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Abstract We study the Energy Conditions in modified
f(G) gravity, with G being the topological Gauss—Bonnet
term. Then we use the cosmographic parameters to constrain
the functional form of the gravitational action and investigate
the possibility to have standard inflation in the early time.
Specifically, we select models containing symmetries within
the modified f(G) theory and obtain conditions for which
(i) the energy conditions can be violated and (ii) the mag-
nitude of the slow-roll parameters is small, thus suggesting
that under given limits the analyzed theory can potentially
trace the cosmic history both at early and at the late times.

1 Introduction

The success of General Relativity (GR) as the best accepted
theory of gravity is undoubted, especially after the recent
gravitational waves detection [1] and black hole observa-
tion [2]. Providing a new interpretation for the gravitational
interaction, GR obtained several successes throughout the
years, from the solar system up to cosmological scales. It
was the first theory to successfully predict the precession of
the perihelion of Mercury in its orbit around the sun, the
light deflection, the cosmological epochs crossed by the uni-
verse evolution, etc. However, in spite of this wide success
and the large amount of predictions, GR also suffers from
several shortcomings at any scale of energy. Disagreements
with observations mostly occur at galactic and cosmological
scales. Regarding the former, theoretical predictions on the
galaxy rotation curve are in contrast with experiments, as the
speed of the farthest stars orbiting around a given galaxy is
experimentally higher than theoretically expected [3]. This
disagreement is so far addressed to an unclustered form of
matter called Dark Matter. Similarly, in the cosmological
context, the today observed acceleration of the universe is
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addressed to the so called Dark Energy. Dark Matter and Dark
Energy are supposed to account for the major part of the uni-
verse content, though they have never been detected directly.
In the small-scale regime, similar considerations apply, since
GR formalism cannot be merged with that of the other inter-
actions, which in turn are Yang—Mills gauge theories [4-9].
This yields the impossibility of dealing with a grand unified
theory, including all the fundamental interactions. On the
one hand, the two-loop effective action of GR exhibits incur-
able UV divergences that cannot be renormalized by means
of standard renormalization techniques [10]. On the other
hand, any attempt to quantize the theory and construct a self
consistent quantum formalism has failed. In light of these
shortcomings, several GR modifications began to be consid-
ered. Among the alternatives, special interest was gained by
those theories extending the Einstein—Hilbert action to func-
tions of second-order curvature invariants (for reviews on the
topic see [11-15] and reference therein).

Extending GR, in general, can allow to explain the
observed acceleration of the Universe as a geometric contri-
bution, without need to invoke the presence of “dark™ sectors
[16—19]. This is due to the fact that extended actions lead to
higher-order field equations that can be usually recast as

FG;,L]J — T[Eiurv) + Tlilli/latter)’ (1)

where F is a generic function depending on the theory consid-
ered, G, the Einstein tensor G, = Ry, — 1/2g,,, R (with
R, and R being the Ricci tensor and the Ricci scalar, respec-

tively), T,E{)VI atter)

the energy—momentum tensor of matter
fields, and T,Ef,”rv) the so called Energy—Momentum tensor
of the gravitational field. The latter includes extra geometric
terms that, in principle, can mimic the role of Dark Energy.
A straightforward example is given by the f(R) extension

of GR, whose action reads as:

s =/\/—_gf(R)d4x, )
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with f(R) being a general function of the scalar curvature R.
The variation of the action with respect to the metric tensor,
yields in vacuum the following fourth-order field equations:

1
JRG = 5 8m [f(R) — RfRr(R)]
+VMVVfR(R) - g,uvaR(R)- 3

In the above equation, fr is the first derivative of f(R)
with respect to R, V,, is the covariant derivative and [J =
g"'Vv, V, the D’Alembert operator. By comparing Eq. (3)
with Eq. (1) we notice that F = fr and

1
T4 = S8 [f (R) = Rfr(R)]
+V, Yy fR(R) — 2,00 fr(R). (4)

For a complete discussion regarding f(R) theories see [20,
21]. Besides f (R) gravity, one can also include other higher-
order curvature invariants into the action, as standard in the
literature, such as R*”R,,, [22,23], the Kretschmann scalar
RMYPO R, po [24,25], TIR [26,27], etc.

In this paper we consider an extension of the Einstein—
Hilbert action, including a function of the so called Gauss—
Bonnet term G, defined through a linear combination of the
Riemann tensor square R*"?? R .55, the Ricci tensor square
RMVR,,, and the Ricci scalar square R?. More precisely, it
reads:

G =R>—4R" Ry, + R*"P° Rypo. (5)

From the above definition, one can show that in 3+1 dimen-
sions G reduces to a boundary term, while in 2+1 dimen-
sions (or less) it vanishes identically. As a consequence, the
action S = [,/—g(G + R)d*x is completely equivalent
to the Einstein—Hilbert one at the level of equations, since G
can be integrated out. Nevertheless, the Gauss—Bonnet scalar
is often considered in higher-dimensional theories, such as
Chern—Simons [28-30], Born Infield [31] or Lovelock [32—
34] gravity, where it naturally emerges as a non-trivial contri-
bution. To avoid the problem of triviality in four dimensions,
in recent works four-dimensional Gauss—Bonnet gravity has
been considered by multiplying G by a dimension-depending
coupling constant, which diverges when D = 4 [35,36].

Another way to deal with the Gauss—Bonnet scalar in four
dimensions, is to consider a function of G, which starts to
be trivial in three dimensions. The advantages of the latter
approach is twofold. On the one hand, as G naturally arises in
gauge theories of gravity, it can result helpful in addressing
issues related to renormalizability and adaptation to Quantum
Field Theory. On the other hand, the function f(G) carries
extra terms in the field equations which can explain the late-
time evolution of the Universe as a geometric contribution,
similarly to f(R) gravity.

@ Springer

The f(G) model, with a starting action reading as

1
5= / J=ZIR + f(@)d*x. ©)

has been widely studied in the literature (see e.g. [37-41]),
due to the capability of f(G) to play the role of a dynamical
cosmological constant provided by geometry, preserving GR
as f(G) vanishes.

Cosmological and astrophysical applications of this the-
ory are analyzed e.g. in [42—44]. In many works, Eq. (6) is
further generalized by considering a function of both R and
G into the action [45—47].

Another possibility is to evaluate an action only contain-
ing the function f(G), without imposing the GR limit as a
requirement, namely

S = / V=8f(G)d*x. ™

Though GR cannot be exactly recovered, it is still possible to
get the same results under some approximations, as pointed
out in Refs. [48,49].

Here we start from the actions (6) and (7), and select
the functions by means of the so called Noether symmetry
approach, a selection criterion aimed at finding symmetries
of the point-like Lagrangian related to a gravitational the-
ory [50]. Then, we further constrain these selected models
by means of the Energy Conditions (ECs) and the cosmo-
graphic parameters.

More precisely, this paper is organized as follows. In
Sect.2 we overview the main aspects of the ECs and the roles
they play in gravitational theories, such as extended theories
of gravity. In Sect.3 we introduce the Noether symmetry
approach and apply the latter to two modified Gauss—Bonnet
models, to select the functional form of the action. In Secs. 4
and 5 we study the ECs violation in the previously selected
f(G) and R + f(G) gravitiies, respectively, also investigat-
ing the slow-roll inflation. Finally, in Sect. 6 we conclude the
work outlining the results and future perspectives.

2 Energy conditions in extended gravity

As it is well known, in GR the ECs only rely on the Energy—
Momentum tensor of matter, which automatically satisfies all
the four inequalities on the pressure and the energy density.
The ECs are also required as a support for several physical
foundations, such as the no hair theorem [51] or the laws of
black hole thermodynamics [52]. Specifically, the ECs (in
natural units) read as:

Null Energy Condition (NEC) - p+ p >0
Weak Energy Condition (WEC) - p>0; p+p >0
Dominant Energy Condition (DEC) — p — |p| >0
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Strong Energy Condition (SEC) — p + p > 0;
p+3p=0, ®)

where p is the energy density and p the pressure. The last
relation implies that gravity must be attractive, while the oth-
ers require the pressure and the energy to be non-negative. In
GR, where the only energy momentum tensor is that of the
standard matter, all the ECs are identically satisfied.

Modifications of the gravitational action make the field
equations more complex and can introduce branching behav-
ior in the solution space. This is the case with Gauss—Bonnet
gravity, as pointed out in Refs. [33,53]. Therefore, EC vio-
lation may imply the presence of a branched Hamiltonian,
depending on the form of the selected function.

A branched or multivalued Hamiltonian typically arises in
systems where the energy landscape or phase space exhibits
multiple sheets or branches. Such structures appear in clas-
sical and quantum systems with constraints or symmetry-
breaking phenomena. These Hamiltonians often signify a
system that can switch between different modes or configu-
rations, leading to multivalued dynamics depending on the
initial conditions or energy levels.

Modified models, such as f(R,G) gravity, often yield
multiple solutions under the same boundary or initial con-
ditions, depending on the form of the function [12]. In this
context, branches can allow for the modeling of diverse phe-
nomena, e.g. f(G)-based inflationary solutions and late-time
dark energy behaviors, though some of them may correspond
to unstable solutions [54].

In fact, as discussed in [55], theories based on f(R, G)
may encounter the problem of ghost modes, even within
the context of cosmological perturbations, where superlu-
minal modes can arise. In particular, this issue is critical for
f (R, G) gravity because the governing equation for the evo-
lution of primordial curvature perturbations inherently fea-
tures superluminal modes. This arises primarily due to the
Gauss—Bonnet invariant introducing higher-order derivatives
relative to the metric. Consequently, the Lagrangian cannot
be reformulated in a canonical form, leading to a Hamiltonian
that exhibits linear instability.

This instability originates from a mismatch between the
parameters required to define the problem and the actual
dependencies of the Lagrangian. Even with an appropriate
gauge choice, higher-order metric derivatives persist in the
field equations of f(R,G) gravity, potentially giving rise
to ghost modes. This issue has been addressed in studies
such as [56,57], where the Lagrange multiplier formalism
is employed to mitigate ghost instabilities. This approach
effectively removes ghost degrees of freedom in both f(G)
and f (R, G) gravity models, enabling these frameworks to
produce ghost-free primordial curvature perturbations.

To establish ghost-free conditions, the authors in these
references apply a conformal transformation to the met-

ric and work within the Jordan frame. They couple the
Gauss—Bonnet invariant with a scalar field and propose an
ad hoc potential form. Subsequently, by expanding the met-
ric around flat spacetime and analyzing the resulting field
equations, it is shown that, in the Jordan frame, the equa-
tions only involve first- and second-order derivatives of g,
with respect to spacetime coordinates. However, the scalar
field lacks dynamical behavior, ensuring that no additional
degrees of freedom arise compared to GR.

Summarizing, it is not clear whether a general connection
between ECs and branched Hamiltonians can be established
(especially because not all the f(R,G) models violate the
energy conditions), apart from the fact that both features arise
due to higher-order field equations and the non-canonicity
of the Lagrangian. Therefore, although there is no evident
direct link between the two, the occurrence of the former
may imply the appearance of the latter, and vice versa. A
more comprehensive study of the Hamiltonian structure in
higher-order modified gravity is needed to investigate the
possibility of a direct link between these two features.

From a cosmological point of view, the ECs can be used
along with the cosmographic parameters to test the valid-
ity of the theory, as well as to constrain the starting gravi-
tational actions leading to the late-time cosmic expansion.
This approach is straightforwardly discussed e.g. in Refs.
[58-61], where different alternatives to GR are considered.

Following a similar procedure, in Sect. 4 we apply the ECs
to the action (7), showing that the Einstein tensor can be iso-
lated even when the GR limit is not assumed as a requirement.
Then, in Sect.5, we compare the result with that provided
by R + f(G) gravity. In both cases, we consider functions
selected by Noether symmetries and show that the effective
energy density and the effective pressure can be written in
terms of the geometry. As a result, in a Friedmann-Lemaitre-
Robertson-Walker space-time, the cosmographic parameters
along with the requirements for ECs violation allow to fur-
ther constrain these models. Moreover, the effective energy
density and pressure of modified Gauss—Bonnet gravity can
be also used in order to find the explicit form of the slow-
roll parameters and to check whether these models admit a
cosmological inflation in the early time.

Inflationary model was introduced by Linde and Guth
[62,63] to address evidences provided by the cosmological
data at the early time. Inflation is usually thought as gener-
ated by a scalar field ¢, called inflaton, which is supposed to
be the responsible for the accelerated expansion of the uni-
verse. Soon after, the Starobinsky model [64] showed that
the additional geometric contributions occurring in modi-
fied theories of gravity can be intended as an effective scalar
potential capable of driving the inflation. Therefore, nowa-
days inflation can be realized in several ways [65—69].

In Sect. 4.1 we consider the so called new inflation or slow-
rollinflation, according to which inflation is driven by a scalar

@ Springer
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field rolling down a potential energy hill. Inflation occurs as
soon as the scalar field rolling is slow with respect to the
Universe expansion.

By using the ECs, we require the slow-roll parameters to
be small during inflation. This allows to put some constraints
on the f(G) function, selecting those compatible with infla-
tionary universes.

3 Selecting cosmological models via Noether symmetries

In this section we provide a short overview of the Noether
Symmetry approach and apply the latter to modified gravity
models containing the Gauss—Bonnet term, in a cosmological
and spatially-flat background. The research for symmetries
in this context gives a selection criterion for viable physical
models based on theoretical arguments and can be helpful in
several ways. On the one hand, the presence of symmetries
can allow to decrease the complexity of the modified Fried-
mann equations, by reducing the dynamics and allowing to
find analytic solutions. On the other hand, the method offers
a valid approach to select the functional form of the action,
to be tested by cosmological observations.

Let us briefly revisit the key characteristics of the Noether
symmetry approach, illustrating the technique employed to
identify symmetries within the gravity theories mentioned
earlier. We utilized this approach to choose the functional
structure of gravitational actions, streamline dynamics, and
ultimately discover exact solutions.

A general transformation involving time ¢ and coordinates
g', can be written in terms of the infinitesimal generators
£(t,q")and n'(1,q") as

f=t+ek+0(e)
Si_ i i 2y > )
G'=q" +en' + 0 (€?)
providing the following generator
a .0
X=&—+n—. 10
§5, T og (10)

Noether’s theorem affirms that the generator (10) is a sym-
metry for a given Lagrangian L, iff

XML+ =404, (1)
with X! being defined as:
a ;0 : .0
g @ i O i iy O 12
$8t+naq,+(n qé’)aq, 12)

and with g being a generic function of the variables of the con-
sidered space of configurations Q = {g;}, namely the min-
isuperspace, which is a restriction of the infinite-dimensional
superspace of the ADM model [70]. Moreover, provided that
the condition in Eq. (11) holds, it can be shown that the fol-

@ Springer

lowing quantity is a first integral of motion:

It.q'.¢") =¢ (q‘fa—'.f‘. - £) 2 g a3)
aq’ aq’

It is worth stressing the importance of the presence of the
above the conserved quantity since, if the latter exists, then
a coordinate system containing new cyclic variables can be
properly chosen. Further details on Noether’s approach and
applications to cosmology and astrophysics in different back-
grounds can be found e.g. in [50]

3.1 The case of R + f(G) gravity

The first application of the Noether’s approach is to R +
f(G) gravity; to this purpose, let us start by evaluating the
following gravitational action:

R
§ = / V= [5 + f(G)} dx, (14)
in a cosmological and spatially flat space-time of the form

ds® = di* — a(t)>dx>, (15)

with a(t) being the scale factor, R the ricci scalar and G the
Gauss—Bonnet topological surface term defined in Eq. (5).
In order to search for symmetries and apply the condition
(11), we must first find the point-like Lagrangian by using
the Lagrange multipliers method. To this purpose, notice that
we can either assume R and a as independent field, or replace
the cosmological expression of the Ricci curvature into the
action. The latter approach results more straightforward, as
it allows to reduce the minisuperspace to two dimensions
and obtain a suitable cosmological Lagrangian. However,
both scenarios are equivalently valid and lead to the same
solutions from a symmetry point of view. By pursuing this
procedure, the Ricci scalar is replaced by its cosmological
form and the only dynamical degrees of freedom turn out to
be the Gauss—Bonnet term and the scale factor. Adopting the
Lagrange multipliers scheme, Eq. (14) can be recast as:

S:/\/—_g[§+f(g)—)»<g—g~):|d4)€, (16)

where _C’; is the Gauss—Bonnet scalar written in terms of the
given background. Choosing the space-time in Eq. (15), the
above action takes the form

. -2 D
S:/a3 6(2+ L)+ @) —a(g-242) |ar.
a a2 a’
A7)
In the above expression, we have integrated the three-

timensional hypersurface and considered the cosmological
expression of the Ricci scalar and the Gauss—Bonnet term,
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with respect to the line element (15), i.e.
i a? a%i

R=-6(-+—=]), g=24—3. (18)
a a a

By varying Eq. (17) and using the least action principle, it is
possibleto get A = a’ fg,with fg denoting the first derivative
of f(G) with respect to G. After doing so and integrating out
second derivatives, we finally find the Lagrangian, which
reads as:

L=3ai"+a’(f - Gfg) —8&G fgg- (19)

It is important to emphasize that the minisuperspace reduc-
tionis applicable solely due to the linear presence of the scalar
curvature in the action. Without this linearity, the integration
of higher derivatives becomes nontrivial, making the deriva-
tion of a point-like Lagrangian impractical. Following our
scheme, the minisuperspace turns out to be independent of
the curvature scalar, so that the minisuperspace is Q = {a, G}
and the symmetry generator can be recast as:

X = &0 +ads + g, (20)

with o = «a(t, a, G) and y = y (¢, a, G) being the only non-
vanishing components of the infinitesimal generator ;'. Con-
sidering now the first prolongation Noether’s vector in Eq.
(12) and the Lagrangian (19), the identity (11) provides the
system

(07
= 4200 —E=0
a

Vfggg+fgg (33aa+393’ _3315) =0 (21)
(f = 6fg)Ba+adé) —yaGfgg =0
§=§6@), Yy =v(9),

whose only solution is:

a =a(a),

X =10 + 1ad, —4Gdg

22
FR.G) =5 + NG + fiG, 2

meaning that & is linearly dependent on the cosmic time and
o = %a, y = —4G. The former condition occurs when-
ever the starting lagrangian is canonical, as shown in Ref.
[71]. The application of Noether’s approach eventually man-
ifests that the only function containing extra symmetries is
f(G) = fo/G+ f1G. However, the linear contribution of the
Gauss—Bonnet scalar turns out to be trivial due to the topolog-
ical nature of G. The other term, that is foﬁ , non-trivially
contributes to the dynamics and leads to time power-law solu-
tions for the scale factor, as shown in Sect. 5. Also notice that,
under given cosmological contexts, G is simply proportional
to R2, as discussed in [48], implying that /G dynamically
behaves like the scalar curvature. In this framework, it is
interesting to notice that the only action selected by Noether
symmetries is the one mimicking the Einsten—Hilbert’s.

3.2 The case of f(G) gravity

When the Ricci curvature scalar is not considered as a part
of the starting action, namely when the latter becomes

S = / V=gf Q) d*x, (23)

the Lagrange multipliers method, in the background (15) and
with constraint (18), provides
. 2 ..

S=/[a3f(g)—)\{g—24aa—3a}+ﬁm}d4x, (24)

where L, is the matter Lagrangian. The vatiation of Eq. (24)
with respect to G, allows to find

_ 95 .. 3 .
55 = 2296 =@’ fg(G) ~ 1 =0,

Substituting the outcome into Eq. (24) and eliminating the
second derivative through integration, the Lagrangian even-
tually assumes the following structure:

L=3df©G) —Gfg(@]—8a°G fg5(F), (26)

where we the matter Lagrangian contribution has been
neglected for simplicity. Now we adopt the Noether Sym-
metry existence condition (11), assuming that the generator

X =%&@a,G,1)o +aa,G,1)d, + B(a,G,1)dg 27

r=a’fg(G). (25)

is a symmetry for the Lagrangian (26). The approach yields
a system of two differential equations, completed with the
constraints on the infinitesimal generators «, 8, &:

3a’a(f — Gfg) — 244%G fggora
~a*[Bfyg — (f — Gfoping] =0 (8)
Bfggg + fog (3daa + dgB — 38,6) =0
with & = &(t), 0 = a(a,t), B = B(t,G), g = 0. Here, we
discard a priori the possibility fgg = 0, as it would only lead

to non-physical results. From the resolution of the system, it
turns out that the only non-trivial symmetry is given by

o =oapa, P=-460, §=éot+é,

4 3ag-+eg

1@ = g, 29)

with the obvious constraint oy 7# &p. The resulting action,
thus, can be written in a more compact form, by defining
3a + &0

VT =

and incorporating the coefficient of G¥ into fy. In this way,

within all possible actions of the form (23), the only one
containing symmetries is

S = / V=g Grd*x. (31)

k (30)

@ Springer
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As mentioned before, when k = 1/2 the above action is
capable of mimicking GR in some cosmological space-times.
In the analysis of the next sections, we aim to constrain the
value of k by means of ECs and slow-roll inflation.

4 Energy conditions in f(G) cosmology

Once we introduced the main aspects of the ECs in extended
theories of gravity and selected the cosmological modified
Gauss—Bonnet models based on symmetry considerations,
we now write the ECs for f(G) ~ G* model, constraining
the latter by cosmographic parameters. Let us begin by con-
sidering the f(G) action

S = / V=g f(G) d*x + 5™, (32)

with SO being the matter action. The variation with respect
to the metric yields the following field equations [38,48,72]:

1
Tp,u + Eg;wf(g)

— (2RR,y — 4R, R?,

2R, Rypor — 4R Ryanp) f3(G)

+ (2R,V, +4G 00— 4R ViV,

+ 48RPV, Vo — 4R 0V VP) f5(G) =0,  (33)
where T),, represents the matter energy—momentum tensor
coming from the variation of ") with respect to g". Isolat-
ing the Einstein tensor G, in all terms in which it appears,
Eq. (34) can be recast as:

G;w (2R — 4D)fg (g) = T;w
[ (R = 4RupRP, + 2R 77 Rpoe — 4R Ry )

f6(9) — <2RV#VV — 4RV, Yy + 48RPV, VY,
— 4Ry VOVP) f6(G)
1
_Eg/wf(g)]- 34

Notice that the term in the square bracket of the RHS
can be intended as the effective Energy—Momentum ten-
sor of the gravitational field, introduced in Eq. (1), while
(2R —40) fg(G) accounts for the function F'. Therefore, the
components of the Einstein tensor can be interpreted as the
analogue of energy density and pressure, namely

G) = L
(2R —40) fg(9)

. S8t
Gi=— - J
/ 2R —40) f5(9)

(b + po)

(pg + po) . 35)

@ Springer

where pg and pgo are matter density and pressure, respec-
tively, while pg and pg are the effective energy density and
pressure provided by extra geometric terms in f(G) gravity.
In a spatially flat cosmological universe of the form (15), the
field equations of f(G) = foG¥ gravity can be written as:

1
T QR -4D)f5(9)

x [—24k(k —HH? (gg' + (k- 2)@2) — 72kG? H*

G8 {po + %QkJ

—48KGH? (2G(H + H) + (k — DHG) + g*]} , (36)
Gl=- L

' QR =40 f5(G)

x :po + %gH [l6k(k —1)(H + H?) (gd + (k — 2)9‘2)

124kG2H* + 16kG(H + H?) (3g(H + HY) 420k — 1)Hg')

124kGH? (4g(H +HY) + (k— I)HG) - gﬂ} : (37

with H being the Hubble constant H = a/a. The second
term in the RHS of Eq. (36) is the cosmological density of
the gravitational field pg, as the same term in Eq. (37) is the
pressure. Specifically:

_Jo ks _ 2 np 2
po = 3G [ 24Kk = )2 (G + (k- 27

~72kGH — 48kGH? (26(H + HP) + (k — HHG) +G1}8)
pg = 26 [16kk — 0t + 1) (6 + & - 2)67)

+24kG*H*
+I6kG(H + H?) (3G(H + H?) + 2k — DHE)

+UGH? (4G(H + HP) + (k — DHE) - 6], (39)
so that each EC can be split in two contributions, namely

NEC — po + pg + po + pg = 0

WEC — po + pg = 0; po + pg + po+ pg =0

DEC — po + pg — Ipol — |pg| = 0

SEC — po + pg + po + pg > 0

po + pg +3po+3pg > 0. (40)

Starting from the above inequalities, in what follows we focus
on a particular subcase, requiring that the standard matter
and the gravitational field must respect the ECs separately.
Assuming that the ordinary matter automatically satisfies all
the ECs, the only constraints capable of providing the validity
range of the parameter k are given by the system:

NEC — pg + pg =2 0

WEC — pg > 0; pg + pg =0

DEC — pg — |pgl = 0

SEC — pg + pg = 0: pg +3pg = 0. (41)



Eur. Phys. J. C (2024) 84:1298

Page 70f 13 1298

Fig. 1 Effective Energy Density (left panel) and Pressure (right panel) profiles as a function of a and k

Replacing Egs. (38) and (39) into the system (41), the ECs
yield

NEC — 4 fpkGF=3 [(k ~1g (2gH — H2G + 4HGH + H3g')
—(k =)k —2)G? (H2 - 2H) +6G2H <H + 2H2>] >0 (42)
4fokG* 3 [tk = G (2GH — HG + 4HGH + HG)
—k =)k —2)G? (H2 - 2H) +6G2H (H + 2H2)}
>0
wec { and

<
%gH [—24k(k —HH? (gd - 2)92) —72kG*H4

_48kGH? (2g(H +HY) + (k- 1)Hg') + 93]
>0 (43)
4fokG* 3 [tk = G (208 — B + 4HGH + HG)
—(k— Dk —2)G? (H2 . 2H) +6G2H (H + 2H2):| >0
if p<0

/!
DEC { and

foGk3 [—4k(k Dk —2)¢? (2H + 5H2)
—24kG? (6H2H +HY 7H4) (44)
—4k(k = G (2GH +5H?G +4HGH + 131°G) + ¢*
>0 if p>0
4fokg* = [tk = G (26H — H?G +4HGH + H3G)
—— D= 2G (H? —2H) + 667 Fi (H +2H7)| 2 0

!
SEC { and

foGk=3 [nk(k — Dk —2)¢? (2H + H2)
+24kG? (10K + 302 + TH*)
+12k(k = 1)G (26 + H2G + 4HGF + 5H3G) - g3} > 0.
(45)

02 0.4 0.6 0.8 10 k

-4

Fig. 2 Effective EoS parameter in f(G) gravity

By plugging the cosmological expression of G and the field
equations solution of f(G) cosmology into Egs. (38) and
(39), it is possible to recast the effective energy density and
the pressure in terms of the scale factor and k only. Compu-
tations yield the plots in Fig. 1.

We set fo = 1/2 in order to recover the GR coupling. The
effective EoS parameter can be obtained from the ratio p/p,
which provides the expression

1 — 12k

— o 46
YT 3k (46)

plotted in the graph of Fig. 2.

Notice that the exact dark energy behavior is recovered
only for large values of k. The effective EoS parameter is
independent of the scale factor, as standard when considering
time power-law solutions. Now, with the aim to study the
validity and the violation of the ECs and constrain the free
parameter k, we introduce the cosmographic parameters j
(jerk), g (deceleration) and s (snap), defined as:

H H+3HH
1=l = T

@ Springer



1298 Page 8 of 13

Eur. Phys. J. C (2024) 84:1298

H+3HH+3H>+6H*H + HH

; (47)
H4

in this way, the ECs can be recast in terms of j, g, s, k only.

To this purpose, notice that the cosmological expression of

the Gauss—Bonnet scalar G = 24 H 2(H 2+ H ) can be recast

in terms of the cosmographic parameters as:

G = —24gH* G =243q +2¢> + )HH’

G =24(s —12qg — 15¢> — 2¢° — 6j — 6jq)HE. (48)

s=1+4+

Therefore, the pressure and the energy density become:

fo2 =13k (_H4q)k
pg = =

x[jzk(k — 1)k —2) +2j(k — Dkqlk(2qg +3) — g — 4]

+q[k3q(2q +3)* — k2(10¢° +25¢ + 21q + 5)
-f-k(6q3 + 9q2 + 15 +s) + qZ]},
k
fo23k—13k=1 (—H4q)
p =
g 72
x {ijk(k “Dk—2)

+jk(k — D[4k — 1)g® + 433k — 4)g + 3]

+2k34% (29 + 3)?

—k%q(20g°> + 50¢% + 36q + 25 — 9)

+2kq (643 +10g2 + 15¢ + 5 — 6) — 3q2]}, (49)

respectively. Though the value of the term (—q H 4)k depends
on the specific k considered, it is a total factor that multiplies
all the rest of the inequality. Moreover, the numerical value of
the deceleration parameter is negative, thus such total term
can be neglected in the computation of the ECs. First we
choose fy > 0, in order to recover the GR coupling as soon
as k = 1/2. Considering Eqs. (47) and (48), and using the
experimental values of j, g, s provided in [73] (¢ = —0.81,
j =2.16, s = —0.22), the ECs are satisfied for:

NEC — k <0 v 1.457 <k <2977

WEC - k<0

DEC - k <0

SEC — 1457 <k <2.977. (50)
It is worth remarking that the above result holds indepen-
dently of the value of the Hubble constant H, since the latter
multiplies all the ECs as a total factor with an even power.
As we can see, no value of k simultaneously satisfies all the
ECs when fo > 0. Considering fy < 0, the ECs provide

NEC - 0<k <1457 Vv k>2977

WEC — 0.093 <k <1.457 v k > 2977

DEC — 0.113 <k <1.457 v k > 2.977

SEC — 0 <k <0.189, (51)

@ Springer

and all of them are simultaneously satisfied for kK compre-
hended in the strict range

0.113 < k < 0.189. (52)

By considering the vacuum solution of the field equations
in f(G) gravity [48], we notice that also the scale factor is
constrained by the ECs. Taking into account the result in Eq.
(52), and the vacuum solution of f(G) ~ G* field equations,
namely

a(t) = aot1_4k, (53)
the scale factors not violating the ECs are of the form:
a(t) = apt" with 0.24 <n < 0.55. (54)

Nevertheless, the ECs validity for other values of k and n
might occur in a different epoch, where the behavior of the
gravitational interaction was different than the current one.
In this case, the function labeling the theory might assume
the form

(&) = foGh + fiGe. (55)

For weakly time-depending coupling constants, the possi-
bility that at some epochs the contribution of f (fp) was
predominant with respect to that of fy (f1), can be taken into
account. In summary, all the ECs are violated when fy > 0;
on the other hand, when fy < O they are satisfied if k lies
within the range 0.113 < k < 0.189, meaning that almost
all values of k (there including k = 1/2) lead to a gravita-
tional model mimicking the features of the Einstein theory
with cosmological constant.

4.1 Slow-roll inflation

In this subsection we use the previously written ECs, in order
to find out the expression of the slow-roll parameters ¢ and
n in terms of k. Specifically, we impose the magnitude of
the slow-roll parameters to be small, namely consider the
inequalities

i
<1 =|-—| k1, 56
7] ‘ SHI (56)

H
=
which have to be satisfied during inflation. The first condition
comes from the requirement for an accelerated expansion of
the universe through the relation

é—fﬂ 1+£ =H>(1-¢)>0 (57)
a H2) '
The second condition arises from the minimal coupling
between geometry and the scalar field. Specifically, starting
from the action

(R 1. 4
S_/[2+2¢ V(¢)]dx, (58)
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in a cosmological spatially flat background the Klein—
Gordon equation reads

¢ +3H¢p + Vy(¢) =0, (59)

with Vi (¢) being the first derivative of V (¢) with respect to
¢. Inflation occurs when the potential energy is predominant
with respect to the other terms. Then, the potential should
have a minimum at the end of the inflation. In the slow-
roll approximation, where the scalar field is expected to roll
slowly, the field equations together with the Klein—Gordon
equation yield the condition

i
- -« (60)
Hé 2HH

Similarly, in modified theories of gravity, the extra geometric
terms can play the role of kinetic energy and potential of some
time-depending scalar field.

In order to impose the conditions (56), we rewrite the first
two components of the field equations (34) as:

2 1
T 32R —40) f5(G)
fO k3 2 . )
x {79 [—24kk = D (96 + k- 26?)
—T2kG2H* — ASKGH> (2g(H +HY) + (k- 1)Hg') + 93]} ,
(61)
3 1

B — L
2 22R —40) fg(9)

x {%g’” 16kt = D@ + 1) (96 + (6 — 6%
124kG2 H* + 16kG(H + H?) (3g(H + HY) 4+ 20k — 1)Hg')
124kGH? (4g(H Y HY) 4 (k- 1)HG) - g*“ . (62)

Replacing the vacuum solution of f(G) gravity (53) in the
above equations and considering the explicit expression of
the Gauss—Bonnet term

G =24H*(H* + H), (63)

the magnitude of the slow-roll parameters turn out to be

1
= = |—]. 64
lel = 1] ‘1_%‘ (64)

The conditions for the inflation
el <1 Inl K1, (65)

provide the constraint
1
k<<0\/k>>§. (66)

This means that cosmological inflation in f(G) gravity
occurs only when £ is strictly negative or when it is much
larger than 1/2. Interestingly notice that the value k = 1/2

is the limit in which f(G) = G* gravity behaves like Ein-
stein GR in a cosmological spatially flat background. From
the definition of the cosmographic parameters (47) we also
notice that the deceleration parameter can be written in terms
of k as:

1 1 67
1=t (67)
sothatwhenk <« 0 Vv k > 1/2, g turns out to be negative, as
we expect. The negative value of ¢ corresponds to an accel-
erated expansion of the universe, in agreement with the result
provided in Eq. (66). Slow-roll conditions are not sufficient
to establish whether the theory is able to fit the cosmological
data, and a further study is thus necessary. Nevertheless, it is
a first step aimed at verifying whether the theory might be a
good candidate for the inflationary model.

5 Energy conditions in R + f(G) cosmology

With the aim to compare results coming from f(G) gravi-
tational model with those related to R + f(G) gravity, we
evaluate the ECs in the latter theory, starting from the action
(6) with function (22), i.e.

R
S = f V=g (3 + fog"> d*x (68)
and study the ECs by using the numerical values of cosmo-
graphic parameters. In this case, the field equations can be
written as
G = | T + L0t kfo (2R Ry — 4R, R?,

wy = uv+jgguv*f0( wy Ty K5,

+2RMPUrRup(Ir - 4Raﬁ R;Lavﬂ) gk71

+fo (2R, Y, +4G 00 = 4R] V0V, + 48RPV, V,

~4R 00V VF) g"*‘] . (69)
so that the RHS can be intended as an effective energy—
momentum tensor which vanishes as soon as fp = 0.In a

cosmological spatially flat spacetime, the two non-vanishing
components of the field equations read

GO = po + %g’“z {24kH2 [(k — )HG — G(H + Hz)] + 1]
(70)
Gl =— {po - %g“ [8H(k — Dk (2g (H2 + H) g

+H (gg' - 2)92>) — 24H%G? (H2 + H) + g3]} (7D

where pg and pg are the density and the pressure of matter,
respectively. As before, the second terms in the RHS of the
above equations can be intended as effective energy densities
and pressures of the gravitational field, whose ratio takes the
form

@ Springer
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wzﬂz{ . B . }

oG 3H?(H + H?)[-kHH +2(1 = 2k)H?>H + (1 — 2k)H? + H*]

x{6kH H + (8k — 9)HH + 2k(2k — 1)H*

+H [kH + (16k2 - 9) H2]

+4k*HH?H + 2k(4k — VH HH

+H? [(k —)kH? + (16k2 2k - 3) 7 kHH] - 3H8} 72)

Egs. (70) and (71) can be written in terms of the cosmographic
parameters (47) as:

(k — DLjk — ¢* + kq(3 + 2¢)]

23k—13kf0(_H4q)k
PG = B

q

| o3klgkl gk
q3

x[j2k(k — 2) + 2jkq (=3 + 3k + 2kq) + 3¢°

+k2g% (3 +29)% — kq(6q + 3¢ +24° + )],

PG (k—=1)

where we used the form of G in Eq. (48). The ratio in Eq.
(72), in terms of the cosmographic parameters, becomes:

Notice, however, that the solution (78) holds only when
k # 1/2, otherwise we have

af? +3:(3F)6 fg+3

a(t)e =apt G2 (79)

In this case, the scale factor a(#) 4 describes an accelerating
universe when

3
- \E < fo < \/?4) (80)

= IRk =) +2jkql=3 + kB +2)] +q(3¢> + K43 +29)> — k(69 +3¢” +2¢° + 9)]

(75)

3qljk 4+ q(—q + 3k + 2kq)]

We assume the density and the pressure of matter fields
to satisfy the ECs separately. Using the same values of the
cosmographic parameters considered in the previous section,
when fo > 0 the ECs are satisfied for:

NEC - k<0vVvI1<k<4371

WEC - k<0 Vv 1<k<4371

DEC - —1.866 <k <0 v 1.573 <k <4.371

SEC - k < —0.313 v 1 <k <3.129. (76)

The above inequalities admits a common solution, that is
— 1.866 <k <—0.313 v 1.573 <k <3.129. a7

Similarly to the previous case, Eq. (77) can be used to con-
strain the scale factor which solves the field equations ana-
lytically, that is:

1
k _ Ak
245 fo(1 k)}2 & ; (78)

a(t) = agp exp |: 3

In the first range of Eq. (77), namely —1.866 < k < —0.313,
the exponent is positive and the scale factor describes an
exponentially accelerated universe. In the second range,
when 1.573 < k < 3.129, the term in the square bracket
turns out to be negative, leading to a bouncing cosmological
model.

@ Springer

while in a_(¢) the power of ¢ is always negative indepen-
dently of the value of fy. Since k = 1/2 violates all the
inequalities in Eq. (76), when fy > 0 and k = 1/2 a power-
law universe acceleration occurs and the ECs are violated.

Assuming a negative coupling constant, namely fo < O,
the ECs yield the constraints

NEC - k<0 v 1<k=<4371

WEC — 0.630 <k < 1

DEC —> fk e R

SEC—>0<k<1Vk=>4371 (81)

and cannot be simultaneously satisfied for any real value of
k. However, it is worth noticing that all those k included in
the range 1 < k < 4.371 violate the SEC, which means that
the geometric contributions in R 4+ f(G) gravity can act as a
repulsive source of gravitational field. Moreover, similarly to
the previous case, the effective EoS parameter can be written
as a function of k, after replacing the cosmological vacuum
solution of this theory into Egs. (70) and (71). Computations

yield
Af2+ /48f2+9+3

14
a(t)y =apt”, €= 5
6 —4f;

14K
w=— —,
3¢

(82)
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5.1 Slow-roll inflation

For inflation to be realized in R + f(G) gravity, described by
the action (68), we must evaluate the magnitude of the slow-
roll parameters, as we did for the f(G) model. However, here
we focus on a subcase of Eq. (68), setting k = 1/2. This is
due to the fact that the action

S = / V=g (; + fo@> d*x, (83)

is the only one yielding time power-law solution for the scale
factor, as pointed out in Eq. (79). Moreover, within all pos-
sible actions of the form (68), the one in Eq. (83) is the only
containing Noether symmetries, according to the results of
Sect. 3. In a cosmological spatially flat background, the field
equations can be written as:

sz%g*%

x {12H2 [—%HQ' —G(H + Hz)] + 1} (84)
g _ 30, Joos
H=-ZH+ G}

x [—12H2g2 (H2 + H) 1+ -2H <2g (H2 + H) g

t (gé - ggz))] . (85)

With the aim to constrain the value of the coupling constant
fo to those admitting slow-roll inflation, we consider the
vacuum solution (79), namely

43 +35V3,/16/3+3

as(t) =apt 2(3-2/17) . (86)

Replacing a, ! in the field equations (84) and considering
the conditions for the inflation in Eq. (56), it turns out that
slow-roll inflation is admitted by R + fo~/G theory of gravity
when

3
fo~ i\/; 87)

In particular, the more f approaches the values 4-1/3/2,
the faster the scalar field rolls down the potential hill. These
values are in agreement with the range provided by the ECs
in Eq. (80).

6 Conclusions and remarks

We considered the ECs in two extended theories of grav-
ity, both depending on the Gauss—Bonnet topological term.
First, we did not impose the GR limit as a requirement, to

subsequently include the scalar curvature into the starting

! No coupling constants are selected when evaluating a_ ().

action. In both cases, we considered a function selected by
symmetry considerations, that is f(G) = foG*, and investi-
gated the ECs violation in terms of the parameter k. Unlike
GR, the ECs in modified theories of gravity assume non-
trivial expressions, and for this reason the study of the ECs is
useful for several reasons, when alternatives to GR are con-
sidered. In cosmology, they can suggest whether the extra
geometric contributions can play the role of Dark Energy,
though a careful choice of cosmographic parameters j, g, s
is often important. We showed that when a function of the
form £(G) = foG is considered as the only contribution into
the action, the requirement for ECs validity selects a strict
range of k. On the other hand, we also selected the interval
of k within which slow-roll inflation occurs.

Similar results can be found also when the scalar curva-
ture is added from the beginning. Specifically, it turns out
that, when k = 1/2, all the ECs are violated and power-law
inflation occurs for a coupling constant fy approaching the
values fy ~ £./3/2. Generally, studying the ECs in modi-
fied theories of gravity is useful to completely discard many
theories and to show that the validity of the ECs is not as
trivial as the GR case. In the late-time, modified theories of
gravity can address the observed acceleration of the Universe
as a curvature effect, which can be understood as a fluid with
negative pressure playing the role of Dark Energy. For this
reason, the ECs violation in modified theories of gravity does
not have to be intended in the same way as GR. While in GR
the ordinary matter is the only component in the RHS of the
field equations, modified theories of gravity admit effective
energy density and pressure of the gravitational field. As the
ordinary matter must satisfy all the ECs, some of them can
be violated by the effective energy—momentum tensor of the
gravitational field. In future works we aim to extend the pre-
scription to a general function of both R and G, with the aim
to constrain the action by means of the ECs and investigate
the slow-roll inflation in the early time.
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