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Abstract We study supersymmetric AdSn × �7−n , n =
2, 3, 4, 5 solutions in seven-dimensional maximal gauged
supergravity withCSO(p, q, 5− p−q) andCSO(p, q, 4−
p − q) gauge groups. These gauged supergravities are con-
sistent truncations of eleven-dimensional supergravity and
type IIB theory on H p,q ◦ T 5−p−q and H p,q ◦ T 4−p−q ,
respectively. Apart from recovering the previously known
AdSn×�7−n solutions in SO(5) gauge group, we find novel
classes of AdS5 × S2, AdS3 × S2 × �2 and AdS3 × CP2

solutions in non-compact SO(3, 2) gauge group together
with a class of AdS3 × CP2 solutions in SO(4, 1) gauge
group. In SO(5) gauge group, we extensively study holo-
graphic RG flow solutions interpolating from the SO(5)

supersymmetric AdS7 vacuum to the AdSn × �7−n fixed
points and singular geometries in the form of curved domain
walls with Mkwn−1 × �7−n slices. In many cases, the sin-
gularities are physically acceptable and can be interpreted
as non-conformal phases of (n − 1)-dimensional SCFTs
obtained from twisted compactifications of N = (2, 0)

SCFT in six dimensions. In SO(3, 2) and SO(4, 1) gauge
groups, we give a large number of RG flows between the new
AdSn×�7−n fixed points and curved domain walls while, in
CSO(p, q, 4 − p − q) gauge group, RG flows interpolating
between asymptotically locally flat domain walls and curved
domain walls are given.

1 Introduction

Wrapped branes play an important role in the study of the
AdS/CFT correspondence [1–3] and its generalization to
non-conformal field theories DW/QFT correspondence [4–
6]. In particular, these brane configurations describe RG
flows across dimensions from supersymmetric field theo-
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ries on the worldvolume of the unwrapped branes to lower-
dimensional field theories on the worldvolume of the branes
wrapped on internal compact manifolds. For supersymmetric
theories, the latter are obtained from twisted compactifica-
tions of the former on the internal manifolds. Some amount
of supersymmetry is preserved by performing a topological
twist along the internal manifolds [7].

In this paper, we are interested in solutions describing
wrapped 5-branes in string/M-theory. Rather than searching
directly for wrapped brane solutions in string/M-theory, find-
ing supersymmetric solutions of seven-dimensional gauged
supergravities in the form of domain walls interpolating
between AdS7 and AdSn × �7−n geometries, with �7−n

being a (7 − n)-dimensional compact manifold, is a more
traceable task. In many cases, the resulting solutions can be
embedded in ten or eleven dimensions by using consistent
truncation ansatze. Solutions of this type in the maximal
N = 4 gauged supergravity with SO(5) gauge group in
seven dimensions have been extensively studied in previous
works [8–15], see also [16–19] for similar solutions in N = 2
gauged supergravity. For solutions in other dimensions, see
[20–33] for an incomplete list.

We will study this type of solutions within the maximal
N = 4 gauged supergravity constructed in [34] using the
embedding tensor formalism, see also [35,36] for an earlier
construction. Unlike the previously known results mentioned
above, we will consider more general gauge groups of the
form CSO(p, q, 5 − p − q) and CSO(p, q, 4 − p − q)

obtained respectively from the embedding tensor in 15 and
40 representations of the global symmetry SL(5). Gauged
supergravities with these gauge groups can be obtained from
consistent truncations of eleven-dimensional supergravity
and type IIB theory on H p,q ◦ T 5−p−q and H p,q ◦ T 4−p−q ,
respectively, see [37] and [38]. The manifold H p,q ◦ T r is a
product of a (p+q−1)-dimensional hyperbolic space and an
r -torus. The former is in general non-compact unless p = 0

123

http://crossmark.crossref.org/dialog/?doi=10.1140/epjc/s10052-020-7752-x&domain=pdf
mailto:parinya.ka@hotmail.com
mailto:danai.nuchino@hotmail.com


201 Page 2 of 49 Eur. Phys. J. C (2020) 80 :201

or q = 0 in which the H p,0 or H0,q become a (p−1)-sphere
(S p−1) or a (q −1)-sphere (Sq−1). To the best of our knowl-
edge, supersymmetric AdSn × �7−n solutions in N = 4
gauged supergravity with non-compact and non-semisimple
gauge groups have not been considered in the previous stud-
ies.

For the aforementioned gaugings of N = 4 supergrav-
ity, only SO(5) gauge group admits a fully supersymmet-
ric AdS7 vacuum dual to N = (2, 0) superconformal field
theory (SCFT) in six dimensions. The AdSn × �7−n solu-
tions describe conformal fixed points in n − 1 dimensions.
In this case, these fixed points correspond to (n − 1)-
dimensional SCFTs obtained from twisted compactifications
of N = (2, 0) SCFT in six dimensions on �7−n . For all other
gauge groups, the vacua are given by half-supersymmetric
domain walls dual to six-dimensional N = (2, 0) non-
conformal field theories. We accordingly interpret the result-
ing AdSn × �7−n solutions as conformal fixed points in
lower-dimensions of these N = (2, 0) non-conformal field
theories. We will study various possible RG flows from both
conformal and non-conformal field theories in six dimen-
sions to these lower-dimensional SCFTs as well as to non-
conformal field theories.

The paper is organized as follows. In Sect. 2, we briefly
review the maximal gauged supergravity in seven dimen-
sions. The study of supersymmetric AdSn × �7−n solutions
in gauged supergravities with CSO(p, q, 5 − p − q) and
CSO(p, q, 4 − p− q) gauge groups is presented in Sects. 3
and 4, respectively. Conclusions and comments on the results
are given in Sect. 5. For convenience, we also collect all
bosonic field equations of the maximal seven-dimensional
gauged supergravity in the appendix.

2 N = 4 gauged supergravity in seven dimensions

In this section, we briefly review seven-dimensional N = 4
gauged supergravity in the embedding tensor formalism con-
structed in [34]. We will omit all the detail and only col-
lect relevant formulae involving the bosonic Lagrangian and
fermionic supersymmetry transformations which are essen-
tial for finding supersymmetric solutions. The reader is
referred to [34] for more detail.

The only N = 4 supermultiplet in seven dimensions is the
supergravity multiplet with the field content
(
eμ̂
μ, ψa

μ, AMN
μ , BμνM , χabc,VM

A
)

. (2.1)

The component fields are given by the graviton eμ̂
μ, four grav-

itini ψa
μ, ten vectors AMN

μ = A[MN ]
μ , five two-form fields

BμνM , sixteen spin- 1
2 fermions χabc = χ [ab]c and fourteen

scalar fields described by the SL(5)/SO(5) coset represen-
tative VM

A. In this paper, curved and flat space-time indices

are denoted by μ, ν, . . . and μ̂, ν̂, . . ., respectively. Lower
(upper) M, N = 1, . . . , 5 indices refer to the (anti-) funda-
mental representation 5 (5) of the global SL(5) symmetry.

Fermionic fields are described by symplectic Majorana
spinors subject to the conditions

ψ̄T
μa = �abCψb

μ and χ̄T
abc = �ad�be�c f Cχde f (2.2)

where C denotes the charge conjugation matrix obeying

C = CT = −C−1 = −C†. (2.3)

These fermionic fields transform in representations of the
local SO(5) ∼ USp(4) R-symmetry with USp(4) funda-
mental or SO(5) spinor indicesa, b, . . . = 1, . . . , 4. Accord-
ingly, the four gravitini ψa

μ and the spin- 1
2 fields χabc trans-

form as 4 and 16, respectively. χabc satisfy the following
conditions

χ [abc] = 0 and �abχ
abc = 0 (2.4)

with �ab = �[ab] being the USp(4) symplectic form satis-
fying

(�ab)
∗ = �ab and �ac�

bc = δba . (2.5)

Raising and lowering of USp(4) indices by �ab and �ab

correspond to complex conjugation.
The fourteen scalars are described by the SL(5)/SO(5)

coset representative VM
A, transforming under the global

SL(5) and local SO(5) symmetries by left and right multi-
plications. Indices M = 1, 2, . . . , 5 and A = 1, 2, . . . , 5 are
accordingly SL(5) and SO(5) fundamental indices, respec-
tively. The SO(5) vector indices of VM

A can be described
by a pair of antisymmetric USp(4) fundamental indices as
VM

ab = VM
[ab] satisfying the relation

VM
ab�ab = 0. (2.6)

The inverse of VM
A denoted by VA

M will be written as Vab
M

with

VM
abVab

N = δNM and

Vab
MVM

cd = δ[c
a δ

d]
b − 1

4
�ab�

cd . (2.7)

The bosonic Lagrangian of the N = 4 seven-dimensional
gauged supergravity can be written as

e−1L = 1

2
R − MMPMNQH(2)MN

μν H(2)PQμν

−1

6
MMNH(3)

μνρMH(3)μνρ
N

+1

8
(DμMMN )(DμMMN ) − e−1LVT − V

(2.8)

while the supersymmetry transformations of fermions read

δψa
μ = Dμεa − gγμA

ab
1 �bcε

c
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+ 1

15
H(3)

νρλM

(
γμ

νρλ − 9

2
δν
μγ ρλ

)
�abVbc

Mεc

+1

5
H(2)MN

νρ (γμ
νρ − 8δν

μγ ρ)VM
ad�deVN

eb�bcε
c,

(2.9)

δχabc = 2�cd Pμde
abγ μεe + gAd,abc

2 �deε
e

+2H(2)MN
μν γ μν�de

×
[
VM

cdVN
e[aεb] − 1

5

(
�abδcg

−�c[aδb]g
)
VM

g f � f hVN
hdεe

]

−1

6
H(3)

μνρMγ μνρV f e
M

[
�a f �beεc

−1

5

(
�ab�c f + 4�c[a�b] f ) εe

]
. (2.10)

The covariant derivative of the supersymmetry parameters is
defined by

Dμεa = ∇μεa − Qμb
aεb (2.11)

with ∇μ being the space-time covariant derivative. The com-
posite connection Qμa

b and the vielbein on the SL(5)/SO(5)

coset Pμab
cd are obtained from

Pμab
cd + 2Qμ[a [cδd]

b]
= Vab

M
(
∂μVM

cd − gAPQ
μ XPQ,M

NVN
cd

)
. (2.12)

The gauge generators in the representation 5 of SL(5) can
be written in term of the embedding tensor as

XMN ,P
Q = 
MN ,P

Q = δ
Q
[MYN ]P − 2εMN PRS Z

RS,Q .

(2.13)

Supersymmetry requires that the embedding tensor can have
only two components given by the tensors YMN and ZMN ,P

with YMN = Y(MN ), ZMN ,P = Z [MN ],P and Z [MN ,P] = 0
corresponding to representations 15 and 40 of SL(5), respec-
tively.

The fermion shift matrices A1 and A2 are given by

Aab
1 = − 1

4
√

2

(
1

4
B�ab + 1

5
Cab

)
, (2.14)

Ad,abc
2 = 1

2
√

2

[
�ec� f d

(
Cab

ef − Bab
e f

)

+1

4

(
Cab�cd + 1

5
�abCcd + 4

5
�c[aCb]d

)]

(2.15)

with

B =
√

2

5
�ac�bdYab,cd , (2.16)

Bab
cd = √

2

[
�ae�b f δ

[g
c δ

h]
d − 1

5

(
δ[a
c δ

b]
d

−1

4
�ab�cd

)
�eg� f h

]
Yef,gh, (2.17)

Cab = 8�cd Z
(ac)[bd], (2.18)

Cab
cd = 8

(
−�ce�d f δ

[a
g δ

b]
h + �g(cδ

[a
d)δ

b]
e � f h

)
Z (e f )[gh].

(2.19)

The “dressed” components of the embedding tensor are
defined by

Yab,cd = Vab
MVcd

NYMN , (2.20)

and Z (ac)[e f ] = √
2VM

abVN
cdVP

ef �bd Z
MN ,P . (2.21)

A unimodular symmetric matrixMMN describing SL(5)/

SO(5) scalars in a manifestly SO(5) invariant manner is
defined by

MMN = VM
abVN

cd�ac�bd (2.22)

together with its inverse

MMN = Vab
MVcd

N�ac�bd . (2.23)

The scalar potential is given by

V = g2

64

[
2MMNYN PMPQYQM −

(
MMNYMN

)2
]

+g2ZMN ,P ZQR,S

× (MMQMN RMPS − MMQMN PMRS
)

= −15Aab
1 A1ab + 1

8
Aa,bcd

2 A2a,bcd (2.24)

Unlike in the ungauged supergravity in which all three-
form fields can be dualized to two-form fields, the field con-
tent of the gauged supergravity can incorporate massive two-
and three-form fields. The degrees of freedom in the vector
and tensor fields of the ungauged theory will be redistributed
among massless and massive vector, two-form and three-
form fields after gaugings. In general, with a proper gauge
fixing of various tensor gauge transformations, there can be t
self-dual massive three-form and s massive two-form fields
for s ≡ rank Z and t ≡ rank Y . In addition, there are 10 − s
massless vectors and 5 − s − t massless two-form fields. It
should be noted that t + s ≤ 5 by the quadratic constraint
which ensures that the embedding tensor leads to gauge gen-
erators for a closed subalgebra of SL(5). Furthermore, more
massive gauge fields can arise from broken gauge symmetry.

The field strength tensors of vector and two-form fields
are defined by

H(2)MN
μν = FMN

μν + gZMN ,P BμνP , (2.25)

H(3)
μνρM = gYMN S

N
μνρ + 3D[μBνρ]M + 6εMN PQR A

N P[μ

×
(

∂ν A
QR
ρ] + 2

3
gXST,U

Q ARU
ν AST

ρ]
)

(2.26)
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with the usual non-abelian gauge field strength

FMN
μν = 2∂[μAMN

ν] + g(XPQ)RS
MN APQ

[μ ARS
ν] . (2.27)

These field strengths satisfy the following Bianchi identities

D[μH(2)MN
νρ] = 1

3
gZMN ,PH(3)

μνρP , (2.28)

D[μH(3)
νρλ]M = 3

2
εMN PQRH(2)N P

[μν H(2)QR
ρλ]

+1

4
gYMNH(4)N

μνρλ (2.29)

where the covariant field strengths of the three-form fields
are given by

YMNH(4)N
μνρλ = YMN

[
4D[μSNνρλ] + 6FN P[μν Bρλ]P

+3gZN P,QB[μνP Bρλ]Q
+4gεPQRVW XST,U

V AN P[μ AQR
ν AST

ρ AUW
λ]

+8εPQRST A
N P[μ AQR

ν ∂ρ A
ST
λ]

]
. (2.30)

All of these fields interact with each other via the vector-
tensor topological term LVT whose explicit form can be
found in [34].

3 Solutions from gaugings in 15 representation

We now consider supersymmetric AdSn × �7−n solutions
with gauge groupCSO(p, q, 5− p−q) obtained from gaug-
ings in 15 representation. In this case, non-vanishing com-
ponents of the embedding tensor can be written as

YMN = diag(1, .., 1︸ ︷︷ ︸
p

,−1, ..,−1︸ ︷︷ ︸
q

, 0, .., 0︸ ︷︷ ︸
r

),

p + q + r = 5. (3.1)

We will use the following choice of SO(5) gamma matrices
to convert an SO(5) vector index to a pair of antisymmetric
spinor indices

�1 = −σ2 ⊗ σ2, �2 = I2 ⊗ σ1, �3 = I2 ⊗ σ3,

�4 = σ1 ⊗ σ2, �5 = σ3 ⊗ σ2 (3.2)

whereσi are the usual Pauli matrices.�A satisfy the following
relations

{�A, �B} = 2δABI4, (�A)ab = −(�A)ba,

�ab(�A)ab = 0, ((�A)ab)∗ = �ac�bd(�A)cd , (3.3)

and the symplectic form of USp(4) is chosen to be

�ab = �ab = I2 ⊗ iσ2. (3.4)

The coset representative of the form VM
ab and the inverse

Vab
M are then given by

VM
ab = 1

2
VM

A(�A)ab and Vab
M = 1

2
VA

M (�A)ab.

(3.5)

3.1 Supersymmetric AdS5 × �2 solutions with
SO(2) × SO(2) symmetry

We begin with solutions of the form AdS5 × �2 with the
metric ansatz given by

ds2
7 = e2U (r)dx2

1,3 + dr2 + e2V (r)ds2
�2
k
. (3.6)

�2
k is a Riemann surface with the metric given by

ds2
�2
k

= dθ2 + fk(θ)2dϕ2, (3.7)

and dx2
1,3 = ηmndxmdxn with m, n = 0, . . . , 3 is the flat

metric on the four-dimensional Minkowski space Mkw4. The
function fk(θ) is defined by

fk(θ) =

⎧⎪⎨
⎪⎩

sin θ, k = +1

θ, k = 0

sinh θ, k = −1

(3.8)

with k = 1, 0,−1 corresponding to S2, R2 and H2, respec-
tively.

With the following choice of vielbein

em̂ = eUdxm, er̂ = dr,

eθ̂ = eV dθ, eϕ̂ = eV fk(θ)dϕ, (3.9)

we find the following non-vanishing components of the spin
connection

ωm̂r̂
(1) = U ′em̂, ωî r̂

(1) = V ′eî , ω
ϕ̂θ̂

(1) = f ′
k(θ)

fk(θ)
e−V eϕ̂ .

(3.10)

The index î = θ̂ , ϕ̂ is a flat index on �2
k , and f ′

k(θ) =
d fk(θ)
dθ

. The r -derivatives will be denoted by ′ while a ′ on any
function with an explicit argument refers to the derivative of
the function with respect to that argument.

We are interested in solutions with SO(2) × SO(2) sym-
metry. Among the fourteen scalars in SL(5)/SO(5) coset,
there are two SO(2) × SO(2) singlet scalars corresponding
to the following SL(5) non-compact generators

Ŷ1 = e1,1 + e2,2 − 2e5,5 and Ŷ2 = e3,3 + e4,4 − 2e5,5.

(3.11)

We have introduced GL(5) matrices defined by

(eI J )MN = δI MδJ N . (3.12)

123
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The SL(5)/SO(5) coset representative is then given by

V = eφ1Ŷ1+φ2Ŷ2 . (3.13)

A general form of the embedding tensor for gauge groups
with an SO(2) × SO(2) subgroup can be written as

YMN = diag(+1,+1, σ, σ, ρ). (3.14)

This gives rise to SO(5) (ρ = σ = 1), SO(4, 1) (−ρ = σ =
1), SO(3, 2) (ρ = −σ = 1), CSO(4, 0, 1) (ρ = 0, σ = 1)
and CSO(2, 2, 1) (ρ = 0, σ = −1) gauge groups.

With all these, we can straightforwardly compute the
scalar potential

V = − 1

64
g2e−2(φ1+φ2)

[
8σ − ρ2e10(φ1+φ2)

+4ρ(e4φ1+6φ2 + σe6φ1+4φ2)
]
. (3.15)

For SO(5) gauge group, this potential admits two AdS7 crit-
ical points given by

φ1 = φ2 = 0, V0 = −15

64
g2 (3.16)

and

φ1 = φ2 = 1

10
ln 2, V0 = − 5g2

16 × 22/5
. (3.17)

The former preserves N = 4 supersymmetry with SO(5)

symmetry while the latter is a non-supersymmetric AdS7

vacuum with SO(4) symmetry. We note here that for φ1 = φ2

the SO(2) × SO(2) symmetry is enhanced to SO(4). These
two AdS7 vacua have been identified long ago in [36].

To perform a topological twist on �2
k , we turn on the fol-

lowing SO(2) × SO(2) gauge fields

A12
(1) = −e−V p1

k

f ′
k(θ)

fk(θ)
eϕ̂ and

A34
(1) = −e−V p2

k

f ′
k(θ)

fk(θ)
eϕ̂ (3.18)

and set all the other fields to zero. By imposing the twist
condition

g(p1 + σ p2) = k (3.19)

together with the following projection conditions

γ θ̂ϕ̂εa = −(�12)
a
bε

b = −(�34)
a
bε

b (3.20)

and

γrε
a = εa, (3.21)

we can derive the BPS equations

U ′ = g

40

(
2e−2φ1 + ρe4(φ1+φ2) + 2σe−2φ2

)

−2

5
e−2V

(
e2φ1 p1 + e2φ2 p2

)
, (3.22)

V ′ = g

40

(
2e−2φ1 + ρe4(φ1+φ2) + 2σe−2φ2

)

+8

5
e−2V

(
e2φ1 p1 + e2φ2 p2

)
, (3.23)

φ′
1 = g

20

(
3e−2φ1 − ρe4(φ1+φ2) − 2σe−2φ2

)

−2

5
e−2V

(
3e2φ1 p1 − 2e2φ2 p2

)
, (3.24)

φ′
2 = g

20

(
3σe−2φ2 − ρe4(φ1+φ2) − 2e−2φ1

)

+2

5
e−2V

(
2e2φ1 p1 − 3e2φ2 p2

)
. (3.25)

It can be readily verified that these BPS equations together
with the twist condition (3.19) imply the second-ordered field
equations. The radial component of the gravitino variations
δψa

r gives the usual solution for the Killing spinors

εa = e
U
2 εa(0) (3.26)

in which εa(0) are constant spinors.
By imposing the conditions V ′ = φ′

1 = φ′
2 = 0 and

U ′ = 1
LAdS5

on the BPS equations, we find a class of AdS5

fixed point solutions given by

e2V = −
8

(
e4φ1 p1 + 2e2(φ1+φ2) p2

)

g
, (3.27)

e10φ1 = 12p2
1 − 24σ p2

1 p2 + 22σ 2 p1 p2
2 − 8σ 3 p3

2 − 2K

3p3
1ρσ 2

,

(3.28)

e2φ2 = 6p3
1 − 15σ p2

1 p2 + 13σ 2 p1 p2
2 − 4σ 3 p3

2 + K

p2(9σ p1 p2 − 6p2
1 − 4σ 2 p2

2)
e2φ1 ,

(3.29)

LAdS5 = 4(e4φ1 p1 + 2e2(φ1+φ2) p2)

g
(
e2φ1 p1 + e2φ2 p2

) (3.30)

where

K =
(

6p2
1 − 9σ p1 p2 + 4p2

2σ 2
)√

(p2
1 − σ p1 p2 + σ 2 p2

2).

(3.31)

The AdS5 fixed points do not exist in the case of ρ = 0.
Furthermore, it turns out that good AdS5 fixed points exist
only in SO(5) and SO(3, 2) gauge groups with ρ = σ = 1
and ρ = −σ = 1, respectively.

For SO(5) gauge group, there exist AdS5 fixed points
when

gp2 �= −1, 0, gp2 �= 0 and gp2 < 0 ∪ gp2 > 1,

(3.32)

for �2 = H2,R2, S2, respectively. In deriving the above
conditions, we have chosen g > 0 for convenience. We

123
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emphasize here that the AdS5 × R
2 fixed point preserves

sixteen supercharges while the AdS5 × H2 and AdS5 × S2

preserve only eight supercharges. This is due to the fact that
no spin connection onR2 needs to be cancelled by performing
a twist. In this case, the projector involving γ

θ̂ϕ̂
is not needed.

All these AdS5 × �2 fixed points, dual to four-dimensional
SCFTs from M5-branes, together with the corresponding RG
flows from the supersymmetric AdS7 vacuum have recently
been discussed in [13].

In this work, we will extend the study of these RG flows
by considering more general RG flows from the N = 4 AdS7

critical point to AdS5 fixed points and then to singular geome-
tries in the form of curved domain walls with Mkw4 × �2

slices. According to the usual holographic interpretation,
these geometries should be dual to non-conformal field theo-
ries in four dimensions arising from the RG flows from four-
dimensional SCFTs dual to AdS5 × �2 fixed points. The
latter are in turn obtained from twisted compactifications of
N = (2, 0) SCFT in six dimensions dual to the N = 4 AdS7

vacuum. Examples of these RG flows are given in Figs. 1, 2,
and 3 for the cases of AdS5 ×H2, AdS5 ×R

2 and AdS5 ×S2

fixed points, respectively. In these solutions, we have chosen
the position of the AdS5 × �2 fixed points to be r = 0 and
set g = 16. We note here that one of the magnetic charges is
fixed by the twist condition (3.19). In the numerical solutions,
we have chosen p2 to be the independent parameter.

We can use the explicit uplift formulae given in [39,40]
to determine whether these IR singularities are physical by
considering the (00)-component of the eleven-dimensional
metric given by

ĝ00 = �
1
3 g00. (3.33)

The warped factor � is defined by

� = MMN δMPδNQμPμQ (3.34)

with μM , M = 1, 2, . . . , 5, being the coordinates on S4 and
satisfying μMμM = 1. Using the coset representative given
in (3.13) and the S4 coordinates

μM = (cos ξ, sin ξ cos ψ cos α, sin ξ cos ψ sin α,

sin ξ sin ψ cos β, sin ξ sin ψ sin β) , (3.35)

we find the behavior of ĝ00 along the flows as shown in Fig.
4. As can be seen from the figure, ĝ00 → 0 near the sin-
gularities. These singularities are then physical according to
the criterion given in [8]. Therefore, the singularities can be
interpreted as holographic duals of non-conformal phases of
the four-dimensional SCFTs obtained from twisted compact-
ifications of six-dimensional N = (2, 0) SCFT on �2.

We now consider SO(3, 2) gauge group. In this case, we
find new AdS5×S2 fixed points in a small range, with g > 0,

− 1

2
< gp2 < 0. (3.36)

As in the previous case, these AdS5 × S2 solutions also pre-
serve eight supercharges and are dual to N = 1 SCFTs in
four dimensions. In contrast to SO(5) gauge group, the vac-
uum solution in this case is given by a half-supersymmetric
domain wall, see the solutions given in [41]. According to
the DW/QFT correspondence, these solutions are expected
to describe N = (2, 0) non-conformal field theories in
six dimensions. The above AdS5 × S2 fixed points can
be regarded as conformal fixed points in four dimensions
arising from twisted compactifications of the N = (2, 0)

field theories in six dimensions on S2. In Fig. 5, we give
examples of RG flows between the AdS5 × S2 fixed points
and curved domain walls with the worldvolume given by
Mkw4×S2. The latter should describe non-conformal phases
of the N = 1 SCFTs in four dimensions. The two ends of
the flows represent two possible non-conformal phases with
(φ1 → ∞, φ2 → −∞) and (φ1 → −∞, φ2 → ∞). In all
of these flow solutions, we have set g = 16.

In Fig. 6, we give the behavior of the eleven-dimensional
metric component ĝ00 along the flows. This is obtained by
using the consistent truncation of eleven-dimensional super-
gravity on H p,q given in [37]. The explicit form of ĝ00 is
similar to that given in (3.33) but with the warped factor �

given by

� = MMNηMPηNQμPμQ . (3.37)

The tensor ηMN = diag(1, . . . , 1,−1, . . . ,−1) is the
SO(p, q) invariant tensor, and μP are coordinates on H p,q

satisfying μPμQηPQ = 1. For SO(3, 2), we have a trunca-
tion of eleven-dimensional supergravity on H3,2 withηMN =
diag(1, 1, 1,−1,−1). From Fig. 6, we see that ĝ00 → 0 on
both sides of the flows. Therefore, all of these singularities are
physically acceptable. We accordingly interpret these solu-
tions as RG flows between N = 1 SCFTs and non-conformal
field theories in four dimensions obtained from twisted com-
pactifications of N = (2, 0) field theory on S2.

3.2 Supersymmetric AdS4 × �3 solutions with SO(3)

symmetry

We now carry out a similar analysis for supersymmetric solu-
tions of the form AdS4 × �3 with �3 being a 3-manifold
with constant curvature. The ansatz for the metric takes the
form of

ds2
7 = e2U (r)dx2

1,2 + dr2 + e2V (r)ds2
�3
k

(3.38)

where dx2
1,2 = ηmndxmdxn , m, n = 0, 1, 2 is the metric on

the three-dimensional Minkowski space. The metric on �3
k

is given by

ds2
�3
k

= dψ2 + fk(ψ)2
(
dθ2 + sin2 θdϕ2

)
(3.39)

with the function fk defined in (3.8).
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(a)

(c) (d)

(b)

Fig. 1 RG flows from the N = 4 AdS7 critical point as r → ∞ to AdS5 × H2 fixed points and curved domain walls for SO(2) × SO(2) twist in
SO(5) gauge group. The blue, orange, green and red curves refer to p2 = − 1

4 ,− 1
24 , 1

4 , 4, respectively

Using the vielbein

em̂ = eUdxm, er̂ = dr, eψ̂ = eV dψ,

eθ̂ = eV fk(ψ)dθ, eϕ̂ = eV fk(ψ) sin θdϕ, (3.40)

we find non-vanishing components of the spin connection as
follow

ωm̂r̂
(1) = U ′em̂, ωî r̂

(1) = V ′eî , ω
θ̂ψ̂

(1) = f ′
k(ψ)

fk(ψ)
e−V eθ̂ ,

ω
ϕ̂ψ̂

(1) = f ′
k(ψ)

fk(ψ)
e−V eϕ̂ , ω

ϕ̂θ̂

(1) = cot θ

fk(ψ)
e−V eϕ̂ (3.41)

where î = ψ̂, θ̂ , ϕ̂ is a flat index on �3
k . We will perform the

twist by turning on SO(3) ⊂ SO(3) × SO(2) ⊂ SO(5)R
and SO(3)+ ⊂ SO(3)+ × SO(3)− ∼ SO(4) ⊂ SO(5)R
gauge fields with SO(5)R denoting the R-symmetry.

3.2.1 Solutions with SO(3) twists

We first consider solutions with SO(3) ⊂ SO(5)R twists by
turning on the following SO(3) gauge fields

A12
(1) = −e−V p

k

f ′
k(ψ)

fk(ψ)
eθ̂ , A13

(1) = −e−V p

k

f ′
k(ψ)

fk(ψ)
eϕ̂ ,

A23
(1) = −e−V p

k

cot θ

fk(ψ)
eϕ̂ . (3.42)

There are three SO(3) singlet scalars corresponding to the
SL(5) noncompact generators

Ỹ1 = 2e1,1 + 2e2,2 + 2e3,3 − 3e4,4 − 3e5,5,

Ỹ2 = e4,5 + e5,4,

Ỹ3 = e4,4 − e5,5. (3.43)

The SL(5)/SO(5) coset representative is then given by

V = eφ1Ỹ1+φ2Ỹ2+φ3Ỹ3 . (3.44)
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(a)

(c) (d)

(b)

Fig. 2 RG flows from the N = 4 AdS7 critical point as r → ∞ to AdS5 ×R
2 fixed points and curved domain walls for SO(2) × SO(2) twist in

SO(5) gauge group. The blue, orange, green and red curves refer to p2 = −6,−2, 1
4 , 4, respectively

We will consider gauge groups with an SO(3) subgroup
characterized by the embedding tensor of the form

YMN = diag(+1,+1,+1, σ, ρ). (3.45)

There are six possible gauge groups given by SO(5) (ρ =
σ = 1), SO(4, 1) (−ρ = σ = 1), SO(3, 2) (ρ = σ = −1),
CSO(4, 0, 1) (ρ = 0, σ = 1), CSO(3, 1, 1) (ρ = 0, σ =
−1), and CSO(3, 0, 2) (ρ = σ = 0). With this embedding
tensor and the coset representative (3.44), the scalar potential
reads

V = −g2

64

[
3e−8φ1 + 6e2φ1 [(ρ + σ) cosh 2φ2 cosh 2φ3

+(ρ − σ) sinh 2φ3]

+1

4
e12φ1

[
−(ρ + σ)2 cosh 4φ2(1 + cosh 4φ3)

−4(ρ2 − σ 2) cosh 2φ2 sinh 4φ3

+ρ2 + 10ρσ + σ 2

−(3ρ2 − 2ρσ + 3σ 2) cosh 4φ3

]]
(3.46)

which admits supersymmetric N = 4 and non-supersymmetric
AdS7 critical points given in (3.16) and (3.17) at φ1 = φ2 =
φ3 = 0 and φ1 = 1

20 ln 2, φ2 = ± 1
4 ln 2, and φ3 = 0, respec-

tively.
We now impose a simple twist condition

gp = k (3.47)

and the following projectors on the Killing spinors

γ ψ̂θ̂ εa = −(�12)
a
bε

b and γ θ̂ϕ̂εa = −(�23)
a
bε

b. (3.48)

With all other fields vanishing and the γr projector given in
(3.21), we obtain the BPS equations
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(a)

(c) (d)

(b)

Fig. 3 RG flows from the N = 4 AdS7 critical point as r → ∞ to AdS5 × S2 fixed points and curved domain walls for SO(2) × SO(2) twist in

SO(5) gauge group. The blue, orange, green and red curves refer to p2 = −12,−1, 1
8 , 1, respectively

(a) (b) (c)

Fig. 4 The behavior of ĝ00 along the RG flows from the N = 4 AdS7 critical point as r → ∞ to AdS5 × �2 fixed points and curved domain
walls with SO(2) × SO(2) symmetry for �2 = H2,R2, S2 in SO(5) gauge group
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(a)

(c) (d)

(b)

Fig. 5 RG flows between AdS5 × S2 fixed points and curved domain walls for SO(2) × SO(2) twist in SO(3, 2) gauge group. The blue, orange,

green and red curves refer to p2 = − 1
36 ,− 1

48 ,− 1
64 ,− 1

86 , respectively

U ′ = g

40
e6φ1 [(ρ + σ) cosh 2φ2 cosh 2φ3 + (ρ − σ) sinh 2φ3]

+ 3g

40
e−4φ1 − 6

5
e−2(V−2φ1) p, (3.49)

V ′ = g

40
e6φ1 [(ρ + σ) cosh 2φ2 cosh 2φ3 + (ρ − σ) sinh 2φ3]

+ 3g

40
e−4φ1 + 14

5
e−2(V−2φ1) p, (3.50)

φ′
1 = g

40
e6φ1 [(ρ − σ) sinh 2φ3 − (ρ + σ) cosh 2φ2 cosh 2φ3]

+ g

20
e−4φ1 − 4

5
e−2(V−2φ1) p, (3.51)

φ′
2 = − g

8
e6φ1(ρ + σ) sinh 2φ2sech2φ3, (3.52)

φ′
3 = − g

8
e6φ1 ((ρ + σ) cosh 2φ2 sinh 2φ3 + (ρ − σ) cosh 2φ3) .

(3.53)

From these BPS equations, we find an AdS4 × H3 fixed
point only for SO(5) gauge group given by

φ1 = 1

10
ln 2, φ2 = φ3 = 0,

V = ln

[
163/5

g

]
, L AdS4 = 4 × 22/5

g
. (3.54)

This is the AdS4 × H3 solution studied in [11]. The solu-
tion preserves eight supercharges and corresponds to N = 2
SCFT in three dimensions. As in the previous case, in addi-
tion to the holographic RG flows from the supersymmetric
N = 4 AdS7 vacuum to this AdS4 × H3 geometry, we also
consider more general RG flows from the AdS4 × H3 fixed
point to curved domain walls with a Mkw3 × H3 slice dual
to N = 2 non-conformal field theories in three dimensions.
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Fig. 6 Profiles of ĝ00 for RG flows between N = 1 SCFTs and N = 1
non-conformal field theories in four dimensions from SO(3, 2) gauge
group

There are many possible RG flows of this type. The sim-
plest possibility is given by RG flows with φ2 = φ3 = 0
along the entire flows. Examples of these RG flows are given
in Figs. 7 and 8 in which φ1 → ∞ and φ1 → −∞, respec-
tively. Both types of the singularities are physically accept-
able as can be seen from the behavior of the (00)-component
of the eleven-dimensional metric ĝ00 given in Fig. 9. These
singular geometries are then dual to N = 2 non-conformal
field theories in three dimensions obtained from twisted com-
pactifications of the six-dimensional N = (2, 0) SCFT on
H3.

Although φ2 and φ3 vanish at both AdS7 and AdS4 × H3

fixed points, we can consider RG flows to curved domain
walls with non-vanishing φ2 and φ3. Examples of various
possible RG flows are given in Fig. 10. The behavior of ĝ00

near the singularities, ĝ00 → ∞, indicates that these singu-
larities are unphysical by the criterion of [8].

3.2.2 Solutions with SO(3)+ twists

We now consider another twist given by turning on SO(3)+
gauge fields. In this case, the SO(3)+ is identified with the
self-dual SO(3) subgroup of SO(4) ∼ SO(3)+×SO(3)− ⊂
SO(5). We will accordingly turn on the following gauge
fields

A12
(1) = A34

(1) = −e−V p

2k

f ′
k(ψ)

fk(ψ)
eθ̂ ,

A13
(1) = A24

(1) = −e−V p

2k

f ′
k(ψ)

fk(ψ)
eϕ̂ ,

A23
(1) = A14

(1) = −e−V p

2k

cot θ

fk(ψ)
eϕ̂ . (3.55)

The gauge groups containing SO(3)+ ⊂ SO(4) are given
by SO(5), SO(4, 1), andCSO(4, 0, 1). These groups can be

gauged altogether by the following embedding tensor

YMN = diag(+1,+1,+1,+1, ρ) (3.56)

with ρ = 1,−1, 0, respectively.
There is only one SO(3)+ singlet scalar corresponding to

the SL(5) non-compact generator

Ŷ = e1,1 + e2,2 + e3,3 + e4,4 − 4e5,5. (3.57)

It should be noted that this generator is invariant under a larger
symmetry SO(4). With SL(5)/SO(5) coset representative
of the form

V = eφŶ , (3.58)

the scalar potential is given by

V = −g2

64
e−4φ

(
8 + 8ρe10φ − ρ2e20φ

)
. (3.59)

As expected, there is an N = 4 supersymmetric AdS7 critical
point at φ = 0 and a non-supersymmetric, unstable, AdS7

critical point at φ = 1
10 ln 2.

To implement the twist, we impose the following projec-
tion conditions given in (3.48) and

(�12)
a
bε

b = (�34)
a
bε

b. (3.60)

Together with the twist condition (3.47) and the γr projection
condition (3.21), we find the following BPS equations

U ′ = g

40

(
4e−2φ + ρe8φ

)
− 6

5
e−2(V−φ) p, (3.61)

V ′ = g

40

(
4e−2φ + ρe8φ

)
+ 14

5
e−2(V−φ) p, (3.62)

φ′ = g

20

(
e−2φ − ρe8φ

)
− 3

5
e−2(V−φ) p. (3.63)

As in the SO(3) twist, the BPS equations admit an AdS4×H3

fixed point only for SO(5) gauge group. This AdS4 × H3

vacuum is given by

V = 1

2
ln

[
8 × 21/5 × 53/5

g2

]
, φ = 1

10
ln

[
8

5

]
,

LAdS4 = 23/5 × 54/5

g
(3.64)

which does not seem to appear in the previously known
results.

Unlike the previous case, this AdS4 × H3 fixed point pre-
serves only four supercharges and corresponds to N = 1
SCFT in three dimensions. We can similarly study numer-
ical RG flows from the supersymmetric AdS7 vacuum to
this AdS4 × H3 fixed point and to curved domain walls
dual to N = 1 non-conformal field theories in three dimen-
sions. Examples of these RG flows are given in Fig. 11. It
can be seen again that the IR singularities are physical since
ĝ00 → 0 near the singularities.
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(b) (c)(a)

Fig. 7 RG flows from the N = 4 AdS7 critical point to the AdS4 × H3 fixed point and curved domain walls for SO(3) twists with φ1 → ∞. The
blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

(a) (c)(b)

Fig. 8 RG flows from the N = 4 AdS7 critical point to the AdS4 × H3 fixed point and curved domain walls for SO(3) twists with φ1 → −∞.
The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

(a) (b)

Fig. 9 Behaviors of the (00)-component of the eleven-dimensional metric for the RG flows given in Figs. 7 and 8
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(a) (b) (c)

(d) (e) (f)

Fig. 10 RG flows from the N = 4 AdS7 critical point to the AdS4 × H3 fixed point and curved domain walls for SO(3) twists with φ1, φ2 and
φ3 non-vanishing. The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

For CSO(4, 0, 1) gauge group, we can analytically solve
the BPS equations. The resulting solution is given by

φ = C + g

160p
(4pr̃ + C̃)2 − 3

20
ln(4pr̃ + C̃), (3.65)

V = 2φ + ln(4pr̃ + C̃), (3.66)

U = V − ln(4pr̃ + C̃) + C ′. (3.67)

The new radial coordinate r̃ is defined by dr̃
dr = e−V . The

integration constants C̃ and C ′ can be neglected by shifting
the coordinate r̃ and rescaling the coordinates xm on Mkw3.

Setting C ′ = C̃ = 0, we find the leading behavior of the
solution at large r̃

φ ∼ r̃2 and U ∼ V ∼ 2φ. (3.68)

In this limit, the contribution from the gauge fields to the
BPS equations is highly suppressed due to V → ∞. The
asymptotic behavior is then identified with the standard, flat,
domain wall found in [41]. Similar to the case of solutions
with an asymptotically locally AdS7 space, we will call this
limit an asymptotically locally flat domain wall.

On the other hand, as r̃ → 0, we find

φ ∼ − 3

20
ln(4pr̃), V ∼ 7

10
ln(4pr̃),

U ∼ − 3

10
ln(4pr̃). (3.69)

We also note that, in this case, the complete truncation
ansatz in term of type IIA theory on S3 has been constructed
in [42]. Therefore, the solution can be completely embedded
in type IIA theory. In this paper, we are only interested in the
time component of the ten-dimensional metric given by, see
for example [41] for more detail,

ĝ00 = e2U+ 3
2 φ. (3.70)

Using this result, we find that as r̃ → 0, ĝ00 → ∞, so, in
this case, the IR singularity is unphysical.

3.3 Supersymmetric AdS3 × �4 solutions

In this section, we move on to the analysis of AdS3 × �4

solutions. We will consider two types of the internal manifold
�4 namely a Riemannian four-manifold M4 with a constant
curvature and a product of two Riemann surfaces �2 × �2

with SO(4) and SO(2) × SO(2) twists, respectively.

3.3.1 AdS3 × M4 solutions with SO(4) twists

As in the previous section, we will consider SO(4) symmet-
ric solutions for SO(5), SO(4, 1) and CSO(4, 0, 1) gauge
groups with the embedding tensor given in (3.56). To find
AdS3 × M4

k solutions, we use the following ansatz for the
seven-dimensional metric
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(a) (b)

(d)(c)

Fig. 11 RG flows from the N = 4 AdS7 critical point to the AdS4 ×H3 fixed point and curved domain walls for SO(3)+ twists. The blue, orange,
green and red curves refer to g = 8, 16, 24, 32, respectively

ds2
7 = e2U (r)dx2

1,1 + dr2 + e2V (r)ds2
M4

k
(3.71)

with dx2
1,1 = ηmndxmdxn for m, n = 0, 1 being the metric

on two-dimensional Minkowski space. The explicit form of
the metric on M4

k is given by

ds2
�4
k

= dχ2 + fk(χ)2
[
dψ2 + sin2 ψ(dθ2 + sin2 θdϕ2)

]

(3.72)

with χ,ψ, θ ∈ [0, π
2 ], ϕ ∈ [0, 2π ] and fk(χ) is the function

defined in (3.8).
With the vielbein basis of the form

em̂ = eUdxm, er̂ = dr,

eχ̂ = eV dχ, eψ̂ = eV fk(χ)dψ,

eθ̂ = eV fk(χ) sin ψdθ,

eϕ̂ = eV fk(χ) sin ψ sin θdϕ, (3.73)

we obtain the following non-vanishing components of the
spin connection

ωm̂r̂
(1) = U ′em̂, ωî r̂

(1) = V ′eî ,

ω
ψ̂χ̂

(1) = f ′
k(χ)

fk(χ)
e−V eψ̂ , ω

θ̂χ̂

(1) = f ′
k(χ)

fk(χ)
e−V eθ̂ ,

ω
ϕ̂χ̂

(1) = f ′
k(χ)

fk(χ)
e−V eϕ̂ , ω

θ̂ψ̂

(1) = cot ψ

fk(χ)
e−V eθ̂ ,

ω
ϕ̂ψ̂

(1) = cot ψ

fk(χ)
e−V eϕ̂ , ω

ϕ̂θ̂

(1) = cot θ

fk(χ) sin ψ
e−V eϕ̂ (3.74)

with î, ĵ = 3̂, . . . , 6̂ = χ̂ , ψ̂, θ̂ , ϕ̂ being flat indices on M4
k .

We will perform a twist on M4
k by turning on SO(4) gauge

fields to cancel the spin connection as follow

AI J
(1) = − p

k
δ I+2
[î δ J+2

ĵ] ω
î ĵ
(1)

∣∣∣∣
M4

k

. (3.75)
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The corresponding two-form field strengths are given by

H(2)I J

î ĵ
= F I J

î ĵ
= 2δ I+2

[î δ J+2
ĵ] e−2V p. (3.76)

For the SO(4) singlet scalar, we use the same coset repre-
sentative given in (3.58). However, in this case, the three-
form field strengths cannot vanish in order to satisfy the
Bianchi’s identity for H(3)

μνρM since the above gauge fields

lead to non-vanishing εMN PQRHN P
(2) ∧ HQR

2 terms. To pre-

serve the residual SO(4) symmetry, only H(3)
μνρ5 is allowed.

We also note that for SO(5) and SO(4, 1) gauge groups,
the corresponding embedding tensor YMN is non-degenerate.
There are in total t = rankY = 5 massive three-form fields,
so for these gauge groups, H(3)

μνρ5 is obtained by turning

on the massive three-form S(3)
μνρ5. On the other hand, for

CSO(4, 0, 1) gauge group, we have Y55 = 0, so the contri-
bution to H(3)

μνρ5 comes from a massless two-form field Bμν5.
However, we are not able to determine a suitable ansatz for
Bμν5 in order to find a consistent set of BPS equations that are
compatible with the second-ordered field equations. Accord-
ingly, we will not consider the non-semisimpleCSO(4, 0, 1)

gauge group in the following analysis.
For SO(5) and SO(4, 1) gauge groups, the appropriate

ansatz for the modified three-form field strength is given by

H(3)

m̂n̂r̂5 = −96

g
ρe−4(V+2φ) p2εm̂n̂ . (3.77)

Imposing the twist condition (3.47) and the projector in (3.21)
together with additional projectors of the form

γ χ̂ψ̂ εa = −(�12)
a
bε

b, γ ψ̂θ̂ εa = −(�23)
a
bε

b,

γ θ̂ϕ̂εa = −(�34)
a
bε

b, (3.78)

we find the BPS equations

U ′ = g

40

(
4e−2φ + ρe8φ

)
− 12

5
e−2V+2φ p

+288

5g
ρe−4(V+φ) p2, (3.79)

V ′ = g

40

(
4e−2φ + ρe8φ

)

+18

5
e−2V+2φ p − 192

5g
ρe−4(V+φ) p2, (3.80)

φ′ = g

20

(
e−2φ − ρe8φ

)
− 6

5
e−2V+2φ p

− 96

5g
ρe−4(V+φ) p2. (3.81)

From these equations, we find an AdS3 fixed point only
for k = −1 and ρ = 1. The resulting AdS3 × H4 solution is
given by

V = 1

2
ln

[
16 × 23/5 × 32/5

g2

]
, φ = 1

10
ln

[
3

2

]
,

LAdS3 = 2 × 24/5 × 31/5

g
. (3.82)

This is the AdS3 ×H4 fixed point given in [11] for the maxi-
mal SO(5) gauged supergravity. The solution preserves four
supercharges and corresponds to N = (1, 1) SCFT in two
dimensions with SO(4) symmetry. As in the previous cases,
we will consider RG flows from the supersymmetric AdS7

vacuum to this AdS3 × H4 fixed point and curved domain
walls. Examples of these RG flows are given in Fig. 12.
Unlike the previous cases, the IR singularities in this case
are unphysical due to the behavior ĝ00 → ∞.

3.3.2 AdS3 × �2 × �2 solutions with SO(2) × SO(2)

twists

In this section, we consider the manifold �4 in the form of a
product of two Riemann surfaces �2

k1
× �2

k2
. The ansatz for

the metric takes the form of

ds2
7 = e2U (r)dx2

1,1 + dr2 + e2V (r)ds2
�2
k1

+ e2W (r)ds2
�2
k2

(3.83)

in which the metrics on �2
k1

and �2
k2

are given in (3.7).
Using the following choice for the vielbein

em̂ = eUdxm, er̂ = dr, eθ̂1 = eV dθ1,

eϕ̂1 = eV fk1(θ1)dϕ1, eθ̂2 = eWdθ2,

eϕ̂2 = eW fk2(θ2)dϕ2, (3.84)

we obtain all non-vanishing components of the spin connec-
tion as follow

ωm̂r̂
(1) = U ′em̂, ω

î1r̂
(1) = V ′eî1 , ω

î2r̂
(1) = W ′eî2 ,

ω
ϕ̂1θ̂1
(1) = f ′

k1
(θ1)

fk1(θ1)
e−V eϕ̂1 , ω

ϕ̂2 θ̂2
(1) = f ′

k2
(θ2)

fk2(θ2)
e−Weϕ̂2 (3.85)

with î1 = θ̂1, ϕ̂1 and î2 = θ̂2, ϕ̂2 being flat indices on �2
k1

and �2
k2

, respectively.
As in other cases, we consider all gauge groups of the

formCSO(p, q, r) with an SO(2)×SO(2) subgroup. These
gauge groups are obtained from the embedding tensor given
in (3.14). To perform the twist, we turn on the SO(2)×SO(2)

gauge fields

A12
(1) = − p11

k1

f ′
k1

(θ1)

fk1(θ1)
e−V eϕ̂1 − p12

k2

f ′
k2

(θ2)

fk2(θ2)
e−Weϕ̂2 ,

A34
(1) = − p21

k1

f ′
k1

(θ1)

fk1(θ1)
e−V eϕ̂1 − p22

k2

f ′
k2

(θ2)

fk2(θ2)
e−Weϕ̂2 .

(3.86)
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(a) (b)

(d)(c)

Fig. 12 RG flows from the N = 4 AdS7 critical point to the AdS3 × H4 fixed point and curved domain walls for SO(4) twist in SO(5) gauge
group. The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

The corresponding modified two-form field strengths are
given by

H12
(2) = F12

(2) = e−2V p11eθ̂1 ∧ eϕ̂1 + e−2W p12eθ̂2 ∧ eϕ̂2 ,

(3.87)

H34
(2) = F34

(2) = e−2V p21eθ̂1 ∧ eϕ̂1 + e−2W p22eθ̂2 ∧ eϕ̂2 .

(3.88)

We also need to turn on the following three-form field
strength

H(3)

m̂n̂r̂5 = αe−2(V+W+2φ1+2φ2)εm̂n̂ (3.89)

in which α is a constant related to the magnetic charges by
the relation

gρα = −32(p12 p21 + p11 p22). (3.90)

For ρ = 0 corresponding to CSO(2, 2, 1) and CSO(4, 0, 1)

gauge groups, we need to impose a relation on the magnetic
charges

p12 p21 + p11 p22 = 0 (3.91)

to ensure that the resulting BPS equations are compatible
with all the second-ordered field equations.

Using the projection conditions (3.21) and

γ
θ̂1ϕ̂1

εa = γ
θ̂2ϕ̂2

εa = −(�12)
a
bε

b = −(�34)
a
bε

b (3.92)

together with the twist conditions

g(p11 + σ p21) = k1 and g(p12 + σ p22) = k2, (3.93)

we obtain the following BPS equations

U ′ = g

40

(
2e−2φ1 + ρe4(φ1+φ2) + 2σe−2φ2

)

−3α

5g
e−2(V+W+φ1+φ2)

−2

5

[
e−2V

(
e2φ1 p11 + e2φ2 p21

)

+e−2W
(
e2φ1 p12 + e2φ2 p22

)]
, (3.94)
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V ′ = g

40

(
2e−2φ1 + ρe4(φ1+φ2) + 2σe−2φ2

)

+2α

5g
e−2(V+W+φ1+φ2)

+2

5

[
4e−2V

(
e2φ1 p11 + e2φ2 p21

)

−e−2W
(
e2φ1 p12 + e2φ2 p22

)]
, (3.95)

W ′ = g

40

(
2e−2φ1 + ρe4(φ1+φ2) + 2σe−2φ2

)

+2α

5g
e−2(V+W+φ1+φ2)

−2

5

[
e−2V

(
e2φ1 p11 + e2φ2 p21

)

−4e−2W
(
e2φ1 p12 + e2φ2 p22

)]
, (3.96)

φ′
1 = g

20

(
3e−2φ1 − ρe4(φ1+φ2) − 2σe−2φ2

)

+ α

5g
e−2(V+W+φ1+φ2)

−2

5

[
3e2φ1

(
e−2V p11 + e−2W p12

)

−2e2φ2
(
e−2V p21 + e−2W p22

)]
, (3.97)

φ′
2 = g

20

(
3σe−2φ2 − ρe4(φ1+φ2) − 2e−2φ1

)

+ α

5g
e−2(V+W+φ1+φ2)

+2

5

[
2e2φ1

(
e−2V p11 + e−2W p12

)

−3e2φ2
(
e−2V p21 + e−2W p22

)]
. (3.98)

In deriving these equations, we have used the coset represen-
tative given in (3.13) for SO(2) × SO(2) singlet scalars.

From the BPS equations, we find a class of AdS3 ×�2 ×
�2 fixed point solutions

e2V = −16
(
e2φ1 p11 + e2φ2 p21

)

ge4(φ1+φ2)ρ
, (3.99)

e2W = −16
(
e2φ1 p12 + e2φ2 p22

)

ge4(φ1+φ2)ρ
, (3.100)

e10φ1 = 64
 [32(p12 p21 + p11 p22) − gρα − 64σ p21 p22]2

[32σ(p12 p21 + p11 p22) − gρσα − 64p11 p12]3 ,

(3.101)

e10φ2 = 64
 [32σ(p12 p21 + p11 p22) − gρσα − 64p11 p12]2

[32(p12 p21 + p11 p22) − gρα − 64σ p21 p22]3 ,

(3.102)

LAdS3 = 8e2(φ1+φ2)

g(e2φ2 + e2φ1σ)
(3.103)

with


 = �
[
32

(
p12 p22(p11+ p21σ)− p2

12 p21− p11 p2
22σ

)+gρα(p12+ p22σ)
]

ρ
[
1024p2

12 p
2
21+(32p11 p22−gρα)2 − 64p12 p21(32p11 p22+gρα)

] ,

(3.104)

� = 32
[
p11 p21(p12 + p22σ) − p2

11 p22 − p12 p
2
21σ

]

+gρα(p11 + p21σ). (3.105)

Among all the gauge groups with an SO(2) × SO(2)

subgroup, it turns out that AdS3 × �2 × �2 solutions are
possible only for SO(5) and SO(3, 2) gauge groups with
ρ = σ = 1 and ρ = −σ = 1, respectively. For SO(5)

gauge group, the solutions have been extensively studied in
[14]. For SO(3, 2) gauge group, all the AdS3 × �2 × �2

solutions given here are new.
Following [14], we define the following two parameters

to characterize the possible AdS3 × �2 × �2 solutions

z1 = g(p11 − σ p21) and z2 = g(p12 − σ p22) (3.106)

where we have set ρ = 1. In order for the AdS3 fixed points to
exist in SO(5) gauge group with σ = 1, one of the Riemann
surfaces must be negatively curved, and AdS3 × H2 × �2

solutions can be found within the regions in the parameter
space (z1, z2) shown in Fig. 13. These regions are the same as
those given in [14]. The AdS3×�2×�2 fixed points preserve
four supercharges and correspond to N = (2, 0) SCFTs in
two dimensions with SO(2)×SO(2) symmetry. Examples of
RG flows with g = 16 from the N = 4 supersymmetric AdS7

to AdS3 × H2 × �2 fixed points and curved domain walls
in the IR are shown in Figs. 14, 15 and 16 for �2 = H2,R2

and S2, respectively. All the IR singularities are physical with
ĝ00 → 0 near the singularities.

We now carry out a similar analysis for the case of
SO(3, 2) gauge group with ρ = −σ = 1. It turns out that in
this case, the AdS3 fixed points exist only for at least one of
the two Riemann surfaces is positively curved. For definite-
ness, we will choose k1 = 1 and k2 = −1, 0, 1 corresponding
to AdS3×S2×H2, AdS3×S2×R

2 and AdS3×S2×S2 fixed
points, respectively. Using the parameters z1 and z2 defined
in (3.106) with σ = −1, we find regions in the parameter
space (z1, z2) for AdS3 vacua to exist in SO(3, 2) gauged
maximal supergravity as shown in Fig. 17.

For SO(3, 2) gauge group, there is no asymptotically
locally AdS7 geometry. We will consider RG flows between
the AdS3 × S2 × �2 fixed points and curved domain walls
with Mkw3 × S2 × �2 slices. These curved domain walls
have SO(2)× SO(2) symmetry and are expected to describe
non-conformal field theories in two dimensions obtained
from twisted compactifications of N = (2, 0) non-conformal
field theory in six dimensions. The latter is dual to the
half-supersymmetric domain wall of the seven-dimensional
gauged supergravity. A number of these RG flows with
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Fig. 13 Regions (blue) in the parameter space (z1, z2) where good AdS3 vacua exist in SO(5) gauge group. From left to right, these figures
correspond to the cases of (k1 = k2 = −1), (k1 = −1, k2 = 0), (k1 = −k2 = −1), respectively. The orange regions are obtained from
interchanging k1 and k2

(a) (b) (c)

(d) (e) (f)

Fig. 14 RG flows from the N = 4 AdS7 critical point to the AdS3 × H2 × H2 fixed points and curved domain walls for SO(2) × SO(2) twist
in SO(5) gauge group. The blue, orange, green and red curves refer to (z1, z2) = (0, 0), (0.3, 0.3), (−0.3,−0.3), (−1, 0.5), respectively

g = 16 and different values of z1 and z2 are given in Figs.
18, 19 and 20. We see that all singularities in the flows from
AdS3 × S2 × R

2 fixed points are unphysical while only the
singularities on the right (left) with φ1 → ∞ and φ2 → −∞
(φ1 → −∞ and φ2 → ∞) in the flows from AdS3 ×S2 ×S2

(AdS3 × S2 × H2) fixed points are physical.

3.4 AdS3 vacua from Kahler four-cycles

In this section, we consider twisted compactifications of six-
dimensional field theories on Kahler four-cycles K 4

k . The
constant k = 1, 0,−1 characterizes the constant curvature
of K 4

k and corresponds to a two-dimensional complex pro-
jective space CP2, a four-dimensional flat space R

4 and a
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(a) (b) (c)

(d) (e) (f)

Fig. 15 RG flows from the N = 4 AdS7 critical point to the AdS3 × H2 ×R
2 fixed points and curved domain walls for SO(2) × SO(2) twist in

SO(5) gauge group. The blue, orange, green and red curves refer to (z1, z2) = (1,−0.5), (−1, 1), (1,−2), (−8, 1), respectively

two-dimensional complex hyperbolic space CH2, respec-
tively. The manifold K 4

k has a U (2) ∼ U (1) × SU (2) spin
connection. Therefore, we can perform a twist by turning on
SO(2) ∼ U (1) or SO(3) ∼ SU (2) gauge fields to cancel
the U (1) or SU (2) parts of the spin connection.

A general ansatz for the seven-dimensional metric takes
the form of

ds2
7 = e2U (r)dx2

1,1 + dr2 + e2V (r)ds2
K 4
k

(3.107)

in which the explicit form for the metric on the Kahler four-
cycle will be specified separately in each case.

3.4.1 AdS3 × K 4
k solutions with SO(3) twists

We begin with a twist along the SU (2) ∼ SO(3) part of the
spin connection and choose the following form of the metric
on K 4

k

ds2
K 4
k

= dψ2 + fk(ψ)2
(
τ 2

1 + τ 2
2 + τ 2

3

)
(3.108)

with ψ ∈ [0, π
2 ], and fk(ψ) is the function defined in (3.8).

τi are SU (2) left-invariant one-forms satisfying

dτi = 1

2
εi jlτ j ∧ τl , i, j, l = 1, 2, 3. (3.109)

Their explicit forms are given by

τ1 = − sin ϑdθ + cos ϑ sin θdϕ,

τ2 = cos ϑdθ + sin ϑ sin θdϕ,

τ3 = dϑ + cos θdϕ (3.110)

where the ranges of the variables are θ ∈ [0, π ], ϕ ∈ [0, 2π ]
and ϑ ∈ [0, 4π ].

With the following choice of vielbein

em̂ = eUdxm, er̂ = dr, e3̂ = eV fk(ψ)τ1,

e4̂ = eV fk(ψ)τ2, e5̂ = eV fk(ψ)τ3, e6̂ = eV dψ,

(3.111)

we find non-vanishing components of the spin connection

ωm̂r̂
(1) = U ′em̂, ωî r̂

(1) = V ′eî ,

ω3̂6̂
(1) = f ′

k(ψ)τ1, ω4̂5̂
(1) = τ1,

ω4̂6̂
(1) = f ′

k(ψ)τ2, ω5̂3̂
(1) = τ2,

ω5̂6̂
(1) = f ′

k(ψ)τ3, ω3̂4̂
(1) = τ3 (3.112)

where î = 3̂, . . . , 6̂ is the flat index on K 4
k . ωî ĵ

(1) are the SU (2)

spin connections.
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(a) (b) (c)

(d) (e) (f)

Fig. 16 RG flows from the N = 4 AdS7 critical point to the AdS3 × H2 × S2 fixed points and curved domain walls for SO(2) × SO(2) twist in
SO(5) gauge group. The blue, orange, green and red curves refer to (z1, z2) = (−1, 5), (1,−2), (1,−4), (−3, 8), respectively

Fig. 17 Regions (blue) in the parameter space (z1, z2) where good AdS3 vacua exist in SO(3, 2) gauge group. From left to right, these figures
correspond to the cases of (k1 = k2 = 1), (k1 = 1, k2 = 0), (k1 = −k2 = 1), respectively. The orange regions are obtained from interchanging k1
and k2

To perform the twist, we turn on SO(3) gauge fields with
the following ansatz

Ai j
(1) = − p

k
( f ′

k(ψ) − 1)εi jlτl , (3.113)

with the modified two-form field strengths given by

H12
(2) = F12

(2) = e−2V p(e3̂ ∧ e4̂ − e5̂ ∧ e6̂), (3.114)

H23
(2) = F23

(2) = e−2V p(e4̂ ∧ e5̂ − e3̂ ∧ e6̂), (3.115)

H31
(2) = F31

(2) = e−2V p(e5̂ ∧ e3̂ − e4̂ ∧ e6̂). (3.116)

Unlike the previous case, we do not need to turn on the
three-form field strengths since, in this case, εMN PQRHN P

(2) ∧
HQR

(2) = 0.
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(a) (b) (c)

(d) (e) (f)

Fig. 18 RG flows between AdS3 × S2 × S2 fixed points and curved domain walls for SO(2) × SO(2) twist in SO(3, 2) gauge group. The blue,
orange, green and red curves refer to (z1, z2) = (−0.55,−0.55), (−0.55,−0.6), (−0.35,−0.87), (−1,−0.3), respectively

We then impose the twist condition (3.47) together with
the following three projection conditions

γ 3̂4̂εa = −(�12)
a
bε

b, γ 4̂5̂εa = −(�23)
a
bε

b,

γ 3̂4̂εa = −γ 5̂6̂εa . (3.117)

Using the scalar coset representative (3.44) and the projection
(3.21), we find the following BPS equations

U ′ = g

40
e6φ1 [(ρ + σ) cosh 2φ2 cosh 2φ3 + (ρ − σ) sinh 2φ3]

+ 3g

40
e−4φ1 − 12

5
e−2(V−2φ1) p, (3.118)

V ′ = g

40
e6φ1 [(ρ + σ) cosh 2φ2 cosh 2φ3 + (ρ − σ) sinh 2φ3]

+ 3g

40
e−4φ1 + 18

5
e−2(V−2φ1) p, (3.119)

φ′
1 = g

40
e6φ1 [(ρ − σ) sinh 2φ3 − (ρ + σ) cosh 2φ2 cosh 2φ3]

+ g

20
e−4φ1 − 8

5
e−2(V−2φ1) p, (3.120)

φ′
2 = − g

8
e6φ1(ρ + σ) sinh 2φ2sech2φ3, (3.121)

φ′
3 = − g

8
e6φ1 ((ρ + σ) cosh 2φ2 sinh 2φ3 + (ρ − σ) cosh 2φ3) .

(3.122)

It turns out that only SO(5) gauge group admits an AdS3×
CH2 fixed point given by

V = 1

2
ln

[
16 × 34/5

g2

]
, φ1 = 1

10
ln 3,

φ2 = φ3 = 0, LAdS3 = 8

33/5g
. (3.123)

This is the AdS3 ×CH2 solution found in [11]. The solution
preserves four supercharges and corresponds to N = (2, 0)

SCFT in two dimensions with SO(3) × SO(2) symmetry. It
should be noted that for φ2 = φ3 = 0, the scalar coset repre-
sentative is invariant under SO(3)×SO(2) ⊂ SO(5). Exam-
ples of general RG flows from the supersymmetric AdS7

critical point to the AdS3 × CH2 fixed point and curved
domain walls are shown in Figs. 21, 22 and 23. From these
figures, we find that both singularities for φ1 → ±∞ in
the flows with φ2 = φ3 = 0 are physical. On the other
hand, the IR singularities in the flows with all φi ’s non-
vanishing are unphysical due to ĝ00 → ∞ near the singular-
ities.
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(a) (b) (c)

(d) (e) (f)

Fig. 19 RG flows between AdS3 × S2 × R
2 fixed points and curved domain walls for SO(2) × SO(2) twist in SO(3, 2) gauge group. The blue,

orange, green and red curves refer to (z1, z2) = ( 1
34 ,− 1

34 ), ( 1
34 ,− 1

26 ), ( 1
24 ,− 1

18 ), ( 1
36 ,− 1

8 ), respectively

3.4.2 AdS3 × K 4
k solutions with SO(3)+ twists

We now move to AdS3 × K 4
k solutions with the twist given

by identifying the SU (2) part of the spin connection with
the self-dual SO(3)+ ⊂ SO(3)+ × SO(3)− ∼ SO(4). We
begin with the SO(3) × SO(3) gauge fields of the form

Ai j
(1) = − p

2k
( f ′

k(ψ) − 1)εi jlτl and

Ai4
(1) = − p

2k
( f ′

k(ψ) − 1)δi jτ j . (3.124)

The self-dual SO(3) gauge fields can be defined as

Ai
(1) = 1

2
εi jk A jk

(1) + Ai4
(1) = − p

k
( f ′

k(ψ) − 1)τi . (3.125)

In this case, we perform the twist by imposing the twist condi-
tion (3.47) and the three projections given in (3.117) together
with an additional projection for the self-duality of SO(3)

(�12)
a
bε

b = (�34)
a
bε

b. (3.126)

Furthermore, by turning on the above SO(3) gauge fields,
we need to turn on the modified three-form field strength of
the form

H(3)

m̂n̂r̂5 = −192

g
ρe−4(V+2φ) p2εm̂n̂ . (3.127)

As in the case of SO(4) symmetric solutions, we will con-
sider only SO(5) and SO(4, 1) gauge group with ρ �= 0.
Using the embedding tensor (3.56) and the SO(4) invari-
ant coset representative (3.58), we find the following BPS
equations

U ′ = g

40

(
4e−2φ + ρe8φ

)
− 12

5
e−2(V−φ) p

+144

5g
ρe−4(V+φ) p2, (3.128)

V ′ = g

40

(
4e−2φ + ρe8φ

)

+18

5
e−2(V−φ) p − 96

5g
ρe−4(V+φ) p2, (3.129)

φ′ = g

20

(
e−2φ − ρe8φ

)

−6

5
e−2(V−φ) p − 48

5g
ρe−4(V+φ) p2 (3.130)

in which we have also imposed the γr projection (3.21).
From these equations, an AdS3 fixed point is obtained only
in SO(5) gauge group with ρ = 1 and k = −1. This
AdS3 × CH2 solution is given by
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(a) (b) (c)

(d) (e) (f)

Fig. 20 RG flows between AdS3 × S2 × H2 fixed points and curved domain walls for SO(2) × SO(2) twist in SO(3, 2) gauge group. The blue,
orange, green and red curves refer to (z1, z2) = ( 1

24 ,−18), ( 1
16 ,−12), ( 1

24 ,−24), ( 1
16 ,−24), respectively

V = 1

2
ln

[
47/5 × 32/5 × 73/5

g2

]
,

φ = 1

10
ln

[
12

7

]
, LAdS3 = 46/5 × 31/5

g271/5
(3.131)

which is the AdS3 × CH2 fixed point found in [11]. The
solution preserves two supercharges and corresponds to N =
(1, 0)SCFT in two dimensions with SO(3) symmetry. Super-
symmetric RG flows from the N = 4 AdS7 vacuum to this
AdS3 × CH2 fixed point and curved domain walls in the
IR are given in Fig. 24. The IR singularities are physically
acceptable as indicated by the behavior ĝ00 → 0.

3.4.3 AdS3 × K 4
k solutions with SO(2) × SO(2) twists

As a final case for AdS3 × K 4
k solutions, we will perform

another twist on the Kahler four-cycle by cancelling theU (1)

part of the spin connection. To make this U (1) part manifest,
we write the metric on K 4

k as

ds2
K 4
k

= dψ2

(kψ2 + 1)2 + ψ2τ 2
3

(kψ2 + 1)2 + ψ2

(kψ2 + 1)
(τ 2

1 + τ 2
2 )

(3.132)

with τi being the SU (2) left-invariant one-forms given
in (3.110). The seven-dimensional metric is still given by
(3.107) with ds2

K 4
k

given by (3.132).

With the following vielbein

em̂ = eUdxm, er̂ = dr, e3̂ = eVψ√
kψ2 + 1

τ1,

e4̂ = eVψ√
kψ2 + 1

τ2, e5̂ = eVψ

(kψ2 + 1)
τ3,

e6̂ = eV dψ

(kψ2 + 1)
, (3.133)

all non-vanishing components of the spin connection are
given by

ωm̂r̂
(1) = U ′em̂, ωî r̂

(1) = V ′eî , î = 3̂, . . . , 6̂,

ω3̂6̂
(1) = ω4̂5̂

(1) = τ1√
kψ2 + 1

, ω3̂4̂ = (2kψ2 + 1)

(kψ2 + 1)
τ3,

ω5̂6̂
(1) = (1 − kψ2)

(kψ2 + 1)
τ3, ω5̂3̂

(1) = ω4̂6̂
(1) = τ2√

kψ2 + 1)
.

(3.134)
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(a) (b)

(c) (d)

Fig. 21 RG flows from the N = 4 AdS7 critical point to the AdS3 × CH2 fixed point and curved domain walls with φ1 → ∞ and φ2 = φ3 = 0
for SO(3) ∼ SU (2) twist in SO(5) gauge group. The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

To perform the twist, we turn on the SO(2)×SO(2) gauge
fields

A12
(1) = p1

3ψ2
√
kψ2 + 1

τ3 and A34
(1) = p2

3ψ2
√
kψ2 + 1

τ3

(3.135)

and impose the following projection conditions on the Killing
spinors

γ 3̂4̂εa = −γ 5̂6̂εa = −(�12)
a
bε

b = −(�34)
a
bε

b (3.136)

together with the twist condition (3.19). The associated two-
form gauge field strengths are given by

H12
(2) = F12

(2) = 3e−2V p1 J(2) and

H34
(2) = F34

(2) = 3e−2V p2 J(2) (3.137)

where J(2) is the Kahler structure defined by

J(2) = e3̂ ∧ e4̂ − e5̂ ∧ e6̂. (3.138)

With the above non-vanishing SO(2)× SO(2) gauge fields,
we need to turn on the modified three-form field strength of
the form

H(3)

m̂n̂r̂5 = 576

g
ρe−4(V+φ1+φ2) p1 p2εm̂n̂ (3.139)

with ρ being the parameter in the embedding tensor (3.14)
for gauge groups with an SO(2) × SO(2) subgroup. As in
the previous cases, the appearance of ρ in (3.139) implies
that the resulting BPS equations are not compatible with the
field equations for the case of ρ = 0. In subsequent analysis,
we will accordingly consider only gauge groups with ρ �= 0.
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(a) (b)

(c) (d) Profiles of ĝ00

Fig. 22 RG flows from the N = 4 AdS7 critical point to the AdS3 ×CH2 fixed point and curved domain walls with φ1 → −∞ and φ2 = φ3 = 0
for SO(3) ∼ SU (2) twist in SO(5) gauge group. The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

With the γr projector (3.21) and the scalar coset represen-
tative (3.13), the corresponding BPS equations read

U ′ = g

40

(
2e−2φ1 + ρe4(φ1+φ2) + 2σe−2φ2

)

−12

5
e−2V

(
e2φ1 p1 + e2φ2 p2

)

+1728

5g
ρe−2(2V+φ1+φ2) p1 p2, (3.140)

V ′ = g

40

(
2e−2φ1 + ρe4(φ1+φ2) + 2σe−2φ2

)

+18

5
e−2V

(
e2φ1 p1 + e2φ2 p2

)

−1152

5g
ρe−2(2V+φ1+φ2) p1 p2, (3.141)

φ′
1 = g

20

(
3e−2φ1 − ρe4(φ1+φ2) − 2σe−2φ2

)

−12

5
e−2V

(
3e2φ1 p1 − 2e2φ2 p2

)

−576

5g
ρe−2(2V+φ1+φ2) p1 p2, (3.142)

φ′
2 = g

20

(
3σe−2φ2 − ρe4(φ1+φ2) − 2e−2φ1

)

+12

5
e−2V

(
2e2φ1 p1 − 3e2φ2 p2

)

−576

5g
ρe−2(2V+φ1+φ2) p1 p2. (3.143)

From these equations, we find the following AdS3 fixed point
solutions

e2V = −48(p1e2φ1 + p2e2φ2)

gρe4(φ1+φ2)
, (3.144)

e10φ1 = p2
2ρ

(
(p1 + p1ρ

2 − p2σ)(p1 + p2σ)
)2

p3
1(2 + ρ2)(p2(1 + ρ2)σ − p1)3

, (3.145)

e10φ2 = p2
1ρ

(
p1 − p2(1 + ρ2)σ )(p1 + p2σ)

)2

p3
2(2 + ρ2)(p1 + p1ρ2 − p2σ)3

, (3.146)
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(a) (b) (c)

(d) (e) (f)

Fig. 23 RG flows from the N = 4 AdS7 critical point to the AdS3 ×CH2 fixed point and curved domain walls with φ1, φ2 and φ3 non-vanishing
for SO(3) ∼ SU (2) twist in SO(5) gauge group. The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

LAdS3 = 8e−4(φ1+φ2)(p1e2φ1 + p2e2φ2)2

gρ
(
p2

1e
4φ1 + p2

2e
4φ2 + 2p1 p2e2(φ1+φ2)(1 + ρ2)

) .

(3.147)

These solutions preserve four supercharges and are dual to
N = (2, 0) two-dimensional SCFTs.

For SO(5) gauge group, there exist AdS3 × CH2 fixed
points in the range

− 2

3
< gp2 < −1

3
(3.148)

in which we have taken g > 0 for convenience. Up to some
differences in notations, these AdS3 ×CH2 fixed points are
the same as the solutions studied in [14]. As in the previous
cases, we study RG flows from the supersymmetric AdS7

vacuum to the AdS3 ×CH2 fixed points and curved domain
walls in the IR. Some examples of these flows are given in
Fig. 25 for g = 16 and different values of p2. The behaviors
of the eleven-dimensional metric component ĝ00 for these
RG flows are shown in Fig. 26 which indicates that the sin-
gularities are physical.

Apart from these AdS3 ×CH2 fixed points, we find new
AdS3 × CP2 fixed points in SO(4, 1) and SO(3, 2) gauge
groups respectively in the following ranges, with g > 0,

gp2 < 0 ∪ gp2 > 1 and − (3 − √
3)

6
< gp2 < −2

3
.

(3.149)

Since there is no supersymmetric AdS7 critical point for
SO(4, 1) and SO(3, 2) gauge groups, we will study super-
symmetric RG flows between these AdS3×CP2 fixed points
and curved domain walls with SO(2) × SO(2) symmetry.
Examples of these RG flows in SO(4, 1) and SO(3, 2) gauge
groups are shown respectively in Figs. 27 and 28 with g = 16
and different values of p2. From the behaviors of ĝ00 in
Fig. 29, we find that the singularities on the left (right) with
φ1 → ±∞ and φ2 → ∓∞ (φ1 → ∞ and φ2 → −∞) of
the flows in SO(4, 1) (SO(3, 2)) gauge group are physical.

3.5 Supersymmetric AdS2 × �5 solutions

We end this section by considering solutions of the form
AdS2 ×�5. AdS2 ×�5 solutions for the manifold �5 being
S5 or H5 have been given in [11]. The twist is performed
by turning on SO(5) gauge fields. This is obviously possi-
ble only for SO(5) gauge group. In addition, no scalars in
SL(5)/SO(5) coset are singlets under SO(5), so the solu-
tions are given purely in term of the seven-dimensional met-
ric. The corresponding RG flows from the supersymmetric
AdS7 vacuum and the AdS2 ×H5 or AdS2 × S5 fixed points
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(a) (b)

(c) (d)Profiles of ĝ00

Fig. 24 RG flows from the N = 4 AdS7 critical point to the AdS3 ×CH2 fixed point and curved domain walls for SO(3)+ twist in SO(5) gauge
group. The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

have already been analytically given in [11]. We will not
repeat the analysis for this case here.

However, if we consider �5 as a product of three- and
two-manifolds �3 × �2, it is possible to perform a twist by
turning on SO(3)×SO(2) gauge fields along �3×�2. In this
case, there are two gauge groups with an SO(3) × SO(2)

subgroup namely SO(5) and SO(3, 2). The ansatz for the
seven-dimensional metric takes the form of

ds2
7 = −e2U (r)dt2 + dr2 + e2V (r)ds2

�3
k1

+ e2W (r)ds2
�2
k2

.

(3.150)

The explicit form of the metrics on the �3
k1

and �2
k2

are given
in (3.39) and (3.7), respectively.

Using the vielbein

et̂ = eUdt, er̂ = dr, eθ̂2 = eWdθ2,

eϕ̂2 = eW fk2(θ2)dϕ2,

eψ̂1 = eV dψ1, eθ̂1 = eV fk1(ψ1)dθ1,

eϕ̂1 = eV fk1(ψ1) sin θ1dϕ1, (3.151)

we find non-vanishing components of the spin connection as
follow

ωt̂ r̂
(1) = U ′et̂ , ω

î1r̂
(1) = V ′eî1 , ω

î2r̂
(1) = W ′eî2 ,

ω
θ̂1ψ̂1
(1) = f ′

k1
(ψ1)

fk1(ψ1)
e−V eθ̂1 , ω

ϕ̂1ψ̂1
(1) = f ′

k1
(ψ1)

fk1(ψ1)
e−V eϕ̂1 ,

ω
ϕ̂1 θ̂1
(1) = cot θ1

fk1(ψ1)
e−V eϕ̂1 , ω

ϕ̂2 θ̂2
(1) = f ′

k2
(θ2)

fk2(θ2)
e−Weϕ̂2

(3.152)

where î1 = ψ̂1, θ̂1, ϕ̂1 and î2 = θ̂2, ϕ̂2 are flat indices on �3
k1

and �2
k2

, respectively.
There is only one SO(3) × SO(2) invariant scalar field

corresponding to the following non-compact generator
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(a) (b)

(c) (d)

Fig. 25 RG flows from the N = 4 AdS7 critical point to the AdS3 × CH2 fixed point and curved domain walls for SO(2) × SO(2) twist in
SO(5) gauge group. The blue, orange, green and red curves refer to p2 = − 1

25 ,− 1
31 ,− 1

40 ,− 1
46 , respectively

Fig. 26 Profiles of the eleven-dimensional metric component ĝ00 for
the RG flows given in Fig. 25

Y = 2e1,1 + 2e2,2 + 2e3,3 − 3e4,4 − 3e5,5. (3.153)

Therefore, the SL(5)/SO(5) coset representative is
parametrized by

V = eφY . (3.154)

We now turn on the SO(3) × SO(2) gauge fields of the
form

A12
(1) = − p1

k1

f ′
k1

(ψ1)

fk1(ψ1)
e−V eθ̂1 ,

A13
(1) = − p1

k1

f ′
k1

(ψ1)

fk1(ψ1)
e−V eϕ̂1 ,

A23
(1) = − p1

k1

cot(θ1)

fk1(ψ1)
e−V eϕ̂1 ,
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(a) (b)

(c) (d)

Fig. 27 RG flows between AdS3 × CP2 fixed points and curved domain walls for SO(2) × SO(2) twist in SO(4, 1) gauge group. The blue,
orange, green and red curves refer to p2 = 1

2 ,− 1
4 , 4,−8,− 1

47 , respectively

A45
(1) = − p2

k2

f ′
k2

(θ2)

fk2(θ2)
e−Weϕ̂2 (3.155)

with the corresponding two-form field strengths given by

H(2)12
ψ̂1 θ̂1

= F12
ψ̂1θ̂1

= e−2V p1,

H(2)23
θ̂1ϕ̂1

= F23
θ̂1ϕ̂1

= e−2V p1,

H(2)31
ϕ̂1ψ̂1

= F31
ϕ̂1ψ̂1

= e−2V p1,

H(2)45
θ̂2ϕ̂2

= F45
θ̂2ϕ̂2

= e−2W p2. (3.156)

With all these gauge fields non-vanishing, we also need to
turn on the three-form field strengths

H(3)

t̂ r̂ î1M
= −32

g
δî1M

e4φ−2V−2W p1 p2. (3.157)

We then impose the twist conditions

gp1 = k1 and σgp2 = k2 (3.158)

and the following projectors on the Killing spinors

γ ψ̂1θ̂1εa = −(�12)
a
bε

b, γ θ̂1ϕ̂1εa = −(�23)
a
bε

b,

γ θ̂2ϕ̂2εa = −(�45)
a
bε

b. (3.159)

Using the embedding tensor in the form

YMN = diag(+1,+1,+1, σ, σ ) (3.160)

for σ = ±1 and the scalar coset representative (3.154), we
can derive the following BPS equations

U ′ = g

40

(
3e−4φ + 2σe6φ

)
+ 288e2φ p1 p2

5ge2(V+W )

−2

5

(
3e−2V+4φ p1 + e−2W−6φ p2

)
, (3.161)
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(a) (b)

(c) (d)

Fig. 28 RG flows between AdS3 × CP2 fixed points and curved domain walls for SO(2) × SO(2) twist in SO(3, 2) gauge group. The blue,
orange, green and red curves refer to p2 = − 1

23 ,− 1
22 ,− 1

21 ,− 2
41 , respectively

V ′ = g

40

(
3e−4φ + 2σe6φ

)
− 32e2φ p1 p2

5ge2(V+W )

+2

5

(
7e−2V+4φ p1 − e−2W−6φ p2

)
, (3.162)

W ′ = g

40

(
3e−4φ + 2σe6φ

)
− 192e2φ p1 p2

5ge2(V+W )

−2

5

(
3e−2V+4φ p1 − 2e−2W−6φ p2

)
, (3.163)

φ′ = g

20

(
e−4φ − σe6φ

)
+ 32e2φ p1 p2

5ge2(V+W )

−2

5

(
2e−2V+4φ p1 − e−2W−6φ p2

)
(3.164)

in which we have also used the γr projector in (3.21).

From these equations, we find an AdS2 fixed point only
for k1 = k2 = −1 and σ = 1. The resulting AdS2×H3×H2

fixed point is given by

V = 1

2
ln

[
16 × 24/5

g2

]
, W = 1

2
ln

[
16

g221/5

]
,

φ = 1

10
ln 2, LAdS2 = 2 × 22/5

g
(3.165)

which is the solution found in [12]. The three projectors in
(3.159) imply that this solution preserves four supercharges.
The solution is dual to superconformal quantum mechanics.
Examples of RG flows from the supersymmetric AdS7 vac-
uum to the AdS2 × H3 × H2 fixed point and curved domain
walls in the IR are given in Fig. 30. From the behavior of the
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(a) (b)

Fig. 29 Profiles of the eleven-dimensional metric component ĝ00 for the RG flows between AdS3 × CP2 fixed points and curved domain walls
in SO(4, 1) and SO(3, 2) gauge groups

eleven-dimensional metric component ĝ00, we see that the
singularity is physically acceptable. Therefore, this singular-
ity is expected to describe supersymmetric quantum mechan-
ics obtained from a twisted compactification of N = (2, 0)

SCFT in six dimensions.

4 Solutions from gaugings in 40 representation

In this section, we repeat the same analysis for gaugings from
40 representation. These result in gauge groups of the form
CSO(p, q, r) with p+q+r = 4. In this case, the embedding
tensor is given by

YMN = 0 and ZMN ,P = v[MwN ]P (4.1)

with wMN = w(MN ). The SL(5) symmetry can be used to fix
vM = δM5 . Following [34], we will split the index M = (i, 5)

and set w55 = wi5 = 0. The remaining SL(4) ⊂ SL(5)

symmetry can be used to diagonalize wi j in the form

wi j = diag(1, .., 1︸ ︷︷ ︸
p

,−1, ..,−1︸ ︷︷ ︸
q

, 0, .., 0︸ ︷︷ ︸
r

). (4.2)

This generatesCSO(p, q, r) gauge groups for p+q+r = 4
with the corresponding gauge generators given by

(Xi j )k
l = 2εi jkmwml . (4.3)

With the SL(5) index splitting M = (i, 5), it is also use-
ful to parametrize the SL(5)/SO(5) coset in term of the
SL(4)/SO(4) submanifold as

V = ebi t
i Ṽeφ0t0 . (4.4)

Ṽ is the SL(4)/SO(4) coset representative, and t0, t i refer
respectively to SO(1, 1) and four nilpotent generators in the
decomposition SL(5) → SL(4) × SO(1, 1). The unimodu-
lar matrix MMN decomposes accordingly

MMN =
(
e−2φ0M̃i j + e8φ0 e8φ0bi

e8φ0b j e8φ0

)
(4.5)

withM̃i j = (ṼṼT )i j . The scalar potential for the embedding
tensor (4.1) reads

V = g2

4
e14φ0biw

i jM̃ jkw
klbl

+g2

4
e4φ0

(
2M̃i jw

jkM̃klw
li − (M̃i jw

i j )2
)

. (4.6)

It can be straightforwardly verified that the nilpotent scalars
bi appear at least quadratically in the Lagrangian. Therefore,
these scalars can always be consistently truncated out. In the
following analysis, we will consider only supersymmetric
solutions with bi = 0 for simplicity.

As in the case of gaugings in 15 representation, when the
compact manifold �d has dimension d > 3, the modified
three-form field strengths need to be turned on in order to
satisfy the corresponding Bianchi’s identity. However, with
YMN = 0, there are no massive three-form fields. In this case,
the contribution to H(3)

μνρM arises solely from the two-form
fields. There are respectively 5 − s and s, for s = rank Z ,
massless and massive two-form fields. The latter also appear
in the modified gauge field strengths H(2)MN

μν . In particular,
with the embedding tensor given in (4.1), we find

H(2)i j
μν = Fi j

μν and H(2)5i
μν = g

2
wi j Bμν j (4.7)
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(a) (b) (c)

(d) (e)

Fig. 30 RG flows from supersymmetric AdS7 vacuum to the AdS2 × H3 × H2 fixed point and curved domain walls with SO(3) × SO(2) twist
in SO(5) gauge group. The blue, orange, green and red curves refer to g = 8, 16, 24, 32, respectively

in which Bμν j are massive two-form fields. However, we
are not able to find a consistent set of BPS equations that
are compatible with the field equations for non-vanishing
massive two-form fields. Therefore, in the following analysis,
we will truncate out all the massive two-form fields. Finally,
we point out here that the CSO(p, q, r) with p+ q + r = 4
gauge group is not large enough to accommodate SO(5) or
SO(3) × SO(2) subgroups. Consequently, it is not possible
to have AdS2 × �5 or AdS2 × �3 × �2 solutions.

4.1 Solutions with the twists on �2

We first look for AdS5×�2 solutions for �2 being a Riemann
surface. The ansatz for the seven-dimensional metric is given
in (3.6). We will consider solutions obtained from SO(2) ×
SO(2) and SO(2) twists on �2. The procedure is essentially
the same as in the gaugings in 15 representation, so we will
not give all the details here to avoid a repetition.

4.1.1 Solutions with SO(2) × SO(2) twists

Gauge groups with an SO(2) × SO(2) subgroup can be
obtained from the embedding tensor of the form

wi j = diag(1, 1, σ, σ ) (4.8)

with the parameter σ = 1,−1 corresponding to SO(4)

and SO(2, 2) gauge groups, respectively. There is only one

SO(2) × SO(2) singlet scalar from SL(4)/SO(4) coset
described by the coset representative

Ṽ = diag(eφ, eφ, e−φ, e−φ). (4.9)

The scalar potential is given by

V = −2σe−4φ0g2. (4.10)

In this case, there is no supersymmetric AdS7 fixed point. The
supersymmetric vacuum is given by half-supersymmetric
domain walls dual to N = (2, 0) non-conformal field theo-
ries in six dimensions.

We now perform the twist by turning on the following
SO(2) × SO(2) gauge fields

A12
(1) = e−V p2

4k

f ′
k(θ)

fk(θ)
eϕ̂ and

A34
(1) = e−V p1

4k

f ′
k(θ)

fk(θ)
eϕ̂ (4.11)

and imposing the projection conditions given in (3.20)
and

γr̂ε
a = −(�5)

a
bε

b (4.12)

together with the twist condition (3.19).
With all these, we find the following BPS equations
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U ′ = g

5
e−2(φ0+φ)(e4φ + σ)

− 1

10
e−2(V−φ0)

(
e−2φ p1 + e2φ p2

)
, (4.13)

V ′ = g

5
e−2(φ0+φ)(e4φ + σ)

+2

5
e−2(V−φ0)

(
e−2φ p1 + e2φ p2

)
, (4.14)

φ′
0 = g

10
e−2(φ0+φ)(e4φ + σ)

− 1

20
e−2(V−φ0)

(
e−2φ p1 + e2φ p2

)
, (4.15)

φ′
1 = −g

2
e−2(φ0+φ)(e4φ − σ)

+1

4
e−2(V−φ0)

(
e−2φ p1 − e2φ p2

)
. (4.16)

From these equations, there are no fixed point solutions sat-
isfying the conditions φ′ = φ′

0 = V ′ = 0 and U ′ = 1
LAdS5

.

In subsequent analysis, we will consider interpolating solu-
tions between an asymptotically locally flat domain wall and
curved domain walls in SO(4) gauge group. Similar solu-
tions can also be found in SO(2, 2) gauge group.

For large V , the contribution from the gauge fields is
highly suppressed. In this limit, we find

φ ∼ 1

r5
, φ0 ∼ − 1

10
log φ, U ∼ V ∼ 2φ0 (4.17)

which implies that U ∼ V → ∞ as r → ∞. Examples
of flow solutions with this asymptotic behavior are given in
Figs. 31, 32 and 33 for �2 = S2,R2, H2, respectively. In
these solutions, we have set g = 16. We note here that the
flows to the flat Mkw4×R

2-sliced domain walls given in Fig.
32 are possible provided that we set p2 = −p1 as required
by the twist condition. It should also be pointed out that the
green curve in Fig. 32 is simply the usual flat domain wall
since k = p1 = p2 = 0. In this case, the solution preserves
the full SO(4) gauge symmetry due to the vanishing of the
SO(2) × SO(2) singlet scalar φ. This solution has already
been given analytically in [41].

As shown in [38], the maximal gauged supergravity in
seven dimensions with CSO(p, q, 4 − p − q) gauge group
obtained from the embedding tensor in 40 representation can
be embedded in type IIB theory via a truncation on H p,q ◦
T 4−p−q . For the present discussion, we only need the ten-
dimensional metric which, for SO(p, 4 − p) gauge group,
is given by

ĝμν = κ
3
4 �

1
4 gμν (4.18)

with

� = μiμ jη
ikη jlM̃kl . (4.19)

ηi j is the SO(p, 4 − p) invariant tensor, and μi are coor-
dinates on H p,q satisfying μiμ jη

i j = 1. In term of the
parametrization (4.4), κ is identified as follows

κ = e2φ0 . (4.20)

For CSO(p, q, 4 − p − q) gauge group, we decompose the
SL(4) indices i, j, . . . into (î, ĩ) with î = 1, . . . p + q and
ĩ = p + q + 1, . . . , 4. The ten-dimensional metric and the
warped factor are still given by (4.18) and (4.19) but with

ηi j = (ηî ĵ , ηĩ j̃ ) replaced by the SO(p, q) invariant tensor

ηî ĵ and ηĩ j̃ = 0. In this case, μî become coordinates on H p,q

satisfying ηî ĵμîμ ĵ = 1 while μĩ are coordinates on T 4−p−q .
For the present case of SO(4) gauge group, we simply

have ηi j = δi j for i, j = 1, 2, 3, 4. The behavior of the time
component of the ten-dimensional metric ĝ00 for the flow
solutions in Figs. 31, 32 and 33 is shown in Fig. 34. Near
the IR singularities, we find ĝ00 → 0, so the singularities are
physically acceptable.

4.1.2 Solutions with SO(2) twists

We then move to another twist on �2 by turning on only an
SO(2) gauge field. This can be achieved from the SO(2) ×
SO(2) gauge fields given in (4.11) by setting p2 = 0 and
p1 = p. In this case, the SL(4)/SO(4) coset representative
is given by

Ṽ = eφ1Ỹ1+φ2Ỹ2+φ3Ỹ3 (4.21)

in which Ỹ1, Ỹ2, and Ỹ3 are non-compact generators com-
muting with the SO(2) symmetry generated by X12. The
explicit form of these generators is given by

Ỹ1 = e1,1 + e2,2 − e3,3 − e4,4, Ỹ2 = e3,4 + e4,3,

Ỹ3 = e3,3 − e4,4. (4.22)

The embedding tensor is taken to be

wi j = diag(1, 1, σ, ρ) (4.23)

corresponding to six gauge groups with an SO(2) subgroup.
These are given by SO(4) (ρ = σ = 1), SO(3, 1) (−ρ =
σ = 1), SO(2, 2) (ρ = σ = −1), SO(3, 0, 1) (ρ = 0,
σ = 1), SO(2, 1, 1) (ρ = 0, σ = −1), and CSO(2, 0, 2)

(ρ = σ = 0).
Imposing the twist condition (3.47) and the projector

(4.12) together with

γ θ̂ϕ̂εa = −(�12)
a
bε

b, (4.24)

we obtain the BPS equations

U ′ = g

10
e−2(φ0+φ1)

[
2e4φ1 − (ρ − σ) sinh 2φ3

+(ρ + σ) cosh 2φ3 cosh 2φ2

]
− 1

10
pe−2(V−φ0+φ1),

(4.25)

V ′ = g

10
e−2(φ0+φ1)

[
2e4φ1 − (ρ − σ) sinh 2φ3
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(a) (b)

(c) (d)

Fig. 31 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw4 × S2-sliced curved domain walls for
SO(2)×SO(2) twist in SO(4) gauge group. The blue, orange, green, red and purple curves refer to p2 = −0.5,−0.03, 0.03, 0.06, 0.25, respectively

+(ρ + σ) cosh 2φ3 cosh 2φ2

]
+ 2

5
pe−2(V−φ0+φ1),

(4.26)

φ′
0 = g

20
e−2(φ0+φ1)

[
2e4φ1 − (ρ − σ) sinh 2φ3

+(ρ + σ) cosh 2φ2 cosh 2φ3

]
− 1

20
pe−2(V−φ0+φ1),

(4.27)

φ′
1 = −g

4
e−2(φ0+φ1)

[
2e4φ1

+(ρ − σ) sinh 2φ3 − (ρ + σ) cosh 2φ2 cosh 2φ3

]

+1

4
pe−2(V−φ0+φ1), (4.28)

φ′
2 = −g

2
e−2(φ0+φ1)(ρ + σ) sinh 2φ2 sech 2φ3, (4.29)

φ′
3 = g

2
e−2(φ0+φ1) [(ρ − σ) cosh 2φ3

−(ρ + σ) cosh 2φ2 sinh 2φ3] . (4.30)

As in the case of SO(2) × SO(2) twist, there do not exist
any AdS5 ×�2 fixed points. The numerical analysis for find-
ing flow solutions interpolating between locally asymptoti-
cally flat domain walls and curved domain walls can also be
obtained as in the previous case.

4.2 Solutions with the twists on �3

In this section, we repeat the same analysis for solutions
with the twists on �3. We will consider two different twists
by turning on SO(3) and SO(3)+ gauge fields.

4.2.1 Solutions with SO(3) twists

In this case, the gauge groups with an SO(3) subgroup are
described by the embedding tensor

wi j = diag(1, 1, 1, ρ) (4.31)
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(a) (b)

(c) (d)

Fig. 32 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw4 ×R
2-sliced domain walls for SO(2) ×

SO(2) twist in SO(4) gauge group. The blue, orange, green, red and purple curves refer to p2 = −0.5,−0.03, 0, 0.06, 0.25, respectively

with ρ = −1, 0, 1 corresponding to SO(3, 1), CSO(3, 0, 1)

and SO(4) gauge groups, respectively.
There is one SO(3) singlet scalar from the SL(4)/SO(4)

coset with the coset representative given by

Ṽ = diag(eφ, eφ, eφ, e−3φ) (4.32)

leading to the scalar potential

V = −g2

4
e−4(φ0+3φ)

(
3e16φ + 6ρe8φ − ρ2

)
. (4.33)

To perform the twist, we turn on the SO(3) gauge fields

A34
(1) = e−V p

4k

f ′
k(ψ)

fk(ψ)
eθ̂ ,

A42
(1) = e−V p

4k

f ′
k(ψ)

fk(ψ)
eϕ̂ ,

A14
(1) = e−V p

4k

cot(θ)

fk(ψ)
eϕ̂ (4.34)

and impose the projectors (3.48) on the Killing spinors
together with the twist condition (3.47). With all these and
the γr projector (4.12), the resulting BPS equations read

U ′ = g

10
e−2(φ0+3φ)(3e8φ + ρ) − 3

10
e−2(V−φ0+φ) p, (4.35)

V ′ = g

10
e−2(φ0+3φ)(3e8φ + ρ) + 7

10
e−2(V−φ0+φ) p, (4.36)

φ′
0 = g

20
e−2(φ0+3φ)(3e8φ + ρ) − 3

20
e−2(V−φ0+φ) p, (4.37)

φ′ = −g

4
e−2(φ0+3φ)(e8φ − ρ) + 1

4
e−2(V−φ0+φ) p. (4.38)

As in the previous case, there do not exist any AdS4 fixed
points for these equations. We then look for solutions inter-
polating between asymptotically locally flat domain walls
and curved domain walls.

For CSO(3, 0, 1) gauge group with ρ = 0, these equa-
tions can be analytically solved. First of all, the BPS equa-
tions give
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(a) (b)

(c) (d)

Fig. 33 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw4 × H2-sliced curved domain walls for
SO(2)×SO(2) twist in SO(4) gauge group. The blue, orange, green, red and purple curves refer to p2 = −0.5,−0.12,−0.03, 0, 0.25, respectively

(a) (b) (c)

Fig. 34 Profiles of the ten-dimensional metric component ĝ00 for the supersymmetric flows given in Figs. 31, 32 and 33

U = 2φ0. (4.39)

We have neglected an additive integration constant for U
which can be absorbed by rescaling the coordinates on
Mkw3. With ρ = 0, we find that φ′

0 + 3
5φ′ = 0 which gives

φ0 = −3

5
φ + C0 (4.40)

with an integration constant C0.
Taking a linear combination V ′ + 6

5φ′ and changing to a

new radial coordinate r̃ given by dr̃
dr = e− 4

5 φ , we find
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V = 1

2
ln(2pr̃ + C) − 6

5
φ. (4.41)

The integration constant C can also be set to zero by shifting
the coordinate r̃ . With all these results, the equation for φ′
gives

φ = −1

4
ln

[
2

3
gr̃ − C̃

p
√
pr̃

]
(4.42)

in which we have set C = 0 for simplicity, and C̃ is another
integration constant.

As r̃ → 0, we find that the above solution becomes a
locally flat domain wall with U ∼ V → ∞. The asymptotic
behavior is given by

φ ∼ 1

8
ln r̃ , φ0 ∼ − 3

40
ln r̃ , U ∼ V ∼ − 3

20
ln r̃ . (4.43)

For r̃ → ∞, we find

φ ∼ −1

4
ln r̃ , φ0 ∼ 3

20
ln r̃ ,

V ∼ 4

5
ln r̃ , U ∼ 3

10
ln r̃ . (4.44)

Computing the type IIB metric, we obtain

ĝ00 ∼ e2U+ 3
2 φ0+ 1

2 φ ∼ r̃
7

10 → ∞, (4.45)

as r̃ → ∞, which implies that the IR singularity is unphysi-
cal.

For ρ �= 0, we can only partially solve the BPS equations.
As in the ρ = 0 case, the BPS equations give U = 2φ0.
Taking a linear combination φ′

0 + 3
5φ′ and defining a new

coordinate r̃ via dr̃
dr = e− 24

5 φ , we find

φ0 = 1

2
ln

[
2

5
(gρr̃ + C)

]
− 3

5
φ. (4.46)

The complete solutions can be obtained numerically. As r →
∞, we find

φ ∼ 1

r5
, φ0 ∼ − 1

10
log φ, U ∼ V ∼ 2φ0. (4.47)

Examples of these solutions for SO(4) gauge group are given
in Figs. 35 and 36 for different values of g. The behavior of the
ten-dimensional metric ĝ00 for these flow solutions is shown
in Fig. 37 from which only the singularities of Mkw3 × H3-
sliced domain walls are physical. For Mkw3 × R

3-sliced
domain walls with k = 0, the twist condition gives p = 0
resulting in the usual flat domain walls.

4.2.2 Solutions with SO(3)+ twists

We now consider another twist by turning on the gauge fields
for self-dual SO(3)+ gauge symmetry. Only the scalar field
φ0 is SO(3)+ singlet, so we simply have M̃i j = δi j . Fur-
thermore, we consider only SO(4) gauge group since this is
the only gauge group that contains the SO(3)+ subgroup.

The SO(3)+ gauge fields are given by

A12
(1) = A34

(1) = e−V p

8k

f ′
k(ψ)

fk(ψ)
eθ̂ ,

A13
(1) = A42

(1) = e−V p

8k

f ′
k(ψ)

fk(ψ)
eϕ̂ ,

A23
(1) = A14

(1) = e−V p

8k

cot(θ)

fk(ψ)
eϕ̂ . (4.48)

With the projectors (3.48), (3.126) and (4.12) together with
the twist condition (3.47), the resulting BPS equations are
given by

U ′ = 2g

5
e−2φ0 − 3

10
e−2(V−φ0) p, (4.49)

V ′ = 2g

5
e−2φ0 + 7

10
e−2(V−φ0) p, (4.50)

φ′
0 = g

5
e−2φ0 − 3

20
e−2(V−φ0) p. (4.51)

As in the case of SO(3) twist, we do not find any AdS4 fixed
points from these equations.

From the BPS equations, we again find that U = 2φ0.
By taking a linear combination V ′ − 2φ′

0 and defining a new
radial coordinate r̃ by dr̃

dr = e−V , we obtain

V = ln(pr̃ + C) + 2φ0. (4.52)

Using φ0 from (4.52) in equation for V ′, we find, after chang-
ing to the coordinate r̃ ,

V = g

5p
(pr̃ + C)2 + 7

10
ln(pr̃ + C). (4.53)

As r̃ → ∞, we find, with C set to zero by shifting r̃ ,

U ∼ V ∼ 1

5
gpr̃2 and φ0 ∼ 1

10
gpr̃2 (4.54)

which is identified with a domain wall solution given in [41].
On the other hand, as r̃ → 0, the solution becomes

U ∼ −3

5
ln(pr̃), V ∼ 7

10
ln(pr̃),

φ0 ∼ − 3

10
ln(pr̃). (4.55)

This singularity is unphysical since the ten-dimensional met-
ric gives

ĝ00 ∼ e2U+ 3
2 φ0 → ∞. (4.56)

We note that this solution is the same as that given in
Sect. 3.2.2 for CSO(4, 0, 1) gauge group. The two gauged
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(a) (b)

(c) (d)

Fig. 35 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw3 × S3-sliced curved domain walls for
SO(3) twist in SO(4) gauge group. The blue, orange, green and red curves refer to g = 4, 8, 16, 32, respectively

supergravities can be obtained from truncations of type
IIB and type IIA theories on S3, respectively. In fact,
there is a duality between these solutions as pointed out in
[38].

4.3 Solutions with the twists on �4

We finally look for supersymmetric solutions obtained from
the twists on a four-manifold �4. As in the case of gaugings
in 15 representation, we will consider two types of �4 in
terms of a product of two Riemann surfaces �2 × �2 and a
Kahler four-cycle K 4.

4.3.1 Solutions with SO(2) × SO(2) twists on �2 × �2

For solutions with SO(2)×SO(2) twists, there are two gauge
groups to consider, SO(4) and SO(2, 2) with the embedding
tensor (4.8). The ansatz for the metric is given in (3.83). To

cancel the spin connection on �2
k1

× �2
k2

, we turn on the
following SO(2) × SO(2) gauge fields

A12
(1) = p11

4k1

f ′
k1

(θ1)

fk1(θ1)
e−V eϕ̂1 + p12

4k2

f ′
k2

(θ2)

fk2(θ2)
e−Weϕ̂2 ,

A34
(1) = p21

4k1

f ′
k1

(θ1)

fk1(θ1)
e−V eϕ̂1 + p22

4k2

f ′
k2

(θ2)

fk2(θ2)
e−Weϕ̂2 (4.57)

with the corresponding two-form field strengths

F12
(2) = −e−2V p11

4
eθ̂1 ∧ eϕ̂1 − e−2W p12

4
eθ̂2 ∧ eϕ̂2 ,

F34
(2) = −e−2V p21

4
eθ̂1 ∧ eϕ̂1 − e−2W p22

4
eθ̂2 ∧ eϕ̂2 . (4.58)

Following a similar analysis for gaugings in 15 represen-
tation, we also turn on the modified three-form field strength
using the ansatz

H(3)

m̂n̂r̂5 = βe−2(V+W+4φ0)εm̂n̂ (4.59)
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(a) (b)

(c) (d)

Fig. 36 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw3 × H3-sliced curved domain walls for
SO(3) twist in SO(4) gauge group. The blue, orange, green and red curves refer to g = 4, 8, 16, 32, respectively

(a) (b)

Fig. 37 Profiles of the ten-dimensional metric component ĝ00 for the supersymmetric flows given in Figs. 35 and 36
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in which β is a constant. We now impose the twist conditions

g(σ p11 + p21) = k1 and g(σ p12 + p22) = k2 (4.60)

and the projection conditions in (3.92) together with (4.12).
With all these, the resulting BPS equations are given by

U ′ = −e2φ0

10

[
e−2(V+φ)(e4φ p11 + p21)

+e−2(W+φ)(e4φ p12 + p22)
]

+g

5
e−2(φ0+φ)(e4φ + σ) + 3

5
e−2(V+W+2φ0)β, (4.61)

V ′ = −e2φ0

10

[
4e−2(V+φ)(e4φ p11 + p21)

−e−2(W+φ)(e4φ p12 + p22)
]

+g

5
e−2(φ0+φ)(e4φ + σ) − 2

5
e−2(V+W+2φ0)β, (4.62)

W ′ = −e2φ0

10

[
e−2(V+φ)(e4φ p11 + p21)

−4e−2(W+φ)(e4φ p12 + p22)
]

+g

5
e−2(φ0+φ)(e4φ + σ) − 2

5
e−2(V+W+2φ0)β, (4.63)

φ′
0 = −e2φ0

20

[
e−2(V+φ)(e4φ p11 + p21)

+e−2(W+φ)(e4φ p12 + p22)
]

+ g

10
e−2(φ0+φ)(e4φ + σ) − 1

5
e−2(V+W+2φ0)β,

(4.64)

φ′ = −e2φ0

4

[
e−2(V+φ)(e4φ p11 − p21)

+e−2(W+φ)(e4φ p12 − p22)
]

−g

2
e−2(φ0+φ)(e4φ − σ). (4.65)

Unlike the similar analysis for gaugings in 15 representation,
it turns out that compatibility between these BPS equations
and the second-ordered field equations requires

p12 p21 + p11 p22 = 0 (4.66)

for any values of β. This implies that the constant β is a free
parameter in this case. However, we do not find any AdS3

fixed points from the BPS equations.
For SO(4) gauge group, examples of flow solutions

between asymptotically locally flat domain walls and curved
domain walls for various forms of �2 × �2 are shown in
Figs. 38, 39, 40, 41, 42, and 43. In these solutions, we have
chosen particular values of g = 16 and β = 2. The green
curve in Fig. 41 is the flat domain wall solution given in [41].
All of the IR singularities are physical as can be seen from
the behavior of the ten-dimensional metric given in Fig. 44.

We have also considered SO(2) twists on �2 × �2 by
setting p11 = p12 = 0 and obtain more complicated BPS
equations. However, we do not find any AdS3 fixed points
either. Therefore, we will not give further detail on this anal-
ysis.

4.3.2 Solutions with SO(3) twists on K 4

For �4 being a Kahler four-cycle K 4
k , we perform an SO(3)

twist to cancel the SU (2) part of the spin connection, given
in (3.112), by turning on the SO(3) gauge fields

Ai4
(1) = p

4k
( f ′

k(ψ) − 1)δi jτ j (4.67)

with the two-form field strengths given by

H14
(2) = − p

4
e−2V

(
e4̂ ∧ e5̂ − e3̂ ∧ e6̂

)
,

H24
(2) = − p

4
e−2V

(
e5̂ ∧ e3̂ − e4̂ ∧ e6̂

)
,

H34
(2) = − p

4
e−2V

(
e3̂ ∧ e4̂ − e5̂ ∧ e6̂

)
. (4.68)

These field strengths do not lead to any problematic terms
in the modified Bianchi’s identity for the three-form field
strengths. However, we can have a non-vanishing three-form
field strength by using the following ansatz

H(3)

m̂n̂r̂5 = βe−4(V+φ0)εm̂n̂ . (4.69)

which is a manifestly closed three-form for a constant β.
With the SL(4)/SO(4) coset representative and the

embedding tensor given in (4.32) and (4.31) together with
the projections (3.117) and (4.12), we find the following BPS
equations

U ′ = g

10
e−2(φ0+3φ)(3e8φ + ρ) − 3

5
e−2(V−φ0+φ) p

−3

5
e−4(V+φ0)β, (4.70)

V ′ = g

10
e−2(φ0+3φ)(3e8φ + ρ) + 9

10
e−2(V−φ0+φ) p

+2

5
e−4(V+φ0)β, (4.71)

φ′
0 = g

20
e−2(φ0+3φ)(3e8φ + ρ) − 3

10
e−2(V−φ0+φ) p

+1

5
e−4(V+φ0)β, (4.72)

φ′ = −g

4
e−2(φ0+3φ)(e8φ − ρ) + 1

2
e−2(V−φ0+φ) p (4.73)

in which we have used the twist condition (3.47). We do not
find any AdS3 fixed points from these equations. Examples
of supersymmetric flows for β = −2 are given in Figs. 45 and
46 for k = 1 and k = −1, respectively. From the behavior
of the ten-dimensional metric given in Fig. 47, we find that
the IR singularities for k = −1 are physical. In the case of
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(a) (b) (c)

(d) (e)

Fig. 38 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 × S2 × S2-sliced curved domain walls
in SO(4) gauge group. The blue, orange, green, red and purple curves refer to p21 = −0.5,−0.12, 0, 0.12, 0.25, respectively

(a) (b) (c)

(d) (e)

Fig. 39 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 × S2 × R
2-sliced curved domain walls

in SO(4) gauge group. The blue, orange, green, red and purple curves refer to p21 = −0.5,−0.12, 0.03, 0.06, 0.25, respectively
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(a) (b) (c)

(d) (e)

Fig. 40 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 × S2 × H2-sliced curved domain walls
in SO(4) gauge group. The blue, orange, green, red and purple curves refer to p21 = −0.5,−0.03, 0, 0.08, 0.25, respectively

(a) (b) (c)

(d) (e)

Fig. 41 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 ×R
2 ×R

2-sliced domain walls in SO(4)

gauge group. The blue, orange, green, red and purple curves refer to p21 = −0.5,−0.12, 0, 0.03, 0.25, respectively
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(a) (b) (c)

(d) (e)

Fig. 42 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 × H2 ×R
2-sliced curved domain walls

in SO(4) gauge group. The blue, orange, green, red and purple curves refer to −0.5,−0.12,−0.03, 0, 0.25, respectively

(a) (b) (c)

(d) (e)

Fig. 43 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 × H2 × H2-sliced curved domain walls
in SO(4) gauge group. The blue, orange, green, red and purple curves refer to p21 = −0.5,−0.12,−0.01, 0.25, 0.6, respectively
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(a) (b) (c)

(d) (e) (f)

Fig. 44 Profiles of the ten-dimensional metric component ĝ00 for the supersymmetric flows given in Figs. 38, 39, 40, 41, 42, and 43

flat K 4
k with k = 0, we have p = 0 by the twist condition

resulting in the standard flat domain wall solutions.

4.3.3 Solutions with SO(2) twists on K 4

As the final case, we briefly consider the SO(2) twist by
turning on an SO(2) gauge field to cancel the U (1) part of
the spin connection for the metric (3.132). This gauge field
is given by

A34
(1) = −p

3kψ2

4
√

fk(ψ)
τ3. (4.74)

The SO(2) singlet scalars from SL(4)/SO(4) coset are
described by the coset representative (4.21), and the embed-
ding tensor is given in (4.23). We can also turn on the three-
form field strength (4.69). With the twist condition (3.47) and
the projections (4.12) together with

γ 3̂4̂εa = −γ 5̂6̂εa = −(�12)
a
bε

b, (4.75)

the corresponding BPS equations are given by

U ′ = g

10
e−2(φ0+φ1)

[
2e4φ1 − (ρ − σ) sinh 2φ3

+(ρ + σ) cosh 2φ3 cosh 2φ2

]

−3

5
e−2(V−φ0+φ1) p − 3

5
e−4(V+φ0)β, (4.76)

V ′ = g

10
e−2(φ0+φ1)

[
2e4φ1 − (ρ − σ) sinh 2φ3

+(ρ + σ) cosh 2φ3 cosh 2φ2

]

+ 9

10
e−2(V−φ0+φ1) p + 2

5
e−4(V+φ0)β, (4.77)

φ′
0 = g

20
e−2(φ0+φ1)

[
2e4φ1 − (ρ − σ) sinh 2φ3

+(ρ + σ) cosh 2φ2 cosh 2φ3

]

− 3

10
e−2(V−φ0+φ1) p + 1

5
e−4(V+φ0)β, (4.78)

φ′
1 = −g

4
e−2(φ0+φ1)

[
2e4φ1 + (ρ − σ) sinh 2φ3

−(ρ + σ) cosh 2φ2 cosh 2φ3

]

+3

2
e−2(V−φ0+φ1) p, (4.79)

φ′
2 = −g

2
e−2(φ0+φ1)(ρ + σ) sinh 2φ2 sech 2φ3, (4.80)

φ′
3 = g

2
e−2(φ0+φ1) [(ρ − σ) cosh 2φ3

−(ρ + σ) cosh 2φ2 sinh 2φ3] . (4.81)

As in all of the previous cases for gaugings in 40 represen-
tation, there are no AdS3 fixed points from these equations.

5 Conclusions and discussions

In this paper, we have extensively studied supersymmet-
ric AdSn × �7−n solutions of the maximal gauged super-
gravity in seven dimensions with CSO(p, q, 5 − p − q)

and CSO(p, q, 4 − p − q) gauge groups. These gauged
supergravities can be embedded respectively in eleven-
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(a) (b)

(c) (d)

Fig. 45 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 × CP2-sliced curved domain walls in
SO(4) gauge group. The blue, orange, green and red curves refer to g = 4, 8, 16, 32, respectively

dimensional and type IIB supergravities on H p,q ◦ T 5−p−q

and H p,q ◦ T 4−p−q . Therefore, all the solutions given here
have higher dimensional origins and could be interpreted as
different brane configurations in string/M-theory. This makes
applications of these solutions in the holographic context
more interesting. Accordingly, we hope our results would be
useful along this line of research.

For a particular case of SO(5) gauge group, we have
recovered all the previous results on AdSn × �7−n fixed
points with n = 2, 3, 4, 5. We have provided numerical
RG flows interpolating between the supersymmetric N = 4
AdS7 vacuum dual to N = (2, 0) SCFT in six dimensions
and all these AdSn ×�7−n fixed points. Some of these flows
have not previously been discussed, so our results could com-
plete the list of already known flow solutions. Furthermore,
we have extended all these RG flows to singular geometries
in the IR. These singularities take the form of curved domain
walls with Mkwn−1 × �7−n slices and can be interpreted as

non-conformal field theories in n − 1 dimensions. The flow
solutions suggest that they describe non-conformal phases
of the (n − 1)-dimensional SCFTs obtained from twisted
compactifications of N = (2, 0) SCFT in six dimensions.

We have also discovered novel classes of AdS5 × S2,
AdS3 × S2 ×�2 and AdS3 ×CP2 solutions in non-compact
SO(3, 2) gauge group. Unlike in SO(5) gauge group, there
do not exist any supersymmetric AdS7 fixed points in this
gauge group. The maximally supersymmetric vacua are given
by half-supersymmetric domain walls. In this case, we have
studied RG flow solutions between these new fixed points and
curved domain walls. We have also examined the behavior
of the time component of the eleven-dimensional metric and
found that many of the singularities are physically accept-
able. The singular geometries identified here can be then
interpreted as a holographic description of non-conformal
field theories obtained from twisted compactifications of
N = (2, 0) six-dimensional field theories. A similar study
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(a) (b)

(c) (d)

Fig. 46 Supersymmetric flows interpolating between asymptotically locally flat domain walls and Mkw2 × CH2-sliced curved domain walls in
SO(4) gauge group. The blue, orange, green and red curves refer to g = 4, 8, 16, 32, respectively

(a) (b)

Fig. 47 Profiles of the ten-dimensional metric component ĝ00 for the supersymmetric flows given in Figs. 45 and 46
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Table 1 AdSn × �7−n fixed
points from maximal gauged
supergravity in seven
dimensions together with the
corresponding symmetries and
numbers of unbroken
supercharges. �2 can be S2, R2

or H2

AdSn Unbroken symmetry �7−n Gauge group

SO(5) SO(4, 1) SO(3, 2)

AdS5 SO(2) × SO(2) S2 8 8

R
2 16

H2 8

AdS4 SO(3) H3 8

SO(3)+ H3 4

AdS3 SO(4) H4 4

SO(2) × SO(2) S2 × �2 4

H2 × �2 4

SO(3) CH2 4

SO(3)+ CH2 2

SO(2) × SO(2) CP2 4 4

CH2 4

AdS2 SO(3) × SO(2) H3 × H2 4

SO(5) S5 2

H5 2

has been carried out for SO(4, 1) gauge group in which a
new class of AdS3 ×CP2 solutions has been found. For con-
venience, we summarize all the AdSn × �7−n fixed points
identified here together with all the previously known results
in SO(5) gauge group in Table 1.

Flow solutions for non-compact SO(3, 2) and SO(4, 1)

gauge groups can also be interpreted as black 3-brane and
black strings in asymptotically curved domain wall space-
time. These solutions are similar to four-dimensional black
holes studied in [43]. In [44], these black hole solutions have
been shown to arise from a dimensional reduction of the
AdS5 black strings studied in [14]. It has also been pointed
out in [44] that the four-dimensional black holes, with curved
domain wall asymptotics, should be seen from a higher-
dimensional perspective as black strings in AdS5. However,
this is not the case for the solutions given in this paper.
Our solutions cannot be related to any supersymmetric black
objects in eight dimensions with asymptically AdS8 space-
time due to the absence of supersymmetric AdSd vacua for
d > 7.

For CSO(p, q, 4− p−q) gauge group which is obtained
from a truncation of type IIB theory, we have performed
a similar analysis as in the CSO(p, q, 5 − p − q) gauge
group but have not found any AdSn fixed points. The result-
ing gauged supergravity admits half-supersymmetric domain
walls as vacuum solutions which, upon uplifted to ten dimen-
sions, describe 5-branes in type IIB theory. We have given
supersymmetric flow solutions interpolating between asymp-
totically locally flat domain walls, in which the effect of
magnetic charges are small compared to the superpoten-
tial of the domain walls, and curved domain walls with

Mkwn−1 × �7−n worldvolume. By the standard DW/QFT
correspondence, these solutions should be interpreted as RG
flows across dimensions between non-conformal field theo-
ries in six and n − 1 dimensions. It could be interesting to
study these field theories on the worldvolume of the 5-branes
in type IIB theory. Our results suggest that these N = (2, 0)

field theories have no conformal fixed points in lower dimen-
sions. It could be interesting to have a definite conclusion
whether this is true in general. On the other hand, if this
is not the case, it would also be interesting to extend the
analysis of this paper by using more general ansatz in par-
ticular with non-vanishing massive two-form fields and find
new classes of AdSn ×�7−n solutions of seven-dimensional
gauged supergravity.
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Appendix A: Bosonic field equations

For convenience, in this appendix, we collect all the bosonic
field equations of the maximal gauged supergravity in seven
dimensions. These equations are given by

0 = Rμν − 1

4
MMPMNQ(DμMMN )(DνMPQ)

−2

5
gμνV − 4MMPMNQ

(
H(2)MN

μρ H(2)PQ
ν
ρ

− 1

10
gμνH(2)MN

ρσ H(2)PQρσ

)

−MMN
(
H(3)

μρσMH(3)ρσ
ν N − 2

15
gμνH(3)

ρσλMH(3)ρσλ
N

)
,

(A.1)

0 = Dμ(MMP DμMPN ) − g2

8
MPQMRN

× (
2YRQYPM − YPQYRM

)

−4

6
MPNH(3)

μνρMH(3)μνρ
P

−8MMPMQRH(2)PQ
μν H(2)RNμν

+4g2ZQT,P Z N R,SMQM (2MT RMPS − MT PMRS)

+4g2ZQT,P Z RS,NMQS(2MT PMRM − MT RMPM )

−4g2δNM ZTU,P Z QR,SMT Q (MURMPS − MU PMRS)

+8

5
δNM

(
V + MSPMQRH(2)PQ

μν H(2)RSμν

+ 1

16
MPQH(3)

μνρPH(3)μνρ
Q

)
,

(A.2)

0 = 4Dν(MMPMNQH(2)PQνμ)

− g

2
XMNP

QMQRD
μMPR

−2εMNPQRMPSH(3)μνρ
SH(2)QR

νρ

+1

9
e−1εμνρλστκH(3)

νρλMH(3)
στκN , (A.3)

0 = Dρ

(
MMNH(3)ρμν

N

)

−2gZ N P,MMNQMPRH(2)QRμν

−1

3
e−1εμνρλστκH(2)MN

ρλ H(3)
στκN , (A.4)

0 = e−1εμνρλστκYMNH(4)N
λστκ − 6YMNMN PH(3)μνρ

P . (A.5)
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