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Quantum fluctuations lead to an anomalous violation of parity symmetry in quantum electrodynamics
for an even number of spatial dimensions. While the leading parity-odd electric current vanishes in
vacuum, we uncover a non-cancellation of the anomaly for strong electric fields with distinct macroscopic
signatures. We perform real-time lattice simulations with fully dynamical gauge fields and Wilson
fermions in 2 4+ 1 space-time dimensions. In the static field limit, relevant at early times, we solve the
problem analytically. Our results point out the fundamental role of quantum anomalies for strong-field
phenomena, relevant for a wide range of condensed matter and high-energy applications, but also for
the next generation of gauge theory quantum simulators.
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1. Introduction

Quantum electrodynamics (QED) is well understood in vacuum
and for weak electromagnetic fields. Much less is known in the
strong-field regime relevant for a wide range of applications in
condensed matter physics [1,2], relativistic nuclear collision exper-
iments [3], precision spectroscopy of highly charged ions [4,5], or
future laser facilities [6]. A typical electric field strength character-
izing the strong-field regime is E. = m?/e, where m denotes the
electron mass and e is the gauge coupling.! For fields exceeding
E¢, the vacuum of QED becomes unstable against Schwinger pair
production of electron-positron pairs [7].

In recent years, strong-field QED phenomena have also become
a focus of research for quantum simulations [8,9]. While the first
implementation using trapped ions still concerned the weak-field
limit of QED in one spatial dimension [10], the next generation
of experiments aims at setups in 2+1 space-time dimensions [11]
and with strong fields [12,13]. Among the most intriguing phe-
nomena that will become accessible is the anomalous violation of
parity by quantum fluctuations in QED for an even number of spa-
tial dimensions [14-17]. However, there is a cancellation of the
anomalous electric current with a parity-odd contribution induced
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by the fermion mass such that the phenomenon is suppressed for
weak fields in vacuum [14,15].

In this work, we establish a non-cancellation of the parity
anomaly in the strong-field regime. This is shown to have dramatic
consequences for the presence of anomalous currents with distinc-
tive macroscopic signatures. The net parity-odd electric currents
change the macroscopic gauge field evolution and lead to a dynam-
ical rotation of the electric field vector. To validate this discovery,
we investigate the fundamental processes both analytically, as well
as numerically using real-time lattice simulations with second-
order improved Wilson fermions [18,19]. The lattice simulations
employ classical-statistical reweighting techniques for the bosonic
gauge fields, which accurately describe the dynamics in the strong-
field regime including the mutual back-action of the induced cur-
rents and the applied fields [18-28]. Our analytical results neglect
back-action and apply only to not too late times. In their range of
validity they are found to describe the simulation data well.

2. Parity anomaly cancellation in weak fields

In two spatial dimensions, QED breaks space-inversion symme-
try (parity) both by a mass term ~ m in the Dirac equation,

(iy“au—eyﬂi\“(x, t)—m) X, t) =0, 1)

as well as by a quantum anomaly [14,15]. The index @ =1, ..., Ny
labels flavors of the fermion field operator ¥®, with N¢ =1 for
QED. Here, Au is the gauge potential, e the coupling, and sum-
mation over repeated indices is implied. For the representation of

0370-2693/© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by

SCOAP3.


https://doi.org/10.1016/j.physletb.2020.135459
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
http://crossmark.crossref.org/dialog/?doi=10.1016/j.physletb.2020.135459&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:ott@thphys.uni-heidelberg.de
https://doi.org/10.1016/j.physletb.2020.135459
http://creativecommons.org/licenses/by/4.0/

2 R. Ott et al. / Physics Letters B 805 (2020) 135459

(a) static Eg < E, (b) static Eg ~ E,

Yy Y
Jan & .
. Jtotal
Jan & E() “’ E()
]m v jm 1

(d) Electric field evolution

Y E,
@an<t) 4EC'
E(t)
TN Z T > L
10E, 10E,
Ouli o)
4E. ]

Fig. 1. Overview: Panel (a) illustrates the weak-field limit, where parity-odd currents from the mass term, jp, and the quantum anomaly, j,, cancel. Panel (b) shows the
situation for homogeneous fields with strengths beyond the Schwinger limit E. with current jq,ss from pair production. In this case the total current is not aligned with the
applied field Ey because of parity non-cancellation. Including the mutual back-action of fermions and gauge fields all components rotate, as pictured in panel (c). The full
evolution of the electric field E(t) at times t < 12/m (solid line) and beyond (dotted) is shown in panel (d).

the Dirac matrices y* with u =0,1,2 we choose the Pauli ma-
trices (03,101, —i0). The gauge field operator, in terms of the
gauge-invariant field strength tensor F,,p = BUAp - BpAv, evolves
as

b o ==ty [ o, 9 o]} @)

where ¥ = &O‘Tyo. Here [, -] is the commutator and tr{-} denotes
a trace over flavor and spinor components.

Parity violation manifests itself as a non-zero (parity-odd) ex-
pectation value of the fermion electric current jifml = tr{y“([tﬁ“,

¥1)}/2. In vacuum, this current can be decomposed into a mass-
related part, jk, and a part originating from the anomaly, j4. In
the presence of a weak, slowly evolving homogeneous background
gauge field the leading contribution to jk is given by [14,15]

m e

|m| 4

weak_ﬁeld

Jm® —€MYPF (1) (3)

with Fy, = (ﬁup), and the anomaly contribution reads

Jan(t) =37 GMU'Ova(t) (4)

consistent with an anomalously generated Chern-Simons term
[14]. Both contributions have equal magnitude and, as indicated
in panel (a) of Fig. 1, they cancel each other for m > 0, resulting
in an overall parity conservation with jif)tal = jk + j% =0 in this
case.”

3. Anomaly non-cancellation in strong background fields

To extend these results to the strong-field regime, we first
consider a static homogeneous electric field Eg = (EX,O). This
turns out to be analytically tractable also in the presence of field
strengths beyond the Schwinger limit. We solve the Hamiltonian
operator equation (1) for an infinite volume in temporal-axial
gauge, with Ap =0 and A = —Ept, for fermion vacuum initial
conditions prepared in the remote past [31]. We then construct
currents from bilinears of fermionic field operators in a standard
mode decomposition.

In this setup, the total current includes both parity-even and
parity-odd contributions, as indicated in Fig. 1, panel (b). The
parity-even current jga.ss, pointing along the x-direction, is due
to conventional Schwinger pair production for strong fields, ubig-
uitous in one [23], two (this work) and three [24,28] spatial di-
mensions. Conversely, the parity-odd current component along the

2 A similar cancellation of anomalous contributions appears for the Adler-Bell-
Jackiw anomaly in 1+ 1 [29] and 3 + 1 space-time dimensions [30] for non-zero
fermion mass and weak electric field E « E.

y-direction represents the sum of the contribution from the mass
term, j¥, and the anomalous current, jJ,.

We find that j) receives two separate contributions of dis-
tinct physical origin, described by an integral over momenta in
y-direction:

[e%e) Pfﬁmz
y eExm [ dpy 1 e T ek
]m = 2 2 - 2 2 . (5)
4 @m) | py+m py+m

—00
The first term in the integrand of Eq. (5) represents the known

vacuum contribution [14,15], which reads

oo
eExm dpy 1
4 @n) p2+m?
o0

m eEX
|m| e

(6)

and agrees with Eq. (3). The second term in Eq. (5) represents a
medium correction, which is seen to be only suppressed below the
critical field strength for Schwinger pair production with rate ~
exp(—mEc/Ey).

Taking both vacuum and medium contributions into account,
Eq. (5) reads®

.y m eEy Tm?
BRI . 7
Im ="l an < eEy )

For weak fields Eq. (3) is recovered, whereas for fields exceed-
ing E. the modulus of j} can be significantly reduced. In con-
trast, the anomalous contribution jJ, = eE,/(4m) is unchanged
beyond the Schwinger limit and agrees with Eq. (4), which we ver-
ified explicitly using a gauge invariant (Pauli-Villars) regularization
scheme [34]. As a consequence, in the strong-field regime j}, and
j¥. no longer cancel.

This phenomenon is illustrated in Fig. 2, where we show the
total parity-violating current over a wide range of field strengths.
We note that eEy/(4mr) is an upper limit for the net parity-odd
current. Below we will see that our analytic results capture the
earlier stages of the fully dynamical evolution, where they can also
be used to benchmark numerical simulations, until back-action of
the fermions on the electric field becomes relevant.

4. Real-time lattice simulations with Wilson fermions
In the regime of large fields, real-time simulations in a Hamil-

tonian lattice formulation of QED;;1 [35] become feasible using
classical-statistical reweighting techniques [18-28]. Discretized on

3 Related results have been obtained in the context of graphene in Refs. [32,33].
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Fig. 2. Anomaly non-cancellation in the static limit: Net parity-odd current com-
ponent as a function of the background field strength Ex/E.. As a benchmark test,
the analytic result (solid line) is compared to data points from lattice simulations
(diamonds) in the corresponding static field limit.

a spatially periodic lattice with N2 sites and spacing a, the 0(a®)
improved Hamiltonian reads [18,19,28,36]

I:I{m,r} =a’ Z Cn(Zlfcf)?(m‘f‘ ?)V}f

neNg XEA

+ 3y 2171 (@g (iyi + nr) Uy i o+ h.c.) ) (8)
xeA,f

Here r is the Wilson parameter for the suppression of spatial
fermion doublers, A = {(x,y)|x,y €0,...,N — 1} the spatial lat-
tice and i denotes the unit lattice vector in spatial direction i =
x,y. The improvement coefficients are Co = 1.5, C; = —0.3, and
Cy = —1/30 with Cp~2 = 0. As initial condition, we consider a free
fermionic vacuum with homogeneous field Eg = (Ey, 0), switched-
on instantaneously at initial time t = 0. We do not initialize tem-
poral fermion doublers which then, for sufficiently small time-
steps a; < a, stay unexcited during the simulation time [22].

Both the mass and Wilson parameter break parity symmetry,
and we extract the parity-odd current components from the total
fermion electric current jiotal(t) by a linear combination of evolu-
tions with different choices for the signs of m and r [14]:

R |
i ® = 5 (Jloa Otm. 1) = Jhorar O -m411)

r 1/ i
J;n(t) = 5 (]ltotal(t)[+m»+r} - ]ltotal(t){'*‘ms—r}) . 9)

Here, jiotal(t)[im’ir] refers to the expectation value of the lat-
tice current operator as derived from the respective Hamiltonian
H{4m,+r} given in Eq. (8).

Specifically, we choose for the “physical” fermion m > 0 and
r=1 to compute the current jiotal(t){“‘ma"'r} and extract the
corresponding gauge field evolution. The latter is then imple-
mented as a (time-dependent) background field for evolutions of
the “test” fermions having the other sign combinations required
for jiotal(t){_m,“} and jiotal(t)[+m~—r}' For the strong homogeneous
fields employed in our study, we propose the observable defined
in Eq. (9) to characterize the violation of parity symmetry in an
out-of-equilibrium situation for the fully back-(re)acting simula-
tions.*

To benchmark our simulations, we first implement a static field
approximation as correspondingly employed for our analytical re-
sults above. The simulation results for the net parity-odd current,

4 For all simulations we employ spatially homogeneous electric field configura-
tions.

which are extracted after a short period of time following the ini-
tial switch-on, for e =0.1/m, Ny =1 and different values of the
applied field strength are summarized in Fig. 2.°> The data points
agree to very good accuracy with the analytical predictions (7) and
(4), and errors are smaller than the diamond symbols representing
our data.

5. Anomalous field rotation

Next we investigate the fully dynamical case including the mu-
tual back-action of gauge and fermion fields. For field strengths
beyond the Schwinger limit, the produced fermions and anti-
fermions are accelerated to opposite directions, such that they
counteract the initial electric field. The non-linear process leads
to plasma oscillations, similar to what is found in 1+1 dimen-
sional [23] and 3+1 dimensional lattice simulations [24,28].

For QED,1 non-cancellation of the parity anomaly leads to a
macroscopic non-zero transverse current. Because of the dynami-
cal back-action the orientation of the electric field changes. As a
consequence, the vectors describing the classical conduction cur-
rent jgass and the electric field are no longer aligned, as illustrated
in panel (c) of Fig. 1. The interplay of dynamical parity-violation
and classical conduction currents results in a non-linear rotation
of the electric field vector, accompanied by a characteristic oscilla-
tion of its magnitude. This is illustrated in Fig. 1 (d) for initial field
Eo = (10E(, 0) and e = 0.5./m. Our simulations are performed on a
448 x 448 lattice with spacing a = 0.025m~", and the results are
insensitive to our specific choice of lattice parameters.® Without
loss of generality, we consider Ny =10 fermion flavors in order
to accelerate the dynamics in view of limited computational re-
sources.’

Throughout the evolution parity-odd currents spend most of
the time perpendicular to the electric field vector. This is quan-
tified in Fig. 3, which shows the orientation of the current and
electric field vectors introduced in panel (c) of Fig. 1. This anoma-
lous rotation of the electric field and currents represents a distinct
signal of the violation of parity out of equilibrium.

In Fig. 4, we display the absolute values of the spatial currents
|jan(®)| (top panel) and |jy(t)| (bottom panel). Starting from zero
at initial time, the currents build up quickly as a result of the ap-
plied field that is switched on at t = 0. While |j,,(t)| oscillates
in phase with the total electric field strength, |jy,(t)| is smaller
in magnitude and develops a more complicated time-dependence,
demonstrating that anomaly cancellation does not occur.

To gain analytical insights, we compare the fully dynamical sim-
ulation results to an adiabatic approximation, where we insert into
our estimates (7) and (4) the time-dependent |E(t)| obtained from
the simulations. The upper panel of Fig. 4 shows for |j| a very
good agreement of the adiabatic approximation with the full sim-
ulation data after a short initial period of time. The switching-on
effect at t > 0 is not captured by the analytical formulae, where
the gauge field is initialized in the remote past. We checked explic-
itly that the agreement holds for a wide range of initial conditions
for the gauge fields, confirming the anomaly far from equilib-
rium.

In contrast, we observe differences between the full simulation
results and the adiabatic approximation for the medium-modified

5 We employ lattice parameters in the range of ma = 0.025—0.1 and N2 =128 x
128 — 256 x 256, depending on the actual field strength to ensure insensitivity to
the lattice regularization.

6 Both an increase of the UV-cutoff by a factor of two (at constant physical vol-
ume) and an increase of the lattice volume by 25% (with fixed lattice spacing) lies
within the line width of our result.

7 Here, all Ny fermion flavors have the same mass, such that no current cancel-
lations between different flavors with opposite mass signs occur.
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Fig. 3. Anomalous field and currents rotations: Time evolution of the orientation of
the parity-odd currents from the anomaly (¢an(t)), the mass term (¢, (t)), and the
electric field (¢g(t)) as introduced in Fig. 1 (c), using lattice simulations with fully
dynamical gauge field and fermions.
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Fig. 4. Anomaly non-cancellation for dynamical field: (Top) Magnitude of the
anomalous current ja, (red solid) for strong-field initial conditions, compared to the
analytical prediction (4) evaluated for the dynamical electric field (dotted). (Bottom)
The mass-induced parity-odd current j,, (blue solid) is smaller in magnitude with
different time-dependence, such that anomaly cancellation does not occur. These
fully dynamical simulation results are compared to Eq. (7) with the static electric
field replaced by |E(t)| (dashed), pointing out important corrections beyond the adi-
abatic approximation.

current jm(t) once the fields change on time scales ~m~!, which
we attribute to the effects of higher derivative terms neglected in
(7). For small gauge couplings employed for the results of Fig. 4,
the evolution is comparably slow and the adiabatic approximation
still captures important features of the |jy(t)| evolution for not
too late times. The bottom graph of Fig. 4 shows that the approx-
imation agrees reasonably well with the lattice simulation data in
a regime, where the electric field already begins to oscillate and
its rotation is initiated. At later times, more rapid changes occur
and significant deviations are seen. We find this phenomenon to
coincide with particles approaching the zero mode in momentum
space. In that case, there is interference with further pair creation

in the low-momentum region and the adiabatic approximation is
expected to break down.?

6. Conclusions

Our results provide an intriguing example where strong fields
make genuine quantum phenomena visible on macroscopic scales,
which are otherwise suppressed in near-vacuum conditions. Us-
ing ab initio simulations and analytic techniques, we established
a non-cancellation of the parity anomaly for fields exceeding the
Schwinger limit for pair production. Remarkably, we find that
even aspects of the fully non-linear time-dependent processes can
be approximately described with our adiabatic formulae. Together
with the lattice simulation results these give unprecedented in-
sights into the strong-field regime of QED,; with important con-
sequences for associated physical systems.

Moreover, our study will be instrumental for further develop-
ments of quantum simulators for gauge theories with the help of
synthetic materials based on atomic, molecular and optical physics
engineering. There are strong international efforts towards quan-
tum simulating QED in two spatial dimensions. Here the construc-
tion of magnetic plaquette terms on the lattice, which typically in-
volve four-body processes, provides a particular challenge [39,40].
Our results indicate that the anomalous rotation of the electric
field is practically not affected by the magnetic sector, such that
first benchmark tests of genuinely 2+ 1 dimensional quantum phe-
nomena in QED with the next generation of quantum simulators
may be realized with a drastically reduced experimental complex-
ity.
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