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We show, in detail, that the only non-trivial black hole (BH) solutions for a neutral as well as a charged 
spherically symmetric space-times, using the class F(R) = R ± F1(R), must-have metric potentials in the 
form h(r) = 1

2 − 2M
r and h(r) = 1

2 − 2M
r + q2

r2 . These BHs have a non-trivial form of Ricci scalar, i.e., 
R = 1

r2 and the form of F1(R) = ∓
√

R
3M . We repeat the same procedure for (Anti-)de Sitter, (A)dS, space-

time and got the metric potentials of neutral as well as charged in the form h(r) = 1
2 − 2M

r − 2�r2

3 and 
h(r) = 1

2 − 2M
r + q2

r2 − 2�r2

3 , respectively. The Ricci scalar of the (A)dS space-times has the form R = 1+8r2�
r2

and the form of F1(R) = ∓ 2
√

R−8�
3M . We calculate the thermodynamical quantities, Hawking temperature, 

entropy, quasi-local energy, and Gibbs-free energy for all the derived BHs, that behaves asymptotically as 
flat and (A)dS, and show that they give acceptable physical thermodynamical quantities consistent with 
the literature. Finally, we prove the validity of the first law of thermodynamics for those BHs.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

To describe the early and late cosmic epoch of our universe consistently, scientists invented the modified gravitational theories that 
contain higher-order curvature expressions. Such expressions are responsible to make the theories renormalizable which means that they 
are quantizable theories of gravitation [1]. Moreover, such theories are interesting to teach us how to understand the presence of dark 
matter and confront such theories with observation [2–8]. At the beginning of the formulation of modified gravitational theories, different 
constructions have been done that involve all the second-order curvature scalar [9–12]. Additionally, there was a particular class that 
contains the higher-order curvature invariants that constructed from the Ricci scalar [13–24]. In spite that F(R) theories prevent the 
existence of any other invariants except Ricci scalar they can also prevent the existence of Ostrogradskis instability [24] that is a feature 
of higher derivative theories [25].

The simplest modification of general relativity (GR) is to include Rd , d > 0, to Einstein Hilbert action and the output field equations are 
able to discuss the inflationary epoch [26]. Also, we can consider the term Rd , d < 0, which can discuss the behavior of the universe at the 
late epoch [27–30]. In F(R) gravitational theory, one can reproduce BHs that are compatible or different from GR [31–38]. A spherically 
symmetric BHs which are different from GR have been derived from a special class of F(R), i.e., F(R) = R − 2α

√
R [39–41]. These BHs 

have non-trivial Ricci scalar that has the form 1
r2 . In this study, we are going to prove that such BHs are unique for the special class 

F(R) = R ± F1(R).
In (2019) the event horizon telescope picked up the first image of a BH, at the center of the galaxy Messier 87 [42]. Since then the 

interest in BH studies have increased rapidly. This image was a real test of the Einstein GR theory. Moreover, the image of BH brings 
observations closer to the event horizon in contrast to what has been done before as a test of GR by looking at the motions of stars and 
gas clouds near the edge of a BH. The picked image confirmed a dark shadow-like region, caused by gravitational bending and capture of 
light which was predicted by Einstein GR [43]. In this study, we show that our BH solution is a unique correction to GR modulating the 
shape and the size of the event horizon. By a fine measurement, improving the precision, one could discriminate between GR and f (R)
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BH solutions. For example, if we have a corrected BH solution of GR, like what we have done in this study, discrimination between the 
two models, GR and f (R), could be available. We would stress that the precision of shadow measurements could select the theory.

The plan of this study is the following. In Sec. 2 a summary of Maxwell-F(R) gravity is given. In Sec. 3, restricting to spherically 
symmetric space-time, exactly neutral as well as charged BH solutions of the field equations of F(R) are derived in detail. In Sec. 4, the 
same calculations are performed for the neutral and charged cases for which the field equations contain a cosmological constant, and BH 
solutions are derived. These BHs behave asymptotically as (A)dS space-time. In Sec. 5, we calculate the thermodynamic quantities like en-
tropy, Hawking temperature, and quasi-local energy to all BHs derived in Sec. 3 and Sec. 4 and show that all the resulting thermodynamic 
quantities are physically acceptable.1 Finally, we show in Sec. 5 that the first law of thermodynamics is satisfied for the BHs derived in 
Sec. 3 and Sec. 4. In the final section, Sec. 6, we discuss the main results of the present study, figured out some convincing conclusions, 
and investigate some ideas for future study.

2. A brief summary of the Maxwell–F(R) theory

F(R) gravitational theory is a modification of GR that is studied early by many authors (cf. [4,28–30,44–47]). The Lagrangian of 
Maxwell–F(R) theory takes the form:

Lg := 1

2κ

∫
d4x

√−g
[

F(R) − � − 1

2
f2

]
≡ 1

2κ

∫
d4x

√−g
[

R + F1(R) − � − 1

2
f2

]
, (1)

where R is the Ricci scalar, κ is the gravitational constant, � is the cosmological constant, g is the determinant of the metric, and F1(R)

is an arbitrary function that can take any form. Equation (1) shows that when F1(R) �= 0 we have a theory deviates from GR. In Eq. (1), 
f2 = fμν fμν and fμν = Aμ,ν − Aν,μ , where Aμ is the gauge potential and the comma means ordinary differentiation.

Making variations of the Lagrangian (1) w.r.t. the metric tensor gμν and the strength tensor f, respectively, we can write the field 
equations of the Maxwell–F(R) gravitational theory as [48]

Eμν = Rμν

[
1 + F1(R)

]
− 1

2
gμν

[
R + F1(R)

]
− 2gμν� + gμν�F1R − ∇μ∇νF1R − 8πTμν ≡ 0, (2)

∂ν

(√−g fμν
) = 0, (3)

where � is the d’Alembertian operator, F1R = dF1(R)

dR
and the energy-momentum tensor, Tμν , is defined as

Tμν := 1

4π

(
gρσ fν

ρ fμ
σ − 1

4
gμν f2

)
. (4)

The trace of Eq. (2), takes the form

E = RF1R − 2F(R) − 8� + 3�F1R = 0 . (5)

Equation (5) has no contribution from the electromagnetic part due to the skewness of this part. In the following section, we are going to 
apply the field equations (2), (3) and (5), with/without charged and with/without cosmological constant for a particular form of spherically 
symmetric space-time.

3. Black holes with asymptotic flatness

In this section, we are going to apply the neutral and charged field equations (2), (3) and (5) without the cosmological constant to a 
spherically symmetric space-time and try to derive a general form of the arbitrary function F1(R).

3.1. A neutral BH with asymptote flat space-time

It is well known that in the frame of GR any neutral spherically symmetric solution of the metric

ds2 = −h(r)dt2 + dr2

h(r)
+ r2(dθ2 + sin2 dφ2), (6)

has the following form

h(r) = 1 − 2M

r
, (7)

where M is the gravitational mass of the BH. Equation (6) with Eq. (7) has a vanishing Ricci scalar, i.e., R = 0, and therefore can be a 
solution to F(R) gravitational theory.2 However, when

h(r) = 1

2
− 2M

r
, (8)

1 Physical acceptable results mean that they do not contradict the previous results and at the same time have no contradiction with observation, for example, the entropy 
has a positive value, the temperature has a positive value, and so on.

2 This solution is known as the Schwarzschild solution [49].
2
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the Ricci scalar becomes not trivial, i.e., R = 1
r2 and the metric (6) will be a solution to the class F(R) = R − 2α

√
R where M = 1

6α [39]. In 
this section, we are going to search if there is any other non-trivial solution in the frame of F(R) gravitational theory. For this purpose we 
assume that the metric potential to have the form

h(r) = ξ − 2M

r
, (9)

where ξ is an arbitrary real parameter. Equation (9) coincides with Eqs. (6) and (8) when ξ = 1 and ξ = 1/2 respectively. The Ricci scalar 
of the metric (6) using Eq. (9) has the form

R(r) = 2(1 − ξ)

r2
⇒ r(R) = ±2(1 − ξ)√

R
. (10)

Applying the field equations (2) and (5) to Eq. (6) using the metric potential (9) we get the following system of non-linear differential 
equations

Et
t = 1

2r2

(
2 ξ − 2 − Fr2

)
+ r2 (rξ − 2 M)F ′′′ − r (15 M − 8 rξ)F ′′ − 3 (7 M − 4 rξ)F ′

4 (ξ − 1)
= 0 ,

Er
r = 1

2r2

(
2 ξ − 2 − Fr2

)
− r (3 M − 2 rξ)F ′′ + 3 (3 M − 2 rξ)F ′

4 (ξ − 1)
= 0 ,

Eθ
θ = Eφ

φ = −F

2
+ r2 (rξ − 2 M)F ′′′ − r (12 M − 7 ξ r)F ′′ + [(8 ξ + 1) r − 12 M]F ′

4(ξ − 1)
= 0 ,

E = 2

r2

(
ξ − 1 − Fr2

)
+ 3r2 ( rξ − 2 M)F ′′′ − 6r (7 M − 4 rξ)F ′′ + 2 [(17 ξ + 1) r − 27 M]F ′

4 (ξ − 1)
= 0 , (11)

where F ′ = dF(r)
dr , F ′′ = d2F(r)

dr2 , F ′′′ = d3F(r)
dr3 , F1(R(r)) = F ≡ F(r) and dF1(R(r))

d(R(r)) = dF(r)
dr

dr
d(R(r)) . Equation (11) informs us that when F = 0

then ξ = 1. In that case, F = 0, there will be no new solution different from the well-known solution of GR as it should be because R = 0
as is clear from Eq. (10). Assuming that F �= 0 and ξ �= 1 we get the following two solutions of the system (11):

ξ = 1 + c1

2
, and F(r) = c1

r2
,

ξ = 1

2
, and F(r) = 1

3Mr
. (12)

Using Eq. (10) in the first set of Eq. (12) we get

F(R) ∝ R which is the case of G R (13)

while if we use Eq. (10) in the second set of Eq. (12) we get

F(R) = R ∓
√

R

3M
. (14)

Equation (14) shows that for the metric potential (9) the only non-charged BH solution that can deviates from GR comes from the 
contribution of F1(R) that has the only following form

F1(R) = ∓
√

R

3M
, (15)

where ξ = 1/2. Equation (15) coincides with that derived in [39,41] when M = 1
6α . Now we are going to study the charged form of F(R)

and see what is the form of F1(R) in that case.

3.2. Charged BH with asymptotic flatness

It is well-know that the charged BH solution in the frame of GR has a metric potential in the form

h(r) = 1 − 2M

r
+ q2

r2
, (16)

where q is the charge parameter which comes from the electromagnetic potential A that comes from the definition fμν = Aμ,ν − Aν,μ

where the vector Aμ has the form A = (q/r, 0, 0, 0) [50]. Equation (16) has a vanishing Ricci scalar. However, when

h(r) = 1

2
− 2M

r
+ q2

r2
, (17)

the Ricci scalar is not trivial and takes the form R = 1
r2 and the metric (16) will be a solution to the class F(R) = R − 2α

√
R [39]. Now, 

assuming the metric potential to have the form

h(r) = ξ1 − 2M + q2

2
, (18)
r r

3
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where ξ1 is an arbitrary real parameter. Applying the field equations (2), (3) and (5) to Eq. (6) using the metric potential (18) we get the 
following system of non-linear differential equations

Et
t = 1

2r2

(
2 ξ − 2 − Fr2

)
+

(
ξ1 − 2 M

r + q2

r2

)
r3F ′′′ +

(
8 ξ1 − 15 M

r + 7 q2

r2

)
r2F ′′ +

(
8 q2

r2 − 21 M
r + 12 ξ1

)
rF ′

4 (ξ1 − 1)
= 0 ,

Er
r = 1

2r2

(
2 ξ − 2 − Fr2

)
+

(
2 ξ1 − 3 M

r + q2

r2

)
r2F ′′ +

(
6 ξ1 − 9 M

r + 2 q2

r2

)
rF ′

4 (ξ1 − 1)
= 0 ,

Eθ
θ = Eφ

φ = −F

2
+

(
ξ1 − 2 M

r + q2

r2

)
r3F ′′′ +

(
7 ξ1 − 12 M

r + 5 q2

r2

)
r2F ′′ +

(
(8 ξ1 + 1) − 12 M

r + 4 q2

r2

)
rF ′

4 (ξ1 − 1)
= 0 ,

E = 2

r2

(
ξ − 1 − Fr2

)
+

3
(
ξ1 − 2 M

r + q2

r2

)
r3F ′′′ + 6

(
4 ξ1 − 7 M

r + 3 q2

r2

)
r2F ′′ + 2

(
(1 + 17 ξ1) − 27 M

r + 9 q2

r2

)
rF ′

4 (ξ1 − 1)
= 0.

(19)

Equations (19) reduce to Eqs. (11) when the charge parameter q = 0. Also Eqs. (19) indicate that when F = 0 we get ξ1 = 1 and similar 
discussion carried out for the neutral BH can also apply to the charged case. Solving system (19) assuming that F �= 0 and ξ1 �= 1 we get 
the following solution

ξ1 = 1

2
, and F(r) = 1

3Mr
. (20)

Equation (20) indicates that all the results obtained in the neutral case will be identical with the charged case. We must stress on the fact 
that in the charged case the charge parameter q has no effect on the form of F1(R) because the term q/r2 is a solution to the GR field 
equation so its effect disappears in the higher order curvature terms.

4. Black holes with asymptotic (anti-)de-space-time

We have shown in the previous section that the only non-trivial solution, that behaves asymptotically as flat space-time, in F(R)

gravitational theory must have a metric potential in the form 1
2 − 2M

r for the neutral case and 1
2 − 2M

r + q2

r2 for the charged one. Those 

solutions give a non-trivial form of the Ricci scalar, R = 1
r2 , and the form of F1(R) is F1(R) = ∓

√
R

3M . In this section we are going to follow 
the same technique of the previous section and study neutral and charged BHs that behave asymptotically as (A)dS using the line-element 
(6).

4.1. Non-charged BH with asymptotic (A)dS

Taking the metric potential to have the form

h(r) = ξ2 − 2M

r
+ ξ3r2 , (21)

where ξ2 and ξ3 are arbitrary real parameters. The Ricci scalar of the metric (6) using Eq. (21) has the form

R(r) = 2(1 − ξ2 − 6ξ3r2)

r2
⇒ r(R) = ±

√
2(1 − ξ2)√

(R + 12ξ3)
. (22)

Equation (22) shows that when ξ2 = 1 and ξ3 = 0 we get a vanishing Ricci scalar which corresponds to a flat space-time BH solution of 
GR. Therefore, for non-constant Ricci scalar we must choose any value for ξ2 except 1. Applying the field equations (2) and (5) to Eq. (6)
using the metric potential (21) we get the following system of non-linear differential equations

Et
t = 1

r2

([
2� − Fr2

2
+ 3ξ3

]
r2 + ξ2 − 1

)
+ 1

4 (ξ2 − 1)

{(
rξ2 − 2 M + r3ξ3

)
r2F ′′′ +

(
9 r3ξ3 − 15 M + 8r ξ2

)
rF ′′

+3
(

4rξ2 − 7 M + 4r3ξ3

)
F ′

}
= 0 ,

Er
r = 1

r2

([
2� − Fr2

2
+ 3ξ3

]
r2 + ξ2 − 1

)
+

(
2rξ2 − 3 M + 3 r3ξ3

)
rF ′′ + 3

(
2 r3ξ3 − 3 M + 2r ξ2

)
rF ′

4 (ξ2 − 1)
= 0 ,

Eθ
θ = Eφ

φ =
(

2� − F

2
+ 3ξ3

)
+ 1

4 (ξ2 − 1)

{(
rξ2 − 2 M + r3ξ3

)
r2F ′′′ +

(
9 r3ξ3 − 12 M + 7r ξ2

)
rF ′′

+
(

12 ξ3 r3 + (1 + 8 ξ) r − 12M
)
F ′

}
= 0 ,
4
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E = 2

r2

([
3ξ3

2
+ �

]
r2 − Fr2 + ξ2 − 1

)
+ 1

4 (ξ2 − 1)

{
3
(

r3ξ3 − 2 M + rξ2

)
r2F ′′′ + 6

(
5 r3ξ3 − 7 M + 4rξ2

)
rF ′′

+2
(

21 r3ξ3 + (17 ξ + 1) r − 27 M
)
F ′

}
= 0 .

(23)

Equation (23) coincides with (11) when � and ξ3 = 0. The above system shows that when F = 0, the only solution is ξ2 = 1 and ξ3 = − 2�
3

which is the solution of GR theory. Provided that F �= 0 and ξ �= 1, the above system has the following solution

ξ2 = 1

2
, ξ3 = 2�

3
, and F(r) = − 1

3rM
. (24)

Before we continue to analyze Eq. (24) we must stress on the fact that any value of ξ2 except 1
2 will not give any solution different from 

GR which due to the fact that the form of F(r) ∝ 1
r2 which gives F(R) ∝ R .

If we use Eq. (22) in Eq. (24) we get

F(R) = R ∓
√

R + 8�

3M
. (25)

The metric potential (21) with Eq. (25) coincide with that derived in [39,41] when M = 1
6α .

4.2. Charged BH with (A)dS

In this subsection we assume the metric potential to have the form

h(r) = ξ4 − 2M

r
+ q2

r2
+ ξ5r2 , (26)

where ξ4 and ξ5 are arbitrary real parameters. Applying the field equations (2), (3) and (5) to Eq. (6) using the metric potential (26) we 
get the following system of non-linear differential equations

Et
t = (3ξ5 + 2�) − F

2
+ 1

r2
[ξ4 − 1] + 1

4 (ξ − 1)

{(
r3ξ5 − 2 M + rξ4 + q2

r

)
r2F ′′′ +

(
9r3ξ5 − 15 M + 8r ξ4 + 7q2

r

)
rF ′′

+
(

12rξ4 − 21 M + 12 r3ξ5 + 8q2

r

)
F ′

}
= 0 ,

Er
r = (3ξ5 + 2�) − F

2
+ 1

r2
(ξ4 − 1) +

(
3 r3ξ5 − 3 M + 2r ξ4 + q2

r

)
rF ′′ +

(
2q2

r − 9 M + 6 r3ξ5 + 6rξ4

)
F ′

4 (ξ4 − 1)
= 0 ,

Eθ
θ = Eφ

φ = 2� + 3ξ5 − F

2
+ 1

4 (ξ − 1)

{(
r3ξ5 − 2 M + rξ4 + q2

r

)
r2F ′′′ +

(
7r ξ4 − 12 M + 9 r3ξ5 + 5 q2

r

)
rF ′′

+
(

12ξ5r3 + (1 + 8 ξ4)r − 12M + 4q2

r

)
F ′

}
= 0 ,

E = 4

(
[3ξ5 + 2�] − F

2
+ ξ4 − 1

2r2

)
+ 1

4 (ξ4 − 1)

{
3

(
r3ξ5 − 2 M + rξ4 + q2

r

)
r2F ′′′ + 6

(
5r3ξ5 − 7 M + 4rξ + 3q2

r

)
rF ′′

+2

(
21r3ξ5 + (1 + 17ξ4)r − 27 M + 9q2

r

)
F ′

}
= 0.

(27)

Equations (27) reduce to Eqs. (23) when the charge parameter q = 0. Also Eqs. (27) indicate that when F = 0 we get ξ = 1 as we 
previously discussed. Solving the system (27) assuming that F �= 0 and ξ �= 1 we get the following solution

ξ4 = 1

2
, ξ5 = −2�

3
, and F(r) = − 1

3Mr
. (28)

Equation (28) indicates that all the results obtained in the neutral case will be identical with the charged case. The form of F1(R) related 
to solution (28) is F1(R) = − 2

√
R−8� .
3M

5
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5. Thermodynamics of the derived BHs

In this section, we are going to study the thermodynamics quantities of the BHs given by Eqs. (9), (18), (21) and (26). For this aim we 
are going to write the definitions of the thermodynamic quantities that we will use. The temperature of Hawking is given by [51–54]

T± = h′

4π
, (29)

where ± means the inner and outer horizons. The semi classical Bekenstein-Hawking entropy of the horizons is found to be

S± =
(1

4
A±

)
FR , (30)

where A± is the area of the inner and outer horizons. The equation of entropy (30) is different from GR due to the existence of FR = dF (R)
R

and when FR = 1, we get F1(R) = 0 as is clear from Eq. (1), we return to GR. The quasi-local energy is figured out as [51–56]

E(r±) = 1

4

∫ [
2FR(r±) + r±2

{
F(R(r±)) − R(r±)FR(r±)

}]
dr±. (31)

5.1. Thermodynamics of the BHs (9) and (18)

The BH (18) is characterized by the BH mass M , the electric charge q and the parameter ξ1 and when the parameter ξ1 = 1, and q = 0
we get the Schwarzschild space-time and when q �= 0 we get Reissner-Nordström BH. The horizons of this BH have the form

r± = M ± √
M2 − ξ1q2

ξ1
, M2 ≥ ξ1q2 . (32)

When q = 0 we get r = 2M
ξ1

which is the horizon of the BH (9). The metric potentials of the BHs (9) and (18) are drawn in Fig. 1 (a) and 
(b) for ξ1 = 1 and ξ1 = 1/2.

Using Eq. (29) we get the Hawking temperature of the BH (18) in the form

T± = ξ1
2(M2 ± M

√
M2 − ξ1q2 − ξ1q2)

2π(M ± √
M2 − ξ1q2)3

. (33)

If we set q = 0 in Eq. (33) we get T = ξ1
2

8π M which is the Hawking temperature of (9). The behavior of the Hawking temperatures given 
by Eq. (33) for q = 0 and q �= 0 are drawn in Fig. 1 (c) and (d) for ξ1 = 1 and ξ1 = 1/2. As Fig. 1 (d), for q �= 0, shows that both values of 
temperatures, ξ = 1 and ξ = 1/2, have an increasing positive value for T+ and negative values for T− . Using Eq. (30) we get the entropy 
of BH (18) in the form

S± = π(M ± √
M2 − ξ1q2)2(12Mξ1

2 − 12Mξ1 + M ± √
M2 − ξ1q2)

12Mξ1
3(ξ1 − 1)

. (34)

When q = 0, Eq. (34) gives S = 2π M2(6ξ1
2−6ξ1−1)

3ξ1
3(ξ1−1)

which is the entropy of the BH (9). The above equation shows also that ξ1 �= 1 which 
means that this solution cannot reduce to GR BH. The behavior of the entropy (34) is figured out in Fig. 1 (e) and (f), for q = 0 and q �= 0. 
Fig. 1 (f) shows an increasing value for S+ and decreasing value for S− . Using Eq. (31) we calculate the quasi local energy and get

E± = (M ± √
M2 − ξ1q2)(24Mξ1

2 − Mξ1 + 2M + (±2 ∓ ξ1)
√

M2 − ξ1q2 − 24ξ1
3M)

48ξ2M(1 − ξ1)
, (35)

and when q = 0 we get E = M(12ξ1
2−ξ1+2−12ξ1

3)

12ξ2(1−ξ1)
which is the quasi-local energy of the BH (9). The behavior of the quasi local energy 

for q = 0 and q �= 0 are drawn in Fig. 1 (g) and (h) which also show positive increasing value for E+ and decreasing value for E− when 
ξ1 = 1/2 and q �= 0.

5.2. Thermodynamics of the BHs (21) and (26)

Solution (26) is characterized by the BH mass M , the electric field q, the cosmological constant � and the parameter ξ4 and when the 
parameter ξ4 = 1 we get the Reissner-Nordström (A)dS space-time. To find the horizons of this BH, (26), we put Eq. h(r) = 0 which gives 
four3 roots two of them have real values and when q = 0 we get one real positive root, i.e.,

r = 21/3[(6M
√

� + √
2ξ4

3 + 36M2�)2/3 − ξ4
1/3]

2
√

�(6M
√

� + √
2ξ4

3 + 36M2�)1/3
, (36)

which is the horizon of the BH (21). The metric potentials of the BHs (21) and (26) are drawn in Fig. 2 (a) and (b) respectively.

3 The calculations of horizons, Hawking temperature, entropy and quasi-local energy of the BHs (21) and (26) are tedious to write them, but we draw their behaviors in 
Fig. 2.
6
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Fig. 1. Plot of the metric potential, Hawking temperature and the entropy of the BH (18).

Using Eq. (29) we get the Hawking temperature whose form when q = 0 gives

T = 1

4π

[ 4M21/3�(6M
√

� + √
2ξ4

3 + 36M2�)2/3

[(6M
√

� + √
2ξ4

3 + 36M2�)2/3 − ξ4
1/3]2

+ 2
√

�21/3(6M
√

� + √
2ξ4

3 + 36M2�)2/3 − ξ4
1/3]

3(6M
√

� + √
2ξ4

3 + 36M2�)1/3

]
. (37)

The behavior of the Hawking temperature of the BHs (21) and (26) is drawn in Fig. 2 (c) and (d) that show the behavior of the temperature 
for ξ4 = 1 and ξ4 = 1/2 and proves that T+ > T− for the BH (26). Using Eq. (30) we calculate the entropy and when q = 0 we get the 
entropy of BH (21) whose behavior are figured out in Fig. 2 (e) and (f). Using Eq. (31) we calculate the quasi-local energy of the BH (26)
and when q = 0 we get the quasi-local energy of the BH (21). The behavior of these energies are drawn in Fig. 2 (g) for q = 0 and in 2 (h) 
for q �= 0.

5.3. First law of thermodynamics

To test if the first law of thermodynamics of the BHs, (9), (18), (21) and (26) are satisfied or not we are going to use the formula given 
in F (R) gravitational theory that has the form [57]

dE = T dS − Pdv, (38)

where E , is the quasi-local energy defined by Eq. (31), S is Bekenstein-Hawking entropy, T is the Hawking temperature, P is the radial 
component of the stress-energy tensor that plays the role of thermodynamical pressure, P = Tr

r |± , and V is the geometric volume of the 
space-time. The pressure, in the context of F (R) gravitational theory, is defined as [57]

P = − 1

8π

{ FR

r±2
+ 1

2
( f − RFR)

}
+ 1

4

(2F

r±
+ F ′)T . (39)

For the flat space-time given by Eq. (9) we get

P9 = 12Mξr(1 − ξ) − 2r2 + r2ξ + 24M2(ξ − 1) + 3Mr

24rM(ξ − 1)
= 5ξ − 4

24ξ(ξ − 1)
, (40)

where we have substituted the value of r from Eq. (32) in the case of q = 0.
Using Eqs. (33) and (34) in case q = 0 we get

T9dS9 = 8M(ξ − 1) + r

8r(ξ − 1)
= 4ξ2 − 4ξ + 1

8(ξ − 1)
. (41)

Finally, using Eq. (35) in case q = 0 we get
7
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Fig. 2. Plot of the metric potential, Hawking temperature and the entropy of Eq. (26).

dE9 = 12Mξ(ξ − 1) + 2r − ξr

24M(ξ − 1)
= 6ξ2(ξ − 1) + 2 − ξ

12ξ(ξ − 1)
. (42)

Using Eqs. (40), (41) and (42) we can easily show that the first law given by Eq. (38) is satisfied for the BH (9) when ξ = 1/2. Using the 
same procedure for the BH (18) we get

P±(18) = 4q2ξ1
2 + ξ1(5M2 − 2q2) + (±5ξ1M ∓ 4M)

√
M2 + q2ξ1 − 4M2

24M(M ± √
M2 + q2ξ1)(ξ1 − 1)

,

T±(18)dS±(18) = [8Mξ1(1 − ξ1) + M ± √
M2 + q2ξ ][ξ1q2 + M2 ± M

√
M2 + q2ξ1]

8M(M ± √
M2 + q2ξ1)(ξ1 − 1)

,

dE±(18) = 2M + (±2 ∓ ξ1)
√

M2 + q2ξ1 + ξ1M(11 − 24ξ1 + 12ξ1
2)

24Mξ(ξ1 − 1)
. (43)

For the BH (21) we get

P (21) = 12Mξ2(1 − ξ2) − 2r + rξ2 + 48r2M�(ξ2 − 1) + 3M + 6�r3

24M(ξ2 − 1)
,

T(21)dS(21) = 3M + 2�r3

24M(ξ2 − 1)
, dE(21) = r(ξ2 − 2 + 4�r2)

24Mξ(ξ1 − 1)
. (44)

Substituting the value of r from Eq. (36) and using Eq. (44) in (38) we can verify the 1st law of thermodynamics of the BH (21) when 
ξ = 1/2. Finally, for the BH (26) we get

P (26) = 12Mrξ4(1 − ξ4) − r2(2 − ξ4) − 48r3M�(1 − ξ4) + 2r4� + 3(Mr + q2)

24Mr(ξ1 − 1)
,

T(26)dS(26) = [8M(1 − ξ4) + r][2�r4 − 3(rM + q2)]
24Mr2(ξ1 − 1)

,

dE(26) = 12Mξ4(ξ4 − 1) + r(2 − ξ4) + 48r2M�(1 − ξ4) − 4r3�

24M(ξ1 − 1)
. (45)

Substituting the values of the positive roots of h(r) given by Eq. (26) in (45) we can verify the first law of thermodynamics of the BH 
(26).
8
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6. Summary of the main results

In this study, we have shown that for a spherically symmetric space-time that has equal metric potentials, i.e., gtt = 1
grr

there is only 
one solution that deviates from GR and asymptotes as a flat space-time for the specific class of F(R) that has the form F(R) = R − 2α

√
R . 

Also for the space-time that asymptotes as (A)dS, there is also one BH that deviates from GR BH. To prove the preceding statements we 
apply the neutral field equation of F(R) = R ± F1(R) to a spherically symmetric space-time with metric potential has the form h(r) =
ξ − 2M

r and shows that the only value that the parameter ξ can take is ξ = 1/2 to get a BH different from GR. We repeat the same 
technique for the charged case and reach the same conclusion. It is important to stress on the fact that some values for ξ , except 1/2, 
give F1(R) ∝ R . The reason for this is the fact that any value of ξ except than one makes Ricci scalar not vanishing, as is clear from 
Eq. (10), and the form of F1(R) is always ∝ 1

r2 which makes the form of F(R) always ∝ R . The only value that makes F(R) �=R is ξ = 1/2

because in that case F1(R) ∝ 1
r . The form of F1(R) that makes the BHs different from GR has the form F1(R) = ∓

√
R

3M and the Ricci scalar 
of these solutions takes the form R = 1

r2 . We repeat the same calculations for a spherically symmetric space-time, with metric potential 

h(r) = ξ − 2M
r + 2�r2

3 , that asymptotes as (A)dS space-time and use the neutral and charged field equations of F(R) and proof that the 
only solution that deviates from GR exists only when ξ = 1/2 and the form of F1(R) = ∓

√
R+8�
3M . The Ricci scalar of this case takes the 

form R = 1
r2 − 8�.

To make the picture more clear we calculate some thermodynamic quantities like entropy, Hawking temperature, quasi-local energy 
and Gibbs free energy for the two space-times that asymptotes as flat and (A)dS space-times. We show that for both space-times that the 
thermodynamic quantities for the parameter ξ = 1/2 are physically acceptable consistent with the literature. Thus the case where ξ = 1/2
that deviates from GR is physically acceptable from the viewpoint of thermodynamics. Finally, we showed by detail calculations that all 
the derived BHs, (9), (18), (21) and (26), satisfy the first law of thermodynamics given by Eq. (38).

It is well-known that for any null geodesic in the exterior region of the Schwarzschild metric the null geodesic equations are given by 
[58]

d2r

dη2 = (r − 3M)

[(
dθ

dη

)2

+ sin2 θ

(
dφ

dη

)2
]

, (46)

where η is the affine parameter along the geodesic. The R.H.S. of Eq. (46) has a positive value for r > 3M and has a negative value when 
3M > r > 2M . For the BH (8), the null geodesic equations are given by

d2r

dη2
= 1

2
(r − 6M)

[(
dθ

dη

)2

+ sin2 θ

(
dφ

dη

)2
]

. (47)

The R.H.S. of Eq. (47) has a positive value when r > 6M and negative value when 6M > r > 4M . Therefore, for any future endless null 
geodesic in the maximally extended space-time given by Eq. (8) starting at some point with 6M < r and initially directed outwards, in 
the sense that dr

dη is initially positive, will continue outwards and escape to infinity. Any future endless null geodesic in the maximally 
extended space-time given by Eq. (8) starting at some point with r : 6M > r > 4M and initially directed inwards, in the sense that dr

dη is 
initially negative will continue inwards and fall into the black hole. The hypersurface r = 6M , known as the photon sphere of the space-
time (8), thus distinguishes the borderline between these two types of behavior; any null geodesic starting at some point of the photon 
sphere and initially tangent to the photon sphere will remain in the photon sphere; for more detail, see [59,60].

To conclude, we have shown that in the frame of F(R) = R + F1(R) there is only a unique spherically symmetric BH, form the line-
element which has equal metric potential, that is different from GR which asymptotes as flat or (A)dS space-times. Is this result valid for 
the spherically symmetric line-element that has unequal metric potentials? If yes is its thermodynamic quantities are acceptable? These 
questions will be answered elsewhere.
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