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ABSTRACT

We present a protocol for realizing parity detection of a bipartite system

based on non-Hermitian spectral phase transition. The system comprises

two superconducting qubits as information carriers and an auxiliary
superconducting resonator. We derive a parity-dependent effective Hamil-

tonian, where the frequency of the resonator is shifted when the qubits are

in even-parity states. The frequency shift results in a spectral phase transi-

tion in the non-Hermitian dynamical matrix in the Heisenberg picture, 10°
where the spectrum turns from purely imaginary to purely real. With a

proper frequency shift, the spectral distinction between the even- and odd- =
parity cases leads to markedly different photon number dynamics, i.e.,
exponential growth for the odd-parity case, and bounded oscillations for

the even-parity case. By measuring the photon number in the resonator

after a fixed evolution time, the parity of the qubits can be reliably discrim-

inated. Numerical simulations further demonstrate that the protocol is 10° I I
robust against systematic imperfections and decoherence, including the
spontaneous emission and dephasing of the qubits, as well as cavity decay.
These results establish a practical route to parity detection via non-
Hermitian dynamics. This approach provides a scalable building block for
superconducting-circuit quantum information processing.

¢ (ps)

Keywords non-Hermitian systems, superconducting devices, quantum
information processing

1 Introduction particularly in superconducting systems [13-15, 26],

photonic systems [16-18, 24], and magnetic systems
In recent years, non-Hermitian dynamics has attracted [19-22], where the rich and unconventional physical
increasing attention in various physical systems [1-25], phenomena of the non-Hermitian dynamics have been

revealed gradually. In contrast to Hermitian dynamics,
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can possess complex energy spectra, enabling phenomena
such as spectral phase transitions, exceptional points,
and chiral dynamics [27-30]. These features offer new
opportunities for exploring quantum behaviors beyond
equilibrium [7-9], and exhibit novel applications in
quantum information tasks like quantum state manipu-
lation [31-33], signal detection, quantum precision
measurements [34-36], chiral mode switching [28-30,
37-43], and nonreciprocal transport [44-48]. Recent
studies [14, 31, 32, 34, 35] have further shown that
quantum information schemes based on non-Hermitian
dynamics offer many potential advantages over their
counterparts within the realm of Hermitian dynamics.

To non-Hermitian dynamics, a
approach suggests to design a non-Hermitian effective
Hamiltonian by coupling a quantum system to a thermal
reservoir with gain or loss [27, 49-53]. However, this
approach poses several challenges. For instance, the
reservoir-induced decoherence can obscure non-Hermitian
signatures, making it difficult to stably observe coherent
non-Hermitian effects [32, 49, 54]. Moreover, interactions
between the system and reservoir may trigger quantum
jumps, driving the system evolution away from the ideal
trajectory governed by the non-Hermitian Hamiltonian
[65, 56]. As a result, post-selection is necessary to
exclude the occurrence of quantum jumps, leading to
probabilistic implementations of non-Hermitian dynam-
ics.

To overcome these challenges, alternative approaches
that do not rely on post-selection have been proposed
[65, 57-65], such as the approaches make use of non-
Hermitian dynamical matrices in the Heisenberg picture
[57, 58] and Liouvillian superoperator formalism [55,
59-65]. In particular, the Heisenberg-picture-based
approach provides a way to realize non-Hermitian
dynamics without invoking any explicit dissipation. In
such schemes [57, 58], the non-Hermitian nature is
embedded in the dynamical matrices of operators, and
spectral phase transitions can emerge by tuning system
parameters. The resultant spectral phase transitions
delineate dynamical regimes characterized by distinct
symmetries. This inherent connection facilitates direct
symmetry probing through dynamical observables, such
as parity detection via photon number monitoring, without
the need for engineered dissipation or post-selection. In
contrast to conventional methods that infer symmetry
from fragile indicators like state populations, the non-
Hermitian framework significantly improves the robustness
of the measurement against errors and decoherence [66,
67].

Parity detection is a widely used primitive in quantum
information processing [68]. It serves as a key ingredient
in tasks such as Bell-state analysis and entanglement
generation in quantum communication, and it also
underlies  stabilizer-based protocols where parity
outcomes provide syndrome information for error detection

realize common

and correction [69, 70]. Motivated by these applications,
we explore parity detection from a non-Hermitian
dynamical perspective in this work.

In this paper, we propose a protocol for parity detection
of a bipartite system based on non-Hermitian spectral
phase transition. The physical model consists of two
superconducting qubits and a  superconducting
resonator. The qubits serve as the information carriers,
while the resonator acts as an auxiliary element in the
parity detection. The resonator is simultaneously
coupled to both qubits and is driven by a two-photon
drive. Based on this physical model, we derive a parity-
dependent effective Hamiltonian of the system, where
the resonator’s frequency shifts when the qubits are in
even-parity states.

Under the derived effective Hamiltonian, we analyze
the evolution of the resonator’s creation and annihilation
operators in the Heisenberg picture using the Heisenberg
equation of motion. When the qubits are in odd-parity
states, the non-Hermitian dynamical matrix, which char-
acterizes the evolution of the creation and annihilation
operators, exhibits a purely imaginary spectrum.
However, the frequency shift of the resonator induced by
the qubits in even-parity states introduces an additional
diagonal term in the non-Hermitian dynamical matrix.
By tuning the absolute value of this frequency shift from
zero to values greater than the strength of the two-
photon drive, we observe that the spectrum of the
dynamical matrix turns from purely imaginary to purely
real. This marks a spectral phase transition of the non-
Hermitian dynamical matrix.

We further demonstrate that this spectral phase tran-
sition can be utilized to achieve effective parity detection
for the two qubits. More specifically, by selecting appro-
priate control parameters of the system, we introduce a
frequency shift in the resonator for the even-parity case,
ensuring that the non-Hermitian dynamical matrix
exhibits a purely real spectrum. In contrast, for the odd-
parity case, the absence of a frequency shift causes the
dynamical matrix to retain a purely imaginary spec-
trum. The disparity between these dynamical matrices
leads to distinct variations in photon number. In the
even-parity case, the purely real spectrum ensures that
the average photon number in the resonator oscillates
with a finite upper bound. Conversely, in the odd-parity
case, the purely imaginary spectrum results in an expo-
nential increase in the photon number within the
resonator over time. After a specific evolution period,
the photon number of the resonator can serve as a criterion
for extracting the parity information of the qubits. By
measuring the photon number, one can differentiate
between the even- and odd-parity states of the qubits.

To investigate the performance of the protocol in the
presence of potential experimental imperfections, we
conduct numerical simulations using available parame-
ters. The results show that the parity detection based on
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non-Hermitian spectral phase transition is robust against
systematic errors and decoherence, including spontaneous
emission and dephasing of the qubits, as well as cavity
decay. The protocol may provide an alternative method
to achieve high-precision parity detection using
currently feasible technology.

It is instructive to compare our parity detection
protocol with alternative parity readout approaches in
superconducting platforms. Conventional dispersive
schemes typically map parity onto a probe field (or an
ancilla) through dispersive coupling and then infer
parity via homodyne/ancilla readout [68], while gate-
based parity checks extract the parity syndrome onto an
ancilla using multi-qubit gate sequences (as commonly
used in error-correction settings) [69, 70]. Interferometric
strategies encode parity in interference contrast but may
require additional hardware resources. In contrast, our
approach exploits a parity-dependent spectral phase
transition of a non-Hermitian dynamical matrix in the
Heisenberg picture, which maps parity directly onto two
sharply different photon-number dynamics (bounded
versus amplifying), enabling a simple threshold decision.
This dynamical mapping does not require post-selection
and remains robust against typical systematic imperfec-
tions and decoherence channels analyzed in Section 5.

This article is organized as follows. In Section 2, we
introduce the physical model and calculate the effective
Hamiltonian. Theoretical analysis for the energy spectra
of non-Hermitian dynamic matrices is given in Section 3.
In Section 4, we provide the details of the parity detection
based on non-Hermitian spectral phase transition. In
Section 5, we investigate the influence of the disturbing
factors, including systematic errors and decoherence, on
the protocol. Finally, the conclusions are given in
Section 6.

2 Physical model

Let us now introduce the physical model to implement
the parity detection based on non-Hermitian spectral
phase transition. We consider a physical model
composed of two superconducting qubits ¢, (n=1,2)
[71-76] and a superconducting resonator C [77-79], as
shown in Fig. 1. The lowest two levels of the qubit ¢,
are labeled as |g),, and |e),,. The frequency of the transition
l9)n <+ |e)n and the resonator C' are denoted as w, and
we, respectively. The transition |g), <> |e), is coupled
with the mode in the resonator C with the coupling
strength )\, and the blue detuning A, =w,—w,. In
addition, the resonator is subjected to a two-photon
driving field with amplitude ¢. The Hamiltonian of the
system under the rotating-wave approximation is

2
H = i(a? — ) + Y (e allg)ule] +He), (1)

n=1

(@) 9 (b)
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Fig. 1 (a) Physical model for the implementation of the
parity detection consisting of two qubits and a superconducting
resonator. (b) Level configuration of the qubit ¢, (n=1,2).

where @ (af) is the annihilation (creation) operator of
the mode in the resonator C. We note that the term
i¢(af? — a?) corresponds to a particular choice of the
pump phase of the two-photon drive; the parity dependent
spectral phase transition discussed in this work is inde-
pendent of this phase, and the real-coefficient form
¢(at? + a?) is discussed in Appendix B.

For clarity, we separate Eq. (1) as H(t)= Hy+ V(t),
where the two-photon drive H,=if(a? —a?) is time
independent and acts only on the resonator, while the
time-dependent qubit-resonator coupling V(¢) is treated
perturbatively. Considering the second-order perturbation
theory [80] in the dispersive regime A, > {\,,&¢}, the
effective Hamiltonian can be calculated as

He =i€(a"” —a?) + 3 | 2= (a'alg)nigl — a'ale)n (el

)

The detailed derivation of Eq. (2) is given in Appendix
A. Defining 6,, = A2 /A,, and choosing 6, = §, = 4§, Eq. (2)
can be simplified as

Hep = Hg + Hy,

Hy = i&(a'? — a®) +26(19, 9)1,2(9. 9| — |e, e)1,2(e. €] )a'a,

Hy = —0(le, g)1,2(e, 9| + 19, €)1,2(g, | + 2[e, €)1,2(e, €]).
(3)

Here [g.9)12 =91 ®1g)2, le,gh12 =le)1®1g)2, lg,e)12 =
|9)1 @ |e)2, and |e,e)12 = |e)1 ® |e)2. Because [Hy, Hy =0
and H, is independent of the resonator mode, H, does
not affect the dynamical evolution of the resonator oper-
ators and can be omitted when focusing on the resonator
dynamics. Physically, Eq. (2) shows that each qubit
induces an AC-Stark (dispersive) shift of the resonator
frequency of magnitude 6, = A\2/A,,, with opposite signs
for |g), and |e),. As a result, the total shift adds
constructively in the even-parity subspaces (yielding
§ =+5), while it cancels in the odd-parity subspace
when 6, = &, (yielding § = 0).
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3 Dynamical matrices and their spectra

3.1  Theoretical analysis

In order to investigate the dynamical evolution of the
resonator mode, we focus on a reduced effective Hamil-
tonian of the resonator in form of

H =i¢(a? — a?) + 26ata. (4)

We define the subspaces for the two-qubit states as

Sy = span{|g, 9)1.2}, S— = span{le, €)12},

So = span{|e,g>1,2, |g, €>1,2}- (5)

When the state of the qubits are initial in subspace Sy
(So), the effective Hamiltonian in Eq. (3) reduces to H
with § = £5 (6 =0). Therefore, the Hamiltonian A can
represent the evolution of the resonator mode for the
qubits prepared in the subspace Sy and S, , by substituting
different values into the parameter 4.

Based on the reduced effective Hamiltonian H in
Eq. (4), we move into the Heisenberg picture, where the
evolution of the annihilation and creation operators of
the resonator are given by the Heisenberg equation of
motion as

ia = 20a + 2i€al,

ia" = 2i¢a — 20a’. (6)
Additionally, we define the vector wv(t) as [a(t),al(t)]T,
where the superscript T represents the matrix transpose.
Thus, one can obtain a Schrodinger-like equation

d
1&1;(75) = Ho(t), (7)

with the dynamical matrix given by

’H:< 20 2i¢ )
2i¢

—20
Eq. (8) indicates that the dynamical matrix #H is non-
Hermitian. We emphasize that the non-Hermiticity
discussed in this work does not originate from a change
of picture, nor does it imply that the Hamiltonian
governing the system is non-Hermitian. Throughout this
work, the system is described by a Hermitian Hamiltonian
in the Schroédinger picture and thus exhibits unitary
time evolution in the absence of dissipation. The non-
Hermitian structure instead arises from the form of the
Heisenberg equations of motion. For quadratic, number-
nonconserving Hamiltonians, the Heisenberg equations
for the bosonic operators can be written as a closed set
of linear differential equations, which can be expressed
compactly in a matrix form. The matrix # appearing in
Eq. (8) is therefore a dynamical matrix governing the
linear operator evolution, rather than a Schrédinger-

(8)

picture Hamiltonian. As a consequence, this dynamical
matrix is not required to be Hermitian, even though the
underlying quantum dynamics remains fully unitary.
The non-Hermitian spectral properties of H thus reflect
the structure of the operator equations of motion, rather
than indicating any non-unitary physical evolution of
the closed system. Similar non-Hermitian dynamical
matrices in nondissipative bosonic systems have been
discussed previously, see, e.g., Ref. [57].

To further analyze the symmetry of the dynamical
matrix H, we rewrite it as

H = 2ito, + 260,

by employing the Pauli matrices
_ (0 —i
To = =i o0

For the dynamical matrix #, the parity operator is
defined as P =o., while the time-reversal operator is
given by T = %, representing complex conjugation operator
[81-87]. Here T =  denotes the conventional time-reversal
operation for spinless (bosonic) systems, which is appro-
priate for the dynamical matrix formulated in the [a,af]"
operator basis. For an arbitrary matrix ¢ and an arbitrary
vector w(t), the time-reversal operator produces the
results 7Q7 = Q* and Two(t) =v*(t). The operators P
and T satisfy the commutation relation [P,7]=0. The
dynamical matrix H exhibits PT symmetry, as it satisfies
the commutation relation [P7,H] = 0.

The spectrum of the dynamical matrix #H directly
governs the time dependence of the operator vector wv(t)
via v(t) = e *v(0). Consequently, when the eigenvalues
are real, the evolution is oscillatory and the resonator
photon number remains bounded, whereas imaginary
eigenvalues produce exponential amplification/attenua-
tion and lead to an exponentially growing (or decaying)
photon number. Therefore, a spectral phase transition of
H implies a qualitative change in the physical photon-
number dynamics. Introducing the parameter d=¢/3,
we summarize the relationship between the energy spec-
trum of the dynamical matrix H and the parameter d as
follows:

(i) For |d| < 1, the eigenvectors of the Hamiltonian #
are given by

1 1+v1—d?

|p+) = \/T: y ;

where the normalization coefficients are Ny =2(1+

0 1
1 0

(1)

v1—d?), and the corresponding eigenvalues are
E. =425y/1—d?. Since the eigenvectors satisfy

PT|p+) = £|¢p+), the eigenvectors |¢y) of H is also the
eigenvectors of the PT operator. This indicates that PT-
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symmetry remains unbroken, and the eigenvalues E.
are purely real.

(ii) For |d| > 1, the eigenvectors of the Hamiltonian #
take the form

1 1+ivd? -1

|p+) = —= ) (12)
vad id
with purely imaginary eigenvalues E; = 42i6vd2 — 1.
Furthermore, the eigenvectors do not satisfy
PT|p+) = +|¢p+), which implies that the eigenvectors of
H are no longer the eigenvectors of the PT operator.
Consequently, the PT-symmetry is broken in this case.
(iii) In the special case where |d| = 1, the two eigenvectors
coincide, which can be expressed as

(13)

with the corresponding eigenvalue E =0. The points
d = £1 are usually referred to as the exceptional points.

Physically, the coalescence of eigenvectors at d = 1
marks the transition between the PT-symmetry unbroken
phase and the PT-symmetry broken phase [88, 89]. For
|d| <1, the spectrum remains entirely real, and the
system undergoes oscillatory evolution over time [90,
91]. However, for |d| > 1, the eigenvalues become purely
imaginary, leading to exponential growth or decay over
time, characteristic of P7-symmetry broken [92, 93].
Thus, the points d = &1 signify the onset of this transi-
tion, where the system undergoes a qualitative change in
its energy spectral properties [7]. Base on the preceding
analysis of £y, Fig. 2 is plotted to illustrate the depen-
dence of the real part Re(Ei) and the imaginary part
Im(E1) on the parameter |d|. Noticing that ¢ is always
zero (i.e., d — oo) in the odd-parity case, the non-Hermitian
spectral phase transition can only occur in the even-
parity case by adjusting the frequency shift § of the
resonator.

3.2 Measurement of the energy spectrum

To firmly connect the theoretical spectrum in
Figs. 2(a, b) to the proposed physical implementation,
we further provide a numerical verification in which the
complex eigenvalues E; of the non-Hermitian dynamical
matrix #H are retrieved from simulations of the full
system dynamics governed by the complete Hamiltonian
in Eq. (1). Concretely, we reconstruct the mode amplitudes
from experimentally accessible quadratures of the
resonator mode C,

X =a +a, Y =i(al —a), (14)
which can be obtained experimentally via homodyne

detection or cavity state tomography [94-97]. The

@ »
—— Re(E))
1} - - Re(£)
2
< of
15} 1
~ ]
-1}t 7
7/
,/
_2 = 1
0 1 2
|d] ]
© 2 @ 4
—— Re(E,) - - Im(E))
o 1+ - - Re(E) o 2 F|l—Im(E.,)
< of — <o (
& ! g N
-1} // oL S e .
7 = ~
_2 - - 1 _4 1
0 1 2 0 1 2
d d

Fig. 2 Eigenvalue spectrum of the non-Hermitian dynamical
matrix H across the same parameter sweep. (a) Real parts
Re(E+)/§ and (b) imaginary parts Im(E+)/§ obtained from
the theoretical analysis. (¢) Reconstructed Re(E4)/é and
(d) reconstructed Im(E+)/s retrieved from numerical simula-
tions of the full system dynamics governed by the complete
Hamiltonian in Eq. (1). In the simulations we use
A =27 x 50 MHz, A2 = +/1.5\1, A; =27 x 2.5GHz, and A, =
1.5A1, and sweep the two-photon drive strength in the range
£ € [0,26], with the short evolution time chosen as 7 = 0.01 ps.

complex amplitudes are reconstructed through
T—

a:X—;lY’ a _X21Y. (15)
These quantities provide complete information about the
mode amplitudes entering the effective non-Hermitian
dynamics, and thus enable the reconstruction of the
eigenvalues of H.

To proceed, we define a vector of operator expected
[v(t)) = [(a(t)),{a’(t))]". According to the
Heisenberg equation of motion in Eq. (6), we obtain

(a(t)) =26 (a(t)) + 2i¢ (a' (1)),
(a'(t)) = 2i¢ (a(t)) — 26 (a'(2)), (16)

which can further be rewritten by i‘1/}(t)> =H|p(t)), ie.,

the evolution of the vector also fulfills the Schrédinger-
like equation governed by the dynamical matrix #H.
Then, we introduce the right and left eigenvectors of #,

values as

i
i

H|¢u> :Eu|¢u>’ <$H|H:Eu<q§u‘a (17)
with y = &+ and the biorthogonality condition
<éu|¢u> = 5;11/ (Ma’/ = :l:)' (18)

Starting from a initial state [(0)), the state | (7)) at a
short evolution time 7 can be reconstructed from the

Yang Xiao, et al., Front. Phys. 21(11), 115201 (2026)

115201-5



Fe > FRONTIERS OF PHYSICS

RESEARCH ARTICLE

measured quadratures via Eq. (15). The complex eigen-
values are then retrieved from the overlap ratio

By = Lo | (219(0)

Rel) glwiw(o»] |

(B — L] (@£[e(0)

i) =7 ‘<¢3i|w<o>> | )

A detailed derivation is provided in Appendix C.

In the numerical verification, we first calculate the
density operator p(r) of the system with the full Hamil-
tonian given by Eq. (1) in the Schrédinger picture.
Subsequently, the expected values of the operators X(r)
and Y (r) can be obtained through the relation

(X(7)) = Trlp(7) X], {Y'(7)) = Tr[p(7)Y]. (20)

Using Eq. (15), the vector |+4(t)) can be reconstructed as

Trlp(7)X] + iTr[p(7)Y] ) .

1
(7)) = 3 < Tr[p(T)X] — iTr[p(T)Y]

(21)
Based on the retrieval formulas in Eq. (19), one can
obtain the energy spectra of the dynamical matrix .
The resulting reconstructed spectra are plotted in
Figs. 2(c, d), which quantitatively reproduce the analytical
eigenvalues shown in Figs. 2(a, b) and clearly capture
the same phase-transition signature. This demonstrates
that the non-Hermitian spectral transition predicted for
‘H is observable within the proposed physical model.

In the following, we exploit this parity-dependent
spectral phase transition to map the qubit parity onto
two sharply different photon-number dynamics of the
auxiliary resonator (exponential growth versus bounded
oscillations), enabling parity discrimination via a simple
threshold measurement. More broadly, the parity-
controlled transition between oscillatory and exponentially
growing dynamics can be viewed as a simple instance of
non-Hermitian mode control enabled by spectral phase
transitions/exceptional points, which has attracted
increasing attention in recent studies [58, 98].

4 Parity detection based on non-Hermitian
spectral phase transition

The odd-parity state and the even-parity state are
defined as

[Vodd) = B1lg,€)1,2 + B2le, 9)1,2,

‘weven> = 53\9:9)1,2 + /84‘67 e>1,27 (22)

which correspond to the eigenvectors of the two-qubit
parity operator Py =o0,.; ® 0,2 With eigenvalues —1 and
+1, respectively. The normalization coefficients satisfy
IB1]> + 18212 =1 and |B3]? +|B4|> =1. Furthermore, the
Pauli-Z operator for the qubit ¢, is defined as

Ozmn = ‘€>n<€| - |€>n<g"
Substituting § = 0, the evolution of the operator in the
Heisenberg picture follows

ia = 2i¢a’, ial = 2i€a, (23)
which can be rewritten as
igv(t) = H,ov(t) (24)
dt - o )
with
(0 2\ .. .
Ho = < % 0 ) = 2i£ A0, A" (25)
Here, we define
1 1 1
a=mn ) 2
The solution of Eq. (24) is given by
v(t) = U, (t)v(0) = exp(—iH,t)v(0). (27)
Using the result
exp(—iHot) = A, exp(280,t) At
_( cosh(2&t)  sinh(2¢t) (28)
~\ sinh(2&t) cosh(2&t) )
we derive
a(t) = cosh(2¢t)a + sinh(2¢t)a’,
a'(t) = sinh(2¢t)a + cosh(2¢t)a’, (29)
with a(0) = @ and af(0) = af. This gives rise to
al(t)a(t) = cosh(4&t)ala + sinh(4&t)(a'? + a?)/2
+ sinh?(2¢t), (30)

which implies

(a'(t)a(t))
cosh(4¢t) (a'a) + sinh(4&t)({a'?) + (a?))/2
+ sinh?(2¢t).

No

(31)

If we initially prepare the resonator C in the coherence
state |a)c with a real amplitude «, the average photon
number is given by

N, = cosh(4&t)a? + sinh(4€t)a® 4 sinh? (2&t)

= e*ta? + sinh?(2¢t). (32)

When the qubits are in the even-parity state |g,g)1.2
or |e,e)1 2, the dynamical matrix for the evolution of the
operators a and o' is given by
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+20  2i¢

2ic 725 (33)

He = < ) )
by substituting §=¢6 (6= —4) for the case of |g,g)12
(le,e)12). If we adjust the control parameter to make
|d| = |¢/6] = tanh2x < 1, according to the results in
Section 3, the PT-symmetry is unbroken and the imaginary
parts Im(E$) of the eigenvalues of the dynamical matrix
‘H. are zero. The dynamical matrix #,. can be diagonalized
as

He = AHAL, (34)
with
T _ 02 —¢&2 0
< 0 T2./62 —¢€2 )’
_ cosh x sinh x
Ae = ( +isinhy Zicoshy > ' (35)

Thus, the corresponding evolution operator can be
calculated as

U (t) = exp(—iHt) = Aeexp(—iHet) At
sin f sinh 2y
cosf tisinfcosh2y /’
(36)

_ (cosf Fisinfcosh2y
o sin @ sinh 2y

with 6 =2,/62 — ¢2t. Using the result v(¢) = U, (t)v(0) we
obtain

a(t) = (cos @ F isin O cosh 2x)a + (sin @ sinh 2 )a’,
al(t) = (sin@sinh 2y)a + (cos @ + isin # cosh 2y )a’,

(37)
and
a’(t)a(t) = (cos? @ + sin® @ cosh4y)a'a
+ sin 20 sinh 2x(a'? + a?)/2
+ isin® @sin f sinh 4x(a'® — a?)/2
+ sin” @ sinh 2. (38)

When the resonator C' is initially prepared in the same
coherence state |a)c as that in the odd-parity case, the
average photon number of the resonator C in this case
reads

N, = <aT(t)a(t)>
= (cos? 6 + sin? @ cosh 4y )a? + o sin 26 sinh 2y
+ sin? 0 sinh 2
= (cos? § + sin” @ cosh 4x + sin 20 sinh 2y )
+ sin? @ sinh 2.

w

(3]

—_

0 1
0 ()

Fig. 3 Theoretical average photon number N./|a|? as a
function of ¢ and y, evaluated from Eq. (39).

It can be seen that the average photon number of
resonator C is the same for initial states |g,g);> and
le,e)1,2. Therefore, the above analysis can be applied to
an arbitrary even-parity state, as it can be expressed as
a linear superposition of the states |g,g); o and |e,e)1 2.
We plot the average photon number N, versus ¢ and y
in Fig. 3. As shown in the figure, for a fixed 6, a smaller
x corresponds to a lower maximum average photon
number. When y is fixed, the average photon number
exhibits a periodic variation over time under a finite
upper bound. Therefore, we can select a relatively small
x and a proper evolution time for a low photon number
in the even-parity case. Comparing the variation of the
photon number in the odd- and even-parity cases, it is
possible to discriminate the parity of the qubits’ state by
measuring the photon number of the resonator.

As an example, we numerically simulate the average
photon number of the resonator C on the density operator
po (pe) in the case of odd-parity (even-parity) of the
system using the Liouville-von Neumann equation

pr = —i[H, px], (40)

with k = o, e, where H is the full Hamiltonian given in
Eq. (1). The initial states of the qubits ¢, and ¢, are
selected as

1
Vo) = Euga@ql,qz + 1€, 9) 41,02

1
[e) = ﬁ(|gag>q1,q2 + |€76>Q1,qz)7

(41)
in the odd-parity and the even-parity cases, respectively.
The initial state of the resonator C is the coherence
state with the complex amplitude o = v/2. The parameters
are selected as A\ =27 x 50 MHz, o = v/1.5\1, Ay = 27x
2.5 GHz, Ay = 1.5A;, and ¢ = 2.5 MHz [99, 100], with the
evolution time 7 =0.6 us. We plot the average photon
numbers N, and N, versus ¢ in Fig. 4, respectively. It
can be observed that when the qubits ¢; and ¢, are in
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Fig. 4 Average photon numbers N, and N. versus t.

the odd-parity state, the average photon number of the
resonator exhibits exponential growth, reaching N, = 868
at t = 0.6 us. In contrast, when the qubits are in the even-
parity state, the average photon number undergoes periodic
oscillations, with its maximum value approaching 3.5.
The numerical simulation results closely align with the
theoretical analysis. Therefore, we can distinguish the
parity of qubits ¢, and ¢ by measuring the photon
number in resonator C.

To achieve parity detection of qubits ¢; and ¢, by
measuring the photon number in resonator C, we define
a criterion for the parity detection: when the measured
photon number satisfies N >m (M < m), we recognize
that the qubits ¢; and ¢, are in the odd-parity (even-
parity) state. With such criterion, the error probabilities
for the parity detection of an odd-parity state and an
even-parity state can be calculated by

Po = TT(POPJ\/gm), Pe =1~ TT(,OePNgm)7 (42)
with the projection operator
m
Prv<m = Y 1i)elil, (43)
=0

where |j)¢ denotes the j-photon state of the resonator.
To better distinguish the parity information of the
qubits, we should select an appropriate m and operation
time. Therefore, we consider the initial states of qubits
g1 and ¢, in the odd- and even-parity cases, as shown in
Eq. (41). Using the same parameters as in Fig. 4, we
plot the error probabilities P, and P, versus the evolution
time ¢ in Figs. 5(a) and (b), for different values of m.
We consider relatively larger thresholds (e.g.,
m =6,8,10) as conservative choices to suppress misclas-
sification caused by residual photon-number fluctuations
in the even-parity case. As shown in the figure, P,
decreases monotonically, while P, exhibits oscillatory
behavior. For the even-parity case, a relatively low error
probability is observed in the time window of
0.5—0.52 us. In contrast, within this time interval, the
error probability P, exceeds 0.01 for m =6, 8, and 10,

and only falls below 0.01 when m = 4. Therefore, m = 4
can be chosen as the photon-number threshold to distin-
guish the parity information of the qubits. For relatively
small error probabilities P, and P, in the two cases, we
select t =0.513 us as the operation time, at which the
error probabilities are P, =9.082 x 1073 and P. = 8.597x
1073. At the selected operating time ¢ = 0.513 us, this
choice places the threshold well above the oscillatory
maxima of the even-parity photon-number dynamics,
while remaining far below the exponentially increased
photon number in the odd-parity case, thereby providing
a clear physical separation between the two outcomes.
The results indicate that by measuring the photon
numbers in resonator C, it is possible to achieve a near-
deterministic discrimination of the even- and odd-parity
states of qubits ¢; and ¢, with an appropriate operation
time.

From an experimental perspective, the achievable
intracavity photon number may be limited by residual
Kerr nonlinearity and by the finite dynamic range/satu-
ration of the amplification chain at large output power.
Moreover, the stability of the two-photon drive (setting
¢) and the calibration of dispersive shifts §, = \2/A,,
determine the operating ratio |d| = |¢/6| and thus the
contrast between oscillatory and amplifying dynamics.
These constraints mainly affect the quantitative calibration
of the photon-number separation, rather than the existence
of the parity-dependent contrast; in practice, the operating
time and threshold can be adjusted to keep a clear sepa-
ration while avoiding unnecessarily large photon
numbers.

In practice, the final step of our protocol only requires
a threshold decision, i.e., whether the intracavity photon
number satisfies N <m or N >m, rather than full
photon-number resolution. Such a threshold readout can
be implemented in standard circuit-QED architectures
in a quantum non-demolition (QND) manner, e.g., via
dispersive coupling to an ancillary qubit and photon-
number—selective interrogation (number splitting), or
alternatively — using microwave photon counters
[101-103]. The main limitations include finite number
splitting relative to the resonator linewidth, photon loss
during the measurement window, and ancilla/readout
noise, which may cause a small photon-number misas-
signment near the threshold. Notably, since the odd-
parity case yields a much larger photon number at the
chosen operating point, the readout requirement is
primarily to separate low-photon even-parity outcomes
from high-photon odd-parity outcomes, making the
measurement less demanding than full number-resolved
detection. Finally, our parity-controlled control of PT-
symmetry breaking connects naturally to recent experi-
mental progress on manipulating exceptional points in
effective anti-P7-symmetric systems [104, 105].
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Fig. 5 (a) Error probabilities for the parity detection of an odd-parity state P, versus ¢ for different values of m.
(b) Error probabilities for the parity detection of an even-parity state P. versus ¢ for different values of m.

5 Numerical simulation

In Section 4, we have demonstrated that the non-Hermitian
phase transition in the spectrum of the dynamical
matrix can be leveraged to achieve parity detection by
measuring the photon number in the resonator. To
assess the robustness of the parity detection, we analyze
the error probabilities under the influence of various
perturbation factors in this section. In the following
discussion, we still adopt the parameters X\ =2mwx
50 MHz, A» = v1.5A1, A; =27 x 2.5 GHz, Ay = 1.5A;, and
¢ =25MHz [99, 100], and an operation evolution time
7 =0.513 us. The corresponding odd-parity state and
even-parity state in the system are still as shown in
Eq. (41). Unless otherwise stated, the robustness analysis
in this section is divided into three parts: (i) systematic
errors are evaluated under unitary dynamics by evolving
Eq. (40) with modified parameters, while (ii) decoherence
effects are evaluated using the Lindblad master equation
in Eq. (45), where we vary one decoherence channel at a
time and set the other decoherence rates to zero; and
(iii) we further examine the sensitivity of the protocol to
the initial state of the resonator by the error-probability
analysis for non-ideal initial states (e.g., a thermal state
and a squeezed coherent state).

5.1 Influence of systematic errors

Due to imperfections of the instruments and the opera-
tions, there may exist systematic errors in the control
parameters [106-109]. Here, the systematic errors may
appear in the coupling strength A, (n = 1,2), the detuning
A,, and the amplitude ¢ of the two-photon drive. Under
the influence of systematic errors, these parameters are
described as

A — (1 +771))\1, Ao — (1 +772)>\2,
A1 — (1 +7]3)A17 AQ — (1 +7’]4)A2,

§— (1+n5)8, (44)

where n; (I =1,2,---,5) is the systematic error coefficient
for the corresponding parameter.

The error probabilities P, and P. versus the systematic
error coefficients 1 (1=1,2,---,5) are plotted in
Figs. 6(a) and (b), respectively. As shown in Fig. 6(a),
the probability P, exhibits insensitivity to systematic
errors in coupling strength and detuning, with deviations
not exceeding 2.6 x 10™* across the considered error
range. For the systematic error in the drive amplitude ¢,
as indicated by Eq. (32), the drive amplitude ¢ directly
influences the photon number distribution in the
resonator, leading to a decrease in the error probability
as the drive amplitude increases. However, within the
error coefficient range 75 € [-0.05,0.05], the error proba-
bility P, remains below 1.011 x 1072. Therefore, the
measurement of the odd-parity state demonstrates
robustness against systematic errors in coupling
strength, detuning, and amplitude.

As shown in Fig. 6(b), the probability P, for measuring
the even-parity state increases with the absolute value of
the systematic error coefficient n,. According to
Egs. (33)-(39) and Fig. 3, variations in coupling
strength, detuning, and drive amplitude all influence the
photon number variation within the resonator. Specifi-
cally, the drive amplitude influences the maximum average
photon number achievable within a period, while the
coupling strength and detuning primarily determine the
variation period of the photon number. Consequently,
from a fixed operation time, systematic errors in
coupling strengths and detunings have a more significant
impact on the error probability of even-parity state
measurements, whereas the effect of drive-amplitude
fluctuation is relatively minor. Because the deviation of
the period makes the error probability P, deviates from
its local minimum. For || < 0.05, the error probability
P, remains below 4.439 x 10~2. This indicates that the
measurement of the even-parity state maintains a relatively
high success probability despite the presence of systematic
errors in the coupling strength, detuning, and drive
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Fig. 6 (a) Error probability P, versus the systematic error
coefficients. (b) Error probability P. versus the systematic
error coefficients.

amplitude. If instrumental precision and operational
accuracy are well maintained, keeping the error coefficient
n within 0.01 ensures that the error probability remains
below 9.867 x 1073.

5.2  Influence of decoherence

Decoherence is unavoidable in experimental implementa-
tions. The main sources of decoherence in the protocol
include: (i) the spontaneous emission of the qubit g,
from the excited state |e),, to the ground state |g),,, with
the spontaneous emission rate of T',; (ii) the dephasing
of the qubit ¢, on the excited state |e),, with the
dephasing rate ~,; (iii) the decay of the resonator C,
with the decay rate x. Under the influence of these deco-
herence factors, the evolution of the system are governed
by the master equation [110-113]

b = —i[H, pu] + 3 TuLllg) (el

n=1
2
+ > nLlle)nlellon + wLlalpr, (45)
n=1
with the Lindblad superoperator L[X]p= XpXT—
(Xt Xp+pxtX)/2  and X € {|g)nlel, le)nle], a}. For

simplicity, we assume I'y =Ty =T and v, = v, =7 in the
numerical simulations.

In Fig. 7, we plot the error probabilities P, and P,
versus the decoherence rates, respectively. It is evident
from the figure that the error probability for both even-
and odd-parity cases remains largely unaffected by qubit
dephasing. Within the dephasing rate range from 0 to
0.1 MHz [114, 115], the variation in error probabilities
remains below 107°.

In the presence of cavity decay, the error probability
P, exhibits an increasing trend, while the error probability
P, shows a decreasing trend, and the overall deviation
amplitude of the error probabilities are relatively small.
It is worth noting that when the cavity decay rate
k < 0.1 MHz, the error probability P, remains less than
1072,

RESEARCH ARTICLE
(a) 0.02 (b) 0.04
0.03
0.016
Qs A’ 0.02
0.012 0.01
0.008 L 0 L
0 0.05 0.1 0 0.05 0.1

Decoherence rates (MHz) Decoherence rates (MHz)
Fig. 7 (a) Error probability P, versus the decoherence
rates. (b) Error probability P. versus the decoherence rates.

In comparison, spontaneous emission leads to a relatively
significant increase in the error probability for the both
cases. This is because spontaneous emission of the qubits
disrupts the parity information, thereby increasing the
likelihood of measurement errors. For spontaneous emission
rates up to I' =0.1 MHz, the error probabilities remain
below P, < 1.830 x 102 and P. < 3.882 x 10~2. Considering
an available parameter I'=0.02 MHz [116-118], the
error probabilities for the odd- and even-parity cases are
as low as 1.094 x 1072 and 1.491 x 1072, respectively.
According to the numerical results in this section, the
protocol possess good robustness against the influence of
decoherence.

Although Sections 5.1 and 5.2 quantify robustness
mainly through the final misclassification probabilities
P, and P,, these error probabilities are ultimately deter-
mined by how imperfections reshape the photon-number
dynamics relative to the fixed threshold m. In our proto-
col, the parity information is mapped onto two distinct
dynamical regimes of the auxiliary resonator: an amplifying
(exponentially growing) photon-number evolution in the
odd-parity sector versus a bounded oscillatory evolution
in the even-parity sector. Systematic imperfections in
Ans Ap, and ¢ primarily act by renormalizing the effective
dispersive shifts 4§, =A2/A, and the control ratio
|d| = |£/5]. In the even-parity sector, this renormalization
mainly shifts the oscillation frequency/phase of the
bounded trajectory and therefore displaces the time
locations of the local minima of P.(t). In the odd-parity
sector, it mainly modifies the effective amplification
rate, which determines how rapidly the photon-number
distribution moves above the fixed threshold. Decoherence
channels included in our model act through distinct
physical mechanisms on this threshold separation.
Cavity decay mainly suppresses the buildup of large
photon number, reducing the odd-parity amplification
contrast while also tending to keep the even-parity
population low. Qubit dephasing typically has a weaker
influence here because the discrimination relies on parity-
conditioned frequency shifts rather than preserving a
specific relative phase within a given parity sector. In
contrast, qubit relaxation can induce transitions between
parity sectors during the evolution window, which
directly increases the overlap between the even/odd
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photon-number distributions and thus leads to the most
noticeable increase in both P, and P.. Importantly, even
when imperfections shift the transient photon-number
trajectories, the protocol remains operational because
one can re-optimize the operating time (and, if desired,
the threshold) to recover a time window where both
P,(t) and P.(t) are simultaneously small.

5.3  Parity detection using different initial state of the
resonator

In the preceding analysis, the resonator is assumed to be
initialized in a coherent state. To verify that the protocol
is not restricted to the coherent-state initialization, we
further examine the parity detection by the numerical
evaluation of the time-dependent error probabilities
P,(t) and P.(t) using two different initial states: a thermal
state and a squeezed coherent state.

First, we take the resonator to start from a thermal
state

- n
T

o
Pth = an|n><n|, Dn = W7

n=0

(46)

where #ny is the mean thermal photon number. In
Fig. 8(a), we choose ng = 0.2. For each evolution time ¢,
we evolve the initial state p,/.(0) = [Vy/e) (Vosel @ pum
under the same dynamical equation as in Eq. (40) and
compute P,(t) and P.(t) using the same photon-number
threshold m.

We also consider a squeezed coherent state

Psq = |O‘7€><O‘?<|7 |OZ,C> = S(C)D(Ox)|0>,

where D(a) = exp(aa’ — a*a) is the displacement operator
and S(¢) = exp[3(¢*a® — ¢a'?)] is the squeezing operator
with ¢ = re'?. In Fig. 8(b), we fix the coherent amplitude
to o = v/2 and choose r = 0.4 with ¢ = 0. The corresponding
initial states are p, /e (0) = |1o/e) (Yose| ® psq, and we evaluate
the same error probabilities P,(t) and P.(t) as functions
of t.

The numerical results are summarized in Fig. 8. In
both panels, the photon-number dynamics still provides
a clear separation between the two parity outcomes even
for non-ideal resonator initial states, and low misclassifi-
cation probabilities can be achieved by choosing an
appropriate operating time. For a fair comparison, the
value of the photon number threshold m remains the
same as before. However, since the initial photon-
number statistics modifies the transient evolution, the
optimal operating time window is shifted compared with
the coherent initialization. Specifically, for the thermal
initial state in Fig. 8(a), we identify a time window
t ~1.17-1.20 us where both P,(¢) and P.(t) remain below
0.01. For the squeezed coherent initial state in Fig. 8(b),
we find a broad low-error window t ~ 0.546—0.588 us with
P,(t),P.(t) < 0.01. These results confirm that the

(47)
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Fig. 8 Error probabilities P,(t) and P.(t) versus the evolution
time ¢ for different initial states of the resonator. (a) Thermal
initial state pn with mean photon number 7y, =0.2.
(b) Squeezed coherent initial state pyq = |o,(){a,¢| with
a =412 and squeezing parameter ¢ =re'® chosen as r =04
and ¢ = 0.

proposed parity detection remains effective beyond a
coherent-state initialization, while in practice the operating
time can be re-optimized (with the same threshold) to
maintain low error probabilities.

6 Conclusion

In summary, we have proposed an effective protocol for
measuring the parity of a bipartite system based on non-
Hermitian spectral phase transitions. The physical model
contains two superconducting qubits as information
carriers and a superconducting resonator as an auxiliary
element. The qubits are simultaneously coupled to the
resonator, which is driven by a two-photon drive. Under
appropriate parameter settings, we derive an effective
Hamiltonian for the system, which depends on the
parity of the qubit states. The derived effective Hamilto-
nian indicates that a frequency shift of the resonator
occurs when the qubits are in an even-parity state. By
tuning the parity-dependent frequency shift, we show
that, in the Heisenberg picture, the dynamical matrix,
describing the evolution of the annihilation and creation
operators of the resonator, undergoes a non-Hermitian
spectral phase transition, where the spectrum turns from
purely imaginary to purely real. This spectral phase
transition results in distinct behaviors of photon number
variations in the even- and odd-parity cases. Specifically,
the purely imaginary spectrum results in exponential
growth of the photon number in the odd-parity case,
while the purely real spectrum leads to bounded oscillations
of the photon number in the even-parity case. This
enables the discrimination of the qubit state parities
through photon number measurements. Numerical simu-
lations further demonstrate that the protocol is robust
against decoherence and parameter imperfections.
Therefore, the protocol may provide a promising appli-
cation of non-Hermitian dynamics under currently avail-
able technology.

Although we have focused on a two-qubit setting, the
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underlying idea can be extended to a multi-qubit archi-
tecture. In the dispersive regime, each qubit contributes
an ac-Stark shift to the auxiliary resonator; by suitably
engineering and calibrating the dispersive couplings, the
global parity information can be mapped onto two
distinct dynamical behaviors of the resonator (bounded
versus amplifying), enabling a multi-qubit parity readout
using the same threshold-based photon-number decision.
Practical considerations for scaling include the calibration
overhead, the required readout dynamic range, and miti-
gating crosstalk and decoherence during the measurement
window.
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Appendix A: Derivation of the effective
Hamiltonian in Eq. (2)

For reproducibility, we provide a more explicit second-
order derivation from the full Hamiltonian Eq. (1). We
first separate the Hamiltonian as

H(t)=Hy+Y (h}eiwﬂ + hje—iwﬂ) , (A1)
J

where H,; = i¢(at? — a?) is the two-photon drive, and the
oscillating terms originate from the qubit-resonator
coupling. Following Ref. [80], under the condition
wj > ||hy||, the effective Hamiltonian up to second order
can be written as

1/1 1 o
oo (e o
4.3’ J J

(A2)

where the secular (time-independent) contributions come
from the j = j’ terms, while the j # j' terms oscillate at
frequency |w; — w;/|.

For Eq. (1), we choose

hi = Male)i{gl, ha = Xaale)a(gl,

(b, hy] = A2 (af

=2 (a'alg)n(g| — a

a |g>n<g| — aa' |€>n<6|)

fale)nlel = lehnel) ,
(A4)

where we used aa' =afa+1. Substituting this into Eq.
(A2) yields

Hexr = i&(a

= le)nlel);

2 A2
Z:: Af” atalg)n(gl —a'ale)n el

(AS)

which is Eq. (2) in the main text.
We now clarify the origin of the additional condition
on |Ay — Aq]. The j # j' commutators in Eq. (A2) generate

cross terms oscillating at frequency |A;— A;|. Their
characteristic prefactor is of order
A1 Ao 1
J ~ — . A6
2 <A1 " A2> (46)
When
|As — Ay > J, (A7)

these fast-rotating cross terms average out and can be
neglected (a rotating-wave/large-detuning argument).
Therefore, the explicit time dependence in Eq. (1) is
removed at second order and one obtains the time-inde-
pendent effective Hamiltonian Eq. (A5).

Finally, to obtain Eq. (3), we define 4, = A2/A,, and
the two-qubit basis

le)1 @ |g)as
le)1 @ [e)a.

\67!})1,2

‘6, 6>172 =

19, 9)1,2 = 9)1 ® |g9)2,

lg,€)1,2 = |9)1 @ |e)a, (A8)

The coefficient of ata in Eq. (2) depends on the two-
qubit state: it is (4; +d2) for |g,g)12, —(6; +4d2) for
le.e)r2, and (62 —61) [(81 —d2)] for |e,g)r2 [lg,€)1.2]- By
choosing §; = §; =4, the dispersive shift cancels in the
odd-parity subspace while adding in the even-parity
subspace, which leads directly to Eq. (3).

Appendix B: Equivalence between different
phases of the two-photon drive

In this appendix, we prove that the non-Hermitian spectral
phase transition of the Heisenberg-picture dynamical
matrix, as well as the location of the exceptional point,
is independent of the pump phase of the two-photon
(squeezing) drive.

A general two-photon squeezing drive can be written

wy = Ay, wy = Ay (A3) as
The j=j" commutators give the dispersive contribu- Hyu(9) = € (ei¢aT2 + e—i¢a2), (B1)
tions:
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where ¢ is the pump phase. Two special cases are:

¢ =0: quz - g(aTz + az)a (B2)

¢ = g L Hy, = i€(a? — a?), (B3)

where Eq. (B3) is exactly the form used in the main text
(with the same prefactor ¢).

Including the parity-dependent frequency shift, the
reduced Hamiltonian becomes

H(¢) =& (e%al? + e ?a?) + 20 ala. (B4)
Using the Heisenberg equation O = i[H(¢),0], we obtain

ia = 20 a + 2¢e'%al, (B5)

ial = —2¢e7%q — 25 al. (B6)

Defining the operator vector w(t) = [a(t), af(t)]", Egs.
(B5)—(B6) can be written as

d

i o(t) = H(@)(?), (B7)
with the dynamical matrix
B 20 2¢el?
O = peris 55 ). (B8)
The eigenvalues of #(¢) are readily obtained as
Ey =42/02 - ¢2, (B9)

which are independent of ¢. Therefore, the spectral
phase transition (exceptional point) occurs at

6] = &l

identical to the condition |d| = |¢/§] = 1 used in the main
text. When |§| > |¢|, E+ are real and the dynamics is
oscillatory, whereas for |5] < |¢], E+ become purely imag-
inary and the dynamics exhibits exponential amplifica-
tion/attenuation. This directly leads to the bounded
versus exponentially growing photon-number behaviors
exploited for parity discrimination.

(B10)

Appendix C: Reconstruction of the non-
Hermitian spectrum

In this appendix, we provide the derivation of the
expressions used to retrieve the complex eigenvalues of
the non-Hermitian dynamical matrix #H from time-
domain data.

For a non-Hermitian matrix #, the right and left
eigenvectors are defined by

H’¢u> :Eu|¢u>a <QBM|’H:EM<Q;N|7 (Cl)

with p=+. The left eigenvectors are not given by
Hermitian conjugation of the right ones. Instead, they
can be chosen to satisfy the biorthogonality condition

<(5I—L|¢V> = 6,LLV' (CZ)
We consider the linear dynamics generated by #,
[W(t)) = e~ [y(0)), (C3)

where [(0)) is a known initial state. At any time ¢, the
state can be expanded in the basis of right eigenvectors,

() =D cult) |9,)-

p==

(C4)

Projecting onto the left eigenvectors yields the expansion
coefficients

cu(t) = (Sl (1)) (C5)
Using Egs. (C1)-(C3), one obtains
cu(t) = (Sule™ ™4 11p(0)) = et (G, [4(0)). (Co)

Taking the ratio of the coefficients at t=7 and t=0
gives

Wr) (Gl _ iy -
cu(0)  (Dulv(0))
Therefore,
P mlww(r»] | (8)
T [ (Gul¥(0)
where In denotes the complex logarithm. Writing
Inz=1Inle| +iarg(z) With 2, = (du[t(r))/(le:(0)), we
obtain
1 .
B, = —=arg(z,) + = Inz,]. (C9)

Separating the real and imaginary parts yields the
retrieval formulas used in the main text:

o) = Lo | (Bulv (D)
Re(Bu) =2 glwww»]’ (€10)
oy = Ly [ Gule(n)

mtFu) = 21 <¢u|w<o>>|' 1y
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