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Abstract
Surface-state electrons floating on liquid Helium have been served as one of the great
potential experimental platforms to implement quantum computation, wherein the
qubits are usually encoded by either the lowest two levels of the vertical vibrations (i.e.,
Hydrogen-like atoms) or the electronic spins. Given the relevant operations require
additional techniques, such as the corresponding millimeter-wave or magnetic field
manipulations, here we investigate how to implement the scalable quantum compu-
tation with a trapped electron array by alternatively using the usual centimeter-wave
manipulating techniques. This is because the eigenfrequency of the present qubit,
encoded by the two lowest levels of the lateral vibration of the trapped electron, is
limited in the centimeter-wave band. We show that, by biasing the electrodes properly
and driving the coplanar waveguide transmission line resonator, the electrons can be
individually trapped in a series of anharmonic potentials on liquid Helium. Therefore,
the well-developed circuit quantum electrodynamics technique for the implementa-
tion of superconducting quantum computation can be conveniently utilized here in the
present quantum computing platform (proposed firstly in Phys Rev Lett 105:040503,
2010, to implement the fundamental logic gates, typically such as the single-qubit
rotations of the individually addressable trapped electrons, the switchable two-qubit
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manipulations between the electrons trapped in the distant traps, and also the high-
fidelity readouts of the target qubits. The feasibility of the proposal is also discussed
by numerical simulations.

Keywords Electrons on liquid Helium · Lateral orbital states · Qubits · Addressable
manipulations · Quantum computation

1 Introduction

The researches of practical quantum computation have been paid much attention in
recent years [1]. In 2019, the so-called quantum supremacy has first been demonstrated
with 53-bit programmable superconducting qubits, and thus, using the quantum pro-
cessors to exponential speedup over its classical counterpart is desirably feasible [2].
In addition, a series of experimentally quantum information processors, typically, e.g.,
the linear optical Bose sampler [3], superconducting adiabatic quantum quenching [4],
and the optical coherent Ising machines [5, 6], have also demonstrated the realistic
possibility of the quantum computation. Indeed, a series of physical systems, typically
such as the superconducting Josephson junction circuits [7], trapped ions [8–14], lin-
ear optical quantum systems [15, 16], and also the semiconductor quantum dot arrays
[17, 18], have been demonstrated to implement the desired quantum computation.

In comparison, although either the Hydrogen-like atomic states [19] or the spin
states [20] of electrons trapped on liquid Helium had been demonstrated to encode the
qubits for the implementation of quantum computation, the desired universal quantum
computation with such a system has not been implemented yet. Probably, this is due
to certain realistic difficulties. For example, the millimeter-wave (MMW) pulse tech-
nique (rather than the usual centimeter-wave (CMW) one applied widely in the circuit
quantum electrodynamics (QED) system) is required to implement the manipulations
of the qubits encoded by the lowest two levels of the vertical vibration of the trapped
electrons (i.e., the Hydrogen-like atom) [19]. However, given such a physical system
possesses certain unique advantages, typically such as the particularly pure environ-
ment with significantly less noise [20, 21] and the relatively easy to be scalable by
conveniently setting the electrodes at the bottom of Helium to generate the qubit array
[22], quantum computation with the electrons trapped on liquid Helium is still desir-
able. In fact, benefiting from the significantly long coherent times of theHydrogen-like
atomic states and the electric spin states, various coherent quantummanipulations have
been proposed theoretically, e.g., the realization of Jaynes–Cummings model [23, 24],
image charge detection of Rydberg state [25, 26], spin state controls [27], and possible
MMW photonic crystals with adjustable band gaps [28], have been proposed. Note
that most of these manipulations are performed on the vertical-state qubits, generated
by vibration of the electron along the direction which is perpendicular to the liquid
Helium surface, and the MMW-pulse technique [29], instead of the well-developed
CMW one, is required to be developed particularly.

Interestingly, Schuster et al. [22] demonstrated that the lateral motion of the elec-
trons on liquid Helium can also be trapped by applying properly biased electrodes
at the bottom of liquid Helium. Given the transition frequency of the qubits encoded
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Fig. 1 A trapped electron array on liquid Helium generated by the DC-bias electrodes and an rf-driving
CPW-TLR. a The designed chip, wherein A1–A10 are the grounds, B1 and B2 are the CPW feed lines
separated by a CPW-TLR (C), and D1–D8 are the DC-biased electrodes used to confine the x-direction
motions of the trapped electrons, and the surface of the chip is covered by a layer of liquid Helium with the
thickness h ∼ 500 nm [34]. Besides the trapped potentials generated by the voltage-biased electrodes, a
standing wave along the y-direction is also excited by the CPW-TLR. Thus, a series of anharmonic potential
wells are generated to trap a series of electrons on liquid Helium. b The parameters of a unit of the designed
chip. The unit size is 12000 μm×100 μm, the thickness of the sapphire substrate is set as 400 μm, and the
widths of the TLR and the gaps are set as 10 μm and 5 μm, respectively

by the lowest two levels of these orbital quantum states is in the usual CMW band,
demonstrated firstly in Ref. [27], the circuit QED technique can be applied to imple-
ment the qubits manipulation by driving the quantized transmission line resonators
placed at the bottom of liquid Helium [22]. Inspired by these pioneer works, in this
paper we discuss the feasibility of using the lateral nonharmonic motion (rather than
the vertical Hydrogen-like atoms) of the trapped electrons to implement quantum com-
putation. We first designed the qubit array on liquid Helium. Then, we investigate the
robustness of the present qubits and the feasibility of the quantum manipulations for
scalable quantum computation both analytically and numerically.

The paper is organized as follows: In Sect. 2, we design a generic one-dimensional
potential array to confine the electrons in a series of traps on liquid Helium. It is shown
that the lowest two levels of the lateral anharmonic vibration of the electron in each
trap can be utilized to encode the qubit, whose eigenfrequency is in the CMW band.
In Sect. 3, by making use of a driven coplanar waveguide transmission line resonator
(CPW-TLR) at the bottom of liquid Helium as the date bus, we demonstrate how to
implement the addressable single-qubit operations and the switchable two-qubit logic
gate operations between two arbitrarily selected distant qubits. The quantum non-
demolition (QND) readout(s) of the qubit(s) in both frequency and time domains are
simulated numerically in Sect. 4. We show also here that the pure and mixed states of
the qubits could be distinguished effectively. Finally, the conclusion is given in Sect. 5.

2 The robustness of the qubit encoded by the lateral anharmonic
vibration of the electron trapped on liquid Helium

Let us consider a planar chip schematically shown in Fig. 1, wherein a series of
electrons are trapped individually on liquidHeliumand thus generate a trapped electron
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array. Floating electrons on liquid Helium had been demonstrated experimentally
many years ago (see, e.g., [29]), as Helium is a noble gas that can be liquidated at
a temperature below about 4.125 K. According to the Pauli exclusion principle, a
potential barrier (about 1 eV [30]) prevents the electron from the liquid Helium. As
a consequence, the electron can be floated on liquid Helium and its motion along
the vertical direction generates a Hydrogen-like atom. In fact, electrons floating on
liquid Helium have also served as one of the promising platforms to investigate various
physical behaviors of two-dimensional electron gas [31, 32] and Wigner crystal [28,
33]. Experimentally, various interesting physical effects of the electrons trapped on
liquid Helium have been widely investigated [34, 35]. Alternatively, to implement the
desired quantum computation in CMW band, in the present work, we focus on the
quantum manipulations of a series of single electrons trapped on liquid Helium. For
the manipulability, the potentials for trapping the electrons can be generated by the
voltage-biased electrodes at the bottom of liquid Helium and driven by coupling with
the CPW-TLR.

2.1 Quantization of the lateral vibrations of the trapped electrons on liquid
Helium

We design a chip shown in Fig. 1 for the scalable quantum computation with the
electrons trapped in a series of potentials, generating a Pauli-like trap array. The
dynamics a single trapped electron can be described by the Hamiltonian:

Ĥsys = Ĥr + Ĥa + ĤI , (1)

where Ĥr = �ωr â
†
r âr describe the standing wave magnetic field in the CPW-TLR,

Ĥa is for the lateral vibration of the trapped electron, and ĤI = ed̂ Êr f refers to the
electric–dipole interaction between the electron and field in the resonator. Specifically,
the Hamiltonian of the electron can be written as

Ĥa = p̂2(z, x, y)

2m
+U (z, x, y) = Ĥz + Ĥx + Ĥy . (2)

Here, the trap potential of the electron reads [19, 34]:

U (x, y, z) = − �e2

4πε0z
+ eEdc

√
(h + z)2 + x2 + y2, (3)

where e is the electronic charge, h represents the thickness of liquid Helium, z is the
vertical vibration of the trapped electron along the z-direction, and Edc is obtained by
the biased electrodes at the bottom of liquid Helium. Also, � = (ε − 1)/ [4(ε + 1)]
with ε = 1.06 and ε0 are the relative permittivity of liquid Helium and the vac-
uum permittivity, respectively. As x, y, z � h, the above potential can be effectively
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approximated as

U ≈ − �e2

4πε0z
+ eEdc

(
8h4 + 8h3z + 4h2x2 − x4 + 4h2y2 − y4

)

8h3
. (4)

Obviously, a Hydrogen-like atomic motion described by the Hamiltonian

Ĥz ≈ p̂2z
2m

− �e2

4πε0z
+ eEdcz, (5)

withm being the mass of the electron and p̂z the momentum operator, can be obtained
[19, 20] for the trapped electron vibrating along the direction perpendicular to the
liquid surface. As the transition frequency (which is in the MMW band) between
the lowest two energy levels of such a Hydrogen-like atom is much higher than the
vibrational frequency (which is in the CMW band) of the trapped electron vibrating
along the y-direction parallel to liquid Helium surface, the vertical motion of the
trapped electron can be safely neglected for the manipulations of the lateral motion.

Furthermore, in the present configuration shown in Fig. 1, the x−direction motion
of the trapped electron is limited within a spacing of 20 μm, which is far less than its
vibrational wavelength on the order of centimeters. As a consequence, the vibration of
the trapped electron along the x-direction can be safely neglected. Therefore, only the
y-direction vibration of the trapped electron can be considered. Besides the potential
generated by the voltage-biased electrode, a standing wave electric field generated by
the CPW-TLR can also be utilized to trap the electron on liquid Helium. As a result,
the y-direction vibration of the trapped electron can be described by an anharmonic
potential. The Hamiltonian describing the y-direction vibration of the trapped electron
can be approximated as

Ĥa ≈ p̂2y
2m

+Uy, Uy = eEdc

2h
y2 − eEdc

8h3
y4. (6)

Obviously, it describes a one-dimensional nonlinear vibration; a linear harmonic oscil-
lator Ĥ = p̂2/(2m) + mω2

y y
2/2 with a vibrational frequency: ωy = √

eEdc/(mh),

plus a nonlinear term ∼ y4. In the representation of the number of linear vibrational
phonons, the Hamiltonian (6) can be further expressed as:

Ĥ ′
a = �ωy

(
â†â + 1

2

)
− �

2

32mh2
(â + â†)4. (7)

Here, � is Planck constant, â ( â†) is the Bosonic annihilation (creation) operator of
the vibrational phonon and [â, â†] = 1.

Under the first-order approximation, the eigenvalue of the Hamiltonian (6) can be
easily obtained as

En = 〈n|Ĥ ′
a |n〉 ≈ �ωy

(
n + 1

2

)
− 3�2(2n2 + 2n + 1)

32mh2
, (8)
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Fig. 2 The potential and the
stationary wave functions of the
trapped electron. The black
dotted line represents the
trapped electron potential, and
the bottom blue and red curves
are the stationary wave functions
of the electron being trapped in
the energy ground state and the
first excited one, respectively.
The relevant parameters are set
as: h = 500 nm and
Edc = 53.87 V/cm

for the eigenstate |n〉, n = 0, 1, 2, 3, . . . . Figure 2 shows the y-dependent potential of
the nonlinear vibration and the corresponding stationary wave functions of the trapped
electron.

Specifically, if the thickness of liquid Helium and the strength of the electrostatic
field are, respectively, set typically as h = 500 nm and Edc = 53.87 V/cm, then the
frequency of the linear vibration of the electron along the y-direction is calculated as
fy = ωy/(2π) = √

eEdc/(mh)/(2π) ≈ 6.93 GHz, which is much lower than the
frequency of the Hydrogen-like atomic vibration along the direction perpendicular
to the liquid Helium surface. Therefore, the vertical z-direction vibration is safely
decoupled from that of the lateral y-direction. The energy of the vibrational ground
state and the first excited one of such a nonlinear harmonic oscillator are, respectively,
calculated as: E0 = �ωy/2 − 3�2/(32mh2) ≈ 14.30 μeV, and E1 = 3�ωy/2 −
15�2/(32mh2) ≈ 42.83 μeV, with the transition frequency between them being:
ωa = (E1 − E0)/� ≈ 2π ×6.90 GHz, which is close to the experimental observation
[22, 36].

The above calculation indicates that the lowest two energy stationary states: |0〉 and
|1〉, of this nonlinear harmonic oscillator, can be utilized to encode the desired qubit

Ĥ ′′
a = 1

2
�ωa σ̂

z, σ̂ z = |1〉〈1| − |0〉〈0| (9)

whose eigenfrequency is really in the CMW band. Compared with the MMW band
microwave pulses required to implement the quantummanipulations of the Hydrogen-
like atomic qubits [19], the technique by using the microwave pulses in MMW band
to manipulate the present qubit is developed well and has been widely applied in the
current solid-state circuit QED systems [37].

2.2 Qubit level stability

In this subsection, we confirm that the proposed qubit encoded by the two lowest
levels of the anharmonic oscillator is sufficiently stable, i.e., the qubit leakages could
be safely neglected.
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Fig. 3 The transition frequency ωa = (E1 − E0)/� and the difference between ωa and the transition
frequency ω12 = (E2 − E1)/� versus the trapping static electric field strength Edc . Here, the red line
refers to ωa/(2π) (with the unit being GHz) and the blue curve refers to (ωa − ω12)/(2π) (with the unit
being MHz), and E j is the energy of the j-th ( j = 0, 1, 2) created level of the y-direction anharmonic
oscillation of the trapped electron

First, besides the environment noises the strength fluctuation of the transverse trap-
ping static electric field Edc might influence the energy level distribution of the trapped
electron vibrating along the y-direction. However, as shown in Fig. 3, although the
transition frequency ωa of the qubit changes really with the Edc (red line),

it really be isolated from the transition frequency, i.e., ωa −ω12 = (E2 − E1)/� ∼
27.64 MHz, where E2 is the energy of the third level of the anharmonic oscillator.
This implies that, during the qubit operation by using the narrow linewidth (such as a
few MHz) microwave pulse, the possible qubit leakage can be suppressed robustly.

Next, we verify that the qubits in a trap array are addressable individually, although
the Coulomb interactions between the electrons in different traps are always on. Basi-
cally, the high-fidelity single-qubit operation is desirable for the scalable quantum
computing on chip. In the present configuration shown typically in Fig. 1, the Coulomb
interaction of the electrons trapped in two adjacent potentials can be easily expressed
as

Uee = e2

4πε0S
, (10)

where S = Yn+1 − Yn + yn + yn+1 is the distance between the electrons with Yn
being the equilibrium position of the electron trapped in the n-th potential, in which
the vibrational displacement of the electron away from its equilibrium position is yn .
Experimentally, the distance between the centers of two nearest-neighbor potentials
could be set as: Sy = Yn+1 − Yn ∼ 100 μm, yielding yn/Sy � 1. As a consequence,
by neglecting the higher-order terms of yn/Sy , Eq. (10) reduces to
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Uee = e2

4πε0(Sy + yn + yn+1)

≈ e2

4πε0Sy

[
1 + y2n − ynSy

S2y
+ y2n+1 − yn+1Sy

S2y
+ 2yn yn+1

S2y

]
. (11)

Here, the first term is a c-number termwhich can be omitted certainly. The second and
third terms represent the negligible Stark shifts of the levels. Therefore, the interaction
between the electrons trapped in different potentials ismainly determined by the fourth
term. In the phonon representation, the Coulomb interaction between the electrons
trapped in the nearest-neighbor potentials can be effectively expressed as

Ĥee = 2e2yn yn+1

4πε0S3y
≈ �gee(ĉn ĉ

†
n+1 + ĉ†nĉn+1), (12)

under the usual rotating wave approximation. Here, gee ≈ e2/(4πε0mS3yωy) is the

strength, ĉn ( ĉ
†
n) is the vibrational Bosonic annihilation (creation) operator of the n-th

electron and [ĉn, ĉ†n] = 1. With the typical parameters, such as Edc = 53.87 V/cm,
Sy ∼ 100 μm, and ωy ∼ 2π × 6.93 GHz, we get gee ∼ 2π × 0.93 KHz. This implies
that the Coulomb interaction between the electrons trapped in the nearest-neighbor
traps along the y-direction is significantly weak, i.e., it does not yield the uncontrolled
qubit–qubit interaction, and thus, the arbitrarily selected qubits could be addressed
individually. Indeed, we can further verify that, comparing with the coupling between
the qubit and the CPW-TLR at the bottom of liquid Helium, the Coulomb interaction
between the qubits can be really neglected. This can be further verified by compared
it with the qubit-TLR interaction:

ĤI = ed̂ Êr f (y), (13)

with

Êr f (y) = V̂ (y)

h
= k

C
cos(ky)

√
�

Llωr
(âr + â†r ) (14)

being the electric field in the resonator [37–40]. In the qubit representation spanned
by |0〉 and |1〉, we have

d̂ = (|0〉〈0| + |1〉〈1|) y (|0〉〈0| + |1〉〈1|) =
∑

i, j=0,1

yi j |i〉〈 j |, (15)

where 〈i |y| j〉 = ∫
ψi yψ∗

j dy and i 
= j = 0, 1, with ψi, j being the relevant qubit
wave functions. With the typical parameters, one can easily prove that, y01 = y10 ∼
3.65 × 10−8 m� y00 ∼ 2.32 × 10−22 m, and y11 ∼ 3.35 × 10−22 m. Therefore, the
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Fig. 4 A qubit array is generated by a series of trapped electrons on liquid Helium to implement the desired
quantum computation. Here, the qubit is encoded by the ground- and first excited state of the vibration
of the trapped electron along the y-direction, and the CPW-TLR is served as the data bus to implement
the operation(s) on the addressable qubit(s). The other qubits are adjusted to far-off resonant interaction
with the CPW-TLR and thus cannot be driven. a Individually addressable single-qubit operation on the
arbitrarily selected the pth qubit by adjusting its eigenfrequency to implement the resonant interaction with
the CPW-TLR. b Tunable two-qubit operation on the arbitrarily addressed two qubits, e.g., the p-th- and
q-th ones, by using the effective interaction between them

y-dependent interaction between the qubit and the transverse quantized electric field
in the CPW-TLR can be expressed as:

ĤI (y) = �geR(âr σ̂
+ + â†r σ̂

−). (16)

Here, σ̂+ = |1〉〈0| and σ̂− = |0〉〈1| are the pseudo-spin Pauli operators of the
qubit. For the designed parameters in Fig. 1(b), we have ωr ≈ 2π × 5.70 GHz
for l = 11063 μm, Z0 ≈ 55.40 �, C ≈ 1.57 pF, and L = 4.82 nH. For y ∼
4900 μm, the value of the geR(y)-parameter in Eq. (16) can be estimated as: geR =
[ey01 cos(ky)/h]√1/(C2Ll�ωr ) ≈ 2π × 14.92 MHz. This indicates that the qubit-
TLR coupling is still sufficiently weak, compared with the qubit leakage frequency,
i.e.,ωa−ω12 ∼ 2π ×27.64MHz. However, it is significantly larger than the Coulomb
interaction (i.e., gee ∼ 2π × 0.93 KHz) between the electrons in the adjacent traps
along the y-direction. Therefore, both the Coulomb interaction between the electrons
in different traps and the coupling of the qubit with the CPW-TLR do not lead to
the unwanted qubit leakages. The CPW-TLR can thus be served as the data bus to
implement the desired single-qubit rotation, switchable two-qubit coupling, and also
the readouts of the qubits.

It is valuable to emphasize that two main points are considered for the chip designs.
First, the coupling strength geR should be sufficiently weak to satisfy the rotating wave
approximation condition. Secondly, the indirect qubit–qubit interaction generated by
using the resonator as a data bus should be sufficiently strong for the implementations
of various qubit manipulations. With the above numerical estimations, we argue that a
qubit array with at least 20 traps (with a spacing of 100μm) can be generated on liquid
Helium. Certainly, the size of the array can be further improved, at least theoretically.

3 The feasibility of the basic quantum gate operations

With the designs demonstrated above, we now discuss how to implement the desired
gate operations for quantum computationwith the qubit array being specifically shown
in Fig. 4.
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The well-developed circuit QED technique, used widely for superconducting quan-
tum computation, can be directly applied to implement the desired quantum gate
operations with the present system, although certain details are still required to be
considered specifically. First, in the circuit QED system the qubit and the cavity are
in the same plane, for example, the vacuum electric field of the cavity can be directly
coupled to the qubit by providing a biased voltage and flux [37], while, in the present
system, the cavity at the bottom of the liquid Helium and the qubits encoded by
the lateral orbit states of the trapped electrons are not in the same plane, and thus
the qubit–cavity interaction is gotten by the direct electric-dipole one of the elec-
trons in the vacuum electric field. Second, the interaction between the distant qubits
in the superconducting circuit QED chip can be switched on/off by either adjusting
their detunings with the commonly coupled cavity or using the switchable couplers,
while, in the present system the interbit interaction includes additionally the always-
on electron–electron Coulomb couplings; therefore, it is furthermore required to treat
these interactions and evaluate their influences on the implementations of high-fidelity
single-qubit gate operations. Thirdly, differing from the qubits in the superconducting
circuit, the present qubits possess basically longer decoherence times, as the liquid
Helium might isolate most of the circuit noises and thus only the ripplons [21] on the
liquid Helium surface are the key source of the unwanted decoherence. Therefore, the
quantum computation with the present qubits might possess more advantages over that
with the superconducting qubits in the circuit QED system; at least the longer dura-
tions of the applied pulses can be applied to implement the desired gate operations
and the higher-fidelity readouts of the qubit.

3.1 Single-qubit gate operations on the addressed qubit

Let us first discuss the feasibility of the single-qubit operation on the arbitrarily
addressable qubit, such as the p-th one, by driving the CPW-TLR, shown schemati-
cally in Fig. 4a. As the eigenfrequency ωa of the qubit can be adjusted individually by
controlling the trapping electric fields via the electrodes at the bottomof liquidHelium,
and also the influence of the Coulomb interactions between the selected qubit and the
other ones in different potentials can be safely neglected, the arbitrarily selected qubit
can be addressed by letting it couple to the CPW-TLR, individually. The other qubits
are decoupled simultaneously by letting their frequencies be far-off resonance with
the CPW-TLR.

The Hamiltonian for driving the CPW-TLR to couple it to the p-th qubit can be
written as [41]:

Ĥp = �ωr â
†
r âr + 1

2
�ωpσ̂

z
p + �gp(â

†
r σ̂

−
p + âr σ̂

+
p ) + �âr ξ

∗eiωd t + �â†r ξe
−iωd t .

(17)

where σ̂ z
p, σ̂+

p and σ̂−
p are the pseudo-spin Pauli operators of the p-th qubit. Here,

the first and the second terms are the free Hamiltonians of the quantized microwave
standingwavefield in theCPW-TLRand the selected qubit, respectively. The third term
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refers to the interaction between the qubit and the CPW-TLR under the usual rotating
wave approximation, wherein the strength gp = geR(yp) depends on the location
of the p-th qubit; the last two terms describe the microwave drive of the CPW-TLR
with ωd and ξ being the driving frequency and strength, respectively. Interestingly,
the Hamiltonian (17) undergoes an evolution

Up(t) =
⎛
⎝ cos

[
A(t)
2

]
−i sin

[
A(t)
2

]

−i sin
[
A(t)
2

]
cos

[
A(t)
2

]
⎞
⎠ , (18)

which is nothing but a single-qubit operation of the p-th qubit. By adjusting the driving
strength α(t) and the driving time t , various single-qubit state manipulations can be
specifically achieved. For example, if A(t) = π , then the single-qubit X gate: σ X

p , can
be realized, while if A(t) = π/2, then the Hadamard gate operation on the p-th qubit
can be realized. Actually, if the frequency of another qubit is set as ωot = 10 GHz, the
effective couple strength g2ot/(ωot −ωr ) between it and CPW-TLR reads∼ 0.21MHz,
which is much less than g2eR/(ωp−ωr ) ∼ 1.17MHz. Therefore, the coupling between
the driven CPW-TLR and the other qubits can be effectively neglected by engineering
their frequencies to be far-off resonances by controlling their static electric field biases.

3.2 Two-qubit logic gate on a pair of arbitrarily selected qubits

Next, we investigate how to implement the two-qubit operation between a pair of
arbitrarily qubits by using the tunable inter-qubit interaction achieved by using the
simultaneously coupling them to the data bus, i.e., the CPL-TLR. As shown in Fig. 4b,
the p-th and q-th of the frequencies ωp and ωq , with the negligible Coulomb interac-
tion, are addressed to simultaneously couple to the CPW-TLR. The Hamiltonian for
such an operation reads

Ĥdo = �ωr â
†
r âr + 1

2
�ωp σ̂

z
p + 1

2
�ωq σ̂ z

q + �gp(â
†
r σ̂−

p + âr σ̂
+
p ) + �gq (â†r σ̂−

q + âr σ̂
+
q ),

(19)

where σ z
q , σ+

q and σ−
q are the pseudo-spin Pauli operators of the q-th qubit. gp and

gq = geR(yq) are dependent of the locations of the qubits. Under the conditions:
gp � �p, and gq � �q = |ωq −ωr |, the Hamiltonian (19) can be effectively written
as:

Ĥ ′
do =�(ωr + χpσ̂

z
p + χq σ̂

z
p)â

†
r âr + 1

2
�(ωp + χp)σ̂

z
p + 1

2
�(ωq + χq)σ̂

z
p

+ �g(pq)
e f f (σ̂−

p σ̂+
q + σ̂+

p σ̂−
q ),

(20)
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where χp = 2g2p/�p, χq = 2g2q/�q , and

g(pq)
e f f = gpgq(�p + �q)

�p�q
(21)

is the effective interaction between the distant qubits. Above, the second- and higher
orders of gp/�p and gq/�q are ignored. It indicates that an effective interaction g

(pq)
e f f

between the p-th- and q-th qubits without the direct interaction can be obtained by
using the CPL-TLR as the data bus.

Specifically, if �q = �p = � and gp = gq = g, then the effective coupling
Hamiltonian between the distant qubits can be abbreviated as:

Ĥqp = 2�g2

�
(σ̂−

p σ̂+
q + σ̂+

p σ̂−
q ), (22)

in the interaction picture. It delivers the following evolution operator:

Uqp(t) = exp(− i

�
Ĥqpt) =

⎛
⎜⎜⎝
1 0 0 0
0 cos(κt) −i sin(κt) 0
0 −i sin(κt) cos(κt) 0
0 0 0 1

⎞
⎟⎟⎠ , (23)

with κ = 2g2/�. Obviously, when the evolution time is controlled as t = π/(2κ),
a two-qubit i-SWAP gate operation between the distant qubits can be realized. It
is emphasized that the effective coupling between the selected two qubits could be
realized. One can see from Eq. (22) that the effective interaction between the qubits
can be engineered by adjusting the eigenfrequencies of the qubits and consequently
the detunings between them the TLR. For instance, by setting ωp = ωq = 2π ×
6.90 GHz, the virtual interaction strength between two qubits can be obtained as
g(pq)
e f f ∼ 2.33 MHz, which is significantly stronger than the Coulomb interaction

between the two trapped electrons.
Certainly, the implementation of the desired high-fidelity two-qubit gates is required

to suppress the cross-talks from the other qubits. For example, the influence from the
third qubit, says the sth one, on the fidelity of the desired two-qubit gate operation
between the selected p-th and q-th ones. This is certainly feasible, at least theoretically,
by setting the eigenfrequency of the s-th qubit to be large detuning from the selected
qubits. Neglecting all the significantly weak Coulomb interactions, the Hamiltonian
for the coupled three-qubit system, say p, q, and s, by the common CPW-TLR, can
be specifically written as

Ĥtri =�ωr â
†
r âr + 1

2
�ωpσ̂

z
p + 1

2
�ωs σ̂

z
s + 1

2
�ωq σ̂

z
q + �gp(â

†
r σ̂

−
p + âr σ̂

+
p )

+ �gs(â
†
r σ̂

−
s + âr σ̂

+
s ) + �gq(â

†
r σ̂

−
q + âr σ̂

+
q ).

(24)
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Fig. 5 Numerical simulations of the population evolutions of the two-qubit i-SWAPgate operation: |001〉 ↔
|100〉, under the presence of the middle qubit prepared initially at the state |0〉. The blue, red, and yellow
lines refer to the states |001〉, |010〉, and |100〉, respectively. Here, the eigenfrequencies of the first and third
qubits are set as ωp/(2π) = ωq/(2π) = 6.90 GHz, while that of the second qubit, i.e., the middle one, is
set as ωs/(2π) = 10 GHz (a) and ωs/(2π) = 16 GHz (b), respectively

Under the condition: gs/�s, gp/�p, gq/�q � 1, it can be effectively rewritten as:

Ĥ I
tri = �gps(σ̂

−
p σ̂+

s + σ̂+
p σ̂−

s ) + �gpq(σ̂
−
p σ̂+

q + σ̂+
p σ̂−

q ) + �gsq(σ̂
−
s σ̂+

q + σ̂+
s σ̂−

q ),

(25)

in the interaction picture, where

g(ps)
e f f = gpgs(�p + �s)

�p�s
, g(sq)

e f f = gsgq(�s + �q)

�s�q
, (26)

and �s = |ωs − ωr |. Therefore, the influence of the s-th qubit, on the fidelity of the
desired two-qubit i-SWAP gate operation between the selected p-th and q-th ones,
can be numerically checked the state evolution of the three-qubit system using the
time-evolution operator Utri = exp(− i

�
Ĥ I
tri t). Figure 5 specifically shows how the

populations of the state |001〉 change with the different pulse duration.
One can see that, for ωs = 2π × 10 GHz and g(ps)

e f f ∼ 1.24 MHz, if the duration
is set as t = π/(2κ) ∼ 0.67 μs, the populations read 0.08 for the state |001〉, 0.34
for the state |010〉, and 0.58 for the state |100〉, respectively. This indicates that the
fidelity of the i-SWAP gate is lowered manifestly as 58%. However, if the duration of
the applied is enlarged as 1.67μs, then the fidelity of the two-qubit i-SWAP gate can
be further enhanced up to 94.12%. In fact, as shown in Fig. 5b, such a fidelity can be
significantly enhanced, e.g., up to 99.99%, if the detuning between the s-th qubit and
the p − /q−th qubit can be further enlarged. Therefore, by enhancing the detunings
and also properly setting the duration of the applied microwave pulses, the desired
two-qubit gate operations can be implemented with high fidelities, even if the other
qubits are practically in the presence.

Theoretically, with the combination of the single-qubit operations on the arbitrarily
addressable qubits and a tunable two-qubit quantum logic gate operation on the arbi-
trarily selected two qubits, any quantum operation can be achieved to implement the
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desired quantum computation. Therefore, with the quantum gate operations demon-
strated above, quantum computation with the qubits encoded by the lateral vibrations
of the trapped electrons on liquid Helium is feasible.

4 Numerical confirmations of the QND readouts of the qubits

In fact, due to the controllable dispersive interaction, the QND measurements of the
arbitrarily selected qubit can be implemented by probing the transmission of the driv-
ing microwave. This method has been widely applied to various solid-state circuit
QED systems [42–45]. We demonstrate the QND readout(s) of the arbitrarily selected
qubit(s) by numerical simulations and indicate it is feasible for the present one.

Specifically, the QND readout the p-th qubit, by using the microwave to drive the
dispersively coupled CPW-TLR, can be described by the following Hamiltonian [46]:

Ĥp =1

2
�ωpσ̂

z
p + �ωr â

†
r âr + �g2p


p
â†r âr σ̂

z
p +

∑
n=1,2

∫ +∞

−∞
�ωndωnb̂

†
n(ωn)b̂n(ωn)

+ i�
∑
n=1,2

∫ +∞

−∞
dωnλn(ωn)

[
âr b̂

†
n(ωn) − â†r b̂n(ωn)

]
,

(27)

where b̂n(ωn) (n = 1, 2) and b̂†n(ωn) are the operators of the applied microwave pulse
with the frequency ωn , λn is the interaction strength between it and CPW-TLR, the
detected qubit is dispersively coupled to the driven CPW-TLR and thus 
p � gp.

For the detection, the dissipation rate of the qubit is assumed to be sufficiently lower
than that of the driven CPW-TLR, and thus, the qubit dissipation is negligible, i.e.,
σ̂ z
p(t) = σ̂z(0) inHeisenberg picture, to keep the population of the qubits be unchanged

during its readouts. Using the standard input–output theory [46], the transmission
coefficient of the microwave-driven CPW-TLR can be easily calculated as:

tp(ω) =
√

γ1γ2

1
2 (γ1 + γ2) + i[ g2p


p
〈σ̂ z

p(0)〉 − (ω − ωr )]
. (28)

where γn = 2πλ2n is the dissipation of bilateral mirrors of the resonator cavity. It is
seen from Fig. 6 that, compared with spectrum of the empty cavity (EMC) peaked
at ω = ωr , if the qubit is in the excited (ground) state, the peak of the transmitted
spectrum is shifted g2p/
p = 1.16 MHz to the right (left) from the central frequency
ωr . With the current parameter settings, it is easy to distinguish curves of different
states.

Besides the above frequency domain measurements, there is also implementing the
time domain detections of the qubit by using the usual IQ-mixing technique.

The IQ-mixing technique is usually performed as follows. First, a microwave signal
ELO = ALO sin(ωLOt), with a known frequency and amplitude, is divided into two
channels by a power divider; one is served as the local coherent signal, and the other is
used to drive the CPW-TLR for the detection. Next, if the TLR is coupled to the qubit
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Fig. 6 Microwave transmission spectra of the driven CPW-TLR dispersively coupled to the detected q-th
qubit, whose different states lead to the different shifts of the peak: a is the transmission intensity spectrum,
b is the transmission phase-shift spectrum. Here, the black line refers to the EMC, and the blue (red)
line peaked at 
ω|0p〉 = −g2p/
p = −1.16 MHz (
ω|1p〉 = g2p/
p = 1.16 MHz) corresponding to
the qubit is in the ground (excited) state. The relevant parameters are set as: ωp/(2π) = 6.90 GHz and
ωr /(2π) = 5.70 GHz, gp/(2π) = 14.91 MHz, γ1/(2π) = 25.65 KHz, and γ2/(2π) = 31.35 KHz,
respectively

wanted to be readout, then its transmitted signal reads: Eout (t) = Ai cos(ωLOt + φi )

(i = 0, 1), depending on the states of the qubit. Finally, by mixing the local and
transmitted signals, the qubit-induced changes, i.e., Ai and φi , can be determined as:

Ai =
∣∣∣∣∣
〈â(2)

out 〉
〈â(1)

in 〉

∣∣∣∣∣ , φi = arctan

(
〈â(2)

out 〉
〈â(1)

in 〉

)
. (29)

They can be determined by simultaneously probing the signals at the I -part outport
[45, 47]:

SI = E (1)
LO × E (I )

out ≈ ALO Ai

4
cosφi , (30)

and the Q-part one:

SQ = E (2)
LO × E (Q)

out ≈ ALO Ai

4
sin φi . (31)

Above, the high-frequency signals generated by the mixer are filtered out.
Certainly, noise always exists in the actual experimental measurements and thus

affects the measurement accuracies of the I - and Q-signals. Figure 7 numerically
simulates how the statistical distributions of the measured I–Q signals for 1000 mea-
surements on a given qubit state. It is seen that, when the qubit is prepared at the
|0p〉-state, the signal amplitudes are basically distributed near a yellowed center point
located at (SI , SQ)=(0.97, 0.17), while, if the qubit state is prepared at the |1p〉-state,
the signal amplitudes are alternatively distributed around another yellowed center point
located at (SI , SQ) = (0.97, 0.16). Correspondingly, Fig. 7(b) shows that, if the qubit

123



  294 Page 16 of 19 Y. Li et al.

Fig. 7 Simulation of time-domain measurements of the selected p-th qubit by using the IQ-mixing tech-
nique: a the distribution of the measured signals on the I-Q plane; the blue (red) dots refer to the qubit in
the ground state |0p〉 (the excited state |1p〉), wherein the yellow dots correspond to the ideal distributions;
b the statistical distribution of the measured I-Q signals shows that, for the same measurement samples, the
heights of the statistical peaks are basically the same. Here, the parameters are set as the same as in Fig. 6

is prepared at either the state |1p〉 or |0p〉, the number of the events that the measured
(I , Q) values near one of the yellowed center points is almost the same.

Experimentally, both the frequency domain and time domain QND measurement
of the qubit can be implemented, if the dissipation time of the detected qubit is sig-
nificantly longer than the transmitted one of the driving microwave through the TLR
with the sufficiently wide linear regions [48].

5 Conclusion

In summary, we have proposed an approach to implement the quantum computation
with the qubits encoded by the nonlinear lateral vibrations of the electrons being
trapped on liquid Helium. The eigenfrequency of the present qubit is in the CMWband
rather than the MMW one in the previous scheme for the quantum computation with
surface-state electrons on liquid Helium. Thus, the technique used widely in the circuit
QEDsystems can also be directly applied tomanipulate the present qubits. The stability
of such a qubit, against the perturbations of the electron–electronCoulomb interactions
and the qubit–TLR interaction, had been analyzed, in detail. Interestingly, the scheme
is scalable. Furthermore, with the quantized field in the CPW-TLR as the data bus, the
arbitrarily selected qubit can be addressed individually to implement the single-qubit
operation, and the effective interaction between a pair of arbitrarily selected qubits
is tunable for the implementation of the two-qubit quantum gate operation. Also, the
CPW-TLR can be served as the detector for the QND measurements of the qubit,
in both the frequency and time domains. By the relevant numerical simulations, we
demonstrated that the quantum computation with the arrayed qubits, generated by the
nonlinear lateral vibrations of the electrons on liquid Helium, is possible.
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For the experimental realization, a series of setups have been built to implement the
trap of the electrons on liquid Helium and even on the solid Neon [44]. Specifically, it
has been demonstrated experimentally that the lateral vibration parallel to the Helium
surface is nonlinear [22]. Also, the electron trap on liquid Helium can be integrated
with a superconducting coplanar cavity device on a chip, and the MHz-order coupling
strength (which is much larger than the resonator linewidth) has been experimentally
demonstrated. Moreover, the duration (π/(2κ)) of the proposed π -pulse for the imple-
mentation of the two-qubit operation is estimated as the μs-order, which is feasible.
Typically, if the intensity of the static electric field is set as 5387 V/m, and the width of
the electrode is 100 μm, the static voltage for trapping the electron can be calculated
as∼ 0.5387 V. It is realizable. In addition, at a sufficiently low temperature∼ 15 mK,
the environment thermal noise could be safely suppressed. Hopefully, the feasibility
of the scheme demonstrated numerically here can be experimentally verified soon.
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