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Abstract

Motivated by recent efforts in simulating nonequilibrium scenarios of the Dicke model
in quantum-gas cavity QED, we investigate direct probing of the normal-to-superradiant
quantum phase transition via Quantum Fisher Information (QFI). This transition represents
a paradigmatic example of spontaneous symmetry breaking in quantum optics, where the
system’s Z, symmetry is broken in the superradiant phase. At zero temperature, we derive
analytical expressions for the QFI in the limit where the atomic transition frequency—scaled
by the cavity frequency—tends to infinity. Furthermore, we analyze the impact of finite
temperature on the QFI in both the thermodynamic limit and the regime of a finite but
large number of atoms. All results demonstrate that the QFI exhibits a singularity as the
coupling crosses the critical point—a clear signature of quantum criticality associated with
spontaneous symmetry breaking. The divergent behavior of the QFI across the quantum
phase transition directly relates to measuring dynamic susceptibilities using experimentally
accessible Bragg spectroscopy tools and resources.

Keywords: Dicke model; Quantum Fisher Information; quantum phase transition; superra-
diant phase; Bragg spectroscopy; symmetry breaking

1. Introduction

Light-matter interactions are the cornerstone of quantum information processing and
quantum state engineering—a theme underscored in numerous reviews [1-4]. Quantum-
gas cavity QED (cavity-QED) [5,6] now leads the way in unraveling and controlling such in-
teractions. The revival of this field is largely attributed to pivotal theoretical breakthroughs,
such as Braak’s seminal work on the integrability of the quantum Rabi model, which ignited
intense research into fundamental light-matter models and their extensions [7]. Unlike con-
ventional quantum optics, cavity-QED is defined by two defining features [5,6]: repeated
light-atom coupling to the same atomic ensemble, and the backaction of atoms on the light
field—both of which govern the collective dynamics. Consequently, cavity-QED hosts
exotic nonclassical phenomena—making it an ideal platform for quantum metrology [8,9].
Moreover, its nondestructive probing via cavity leakage photons positions cavity-QED
as a unique system for exploring nonequilibrium many-body phases, yielding insights
inaccessible in traditional condensed-matter physics [10].

Within this research thread, simulating nonequilibrium Dicke model scenarios in
cavity-QED has emerged as a focal topic [5,6]. The Dicke model exhibits a rich symmetry
structure, with a normal phase preserving the Z; symmetry and a superradiant phase
where this symmetry is spontaneously broken. A landmark theoretical proposal [11] put
forward realizing an open Dicke model via cavity-assisted Raman transitions, aiming to
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characterize the associated superradiant phase transition. Building on this concept [11],
experiments with Bose-Einstein condensates (BECs) coupled to high-finesse cavities linked
self-organization to the Dicke model—and culminated in the groundbreaking observation
of the phase transition by Baumann et al. [12], which marked a pivotal experimental
milestone. Yet, directly measuring quantum phases across the critical point in experiments
remains a persistent challenge.

Theoretical efforts have long recognized that metrics from quantum information the-
ory provide a powerful means to probe such criticality. For instance, Ashhab’s study
of the quantum Rabi model demonstrated that the sharp increase in the entanglement
entropy and the peak of squeezing at the critical point serve as clear signatures of the
quantum phase transition [13], establishing entanglement entropy as a sensitive probe.
Theoretical works [14-17] proposed using entanglement as a quantifier for quantum phase
transitions, via density matrix tomography. For few-atom optical lattices, protocols leverag-
ing atomic physics tools—single-site manipulation and readout—measure entanglement
entropy and state purity by replicating the quantum system. However, a key limitation is
their exponential resource scaling, which restricts these approaches to small system sizes.

In this work, we propose a method to characterize the Dicke model’s quantum phase
transition (QPT) in cavity-QED—specifically across the critical point—using experimen-
tally accessible tools. Our approach leverages the Quantum Fisher Information (QFI),
which, akin to entanglement entropy, is an information-theoretic measure but offers a more
direct characterization of symmetry breaking and critical fluctuations, a quantity directly
connectable to dynamic susceptibility measurements via Bragg spectroscopy (a technique
with experimental reach). Importantly, the QFI serves as a sensitive probe of symmetry-
breaking phenomena, as it captures the system’s sensitivity to parameter variations near
critical points where symmetries are spontaneously broken. At zero temperature, we derive
analytical QFI expressions in the limit where the atomic transition frequency (scaled by the
cavity frequency) tends to infinity. We additionally analyze finite-temperature QFI effects
in both the thermodynamic limit and for large but finite atom numbers. All results show a
singularity in the QFI as coupling increases across the critical point—a distinct signature
of quantum criticality. This divergent QFI behavior during the phase transition directly
relates to measuring dynamic susceptibilities with Bragg spectroscopy, bridging theoretical
predictions to experimental practice.

This paper is structured as follows. In Section 2, we introduce the model system—
where the self-organization phase transition corresponds to a subradiant quantum phase
transition involving spontaneous symmetry breaking. In Section 3, we show how the
QFI serves as an efficient probe for dynamic Dicke superradiance in a BEC coupled to an
optical cavity. Finally, in Section 4, we discuss experimental accessibility of the described
phenomena and conclude with a summary of our work.

2. Model Hamiltonian and Quantum Fisher Information

We study a BEC of N atoms (mass m) confined in a cavity of length L [12,18-22]. Their
internal motion couples to a cavity mode (operator 4, frequency wc). We describe the
bosonic matter-wave field ((x)) using a two-mode momentum expansion [14]: specifically,
P(x) = (& + v/2¢1 cos kx)/+/L. Using the Schwinger representation, we define spin com-
ponents: S, = 1(ef¢g + ¢fér) and S, = L(élé; — ¢léo). The resulting effective Hamiltonian
maps to a Dicke-like model, as detailed in Ref. [14] and derived in Appendix A:

H:wRSAZ—M*mﬁ(a*—a)sx+—a*a(1+%), (1)
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In this Hamiltonian (1), Sy, S, are the Pauli matrices for the two-mode bosonic field
(Schwinger representation), and 4 (47) denotes the cavity annihilation (creation) operator.
The recoil frequency is wg = fik?/(2m). The tunable detuning J. = Ac — 2u combines
the effective photon energy in the cavity Ac = w — w¢, which we tune via the pump
laser frequency w. The coupling strength y = /2N is controlled by the transverse
driving amplitude #; = QQgg/ A s—here, () is the transverse driving Rabi frequency, go the
single-photon Rabi frequency at the cavity antinode, and Ay = w — w4 the atom-pump
detuning (w4 = atomic resonance frequency). Note that the last term in Equation (1)
is small (1 = NUy/4) and often negligible in cavity QED. We remark that the parity
operator, which measures an even-odd parity of total excitation number and reads I =
exp(in[ata+ (1 +2S./N)]), commutes with Hamiltonian (1). Therefore, Hamiltonian (1)
has the Z, parity symmetry [23].

The Dicke-like Hamiltonian (Equation (1)) describes the interplay between N two-
level atoms and a single bosonic mode, building on Dicke’s seminal work [24]. This model
is known to host a quantum phase transition (QPT) from the normal to superradiant
phase as atom-field coupling strengthens [14,25,26]. Specifically, for coupling strength
¥ < Ye = /—wgdc, the system remains in the normal phase; for y > y., it transitions to the
superradiant phase.

Here, we use Quantum Fisher Information (QFI) to characterize this normal-to-
superradiant QPT in Equation (1) Hamiltonian—a direct probe for symmetry-breaking
phenomena. The QFI, denoted as Fj, quantifies the distinguishability between a density
matrix p and its unitary transform p’ = e’ieopeieo—induced by a Hermitian operator O
with small phase 6. For a pure state p = |¢(6)) (y(0)|, QFL is given by [27-32]:

Fi = 4[(209(0)[009(0)) — |((6)190p(0)) . e
For a mixed state in thermal equilibrium, the QFI is expressed as [27-32]:
(Pn = Pu)? |/ 1AL 2
Fr=2 n|O|n")|%, (3)
=25 BB i)

where p, = exp(—E,/kpT)/Z represents the occupation probability in the energy eigen-
basis |n), with Z = Y, exp(—E,/kgT) being the partition function.

The key idea behind the utility of QFI to detect the quantum phase transition can be
explained as follows: when one adiabatically drives the system across the critical point, a
divergent Fisher information is expected to occur [33,34]. This effectiveness stems from
the closing of the energy gap above the ground state during continuous quantum phase
transitions in the thermodynamic limit. Consider the ground state |¢p) of a Hamiltonian
A(y) = Y0 En(y)|¥n(y)) (¥n(y)|. The impact of a vanishing energy gap on the Quantum
Fisher Information, as given by Equation (2), becomes evident from the expression:

F—4Y ()0 A W) [ 9n () [*

20 [En(y) —Eo(y)]? (4)

Clearly, as the energy gap above the ground state narrows in the denominator, the
Quantum Fisher Information soars. This property potentially enables arbitrarily high
precision in measuring phase transitions in the thermodynamic limit. In the subsequent
sections, we will explore the quantum phase transitions of the Hamiltonian described by
Equation (1) by calculating the QFI using Equations (2) and (3).

It is worth noting that while Ref. [33] also employed QFI as an indicator of the
superradiant quantum phase transition, our current work differs in several key aspects:
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(i) The light-matter coupling inherent in our practical experimental setup is complex,
whereas the one examined in Ref. [33] is real. This necessitates a distinct approach to
analyzing the Hamiltonian at finite temperatures, as reflected in Equation (12). (ii) We
obtain analytical expressions for the QFI at zero temperature, rather than relying solely on
numerical solutions, which were not provided in Ref. [33]. Thus, our study, in conjunction
with Ref. [33], offers a comprehensive framework for using the QFI to probe the symmetry-
breaking quantum phase transition of the Dicke-like Hamiltonian. We remark that Ref.
[34] has demonstrated the feasibility of enhanced measurement by utilizing the critical
divergent feature of QFI without the specific initial state preparation based on a cavity
optomechanical Hamiltonian different from Hamiltonian (1).

3. Probing Quantum Phase Transition of Hamiltonian (1) via QFI
3.1. QFI at Zero Temperature

In this section, we utilize the Quantum Fisher Information (QFI) given in Equation (2)
to explore the quantum phase transition occurring at zero temperature, specifically within
the limit where |6.|/(wrN) < 1. For clarity, let us denote the eigenstates of S; as | 1 ({))
and the eigenstates of ata as |n).

To commence our investigation, we calculate the QFI linked to the normal phase
of the Hamiltonian (1) in the range of y < y.. We employ a strategy that involves
seeking a unitary Schrieffer-Wolff transformation [35]. This transformation, given by

U = exp { (wRy\W) (a— a+)§y} , decouples the two spin subspaces (namely, Hy and H|) in

the transformed Hamiltonian UTHU. As a result, we derive the effective low-energy form
of the Hamiltonian (1) in its normal phase as detailed in Appendix B:

Hnp = (L |UTHU|)
2
st y© o+ a2 Nowg
= —d4'a+ dwr (a" —a) 7 (5)

The eigenvalues Eyp and eigenstates [i7;) of this effective Hamiltonian Hyp, can be
determined analytically. The eigenvalues of the Hamiltonian (5) are given by:

2 2
y 1 oc Y
Enp = —0c4/1— (£ )+ L
np Jc (]/c) (” + 2) + 5 + dwg’ (6)
where n = 0,1,2,.... The corresponding eigenstates, related to Equation (6), can be

represented as [yp,) = S(&)|n) ® |1). Here, $(¢) = exp[¢(at? — a?)/2] is the squeezing
operator, with & = (1/4)In[1 — (y/yc)?| as the squeezing parameter.

Note that the eigenvalues Enp, in Equation (6) are real only when the atom-field
coupling v is less than or equal to the critical value y., and they vanish precisely at this
critical point. For the parameter range where y < y,, we can substitute the derived Enp
and the corresponding eigenstates |¢/.) into Equation (2). This allows us to obtain the
analytical expression for Quantum Fisher Information (QFI), given by:

Jais

= 4[@ap | 9aw) — 1@aw | 9)P

(n® +n+1)y* 1
e X . 7
820y +9)2 (e —9)? 7

From Equation (7), it is evident that QFI diverges as y approaches y., indicating a
quantum phase transition. Importantly, Equation (2) is not applicable for y > v..

Moving on, we explore the QFI associated with the superradiant phase of the model
Hamiltonian (1) for y > y.. In this phase, the number of photons within the cavity field be-
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comes proportional to N. To capture the essential low-energy physics, we apply a similarity
transformation UTD*(a) HUD () to the Hamiltonian (1). Here, D(a) = exp[aat — a*a] is
the displacement operator, and U = e~"2%% represents a rotation transformation [14,35]. By
choosing a* — & = —ip and tan(20) = yB/(wrv/'N), we obtain the effective low-energy
form of the Hamiltonian (1) in the superradiant phase as detailed in Appendix C

Hyp = U'D'a)HD(a)U

— 6,078 + @S, + a)sx — 5elal?, (8)

where & = +i\/Nwr/(—45:)[(y/yc)>— (v/yc) 73], @r = y/wk —4y?a?/N, and

7 = ywrvVN/ [wiN — 4y?a2. Equation (8) bears structural similarity to the original

Hamiltonian (1), but with rescaled parameters @g and jj. This allows us to routinely derive
the eigenstates of Equation (8) as [¢f,) = S(&)|n) ® [{), with ¢ = iln( c:;y;c)' The
corresponding eigenvalue is given by:

7 1. 6 7
Do (n+ = )+ 5 +4

_ ‘/ _%X +‘i— CVC—M B 9)

For the standard parameters where N > 0, ; < 0, and wr > 0, the eigenvalue

Egp = —0cy/1+

]

expressed in Equation (9) corresponds to that of the Hamiltonian (8) in the superradiant
phase. This eigenvalue is real only if y surpasses the critical value y. = /—d.wg. Based
on Equation (2), we can derive the analytical expression for Quantum Fisher Information
(QFI) in the super-radiant phase as follows:

sp
K

4((@a9 1 00.9) — @5y | 9))

2 1 8
_ (n 4—1112L )8 y 1 5 10)
82(y2 +y2) (v +ve)? (V=¥

It is worth noting that in the regime where |d;|/(wrN) < 1, the advanced corrections
in Equations (5) and (8) become negligible [35]. Consequently, Hpp from Equation (5)
and Hsp from Equation (8) emerge as the precise low-energy effective Hamiltonians for
the normal phase (y < y.) and the superradiant phase (y > y.), respectively. This im-
plies that Equations (7) and (10) precisely represent the QFI of the Hamiltonian (1) in its
respective phases.

Leveraging Equations (7) and (10), we can devise a method to detect the quantum
phase transition inherent in the Hamiltonian (1). Let us explore some pivotal characteristics
of this transition and its relationship to QFI as defined in Equation (2). Firstly, the rescaled
cavity photon count, denoted as n, = |5;|/wg(4’4), serves as an order parameter. It
remains zero when y < y. and becomes finite, with a value of (y* — y?) /4y, when y > v.
Secondly, the rescaled ground state energy, computed as yhﬁn;c Enp = 6/4 = ylggc Esp,

demonstrates continuity at the critical point y = y.. However, a discontinuity arises in its
second derivative, highlighting the second-order nature of the quantum phase transition.

Thirdly, as we approach the critical point, the excitation energies in both phases vanish,

proportional to |1 — y?/y?|1/? and |1 — y2/y*|"/? as indicated by Equations (6) and (9).
Consequently, the QFI (2) diverges in a manner proportional to |y — y.| 2, aligning with

the findings of Equations (7) and (10). This divergence is a hallmark of critical behavior
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associated with symmetry breaking, where the system’s response to external perturbations
becomes singular. In Figure 1a,b, we illustrate the outcomes for QFI and its first derivative
based on Equations (7) and (10). The red solid curves prominently showcase the divergence
of QFI at the critical point y = v, a direct consequence of the narrowing energy gap above
the ground state as expressed in Equation (4). In contrast, both QFI and its first derivative
rapidly diminish to zero when y moves away from yg. This trend can be understood through
Equation (2). When the system is not in the vicinity of the quantum phase transition’s critical
point, it becomes highly resistant to external perturbations represented by 6. As a result,
((0)]|0gy(0)) approaches unity, indicating a negligible QFI according to Equation (2).
Finally, it is worth mentioning that the QFI depicted in Figure 1a and its first derivative
in Figure 1b can be empirically determined by analyzing the squared Hellinger distance
between probability distributions, as outlined in Ref. [32].

1.4
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Figure 1. (a) Scaled Quantum Fisher Information plotted against the coupling coefficient y. (b) The
scaled Quantum Fisher Information’s first derivative graphed as a function of the coupling coefficient
y. (c) Mlustration of the spin squeezing parameter ¢ for the atoms versus the coupling strength v.
Solid lines represent the analytical results of the QFI obtained in the thermodynamic limit, while
dashed lines depict numerical outcomes for a finite number of atoms, specifically N = 4, 8, 12, and
20. The parameters used are §; = —1lwg and u = —0.1wg.

3.2. The QFI at Finite Temperatures

In Section 3.1, we analytically derived the QFI for the Hamiltonian (1) at zero tempera-
ture, as seen in Equations (7) and (10). Now, in this Section 3.2, our intention is to explore
the influence of finite temperature on the QFI, utilizing Equation (3), particularly in the
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thermodynamic limit where N and V tend to infinity while maintaining a constant atom
density N/ V.

Drawing from the work presented in Ref. [14], we adopt the Holstein—Primakoff
transformation, specifically, jo =Jf = b*V/N—Dbthand J, = b'h — N /2, to recast the
atomic freedoms in terms of the bosonic operator b, Through this lens, the Hamiltonian (1)
can be reframed as:

H = —5ca+a+wa+b+ub+ba+a/N—NwR/Z
[P I
+ 2y(a a) (b \/1 T 1- ). (11)

This reformulated Hamiltonian (11) elegantly describes the dynamics between two
intertwined harmonic oscillators, denoted by the operators 2 and b, respectively.
Shifting our focus to the system’s normal phase, we introduce the position and momen-

tum operators defined as X;, = (11{/2 + am) /+\/2wip and Py o = i\/wi2/ 2(11{,2 — al,z).
Through this lens, Hamiltonian (11) transforms into:

an:;(w%X%—i—Plz—l—w%X%—i-Pzz—l—Zy\/ZPle) — gwR. (12)

Here, wy corresponds to —J. and wy equals wg. In contrast to the original Dicke-
model Hamiltonian explored in Ref. [33], which emphasized the coupling of coordinates
with coordinates, Equation (12) showcases a coupling between coordinates and momenta
(evident in the penultimate term of Equation (12)). This distinction necessitates a fresh
approach in analyzing the Hamiltonian, distinct from the methodologies employed in
Ref. [33].

In order to compute the QFI based on Equation (3) in relation to the normal phase,
obtaining the density matrix of p, from Equation (3) in the energy basis is crucial. We
achieve this by following a three-step process: (i) Firstly, we decouple the two harmonic
oscillators in Hamiltonian (12) using Bogoliubov’s transformations. The excitation energies
e (k =1,2) are determined as &2 = (w? + w3 + (—1)F1 \/(w% — w%)z + 42wy ws) /2. With
this knowledge, we can plot the ground state energy and excitation energies, represented

by solid black curves in Figure 2a and 2b, respectively. It is worth noting that the ground
state energy remains continuous across the critical point, whereas the second derivative
of the ground state energy diverges, serving as an indicator of the superradiant quantum
phase transition. (ii) Secondly, we obtain the reduced density matrix of the atoms in spatial
coordinates as follows:

-0
PX(XZ, Xé) = exp{ m {COSh(ﬁQC“)(X% + Xéz) — 2X2Xé:| }, (]_3)
2.2 _ 2 X 2
whete (1 = 299 1+ 22608 ¢ _ cosny s = sing, tan2y = BYEE, and

B = (kpT)~!. (iii) Finally, we derive the eigenvalues of the population p, corresponding to
the energy eigenstate |n) in Equation (3) as p, = exp(—1BQcq)[1 — exp(—BQa)]-
Subsequently, one can calculate the squeezing parameter of the atoms, given by

: 2 2
&= w. The detailed variances are expressed as:
N wy eFQa 1
(8807 = T o2
4 Qcq el —1 (14
N Qg P 1
( A Sy)z _ ca € +

T 4wy PO 7
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Consequently, the squeezing parameter is:

4(88y)" _ Qo fe 41 (15)

& = s
R N wy PO — 17

depicted by the solid black curves in Figure lc. As anticipated, ¢% diverges at the critical
point of the quantum phase transition.

-0.3 ; ; ;

2

€07}y ,
T

—0.9fE"

..U —4

1.0 15 20

—1.1}F 00 o5

0.0 0.5 1.0 1.5 2.0
yly,

Figure 2. (a) Ground state energy of Hamiltonian (Equation (11)) and its second derivative of
dz(Eg /N)/ dy2 as a function of the coupling coefficient y. Solid lines: analytical results in the
thermodynamic limit (i.e., N = co0). Dashed lines: numerical results for a finite number of the atoms
N = 4, 8, 16. (b) Eigenergies of the upper and lower polariton excitations on the Hamiltonian
as a function of the coupling coefficient y in the thermodynamic limit. Parameters are chosen as
6c = —lwg and u = —0.1wg.
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Now we are ready to calculate the QFI associated with the normal phase. If we choose
Gy = Sy as the phase-shift generator, we can obtain the corresponding QFI as follows

wy ePPe — 1

np — N~ I
F (0, G1) = NQM PO T

(16)

For a different choice G, = §y, we can obtain the corresponding QFI F>(p, G2) =

Qg ePca 1
‘wy a1
F; > F,, and the corresponding QFI is given by Equation (16), which has been plotted into

Obviously, it is better to choose G; = Sy as the phase-shift generator due to

the solid black curves in Figure 1a,b. As is expected, QFI is divergent across the critical
point of the quantum phase transition.

We proceed to compute the Quantum Fisher Information (QFI) in the superradiant
phase. In this phase, considering the population inversion that occurs across a multitude of
atoms, one can decompose the operators 4 and b from Hamiltonian (11) as follows:

8 =0da+ivVNas and b= b+ v/NBs. (17)

Here, a5 and B, represent the mean-field components, while da and db denote the
quantum fluctuations for each subsystem. For clarity, we will adopt the notation a =
6a +iv/Nas and b = 5b + /N s, noting that both choices of shifts yield consistent results.
There exists a pair of real values for fs and as that eliminate the linear terms in the
Hamiltonian (11) within the displaced phase space. These values are determined by:

as (0c — Bs*u) = s/ - Bty -
B+ puor = “E.

The trivial solution, where a; = Bs = 0, corresponds to the normal phase. For the
non-trivial case where a; # 0 and fs # 0, a physically meaningful solution arises:

B: = : (19)

This solution exists within the range 0 < 82 < 1 if and only if y exceeds y., defined
as \/—dcwg. By approximating the Hamiltonian (11) to the second order and substituting
Equation (19) into it, we obtain the effective Hamiltonian in the superradiant phase at
finite temperature:

M, - M 2
H, =Moda*éa + Mydb*ob + == (56" + 5b)
; ! (20)
+ M (60" — oa) (3" +6b) + Ey,
where the coefficients and ground state energy E, are defined as follows: My = —dc +
3-2p2
up?, My = wg + ua? — yasﬁs(ng”m, My, = wg + ua? — yocsﬁsw, M, = 2uasBs +
1228 ond

y (17‘35)1/2’

Eg = a?B*Nu — a?Né. + BENwr + 2asBs/1 — BENY — wrj. (21)
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Utilizing Equation (21), we have plotted the ground state energy and its second deriva-
tive, depicted as solid black curves in Figure 2a. As shown in the inset of Figure 2a, the
second derivative of the ground state energy diverges at the critical point of y,, as expected.

Similar to the treatment in the normal phase, we typically introduce operators
Xip = 1/@(&1{2 +6a1,) and Py, = i\/m(éaiz — éay), where @3 = My and
@y = M,. Then, by defining 0; = @ and () = \/d)g + (My — My)@,, we rewrite
Hamiltonian (20) as follows:

1 5 - o - 75 ~ o

Hy =3 O3 X3 + P+ O3X3 + D7 + 2M,, /;iplx?} : (22)

Equation (22) has the same structure as Equation (12) with the rescaled frequen-

cies and coupling coefficient, 31, (3o and M.. Therefore, by employing the same
procedure used to derive an, we find the eigenvalues of the density operator as
pn = exp(—npQua)[1 — exp(—PQya)], where Qg = 8281\/1 + 522(85 — &1)2 /8281 / (£18* +
£82), ¢ = cosy and 5 = siny with tan2y = 2M\/@1 @7/ (O3 — O3), & = J(2 + 2 +
V(02— 03)2 + 4M2@n@n) and & = F(OF + 03 — \/(0F — OF)2 + 4M2@1@3). We pro-
ceed to calculate the analytical expression of the squeezing parameter in the superradiant

phase at the finite temperature

4min(AS2,AS7)
C[{ = N

(1-p2) e ¥ 3)
) O 1

which is routine to be plotted into Figure 1c. Again, the squeezing parameter is divergent
as y — Y. as a signature of the superradiant quantum phase transition.

Lastly, we compute the Quantum Fisher Information (QFI) of atoms in the superradiant
phase at finite temperature. Choosing G; = Sy as the phase-shift generator yields the
corresponding QFI:

(1—2p2)% @, &Pl —1
1—p3 Qa1

FP — N (24)

In Figure 1a, the black solid curves represent the results obtained from Equations (16)
and (24). Evidently, the QFI diverges at the critical point y = y,, indicating a significant
change in the quantum state of the system.

3.3. Probing Quantum Phase Transition of a Quantum-Gas Cavity QED by Quantum
Fisher Information

In Sections 3.1 and 3.2, we analytically derived the Quantum Fisher Information (QFI)
for the Hamiltonian in Equation (1)—at zero temperature [Equations (7) and (10)] and finite
temperature in the thermodynamic limit [Equations (16) and (24)]. In Section 3.3, we extend
this to finite atom numbers by numerically computing QFI via Equation (3) and analyzing
its use for detecting quantum phase transitions (QPTs) in quantum-gas cavity QED.

To compute QFI numerically, we first find the eigenvalues and eigenvectors of
the density operator p. Using the method of Ref. [33], we solve for the ground state
Ig) = ZnN:o y —_jCnm of the finite-N Hamiltonian (Equation (1)), where N is the cutoff
photon number. We minimize Equation (1) to obtain ¢y, ;;, then trace out the bosonic field
to get the atomic density operator: p = Trr(|g)(g|). With p, we compute its eigenval-
ues/eigenvectors for N < 20 and substitute into Equation (3). We plot QFI (Figure 1a,b)
and ground-state energy (Figure 2a) from these numerics.

Utilizing the data presented in Figures 1 and 2, we are poised to devise a method-
ology for detecting quantum phase transitions in the Hamiltonian of Equation (1)
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through QFL Let us highlight some key aspects of the quantum phase transition and
QFI as defined in Equation (2). Firstly, the rescaled cavity photon number, denoted
as n, = |6;|/wgr(a’a), serves as an order parameter. It vanishes for y < y. and be-
comes finite with n, = (y* — y*) /4y for y > y,. This order parameter directly reflects the
symmetry breaking. Secondly, the rescaled ground state energy approaches a limit as
limy . Enp = 6/4 = limy,, Esp, indicating continuity at the critical point y = y,, as
illustrated in Figure 2a. However, the second derivative of the ground state energy exhibits
a discontinuity, as evidenced by the inset curves of Figure 2a, revealing the second-order
nature of the quantum phase transition. Thirdly, in proximity to the critical point, as
demonstrated in Equations (7) and (10), the excitation energies in both the normal and

superradiant phases tend to zero, proportional to o« |1 — y?/y2|1/2

as shown in Figure
2b. Consequently, the QFI in Equation (2) is expected to diverge as « |y — y.|?, which is
corroborated by Equations (7) and (10).

Figure 1a is the heart of our QPT detection: it shows QFI for Equation (1) Hamiltonian.
Solid red /black curves are thermodynamic-limit (N, V — co, N/V fixed) analytical QFI
for zero/finite temperature; dashed curves are numerical QFI for finite N. As N grows,
numerical QFI converges to the thermodynamic limit—matching our analytics. Most
critically, both approaches show QFI **diverging at y = y.**—unambiguous proof of the

superradiant quantum phase transition.

4. Discussion and Conclusions

The emphasis and purpose of this work is to design a protocol using QFI to characterize
the symmetry-breaking quantum phase transition (QPT) of the Dicke model in cavity
QED—specifically across its critical point—relying on experimentally accessible tools.
Validating this physics requires experimentally implementing cavity QED, which hinges
on tightly controlled light-matter interactions [1-4]. A prototypical setup uses a Bose—
Einstein condensate (BEC) in an optical cavity, where effective atom-field coupling is tuned
by varying pump laser intensity over time. Notably, while this cold-atom approach has
unique benefits, our results extend to quantum well waveguide implementations, where
light-matter interaction can be activated in less than a light cycle [36].

Our methodology to characterize the Dicke model’s quantum phase transition (QPT)
in cavity QED across the critical point leverages Quantum Fisher Information (QFI) mea-
surements. Experimentally, QFl—at zero and finite temperatures—can be extracted via
dynamic susceptibility measurements using Bragg spectroscopy, a technique established in
cold-atom and condensed-matter systems [31]. Alternatively, QFI and its first derivative
can be extracted by extrapolating polynomial fits to the squared Hellinger distance between
probability distributions, as proposed in Ref. [32].

With these experimental pathways in place, the phenomena we study should be accessi-
ble with current capabilities. We restrict our analysis to the Schrieffer-Wolff transformation
(valid for |é;|/ (wrN) < 1 at zero temperature) and the Holstein-Primakoff approximation
(thermodynamic limit, finite temperature). For regimes beyond these approximations, the
functional path integral method is reliable but lies outside our scope [26].

In summary, we use the QFI to characterize the symmetry-breaking quantum phase
transition in the cavity-QED Dicke model across the critical point. At zero temperature, we
derive analytical QFI expressions for the limit where the atomic transition frequency (scaled
by the cavity frequency) tends to infinity. We also analyze finite-temperature QFI effects in
the thermodynamic limit and for large but finite atom numbers. Consistently, we find a QFI
singularity as coupling crosses the critical point—a distinct signature of quantum criticality.
This divergent QFI behavior correlates directly with dynamic susceptibility measurements
via Bragg spectroscopy—an accessible experimental tool.
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Appendix A. Derivation of the Effective Hamiltonian of Equation (1)
This Appendix A provides a detailed derivation of the effective Dicke-like Hamiltonian

of Equation (1) of the main text starting from the full microscopic description. Consider a

system of N atoms in a Bose-Einstein condensate coupled to a single-mode optical cavity.

The complete Hamiltonian is given by:

s At s L2 ot n ata o0c2 ; At oy

H=—-A: a+/ Y7 (x) o 42 + hlpa'd cos” kx +ingcoskx(a" — a) | ¥ (x)dx, (Al)

where all parameters maintain the same definitions as in the main text. We employ the

two-mode momentum expansion:

¥(x) = \k(h + V/2¢; cos kx). (A2)

Substituting Equation (A2) into the Hamiltonian of Equation (A1) and evaluating term
by term:

Kinetic Energy Term:

/@*(x) (—Z;;)‘T’(x)dx - i’ja{q (A3)
Optical Lattice Term:
/ B (x) (huoa*a cos? kx)‘if(x)dx - %huoa* a(edeo+éte) + ihuoa* acte; (A4)
Pumping Term:
/‘i’*(x) [im cos kx(at — ﬁ)}‘i’(x)dx = gim(@acﬁ + éleg) (at —a) (A5)

Combining all above three terms together, we obtain:

A 1 k2 2 1
A= —-Aata+ Ehuozxm*a + Wa{él + %im(égél +éteg)(at —a) + Zhuoé{élﬁ%. (A6)
We proceed to introduce the Schwinger spin operators:
N 1, 4, 4. s 14 4.
Sy = = (eleg +¢ley), 8. = ~(&le; —é&leo). (A7)

2 2
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Utilizing the relations 6{61 =S, +N/2and 6560 N/2 — S,, we rewrite the Hamilto-
nian of Equation (A6)
. h2k?

N A 1 A
H = _ACA+A a-—+ Flu Nﬁ+ﬁ + = <Sz 5 ) + i’]t\fzsx(ﬁ‘r — ﬁ) + EhUO (Sz +

o N)a*a (A8)

2

After rearranging terms and setting i = 1, we arrive at the final form:

A = wg$, —é.a%a+ \/—yﬁ( —2)S, + %a a (1 + 25;) (A9)

where the parameters are defined as: wg = hz;ﬁ , Yy =V2Nn, u = %, and 6, = A, — 2u.
This Hamiltonian of Equation (A9) corresponds to the Dicke-like model of Equation (1)
presented in the main text.

Appendix B. Effective Low-Energy Hamiltonian of Equation (5) in the
Normal Phase

This Appendix B provides a detailed derivation of effective low-energy Hamiltonian of
Equation (5) of the main text. To derive the effective low-energy Hamiltonian in the normal

y ¢
(wrVN) (11 - )Sy}

phase (y < y.), we apply the Schrieffer-Wolff transformation U = exp {
to the full Hamiltonian in Equation (A9):

UTAU = wy [cos (iW) S, —sin (i%) S}]
' (a’f - wRS\yF ) (fz - wj\y/ﬁy>
)20 20
fe ) )

Vot (@), (@)
X<2+N cosh( wr VN )SZ zsmh( VN Sy (A10)

Using Taylor expansions for the hyperbolic functions:

eX — X o) 2n+1

sinhx = = ; 1)1 x € (—o0,+00) (A11)
X + e—x o0

coshx = = Z Zn T € (—00,400) (A12)

and keeping terms up to second order in the small parameter " y\/ﬁ, we obtain:
R

2, 1§
_ At A At a - 2z
SwxN (a a) S;+ud'a ( + ) (A13)
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\M

Under the conditions < 1and |u| < |dc|, and neglecting terms proportional to

v/ W—‘Sf\,, we take the expectatlon value in the spin-down state | |) to obtain the effective
low-energy Hamiltonian for the normal phase:

NCUR

2
Hop = (L [UPAT ) = —dcata + L (a* - a)? - (A14)

4(UR
Equation (A14) is the effective Hamiltonian of Equation (5) used in the main text for

analyzing the normal phase of the system. We remark that the last term of ua*a (1 SZ)

Hamiltonian (1) plays no role when we derive Equation (A14) because of ({ | ( 7 ) |1y =0.

Appendix C. Effective Hamiltonian of Equation (8)

This Appendix C provides a detailed derivation of effective Low-Energy Hamiltonian
of Equation (8) of the main text. Before proceeding, we want to remark the effect of the last
term of ua'a (% + i) in Hamiltonian (1). As shown in the Appendix B, this term is equal to

zero when we derive Equation (A14). It is supposed that the term ua'a ( 145 ) can still be
neglected when we consider the super-radiance phase because its effect is renormalized the
frequency of the term of a’a into 5. — d. — u % + %) Considering that the super-radiance
phase mainly is driven by the y-term in Hamiltonian of Equation (1), we will ignore the
last term of Equation (1) for the sake of simplifying the calculation.

For the superradiant phase, the original Hamiltonian Equation (A9) can be reasonably
rewritten into v

ata At
H=—6.4 +wRSZ+ﬁ(a —a)S

Next, we apply the displacement transformation to the Hamiltonian Equation (A9) by

introducing the displacement operator D(«) with a* —a = —ip:
t _ At *\ (4 &
D' (¢)HD(a) = —5C(a +a )(a—i—zx)—i—wRSZ
Y (gt arar—a)é
+ \/N(a a+ua oc)Sx. (A15)

Substituting ™ — & = —if into above Equation (A15) and defining — y\ﬁ/ﬁ = tan 26
R

and co0s 205, + sin 205, = e 25495258 e obtain

D' («)HD(x) = —6:aTa+wg(S$:+ yﬁs}) v GO

e T
= —4.4 a+CO 29(c052952+sm295x)+m(a a)Sx

S

- 5c(ﬁ+1x+zx*ﬁ)—(5c\oc\2
A w _indga iné i . A\ a

_ _5Ca+a+ﬁe zzsyeszezzsyeJrTyN(H_a)Sx

- 5C(ﬁ+zx+1x*fz) — bl (A16)
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Applying the rotation transformation U' = ¢i2% to Dt (a) HD () into Equation (A16)
we proceed to obtain

tyt _ ita 1+ R Y (At A\igte
UD* (w)HD (a)U g+ — B8 + m(u a)utsu
Je (ﬁ*oc—i—oc*ﬁ) — Ocla|?.

(A17)
Using UTS,U = cos 265y + sin 205, we can simplify Equation (A17) further as follow
U'DY (a)HD(a)U = — é.a%a + o 29:?
W (a4 & - 0pd
+ = N (a a) (cos 205, + sin265;)
— 6 (ﬁ*zx + (x*ﬁ) — Ol
—sata+ —-§
i+ 295
Y L . o
+ N (a a) c0s 265, + N (a ) sin 2605,
— 6. (ahx + oc*[z) — 5e|a?
Assuming « is purely imaginary, a* — & = —iff = 2« i.e., p = —2ia, then we have
Hg, =U'D*(a)HD(x)U
— (5cﬁ+d + o820 S, + % <ﬁ+ ﬁ) c0s 208,
Y268 — g ) (a—) — ool
+ (\/N sin 205, (SCvc) (a a) Oc|al
— G+ 85+ \;yﬁ( 2" — ) cos 263,
< y\rstQ (50c>< ﬁ) — Oc|a|?
where we approx1mate \/» sin 205, — d.a by taking S, — N/2, i.e., \F sin 2605, — dea —
lyf sin20 — J¢.

To eliminate the linear term in the above expression, « must satisfy 5.« = i§+/N sin 26.
Using —~ \ﬁm tan 20 and sin 26 = \/lt—i?ia%. In such we obtain

2= RN _yN
o4y 442

Introducing y. = /—d.wg, the expression of a2 can be deduced into

2= wiN _¥’N
4y2 452
_ wrN(—wgdc) wry?N
426, 45 (—wgrdc)

()
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Therefore, we have

When « takes the above value, i.e., the linear term vanishes, defining wr = C(‘)‘g—’;e =
\/wk —4y2a2/N and § = ywrVN/\/wiN — 4y2a2, we finally obtain

g satao~oa W Ne o

Hsp = —6c4" @ + WrS; + m(a a) Sy — Oc|al”. (A18)

Equation (A18) is the effective Hamiltonian of Equation (8) used in the main text for
analyzing the normal phase of the system.
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