.

For a single step quench where the frequency increases, this semi-classical space-
time terminates on a spacelike boundary. At this boundary the cubic couplings of
the fluctuations of the collective field diverge : this is like a space-like singularity. Of
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course what this means is that the semiclassical collective theory used to obtain the
space-time interpretation fails as we approach this time. The matrix model time at
this point is 7 = 0o. To determine if the matrix model time evolution is smooth at
these late times, one would need to use an exact non-perturbative treatment of the
fermionic theory, perhaps along the lines of [205]. In view of the above discussion

this would be the general feature of any smooth quench which leads to an increasing

p(1)?.

An interesting feature of this emergent relativistic space-time is that the space of
eigenvalues, x, does not remain a space-like coordinate for all times. Constant x lines
are timelike before the quench, but can become null or space-like after the quench.
The signature of the emergent metric does not change.

For a single step quench where the frequency decreases, the time 7 = 7y discussed
above becomes a null Z*. Normally this would be the boundary of space-time. How-
ever, the matrix model provides a smooth time evolution beyond this : we therefore
need to append another piece of space-time. The infinite future in matrix model
time 7 = oo corresponds to a space-like line in this additional piece where the cubic
couplings of the fluctuations diverge. Once again all constant x lines do not remain
time-like.

It is only in the very fine tuned situation where p(7) asymptotes to a constant in
the far future that the emergent space-time is "normal”.

Time dependent solutions of the matrix model with constant couplings have been
studied earlier as models of matrix cosmology [206-210]. These solutions are gener-
ated by the underlying W, algebra. It turns out that for profiles of the first class
where the frequency changes suddenly from one value to another, the solutions are
identical to one class of such solutions [211), 212]. We do not understand why a quench
produces precisely these kinds of states.

Quantum quench in unitary and hermitian matrix models was first investigated in
[151], and followed up in a related recent paper [152]. These papers deal with abrupt
quenches and address questions of relaxation to a Generalized Gibbs Ensemble and
dynamical phase transitions, with several novel results. Our interest is complementary
: we concentrate on the question of emergent space-time.

In section we describe the model and set up the notation. Section deals
with the method of solving the dynamics following a general quench. Section
deals will explicit solutions of the collective field with various quench profiles. In
section we discuss the nature of the solutions in the fermion picture. Section
discusses the nature of the emergent space-time. Section contains conclusions.
The appendices provide details of some of the pertinent results.

4.2 The ¢ =1 Matrix Model with a time dependent coupling

The action of our model is

S = By / dt f(t) Tr [%W —U(M)] (4.1)
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where M stands for a N x N hermitian matrix, and f(¢) is a specified function of
time which goes to constant values at early and late times. U (M) is a potential which
has a maximum at M =0, e.g.
Lo 1.4
U(M):—§M +4—1M + - (4.2)
If we write By = %, g is the 't Hooft coupling. We now define a new time variable 7

by
dt

dr = — 4.3
70) 43)
so that the action becomes
1
S = [ drT [3(0.M)?  f(r) UQI) (4.4)
where f(7) = f(t). We will consider f(7) which remains positive for all times.

Therefore 7 is a monotonically increasing function of ¢.

We will consider a gauged version of the model where the U (V) symmetry of
is gauged. Since there is no dynamics of a gauge field in 041 dimension this essentially
means a restriction to the singlet sector. In this sector one can replace the N? degrees
of freedom with the N eigenvalues \;(¢). The jacobian of the change of variables to
A; is a van der Monde determinant. One can then redefine the wavefunction by
absorbing a factor of the square root of this determinant - the new wavefunction is
then a Slater determinant, so that we have a theory of N fermions moving in the
space of eigenvalues in the presence of an external potential. The second quantized
hamiltonian of the fermion field x (A, ) is given by

H = /d/\ {%W\XP + Bof (T2 UN)IXI? + Bopr|x|*| = Bour N (4.5)
0

where we have used a Lagrange multiplier ur to impose the constraint which sets the
total number of fermions to N,

/dA\XF =N (4.6)

The double scaling limit of this model is then defined by

1
— 00 —0 o = = fixed 4.7
Bo 3 9 2Bofir (4.7)
In this limit the model simplifies considerably. This is seen by rescaling
A= (Bogs) X = (Bogs)'/ " (4.8)

and retaining the O(1) terms. The final double-scaled hamiltonian is

B Js 2 f(T)2 20 112 1 2
H—/dffl7 [§|3a:¢| _2—gsx || +2—gs|¢| (4.9)
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where we have ignored a constant additive term. The“Planck constant" of the problem
is gs.

If we think of this arising from e.g. a potential as in (4.2)), the quartic terms
become O(1) when = ~ /L;;l/Q. Since g, is held fixed this corresponds to = ~ v/N.
Because of this, a regulated version of this model can be written down with a hard
wall at |z| ~ v/N.

Alternatively the singlet sector of the matrix model can be expressed in terms of
a collective field p(x, T) which is the density of eigenvalues, or the fermion density in
eigenvalue space

plz, 1) = 0.C(x,7) = Tro (M (1) — 2I) = Yip(z, T) (4.10)

The dynamics of ((z,7) can be derived using the method of [16, [187]. For small g
one can alternatively use the classical bosonization relations of [60]. The action is

1 1(8,¢)? 2 1
- [5 ( afg) = (0.0 + ()2 — 1)(0x) (4.11)

In the time independent situation, f(7) = wp, the ground state classical solution is
given by
wo 111/2
oN == |z - = <1 4.12
O e (4.12)

and zero in the interval —\/% < z < ——. Fluctuations of the collective field becomes
0 Vwo

related to the“massless tachyon" of two dimensional string theory. The coordinate x
which arose out of the space of eigenvalues plays the role of space.

4.3 Response to a Quantum Quench

We aim to find solutions of the equations of motion with appropriate initial conditions
for a given quench profile f(7). This is facilitated by a remarkable property of the
theory. Consider a transformation of (z,7) — (y,T)

x Todr
y=—= T = / ) (4.13)

where p(7) is some function, under which ¢ transforms as a scalar,

Orp

1
0.C = —50r¢ —1°L0,¢ (4.14)
If the function satisfies the nonlinear equation
d*p 1
a2 f2(T)P = —E (4.15)
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the action in (4.11)) then becomes

:—/d i ! %? - 200 + 50 - (0.0 +

p dydT {3 (— §y2C+ §f( )%y’ 4C+ y p (@p)QC) — or (W&pé)}
) (4.16)

This means the equations of motion map to those with a constant frequency f =1,
so that a solution of the equations of motion of the action with a constant frequency
can be lifted to a solution of the equations of motion with a time dependent frequency
using a solution of (4.15). The equation (4.15) is a generalization of Ermakov-Pinney
equation [I67, 203]. The latter has a plus sign in front of f2 and 1/p>.

As we will see soon, the function which appears in our discussion is actually p?(7),
and this can be a both positive and negative real quantity. It is therefore useful to
consider the equation for this quantity,

L 007 — (et = - (4.17)

82 2 -
T 2p2 p2

In fact we will find that it is necessary to have negative values of p?. It is therefore
useful to define the quantity

p(7) = +VIp(7)? (4.18)

The rescaling involved is then really

(4.19)

To get an intuition about the solutions, it is useful to rewrite the generalized EP
equation (4.15)) as the equation of motion of a particle in a potential,
d’p _ 9V(p,T)

i o (4.20)

where the potential is

Vipr) == |1+ ) (421

When f(7) = wp for all 7 the ground state solution is given by (4.12). This means
that in this case we need to choose a constant solution of the generalized EP equation

P = L

e quench profile we are interested in asymptotes to a constant value wg at
t — —oo. Therefore if we start out the system in its ground state we need to
solve the equation such that it asymptotes to a constant value at early times.
We will in fact use profiles which are either piecewise constant or become constant
exponentially at early and late times. Thus the time evolution near 7 = —n for large

71



enough positive 7 should be adiabatic. This means we need to find solutions of (4.15|)
which match on to the adiabatic solution

9 1

Pad(T)” = —— 4.22
at some very early time. These conditions are, for a large negative T’
1 0-f(7)
2 2 T
pi(T)=—=  0.p(7) = ———5|= 4.23
D= PO e 2

Given such a solution, the time dependent classical solution for the original action
can be easily written down using (4.13)

1 1/2
o8 = 2 — p(1)? 4.24
Cg(f,T) 7Tp(7')2 [(L’ p(T) } ( )
0,.p(T)?
OrGo(a,7) = =3 ,ﬁi)l 20,C(w,7) (4.25)
It can be easily checked that these satisfy the consistency condition
axaTé‘o(.T, 7') = 8781@(3:, 7') (426)

There is a well known way to find solutions of the EP equation which we adapt to
the generalized equation [132] 133, 204]. The most general solution of (4.15) is given
by

p(17)? = Au(1)* + 2Bu(1)v(1) + Co(r)? (4.27)
where A, B, C' are constants and u(7),v(7) are two linearly independent solutions of

the classical equation of motion of a single particle moving in an inverted harmonic
potential with the same time dependent frequency f(7)

02X — f(1)’ X =0 (4.28)
Furthermore A, B, C' must satisfy

1

AC-B*=—— —
Wr(u,v)?

(4.29)
where Wr(u,v) = ud,v—v0;u is the wronskian of the two solutions. By the equations
of motion this is a constant in time and can be therefore evaluated at any time.

Given a classical solution of the action (4.11)), (y(z,t), the next step is to obtain
the action for small fluctuations by expanding

C(l’,t) = CO(xat) + gs

NZS
The action for the fluctuations will clearly be nonpolynomial in 7. The quadratic
part of the fluctuation action is

=52 [ o (G oo+ (o - o) 0]
(4.31)

n(z,t) (4.30)
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while the cubic interaction part is

S —
1
-
/ dedr Bm(anf@ - ifé)o)g(an)(axnf + (8534 + %) (am?’}

(4.32)

The quadratic action shows that the fluctuation field is a relativistic massless field
which is propagating on a 1 4+ 1 dimensional space-time with a metric which is con-
formal to bc )
(dx + ﬁdﬂ
(ﬂ-axCO)2

Since we are dealing with a massless field in 1+ 1 dimensions the quadratic action is
insensitive to a conformal transformation of the metric. Note that the signature of
the metric (4.33]) remains negative at all times since det(g) =

ds* = —dr? +

(4.33)

1
T2 (0z¢)2"
4.4 Solutions for some quench profiles

In this section we find solutions of the generalized EP equation for physically inter-
esting quench profiles.

4.4.1 Abrupt Quenches

Consider first abrupt quenches. The first case we consider is a single step quench,
where the function f(7) appearing in e.g. (4.11)) is given by

B wog 7<0
In this case the two linearly independent solutions to the classical equations of
motion (4.28)) may be chosen to be

u(r) = B(—7)e"" + 9(7')% [(1 - z—(l))e“’” +(1— Z_(l))e—ww}

wo

() = O(—7)e 7 + 9(7’)1 {(1 —

5 )e1” 4 (1 + ﬂ)e_w”} (4.35)

w1 w1

Using 1) and 1) we need to find a solution for p* which is wio for 7 < 0. This
clearly requires a choice A = C' = 0 in (4.27). Then 1' requires B = wio This
leads to the solution for p*(7)

2r) = = {9(—7) 4+ 0(r) cosh? wy T (1 _ Z—gtanhQ Wﬂ (4.36)

Wo
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The function p?(7) is shown in Figure . This monotonically increases for wy < wy,

while for wy > w; this montonically decreases, crossing a zero at a finite time 7y given
by
tanh w7y = “ (4.37)
wo
At this point the saddle point solution 9., diverges. Note that 0,p? is finite
here - this implies that the ratio (0.(o)/(0.(o) diverges as well.

Figure 4.1: p?(7) for abrupt quench. We have chosen wy = 1. The green line has
w; = v/2 while the blue line has w; = 1/v/2

The behavior of p(7) can be understood from the analog potential V' (p) (4.21)
which appears in the generalized EP equation. In Figure the red curve is the
potential for 7 < 0, the green curve is the potential for 7 > 0 in the case wy < w;. For
7 < 0 our initial conditions mean that the analog particle starts off at the maximum
of the red potential, p = \/+To Thus the initial position is to the right of the maximum
of the new potential and therefore the particle rolls down to large p, reaching p = co
at 7 = o0.

In Figure[d.3]the red curve is the potential for 7 < 0, the blue curve is the potential
for 7 > 0 in the case wy > wy. Now the initial position is to the left of the maximum
of the new potential and therefore the particle rolls down towards p = 0. It may be
easily checked that it reaches p = 0 at a finite time 7 = 75. This analog problem
does not tell us what to do after this time. However, as explained above, the relevant
quantity is not p(7) itself, but p(7)2. The solution continues to hold for 7 > 7
and satisfies all the continuity requirements for the equation (4.17]).

For quench profiles which are not monotonic, the late time behavior can be more
interesting. Consider a series of abrupt quenches given by

wp: —oo<T<-=T/2
f(r)=4q wy: “T/)2<7<T/)2
Wi T/2<71T<00
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Figure 4.2: The potential in the Ermakov-Pinney analog potential problem for abrupt
quench for wy < w; . The red curve is the potential for 7 < 0, while the green curve is
the potential for 7 > 0. The black dot is the position of the analog particle at 7 = 0.

Figure 4.3: The potential in the Ermakov-Pinney analog potential problem for abrupt
quench for wy > wy. The red curve is the potential for 7 < 0, while the green curve is
the potential for 7 > 0. The black dot is the position of the analog particle at 7 = 0.

Here wg, wy,ws are positive and nonzero. When wy > wy we will call this a "dip",
while the wy < we will be called a "pulse".
The details of the solution for p?(7) are given in appendix [C] The solution to p?(7)
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is given by

(1 T
w_o’ T S Y
2 = WLO(AA’eQWQT + BB'e " + AB' + A'B), —T<r<L o (4.38)
L(CC'e* ™ + DD'e*'7 + CD' + C'D), r>1

\ wo

where A, A", B, B',C,C", D, D" are integration constants which are functions of wy, wy, wy
which are given explcitly in Appendix [C]

In this case, p(7)? can be non-monotonic, and generically diverges as 7 — oo,
approaching either +0o0 or —co. An example of a non-monotonic solution is given in
Figure 4.4

\HH\‘H‘\H"7””\””\””\””\T
-15 -1.0 -0.5 8 0.5 1.0 15 2.0

Figure 4.4: A non-monotonic p?(7) for an abrupt dip profile with wy = 1,wy = 1/2
and w; = 2 with T = 1/2. The dashed line is the profile of f(7)2.

However there are finely tuned profiles for which p?(7) approaches a constant at
late times. The generalized EP equation of course determines this constant to be
wil. To explore the late time behavior we need to look at the solution in the region
T/2 < 7 < co. This is given by the last equation of (4.38). For the discussion below
we need the explicit forms of C,C” given below

e~ T (2wa-+w1 +wo)

¢ = 4 [(w2 — wo) (w1 — wy) + €22 (wy + w1 ) (wa + wo)} (4.39)
W19
, e—%(2w2+w1—wo) o
¢ = A [(w2 + wo) (w1 — wa) + €7 (wg + wi) (w2 — wo)] (4.40)
W19

If p(7)? approaches a constant (which must be wll ) at late times either C' or C" must
vanish. It is straightforward to see that C' cannot vanish since e*27 > 1, while one
can find a nonzero finite value of 7" when C’ = 0 both for a pulse wy > wg > wy, as
well for a dip w; > wy > wy. The corresponding p(7)? are shown in Figures and
4.6l
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Figure 4.5: p(7)? for a fine-tuned pulse quench with wy = 1,wy = 51/50,w; = 1/2.
The blue part of the curve corresponds to 7 < —T'/2, the green part for —T/2 < 7 <
T/2 and the red part is 7 > T'/2. The quench profile is shown by dashed lines.
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Figure 4.6: p(7)? for a fine-tuned dip quench with wy = 1,wy = 1/2,w; = 2. The blue
part of the curve corresponds to 7 < —T'/2, the green part for —7/2 < 7 < T/2 and
the red part is 7 > T'/2. The quench profile is shown by dashed lines.

4.4.2 Smooth Quenches
Consider now a smooth quench profile given by
_ witwie

2
) = e (4.41)

The quench profiles are shown in Figure 4.7

In this case the equation (4.28) admits analytic solutions in terms of hypergeo-
metric functions. When wydt is not a half integer, a choice of the two independent
solutions is

u(r) = TR [0t(wy — wi), 0t(wo + wi), 1 + 20twy, —e7]
U(T) = eiw0T2F1[—(5t(wO + wl), 5t(—w0 + wl), 1-— 26tw0, —eﬁ] (442)

Since the frequency approaches a constant exponentially at early times, the intial
time evolution is adiabatic. We need to find linear combinations of u(7) and v(7) in

77



N

Figure 4.7: The function f(7). The red curve has wy > w; and the blue curve has
Wy < W1

(4.42)) such that the function p(7) constructed out of these solutions satisfy adiabatic
initial conditions at an early time. The adiabatic solutions are given by

Vaa(T) = ——%%;SeXp {— Tf(rﬁdrw
Uad(7) = \/(;c%eXp { / Tf(T/)dT'} (4.43)

where the constants of integration C,,C, are chosen such that as 7 — —oo these
solutions behave as

Vad(T) ~ \/t)_oexp[—woﬂ
Uga(T) ~ ! exp [woT] (4.44)

\V Wo
Adiabatic initial conditions mean that at time t = T where T is very large and
negative,

w(T), 0-u(T) Uad(T'), Ortia(T)
v(T), 0;v(T) Vad(T), Orvaa(T)

The specific linear combinations which satisfy this are given in the Appendix [D}
The function p(7) is then constructed by choosing A = C' = 0 and B = 3 in

(629,

(4.45)

p(7)* = u(r)v(r) (4.46)
At early times, this leads to the correct adiabatic initial conditions (4.23)) .
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An important aspect of the subsequent time evolution is that regardless of the
value of ot, adiabaticity is always broken. This fact can be again understood from
the feature of the potential of the analog problem.

Again, we regard Ermakov-Pinney equation as the equation of motion of an analog
particle on potential (£.21)). At a very early time, the analog particle is the maximum
of the initial potential, p = %0 Then, at an early stage of a smooth quench,
a slight variation of f(7) causes a perturbation on the analog particle from this
(unstable) equilibrium point, in a way similar to what is shown in figures 4.2l and
Although the equilibrium point is unstable, the particle can still move back to the
new equilibrium point if the initial velocity 0, p is finely tuned, otherwise it will either
pass the new equilibrium point (when 0,p is too large), or be bounced back (when
0-p is too small). In both cases the analog particle moves away from equilibrium
point.

Another way to see the failure of adiabaticity is to go back to the independent
solutions in (4.42). The solutions u(7),v(7) describe the motion of classical particles
in inverted harmonic oscillator potential —3 f(7)%z(7)2. When particles move in such
a potential with a cutoff x, as boundaries, particles with negative energy £ = —v
move between the boundary and the potential. Then we can figure out the adiabatic
invariant of the system at 7 — —o0

_ 1 _ 1 / 2.2
I= 5 pdx = 27?% 2v + wir?dx (4.47)

and therefore the period of the particle is

or 1
T = 27‘(‘0—E = {— log 2v + 21log (woxb + \/wia — 21/)] (4.48)

The adiabatic approximation holds when

T%(T) < f(7) (4.49)

The solutions u(7) and v(7) however represent trajectories which have zero energy
at infinite past, and these have infinitely large 7', which violate the condition (4.49).
Thus, the adiabatic approximation fails for u(7),v(7) and therefore for p(7).

There is of course a solution which is fine-tuned by specifying initial and final

conditions for u(7), v(7) which lead to p — \/% in the infinite past and p — \/% in the

infinite future ﬂ The initial value of 9, p at some 7 = —n will be different from (4.23)).

5We found the finely-tuned solutions

N [ T(1+ 20150 (2west)
Ufinely—tuned = 5t(o.)0 + wl)l“(ét(wo + wl))Q

1
\/oTef‘*’”zFl(—&(wo —w1), 6t(wo + w1 ); 1+ 26twy; —e /%), (4.50)
0

X

1
Ufinely—tuned = \/w—engQFl([WO - wl]éta [WO + wl](Sta 1+ 2w06t7 _eT/ét)
0
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Only when 6t > n — oo, 9?p — 0 will the adiabatic approximation become the
exact finely-tuned solution given that dw/d7 o 6t~!. Now, because the generalized
Ermakov-Pinney equation describes a Lyapunov unstable system, according to the
definition of Lyapunov stability, there exists a value e, for all exact solutions with
initial adiabatic condition at 7 = —n that satisty |pfinery—tuned(—1) — pPaa(—1)] < 9,
where ¢ is a function of € and time 7, we can find there exists some 7 > —n where
|0 finely—tuned(T) — Paa(T)| > € i.e. at some late time, finely-tuned solution and exact
solution with adiabatic initial condition are no longer close no matter how large 7
is. This explains why we cannot find an exact adiabatic solution or even an exact
finely-tuned solution with adiabatic initial conditions at 7 = —n ([£.23).

Figure [4.8| shows the exact and adiabatic solutions to the EP equation for the
profile (4.41)), both for w; < wp and w; > wy together with the adiabatic solution (the
dashed lines). The explicit solution for this case is given in Appendix @ Clearly the
nature of the solutions are quite similar to those which result from abrupt quenches.
In the following we will use the abrupt quench solutions to map out the emergent
space-times

09-

-8 -7

Figure 4.8: The solution for p*(7) for the smooth profile of the form (4.41). These
have 0t = 1.1 and the adiabatic condition is imposed at 7" = —8.8. The grey lines are
for wg = 1,w; = 0.5 while the blue lines are for wy = 1,w; = 1.5. The dashed lines
are the adiabatic solutions, while the solid lines are the exact solutions.

Another example of a solvable quench profile is give by a smooth dip or pulse,

f(r)? = W?+ (W} — w}) tanh? % (4.51)

The results for this profile are presented in appendix

4.4.3 Collective Field Saddles

At t — —oo the collective field in (4.25) vanishes in the interval ———= < z < %O and

Vwo Vwo
monotonically increases with |x|. Given a solution p(7)? we can now substitute this
in (4.25)) to obtain a classical solution of the collective field. We saw that generically

there can be three kinds of late time behavior for p(7)2.
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First, p(7)? can approach +oc at late times. In this case, the interval of z in which
the collective field vanishes increases monotonically to arbitrarily large values, while
the value of 0,(y keeps decreasing till it vanishes for any finite |z|. This behavior
is strictly for the inverted oscillator potential. For any finite but large § (or finite
N) this potential needs to be regulated by some kind of wall at z ~ \/Bg,. The
modification which comes from this will be clear when we discuss the solutions in the
fermion language.

Secondly, p(7)? can approach —oo, crossing a zero value at a finite time T = 7.
At this time the collective field diverges. The collective field equations cannot be
used to unambigously predict a future time evolution. As we will see, one needs to go
back to the fundamental fermion description to figure out if there is anything singular
going on here. In fact we will see that the fermion description provides a smooth time
evolution and also provide us with a continuation of the collective field. Again, the
divergence of the collective field is a feature of the strict double scaled limit. For
finite large 3 this becomes at most of order /3 - see below. In any case this region
is beyond the regime where we expect the classical collective description to be good.

Finally, there can be finely tuned profiles where p(7)? approaches a constant value.
In this case, the collective field obtained from (4.25)) is finite and well defined at all
times and nothing special happens.

In the matrix model - 2d string theory duality the collective field description
is the bulk description - what we are finding is that this bulk description becomes
problematic except in a very finely tuned situation.

Remarkably the solutions for the single step abrupt quenches for 7 > 0 are exactly
those which appeared earlier as time dependent solutions of the matrix model with a
time-independent potential [211], 212]. The quench solutions for other quench profiles
do not correspond to such solutions in a time independent potential.

4.5 The fermionic description

The fundamental description of the theory is given in terms of fermions. In the
semiclassical limit of small g, the fermionic theory can be understood in terms of the
dynamics of the filled fermi sea in the single particle phase space. In this regime the
density in phase space u(x,p, 7) is either 1 or zero, and satisfies the Euler equation

[0- + p0, + f(7)*20,] u(z,p,7) =0 (4.52)
There is a canonical transformation in the phase space
x Todr
y=—— 1T= / —— P=p(r)p—(0:p)x 4.53
o o 459

which transforms this equation to the one for a constant unit frequency
[Or + PO, + yop|u(y, P,T) =0 (4.54)

This may be used to write down the expression for the boundary of the filled fermi
sea which corresponds to our solution for the collective field

2% — (p(r)?p — g&pz)z = p(7)? (4.55)
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We have expressed this entirely in terms of p? since this is the quantity which appears
in the solutions. There are two fermi seas corresponding to the two sides of the
potential. The upper and lower edges of the fermi sea for a given value of x are then

given by
1

pi(z,7) = P [§0Tp2 ++/z? — p(T)Q} (4.56)

In the following we will denote the points on the left branch by pS and the right
branch by p7.

The quantities p+(x, 7) are related to the collective fields by the classical bosoniza-
tion relations [60]

BT = o [ ) 2] (457
1
0. (w,7) = =500 [p7™(w,7) + pZ (2, 7)) (4.58)

These equations hold separately for each side of the potential, so that there are
actually two collective fields.

We now determine the time evolution of the fermi surfaces using for the
various quench profiles. Since the qualitative behavior of the solution is similar to
abrupt quenches,we will use the latter expressions.

Figure shows the profile of the fermi surfaces for the quench profile for
wo < wi. The solid curves are the functions p~°< for different values of the time 7
while the dashed curves are the functions p7'=. These two curves meet at z = p(7).
The red curves are for 7 = 0, and the blue and green curves are for later times. As
time progresses the fermi surfaces fold onto themselves and receed from the potential
on both sides.

7
7
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Figure 4.9: The fermi surface profiles for wy < w;
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Figure shows the profile of the fermi surfaces for the quench profile ([4.34)
with wy > wy. The solid curves are the functions p~'< for different values of the time
7 while the dashed curves are the functions p'=. These two curves meet at = = p(7).
The red curves are for 7 = 0, and the blue, black and green curves are for later times.
In particular the black curves correspond to 7 ~ 79 while the green curves are for
T > 79. It is clear that the fermi surfaces evolve smoothly across 7 = 7y, the time
at which the collective description becomes problematic. As we approach 7 = 7
the meeting place of these curves is pushed off to infinity. For 7 > 7y the fermions
are pushed to the other side, and only p= and p7 are visible. As 7 — oo two fermi
surfaces p= and p; come close to each other, and it appears that the whole phase
space is filled.
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Figure 4.10: The fermi surface profiles for wy > w;

The smooth time evolution of the fermion theory now provides a meaning for the
continuation of the saddle point collective field for 7 > 75. We now have a single
collective field which is defined by

00 = o [p2le ) —pE(,7)] (4.59)
1 2 o(7)2
= —ﬁ<7_)2 T —|—p( ) (460)

where p is defined in (4.18)).

These profiles are for the double scaled potential. For finite 5 (recall that 5 ~ N)
the fermi surfaces are closed in phase space and the fermions cannot have arbitrarily
large momenta and the entire phase space cannot be filled. In fact, for wg > wy, the
fermions which have large values of momenta as we approach 7 = 75 come from the
region of the original fermi sea which now lie above the ground state fermi level of the
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new potential. Consider e.g. a fermion which has x = zy and p = pg at 7 = 0, with
Wizt — Pt > wi. If wizd — p3 < w? these fermions are above the ground state fermi
surface of the new potential. At 7 =1y = wil tanhfl(z—;) the location and momentum
of this fermion is

() = WoZo + Po (o) = wiTo + wopo
VWi — wi Vwh — wi

Now consider a fermion which had a large negative xy and large positive py at the
time of the quench. Then py, ~ —wyxg, and yields x(79) =~ 0 and p(79) =~
—xoy/wi — w?, which becomes arbitrarily large when xy becomes large. However,
when [ is finite one needs to modify the inverted harmonic potential at large values
of x by e.g. imposing a hard wall at |x| ~ /8. This means that the maximum
momenta are also of the order /f.

The fermi surface profiles for a potential with a cutoff are shown in figure [4.12
and figure for various times. Here the filled regions of the phase space are shown
in black. At an early time after abrupt quench, each fermi surface profile includes
two parts: part of the fermi surface profile for potential without cutoff (shown in
figure [4.9) and [£.10]), and its reflection after hitting the cutoff. In figure particles
flow out of the imaginary cutoff while no particles flow in, thus the reflection fermi
surface profile should make up the loss to keep the fermion number (the area of black
region in figure invariant. However, in figure more particles with positive
energy flow in than flow out, thus the filled fermi surface in the presence of a cutoff
excludes these fermions. We explain the details of these two different cases and give
the expression of the phase space density u(z,p,7) in appendix .

(4.61)

4.6 The emergent space-time

The nature of the emergent space-time is deduced from the fluctuation action. In
particular the quadratic action for fluctuations represents a massless scalar
field in a 14 1 dimensional space-time. Since a massless scalar field is insensitive to a
conformal factor, we can only determine the conformal class of the metric. Equation
(4.33)) is one member of this class. The non-trivial features of the emergent space-time
are its global aspects - this is what we need to determine.

For this purpose it is useful, as always, to find coordinates such that the metric
becomes conformal to standard Minkowskian metric, which is always possible in 1+ 1
dimensions. For an arbitrary quench profile, the Minkowskian coordinates (¢, T’) are

given by,
x = +p(7) cosh(q) T = /T T
p(7)?

This is adequate for the single step abrupt quench with wy < w;. In this case, we can

(4.62)
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Figure 4.11: Time evolution of phase space density u(z,p, 7) for the potential with a
cutoff at x = £[/2 after abrupt quench. Choose wy = %,wl =1,1/2=5.

explicitly obtain, for 7 > 0

1 w2 1/2
x = £—— |cosh’w;T — — sinh? h 4.63
x oo [cos wiT 22 sin wn} cosh ¢ (4.63)
T = tanh™' {ﬂtanh(wlr)] (4.64)
w1

Note that the forbidden values of x increase with time. As 0 < 7 < oo we have
0 < T < tanh™! Z_(l) The space-time appears to be geodesically incomplete, and
normally one would have extended the time T" further to oo. However the underlying
matrix model tells us that this extension does not make any sense, since the matrix
model time 7 ends at this point. In fact, on the space-like line T = tanh™! Zj—?,
the cubic couplings of the fluctuation field diverge - in this sense this is a space-
like singularity. As mentioned in the introduction this means that the semi-classical
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Figure 4.12: Time evolution of phase space density u(z,p, 7) for the potential with a
cutoff at x = £[/2 after abrupt quench. Choose wy = 2w; =1, [/2 = 5.

collective theory as well as the fermi fluid description are not valid anymore and strong
coupling effects become important. The situation is similar to such singularities in
GR which signal the breakdown of Einstein’s equations.

An interesting feature of this space-time is that the x = constant lines do not
remain time-like for all times. The Penrose diagram for the emergent space-time is
shown in figure[1.13] In this figure the thick red solid line and the thick red dashed line
seperate two different pieces of the space-time which are perceived by the fluctuations
of the left and right fermi surfaces. The red dashed lines are constant z lines, while
the blue dotted lines are constant 7 lines. Clearly the constant 7 lines are always
spacelike. This can be seen from the form of the metric since ds? > 0 for
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Figure 4.13: Penrose diagram for emergent space-time when wy = %wl = 1. Blue
dotted lines are constant 7 lines; Specially, 7 = 0 when the abrupt quench occurs are
plotted in blue dashed line; 7 — oo i.e. infinite future is plotted in blue solid line.

Red dashed lines are constant x lines. Special values of z, v = £, /W—l0 and x = £p(71),

is plotted in thick red solid line and thick red dashed line, respectively. The two sides
of these lines are different disconnected space-times where the fluctuations of the left
and right fermi surface propagate. The orange solid lines demarcate the regions in
which constant z lines are spacelike from those where they are time-like.

dr = 0. However constant x lines are timelike only when

S <! o

They are null when the equality is satisfied and space-like otherwise.

For an abrupt quench with wy > wy, the coordinates (T, ¢q) defined in cover
only the region 7 < 7, and the line 7 = 79 has T" = oo, and is null. The red solid
line is the line x = i\/%;o. For 7 < 0 this is ¢ = 0 which separates the two sides of
the potential. For 7 > 0 excitations can propagate in the region |x| < \/wao,
region is included in the Penrose diagram. The orange line demarcates the regions
where constant = surfaces (denoted by red dashed lines) are space-like and time-like.
Finally these constant = lines become null as they approach the 7 = 7y lines. The
part of the Penrose diagram for 7 < 7y actually consists of two disconnected pieces
(corresponding to the fluctuations of the left and right fermi surfaces) separated by
the red solid line for 7 < 0 and the red dashed line for 7 > 0.

Normally 7" = oo or 7 = 79 would be the future null boundary of two dimensional
Minkowski space and there is no reason for continuing the space-time beyond this.
However the matrix model predicts a smooth time evolution beyond 7 = 75 - we
therefore need to attach another piece of space-time. The Minkowskian coordinates

so this
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Figure 4.14: Penrose diagram for emergent space-time when wy = v/2w; = 1. The
black dot-dashed lines and dashed lines represent 7 = 75 where 7 is defined in (4.37)
and should be glued respectively. Blue dotted lines are constant 7 lines; Specially,
7 = 0 when the abrupt quench occurs are plotted in the blue dashed line; 7 — oo

i.e. infinite future is plotted in blue solid line. Red dashed lines are constant x lines.

1

The special value of z, x = + oo is plotted in thick red solid lines; it splits into

two lines at 7 = 0. & = £p(7), is plotted in thick red dashed line. These separate
two disconnected space-times corresponding to the fluctuations of the left and right
fermi surfaces. These two pieces connect at 7 = 75. © = 0 is plotted in the thick red
dot-dashed line - this, however does not separate disconnected pieces. The orange
solid lines demarcate the regions in which constant x lines are spacelike from those
where they are time-like.
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are now defined by

W
x = p(7) sinh(q) T = —coth™ {—0 tanh(wﬁ)} (4.66)

w1
In the Penrose diagram this piece is given by the upper triangle. Note that the
two disconnected pieces for 7 < 75 have joined into a single connected space-time.
Equation (4.66]) shows that as 7 ranges from 7 to co the time T ranges from —oo to a

finite value coth™! (%1’ . The matrix model tells us to end the space-time here. The

cubic couplings diverge here - so this is like a space-like singularity. Again this means
that our semi-classical treatment, together with the space-time interpretation of the
model, breaks down here. The matrix model time evolution is possibly smooth, but
this requires an exact treatment which we have not pursued.

Once again, the constant = lines are not always timelike. The resulting Penrose
diagram is shown in figure |[4.14

For the finely tuned case, the space-time is geodesically complete : at late times
p* saturates so that as 7 — oo one also has T — oo.

4.7 Conclusions

In this work we explored the nature of emergent space-times in the ¢ = 1 matrix
model with a time dependent coupling. Our main finding is that generically such a
quantum quench naturally leads to geodesically incomplete space-times with space-
like boundaries where the coupling of the "bulk" theory diverges. Only for very finely
tuned quenches, the emergent space-time is normal.

It will be interesting to understand the time dependence of the entanglement
entropy of a region of the emergent space-time. In [I3] it was shown that in a system
of free fermions in an external potential, the entanglement entropy S4 of a region of
the eigenvalue space A in the "in" state |in) (i.e. the Heisenberg picture state which
is the ground state of the initial hamiltonian) can be expressed entirely in terms of
the phase space density u(z,p, 1),

1 o
Sa :—/ dp/ dx (in|u(p, x,T)|in)—
2m —00 A
1 oo

— dp,d dxd
(271_)2/;00 p1p2A$y

x e PE) (infu(p, (x + y)/2,7)in) Ginlu(pa, (z + y)/2,7)]in)
(4.67)

The solutions for the phase space density for the various quench profiles studied in
this paper can be then used to compute this quantity. For constant frequencies this
bulk entanglement entropy has been investigated in [I75HI77] : one key result of this
investigation is that this quantity is finite, with the string coupling replacing the
usual UV cutoff. However the meaning of this quantity for our time dependent bulk
space-time is unclear at the moment, since constant x lines do not remain time-like
for all times. We are currently investigating this issue.
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From the point of view of holography, the most interesting question is the relation
of these to solutions to those of two dimensional string theory in the worldsheet
or string field theory formulations. For the standard time independent case, this
relationship involves a transformation whose kernel is non-local at the string scale,
and obtained by a comparison on the S matrices obtained from the matrix model and
worldsheet string theory. This is a manifestation of the "leg-pole" factors. One may be
able to obtain a worldsheet description using the connection of the feynman diagrams
of the matrix model with dynamical triangulations of the worldsheet. Naively this
would lead to a time dependent dilaton and a time dependent worldsheet cosmological
constant. However a precise relationship could be subtle and is under investigation.
A precise connection to a worldsheet S-matrix can be then established. Assuming,
however, that the non-locality continues to remain at the string scale, the space-time
diagrams discussed above need to be smeared at this scale. As mentioned above, the
single step abrupt quench results are identical to the time dependent solutions of the
constant coupling matrix model considered in [211], 212] : this work contains some
discussions of this issue.

Copyright© Sinong Liu, 2021.
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Chapter 5
Gauge Invariant Target Space Entanglement in D-Brane Holography

5.1 Introduction

In quantum field theory on a fixed space-time background, entanglement between two
regions of space has a well defined meaning in the presence of a UV cutoff and the
corresponding entanglement entropy provides valuable information about the nature
of the quantum state. In quantum gravity this is a tricky issue since space-time is
dynamical. This becomes even more tricky in String Theory where the fundamental
degrees of freedom are extended objects. Nevertheless, in a weakly coupled semi-
classical regime there is an approximate notion which comes from thinking of gravity
as a field theory of gravitons in a background. It is therefore interesting to ask if there
is a precise notion of entanglement in a complete theory of gravity which reduces to
the above approximate notion in the appropriate regime.

In [21] four of us proposed that in gravitational theories which have holographic
duals, such as the ones which arise in String Theory, such a precise notion indeed
exists. The proposal is that in Dp brane holography for p < 3 this notion is provided
by entanglement in the target space of the Yang-Mills theory on the brane. The idea
is that a suitable target space constraint can be associated with a co-dimension one
spatial region in the bulk dual. In the Yang-Mills theory the target space constraint
then leads to a sub-algebra of operators. The expectation values of operators in this
sub-algebra can be obtained correctly using a reduced density matrix lying in the
sub-algebra itself. The von-Neumann entropy for this reduced density matrix is the
precise notion, sought above, of a geometric entropy of the bulk sub-region. When the
entire system is in a pure state this entropy is entirely due to quantum entanglement.
When the system is in a mixed state, this contains a classical piece.

We conjectured that when the state is the NV brane bound state or its slightly
heated up version, this von Neumann entropy is given by the Bekenstein formula
A/AG where A is the area of the entangling surface in the dual black brane geometry
E]. In a complete theory of gravity one would expect that in any definition of geometric
entanglement entropy the UV cutoff is automatic. Our conjecture therefore implies
that the UV cutoff is provided by Netwon’s constant, and not by e.g. the string
length. Indeed, for simple entangling surfaces for p < 3 our conjecture yields answers
which scale as N? and are expressible purely in terms of the appropriate dimensionless
quantities of the Yang-Mills theory - as one would expect.

The bulk entanglement we are considering is across any codimension two surface.
This is distinct from the corrections to holographic entanglement entropy [49, 50| due
to entanglement across extremal surfaces [214H217] or what would become a quantum
extremal surface [218]. Note that the proposal discussed above, for Dp branes with

!For mixed states a spatial Bekenstein bound is not generally valid. In such situations one may
need to consider the fine grained entropy of the degrees of freedom of a light sheet associated with
a boundary of area A [213]
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p > 0, considers the same target space constraint holding at all points on the Dp
brane. The boundary of the corresponding codimension one spatial surface in the
bulk then includes the entire spatial boundary of space-time. For p > 0 it is also
possible to discuss a more general notion of entanglement which arises for a sub
algebra of observables tied to a target space constraint that applies only to a part of
the base space along which the Dp branes extend.

The fact that Newton’s constant is the natural cutoff is consistent with the idea
that the Bekenstein formula for black hole entropy involves a renormalized Newton
constant [219-221]. Furthermore it has been argued in [222] 223] that this nat-
urally happens in theories of induced gravity. In the past, [224H226] has argued
that Einstein’s equations follow from thermodynamics, provided the cutoff in the
entanglement entropy in a theory of gravity is Newton’s constant. [227] had also
conjectured that the entanglement entropy across an arbitrary surface in a theory of
gravity saturates the Bekenstein bound. The reasoning of [21] is initimately tied with
the identification of bulk entanglement with target space entanglement and therefore
differs from these other papers in an essential way.

The appearance of Newton’s constant as the UV cutoff is also consistent with the
calculation of the bulk entanglement entropy in the c=1 Matrix Model / 2d string
theory duality [I75HI77]. The holographic theory is now gauged quantum mechanics
of a single N x N hermitian matrix. In this case the space of eigenvalues can be
interpreted as a bulk space and the only propagating mode of the two dimensional
string is related to the density of eigenvalues or the collective field [16] E] . The Matrix
Model is described exactly by N free non-relativistic fermions in an inverted harmonic
oscillator potential which can be rewritten as a second quantized field theory living in
the eigenvalue space [58], [59]. Entanglement of a region of the eigenvalue space can be
then defined in the usual way in this field theory. In fact, the c=1 theory provides the
simplest example of target space entanglement, since the emergent space is the target
space of the matrix model. In an approriate limit, the entanglement entropy agrees
with what one would expect from the low energy effective field theory, but with the
UV cutoff replaced by the position dependent string coupling. After incorporating
the appropriate factor of N, the UV cutoff is identified with Newton’s constant.

The target space entanglement explored in [21] is in a gauge fixed version of the
holographic theory. This involves the temporal gauge for the gauge field, and a further
gauge choice. For the c=1 model the latter is the gauge where the single matrix is
diagonal. The remaining symmetries are Weyl transformations which permute the
eigenvalues. In the Dp brane theories we have multiple matrices, and the remaining
gauge freedom in the temporal gauge can be used to diagonalize a single matrix
which needs to be chosen to express a desired target space constraint. The situation
studied in detail in [21] involves diagonalization of one of the scalar fields. The target
space constraint is then expressed in terms of an allowed range of the eigenvalues,
e.g. requiring the eigenvalue to be larger than some number. This corresponds to

2The massless mode of two dimensional string theory is related to the density of eigenvalues by
an integral transform with a kernel whose scale is the string scale [189, [228]. Strictly speaking, the
entanglement entropy calculated here is in the eigenvalue space. However this would agree with a
bulk notion in terms of usual string theory upto an uncertainty of the order of the string scale.
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a bulk region characterized by one of the transverse coordinates being larger than
some value and a spatial co-dimension one planar entangling surface which bounds
this region. The full Hilbert space breaks up into a direct sum of superselection
sectors characterized by the number of eigenvalues which satisfy the constraint. In
each sector, the smaller Hilbert space is a direct product, which allows one to define
a reduced density matrix in the usual fashion. Two possible versions of the proposal
for a corresponding reduced density matrix were studied.

While [21] specified the general properties of the operators belonging to the sub-
algebra of operators associated with a given target space constraint, a procedure to
obtain such operators in terms of the operators of the matrix theory was not specified.
Furthermore, in this gauge fixed formalism, it is difficult (though not impossible) to
describe general entangling surfaces.

In this paper we address both these issues by developing a gauge invariant descrip-
tion of target space entanglement. This will be achieved by constructing a projection
operator appropriate for the desired target space constraint. Starting with a gauge
invariant operator which contains a string of matrices, the subalgebra then consists of
operators obtained by projecting each of these matrices. We show that in the gauge
used in |21 these yield the correct class of operators in each superselection sector.
Moreover, the gauge invariant construction enables us to easily formulate other target
space constraints, e.g. those which correspond to entangling surfaces in the bulk at a
given value of the radial coordinate in the transverse space of the D-branes - in this
case we also show how the target space constraint can be implemented explicitly by
developing a formalism for a polar decomposition of the matrices.

The proposed connection of a target space constraint with a bulk region is based
on several ingredients of gauge-gravity duality and closely tied to the emergence of
bulk locality. As is well known, the velocity dependent potential between two stacks of
DO branes in supergravity follows from an effective action calculation in the Coulomb
branch of DO brane quantum mechanics [2297235]@ For example, one may consider
a single DO brane stripped off from a stack of N DO branes in their bound state,
corresponding to a point on the Coulomb branch of the DO brane matrix theory. The
Higgs vev at this point is then the transverse location of this probe D0 brane. This
implies that a restriction to a region R of the bulk can be described as a restriction
in the target space of the brane theory. In the 't Hooft limit, the gravity dual of
the bound state of DO branes is a non-trivial supergravity background [237], and the
velocity dependent potential can be obtained from a DBI-CS action for the probe
DO brane moving in this background. It can also be calculated from the effective
action evaluated at the corresponding point in moduli space in the gauge theory.
Supersymmetry guarantees in fact that the leading terms in the effective action may
be calculated perturbatively. We argue that the potential will also agree with the
effective action for operators in the subalgebra, Az, which we associate with the
region R, thereby arguing that the subalgebra contains operators needed to describe
bulk measurements which can be carried out in R.

A somewhat stronger connection comes from a point on the Coulomb branch

3For a review and references to the original literature see [236].
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SU(N) — SU(N —2) xU(1) x U(1), which corresponds to two D branes stripped off
from the rest. This situation has been studied in detail for D3 branes in [238-240)].
In this case, when the two individual branes are excited, the lowest order terms in
the effective action of the two U(1)’s agree precisely with a supergravity calculation
of the potential between the two branes which follow from exchanges of supergravity
modes propagating on the AdSs x S° produced by the remaining (N —1) branes. This
agreement is more detailed than the single DO DBI+CS action since the supergravity
modes in this background mix non-trivially. There should be a similar agreement for
DO branes.

Going beyond the ground state, in an excited state of the gauge theory which
corresponds to a modified supergravity background, also one expects that the poten-
tial experiences by a probe brane can be obtained from the DBI-+CS action, and this
potential should agree with an effective action calculation which can be carried out in
the gauge theory keeping operators in the subalgebra Az. Of course a perturbative
calculation will no longer suffice to demonstrate thig’l But one might hope to be
able to check this as numerical techniques improve further. In fact some progress
has already been made along these lines in obtaining the dynamics of probe branes
at finite temperatures |[242]. In these calculations some evidence was found that the
supergravity fields couple to operators in the probe brane in a manner consistent with
the generalized AdS/CFT correspondence discussed in [243, 244].

To summarize, the dynamics on the Coulomb branch should allow one to measure
the local background, at least at the level of one point functions, for gravity and
other supergravity modes, in a region R. This dynamics we argue can be obtained
in the gauge theory by studying the effective action for gauge invariant operators.
If we are interested in measuring the supergravity fields only in the region R of the
bulk, we argue that it is sufficient to only consider the operators in the subalgebra
Axr associated with R. As mentioned above, this subalgebra contains gauge invariant
operators obtained after carrying out a suitable projection determined by the target
space constraint which corresponds to the bulk region R.

While the discussion above pertains to the Coulomb branch, the considerations
should be valid for a general configuration which appears in the wavefunction of the
N DO brane bound state. This motivates our identification of bulk entanglement with
target space entanglement.

We should mention that we expect the effective action and the related correlation
functions of the projected operators to provide only some and not all of the detailed
information about supergravity modes and the dual boundary operators related to
them via the BDHM-HKLL construction [245H247]. In particular, the energy mo-
mentum tensor is not contained in the sub-algebra, only its projected version is. We
expect that this imposes important limitations on the extent to which we can learn
about the stress energy tensor’s correlation functions from the sub-algebra. In fact, as
was importantly argued in [248] 249, if the sub-algebra would allow all information
pertaining to the stress tensor to be obtained, then for an annular region adjacent to

“unless the excited state preserves a high degree of supersymmetry|[241]
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the boundary, the entanglement entropy would be exactly zero [| In this sense the
association of a target space constraint with a bulk region is approximate.

An analytic calculation of the target space entanglement entropy requires an ex-
plicit expression for the wavefunction. Even in the simplest case of DO branes, explicit
expressions for the bound state wavefunction is not known, though the existence of
bound states of DO branes has been proven [250-252] | There are candidates for
approximate wavefunctions which can be in principle used to perform analytic com-
putations of the von Neumann entropy [255] 256]. However, there has been substantial
progress in numerical calculations of properties of D0 brane bound states at finite tem-
perature: these calculations provide precision tests of the AdS/CFT correspondence
[257H261]. These calculations deal with thermodynamic quantities, correlation func-
tions [262, 263] and investigations of probe dynamics [242]. In this paper we derive
path integral expressions for target space Renyi entropies which can be directly used
to perform numerical calculations. Work in this direction is being developed currently
[264]: these calculations should prove or disprove our conjecture about saturation of
the Bekenstein bound.

The formalism of target space entanglement entropy has been developed in [265]
and [20]. Notions similar to target space entanglement have been used to define
entanglement in string theory in the worldsheet formalism [266-270] and in various
explorations in holographic entanglement [271-274]. Another notion of entanglement
of internal degrees of freedom (also combined with spatial degrees of freedom) called
entwinement has been discussed in [275H277]. Notions of entanglement associated
with other kinds of partitions of large-N degrees of freedom have been explored in
[278, 279]. The proposal of [21] is distinct from these other works.

The paper [280] has explored general extremal surfaces in D brane geometries
(as distinct from RT surfaces) and speculated on possible meanings of their areas
with entanglement of degrees of freedom in the D0 brane quantum mechanics. In
particular, these authors have considered subsets of operators consisting of linear
combinations of traceless symmetric products of the matrices in the D0 brane theory
which would correspond to functions which have support on some region of S® and
speculated that an entropy can be associated with such a subset. Our proposal is
quite different from this: we aim to describe bulk entanglement which involves the
radial direction as well, and we associate an entropy with a closed subalgebra.

This paper is organized as follows. In section we introduce the gauge invariant
construction of operator algebras which define a target space entanglement. We show
how this construction leads to the gauge fixed version discussed in [21] and review the
proposed connection to bulk entanglement and our conjecture about the saturation
of Bekenstein bound. We also discuss how to impose radial constraints in target

5The argument is as follows: if the energy-momentum tensor at all points on the boundary is
included in the set of observables, so is the energy and the projector to the ground state. In the
vacuum, the latter is the density matrix of the whole system. This would mean that the associated
entanglement entropy must be exactly zero. In our case the energy, and therefore also the ground
state projector, is not an element of the sub-algebra.

6For bosonic BFSS models, the existence of bound states has been proved both numerically [253]
and analytically in the limit of large dimensions [254].
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space by developing a polar decomposition of matrices. In section we discuss
the connection of target space entanglement and bulk entanglement. In section
we recapitulate the conjecture in [21I] that the target space entanglement entropy
saturates the Bekenstein bound. In section we derive path integral expressions
for target space Renyi entropies which can be directly used for numerical calculations.
Section contains concluding remarks. The Appendix [G] contains some details of
the construction of projected operators. Appendix [H| provides details of matrix polar
decompositions for multiple matrices. Appendix [I| deals with the DBI+CS action
of a single DO brane in the supergravity background produced by N other extremal
branes and its comparison with DO brane quantum mechanics effective action.

5.2 Gauge Invariant Target Space Entanglement

In this section we will show how target space entanglement in a theory of multiple
matrices can be formulated in a gauge invariant fashion. A more detailed description
appears in Appendix [G

5.2.1 Review of the gauge-fixed formulation

In a previous paper [21I], we considered the DO brane theory and discussed a bulk
region specified by a condition on one of the spatial bulk coordinates, say z!'. The
condition took the form,

2t > a, (5.1)

for some real number a. We proposed that this condition mapped to a target space
constraint in the quantum mechanical dual theory that lives on the boundary. And
the bulk entanglement entropy maps to the entanglement entropy associated with this
target space constraint in the boundary theory. The entanglement entropy defined in
this way is manifestly finite when N is finite.

The action of DO brane quantum mechanics is given by

9 9
S n2 _ 1 I yJ)2 .
S = mTr/dt [;(DtX ) — Eb;l[X , X7]*| + fermions (5.2)

where X7 are N x N hermitian matrices, and the covariant derivative is defined by
D, X' =0, X" +i[A;, X'] (5.3)

In the example above, the target space constraint involves the operator X' in the
boundary theory. To specify the target space constraint, we worked in the gauge
where A; = 0. The remaining gauge freedom consists of time independent SU(N)
rotations, which we fixed by requiring X to be diagonal. The corresponding operators
and their canonical conjuagte momenta have the form

Xl — dlag (5\1, s ;\N)
I, — diag (& - #y) (5.4)
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This does not fix the gauge completely: we are left with Weyl transformations,

(xlv;\Qv"' 75\]\[) — (S\U(l)7xa(2)7"' 75\0’(N))70-€S(N)
X' = o(X"), o(X)) = Xiouy L=2,++,9. (5.5)

and U(1)N transformations which keep the diagonal matrix elements of all the ma-
trices invariant and multiplies the off-diagonal elements by phases [

XE s XEe09) (5.6)

where 6; are angles. The physical state is constructed by adding Weyl and U(1)Y
transforms. Let us work in a basis in the Hilbert space comprised of eigenvectors of
the operators \;, X£ with eigenvalues \;, X}%. As is well known the transformation to
the eigenvalues of X! leads to a van der Monde factor in the measure of integration.
In the following we will absorb a square root of this factor in the wavefunction so that

the modified wavefunction is antisymmetric under an interchange of the eigenvalues.
Then a Weyl and U(1)" symmetrized state is ]

N
1 do; 0 —
|{/\i}7{Xz€' Yw o= ﬁ/H% Z Sgn(0)|{/\a(i)}7{Xf(i)g(j)e(9"(’) 0”("))}> (5.7)
I=1

ceESN

Note that this symmetrized state is not an eigenstate of the individual j\i, X’Zﬁ’s. They

are eigenstates of gauge invariant operators which are traces of products of X7 , I, or
products of these traces.

In this gauge, it was proposed that the required target space condition, corre-
sponding to [5.1, on an eigenvalue \;, was

Ai > a. (5.8)
The target space constraint can be generalized trivially to

A€ A (5.9)
where A is some interval on the real line, with a corresponding change in the bulk
region [5.1]

Since there are N eigenvalues the constraint gives rise to N + 1 different pos-
sibilities depending on whether 0,1,--- | N, of the eigenvalues meet the constraint.

“In a previous version of this paper which appeared on the arXiv, we did not consider these
U(1)" transformations. Subsequently the paper [281] appeared, where these remaining symmetries
were emphasized.

8Qur conventions for normalization of states is different from [21].

9Since the Weyl group elements gy and the U(1)Y group elements gy do not commute, the
combined action on a given state [¢)) depends on the order in which the group elements act. In
we have applied gy followed by gy . It is not difficult to see, however, the ‘symmetrized’ state,
which involves sum over the entire set of transforms, does not depend on the order: ZW7U gwgu =

>wu Jugw.
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These different possibilities actually can be thought of as giving rise to different su-
perselection sectors. The Hilbert space thus becomes a direct sum of Hilbert spaces,

Hy = OrHe,N—k (5.10)

where Hj y_j denotes the sector where k of the eigenvalues of X1 are in the region
of interest A and the rest in its complement A.

The reduced density matrix in the k" superselection sector, pi x_x, can be ob-
tained by tracing out the degrees of freedom corresponding to the remaining (N — k)
eigenvalues. The corresponding target space entanglement entropy can then be ob-
tained as the von Neumann entropy for this density matrix and the full entanglement
entropy for all sectors can be obtained by adding the entropy from each sector [
Note that the density matrix in each individual sector is not normalized. Rather
the trace Trypr n—i is simply the probability that k of the eigenvalues are in the re-
gion of interest. The full reduced density matrix is block diagonal, where each block
corresponds to a superselection sector

p=| T (5.11)

does have unit trace, so that

N
S =—-Tr(plogp) = — Z Tre(pr.N—k lOg P N—k) (5.12)
k=0

is a legitimate von Neumann entropy.

Actually our proposal had two versions which arise when we think more precisely
about tracing out the degrees of freedom corresponding to the remaining N — k
eigenvalues. By a suitable choice of gauge the eigenvalues of X! meeting the constraint
can be taken to be the first k eigenvalues.

In the rest of the paper, the matrix indices 7,7,--- = 1--- N; the indices a,b =
1---kand o, 8 =k+1---N. In the rest of this subsection, we denote X2, X3, ..., X?
by XL, L =23,..,9.

1. In the first version, one traces out the degrees of freedom corresponding to
the (N — k) eigenvalues of X' which do not satisfy eq.(5.8), A\, and the de-
grees of freedom in (N — k) x (N — k) block for the remaining spatial matri-
ces, X235, X35, - X25. In addition, one also traces out the degrees of freedom
corresponding to the off-diagonal elements (X?2),q, (X?)aq; and similarly for
X3, X%, ... X% As a result the only degrees of freedom we retain are in the

10The sector with no eignvalues meeting the required condition is important to keep in mind.
It is taken to be one dimensional and the density matrix is then a number corresponding to the
probability of finding no eigenvalue meeting the constraint.
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k x k block. In the basis we are using, the reduced density matrix for the £’th
sector is then given by

ﬁg}\uk ()‘a’ X(fb; Xw X;%)

— (‘Z ) / [dA\dX L dX] dX ) (5.13)

X prot (Aas X Aas X, X2 X N X1y

aa) “Faar “rafr Marr “rabo

Ao, XE XE Xgﬁ)

a

where p;; is the density matrix of the state of the entire system.

2. In the second version, one traces out only the degrees of freedom which lie in
the (N — k) x (N — k) blocks for all matrices and retains the remaining degrees
of freedom. So for X! which is diagonal we retain the first & eigenvalues which
meet the constraint, but for X? we retain not only the elements (X?),;, but also
the off-diagonal elements (X?),4, (X?)aq and similarly for X3 ... X?

Prn—i (Mo Xy X0 dX 03 Ny, X dX 5 dXCL)

ab aa’ “ta’
N
= < k) /[d)‘adXé,B} Ptot ()‘aa XaLlw )‘047 Xfau Xo%av Xéﬁ; )‘;7 7Xt/£7 >‘047 Xz/zinl)sziB)
(5.14)

In each sector labelled by k, the corresponding density matrix evaluates expecta-
tion values of a closed subalgebra of operators which correspond to measurements on

the variables which are retained. In the first version, the action of such an operator
on a general Weyl and U(1)" symmetrized state of the form (5.7) has the form

O [, X5, XL, XE A bw

ab) “*aa

— [XAXE 0N, XD s XED) HNXENs (has X X (515)

Operators which satisfy this form a subalgebra: O({\q, X4}, {\,, X’%)}) then denote
the matrix elements of an operator in the smaller Hilbert space in this sector. The
reduced density matrix which evaluates expectation values of such operators is given

by (5:33)

Similarly for the second version the action is given by

@ |{/\a7 Xava XL XaLﬂ’ /\a}>W

ao?

X/L X/L

/
ar“rabr “raa

X XEXEY (N Xhw  (5.16)

- / (AN [ X [dXTE] [dXTE) O({A XY (A X5, X5 XE )

It is clear that the density matrix is again of the form (5.11)).
The associated entanglement entropy for a density matrix of the form eq.(5.11)
is expressible in terms of the normalized density matrices of the subsectors, pr n_r =
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Ok N—L a8
Pk,kapk’N k

N
S=- Z [Pk, N—k 10g P& Nk + Pl N1k Ttk (P, N1 10Z P n—k)] (5.17)
k=0

The distillable part of the entanglement is only the second term in (5.17), while
the first term is a classical piece which cannot be used as a quantum resource for
teleportation 282 283].

Before closing this subsection let us note that while we have focussed on bosonic
operators above, a similar discussion also applies to fermionic operators in the theory.
Depending on which version of our proposal we consider, the appropriate adjoint color
degrees of freedom for fermonic operators are also to be retained in the sub-algebra.

5.2.2 Gauge-invariant formulation

A drawback of the discussion in the previous paper [21], and our discussion above, is
that this description of the target space constraint and the related entropy has been
given in a particular gauge, e.g., for the example above we worked in the gauge where
X' is diagonal. Furthermore, while and describe the properties satisfied
by operators belonging to the relevant subalgebra of observables, this does not tell
us what these operators are in terms of the basic operators of the theory. In this
subsection, we will address both these issues and give a gauge invariant description
of the target space constraint; this will also allow us to generalise the discussion
considerably to a much wider class of bulk regions.

In general, suppose we have a region in the bulk at time ¢ specified by one condition
among the 9 spatial coordinates,

fx;) >0 (5.18)

We would like to specify the target space constraint corresponding to this bulk region
in a gauge invariant manner. For this purpose, instead of starting with a wave func-
tion, constructing the density matrix by a partial trace over some degrees of freedom
and calculating its entropy, it is useful to think of the entanglement entropy as arising
because one is dealing with a suitable sub-algrebra of the set of all observables. The
sub-algebra corresponds to the operators whose expectation values can be obtained
correctly from the reduced density matrix obtained after tracing out the unwanted
degrees of freedom. Specifying the sub algebra is an equivalent way of specifying the
tracing out procedure and implementing the target space constraint.

Note that when we think in this way, starting from a sub-algebra of all observables,
the density matrix itself must lie in the sub-algebra of observables and, as mentioned,
must give the correct expectation values for all operators in the sub-algebra. In
addition the density matrix is normalised, as usual, to meet the condition, Trp = 1.
This specifies the density matrix uniquely and the entanglement entropy is then the
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von-Neumann entropy of this density matrix.m When there are superselection sectors,
as in our current discussion, we found above a corresponding density matrix in each
sector. However, as we will see, and this is one of the virtues of specifying a sub-
algebra to implement the target space constraint, the sub-algebra of interest can in
fact be specified once and for all in a gauge invariant manner regardless of the sector
we are working in.

Before proceeding to a gauge invariant formulation let us first address the question;
how do we determine the relevant subalgebra of operators even in a fixed gauge. To
illustrate the procedure it is useful to consider the simple case of gauged quantum
mechanics of a single matrix M. In the gauge where the matrix is diagonal, this
reduces to a theory of N fermions on a line. The position and momentum operators
of individual fermions are the \; and #;. Consider a typical one body operator in this
theory

N

We want to impose a target space constraint where the eigenvalues of A lie in a
certain interval on the line denotes by A. This corresponding subalegbra consists of
operators which act only on the fermions which lie in this interval. Such an operator
can be constructed as follows. Define a projection operator

(Pa): — /A dz 5(z — A) (5.20)

where A C R. By considering matrix elements between arbitrary states it is clear
that this operator indeed satisfies

~

(Pa)? = (Pa); (5.21)

Now, starting from an operator (5.19) construct an operator by replacing each of the
)\Z‘,’ZATZ‘ by (PA)z)\z(PA)z and (PA)ZfQ(PA)l to get

(Crm)s = Z(PA)z’j\?(PA)iﬁi(PA)iﬁi(PA)i wo+ (Pa)imi(Pa)i (5.22)

where we have used 1) and the fact [(P4);, ;] = 0 to simplify the expression. It
may be now easily checked that the expectation value of (C, )% in a general many
particle state becomes a sum of terms: each term corresponds to a sector with k
particles in the interval A. The k-th term contains the contribution only from the k
particles in A. This is discussed in more detail in Appendix [G]

1The uniqueness can be easily seen. Suppose there are two possible density matrices, p and 2,
which satisty Tr(pO) —=Tr(pO) — Tr(p:etO) for all operators O in the sub-algebra. Hence Tr[(p —
p)O] = 0 for all such operators; since both p and p belong to the sub-algebra, this can only happen

if p=p.

101



It is now straightforward to construct these operators in a gauge invariant fashion.
In terms of the matrix valued operator M the projector is clearly given by

G@ziédxﬂﬂ—ﬂh (5.23)

where I is the N x N identity operator.This procedure generalizes to the DO brane
theory with multiple matrices as we now describe.

To obtain a sub-algebra which corresponds to the target space constraint following
from eq.(5.18) we consider its target space analogue,

F(XH) >0 (5.24)

and the following projection operator which follows from this constraint
P = / dzd(zI — f(XT1)) (5.25)
x>0

where X7 are the operators in D0 brane quantum mechanics. Note that we have taken
the function f here to be the same as in eq. but its argument in eq.(5.25) are
now operators [T_ZL The integral is over positive values of x which is a ¢ number. We
will choose the operator f(X?) to be hermitian.

In general there will be ordering ambiguities which will arise in going from the
function f in the bulk to the corresponding function f of matrix operators which
appears in eq.; we will comment on this issue further towards the end of this
subsection.

By doing a unitary transformation and going to a basis in which f(X7) is diagonal
one can easily check that P is a projection operator satisfying the condition

P =P (5.26)

Gauge invariant operators can now be obtained by conjugating with P, and tak-
ing a trace. For example, starting from XI,] = 1,---9, we construct the corre-
sponding projected operators ﬁlXIpl,I = 1,---9, and then take a trace over the
color degrees to obtain gauge invariant operators from these projected operators
Tr(P X1, Tr(PlXQ) TT(P1X9) (here we have used cyclicity of the trace and the
facts that [Py, X'] = 0 and P? =1 to drop one of the two P, factors) .

More generally let O be any operator obtained by multiplying a string of XD
and II,’s where the II;’s are the momenta conjugate to the XDs. Schematically we

can write O = --- X1...TI, -+ to depict the string of X%’s and I1,’s in some order.
We can obtain a gauge invariant operator from O by taking the colour trace,
@:TT((’)):Tr(~~f(1~~f[,]~~). (5.27)

Now to obtain elements of the desired sub-algebra we consider the projected operators,

X' - (XHh = PXTP (5.28)

12More generally the target space constraint and bulk constraint could be related in a more
complicated fashion, see below for further discussion of this point.
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and

I, — ()" = AP, (5:29)
and construct the string . R
(R (fL) P (5:30)

by replacing every factor of X 11, in O above with the projected counterpart. Then
the projected operator corresponding to O is given by taking the colour trace of
eq.(5.30). We will use the notation O for this operator below, so we have,

OPr = Tp(-- (XDYPr . ([L)T ). (5.31)

It is important to note that the operator in eq.(5.31) is different from Tr(P,OP,),
where O is given by eq.. E.g., when O above is X’X7, O = Tr(X'X”) and
Tr(P,OP,) = Tr(P,X'X7P,). However the operator O = Tr(P,XP,X”) which
is different.

The full sub -algebra we consider associated with the constraint eq.(5.18) involves
all single trace operators obtained after projection in this manner and the multi trace
operators obtained from products of such single trace projected operators.

Actually the projection operator P, above implements version 1) of the proposal,
for a constraint specified by the function f(X7). To see this consider the case f(X!) =
X' — a, discussed above. Working in the gauge where X! is diagonal, let us consider
the sector where the first k eigenvalues ; > a,7 = 1,-- -k are in the region of interest,.
Then it is easy to see in this sector that the operator P; is the matrix

P = ( Tisck Opx(N—k) ) (5.32)
ONv—r)yxk ON—k)x(N—k)

where Iy, denotes the identity in the k x k£ block and O denotes a matrix where
all entries vanish. Projecting with this operator we retain for all matrix operators
their upper left hand k x k block, as shown in detail in the Appendix [Gl Gauge
invariant operators made out of such matrix operators are exactly the observables
whose expectation values can be calculated using the density matrix obtained from
the tracing out procedure described above for version 1) of the proposal.

More generally, for a constraint f(z') > 0 we can go to the gauge where f(X7)
is diagonal and in the sector where the first k eigenvalues satisfy the constraint find
that multiplying with P; will retain similarly the upper left hand k x k block for all
operators and thus give the correct sub-algebra associated with version 1).

Implementing the version 2) proposal in a gauge invariant manner is also similarly
doable. We first consider the orthogonal projector

P = / Odm(ﬂ— F(XD)), (5.33)

which involves the same argument for the delta function but with the range of the
x integral now lying in the complementary region = < 0. It follows that 1512 =
P, To implement version 2) we consider the operators, X! and retain the elements
corresponding to X1 — ]51)21151, so that

X' (X =X"-PX'P (5.34)
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and similarly for the momentum operators ﬂ[, I=1,---9,
H]—> (H[) 2 _H[—P1H]P1 (535)

Then taking the trace of a string of such operators we obtain gauge invariant operators

@Pz:TT(...(XI)PQ...(HJ)PQ...) (5.36)

which should be compared with eq.( obtained above for the version 1) case.
It should be emphasised that the transformatlon X = (XDP 11, — (I1,)" also
squares to itself, since

(XN)2)P = (XN — P(X")™= P = (XT)" (5.37)

where we used the property ]512 — P,. This transformation is therefore also a projec-
tion acting on the matrix operators Xi, I1;. However, the transformation does not
act by conjugation, unlike P; for version 1).

The notation we have adopted referring to the gauge invariant operators obtained
in both cases, as O, O allows for some simplification in the following discussion.
We will often refer to the operators obtained in both versions as OF without specifying
which of the two cases P;, P, we have in mind; where needed we will of course provide
this clarification.

In the subsequent discussion we will also often denote the sub-algebra associated
with a bulk region R which is obtained after projection, in either of the two versions
as described above, as Apg.

Let us end this subsection with two comments. First in general, while passing
from the constraint in terms of bulk coordinates, f(z'), eq.( - to a constraint
in terms of matrix operators, f(XI), which appears in the target space constraint,
we will encounter ordering ambiguities as was mentioned above. Note that in the
matrix quantum mechanics, at any instant of time, the different matrix elements of
the matrix operators commute, [XZI], X ] = 0. However there are still matrix ordering
ambiguities which are present since as matrices [ X7, X7/] # 0.

As we will soon discuss, the matrix model we are dealing with is formulated in
terms of matrix operators X!, --- X which correspond to the poincare coordinates
in supergravity. For a linear constraint in the bulk involving these coordinates, where
f(ah) =39, ea’ —a, it is straightforward to obtain the operator constraint f(X7) to
be the corresponding function involving the matrix operators, f(XZ) = Z?Zl o X1 —
a. For some of the non-linear constraints also there is a natural way to find the
corresponding operator constraints, for example f(z!) = 329_, ¢;(z)? —a, is mapped
in a straightforward manner to f(X7) = 327_, ¢;(X7)? — a. In fact, the last example
can be extended to more general constraints which involve terms containing sums of
monomials of individual coordinates, i.e.,

f(zh) = Z cr(xh)Pr — a. (5.38)

These are mapped to
XY =) (X —a (5.39)



However, more general non-linear constraints involving terms with multiple coordi-
nates cannot be mapped to a matrix constraint unambiguously, e.g. take the case
when f(z!) = z'2? —a > 0, this could be mapped to either to X'X2—q>0or
X2X1— ¢ > 0. Our discussion below will primarily focus on cases like eq. (5.38) where
the map to the target space constraint eq. is straightforward[ﬂ

Second, it is easy to see that the operators contained in the subalgebra Apg for
both versions 1) and 2) do not include the Hamiltonian of the system. Remaining in
the temporal gauge, let us rescale the matrices in and their conjugate momenta
as

. . . 1 .
I 1/37 %1 I I
the hamiltonian becomes
(gsN)1/3 1 : I xJ
H = T Nz ;)% + N Z (X!, X7]?| 4 fermions (5.41)
s =1 I£J=1

Instead Apr contains the operator

5 M)+ N SR ()P

(gsN)'/3

H" =
2,

Tr + fermions  (5.42)

which is different.

In this paper we will consider gauge theories which involve matter fields in the
adjoint representation. The main examples are gauged quantum mechanics of a sin-
gle matrix, a particular example of which is the dual description of two dimensional
strings, and Dp brane field theories. The D0 brane quantum mechanics is a particu-
larly important example relevant for our discussion.

5.2.3 Implementing a non-linear target space constraint

As described above, the gauge invariant formulation of target space entanglement
applies to any constraint characterized by a hermitian operator f (X 1), In a practical
calculation, however, one would need to fix a gauge which diagonalizes this constraint.
To perform a concrete calculation, however, one needs to make a change of variables to
a set of independent variables which includes the eigenvalues. This is straightforward
for a linear constraint, but becomes complicated very soon when we consider nonlinear
constraints. In this subsection we explain how to do this for a constraint

9
fXDH =) (X' =r (5.43)

I=1

The details of the procedure are given in the Appendix [G] What we need is a "polar"
decomposition for matrices.

13Tt could be that such operator ordering ambiguities give rise to differences in entanglement
entropy which are subheading in N, we thank S. Minwalla for making this comment.
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Two matrices

Let us begin with the simplest case of two matrices X! and X2. In the following all
the matrices are operators in the Hilbert space unless stated otherwise. We want to
write this pair in terms of one hermitian matrix R and a unitary matrix Q where

R? = (X1)? 4+ (X?)? (5.44)
Define the complex matrix ) ) A
7 =X'"+iX? (5.45)
Then it follows that ) o o
QR* =271+ 212 (5.46)

Now consider a singular value decomposition
Z =Vswt (5.47)

where V, W are unitary matrices and § is a diagonal matrix. Using 1) we then
get

2(R?),; = (VaVT+ waswh,

= [V*QV +W* @ Wiju(3*)u (5.48)
where . . . . A A
VoV +W @ Wlju= ViVii + Wi W5, (5.49)

It is shown in the Appendix [H|that the direct product matrix appearing in (5.48) is
invertible in the sense

(V*QV A+ W@ W) g (V- RV 4+ W* @ W)]ijat = GO (5.50)

An explicit expression for the inverse is

(Vo VW @ W) i = S (D@ TV Q) (551)

n=0

where we have defined the unitary matrix Q

Q=vwt (5.52)
We can now invert (5.48) to write
& =21 1y (—)"Q)RQ" (5.53)
n=0

In Appendix [H| we show that the matrix which appears in the square bracket in
(5.53) is positive semi-definite, so that we can take the square root of this equation.

Substituting this in 1) and using the definition of Q in 1) we finally get
Z = (L5R)Q (5.54)
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where we have defined the hermitian matrix SVM ,

~ 1/2
LM =2 [Z(—U"(V*)"M?Vn (5.55)
n=0
where V is unitary and M is hermitian. This satisfies the equation
VL, M)V + (£, M)? = 2M? (5.56)
The matrices X!, X2 can be then expressed as
. 1 4 .
X = S |(£oRQ+QT(g,h)]
N 1 Al A A A
X2 = [(EQR)Q - QWJQR)} (5.57)

This is the matrix analog of a polar decomposition of cartesian coordinates in two
dimensions x' = 7 cos ¢, 22 = rsin ¢. For matrices we have the correspondence

? = (Lo R)Q (5.58)

To construct the relevant subalgebra of operators we then need to use the projector
5.25) with f(X7) = R2, replace X', 1 =1,2 using (5.57) by their projected versions
5.28)) and express the XI in terms of Q and R using (5.57).

~An appropriate gauge-fixed version can be obtained by diagonalizing the matrix
R;

R — diag[iy, g, - - - Py (5.59)

We can then proceed to work in a Hilbert space basis which are eigenstates of 7; and
the Q);; with eigenvalues r;, );;. The measure of integration then becomes

[AX"'dX?) = J(ri, Qi) [ [ drs [ [1dQss] (5.60)

7 i

The jacobian J(r;, Q;;) can be obtained in principle by using the explicit expressions
(5.57). However this is rather complicated, and we have not been able to obtain
compact expressions for this. To proceed further, it will be convenient to write the
unitary matrix () in terms of a unitary matrix U and a set of angles ¢;

Q = Ue*UT, ® = diag(¢y, o, - - - ON) (5.61)
Defining
ds = UtdU (5.62)
the line element then becomes
Tr(dQdQ") = Z dg? +8) " sin® ¢’ ¢J )dS;;dS;; (5.63)
1<J
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which leads to the expression

[dX'dX?) = J(ri, b1, Sy Hded@Hélsm @ ¢j)dsijd5;j] (5.64)

1<J

As in the case of simple linear constraints the projector leads to restriction of the
integration range of r;.

The above construction is inspired by the work [284, 285] where the complex
matrix Z was written as Z = RU where R is a hermitian matrix operator and U is
a unitary operator. However in this decomposition R? = (X')% + (X?)2 +4[X!, X?]
rather than (5.44)).

Multiple Matrices

The above polar decomposition can be extended to an arbitary number of matri-
ces X!. To illustrate the procedure let us first consider the case of three matrices
X', X2 X3. Theidea is to mimick the procedure to obtain spherical polar coordinates

(r,0,¢) from usual cartesian coordinates (x!, 22, x3),

x! =rcosdycosdy, 2 =rcosgising,, 2 =rsing, (5.65)

We want to make a change of variables from hermitian matrices X I1=1,23%0a
herrmtlan matrix R and two unltary matrlces Ql, Qz Here the matrlx Q1 generahzes
9 while Q2 generalizes ¢. From the necessary replacements are

re? = (L, 1:3)@1
rcosdre®? % [ ( 01 + QI(SQlﬁ)ﬂ Os (5.66)
This leads to the final expressions
X! :i [2@ ((%ﬁ)@ + Qi(%ﬁ))} Q2 + EQQ [2Q2 (( RO+ Ql(g, )ﬂ
X2 = (24, (20, 0@+ Ql(20, )| @2 — Qb 24, (20, 1 + @Iw@ﬁ))]
X0 = (24, R)Q) - Q{24 R)
(5.67)

Using (5.56) repeatedly it is easy to see that
(X2 4+ (X?2)2 + (X?)? = R? (5.68)

However the domain of the unitary matrices need to be restricted. This is because
in (5.65) one has —7/2 < ¢ < 7/2 while —7 < ¢9 < w. To obtain the corre-
sponding restriction on the domain of the unitary matrices @)1, ()2, we resort to the
decomposition in for each of these matrices.

Qa=Uac'™ U}, @4 =diag[(¢pa)1,- - (¢a)n] A=1.2 (5.69)
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It is shown in the Appendix [H|that the requirement that the eigenvalues of X! ... X3
should cover R? once is equivalent to the requirement that

—m/2 < (¢1)i <m/2 —w<(Pa)i<T (5.70)
The measure of integration is now
[dX'dX?dX?]

=J(ri, (Pa)i (Sa)ij) H dr; H H d(da)i H[4 Sinz(M)d(sﬂijd(SZ)ij]

i A=1L i i<j
(5.71)

where we have defined, in analogy with (5.62))
dS, = UldU, (5.72)

It is now clear that this construction generalizes to arbitrary number of matrices
X], I =1---D. Once again we start with the polar coordinats of R” and generalize to
matrix polar decompositions which generalize . Now we have a single hermitian
matrix R and (D —1) unitary matrices Q4, A =1,--- (D —1). Once each of the Q4’s
are decomposed as in (5.69) we have the domains

—/2 < (¢a); <7/2 A=1.---D -2
- < (¢(D—1))i <Tm (573)

The integration measure is as in (5.71) with A=1---(D —1).

As discussed below we would like to identify the entanglement entropy associated
with a constraint which restricts the eigenvalues r; to be in some range, e.g. r; > a
in the dual supergravity background, at least for sufficiently large values of a.

5.2.4 Dp Branes

The above considerations generalize for Dp branes for p < 3. Now the matrices are
scalar fields X7 (€) and gauge fields A,(§). The target space restrictions are now on
entire functions. The projector can be written in terms of a functional integral

Pa= [ Da(e) T[6a(6) - FIX'(©)) (5.74)
3

where the functional F[X”(€)] needs to be chosen appropriately. For example, for a
"planar" constraint we have F[X'(£)] = X'(¢). Once again one can choose a gauge
which is tailored to the constraint, e.g. for the planar constraint we can pick a gauge
where Xl(f) is diagonal in matrix space. The discussion above can be now repeated
and it follows that in this gauge one recovers the results of |21].
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5.3 Target Space Entanglement as Bulk Entanglement

Some further remarks are called for at this stage. The purpose of our investigation
is to try and obtain a precise version of bulk entanglement by mapping a bulk region
to the target space in the boundary theory. Such an investigation is of course closely
tied to understanding how approximate bulk locality arises in the boundary theory.
In section we showed how a sub-algebra of observables can be associated with
the corresponding target space constraint. In this subsection we will discuss in what
sense this subalgebra can probe supergravity fields in the region R.

Our main reasoning comes from the bulk meaning of the Coulomb branch of the
gauge theory. Let us start with the system being in the vacuum. For this case the
map we are using between the bulk and target space is in agreement with what is
well known about the system in the moduli space approximation. A single D0 brane
moving in the supergravity bulk dual to the DO brane ground state experiences a
velocity dependent potential which depends on its bulk location.This may be calcu-
lated by considering the DBI + Chern Simons action in the non-trivial background
of a large number of DO branes (5.80)). This calculation is summarized in Appendix[]
For small velocities, the coefficient of v? is a constant, the next term goes like v*/r7,
where v is its velocity and r the distance from the origin. Exactly the same potential
follows from the gauge theory if the D brane location (z!,- - 2°) is mapped to a point
in the Coulomb branch with one non-zero eigenvalue for the matrices X, --- X°. For
a DO brane displaced along the z! direction and lying at x{ the matrix X' has one
non-zero eigenvalue,

1 (Ov—nxwv—1)  O1xv-1)

X = ( O(Nfl)xl [E(l) =7+ Ut) (5.75)
corresponding to SU(N) — SU(N — 1) x U(1). This represents stripping off a
single DO brane from a bunch of N — 1 D0 branes which form a bound state. Non-
renormalization theorems ensure the agreement, once this identification is made be-
tween the bulk and moduli space, see e.g., [234-236] and references therein.

At next order a two loop calculation in DO brane quantum mechanics yields a
term which behaves as v%/r'4. This term can be also reproduced from the DBI+CS
action as discussed in Appendix ][]

We can think of the calculations in the gauge theory as a computation of the
effective action for appropriate gauge invariant operators. In the example above,
eq. we calculate the effective action for the operators,

Tr(XY), Tr(XYH?, - Tr(XH)N! (5.76)

14 A bulk calculation can also be done in M theory with a compact null direction where v is the rel-
ative velocity between two eleven dimensional gravitons with momenta N7 /(gsls) and No/gsls in the
M theory direction for N3 < Nj. The effect of the graviton with momentum N /(gsls) is to produce
an Aichelburg-Sex] metric and the other graviton is considered as a probe in this background. The
Aichelburg-Sexl metric results from an infinite boost of a 11 dimensional Schwarzschild black hole.
We are interested in the extremal D0 brane background in 10 dimensions, which is obtainable from
11 dimensions by infinitely boosting a 11 dimensional black string along the string direction. While
this looks like a different limiting procedure, the expansion of the DBI+CS action (see Appendix
in the latter background is exactly identical to the particle action considered in [235].
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and then evaluate this effective action by setting Tr(X')? = (z})?. The resulting
value of the effective action as a function of z} then gives the effective potential for
the probe D0 brane.

There is, conceptually speaking, another way to arrive at the same result in the
gauge theory. Consider a region R which includes the location of the probe brane,
ie.,

(25,0) € R (5.77)

As discussed in Section [5.2.2] given some region R we can define a target space
constraint and an associated projector, leading to a sub-algebra of operators Agr. This
algebra also consists of gauge invariant operators and we can also obtain an effective
action for operators in Ag, i.e. obtain the Legendre transformation of the generating
function for operators in Ap. In this effective action we now set Tr((X1)F))™ =
()™, where the projector P = P, or P, depending on whether we are considering
version 1) or 2) of our proposal. The result, as a function of x{ will then agree with
the effective action for the set of operators eq.(5.76), and therefore will correctly
give the potential experienced by the probe brane in the bulk, as long as eq.(5.77) is
met. This is manifestly clear if we think of calculating the effective action using the
background field method in the gauge where X! is diagonal with background value
given by eq., since we will then be doing the same calculation in the two cases.

The force on the DO brane in the bulk in the example above can be calculated
by using a DBI +CS action which is sensitive to the local values of the metric, the
10 dimensional U(1) RR gauge field and the dilaton. If the state is changed from
the vacuum to some other coherent state |s > which leads to a different background
value of the metric and other bulk fields, we expect that the force that the probe DO
brane experiences can continue to be obtained in this way and will be sensitive to the
local values of these bulk fields. For concreteness consider the state |s > to contain
a gravity wave. Now, one way to obtain the local value of the gravitational field can
be to measure how the potential for a probe brane at the location changes due to the
presence of this gravity wave. This should yield the same result as other methods
which may not involve a probe brane.

In the gauge theory we expect that the potential for the probe brane continues to
correspond to the effective action computed for suitable values of operators, i.e. the
set eq., now in the state |s > of the type we are considering, and we also expect
that this effective action is correctly obtained from the effective action for operators
in Ar as in the discussion above for the vacuum state. In this way we see that one
expects to be able to obtain the one point function for the graviton, and some other
supergravity modes, from operators contained in Ag.

This reasoning above is in fact at the heart of our proposal for identifying the
bulk and boundary target space regions and also identifying the algebra Agx in the
manner we have done. In the sector where k branes are present in R we keep the
k x k block M, for all matrix operators but not the complementary (N —k) x (N —k)
block which correspond to branes that are not present. In version 1) of our proposal
we also keep the off diagonal blocks M,,, M, ,. The resulting algebra of observables
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allows one to describe all measurements done on branes present in R and this should
then be sufficient to also detect low-energy supergravity excitations in R.

It is worth noting in this context that there is additional evidence, going beyond
the moduli space approximation, that the map between the bulk and target space we
are using continues to work. For example, one can consider two stacks of DO branes
one at the origin and the other displaced from it and excite open strings within
branes in each set. This changes the potential between the two stacks, but one
still finds agreement in the bulk and in the gauge theory for the resulting two-body
interactions, after appropriately identifying operators in the gauge theory with their
counterpart currents in the bulk, [236]. This suggests that the algebra Az, which
retains the appropriate operators for all the superselection sectors where different
number of branes k£ = 0,1,--- N are present in the region of interest, should suffice
for describing the results of all measurements made with local supergravity operators
in R.

Our intuition based on the above reasoning, can be extended to a given config-
uration in the bound state wavefunction for N DO branes in the gauge where the
constraint function is diagonal. Consider a configuration where k of these eigenval-
ues are in the region of interest R. The degrees of freedom M,,, M,, correspond
to excitations in the bulk going between R and R or vice versa. If the state |s >
has some supergravity modes excited with support deep inside R, by which we mean
the excitations are localised many string lengths away from the boundary of R, then
neither the M,z nor the M,,, M,, degrees of freedom will be excited in |s >. The
M,p degrees will not be excited because the excitations in |s > are localised in R.
The Mo, M, degrees will also not be excited because they would correspond to open
strings which would have to stretch across the boundary across many string lengths
and would therefore be very heavy.

As a result, one might expect that the full change in expectation values of any
single trace operator O made out of a string of X7, II;’s schematically depicted in
eq. will be obtained to good approximation by the corresponding operator ob-
tained after projection, OF, eq.d5.31[), eq.(]5.36|) . Notice that at this level of admit-
tedly imprecise arguments we cannot distinguish between version 1) and 2) of our
proposal. Both contain the gauge invariant degrees of freedom coming from M,,. In
version 1) there are extra degrees of freedom coming from M., M,, as well but as
per the intuitive argument above they might not play an important role anyways.

However, there are reasons to believe that the sub-algebra we are considering will
not provide all details of bulk fields as defined e.g. by the BDHM-HKLL map. In the
low energy regime such a bulk field operator ¢(r, 6;,t) is defined by

O(r,05,1) = Y [Otyon fi o (r)Yi, (B:)e ™7 + ] (5.78)

liwn

where OAan are Fourier modes with frequency w, obtained from the time dependent
operators O, (t) (we are being schematic here, w, need not be discrete). Consider
such a bulk operator with (r,6;) € R. The expectation value of ¢ can be obtained
if we know the expectation value of Oy (t) for all I; and all times t. Now we can
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regard OAli(t) as an operator acting on the Hilbert space of states at ¢t = 0. Its
expectation values can therefore be obtained, in principle, if the expectation values
of all operators are known at time ¢t = 0. In this way we see that the expectation
value of ¢(r,60;,0) in any state can be obtained once the expectation values of all
operators in the corresponding state in the boundary theory are known at ¢ = 0 .
One such bulk operator is the metric itself, for which the corresponding gauge theory
operator is the energy momentum tensor.
Consider now a region R which is a small annular region near the boundary,

rh— 0 <r?<ry, (5.79)

where rp is the boundary value of the radial variable r* = " (2%)?, and § is small.
It has been argued in [248], [249], that measurements carried out by observers in this
region will allow detailed information about the state in the bulk to be obtained. It
is crucial in these arguments that the observers close to the boundary have access to
the full Hamiltonian of the system. In fact, having access to the Hamiltonian alone
enables observers in R to reconstruct the full density matrix of the vacuum, |0 >< 0|.
As a result any algebra, which includes all operators corresponding to measurements
bulk observers in the region eq. can make, in particular which includes the
Hamiltonian, would have a vanishing entanglement entropy for the vacuum state™]
The subalgebra we are associating with the region R are the projected versions of
the gauge theory operators, @liwn, which appear in . Thus, the bulk operators
defined in eq.(5.78), with the restriction that (r,6;) € R, are not contained in this
subalgebra. In particular the Hamiltonian is not an element of this subalgebra, only
its projected version is. We expect that this imposes significant restrictions on the
amount of information which can be obtained for the bulk operators. In this sense our
sub-algebra would only capture the notion of a local bulk region in an approximate
sense. A more detailed investigation of how significant these restrictions are is left
for the future.

Clearly, one would like a deeper understanding of the various issues discussed
in this section. In particular, one would like a better understanding of how much
information about the bulk region of information can actually be obtained from the
sub-algebras we propose, and also whether there are refinements to our basic proposal,
including an improved map between the constraint in the bulk eq. and the
corresponding one in the boundary eq., that are needed. Since the issues at
had are closely tied to how approximate bulk locality arises, as was mentioned above
at the outset, it is unlikely though that we can make much progress through analytic
methods alone . Numerical calculations hold considerable promise in this regard.
Roughly speaking one wants to show that the change in the wave function which
correspond to changes in some bulk region R, arises mainly in the target space region
associated with R and not its complement. This should also then shed light on which
operators would be needed to determine this change in the boundary theory and
whether a sub-algebra along the lines proposed here would suffice.

15We are grateful to Suvrat Raju for explaining this point to us.
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5.4 Target Space Entanglement and Bekenstein Bound

In the 't Hooft limit the usual 't Hooft limit g — 0, N — oo with (gs/V) held fixed,
the bound state of N Dp branes is dual to a ten dimensional geometry. Our proposal
implies that target space constraints correspond to regions in the transverse space to
these Dp branes in this geometry and the target space entanglement entropy defined
above provides a notion of a bulk entanglement entropy associated with this region.
In [21] it was conjectured that for Dp brane matrix field theories, the target space
entanglement entropy saturates the Bekenstein bound for this entangling surface. In
this section we recapitulate the result for DO branes.

We will be mostly interested in the bound state of NV D0 branes which are slightly
heated up to a temperature 7. This is dual to the near-extremal black D0 brane
geometry in supergravity. The string frame metric, dilaton and 1-form gauge fields
are

dr?

dsit,,mg = —Hy(r)"Y2g(r)dt* + HO(T)1/2[m + r2dQ3]
1
e = gHo(r)** Ay = —5(Hy' = 1) (5.80)
where ] R7
glr)y=1- (T—H> Ho(r) = —, r? =g+ a2l (5.81)
r r

The horizon is at » = ry. The Hawking temperature for this solution and the length
scale R are given by

_ T raP? 7 _ 377
r=_—— <E> R = 60737 (g, ). (5.82)

The supergravity solution above is valid in the regime

1 ls
g§N1/7 <r< (gsN)1/3lS TW <1 (583)

In DO brane quantum mechanics consider the simple linear constraint, e.g. f(X7) =
X1 —ag. According to the proposal of [21] the bulk region of interest is simply z! > a.
The relationship between the dimensionless ag and the dimensionful a can be read

off from the rescaling (5.40))
a = ao(gsN)3l, (5.84)

This reflects the fact that in this holographic correspondence the transverse dis-
tance becomes the energy scale of the D0 brane quantum mechanics which is A =
(9sN)Y/3/1,. Likewise the temperature appearing in (5.82) is related to a dimension-
less temperature Ty by T = TyA.

In [21] it was conjectured that this target space entanglement saturates the Beken-

stein bound
A(T)

4Gy

S(a,T) = (5.85)
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where A, is the Einstein Frame area of the entangling surface ' = a in the geometry
and Gy = 871%¢2I% is the ten dimensional Newton constant. The quantity
S(a,T) is actually divergent, the divergence coming from the large r region. The
large r region is, however, beyond the regime of validity of supergravity: thus one
may consider using a cutoff at r = ry. However the difference S(a,T’) — S(a,T”) is
finite,

S(a,T) — S(a,T") = By N2ag™? [(Tp)"/° — (T3)'*/*] (5.86)

where By is a number whose value is given in equation (29) of [21].

Note that the expression the dimensionless quantities which characterize
the state and the entangling region are those which are quantities which would appear
in DO brane quantum mechanics. The only other number which appears is N : the
answer is proportional to N2. This is what one expects if our proposal is correct. In
particular all factors of g nicely cancel. The powers of T and dy which appear in
does not follow from general considerations of target space entanglement. If a
numerical calculation yields these powers we will have a very non-trivial evidence for
our proposal.

Let us make one comment before ending this section. We have emphasised above
that the discussion in this paper can be applied for constraints taking the general
form, eq.. Instead of the linear constraint considered above suppose we take

9

flah)y => (') >} (5.87)

i=1

where 7( is some radius. In this case the Beckenstein- Hawking entropy which is given

by

R7/27,8/2
4G N

is a function of ry but is independent of the temperature 7. As per our proposal we
would like to equate this result with the entanglement entropy associated with the
target space constraint

S =g (5.88)

9
> (XN >0 (5.89)
I=1
However it does seem rather strange then that the resulting entanglement entropy
is independent of the temperature 7. One reason could be that perhaps the map
between a physical region in the bulk and the corresponding target space constraint
is more complicated at finite temperature, i.e. the RHS in eq. and eq.(5.89)
are not equal but instead related by a temperature dependent function. This might
also help explain why when we take ro = rg in eq., we get the entanglement
entropy to be the full entropy in the boundary theory and not a different value due
to the additional target space constraint eq. being present. We leave a more
detailed investigation of such temperature dependent effects for the future.

115



5.5 Path Integral Expressions for Renyi Entropies

As discussed above, numerical calculations should be able to prove or disprove our
conjecture that the target space von Neumann entropy saturates the Bekenstein
bound. Recently there has been impressive advances in numerical calculations for
DO branes [259-261]. These calculations use euclidean path integrals to calculate
finite temperature partition functions as well as some correlation functions. In this
section we develop euclidean path integral expressions for target space Renyi entropies
which can be used directly for numerical calculations. These expressions are in the
gauge fixed formalism, and we will develop them for planar constraints.

Consider the DO brane theory at some finite temperature 7" = 1/8. The density
operator is given by py = exp[—SH] where the hamiltonian H is given by (5.41). As
in the previous sections, we will fix the Ag = 0 gauge, fix the time independent gauge
transformations by diagonalizing one of the matrices X!, and impose the remaining
Weyl and U(1)Y symmetries by explicitly summing over the corresponding transfor-
mations. The basis states are given by (2.40). In the following we will also ignore the
fermions.

In the absence of any symmetrization the matrix elements of p can be written as
a path integral as follows

R Ai(B)=As xE@=xf
(s XE[pol XL, (XYY = / DA(7) / DXE(r) exp[=S5]  (5.90)

’ (0=, XE(0)=(XL)

where the action Ss is the euclidean action

N3N [P
S = —(gs ) / dr Tr
21 0

d @ X)?+ Y X7 XJ]Q] (5.91)

I£J=1

Weyl and U(1)" symmetries are then imposed by explicitly summing over the trans-

formations, leading to braided boundary conditions. However, since the action is sym-

metric under these transformations, we need to sum over transforms of the boundary

conditions at one of the ends of the euclidean time interval. We therefore have
W<)‘i> XZL’ﬁOMQ? (Xz];)/>W - ptot()‘iv X% >‘;7 (ng)/)

J 1)

N Xi(B)=X s XLB=(xH"
1 do; i () ij ij
- wfE X er [ - o D) expl-Si)
' i=1 gES(N)

Ai(0)=X; XEO)=(x))
(5.92)
where we have introduced the notation
(XIOW = XL o€~ 00) (5.93)

which we will use in the following equations as well.
The construction for N = 2 and with two matrices X*, X? is illustrated in Figure
b.1} Note that each term in the path integral is not a product of path integrals over
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Figure 5.1: Path Integral Representation for the thermal density matrix for a model
of two 2 x 2 matrices X! and X? in the gauge where X! is diagonal with eigenvalues
A1 and Ay. The blobs represent arbitrary number of interactions between the paths.

A; and Xl-? since the interaction term in the action couple them. These interactions
are symbolically drawn as rectangular boxes to emphasize this. The figure is meant
to illustrate the boundary conditions.

To obtain the reduced density matrix in some sector (k, N — k) one needs to
integrate over the appropriate set of boundary values. Consider some interval A on
the real line. As in the previous section we will split the matrix indices into two
sets, a,b=1---kand o, =k + 1--- N where the eigenvalues \, lie in A while the
remaining A, lie in the complement A. The boundary values of the matrix elements
of X* with L = 2---9 are not constrained in any fashion. Then the expressions for
the two proposals are given in and (5.14)).

In terms of the paths in the path integral this means the following. Along a given
path parametrized by 0 < 7 < /3, the A,(7) must begin and end in distinct points in
the interval A. The eigenvalues )\, (7) must begin and end at the same point in the
complement A, and there is an integral over this point. It is important to note that
apart from these restrictions the paths are free to wander around anywhere in the A
space at intermediate times.

In proposal (1), the boundary values of X2;, X1 X are the same at 7 = 0 and
7 = [ and are integrated over, while the boundary values of X% are different. This
leads to the following expression for the reduced density matrix:

v Ohas X 55 XL (XEY)

1 (N
N\ k
X

N
db;
L L L 1 o L
/A e / dxLdXEdxE / i|:|1 = > ) [ DA) /B DXG(7) expl-S3]

o€S(N)
(5.94)
where the boundary conditions are denoted by
)\a(o) - )\/ )\U(a) (ﬁ) = )\a)
A= N 5.95
: ()\Q(O) = )\CH >\U(a) (ﬁ) = /\a ( )
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B =

( Xp(0) = (X5),  Xi(0) =Xz, X5 (0) = X2, X5,(0) = Xz, )
(X)W (B) = Xg, (X)W (B) = X (X2)W(B) = X&0y (X2)V(B) = XT,
(5.96)

The Figures [5.215.4] show the paths for N = 2 in the various sectors for our first
proposal, drawn as paths on a cylinder which is cut across the region A. In each
sector there are two terms. In these figures we have represented only the boundary
values of the eigenvalues of one of the matrices X'. The other matrix elements are
braided in the manner indicated in Figure p.I} As in Figure these diagrams are
illustrative of the boundary conditions: the rectangular boxes represent interactions
between the variables along the paths.

(2,0)

Figure 5.2: Path Integral Representation for the reduced density matrix in the (2,0)
sector for a model of two 2 x 2 matrices X' and X? in the gauge where X' is diagonal.
The red cut represents the region of interest A. We have shown the end-point values
only for the eigenvalues of X*.

(1,1)
Figure 5.3: Path Integral Representation for the reduced density matrix in the (1,1)
sector for a model of two 2 x 2 matrices X' and X? in the gauge where X! is diagonal.

The red cut represents the region of interest A. We have shown the end-point values
only for the eigenvalues of X!.
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Figure 5.4: Path Integral Representation for the reduced density matrix in the (0, 2)
sector for a model of two 2 x 2 matrices X! and X? in the gauge where X! is
diagonal. The red cut represents the region of interest A. There are no specified
boundary values.

In proposal (2), only the boundary values of X £ﬁ are same and integrated over.

Pro—(Nas Xt Xt Xt N (X5), (X L)' (XE,))

ao? aa?

_%(l) /AdAa/dXL /Hde €SZ(N /m 2DX5(T) exp|[—Sg]
(5.97)

The boundary conditions for the \; remain the same as in (5.95) , while those for the
X[ are denoted by

By =
< X(%(O) = (X(fb)/’ XL (O (XL):wn (XL)aa O) = (XL):m’ Xﬁ'y O) = XoLm >
(XE)W () = Xb, (XE)W(8) = XL, (xL)W(8) = XL, (X)W (B) = XZ,
(5.98)

The figures for paths for the second proposal can be drawn as in the earlier figures.
It is now straightforward to compute Trpy y_, by taking powers of these expres-
sions and tracing. For example, Tr; y_,, for Proposal (1) is

~()
PkN 2

{ ( )} d>\ d)\’/dX d(XLY
x /A d), / dxtaxt axt / AN, / ) d(XLg)
< [TLw [ 11

S (o [ D) / DXL(r) expl-Ss] | DA(r) | DXE(r) expl-S4
o,0'€S(N) C1 Ca Cs Ca

(5.99)
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where the periodicity conditions are

(0= 0= ) 1
= ( 2 (8) = s Ao (B) = Aa (5.100)
Cy, =
( X50) = (XL5),  XL(0)= XL, XL(0) = X%, XL (0)=XE )
(X)V(B) = X% (XE)V(B) = XL, (XL)W(B) = XL, (XE)V(B)=XE,
(5.101)
_ Aa( ) = >‘ )‘04(0) = )‘/oc > 5.102
C?"(A () = Xo Awion(B) = X, (5.102)
Cy =
X50)= x5, X2, 0) = (XL, X5, 00) = (XL, XL (0)=(xL)
(XE)V'(B) = (xL), (XE)WV(B)=(XL), (XL)V(B)=(XL), (XE)V'(B)=(XL)
(5.103)
where in an obvious extension of the notation of
(XEW' = XL e Wiy =00r3) (5.104)

The expression is invariant if we exchange o < o¢',0; <> 0. The expression for
Trpj 5y, in Proposal (2) can be similarly written down. The Renyi entropies S, can
be then computed using these expressions,

1
S, = |
n—1 o8

N
Z TrkﬁZ,N—k] (5.105)

k=0

These path integral expressions can be directly used in numerical calculations. It
is difficult to take the 8 — oo limit to recover a zero temperature answer. How-
ever it should be possible to compare the difference of the entropies at two different
temperatures with the supergravity result.

5.6 Conclusions

In this paper we have have proposed that for near -horizon Dp brane backgrounds,
target space entanglement in the boundary theory provides a precise version of bulk
entanglement in the gravity dual. We have described how to obtain in a gauge
invariant manner a sub -algebra related to a target space constraint. A Von-Neumann
entropy can be associated with this sub-algebra in the standard manner and this then
gives the target space entanglement entropy. Our paper builds on [21] which dealt
with linear constraints in a gauge fixed formalism and we have provided here a general
gauge invariant description of the target space entanglement.
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We have also provided some arguments here, based on comparisons between the
potential experienced by probe branes moving in some region of the bulk R and the
effective potential in the boundary theory evaluated in the corresponding region of
moduli space, to motivate why the sub-algebra of operators Az that we identify is suf-
ficient to describe some local bulk measurements on gravitons and other supergravity
modes, in addition to D branes, carried out by observers in R.

We should emphasise that our arguments are not completely precise. One reflection
of this is that there are in fact two versions of our proposal, which give rise to two
different sub-algebras related to a target space constraint, and we cannot distinguish
between them at our current level of understanding.

One source of imprecision in our proposal could be that the map between the bulk
and target space constraints, eq.(5.18) and eq.(5.24), is more complicated than we
have assumed. This could happen due to operator ordering ambiguities or for excited
states, including at finite temperature, where some or all of the supersymmetries are
broken. The target space function f (X' ) which appears in eq. in such situations
could be more non-trivially related to its bulk counterpart in eq.(5.18)), with coupling
constant and temperature dependent corrections, as was also discussed in section
above. By carrying out numerical calculations analogous to those in [242] one can
try to determine the effective potential and equating these results to the potential
obtained in the bulk for a probe brane, one can further hope to obtain the correct
target space constraint corresponding to a bulk region. Our proposal would then be
that the sub-algebra for this possibly modified target space constraint is the correct
one to use for obtaining the bulk entanglement. Hopefully, further developments,
especially in numerical methods will lead to concrete checks for our ideas and will
allow them to be sharpened further. In fact, connecting with some of these recent
developments has been one of our major motivations.

Our proposal for associating a target space constraint with a bulk region is most
straightforward when the bulk region is bounded by a surface with a constant value of
one of the cartesian coordinates. This is because the fields in the Dp brane field theory
as written in directly relate to cartesian coordinates in the geometry. For many
physical questions, however, one would like to consider subregions which are bounded
by constant values of the radial coordinate. A natural guess for the corresponding
target space constraint is to require that the eigenvalues of the hermitian operator
S7(X1)? are restricted to larger than some value. With this in mind, we have discussed
in section in some detail how to implement a constraint in the radial direction
in the bulk. We have also derived path integral expressions for Renyi entropies in a
gauge fixed description which can be directly used in numerical calculations.

There are several open questions which merit further study. As we have discussed
above we expect that the sub -algebra of operators we are considering will allow
one to determine the one- point function of the metric and some other supergravity
fields in the vacuum and in excited coherent states. But we do not expect to be
able to determine all correlators of supergravity modes in the bulk region of interest
from the sub-algebra, in general. How much information can be extracted from the
sub-algebra and how does this contrast with the measurements which bulk observers
can do using supergravity probes restricted to the region of interest, is an important
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issue which needs to be understood better. One would hope that bulk regions whose
boundary is given by an RT extremal surface should correspond to rather special
constraints in target space [®l Unfortunately we do not see any evidence for this
so far and leave it as an important question for further investigation. On a related
note, one would think that area of extremal surfaces not of the RT type, as in DO
brane geometry [280] would also have some understanding in terms of target space
entanglement entropy. Finally, for usual AdS/CFT duality there is evidence in favour
of the conjecture that there is an intimate connection between entanglement in base
space and emergence of a smooth AdS bulk with locality [286-288] . One would expect
that in models of AdS x (Sphere)/CFT there should be a similar connection between
entanglement in color space and locality in the sphere factor of the bulk. Target space
entanglement provides a concrete framework to study this connection. In particular
in DO brane holography there is no base space of the holographic theory: target space
entanglement would entirely account for bulk locality. This deep connection is well
worth understanding further as well.

Copyright© Sinong Liu, 2021.

16We are thankful to Shiraz Minwalla for emphasising this point.
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Appendix A
Approximation of p(7)? in various limits

In this appendix we explicitly derive approximated p(7)? and therefore (O) in various

limits from the exact CCP solution (3.51)) and ECP solution (3.54). In appendix
we study the CCP case and in appendix we study the ECP case.

A.1 In CCP

Slow quench (wydt > 1) We consider the behavior at 7 = 0, in which case (3.51])
can be simplified into

1 inodt
N V2w E1/2E:{;/2 - Ei/2E~3/2

f(r=0) E:/a/2~ (A.1)

Notice that in (3.52), Rea = Reb = Rea € [1/4,1/2], therefore we can utilize three
identities of the Gamma function

L(z)'(1 — 2) = mesemz, 0 < Rez < 1, (A.2)
and
D1+ ig)l (1= iy) = [P+ iy)P = o0 .
T(1/2 +iy)D(1/2 — iy) = [T(1/2 + iy)]* = CO;}Tmy, '
and simplify the denominator of into
ErjEy )y — Bl 3By
=T (1/2)0E/2) M (iwodt)* (F(a n 1/2)F(1/21— JTOTa—p) @ b))
= 2w0(5tsirllh7rwg(5t (sinm(1/2 — a)sin(mwb) — sinmw(1/2 — b)sin(7a)) (A.4)
- 2w95tsirllh7rwg(5tsm7r(b —a)

o ?
N 2(,00(%'

On the other hand, according to the asymptotic behavior of the Gamma function

[(2) ~ V2me #tEma)lsz oy oo and largz| <7 (A.5)
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we can find [['(2)]> ~ T'(z + 1/4)T'(z — 1/4) under the condition. Therefore, the
numerator of (A.1l) satisfies

| 3ol
T T 1
4 wodtsinhmwodt | D(1 + £4/4w2ét? — 1 — Lwodt)T(1 — L1 /4wdst® — 1 — Lwodt)

1
D(1/2 4 4\/4w3dt? — 1 — Lwedt)T(1/2 — 2 /4wddt? — 1 — Lwot)

1/2
1 1 sinhm (5 \/4wgot® — 1 — wodt) sinh(5/4wddt? — 1 + wodt) /
4 wodtsinhmwyot \/4w05t2 1 — wyot %\/4w85t2 — 1 4 wpdt

11 r V2
_>__
2 w05t { 4C<J05t }

As a result,

1 1 11 r Y2 [5t
P (7- O) |f| (T 0) 2&}0 2 U)Oét { 40.]0(575 } ﬁ Wo < 7)

(2w0ot)? 6t
and thus (3.57)).

Early time in fast quench (woT < wpdt < 1) When wor < wpdt < 1, in (3.52)
a = b*, thus the Hypergeometric functions in (3.51)) are real. Therefore,

E!=FE.(a+b)=FE., (A.8)
and
p(7)
1 cosh®®(7/dt)
(JJO ‘E1/2E3/2 Ei/2E3/2‘2
. 1 13
X {|Eé/2|22F12(a’ b, 5 —sinh? —) + |E /2| sinh? 5—2F1 (a + - b 5, 5, _SlnhQQ)
- ~ . T 1 1 1 3 T
+ (Eé/gEl/Q + E3/2E{/2) sthQFl(a, b; = 15 —sinh? 5—) oFi(a+ = 5 b+ 375 —smh2£)}
(A.9)
Similar to the calculation of (A.4), we can find
- - 1 1
ErjpE) + EYjyEs)n = in7 (b — = + O(w,dt* A.10
/2882 T Bty 2w05tsinh7rw05tsm7r< +a) 2 +O(wpot), ( )

since a ~ 11 — wgdt?] when wydt < 1.
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On the other hand, notice that
D(z+¢€) =T (2) +TV(2)e + O(?) = T(2)(1 + ep(2)) + O(e?), (A.11)

where ¢(z) = ["(z)/T'(2) is Digamma function. Moreover, the Gamma function
satisfies duplication formula

1
['(22) = ——=2%""T()T (2 + 1/2). A2
(22) N (2)I'(z +1/2) (A.12)
Then we can find
T 1 2
EL o2 &~ =D (iwedt) 2 : :
152l 4‘ (iodt)] D(1 — 1/2w3ot? — fwedt)T'(1/2 + 1/2wiot? — Lwoot)
T T (iwodt) |
T Fuot) PN 1/2 = (A13)
X . .
[1— widt?Rep(1 — swodt)] [1 4 widt>Rep(1/2 — twodt)]
1 1
T 4R62 1 — W2012Ret(Lwgbt) + wRSt2Rey(1/2 + Lwdt)
We can further simplify it since
1 1 1
P(2z2) = §¢(z) + 5@0(2 + 5) + log 2 (A.14)
and
1 o0
Rey(iy) =1 —~ — + —D)"c2n+1) — 1y, (Jy| < 2
Y(iy) Ly ;( )¢ )= 1y™, (Jyl < 2) (A15)
= =7+ +(CB) — Dy* = =y +<B)y* (lyl < 1)
and obtain
|E~" |2 N 1 1
820 43512 1 + 2wt [Ret(iwpdt) — Rey(Lwodt) — log2] (A.16)
Similarly, we can find
1
B )y)? = 1 {1—2log2 - wjot® + O(wyot*) } . (A.17)

125



Inserting the coefficients back into (A.9), we keep the results to order wjét* and
T/8t, s.t. oF1%(@, b; & —sinh® L) ~ 1 for arbitrary (a,b,c). We find

p(7)
1
=——cosh*(7/6t
wocos (1/6t)x
2642 2 1 2T

{{1 + 2log2 - wjot }gFl (a,b; 3 —sinh E)

1 13
+ w§5t28inh2£2F12(a + 2 b+ 375 —sinhQé)

1 1 13
+2w§5t2s1nh£2ﬂ(a, b; o —Sinh2£)2F1(a + 2 b+ 275 —sinhzé) + O(w§5t4)}

1 2
_— {1 + 2log2 - W12 + 226t - 7 + O(widt?, #)}
Wo

(A.18)
and therefore (3.64)).

Late time in fast quench (wydt < wyr < 1) Rewrite (3.51]) by applying identity

o F1(a,b;¢; 2) :£§Z§£Ei : Z; (—z) % F(a,1 —c+a;1—b+a; %)
M(e)l(a—b), (A.19)
+F(a)F(c—b)<_z> 2F1(b,1—c+b;1—a+b;;).

to each Hypergeometric function on the RHS. When 7 > 0, (—2)Y/? = sinh =

5, thus
we can find

1 2w0dtcosh?(1/6t) y

fCC’P = = ~
V2wo E1/2E:/a/2 - Ei/2E3/2
- - 1
{ (E1/2Ez/a/2 + Ei/2E3/2) (=2)"%2Fi(a,1/24+ a;1 = b+ a; ;) (A.20)
;o b 1 1
_ .12 7
where z = — sinh =
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Similar calculations to (A.13) show
2B 5B

T 1
=2-T'(—iwydt)? -
o F 00 R (e = /2T (12 = BT (A = b)
T 1 1 1 1
o P (—iwnst)? [ 2_g2a—1/2_ _22(1/2b)1/2—>
p [ (—iwodt) <\/_27T I'(2a) 2r I'(1— 2b)
%l . 92wt I'(—iwgdt)?
2 (1 — iwedt) (1 — wddt2eh(1 — dwydt)) T(—iwedt) (1 + widt2y(—iwedt))
~ Z . —i2wo 0t 1
2wt 1+ w2ot? (Y(—iwedt) — (1 — iwdt))]
(A.21)
We further simplify the equation by using relations
Rep(iy) = Rey(—iy) = Reyp(1 +iy) = Reyp(1 —iy), (A.22)
and
Imi(iy) = — + ~rcoth (A.23)
my(iy) = % 5Teothmy, :
1 1
Imy(1 +dy) = ~2y + §7rcoth7ry. (A.24)
Then we see that
B(—iwodt) — (1 — iwedt) = ilmep(—iwodt) — ilmep(1 — iwdt) = — Z& (A.25)
Wo
thus _ .
~ 72 .
2El / - . 2—120.10(%_ A26
1/2773/2 2&]05t 1— in(st ( )
Notice that when 7 > dt, —sinh2£ — —6274/& + %, COSh2£ o 1 and

4
therefore o Fy — 1+ O(e~27/%). Thus, after inserting the coefficients into (A.20)) and
expanding the result to the order wydt, we obtain

,—1 ; W —a 1
f= 2wocosh2a(7-/5t) {—zwoétQ oét(_z) oFi(a,1/2+a;1 — b+ a; ;)

, 1 1
(1 + iwodt) 2700 (— )Py Fy (b + 3 b;1 —a+ b; —)}
2

1 67'/5t 20 ) eT/(St —2a
- —iwydt2odt [ —— (1+0(e /)
vV 2&)0 ( 2 ) { 2

T/t

—2b
(1 + dwgdt) 2~ wodt (GT) (1+0(e™>/) + 0(w§5t2)}

1 )
= {e™07 4 2wpdtsinwT + O(widt?) } .

AV 2w0

(A.27)
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1.e.

1
P (1) =2|f]? = — (1 4 2wodtsin2wet + O(wjdt?),) (A.28)
wo
and therefore ([3.66)).
A.2 In ECP

Late-time approximation (7 > 0t, and 7 > dtlogwydt) According to identity
2F1<CL, b7 a+ ba Z)

I'(a+0b) > (@)n(b)y
= 2 1) — — (b — log(1 — 1—2)"
T(@)(b) ; i 20+ 1) = (atn) = (b4 n) —log(1— )1 —2)",
(11 — 2| < 1&|arg(l — 2)| < )
(A.29)
we can see that for large 7/0t, in which case
L= 1+ tan2h(7'/5t) _ (A.30)
(3.54) can be rewritten into
fecp —
LeXP . T+ 3.w 5tlog(eT/5t) F|1— Zw ot —iw St 1 — wondt: 1 — e—27/0t
\/2_(,(}0 92 0 9 0 2471 2 ovL, 9 0Vl ovl,
1 (1 — iweot)

:\/ 2&)0 F(l - %woét)l“(—%wo&f) x
i (1 — %CL)(](%)”(—%WO(%)n
(n!)?

X {Qw(n +1)— (1 - %woét +n) — ¢(—%w0(5t +n)+ 2% (=273

n=0

(A.31)

When 7 >> dtlog wodt, one can keep the leading term’] then by using Digamma
function

V(1) =—7E (A.32)
and
(1 —z) =¢(z) +mcotmz, (A.33)
we find
fecp —
1 (1 — dwodt) i , Twodt T
. . —2vg — 2R —wpot th 2—
V2i0 T(1 — Lwgdt)T(— Lwodt) [ e~ 2Rey (2“’0 ) Timeoth T
+ 0(6—27—/&)
(A.34)

17 > 0tlogwodt is a sufficient condition to keep (A.31) to the leading term.
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Therefore,

(1)
1 (1 — iwodt) 2
wo |T(1 — fwodt)D(—Lwodt)

. 2 2
X [(_Q’VE — 2Re) <%w05t> + 2%) + <7r coth 7Tw20(5t) ]

ot [ T cotn Te00t (- _Rets ( Lugst) + = 2+5t T coth T
o\ 2T TE T REP % 5t g O T )

(A.35)

One special case of p?(7) is when wydt < 1, in which % coth %Oét ~ ﬁ. Therefore,

2 2 CB) 9ep | T ? 1 1 2 3543
P~ (1) ~wodt —ngét + 57 + o = + woT” + O(wyot?). (13.78))

according to identity 1) Another case is when wydt > 1, in which coth %‘V;t — 1.
Thus by using the identity

C N . (_1)n_lB2n -2
Rey(iy) ~ logy + ; o ~logy+O(y™), y — o0 (A.36)
we can find
2(r) ~ 6t 3(—10 wodt + log 2 — +1)2+E B.77)
p - g Wo g YE 5t 5 .

Copyright© Sinong Liu, 2021.
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Appendix B
Entanglement Entropy

In this appendix we explicitly derive the approximated Entanglement Entropy (3.87))

and (3.89)). In appendix we figure out (N4) and in appendix we figure out
prXAp dxdy|c(x7 y)|2

B.1 (Nya)
First, we rewrite (N4) into

1 B 6_% Hy_1(n)Hn(&) — Hy-1(§)Hy(n)
D(N)2VVT S apxap dednolé ~m) &= (B.1)

s.t. (N4) has similar form to fA wa,p dzdy|C(z, y)|* in - One can easily prove
that (B.1)) and (3.85)) are identical.
In the large N limit, the Hermite polynomial shows the following asymptotic

(Na) =

behavior ) .
22 n
e 7 - Hy(z) ~ ﬁl“ (n—21— ) cos <a: 2n — %) (B.2)
We use this to simplify the integrand on the RHS of (3.85]) or (B.1)),
vt () Hy () — Hyo (O Hy ()
T(N)2V /7 N—1N){IN N-1 N\

_1
T or

[ (—1)" sin (n\/ 2+ f\/_> — sin (7]\/ 5\/_)
—H—DNﬁn@v@Vj§+n¢Zv>+$n@viﬁt§—» ﬂ

Now, change the variables of integration by defining

§+n é—n

A (B.4)
and we obtain
O LI RETRY = S T
eos [t [T v}
(B.5)
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Note that

/ dudv
APXAP
V22 V3a
/ du/ dv+/ du/ U—Q/ du/
\v|<f97u 2“ |'u|<\f +u |v|<\f77u
(B.

since the integrand is even for both u and v. Moreover, because of the Dirac delta

function,
V22 €
/ dudv — 2/ du/ dv, (B.7)
APXAP 0 —€

and the integrand can be expanded around v = O:

6)

L [ st { oo [V T+ V]
+ cos l— ——u—i-\/_] (\/ﬁﬂL\/N)}
:%{(—) 51n[(\/7+\/_)\/_}(\/71+\/—)
+sin \/Ni—\/l—a\/ﬁ (VN—1+\/N)2}
SHVN ST VAR 0 (1)
(B.8)
when u
V23 < 1. (3.82)
VN —1+VN
B2 [, ., dzdy|C(z,y)]
Similar to (N4) (appendix [B.1),
/A ” dady|C(, )P
%_ dv/ _vdu—{—( 1) cos [(\/ 1+VN)u }sin [\/Ni_;)_'_\/ﬁ]
—i—cos{ N_;L_i_m}sin[(\/H—i-\/N)v]} : o
B.9
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In the limit (3.82),

(B.10)

Sinlmf—?ﬁﬁ] > ¢Nf—11)+m<<1”cos[¢zv*—lf+m]

This implies that we can ignore the 1% term in the integrand of and replace the
cosine by 1. As a result,

/APW dady|C ()] = % /OﬂZ dv— sin? (VN =T+ VNp| (ﬂﬁ - U)

= % {1 +yE — cos {<M+ W):\/E%} —Ci [(M+ \/N)zjig]
log (VAT + V222

- [T vl s VA= T4 vival |
(B.11)

The asymptotic behaviors of Trigonometric integrals are

S NPT

x?2  xt af r \z 23 25 27

Ci(z) = 07 (1_ 2! +4_!_6_!...)_COS$ (1_3_’+5_’_7_’...)

2 ozt ab

x x x a3 xd 2l
(B.12)
when x — oo, and
‘ 0 (_1)nx2n+1 3 5 7
i(z) Z(2n+1)(2n+1)! T3 tE s Mt
n=0
< (g P (B.13)
C' — 1 _— 1 —_ ..
i) VEJF”JF; on(za)l  ETMT T T T

when z < 1. Thus (B.11)) can be further simplified into

| asaycy)?
APXAP

o= et og (VT vAVEL b+ LR T4 VEOVES
(B.14)
when
vN_1+\/N>>%>>¢N—\/m; B.56)
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and

) Na?
dzdy|C(z,y)|" =0+ O ( — |, (B.15)
APXAP p
when a
(\/N—1+VN);<<1. (13.88)

Inserting (B.14) and (B.15)) back into (3.41) together with (B.8), one can get (3.87))
and (3.89)), respectively.

Copyright© Sinong Liu, 2021.
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Appendix C
Abrupt Pulse and Dip protocols wy — wy — w;y

Here we compute analytic solutions for p(7)? for an abrupt pulse with wy — ws — wy
with an f(7)? of

we, T< -1
fEP =13 ~I<r<? (C.1)
w%, % <rT

We know that the solution to the Pinney equation is given by
p* (1) = Au(1)* 4+ 2Bu(1)v(1) + Co(71)? (C.2)

where u(7) and v(7) are independent solutions which satisfy

d’*u

p— (T)QU =0

d*v

P—f(7)21) = 0 (CS)

We require for 7 < —% that p? = wio This requires A = C = 0 and by 1)
2B = w—lo Therefore

p~ = —u(T)v(T) (C.4)
Wo
We look for solutions
d*u
72 —f(1)Pu = 0
d*v
= (1?0 = 0 (C.5)

for f(7)? given in (C.1). A general solution for u(7) in the three regions is given by

u(r) = e
ug(r) = Ae*?” 4+ Be “?T
ug(t) = Ce“*7 4 De 7 (C.6)
Enforcing boundary conditions at 7 = —% and 7 = %, we find
eTW0T = Ae 2% | Be¥23

T
w0§

woe WQ(Ae’”% - Be”%)
Aemﬁ + Be_WQT% Ce*tz + ZT?e_wlg ;
wo(Ae“?2 — Be™*?7) = wy(Ce ™2 — De*'7) (C.7)
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Solving for the coefficients yield

C QO W »

6%T(7M0~HU2) (wo + CUQ)

2(,02
e*%T(UJO‘FUJg) (—CL)(] + Cdg)
2(UQ
67%(WO+w1+2w2) ((wo - WQ)(_wl + ("}2) + e?Te (wU + wQ)(wl + WQ))
4&)1(,«)2
o~ L (= +22) (€12 (wp + wa) (w1 — wa) — (wo — wa) (w1 + wa)) (C.8)
4W1L«JQ

Similarly, for the other independent solution v(7) we have

vi(r) = e 7
vo(1) = A'e*?T + Blem7
v3(1) = C'e*'7 + D'e™™17 (C.9)

and again applying boundary conditions

we find

A/
B/
Cl

D/

ewg% — A/G_WQ% + BIGMQ%
—wee0T = wy(Ale™?% — Ble*?7)
Alewgg + B/e_‘”?% — Clewlg + D/e—wlg
wy(A'e?T — Ble™?7) = w(Cle 7 — D'e¥'7) (C.10)
o ET(wotw2) (—wo + w2)
2(,«}2
e%T(wofu}z) (w() + (‘U?)
2(4)2
o L w0 w1 —2wg) (0 + wa) (w1 — wa) + 12 (—wy + wy) (w1 + wy))
4&}1&}2
6%(w0+w1—2w2) (€2TWQ (U.)() — w2>(_w1 + CUQ) + (UJQ - w2)<w1 + w2)) (Cll)
4w woy

Therefore, inserting (C.6) and (C.9)) into (C.4) with the coefficients defined in (C.8|)
and (C.11)), p*(T) becomes

p*(7)

(1 T
wo? T S Y
= o (AAe*™ + BB'e™®2" + AB'+ A'B), —$<7<% (Cl2)
kwl()(c«c«/emuﬁ + DD/e—2w1T + CcD + C/D), T > %

Copyright© Sinong Liu, 2021.
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Appendix D
Smooth step protocols wy — w;

Here we compute analytic solutions for p(7)? for a smooth step for wy — w; with an

f(1)? of

f(T)Q = wg+ _L

where in this case we choose

First we look for solutions to

A’
~F = 0
2

ngv/ 9

7 — f(r)? = 0

where in general our solution will be of the form

) = AW(r)+ BV(7)
) = Ad(7)+ Bv'(7)

[SE
~—~
ﬂ\]

We find that the two independent solutions are given by

W (r) = eT9F(0t(wo — wr), 0t(wo + wi), 1 + 25twy, —eﬁ)
V(1) = e TG Fy(=6t(wy + wi), 6t(—wo + wy), 1 — 26twy, —e )

The ¢’ solution is nonsingular for wydt not a half integer.

D.1 Solution for u

Now we write the following adiabatic solution for w.

1

w(r

e—c(5t,w0,w1)+f7— f(T/)dT/

Ugq(T) =

~—

2_ 2\ %
1 —C(8t,wo,wi)+[7 (wg+ “1 wf, )2d7’
= e 14+e Ot

w(T
1

~—

eic(étuwo W1 )+F(T75t7w0 70-)1)

~—

w(r
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where

C(6t,wo, wr) = —twg log(4wd) + dtw; log(wy + wy)?

F(T, (St, wWo, wl) =

(wo (T — dtlog (Zcuo Vet 4 1y JwieT/% + Wi + (wh + wi) e + 2w§>)
+ dtw; log (w1 (2@0167/& + 2V e/ + 1y JwieT/0 + W + wl) + w%) >

The constant C(dt,wp,wr) is chosen such that for 7 — —oo
1

vV Wo

Therefore, the coefficient C, in (4.43), is given by

woT

Uad — e
Cu _ efC(ét,wo,wl)

The derivative of u,q is given by

Ortigq(T) = <f(7) — m)uad(ﬂ
Solving for the solution
u(r) = AW (1) + BV (1)
we impose the boundary conditions

w(T) = ue(T)
Ou(T) = Oruaq(T)
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This yields an A" and B’ of

A=

3
lefTwofC(M,wo,wl)+F(T,6t,wo,w1) (w2 + w(Z) - W%) 1
4 1

w2 — w? W2 — w2
{<4étw3<w1+ w? + 0 T1>+4625Tt5tw%(w1+ w? + 0 T1>
1+es 1+ est

X 2F1 (§t(7wo + wl), 7(%((.00 + wl), 1-— 25tw0, 7€£)

+4(1+ e%)dt(wo + w1) (Wi + e%wf)zFl(l — 0t(wo + w1), 0t(—wp + w1 ), 1 — 2dtwy, —65Tt):|

X <6t(w8 + e%wf)2 ( (wo —w1) 2 FY ((5‘5 (wo —w1) + 1,0t (wo + w1) 5 20twg + 1; —eT/‘St)

2F1 <5t (wl — (.U()) s —ot (OJ(] + wl) ; 1-— 2(5‘5(4}0; —GT/5t>

+ (wo +w1) 21 (5'5 (wo — w1), 6t (wo + w1) ; 26two + 1; *6T/5t>

-1
21 <5t (w1 —wo), 1 =6t (wo +w1) ;1 — 26tw; —eT/‘st) ))

B =
1 2 _ 2\ 1
76Two—C(ét,wo,w1)+F(T,6t,wo,w1) (w2 + wo Wl)
4 ! ks
1+e3
2 _ 2 2 _ 2
{(46&% <w1 — Wi+ 0 o?) + 4e2%7 5tw? (w1 — WP+ ad wl)
1+ e 1+ et
2 _ 2 2 _ 2
tevwd( =1+ 46t wy — 4 |w? ' oil tenw?( 1446t wy — w%—I—wO 1
1+ e5 1+ e3:

X 2F1((5t(0.)0 — wl),dt(wo + wl), 1+ 2(%0.)0, —6%)

+4(1 + e%)&(wo — wi)(wd + e%wf)gFl(l + 0t(wo — w1), 6t(wo + w1), 1 + 20two, —eg;)}

X <5t(w8 + eTTtwf)Z ( (wo —w1) 2o F1 (5‘5 (wo —w1) + 1,8t (wo + wy) ; 20two + 1; —eT/‘st)

oy ((5t (w1 —wp), =0t (wo + w1) ;1 — 28two; —eT/ét)

+ (OJ() + O.)l) 2F1 <5t (LU() — wl) 7(5t (wo + O.)l) N 2(%0.)() + ].; —GT/&)

-1
2£1 (6t (w1 —wo), 1 =3t (wo +wi) ;1 — 2dtwo; —eT/‘St) ))

(D.12)
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D.2 Solution for v

Similarly for v we write the following adiabatic solution

1

Vaa(T) =

Similarly, as 7 — —o0

The derivative of v,4(7) is given by.

OrVaa(T) = (

Solving for the solution

eC(ét,wo,wl)—fT w(r")dr’

!

C(ét,wo,wl)—fT (wg—&—M) dr’

1+e ot

C(Jt,wo,wl )7F(T,5t,w0,w1)

- fir) - =

v(r) = Ad/ (1) + BV (1)

we impose the boundary conditions

u(T)
0.v(T)
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GTvad(T)

(D.13)

(D.14)

(D.15)

(D.16)

(D.17)

(D.18)



for T sufficiently less than 0. This yields an A and B of

A=

W2 — w2 2
,Two+C(§t wo,w1)—F(T,6t,wo,w1) (w2 + 0 1 )
1

1

4

2 _ 2 2 2

{ (4575(.0(2) <w1 + w% + ('iO w1) + 462%515(,0% (w1 + w% + Wo wl
+ et

+ e 8(—1+45t(wl+ i —W1>)+ewg<1+45t<w1+ wi + _wl
1+ e JF@‘”

X 2F1(75t(w0 + wl), (52&(7&)0 —+ wl), 1-— 25tw0, 765")

FA(1 + €775t (wo + w1) (w2 + e3¢ w?)o Fy (1 — 5t (wo + wi ), 5t(— w0+w1),1—25tw0,—65)}

X (&(wg + e%wf)2 ( (wo —w1) o FY (5‘5 (wo —w1) + 1,0t (wo + w1) 5 20twy + 1; —eT/‘St)

2F1 <5t (wl — (.UO) s —ot (OJ() + wl) ; 1-— 2(5‘5(4}0; —eT/5t>

+ (wo + w1) 21 (5’5 (wo —w1), 6t (wo + wi) ; 26two + 1 *GT/M)

-1
2F1 <5t (w1 —wo),1 =6t (wo +w1);1— 26tw; —eT/‘St) ))

B =
1 Wl —w?\ 1
- Two-l-C((Stwo,wl) F(T,6t,wo,w1) w2+ 0 1
4 ! 1+ e
2,2 2,2
(oo ) o 02D
2,2 2 2
balcre o D) bl D)
et est

X 2F1((5t(0.)0 — wl),ét(wo + wl), 1+ 251;0.)0, —6%)

+4(1 4 e37)dt(wo — w1 ) (WE + 77 w2)a Fy (1 + 6t(wo — wi), 6t (wo + w1), 1 + 26twg, —eg;)]

X <5t(w8 + eTTtwf)Z ( (wo —w1) 2F1 (5‘5 (wo —w1) + 1,8t (wo + wy) ; 20two + 1; —eT/5t>

oy <6t (w1 —wp), =0t (wo + w1) ;1 — 2dtwo; —eT/ét)

+ ((.U() + wl) 2F1 (5t (OJ() — O.)l) s 5t ((JJ() + wl) ; 251](.&)() + ].; —GT/&)

—1
21 <5t (w1 —wo), 1 =3t (wo +wi) ;1 — 2dtwo; —eT/‘St) ))

(D.19)
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D.3 Solutions for p?

Let us check that the set of adiabatic initial conditions chosen for u(7) and v(7) in

(D.6), (D.9), (D.13), and (D.16) and thus p*(7) in (D.2) are consistent with choosing
adiabatic initial conditions for p?(7) without reference to u(7) and v(7). Since the

equation for p?(7) is (D.2)), when 7 — T we have the first initial condition

2 I S
p () = Uaa(T)vaa(T) = )~ Pad(T) (D.20)
where
2 y= 1
Paa(T) = e (D.21)
The second initial condition uses ,p*(7) where
0-p*(1) = v(1)0u(r) + u(r)0(7) (D.22)
Taking 7 — T yields
8702(7') = 0ad(1)0:-u(T) + taa(T) 070 (T)
- Uad( ) U ((%—,;— uad( )aTUad(T) P f(T)
( 1) = FED sty + (= 100) = S syt
o)
f (1)
— 0,p2T) (D.23)
where
0,(r) = - 21D (D.24)

Therefore, we see that the set of initial conditions for u(7) and v(7) respectively are
. . . dr f(T

consistent with choosing p*(T) = p3y(T') = 5 and 0:p*(T) = 0:p;y(T) = _f(fT()?)

without referring to the functions u(7),v(7). Therefore the solution for p*(7) is

p(r) = u(r)v(7) (D.25)

with u(7) and v(7) given in (D.10)), (D.17), (D.12)), (D.19) and (D.7).

Copyright© Sinong Liu, 2021.
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Appendix E
Smooth Pulse and Dip protocols wy — wi — wy

Performing similar computations as for the smooth step protocols in the previous
section we solve for p?(7) for a smooth pulse for wy — wy — wy. f(7)? is given by

f(r)? = w%—k(w%—wf)tanhzé (E.1)

We again apply adiabatic initial conditions for u(7) and v(7) at some early time T
sufficiently smaller than 0. We obtain

p(r) = u(r)o(7) (E.2)

w(t) = AW(7)+ B'W'(7)

o(r) = Au(7)+ Bv'(r) (E.3)
with
u(r) = Pﬂ(tanhé)
V() = Qutanh ) (E.4)
and
S
v - %(—1+\/1+45t2(w§—w%)) (E.5)

u' (1) and o'(7) are solutions of

d>u’

72 —f(r)d =0
d2 /
— — f)% = 0 (E.6)

with f(7) given in (E.1). P¥(z) and Q"(z) are associated Legendre Polynomials of
the first and second kind respectively. The coefficients A’, B, A, B are given by the
expressions
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A=

_ eﬁ(Tﬁt,wo,wl)

{ (1 — 28two + \/1 + 4612 (wd — w%)) ( wi 4 (w2 — w?)sech? ((Z;)) ‘1‘+V(tanh%)

T
+ < —w? (1 + \/1 + 462 (w — wl))tanh& + sech? - 5 ( — ot(wh — Qw%)\/wg + (w? — w})sech® —

2T T T T
+ 5tw§cosh§ wi + (w? — w%)sechQE + (Wi - w%)\/l + 46t2 (wi — w%)tanhét>)Q“(tanh5t)}

4

T
X [(1 — 28two + \/1 + 46t% (wi — w%)) (w% + (—wd + w%)sechZ(st)

<Pf‘+y(tanh )Qu(tanh&) P¥(tanh - 57) @1 (tanh = )ﬂ_l

B =

= T
_ eF(Tv(SthOle)SeChQi

ot

2T T
{ (1 — 260two + \/1 + 40t2 (wg —w%)) ( wg + 2w} + wg cosh ( 50 ))P{ﬂru(tanh (5t)
_|_

2T T T
< wosmhé— (W — 2w?) < - \/1 + 4612 (w3 — w?) tanh — + 25t\/w(2) + (w? — w?)sech? 6t>

ot

T T T
+wocosh5< \/1+46t2(w —wl)tanh6+25t\/w0 + (wf — wg)sech2§t>)2Pﬁ(tanh6t)}

X [4(1 — 26twg + \/1 + 4682 (wd — w%))

(Pﬂ_,,(tanh )Q"(tanh g;) P! (tanh )Q1+V(tanh g;))} _
(E.7)
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A:

e—F(T,(St,wo,wl)SeCh27

{ 2(1 — 26twg + \/1 + 4682 (wd — w%)) ( —wi 42w + wgcosh(ﬁj)) ‘1‘+V(tanh£)

ot
+ 2sinh§z ( — (Wi - 2w%)\/1 + 4512 (wE — w?) + w? (1 + (1 + \/1 + 4612 (w? — w%))cosh%;tp)))

"
X sech Q (tanhét)]

T T 3T T
+ < — 26t (wg — 4wf)cosh5t\/w8 + (wf — w%)sechQE + 25tw§coshﬁ wg 4 (w? — wd)sech® —

T\ i
X [4(1 — 28two + \/1 + 4612 (wi — w%)) (wg + (Wi — w%)sech25t)

T ~1
<Pf‘+y(tanh )Q"(tanh &) V“(tanhﬁ) 1_s_,)(tanh(s )ﬂ

B =

_ e P stwo o) goen2 L

at
_ _ 22 — o2 2 2, 2 2T
211 —26two + \/1 + 4612 (w§ — wi) w§ + 2wy + wicosh 5 P1+V(tanh5 )

T T T T
+ ( — 26t (wg — 4wf)cosh5t\/w§ + (w? — (,ug)sech?E + 25tw(2)cosh?;—t wd + (w? — w%)sech2%

T 2T
+ ZSinhé— < — (wi — 2wf)\/1 + 4512 (wE — w?) + wi <1 + <1 + \/1 + 4612 (w3 — w%)) cosh&)>)

“w
X secha P! (tanh &)}

X [4(1 — 26twg + \/1 + 4612 (wi — w%)) (wg + (w? — wg)sech2§;)
1
(P{ﬂw(tanh )Q% (tanh &) Py (tanh )QHV(tanh &)ﬂ

where

F(T, (St, Wo, U)l) =

T P v/ —2w? + 2w?sinh £
5t(w0sinh_l(ﬂsinh(a))+ w? — witan” 1( Wy + 2wisin 51:( )))

w1 \/—wg + 2w} + wicosh (35

Copyright© Sinong Liu, 2021.
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Appendix F
Phase space density for a potential with a cutoff

In this part we explain in detail the fermi surface profiles for a potential with a cutoff
at x = +1/2. Without loss of generality, we consider coordinate (x, p) on the left and
up side of phase space.

After abrupt quench, the equi-energy trajectories become

1 1
5]92 — §wfa:2 =F (F.1)

which can be described by hyperbolic functions

r = \CJLTE sinh(wyT + ¢), T = —% cosh(wyT + ¢),
{ p = V2E cosh(wiT + ¢), (B> 0)& p = —v—2Esinh(w T+ ¢), (E<0)
(F.2)

Here the energy E and phase ¢ are two independent parameters determined by the
continuity of phase space trajectories, i.e. the continuity of (z,p) during the abrupt
quench.

Now, because the potential has cutoffs at = = £[/2, all the classical particles
should be bounced back. This implies that the (z = +1/2,p) and (x = +I/2, —p)
are identical in phase space. In terms of £ and ¢, the reflection of particles at the
boundary only change the phase ¢, and the coordinates of the particle in phase space
after reflection can be described by

{ g = —¥2E sinh(wy (1 — 7)) — @),

Wi

p = —V2E cosh(wi (T — 1) — &)

gd T ——V;fE cosh(wi (7 — 1) — ),

p = —+v—2Fsinh(w (T — 1) — &),

where 7; is the time the particle needs to reach the boundary to be reflected, and ¢, is

the phase of the particle at the boundary before reflection (after reflection the phase
becomes —¢;). Thus they satisfy the relation

¢ =wiT + ¢ (F.4)

Therefore, we can simplify (F.3) and find that the reflection is equivalent to the
transformation on F and ¢:

(E>0)
(F.3)
(E <0)

E—E & ¢—¢—24 (F.5)

Now we can rewrite the coordinates of the particle that bounced back as

xp = —x cosh 2¢; + wllp sinh 2¢, (E > 0)
pp = —p cosh 2¢; + wyx sinh 2¢; (F.6)
2y = x cosh 2¢; — -psinh 2¢; '
& { Py = p cosh 2¢; — wyx sinh 2¢;, (B <0)
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which implies a boost

B cosh2¢; —sinh2¢,
K= ( —sinh2¢; cosh 2¢, ) (F.7)

from (x,p/wy) to (xp, pp/wi). For E > 0, the boost is —K; for F < 0, it is K. The
boost can be applied to the coordinates of the particles after the n-th reflection to
obtain the coordinates after the (n + 1)-th reflection. The inverse boost is

-1 _ COSh2¢l sinh2¢l
K= ( sinh 2¢; cosh 2¢, (F.8)

and therefore,

x = —xp cosh 2¢; — wllpb sinh 2¢; (E > 0)
p = —pp cosh 2¢; — wixp sinh 2¢, (F.9)
& x = x cosh 2¢; + ipb s.inh 2¢; (E <0) .
p = pp cosh 2¢; + wyxp sinh 2¢;,
We can figure out the matrix element from x = £[/2
1\’ 2E 22
(5) :—281nh2¢l:>COSh2¢l:1—|—281Hh2¢l:1+u:f—E, (E>0)
i (F.10)
(5) = > cosh” ¢y = cosh2¢; = 2cosh” ¢, — 1 = —1 — B (E <0)

Notice that the Fermi surface for an unbounded potential satisfies (4.55]), we can
plug (F.9) in and obtain the relation satisfied by particle reflected back once:

] 2
(x cosh 2¢; + —psinh 2(151)
w1

2
— |:p(7')2 (p cosh 2¢; + wyz sinh 2¢;) — % (x cosh 2¢; + ip sinh 2qz§l) 8Tp2] = p(7)?
w1
(F.11)

Here we have omitted the lower index "b" since represents part of the Fermi
surface at 7. The complete Fermi surface after quench is a combination of and
and z = +1/2.

Finally we consider two cases: wy > w; and wy < wy. For wg > wy, more particles
flow in from the upper side (where £ > 0) than flow out from the lower side (where
E > 0) when there is no cutoff. This implies that when there is a cutoff, less particles
should flow in and therefore, the Fermi surface due to reflection should give a third
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bound for the Fermi surface. As a result, the phase space density should be

21 1 ?
u =0 (%——(pp ——x@m) —1)
PP

1 1 2
O <—2 (x cosh 2¢; + —psinh 29251)
P w1

1 1 1 ?
— ([p cosh 2¢; + wyz sinh 2¢;] p* — 3 {x cosh 2¢; + b sinh 29255} 8Tp2) - 1)
2 wq
(F.12)
where cosh 2¢; = 4E , 4.12

For wy < wi, no particles ﬂow in from the upper side (where £ < 0) while
many particles flow out from the lower side (where E < 0) when there is no cutoff.
Therefore, when there is a cutoff, particles reflected should flow in from the upper
side and occupy the empty space. As a result, the phase space density should be

2 1 2
U @(x———<pp ——x@Tp> —1)
p* p?
1 2
+ 06 ( <x cosh 2¢; + P sinh 29251)
p? w1
1 1 1 2\
[p cosh 2¢; + wyz sinh 2¢;] p* — 3 x cosh 2¢; + b sinh2¢;| d.p° | —1
w1
. 2
INERTIET
1 2
( xcosh 2¢; + —psinh 2925;)
Wi

1 1 2
[p cosh 2¢; + wyz sinh 2¢;] p* — 3 {x cosh 2¢; + b sinh 291);} (9Tp2) — 1)
w1

(F.13)

where cosh 2¢; = E < 0. The phase space density is shown in figure |4.11

_4E=

147



(b) wozw1/2:1

Figure F.1: The formation of Fermi surface . Left: the Fermi surfaces are
plotted more transparently as time evolves. Solid lines are equi-energy surfaces i.e.
the trajectories of classical particles after abrupt quench. The directions of particle
motion are labeled by arrows. Right: the original Fermi surface when 7 < 0 is
plotted in solid red with arrows pointing in the directions of classical particles. Blue
or black solid lines are the trajectories of classical particles after abrupt quench. The
orientations of motion are labeled by arrows. Dashed black lines are equi-energy
surfaces.

Copyright© Sinong Liu, 2021.
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Appendix G
Details of construction of sub-algebras

This appendix provides some details of the gauge invariant construction of the sub-
algebra described in Section [5.2]

G.1 Single Matrix

First consider gauged matrix quantum mechanics of a single N x N matrix M. Gauge
invariant single trace operators are of the form

C=Tr (MmHgLJ) (G.1)

order

Here I1); denotes the conjugate momentum to M and the notation (order means

that the M and II,,’s are sprinkled in all possible orders. However we can use the
commutation relations to bring e.g. all the M’s together. The trace Tr is over matrix
indices.

We want to construct a sub-algebra of operators which can be used to make
measurements in a region A of the space of eigenvalues of M. This is achieved by
defining the projector ((5.23)). Then the operator which will belong to this algebra is
of the form

éA:Tr<pAMpAMpAMPAﬂMPAﬂMPA> (GQ)

In writing 1) we have used pj — P, and the fact that in this particular case
[15,4, M} = 0. The operators of the form (G.2)) together with the identity operator

form a sub-algebra of operators of the theory.

To see that gives us the right sub-algebra, fix a gauge where M is diagonal with
its diagonal elements denoted by 5\2-,2' = 1--- N, while the diagonal elements of the
conjugate momenta are denoted by 7;. As explained in Section [5.2.1] the resulting
constraint requires the states to be singlets. The remaining gauge freedom of Weyl
transformations needs to be imposed by Weyl symmetrizing the states, and absorbing
the standard van der Monde factor then makes 5\1 coordinate operators of NV fermions
on a line. Let us begin by considering operators which do not contain the conjugate
momenta, i.e.

0, = Tr(M™) (G.3)
The expectation value of the operator O,, in some pure state |¥) is given by

N

> (W) (G.4)

=1

This measures the position of each of the fermions, takes its n-th power and then
sums over all the particles. Similarly, the expectation value of Tr(7%,) would measure
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the sum of n-th power of the momenta of all the fermions. This is of course a standard
measurement in a system of many identical particles. The projected version of the

operator (G.3) is
N n n
or = [ ([T dnITT o - 3ol (@5)
i=1 s=1 =1
We will use the basis

1
A A, Ay >a= 1 > sgn(0) Aoy - Ao(r)) (G.6)

" oeSy

where |), denotes an anti-symmetrized ket. Note that this is not an eigenstate of each
individual term in the sum in . However it is an eigenstate of the sum. This
follows from the fact that the sum is symmetric under permutations.

Consider first the case N = 2. The expectation value of the operator OF in a
state with a wavefunction W(A;, A2) is given by

wioyw) - [

[dl’ldfﬂgdﬂfg] / d)\ld)\z \Ij*()\l, )\2){)\? 5(]71 — )\1)(5(332 — )\1)(5(1‘3 — )\1)
A R
+ )\g 5($1 — /\2)5(!132 — /\2)5(5E3 — )\2)}\11()\1, )\2)

(G.7)

where the wavefunction is W[A; - - - Ay| = ({\;}/¥). where we have used antisymmetry
of the wavefunctions. The integrals over \; and )y are over the entire real line.
Writing each of these integrals as a sum over an integral over A and an integral over
the complement A, and noting that the delta functions ensure that only the integrals
over A contribute, it is straightforward to see that the result is

(|0 |w) :/d)\l/d)\Q\I/*()\l,)\Q)()\i”+)\§)\If()\1,)\2)
A A
—|—2/d)\l/_d/\Q\I/*(/\l,/\Q)(/\‘I’)\I/(/\l,/\g) (G.8)
A A

The first term is the contribution from configurations when both the particles are
in the region of interest, while the second term from configurations where one of
the particles is in the region of interest. Clearly this expectation value is equal to
the expectation value of the operator without the projection if the wavefunction is
non-vanishing only when both the particles are in the region of interest A.

This result can be easily generalized for arbitrary N. Then the expectation value
of the operator OF becomes

(‘PIOflﬁ’):i N i ﬁd)\a ) ﬁ dro (WA AL PHAGD) (G9)
k A

A a=k+1

The expression (G.9) is a sum over sectors specified by the number of the \;’s in the
region of interest. The expectation value then measures the sum of the n-th power
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of the position of all particles which are in the region of interest. Equation (G.9)) is
simply a reflection of the decomposition of the Hilbert space into sectors, as in (5.10]).
The action of our projected operator on a basis state is

OF A, Z J0 281 ) CEERRIRIENN (G.10)

Suppose the state is in the (k, N — k) sector, i.e. k of the \;’s lie in the region of
interest. We can choose these to be the A\,,a = 1---k. Consider a term in the sum in
. This contains a product of delta functions, so this will be nonzero only when
the corresponding \; lie in the region of interest A. This means that the sum over @
is truncated to the first k terms,

O, {Ai})a ZA’”I{A Ha (G.11)

Thus this operator acting on a basis state in the ﬁ/{;, N — k) sector has a trivial action
on the eigenvalues which are in the complement A. This is an example of an operator
of the type (k, N — k),

Ok.v-k {Aa}, {Aa})a /HdX {2k {Aad) HAH {Aaba (G.12)

Let us define a smaller Hilbert space of k£ particles which s spanned by
H{Aa})a a=1---k N\€A (G.13)

Then one can define an operator in this smaller Hilbert space,

k
Ouvr= [T ahdX]) Onvor (Db 0D (BN} (619
a=1

In the above discussion the sector (0, N) did not enter in the expression (G.9). This
simply reflects the fact that if we measure any operator involving the position and
momenta in the region of interest A, we should get a non-zero answer only if there
are particles in A. However since the identity operator is also a member of the sub-
algebra, this sector needs to be included. In fact the identity operator is the only

operator which will receive contributions from the (0, N) sector.
Clearly the expression can be written as a sum over traces in the smaller

Hilbert spaces,
N-1

(P|OF|w) = Z Tra [pr,n—kOkN—] (G.15)
k=1
where the density matrix p, y_j is given by

PkN—k =

(& )/HC“ 00 [1TT ) 100 D #1000, D o)

a=k+1
(G.16)
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Note that this is an operator which lives in the k-particle sector of the small Hilbert
space defined in . This decomposition of the whole hilbert space into sectors
is exactly what appears in [2I]. The projected operators therefore provide a gauge
invariant formulation of the problem.

The above constructions easily generalize to the situation when the state of the
entire system is a mixed state. Let the density matrix of the whole system be

pror = [ITT NN s (O} D) 1A o) (@17)

Then the reduced density matrix p which evaluates expectation values of operators
belonging to this subalgebra is obtained by tracing over A,

puov-i= () [ITTamax TT dhul o (00 0035 061 001) 100D o)

a=k+1

(G.18)
This density matrix is not normalized. In fact the trace Tryp; is the probability of &
particles to be in the region of interest. Thus the density matrix in the Hilbert space

which is a direct sum of all the sector is properly normalized.
The von Neumann entropy associated with the reduced density matrix Trpy is

given by

Ska = —Tryy, v (Pr,N—110g PN k) (G.19)

This quantifies the entanglement between the target space region A and its comple-
ment A in this sector. Following the above steps, we can easily see that a reduced
density matrix p,,,, based on the gauge invariant subalgebra A, defined by

Tr(pppy ©O) = Tr(p©O) VO € A

satisfies
_ N =
Prom = @kzopk,N—k

The total target space entanglement entropy is then a sum over all sectors
N
Sa = Z Sk,A (G.20)
k=0

As shown in [2I] this quantity satisfies the usual positivity properties and strong
subadditivity. Similar sector-wise entanglement also appears in discussions of entan-
glement entropy in gauge theories [282, 283].

We have used a first quantized description of the system. However there is an
equivalent second quantized description. In the latter, we have a conventional non-
relativistic field theory of a fermion field (), t) : the space of this theory is the space
of eigenvalues. The target space entanglement we discussed above now becomes a
conventional geometric entanglement in this field theory.

152



Momentum operators

Operators involving momenta are subtle and at a first sight, appear to require intro-
duction of other sectors. This can be illustrated by a calculation of the expectation
value of the projected version of an operator of the form (G.1) with m = 0 and
n = 2, with the region of interest A being the positive real line A > 0. The result of
a calculation analogous to is, for N = 2,

2
) 2 o 20N .
x [\D (o) <8A2 W) B0, ) + U0, ) (a—ﬁ ; 8—%) ¥ (Am)}

0? 0?
/ d/\l/ dXs { (A1, )\2)8)\%\11(/\1,/\2) + (A, /\2)8—)\%\1/*()\1, )\2)]

The first and second lines of the RHS are analogous to what we got in the first
line is the contribution from the (2,0) sector, and the second line is the contribution
from the (1,1) sector. However, we appear to also have an extra line, the third line,
which represents a sector that has one of the particles exactly at A = 0.

Note that since these extra terms pertain to particles at the boundary, it is tied to
the question of how one defines the region A precisely, e.g. as an open or a closed set,
or in terms of a target space lattice etc. We suggest below an alternative treatment
in terms of translation operators, rather than momenta, which provide a proof of
principle how these problems can be avoided.

To explain this, let us start with the case of N = 1, that is, just the case of a
single 1 x 1 matrix or equivalently the case of one particle. We now have just two
sectors (1,0) and (0, 1), in the first one the particle is in region A (which we will again
define as > 0) and in the second one it is outside.

Consider the traslation operator

+25(0)/ dA| (0, \)|?
A1=0 -

o

(G.21)

0o = exp|—iall] (G.22)

with the action
Oulz) = |z + a) (G.23)

Clearly such operators can take states in (1,0) to (0,1) (if a < 0) or vice versa (if
a > 0). In the following, we will take a > 0 to be specific; a similar analysis can be
carried out with a < 0. To obtain operators acting within the sector (1,0), let us use
the projection O, — OF. Tt is useful to represent in terms of the product of a
large number n of exponentials (as in Feynman path integrals), with a = ne. In the
limit of ¢ — 0, each exponential can be approximated as exp[—ieﬂ] ~ 1+ (—ie)ﬂ
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whose projected version is P(1 + (—ie)II)P &~ P(exp|—iell])P. In short, we have
0, = (exp[—iefﬂ)n
P _ 1. - . ~a A\ T
0, = 11_{% (P exp| zeH]P)
With the above expressions, it is easy to see that
(2'|0,|z) = (2'|z + a) = 6(2' — a — x) (G.24)
(/|08 |) = lim(x' (P exp[—ief[]f’)n )
e—
~ A A\N—1
= lir% O(z")(z" — €|f(z' —€) (P exp[—ieH]P) |z)
€E—>
= lim 0(z")0(z" — e)f(x' — 2¢)...0(z" — a)d(a’ —a — x) (G.25)
e—

Note that unless z and 2’ are both in A, the above matrix element vanishes. This is
because, say x is not in A while 2z’ is in A, then at least 6(z) = (2’ — a) will vanish,
making the entire product vanish[[] On the other hand, if both = and 2’ are
in A, then all the theta-functions in evaluate to 1 (since the arguments of the
theta-functions are all located on a straight ‘Feynman’ path joining x and 2’ which
are both in A which is convex). This leads to the original matrix element of O
which described the case with no restrictions. There are no extra terms corresponding
to particles located at x = 0.

Now, an observable corresponds to the hermitian operator is O, = O, + c.c., the
projected operator being OaP = OF + c.c.. Their expectation values are given as
follows. For a general wavefunction W(x)

(U]0,|¥) = /_OO de [V (2)¥(z +a) + V" (x + a)¥(z)]
(|07 |W) = /000 dz [U*(2)V(z + a) + U (z + a)¥(x)] (G.26)

Note that the projected operator merely restricts the range of the integral to z > 0 as
it should, and does not introduce any unwarranted boundary terms, unlike in
corresponding to particles located at z = 0.

The generalization to N > 1 can be done as follows. Consider the translation
operator O, = exp|—ia TrII] = exp[—ia ZZ:O I1,,]. This operator is obviously gauge-
invariant, since it involves Tr II. In this case the above argument for N = 1 can be
straightforwardly generalized. The position space matrix elements of O again involve
a string of theta functions all located along a straight line from X = (z1,xs,...) to
X" = (1 + a,x9 + a,...), which all evaluate to 1 if both X and X’ are in region A,
i.e. both x; and x; + a are positive.

"We avoid here the possibility z = 0 by assuming that the partition demarcating the region
A does not fall on x = 0. This is equivalent to assuming a lattice structure of the real line such
that none of the sites falls exactly on 0, which is possible for any lattice separation, however small.
Presumably a similar reasoning can get rid of the boundary terms in as well.
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Now the reader may justifiably point out that this is not the most general trans-
lation operator, since the above operator translates the point (21,2, ...) by the same
amount. This can be remedied by considering an operator exp[—i Tr(AIT)] which
evaluates to exp[—i ZZ:O tmmILyn]. This clearly describes a most general translation.
The operator is not gauge invariant, however, since A is a fixed matrix. To make it
gauge invariant, one can sum over terms with Weyl-copies of Af]

We made these arguments in the context of a single matrix, but it is generalizable
to multiple matrices too.

The above considerations provide a proof of principle that if we replace the mo-
mentum operators by appropriately defined ‘translation’ operators, then the problem
pointed out at the beginning of this subsubsection can be taken care of.

G.2 Multiple Matrices

For multiple matrices we have two possible subalgebras which correspond to a given
target space constraint.

A projector leading to the first sub-algebra is defined by (5.25), and the proce-
dure to construct operators which belong to the sub-algebra is explained in section
[5.2.2] The gauge choice which makes the physics most transparent is the one where the
hermitian matrix f(X7) is chosen to be diagonal. In this subsection we will discuss
the simplest constraint where the function which appears in (5.25)) is

A

F[X] = X! (G.27)

As in the single matrix example, we fix a A; = 0 gauge and fix the remaining time
independent gauge freedom by choosing X' to be diagonal with diagonal elements are
Ai. The remaining symmetries are Weyl transformations which permute the eigen-
values and the matrix elements of the other matrices, and U(1)" transformations as
in (5.5) and (5.6). This symmetry is imposed by hand by adding the transforms in
the states, as in . As in the single matrix case, this is an eigenstate of the traced
operators of the form @ . Thus when O™ acts on such a state, we can replace
the operators appearing in ([5.31)) by their eigenvalues which we denote by the matrix
without a hat.

Acting on a state where the \; for ¢ = 1---k are in the region A, the projected
version of the operator X7 as defined in (5.28)

XLoifi =1k

0 if  otherwise

(XNt = / da16(zy — A X, / dro(ze — \j) = {

Thus the projector projects each of the matrices to the k& x k block, as depicted in
(5.32).

2In the previous paragraph, A = a1 which was automatically Weyl-invariant.
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Consider, for example, an operator O (as in 1) which is of the form O =
Tr(X!X7XXK). The action of its projected version on a basis state is given by

0" [{A, } P HXGHX G HX G HX S Dw
Z Xa1a2 a2a3 a3a1 |{)‘ } {)‘ }{X b}{X {Xaa}{X ﬂ}> (G28)

ay-az=1

This is an example of an operator of type (k, N — k) in the first proposal for a sub-
algebra in [21]. An operator belonging to this first sub-algebra has a non-trivial action
only on the \,, X5 L #1 for a,b=1---k, as shown in . The reduced density
matrix which evaluates the expectation values of these operators is then obtained from
the density matrix py; of the whole system by tracing over the variables Ao, X/, X15.
This expression is given in (5.13))

A second sub-algebra was also defined which retains the off diagonal matrices of
the type XL . This is defined in equations - Acting on a state of the
form (5.7) where A\;;i = 1---k we then have

XLoift i=1--kj=1---N
(XI)ZZZ leg if i:l...N7j:1,“k

0 otherwise

It is now straightforward to see that a projected operator has a non-trivial action
only on \,, X, XI and X! . This is an operator of type (k, N — k) in the second
subalgebra deﬁned in [21], whose action is given in The corresponding reduced
density matrix is given in

Copyright© Sinong Liu, 2021.
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Appendix H
Polar Decomposition of Matrices

In this appendix we provide the details of the polar decomposition of multiple matri-
ces.

H.1 Two Matrices

For two matrices, the positive semi-definite matrix R given by 1} is expressed in
terms of unitary matrices V, W by 1) The inverse of the direct product matrix

[f/ QV*+W® W*] in terms of a infinite series as follows
. . . NS . A N1
(v* RV +W*® W) VT @Vl <H®H+ (Wt ®WVT)
. > L o an (H.1)
VTR VY (1) (W) @ WV
n=0

which proves 1) with the matrix Q defined in (5.52).
Thus (§?),, can be solved by applying the relation (5.51)

(), = [ VeV w)l} 2 (i)

which proves

We now prove that the right hand side of (5.53) is positive semi-definite. Let {v;}
be the set of eigenvectors of Q Because Q is unitary, the eigenvalues of Q take the
form

Qui = v (H.3)

then we find the inner product

n=0 n=0
=2 " (=1)"(v;, R*v;) = (v, R*v;) > 0
n=0
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since R? is positive semi-definite according to (5.44)).
Since § is positive semi-definite diagonal matrix, (5%),; = 87d;;, we can take the
square root of both sides of (5.53)) to get

- 1/2
§=2vt {Z(—w [QTFRQQ"} v 6.53)

n=0
Plugging 1} back into 1) we obtain Z,
~ 1/2
2 = Vi :@{g_m El m@n} i
n=0

- o (H.5)
~a{s o] #er o

n=0

This proves (.54), where the operation £y is defined in (5.55)). In terms of matrix
elements, the equation (5.54) can be written as
1/2
(72) } Qu- (H.6)

Zi =¢§{[(H®H+QT®QT)1]

il,mn

The identity (5.56) follows from the definition (5.55)),
~ AN\2 A AN 2
Vi (o) v+ (2p01)

— 2;(—1)" (V1) Ay 42 3=y (V) A = 2,

n=0

(5.56)

we obtain (5.54)).

We now explain the derivation of the integration measure (5.61). In the gauge
where R is diagonal, as in , the expression for the complex matrix 7 is given by
with R? replaced by 72. In a Hilbert space basis where 7; and Qij are diagonal,
the measure is given by . Parametrizing ) as in (5.61)) we have

dQ = U (de’® — [¢"*,UTdU]) UT (H.7)
where we have used the identity dUT = —UTdUUT. Then define
ds = U'dU (5.62)
We can see that dST = —dS. Then the line element becomes
tr (dQdQ") =tr {de'®de™"* + [¢'®,dS] [e7*,dS]}

= de +2) edS e %dS; — 2 dS;;dS;;
' ij ij (15.63))

=> d¢; +8) sin® @dsijds;;

1<J
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This implies that we can choose dS;; = 0. Now we have metric ds*> = gapdz?dz®
with dz? = (d¢i,dsij(i<] dsz, ) where

17 Z<j
1 0 0
gap= |0 4sin? 2% (H.8)
0 0 4sin? 2521
The determinant of g is
detgap = [ | <4 sin’ %)2 (H.9)
1<j

Thus

[ [10@i] = Vdet gas H de | [ 45,455, (H.10)
ij

1<j

The final expression (5.64) follows when we use this in (5.60). To ensure that the
variables r;, ¢; cover the R? formed by X', X? once we see that the ranges of the
angles ¢; are

r<gi<m di=1,. N (H.11)

H.2 Three Matrices

Now consider three matrices X', X2 X3 with R defined by (5.68). To obtain a polar
decomposition we first form a complex matrix as follows

Y = \/ X1)2 2 4iX?® (H.12)

so that R o o
2R =YY+ YTy (H.13)

We can now use the procedure we used for two matrices to write
o 1/2
V=3 {ZH)” (@) 1:32@7;} G- (2o R) (1
n=0

where @ is a unitary matrix. Therefore, in manner analogous to 1} we get

\/(Xl)Z + (X2)2 _

o VoV (20, 7) Q1 - Q1 (24,R)

(H.15)

(H.16)

The next step is to consider the X', X2 exactly as in the two matrix example in the

previous subsection, L .
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Then we have

] , AARSAVA
(X2 + ()2 = 222 (H.15)
Since (H.15)) implies
A N 1 AN\ A~ ~ A\ 72
(X024 (227 = 1 [(20,7) @1+ Q1 (24,R))] (H.19)

it is clear we need to introduce another unitary matrix ) to write

7 =5 |24, (20,0 + Qlge, )] @5 (1.20)

This construction is exactly like (5.54) with the replacements

Q=0 R g2, RIQ+ G2y, B)] (H.21)

Finally one can express X1 )g 2 in terms of Z and Q, and use (H.20) to rewrite these
in terms of R, ()1, ()2, while X3 is already expressed in terms of these in 1) This
leads to (5.67). Finally one can check (5.68)) directly,

) ) 1 <£Q1R> Q1 + QJ{ <£Q1R>
T2 | e 2

(20, 12) Q1+ 0l (20, R)] .

i %Q; o, 2 Q2 (H.22)
[(ga k) Qv al (2,0)]
B 2
Thus
5\ A A N\ 1 2
(X1)? 4+ (R2)2 4+ (X%)? = <2Q1R> O3 42— Q; <£Q1R>
(20, 7) Q1 - @1 (24,R) i (&)
i 21

=5 (20,B) + 501 (20,R) Q=R

To find the ranges of integration let us now work in a Hilbert space basis which
are eigenstates of 7; and the (Q1);;, (Q2);; with eigenvalues 74, (Q1):5, (Q2)i;. Unlike
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the case of two matrices we now have additional constraints on (). This is because
V(X2 + (X?2)? should be positive semi-definite. That is,

(£0,R) Q1 + Q! (£¢, R)
2

>0 (H.23)
Now let the set of eigenvectors of Q1 be {v;} so that Q,v; = ¢®)iv;. Then

(v [ (80, R) Q1 + Q1 (€0, )] w3) = 3 (v (£, ) Qu) + (S0, B) Quvs, )

[e"@Di (v, (Lo, R) v;) + e " ((L5, R) v, v3)] = cos(¢r)i(vi, (£q, R) vi)
(H.24)

0<

N =N =

since £¢, R is Hermitian. Given that £¢, R is positive semi-definite, i.e. (v;, (£g,R) v;),
we have

cos(¢y); > 0 (H.25)
for i =1,---, N. This means we need to restrict the range of the (¢1);’s
T T
o), <z H.26
"< (o< (11.26)

On the other hand, there is no condition on the eigenvalues of (5. These conditions

lead to (5.70)), and the measure of integration is (5.71).

H.3 More Matrices

Repeating using the strategy shown in (5.54)), we can transfer matrices {X'};_1... p
into {R; Qa}ta=1,. p—1. The transformation is similar to D-spherical coordinates

xp = rsin(yr)
xp_1 = rcos(p1)sin(yps)

Tp_o = 1 cos(p1) cos(p2) sin(ps)

(H.27)
xo =1 cos(p1) -+ cos(¢p_2)sin(pp_1)
x1 = rcos(py) -+ cos(pp_2)cos(¢p_1).
with
| <2QR) O—Of ()ZQR) (QQR> 0+ 0t <£QR>
rsinp — 5 , T COSp — 5 (H.28)
i

In a Hilbert space basis which are eigenstates of 7; and the (Q 4)i; with eigenvalues
i, (Qa)ij, we still need to find out the constraints on {R;Qa}a—1.. p-1. Firstly,
according to the argument in section [H.I we can always choose R to be positive
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semi-definite since it appears in the form of R?. Moreover, according to (H.4), we
can always choose

~ 1/2
Lo R=V2 {Z(—l)” (@"" RQQ"} >0 (H.29)
n=0
Now we consider {Q4}a=1,.. p—1. Notice that in (H.27) we have
(—7/2,7/2) A=1,..,D—2
PA S { (—77', 7T) A=D_1 (HSO)

to avoid counting the space repeatedly. Then in matrix case, we should have similar
conclusion that if we define

1
Rap = (Leafla)Ca ;r Galaufta) 4y p» (H.31)

then Ry, A=1,...,D — 1 are all positive semi-definite.
We use Mathematical induction to derive the constraints on Q4, A=1,...,D — 2:

1. Ry = R is positive semi-definite;

2. Assume R, is positive semi-definite. Then we have £4,[R4 positive semi-
definite according to (H.4).

Now for Ray1, let {(va);} be the set of eigenvectors of Q4, i.e. Qa(va); =
ga(va);. Then for the complete set formed by {u4}:

((v4)i; (£q Ra) Qa + QY (Lo, Ra) (va)s)

0a)3) + (04 (20 R) Qaea)s)
(v0))

Thus given that £, R4 is positive semi-definite i.e. ((va)i, (£g,Ra) (va)i) > 0,
we have Reqq > 0 i.e. Q4 is positively stable. Because the eigen-basis of ()4
forms a complete set, when Ra.1, R4, Q4 are all N x N matrices, it should be
a necessary and sufficient condition.

0 <((va)i, Ray1(va)i) =

=5 {(C0Ra) Qu(va)
=Reqa((va):, (Lo, Ra

DN | —

(H.33)

~— —

From [If and 2P, we can show that Q4, A = 1, ..., D —2 should be positively stable.
Because ()4 are unitary matrices, their eigenvalues have the form

Qi = Use®aUl, @4 = diag[(da)1, (04)2-.., (04)n] (H.34)

Thus "positively stable" means that

Ree'®4)i = cos(¢u); >0, i=1,...,N;A=1,...,D -2 (H.35)



The conditions of ®4, A =1,...,D — 1 are

A (—m/2,7/2) A=1,.,D—-2 .
ot € { s ST =L (RE)

As a result, the measure of integration is

I1 dXI] =J(rs, (d4)i» (Sa)is)

<L 11 [H (o), s (P01l s) sy,

i A=1 | i i<j

(H.36)

where

dS,=UldUy, A=1,...D—1 (H.37)

Copyright© Sinong Liu, 2021.
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Appendix I
DBI+CS action for probe DO brane

Consider a probe D0 brane moving in the near-horizon background (5.80) produced
by a stack of NV other DO branes. The action is given by the Dirac-Born-Infeld and
Chern-Simons action. In the static gauge this is given by

S = —

g /dt [€_¢\/—ggo — gU;L"I:i:J + 2A0:| (Il)

where the metric g,,, the dilaton ¢ and the 1-form gauge fields are given in (5.80).
Defining the velocity v by
v? = 6,02 0,7 (I.2)

we expand the action in powers of v. This gives

5 /dt Lo 15 N vt 225 N of 1/dt (L3)
— v JE— JR— e “ e PR — .
2R, 16 REMYrT ' 64 REMIS i R,

where we have used (5.81) and (5.82)) and expressed the coefficients in terms of M
theory quantities

Ry=gls  L,=g%, M= (2m)% = (2n)g1 (1.4)

s

The action ([.3) is in precise agreement with the action of a 11 dimensional graviton
with light cone momentum p_ = 1/Ry in the presence of another graviton with mo-
mentum p_ = N/R,. The same action is obtained from the matrix theory calculation.
For more details of the latter calculation see [289], section 12.2.

Copyright© Sinong Liu, 2021.
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