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Abstract

One of the most notable predictions of general relativity is the existence of black holes. Initially
considered mere mathematical curiosities, advancements in astronomical observations have
provided strong evidence for the existence of these compact objects, transforming our perception
of black holes from abstract theoretical constructs to tangible physical entities. Their hallmark
features are the existence of an event horizon and a singularity. The problems associated with
these two characteristics are the teleological nature of the event horizon and breakdown of general
relativity at the singularity.

The existence of singularities serves not only as motivation to seek a new theory but also
provides insights into its potential structure. Various approaches have been proposed to address
singularities, ranging from classical methods within general relativity by incorporating additional
matter fields to higher-order curvature corrections and semiclassical effects. These approaches
are valuable tools for identifying the properties of candidate quantum gravity theories, which are
expected to resolve singularities and yield non-singular solutions. Based on the presence of a
horizon, such solutions can be classified into two categories: regular black holes and horizonless
configurations. Both share the common feature of a minimal length scale introduced to regularize
spacetime.

This thesis investigates the properties of such ultracompact objects under the assumption
of the validity of semiclassical gravity in their vicinity. We begin by examining static cases
within the framework of general relativity, assuming negligible backreaction on the geometry
due to quantum effects, using nonlinear electrodynamics as an effective way to source regular
geometries. We analyze the thermodynamic properties of horizonful ultracompact objects
through Hamiltonian formalism and Euclidean path integral methods, demonstrating consistency
between these approaches in appropriate limits. Using the derived thermodynamic quantities,
we examine the phase structure and show the absence of the Hawking–Page transition in the
canonical ensemble due to the presence of the minimal length scale. Confirming or refuting
the identity and properties of ultracompact objects, as well as the existence of such a minimal
length scale, depends heavily on observational signatures. Our research examines the behavior
of light rings around these objects, demonstrating that merely counting the number of light rings,
without knowing the underlying theory, may be insufficient for definitive identification.

Considering backreaction effects on the geometry, we conduct a theory-agnostic study of
dynamic regular black holes, assuming only the validity of semiclassical gravity near their
apparent horizons and the finite formation time according to the clock of a distant observer. We
analyze the null energy condition and find that it is violated near the outer apparent horizon but
satisfied near the inner apparent horizon, effectively separating the trapped spacetime region into
null energy condition-violating and null energy condition-non-violating domains. We show that
within this framework, regular black holes end their life as cold remnants represented by extremal
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black holes. Moreover, we demonstrate that massive observers and particles can cross both the
inner and outer horizons on ingoing geodesics, allowing entry and exit from the supposedly
trapped spacetime region without encountering infinite energy densities, commonly referred to
as firewalls. Finally, we extend the study of thermodynamics in this dynamical context, showing
the existence of a first law of black hole mechanics based solely on near-horizon quantities and
demonstrating that the notion of internal energy is captured by the Misner–Sharp mass evaluated
on the outer apparent horizon.
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Foreword

This thesis follows the “Thesis by publication” format as stipulated by Macquarie University.
Rules and guidelines can be accessed here.

This thesis includes six publications [1–6]. It is important to note that the chronological order
of these publications differs from their arrangement within the thesis (see ”List of Publications”
on pp. vii–viii). The references [7–9], though relevant, are not included here as they do not
focus exclusively on the study of regular black holes. Additionally, while the conference paper
[10] introduces new findings, some of its content overlaps with reference [5], and it has therefore
been excluded to minimize redundancy. Lastly, although the relevant work on the publications
[11, 12] began prior to the submission of this thesis, they were uploaded to the arXiv after its
completion.

The thesis is organized as follows: The first chapter offers a critical introduction to the
subject area and provides context for the problems explored in the published works. The main
part of the thesis comprises six key publications [1–6], which lay the groundwork for the
research presented. Each publication is preceded by a concise summary of its main results
and additional commentary, including errata or differences in conventions, such as variations
in notation or function definitions. U.S English is consistently used throughout the thesis. The
published works, also adhere to U.S. English as required by the respective publishers. Journal
abbreviations conform to the ISO4 standard.

The following abbreviations (including their plural forms) are commonly used throughout
the thesis:

RBH Regular black holes
PBH Physical black holes
MBH Mathematical black holes
NEC Null energy condition
EMT Energy-momentum tensor
NED Nonlinear electrodynamics
ONF Orthonormal frame
ADM Arnowitt–Deser–Misner
GUT Grand unified theories
KMS Kubo-Martin-Schwinger
CFT Conformal field theory
AdS Anti-de Sitter
dS de Sitter
GR General relativity
MS Misner-Sharp



Black holes ain’t as black as they are painted. They are not the
eternal prisons they were once thought. Things can get out of a
black hole, both to the outside and possibly to another universe. So
if you feel you are in a black hole, don’t give up — there’s a way
out.

Stephen Hawking Introduction

General relativity (GR) and quantum field theory are the two pillars of modern physics. While
each of them provides an accurate description of nature within its domain of validity, they apply
to vastly different regimes: GR pertains to the macroscopic scale of the universe, while quantum
field theory governs the microscopic realm. Despite their individual successes, the quest of
reconciling them has remained elusive so far. In 1965, Penrose demonstrated that under the
assumptions of global hyperbolicity, the existence of a noncompact Cauchy hypersurface, the
validity of classical Einstein equations, and the non-violation of the null energy condition (NEC),
a spacetime containing trapped surfaces is inevitably geodesically incomplete, introducing the
first “modern” singularity theorem [13]. The existence of inextensible geodesics is commonly
equated with the presence of regions of unbounded curvature, known as gravitational singular-
ities. While we adopt this assumption in this thesis, it is crucial to note that this equivalence
does not always hold true [14–16]. Singularities pose a significant challenge as they signal the
breakdown of the underlying theory, fundamentally limiting our ability to predict the future [17].
“When a theory predicts singularities the theory is wrong!” [18] or undoubtedly incomplete. It
is anticipated that the merging of GR with quantum field theory into a unified theory of quantum
gravity will resolve the singularity issues. Quantum effects are expected to play a pivotal and
indispensable role in this resolution.

In the absence of a complete theory, research efforts are partially directed towards effective
models capable of mimicking observable phenomena, such as light rings, while circumventing
singularity issues. These models, known as black hole mimickers, are categorized into two
distinct groups based on the absence or presence of a horizon [19]. The former corresponds
to horizonless ultracompact objects (UCOs), which have the capacity to form two light rings
around them, with one being stable and is linked to nonlinear spacetime instabilities [20, 21]. This
property potentially renders them undesirable candidates for the objects we currently observe.
The latter category comprises regular black holes (RBHs), which are trapped spacetime regions
bounded by both an inner and an outer horizon and they are the primary focus of this thesis. In this
scenario, the geometry near the singularity undergoes significant modification, resulting in the
creation of a defocusing point at a finite distance, represented by the inner horizon in spherically
symmetric scenarios [22]. It is important to highlight that the presence of an inner horizon poses
significant challenges, primarily due to its inherent instability under small perturbations. These
instabilities manifest as an exponential increase in gravitational energy near the inner horizon.
This issue, known as mass inflation instability, is a key concern in the study of RBHs [23–28].

Current astrophysical observations, although in close agreement with the Kerr metric, are
unable to distinguish between black hole mimickers and genuine black holes with singularities.
Therefore, it is premature to conclusively identify the observed UCOs as black holes [29]. Fur-
thermore, asserting that these objects are indeed black holes requires the observation of the event
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horizon. However, such an entity is inherently teleological and fundamentally unobservable,
even in principle [30]. It could be argued that the detection of a quasilocal apparent horizon
should suffice to verify the presence of a trapped region but from the currently available data its
existence cannot be inferred. Unfortunately, neither category of black hole mimickers consti-
tutes a panacea to all of our problems, as substituting the singularity with an effectively regular
spacetime results in peculiar features.

All singularity theorems rely on the assumption that collapsing matter behaves in accordance
with certain energy conditions, which describe classical matter and aim to capture the property
of the non-negativity of mass and the attractive nature of gravity [31, 32]. However, quantum
fields systematically violate these classical energy conditions and consequently influence the
theorems of GR in various ways [33]. For instance, during gravitational collapse, when matter is
compressed to high densities, quantum effects are expected to become significant and violation
of energy conditions may occur. But how does such a violation contribute to the resolution of
singularities and the emergence of RBH spacetimes?

A star with appropriate mass will undergo gravitational collapse once sufficient thermal en-
ergy has been radiated away. The first mathematical model describing complete gravitational
collapse was formulated by Oppenheimer and Snyder [34]. In this model, a spherically sym-
metric, homogeneous, collisionless matter collapses into a Schwarzschild black hole under the
influence of gravity’s attractive force. The formation of the singularity can only be prevented by
introducing some repulsive effect to halt the collapse. This effect may arise from the breakdown
of GR during the final stages of collapse and/or from violation of the NEC [22]. Various hori-
zonful or horizonless geometries can emerge from this collapse, including RBHs, black-to-white
hole bounces, and horizonless remnants [35, 36].

To quantify in a rigorous way how close a self-gravitating body is to a black hole, it is
customary to introduce a so-called closeness parameter 𝜖 defined as 𝜖 = 𝑟0/𝑟𝑔 − 1, where 𝑟𝑔
denotes the Schwarzschild radius of the object and 𝑟0 the radius of its effective surface [19].
Black holes independent of if they are singular or not are characterized by 𝜖 = 0 while horizonless
configurations are described by 𝜖 > 0. According to a distant observer, gravitational collapse
beyond the density of a neutron star can have three possible outcomes [29, 37]:

(i) Formation of a transient object: the closeness parameter reaches a minimal value 𝜖𝑚𝑖𝑛 > 0,
either at some finite time 𝑡𝑚𝑖𝑛 or asymptotically 𝑡 → ∞.

(ii) Perpetual ongoing collapse (𝜖 → 0 as 𝑡 → ∞): the horizon exists only as an asymptotic
(𝑡 → ∞) concept. At times 𝑡 < ∞, these objects remain horizonless by definition.

(iii) Formation of an apparent horizon in finite asymptotic time 𝑡f < ∞, i.e., in finite time
according to the clock of a distant observer.

These outcomes underscore the intricate nature of gravitational collapse, which is central to
understanding the behavior of compact objects like black holes. To comprehend nature at its most
fundamental level, a deep understanding of gravity is crucial. Fortunately, the thermodynamic
properties of gravity offer a glimpse into its microscopic structure. For every system in the
universe, the foundation of its thermodynamic behavior lies in the statistical mechanics of its
fundamentally quantum constituents. In classical physics, black holes are considered nature’s
black boxes, swallowing all matter and emitting nothing. This view changed dramatically with the
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advent of quantum field theory on curved backgrounds. It was discovered that black holes radiate
with a black body spectrum at a temperature proportional to their surface gravity [38], thereby
possessing finite entropy. Thus, black hole thermodynamics was born, with laws analogous
to those of ordinary thermodynamics as formulated by Bardeen, Carter, and Hawking [39].
The field of black hole thermodynamics plays a significant role in advancing our understanding
of quantum gravity, field theory in curved spacetime, and information theory [40, 41]. The
thermodynamic parameters of black holes can be calculated using various methods, including
the covariant phase space approach [42] and the Euclidean path integral formalism [43].

Black holes exhibit a fascinating trait: they can undergo phase transitions, much like ordinary
thermodynamic systems. This idea was first introduced by Hawking and Page, who discovered
that black holes embedded in anti-de Sitter (AdS) spacetime can transition between states [44].
Since then, this concept has been found to apply broadly across many types of black holes, includ-
ing those in higher dimensions and in theories extending beyond GR [45, 46]. The exploration
of the Hawking–Page transition has gained significant interest due to the anti-de Sitter/conformal
field theory (AdS/CFT) correspondence. This correspondence posits an equivalence between a
gravitational theory in a D-dimensional AdS spacetime and a conformal field theory (CFT) in
one less dimension on the boundary [47]. It is important to note that this duality holds in the
limit of a large — or more precisely, infinite — number of degrees of freedom on the CFT side,
to match those present in the AdS bulk. Within this duality, the transition between a black hole
and thermal radiation in the AdS bulk is dual to a deconfinement transition in the boundary CFT
[48].

The AdS/CFT dictionary has become a powerful tool in theoretical physics, offering insights
into strongly coupled systems where standard perturbative techniques are ineffective, tackling the
black hole information paradox, and calculating black hole entropy [40]. Moreover, any changes
in the bulk gravity theory naturally influence the boundary CFT. Thus, the various extensions of
the Hawking–Page transition, as well as the discovery of more unusual transitions, are expected
to have important implications for the boundary theory, though this aspect has been explored less
than the bulk phase structure. However, the corresponding interpretation of the first-order phase
transition in the bulk theory is a transition between a low-entropy and a high-entropy CFT [49],
and this is precisely the type of phase transition that will be examined in the phase structure of
RBHs in this thesis.

Over the years, numerous studies have explored the thermodynamic properties of RBHs using
various methods. In this thesis, we utilize NED theories to effectively model RBHs and address
inconsistencies found in the existing literature. This type of theory was first employed by Born
and Infeld to address the infinities associated with the self-energy of a point charge [50] and,
interestingly, emerges from string theory as a low-energy effective field theory [51]. A few years
later, Heisenberg and Euler developed a nonperturbative one-loop effective action that accounts
for the nonlinear corrections to Maxwell electrodynamics arising from quantum electrodynamical
vacuum polarization effects [52]. These include interactions of virtual electrons and positrons at
the one-loop level without radiative corrections.

In classical electrodynamics, photons do not interact. However, quantum electrodynamics
predicts that two photons can scatter off each other in vacuum through a higher-order process
mediated by virtual charged particles in a one-loop diagram. This rare effect, known as light-by-
light scattering, first appears at the fourth order in the fine-structure constant, O(𝛼4) and it can
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be described by the Heisenberg-Euler NED Lagrangian mentioned above. This phenomenon
was first observed quite recently by the ATLAS collaboration [53, 54]. This process becomes
accessible at the Large Hadron Collider due to the intense electromagnetic fields produced during
ultra-relativistic collisions of lead ions at a center-of-mass energy per nucleon-nucleon pair of
5.02 TeV.

While ultra-relativistic collisions provide one avenue for probing NED, several efforts have
also been made to investigate its effects on larger, astrophysical scales. A prominent example
is neutron stars, particularly those that possess exceptionally strong magnetic fields. One key
prediction of quantum electrodynamics — as well as many NED models, with the notable
exception of Born-Infeld theory [50] — is vacuum birefringence, where photons with different
polarisations travel at different phase velocities in strong electromagnetic fields. As a result, when
light passes through such a region, it effectively splits into two distinct polarised components.
In thermally emitting isolated neutron stars, the observed radiation originates from a large
portion of the stellar surface, where the magnetic field orientation varies significantly across
different regions. Without accounting for vacuum polarization effects inherent to quantum
electrodynamics, these variations would cause the polarisation signals from different surface
elements to cancel out, leading to a strong depolarisation of the radiation detected by a distant
observer [55, 56].

However, vacuum birefringence can greatly enhance the linear polarisation of the radiation
emitted by neutron stars, potentially boosting it from just a few percent to nearly complete
polarisation. The extent of this amplification depends strongly on factors such as the observer’s
line of sight and the nature of the star’s surface emission process. Measuring the polarisation
of thermal emission from the surface of an isolated neutron star would be highly significant.
Regardless of the specific physical conditions in the emitting region, observing a high degree
of linear polarisation would provide direct observational evidence for quantum electrodynamics
vacuum polarisation effects in the strong-field regime [55, 56]. Observations of RX J1856.5-
3754 — the closest known neutron star to date — reveal a polarisation degree of approximately
16.43%, a value sufficiently high to support the presence of vacuum birefringence as predicted
by quantum electrodynamics and various NED models [57].

Additionally, it is worth noting that NED theories have been investigated in the context
of cosmic birefringence, a phenomenon long regarded as a promising probe of new physics.
A particularly intriguing scenario involves the Cosmic Microwave Background (CMB), where
birefringence can be induced by the coupling between electromagnetism and an axion-like
(pseudo)scalar field. This interaction causes a rotation of the CMB’s linear polarisation plane
as photons propagate over cosmological distances [58]. Interest in this mechanism has been
renewed following claims of a detectable signal in the Planck 2018 data [59]. Furthermore,
photon-photon forward scattering mediated by Heisenberg-Euler interactions may give rise to a
degree of circular polarisation in the CMB — commonly referred to as V-modes — which also
contributes to cosmic birefringence [60].

In a large number of cases NED theories coupled to GR are also sufficient to generate regular
geometries and eliminate singularities only at the cost of using exclusively magnetic charge. The
existence of this magnetic charge is closely linked to the minimal length scale introduced to
regularize the spacetime. However, a significant challenge with these sources is that magnetic
monopoles have yet to be detected in nature, despite extensive observational efforts [61–63].
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Nevertheless, heavy magnetic monopoles, which are predicted to form in the early universe,
remain a robust feature of grand unified theories (GUTs) [64–66]. These monopoles emerge
from spontaneous symmetry breaking at the GUT scale of approximately 1016 GeV and have
important ramifications for structure formation and early universe cosmology [67].

It is crucial to note that RBHs can be constructed using various NED theories, each charac-
terized by a different weak-field limit. The deformations from the Schwarzschild geometry can
be quantified based on the specific weak-field limit of the chosen NED theory. This implies that
the resolution of singularities varies depending on the NED Lagrangian density employed. By
selecting different NED frameworks, one can explore the distinct properties of RBHs and the
mechanisms by which singularities are smoothed out. These differences manifest not only in the
thermodynamic properties of the black holes but also in their observational signatures as it will
be demonstrated in this thesis.

Until now, our study has neglected the backreaction of quantum effects on spacetime ge-
ometry. To move beyond these physically unrealistic stationary scenarios, we must account
for these effects in a self-consistent manner, transitioning to a fully dynamic framework. The
self-consistent approach [37] we will use to study dynamic RBHs is based on semiclassical
gravity [68]. In this approach, spacetime is described by a metric g𝜇𝜈, with concepts like particle
trajectories and horizons assumed to be well-defined. This metric is a solution to the semiclas-
sical Einstein equations, where the source term is the energy-momentum tensor (EMT) ⟨𝑇𝜇𝜈⟩𝜓 ,
representing the renormalized expectation value of an EMT operator in a certain, though un-
specified, quantum state of gravity and matter 𝜓. This method imposes no specific assumptions
about the nature of the matter fields or their quantum states, nor does it differentiate between the
background (such as cosmological or collapsing matter) and the resulting quantum excitations.

This self-consistent framework naturally leads to the concept of a physical black hole (PBH),
defined as a trapped region in spacetime where both ingoing and outgoing future-directed null
geodesics, emanating from a spacelike two-dimensional surface with spherical topology, exhibit
negative expansion [69–71]. The apparent horizon serves as the boundary of this trapped
region. Unlike the conventional black holes described in the literature, which are enclosed
by event horizons, PBHs are bounded by dynamically evolving quasilocal horizons that form
within a finite time according to a distant observer’s clock. These horizons are, at least in
principle, physically observable, meaning that their presence or absence can be determined
through measurements conducted within a finite time interval and a finite region of spacetime
[30]. This corresponds to the outcome of gravitational collapse described as scenario (iii).

The requirement of finite formation time, combined with the weakest form of the cosmic
censorship conjecture [71–73] — which demands that all curvature scalars [69, 74] remain finite
up to and on the apparent horizon — restricts the possible solutions to the Einstein equations.
Based on near-horizon expansions of the metric functions, it has been demonstrated that only
two classes of dynamic solutions to the semiclassical Einstein equations satisfy these conditions:
either evaporating future apparent horizons or accreting anti-trapping apparent horizons. This
model inherently leads to a violation of the NEC, the weakest of the energy conditions [69],
consistent with studies showing NEC violation in the presence of Hawking radiation [72, 75–
77]. Moreover, this aligns with the finding that the outer apparent horizon is not “visible” to a
distant observer unless the NEC is violated [69, 72].

It should be noted that this thesis considers the standard formulation of the NEC; however,
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refined or more modern versions have been proposed in the literature. One such example is the
averaged null energy condition (ANEC), which, as the name suggests, involves averaging the
NEC along a null geodesic trajectory. The primary aim of such improvements is to more accu-
rately capture the behavior of matter content, typically described by quantum fields, within the
framework of semiclassical gravity [78]. In certain field theories, “quantum energy inequalities”
have been established, where integrals of the stress-energy tensor are not necessarily positive but
are constrained by a lower bound [33]. In this spirit, a new bound known as the quantum null
energy condition (QNEC) has been derived, involving the von Neumann entropy of quantum
fields restricted to a finite or infinite spatial region [79]. Lastly, beyond the NEC and its refined
versions, several other energy conditions are discussed in the literature. These include the weak
energy condition (WEC), which ensures that the energy density measured by any observer is
non-negative; the strong energy condition (SEC), which captures the idea that gravity should
be attractive; and the dominant energy condition (DEC), which requires that the flow of energy
remains causal and does not exceed the speed of light [80].

Since the self-consistent framework is not thoroughly developed in any of the papers included
in this thesis, we provide a brief overview here to facilitate the reader’s understanding. A general
spherically symmetric metric in Schwarzschild coordinates [71] is given by

𝑑𝑠2 = −𝑒2ℎ(𝑡,𝑟) 𝑓 (𝑡, 𝑟)𝑑𝑡2 + 𝑓 (𝑡, 𝑟)−1𝑑𝑟2 + 𝑟2𝑑Ω2 , (1)

while using the advanced null coordinate 𝑣 results in the form

𝑑𝑠2 = −𝑒2ℎ+ (𝑣,𝑟) 𝑓+(𝑣, 𝑟)𝑑𝑣2 + 2𝑒ℎ+ (𝑣,𝑟)𝑑𝑣𝑑𝑟 + 𝑟2𝑑Ω2 . (2)

The function 𝑓 is coordinate-independent, i.e., 𝑓 (𝑡, 𝑟) ≡ 𝑓+
(
𝑣(𝑡, 𝑟), 𝑟

)
and in what follows we

omit the subscript. In spherically symmetric spacetimes, the absence of gravitational radiation
allows for a well-defined concept of energy—the Misner–Sharp (MS) mass, denoted as𝐶/2 [92].
This function 𝑓 can be conveniently expressed in terms of the MS mass as follows:

𝑓 = 1 − 𝐶 (𝑡, 𝑟)
𝑟

= 1 − 𝐶+(𝑣, 𝑟)
𝑟

= 𝜕𝜇𝑟𝜕
𝜇𝑟 , (3)

where the coordinate 𝑟 is the areal radius [71] and 𝐶 (𝑡, 𝑟) ≡ 𝐶+(𝑣(𝑡, 𝑟), 𝑟). The functions ℎ and
ℎ+ play the role of integrating factors in the coordinate transformation

𝑑𝑡 = 𝑒−ℎ (𝑒ℎ+𝑑𝑣 − 𝑓 −1𝑑𝑟) . (4)

In an asymptotically flat spacetime, ℎ → 0 and 𝑓 → 1 as 𝑟 → ∞, and 𝑡 is the physical time of a
stationary observer at spacelike infinity. For example, the Schwarzschild metric corresponds to
ℎ ≡ 0, 𝑀𝑠 ≡ 𝐶/2 = const., and 𝑣 = 𝑡 + 𝑟∗, where 𝑟∗ is the tortoise coordinate [69]. A description
in terms of the retarded null coordinate 𝑢 = 𝑡 − 𝑟∗ and its properties is provided in the appendix
of Ref. [7]. However, since this is not relevant to our purpose, we will omit this discussion in the
thesis.

In an asymptotically Minkowski spacetime the Schwarzschild radius 𝑟g is the largest root of
𝑓 (𝑡, 𝑟) = 0. The invariance of the MS mass implies that

𝑟g(𝑡) = 𝐶 (𝑡, 𝑟g) = 𝑟+
(
𝑣(𝑡, 𝑟g(𝑡)

) )
= 𝐶+(𝑣, 𝑟+), (5)
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where 𝑟+(𝑣) is the largest root of 𝑓+(𝑣, 𝑟) = 0. It represents the location of the outer component of
the apparent horizon. Unlike the globally defined event horizon, the apparent horizon is foliation-
dependent, though it remains invariant in any foliation that respects spherical symmetry [70].
This surface serves as the boundary of the trapped region and is the defining characteristic of a
PBH.

The spacetime is inherently dynamical, so analyzing various properties of a PBH requires
generalizing the Killing vector field 𝑡𝜇 associated with time translation invariant. Generalizations
of surface gravity to dynamical spacetimes [81, 82] are generally related to either the affine peeling
surface gravity [83] or the so-called Kodama surface gravity [84–86]. However, since peeling
surface gravity is ill-defined for a transient object that forms within the finite time of a distant
observer [87–89], we will focus on the Kodama vector field k𝜇. To give the reader an idea of this
vector’s form, for the metric in Eq. (2), the Kodama vector is given by:

k𝜇 =

(
𝑒−ℎ+ , 0, 0, 0

)
. (6)

This vector is covariantly conserved

∇𝜇k𝜇 = 0, (7)

and also generates a conserved current 𝐽𝜇 which is given, using the Einstein tensor 𝐺𝜇𝜈, as

𝐽𝜇 = 𝐺𝜇𝜈k𝜇, ∇𝜇𝐽
𝜇 = 0. (8)

This provides a natural geometric interpretation of the Schwarzschild coordinate time and results
in a Noether charge that corresponds to the MS mass.

In addition to requiring that a PBH forms in a finite time according to a distant observer,
we also demand that all curvature scalars [69, 74] be finite both up to and on the apparent
horizon. It is sufficient to ensure that only two of these scalars, 𝑅 and 𝑅𝜇𝜈𝑅

𝜇𝜈, are finite
[90]. Construction of finite invariants from the divergent quantities that describe a real-valued
solution allows one to describe properties of the near-horizon geometry. Because the metric in
Schwarzschild coordinates is singular at the apparent horizon, it will often be convenient to work
in null coordinates instead.

Both the analysis of the Einstein equations and the evaluation of curvature invariants is
conveniently performed using the effective EMT components 𝜏𝑡 , 𝜏𝑟 , and 𝜏 𝑟

𝑡 defined as [37]:

𝜏𝑡 ··= 𝑒−2ℎ𝑇𝑡𝑡 , 𝜏𝑟 ··= 𝑇𝑟𝑟 , 𝜏 𝑟
𝑡
··= 𝑒−ℎ𝑇 𝑟

𝑡 . (9)

The Einstein equations, given by

𝐺𝜇𝜈 = 8𝜋𝑇𝜇𝜈, (10)

where we define 𝑇𝜇𝜈 as the renormalized expactation value of the EMT operator on a quantum
state 𝜓, i.e., ⟨𝑇𝜇𝜈⟩𝜓 . For the components 𝐺 𝑡𝑡 , 𝐺 𝑟

𝑡 , and 𝐺𝑟𝑟 we have then, respectively

𝜕𝑟𝐶 = 8𝜋𝑟2𝜏𝑡/ 𝑓 , (11)
𝜕𝑡𝐶 = 8𝜋𝑟2𝑒ℎ𝜏 𝑟

𝑡 , (12)
𝜕𝑟ℎ = 4𝜋𝑟 (𝜏𝑡 + 𝜏𝑟) / 𝑓 2 . (13)
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To ensure finite values of the curvature scalars, it is sufficient to work with only two invariant
quantities

T̄ ··= T + 2𝑇 𝜃
𝜃 , 𝔗̄ ··= 𝔗 + 2

(
𝑇 𝜃

𝜃

)2
, (14)

where

T ··= 𝑇
𝜇
𝜇 = (𝜏𝑟 − 𝜏𝑡)/ 𝑓 , (15)

𝔗 ··= 𝑇 𝜇𝜈𝑇𝜇𝜈 =
(
(𝜏𝑟)2 + (𝜏𝑡)2 − 2(𝜏 𝑟

𝑡 )2)/ 𝑓 2 , (16)

where the contributions of𝑇 𝜃
𝜃
= 𝑇

𝜙

𝜙
are disregarded, as one can verify that they do not introduce

further divergences [37, 90].
These considerations restrict the scaling of the effective EMT components near the apparent

horizon, such that

𝜏𝑡 ∝ 𝑓 𝑘 , 𝜏𝑟 ∝ 𝑓 𝑘 , and 𝜏 𝑟
𝑡 ∝ 𝑓 𝑘 , (17)

with 𝑘 = 0 or 𝑘 = 1. Solutions with 𝑘 = 0 describe a PBH after its formation and before the
possible disappearance of the trapped region. Dynamical RBH solutions, as discussed in this
thesis [5], fall into this category. In contrast, the Reissner-Nordström solution and static RBH
solutions correspond to 𝑘 = 1. For the remainder of this work, we will primarily focus on 𝑘 = 0
solutions.

The admissible real-valued solutions for this dynamic class satisfy

lim
𝑟→𝑟g

𝜏𝑡 = lim
𝑟→𝑟g

𝜏𝑟 = −Υ2(𝑡) , lim
𝑟→𝑟g

𝜏 𝑟
𝑡 = ±Υ2(𝑡) , (18)

for some function Υ(𝑡). The leading terms of the metric functions are given in terms of
𝑥 ··= 𝑟 − 𝑟g(𝑡) as

𝐶 = 𝑟g − 4
√
𝜋𝑟

3/2
g Υ

√
𝑥 + O(𝑥) , (19)

ℎ = −1
2

ln
𝑥

𝜉
+ O(

√
𝑥) . (20)

The function Υ(𝑡) determines the energy density, pressure, and flux at the apparent horizon,
and 𝜉 (𝑡) is determined by choice of the time variable. The higher-order terms are matched with
higher-order terms in the EMT expansion [37, 91].

The semiclassical Einstein equation (12) serves as a consistency condition and establishes
the relation between the rate of change of the MS mass and the leading terms of the metric
functions,

𝑟′g = ±4√𝜋𝑟g
√︁
𝜉 Υ , (21)

where primes indicate derivatives with respect to 𝑡 and ± sign corresponds to the expansion
and contraction of the Schwarzschild sphere, respectively. For a contracting Schwarzschild
sphere the (𝑣, 𝑟) coordinates are regular across it. Evaluation of the expansion of the geodesic
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congruences identifies the solutions with 𝑟′g < 0 as black holes with decreasing mass. Conversely,
the case 𝑟′g > 0 allows for a regular description in (𝑢, 𝑟) coordinates. Then the region described
by 𝑓 (𝑢, 𝑟) < 0 is anti-trapped, and the solution describes an expanding white hole. These
observations summarize the key properties of the self-consistent framework, which also applies
to the inner apparent horizon of a PBH, if one is present [37].

This thesis is effectively divided into two main parts. The first part includes the studies
presented in Refs. [1–3], focusing on the thermodynamic [1, 2] and observational properties [3]
of RBHs in a static regime, corresponding to the 𝑘 = 1 class of solutions. The primary objective
here is to establish the existence of a first law of black hole mechanics, which describes the
quasi-static transition between two equilibrium states of a black hole using certain macroscopic
quantities. This is achieved by treating the minimal length scale as a fundamental parameter,
allowing for a theory-agnostic approach. The analysis is conducted for RBHs embedded in AdS,
Minkowski, and de Sitter (dS) spacetimes. Notably, achieving thermodynamic equilibrium in
dS spacetime is challenging due to the different temperatures of the black hole and cosmological
horizons, which is addressed through the introduction of an isothermal cavity. The investigation
begins with the study of the Hayward black hole [93], sourced by an NED theory that does not
adhere to the Maxwell weak-field limit [1], and continues with an examination of the Bardeen
black hole [94], which shares this characteristic. The focus then shifts to the model studied in
Ref. [95], which conforms to the Maxwell weak-field limit [2] and is referred to as the Cadoni et
al. model throughout this thesis.

It is important to note that the above analysis is conducted at the semiclassical level. However,
additional corrections to the entropy can be obtained through the one-loop effective action. As
we will demonstrate, the entropy calculation yields the expected Bekenstein-Hawking entropy,
as we are working within the framework of general relativity. We can explicitly compute the
“non-geometric” corrections to the Bekenstein-Hawking entropy, which arise from fluctuations
of fields on the background geometry [96, 97]. These corrections also correspond to the
entanglement entropy of the relevant fields. In Ref. [10], not included as a paper in this thesis,
we show that these corrections are contingent upon the value of the minimal length scale and the
manner in which the singularity is smoothed out.

We examine the phase structure of these models, revealing the presence of a first-order phase
transition between small and large black hole phases. In AdS spacetime, this transition is marked
by the typical swallowtail behavior, similar to that observed in the Reissner–Nordström black hole.
The first-order phase transitions terminate at a single critical point, characterized by a second-
order phase transition. However, in dS spacetime, we identify a unique swallowtube behavior
due to the presence of two critical points, with a compact region between them where first-order
phase transitions occur. While the analysis shares similarities across these scenarios, variations
in the weak-field limit result in varying degrees of metric function deformation compared to the
Schwarzschild geometry. These variations lead to deviations of different magnitudes from the
typical Van der Waals behavior [98], as reflected in the mean-field theory ratio, while the critical
exponents align with mean-field theory values [2]. The extent of these deviations is inherently
tied to the deformation strength, which is linked to how the singularity is resolved.

Finally, using the derived thermodynamic quantities and by imposing conditions of thermo-
dynamic stability and the existence of a trapped region, we establish constraints on the minimal
length scale parameter. In Ref. [95], it was demonstrated that there are significant deviations
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in the orbits of test particles when compared to the Schwarzschild solution. Specifically, the
corrections to the perihelion precession angle were found to scale linearly with the minimal
length scale. The constraints we establish in Ref. [2] are consistent with the observational limits
derived from the current data on the S2 star’s orbit around Sagittarius A∗, as reported in Ref. [95].

After examining the thermodynamic properties and phase structure of these models, we turn
our attention to the observational signatures of nonsingular UCOs regularized by NED. The
inherent nonlinearity of the theory gives rise to birefringence, where photons with different
polarizations propagate according to distinct metrics. This phenomenon leads to the formation
of additional light rings surrounding the UCO. These structures provide concrete theoretical
predictions that could become testable once the Event Horizon Telescope — which produced
the first image of a black hole — achieves the necessary resolution. This would provide a
complementary avenue for testing not only the nature of UCOs but also NED theories, alongside
the probes from collisions, neutron star observations, and cosmological data discussed earlier in
this chapter. Therefore, we can assess the viability of this effective description and compare it
with alternative methods for generating these geometries. Furthermore, our investigation extends
to the causality features of these spacetimes, revealing that no acausal regions exist when the
NED theory adheres to the Maxwell weak-field limit. Collectively, these studies offer a compre-
hensive understanding of how the minimal length scale influences both the thermodynamic and
observational properties of RBHs.

The second part of the thesis is based on Refs. [4–6]. It begins with a summary of the
self-consistent approach [4] employed to study dynamic RBHs, which belong to the 𝑘 = 0 class
of solutions, enhancing the reader’s understanding in conjunction with this thesis introduction.
We should note that a more complete and detailed description of this framework is provided in
Ref. [37]. We analyze the metric function expansions near the outer apparent horizon of a PBH,
which encompasses dynamic RBHs as a subset. Our findings show that particles can escape the
supposedly trapped region, experiencing only finite tidal forces and energy densities, but only
along ingoing geodesic trajectories where the contracting outer apparent horizon overtakes them.
We then examine a specific case of RBHs, demonstrating that similar escape is possible, and
further show that a particle initially in the untrapped region near the center can also enter the
trapped region along an ingoing geodesic trajectory [5].

Furthermore, we analyze the dynamic evolution of RBHs, highlighting that the disappearance
of the trapped region results in an extremal RBH at the end of the evaporation process. During
this evolution, the trapped region is divided into domains where the NEC is violated and domains
where it is satisfied. This phenomenon is a direct consequence of the evaporating nature of the
horizon, as dictated by the self-consistent analysis employed. We find that the maximal NEC
violation occurs near the outer apparent horizon and just before the trapped region vanishes,
indicating that quantum effects become more pronounced towards the final stages of evaporation.

The finite formation time of the apparent horizon is closely linked to the evaporating character
of both the inner and outer horizons. That said, alternative models for the evolution of RBHs
have been proposed in the literature. Some of these retain the null nature of the outer horizon
while allowing the inner horizon to undergo a bounce — changing from timelike to spacelike
— a feature often interpreted as a manifestation of quantum gravity effects [99]. These models,
though, typically neglect semiclassical effects that alter the nature of the outer apparent horizon,
which we have accounted for in our approach [5]. In addition, other scenarios have been studied



xx Introduction

in which black holes transition into white holes, rather than ending their evolution as regular
remnants. These are often motivated by loop quantum gravity [100]. While such transitions can,
in suitable regimes, be captured by our self-consistent framework [8], we focus here on black
holes and do not explore the white hole case further in this thesis.

In the last part of this thesis, we extend our study to the thermodynamic properties in the
dynamic regime [6]. We address the challenge of the absence of a Killing vector, which is
essential for studying thermodynamics in static scenarios by employing its dynamic counterpart,
the Kodama vector. This allows us to establish a first law of black hole mechanics similar to
that of Ref. [101], but based solely on near-horizon quantities. We also show that the minimal
length scale introduces additional terms in this law, which can be interpreted as pressure terms.
The dynamical first law was first established by Hayward in Ref. [102] and further studied in
Ref. [101]. While that formulation relies on energy conditions such as the null and dominant
energy conditions, the former is violated in our self-consistent dynamical evolution of RBHs [5].
Nevertheless, the first law we derive remains directly analogous to that of Refs. [101, 102], with
the added advantage of incorporating the backreaction from Hawking radiation — one of the key
factors responsible for both the NEC violation near the outer horizon and the evaporation of the
black hole.

The second part of this thesis primarily focuses on asymptotically Minkowski spacetime,
where the behavior of dynamic RBHs is analyzed in detail. However, it is crucial to emphasize
that the concept of PBHs — of which RBHs are a particular instance — extends far beyond the
specific case of Minkowski spacetime. This broader framework for PBHs is rigorously developed
in several key references, notably Refs. [7, 8], which, although not included in this thesis, provide
significant insights into the subject.

In Ref. [7], we focus on establishing the boundary conditions necessary for embedding
the PBH model in a cosmological background. This involves a detailed study of how PBHs,
including RBHs, interact with and evolve in a dynamic, expanding universe. Additionally, we
investigate the linear evaporating process of a PBH. In this context, the first law of black hole
thermodynamics, which we derived in Ref. [6], emerges in a general form applicable to a wide
range of black holes, including dynamic RBHs. This complies with the inclusion of RBHs within
the broader PBH category of horizonful UCOs.

Having successfully established this comprehensive framework, we are now well-equipped
to explore the behavior of PBHs in various cosmological settings. This includes studying their
potential roles in cosmological backgrounds representing different epochs. By understanding
PBHs in this broader context, we can gain deeper insights into both classical and quantum
aspects of black hole physics and their implications for cosmology as a whole. Recent research
has increasingly concentrated on the concept of cosmological coupling, leading to a debate
over whether the masses of local objects, such as black holes, are influenced by large-scale
cosmological dynamics. By utilizing the extended framework of PBHs within a cosmological
spacetime, we are able to examine this issue. In Ref. [8], we demonstrate that PBHs do not
directly couple to the cosmological background in the current epoch. This conclusion also
applies to RBHs, as they are simply non-singular PBHs.

Together, the analyses of Refs. [1–6], included in this thesis, provide a comprehensive
understanding of RBHs, spanning their static properties, thermodynamics, phase transitions,
dynamic evolution, and energetic characteristics. This introduction sets the stage for the detailed
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investigations and insights into the nature of these intriguing objects that follow in the thesis.
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Brief summary

The thesis begins with an examination of the thermodynamic properties of the Hayward RBH
using an NED Lagrangian density L(F ), which depends solely on the magnetic charge 𝑄𝑚.
Here, the field strength F is defined as F = 𝐹𝜇𝜈𝐹

𝜇𝜈, where 𝐹𝜇𝜈 is the electromagnetic tensor.
This Lagrangian admits a weak-field limit that is stronger than the Maxwell limit. We use this
RBH model to demonstrate consistency between Euclidean and Hamiltonian thermodynamics
across asymptotically AdS, Minkowski, and dS spacetimes. Our findings establish a first law
of black hole thermodynamics, a linear Smarr relation despite the theory’s nonlinearity, and
highlight the absence of a Hawking–Page transition in the canonical ensemble, attributed to the
presence of a minimal length scale 𝑙.
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We investigate the thermodynamic properties of the Hayward regular black hole using both Euclidean
path integral and Hamiltonian methods, in asymptotically anti–de Sitter, Minkowski, and de Sitter
spacetimes. With the inclusion of matter fields which act as a source for the regular black hole geometry, an
effective temperature emerges that differs from the conventional definition related to the Killing surface
gravity. We posit that this temperature is the appropriate choice for studying thermodynamic phenomena,
by demonstrating consistency between the Euclidean and Hamiltonian formulations in the appropriate
limits. We examine the thermodynamic properties and phase structure of the Hayward black hole in the
canonical ensemble and show that, counter to some earlier indications, standard mean-field theory critical
behavior is observed when the cosmological constant is treated as a thermodynamic pressure. We note the
absence of a Hawking-Page transition, and conjecture that quantum gravity corrections which are suitably
strong to regulate the Schwarzschild singularity generically prevent the transition from occurring. We also
show that the Smarr relation remains linear in all cases, despite the absence of a linearity proof for nonlinear
electrodynamic theories with nonsymmetry inheriting fields.
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I. INTRODUCTION

The singular nature of classical black hole solutions in
general relativity remains one of the most important yet
obtrusive features of prototypical black hole models.
Signaling a breakdown of the effective field theory
description of quantum gravity near the Planck scale, such
singularities are believed to be largely provisional. Yet, how
exactly a tentative quantum theory of gravity regulates the
singularity, whether such a smoothing procedure propa-
gates its effects beyond the Planck scale, and whether
indeed the singularity can be tamed without invoking sub-
Planckian or quantum degrees of freedom, remain impor-
tant open questions.
The smoothing of the central singularity is inextricably

tied to energy conditions. The original Hawking-Penrose
singularity theorems achieve the required geodesic focus-
ing via the strong energy condition (SEC), so naturally
early regular black hole models such as the Bardeen black
hole precisely drop this assumption on the classical
collapsing matter. Since it is known that both classical
and quantum field theory can violate the strong energy
condition, the singularity theorems have since been revis-
ited in a number of forms using the averaged null energy
condition, weak energy condition, and various quantum
energy inequalities in place of the SEC. A host of regular

black hole models that generally involve violation of one or
more of these energy conditions have come about since
the introduction of the Bardeen black hole [1], including
phantom black holes [2], noncommutative black holes [3]
and the Hayward model [4].
Among the available singularity-free black hole models,

certain candidates distinguish themselves by being gen-
erated by classical matter distributions coupled minimally
to Einstein-Hilbert gravity. In particular, the Bardeen and
Hayward metrics (as well as various extensions) can be
sourced by electric and/or magnetic charges in general
relativity coupled to nonlinear electrodynamics [5,6]. The
nonlinear electrodynamic (NED) Lagrangians involved
remain important sources in the context of string theory
and the study of various condensed matter systems (see
Ref. [7] for a recent review).
The nature of how regular black holes (RBHs) are

sourced at the classical level has led to widespread
disagreement on how to properly formulate the laws of
thermodynamics for RBHs. Whenever new parameters
enter into the Lagrangian, extra terms ostensibly appear
in the mechanical first law which do not always lend
themselves to an obvious thermodynamic interpretation.
Additionally, some approaches maintain that the entropy is
the Bekenstein-Hawking result of S ¼ A=4, while others
argue that corrections to the entropy arise [8]. The issue
becomes even more subtle in the case of the Hayward
model, since properly incorporating matter fields (which
are required to generate the geometry) in the first law is
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highly nontrivial. Understanding the thermodynamic prop-
erties of regular black hole solutions is also important for
studying how regularization of the central singularity
propagates into the classical sector, since these solutions
can be viewed as classical approximations to a regularized
geometry arising from quantum gravity theory. Especially
in the asymptotically anti–de Sitter case, we expect
important modifications to the dual gauge theory descrip-
tion in the context of the anti–de Sitter/conformal field
theory correspondence (AdS=CFT) [9].
There are a variety of methods available for studying

black hole thermodynamics which have been developed
since the pioneering work of Bekenstein, Hawking, and
collaborators [10]. Simply computing the entropy of a black
hole may be done using the covariant phase space approach
of Iyer and Wald [11], the Euclidean path integral of
Gibbons and Hawking [12], the conical deficit formula of
Susskind [13], various entanglement entropy computations
[14], CFT techniques [15], andmore.While all of these seem
to reproduce the famous S ¼ A=4 result for black holes in
Einstein-Hilbert gravity, not all of these techniques and their
associated first law constructions are equivalent, and not
all can be applied in the same contexts. For the Hayward
regular black hole, which is sourced by a gauge field with
nonlinear Lagrangian, it is especially unclear which method
should be preferred. Over the years, a number of inves-
tigations have been carried out using different methods. The
Hayward-AdSmodel was studied previously in [5,16] using
variables defined through a Hamiltonian variation of the
Komar mass, though in the former case we believe an
unsuitable choice of thermodynamic variables has led to an
unexpected departure from the expected behavior of AdS
black holes in the extended phase space. The asymptotically
flat case was considered in [17], taking S ¼ A=4 as a given
and assuming a Gibbsian thermodynamic interpretation
from the onset, though no mechanism was given for
establishing thermodynamic equilibrium, so it is not clear
what ensemble is being defined there. The case of generalΛ
was considered in [18] using a Euclidean approach, but only
the action was computed and no further thermodynamic
analysis was done.
In this paper we aim to shed light on this state of affairs

and resolve some of the disagreement between various
implementations of the thermodynamical laws for regular
black holes. We consider the Hayward black hole model in
asymptotically flat, anti–de Sitter, and de Sitter spacetimes,
and attempt to demonstrate consistency between the
Hamiltonian and Euclidean path integral formulations
where direct comparisons between the methods are pos-
sible. Properly accounting for the variation of Λ, the correct
definition of mass for the Hayward black hole, and
accounting for the mechanisms required to establish equi-
librium for different asymptotic behavior, we examine the
phase structure and thermodynamic stability of the various
solutions. In the AdS case, our work differs from that

of [5,16] in the choice of thermodynamic parameters,
which in the former we believe have been incorrectly
identified. As a result, we are able to show that the
Hayward-AdS black hole does indeed possess the expected
mean-field theory critical exponents.
This paper is organized as follows: in Sec. II we describe

the general structure of NED theories, and demonstrate how
the Hayward model arises, including its properties, source,
and de Sitter embedding. In Sec. III, we discuss how the
first law of black hole thermodynamics and Smarr relation
apply to regular black holes and demonstrate consistency
between Hamiltonian and Euclidean path integral frame-
works. In Sec. IV we analyze the phase structure of the
Hayward model. Specifically, in Sec. IVA we study the
Hayward-AdS black hole, examining its thermodynamic
stability, phase structure, and behavior near the critical
point and in Secs. IV B and IV C we consider the
asymptotically Minkowski and de Sitter cases, respectively.
We conclude in Sec. V with a discussion of the main results
and implications for future investigations. Throughout, we
work in d ¼ 4 and units where ℏ ¼ c ¼ G ¼ 1 are used
unless otherwise noted.

II. NON-LINEAR ELECTRODYNAMICS

Regular black hole geometries generically require addi-
tional matter fields to source their nonsingular metrics, with
the first example of an exact solution being given by [19]
using a nonlinear electrodynamic (NED) source. That NED
can generate other well-known regular geometries was later
demonstrated for the Bardeen black hole in [6] and further
generalized to a variety of two-parameter families of
spherically symmetric RBHs solutions in [20]. The geom-
etry and dynamics are determined by the action of the given
NED theory, which in the presence of a cosmological
constant Λ has the general form

I ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p ½R − 2Λþ 4LðF ;GÞ�; ð1Þ

where g ¼ det gμν, R is the Ricci scalar, and LðF ;GÞ is the
Lagrangian density of the NED theory under consideration.
L is a function of two electromagnetic invariants F ≡
FμνFμν and G≡ Fμν ⋆ Fμν, which are functions of the field
strength tensor Fμν ¼ ∂μAν − ∂νAμ. It may also be a
function of a finite number of additional real parameters
fβig. An auxiliary two-form can be defined as

Zμν ≡ −4
�
∂L
∂F

Fμν þ
∂L
∂G

⋆ Fμν

�
; ð2Þ

so that the equations of motion of the theory are the
generalized source-free Einstein-Maxwell equations

Gμν ¼ 8πTμν; dF ¼ 0; d ⋆ Z ¼ 0: ð3Þ
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The Maxwell case corresponds to LðF ;GÞ¼LðF Þ¼−F=4.
In general, the NED theory defined by (1) can possess both
electric and magnetic charges, with the existence of an
electromagnetic duality F → ⋆F being tied to the existence
of a Maxwell limit. The electric and magnetic charges are
defined, respectively, as Komar integrals over a smooth
closed 2-surface S as

Qe ≡ 1

4π

Z
S
⋆ Z; Qm ≡ 1

4π

Z
S
F; ð4Þ

although many models can be generated by either elec-
tric or magnetic charge alone. For Lagrangians which
have a Maxwellian weak-field limit, solutions must be
sourced entirely by magnetic charge, with electrically
sourced solutions generically requiring a different form
of Lagrangian in the near and far regions [21]. A subclass of
NED theories defined by (1) possess invariance under an
electromagnetic duality transformation by

F → F cos αþ ⋆Z sin α;

Z → Z cos αþ ⋆F sin α; ð5Þ

examples of which are Born-Infeld [22], ModMax [23],
and power-Maxwell theories [24] along with standard
Maxwell electrodynamics. The existence of such a duality
is important for establishing linearity of the Smarr relation
for such theories [25], while theories without the duality
may exhibit nonlinear Smarr relations instead. These NED
theories remain of broad theoretical interest for many
reasons, having been introduced to regularize the classical
divergences associated with point charges, and also arising
as high-energy corrections to standard electrodynamics
from more fundamental theories.

A. The Hayward model

One particularly important example of a geometry
generated by NED theory is the Hayward regular black
hole [4]. Regular black holes are of themselves of signifi-
cant theoretical interest, representing classical black hole
geometries with no central singularity. This is a highly
nontrivial condition that entails finiteness of all algebraic
curvature invariants at the center as well as flatness. A
necessary requirement for regularity at the center is the
existence of a de Sitter or anti–de Sitter core. The usual
r ¼ 0 singularity common to textbook black hole solutions
to general relativity signals a breakdown of the effective
field theory description of general relativity and is expected
to be resolved by an appropriate quantum theory of gravity.
Classical regular black hole solutions therefore represent a
first-order approximation to the geometry that results from
whatever regularization procedure inevitably smooths the
central singularity. It is therefore of significant theoretical
interest to study the properties of regular black hole
solutions. The Hayward model represents one such

solution, and can be generated from the following
Lagrangian density

LðF Þ ¼ 12

α

ðαF Þ3=2
ð1þ ðαF Þ3=4Þ2 ; ð6Þ

where α is one of the free parameters of the theory [20].
This theory is independent of G and possesses only
magnetic charge. The vector potential is given explicitly by

Aμ ¼ ð0; 0; 0; Qm cos θÞ; ð7Þ

and the variation of the action (1) leads to

Gμν ¼ 8πTμν and ∇μ

�
∂L
∂F

Fμν

�
¼ 0; ð8Þ

where Gμν is the Einstein tensor in the presence of a
cosmological constant and the source term Tμν is given by

Tμν ¼
1

4π

�
∂L
∂F

FμλFλ
ν −

1

4
gμνL

�
: ð9Þ

The equations of motion admit a spherically symmetric
geometry

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2dΩ2; ð10Þ

where dΩ2 is the metric on S2 and the metric function fðrÞ
is given by

fðrÞ ¼ 1 −
2α−1q3r2

r3 þ q3
−
Λ
3
r2; ð11Þ

where Λ is the cosmological constant, and q is an
integration constant related to the magnetic charge Qm
and coupling α of the theory through

Qm ¼ q2ffiffiffiffiffiffi
2α

p : ð12Þ

In the notation of [4], the metric function of the regular
spherically symmetric geometry is given by

fðrÞ ¼ 1 −
2mr2

r3 þ 2ml2
−
Λ
3
r2; ð13Þ

where m is the mass parameter and l is a minimal length
scale characterizing the size of the regular center. When
l → 0 this reduces to the Schwarzschild-anti-de Sitter
(or -de Sitter) metric. Direct comparison to (11) allows
one to identify q and α appearing in the NED metric
as [26,27]

α ¼ 2l2 and q3 ¼ 2ml2: ð14Þ
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Therefore the regularization of the central singularity,
which is characterized by a minimal length scale l, can
be given an effective description in terms of a nonlinear
electromagnetic field sourced by magnetic charge.
A few comments are warranted concerning the Hayward

model (13). First, the solution is sourced entirely by
magnetic charge, which to date has not been observed in
the Universe despite a number of significant observational
efforts [28,29]. Nonetheless, heavy magnetic monopoles
which form in the early Universe remain a generic
prediction of grand unified theories [30–32], where they
arise from spontaneous symmetry breaking at the GUT
scale ∼1016 GeV, and have important implications for
structure formation and early Universe cosmology (see
Ref. [33] for a review). Second, one may readily observe
that in the weak-field limit the Lagrangian (6) does not
approach the Maxwell limit but rather L ∼

ffiffiffi
α

p
F 3=2 which

is stronger than the Maxwell field. While this feature is
somewhat unattractive, the Hayward model nonetheless
represents one of the very few available classical regular
black hole geometries that one can use to model quantum
gravity effects on the central singularity, since there are
strict no-go theorems which forbid regular geometries in
ordinary Einstein-Maxwell theory. Furthermore, nonlinear
theories with pure electric source that have a Maxwell
weak-field limit are also known to not admit solutions with
regular center [34]. The magnetically sourced Hayward
model therefore serves as an extremely useful and minimal
prototype model of a regular black hole.
In what follows we use the metric in the form of (13),

considering the minimal length l as a more fundamental
parameter than q and α, which arise in just one of a distinct
number of ways to generate the same geometry. This is in
contrast to earlier work on the Hayward-AdS black hole
[5], whose results we regard with caution. Their work has
treated Qm and α (σ in their notation) as two independent
parameters, when there is in fact only one (which we recast
in terms of l) since Qm depends only on α and the ADM
mass m. The previous work does not identify m as the
ADM mass, though it must be the case as pointed out
initially by [35].

III. FIRST LAW AND SMARR FORMULA

A. Hamiltonian methods

The first law of black hole mechanics occupies a
significant portion of the theoretical physics landscape.
First derived in [10] as a relation between variations of the
physical parameters describing a black hole in Einstein
gravity, an analogous relation has since been shown to hold
in any theory of gravity arising from a diffeomorphism-
invariant Lagrangian [11,36]. The generalization of the first
law to nonlinear electrodynamics was first studied in [37],
although the Smarr formula [38] was not found to be
satisfied. This was later addressed in [39] by appropriately

accounting for the extra parameters appearing in the NED
theory. The result is a relation resembling the ordinary first
law with additional terms:

dM ¼ TdSþΦdQe þ ΨHdQm þ
X
i

Kidβi: ð15Þ

In the above, M is the Komar mass [40] which coincides
with the ADM mass [41] in asymptotically flat spacetimes,
T is the Hawking temperature (as determined the surface
gravity κ through T ¼ κ=2π), S ¼ A=4 is the entropy, and
fΦ;ΨHg are the electric and magnetic potentials associated
with the electric and magnetic charges fQe;Qmg. The
terms Ki represent the potentials conjugate to the param-
eters βi of the theory. In [39], these quantities are explicitly
computed for the Bardeen black hole and black hole
solutions in Born-Infeld theory. The Smarr relation was
also shown to hold for both cases.
Using the definitions of [39], we explicitly compute the

thermodynamic quantities entering the first law for the
Hayward black hole, both in the presence and absence of a
cosmological constant Λ. The cosmological constant, when
treated as an independently varying parameter, naturally
enters into the first law as a work term VdP with the
identification P ¼ −Λ=8π. In this extended phase space,
the thermodynamic volume V appears naturally conjugate
to variations in P [42] and the mass M is identified as a
thermodynamic enthalpy [43]. The variation of P, and
therefore Λ, arises naturally in a consistent variational
principle [44], and can acquire a dynamical status through a
3-form gauge potential as in the Brown-Teitelboim mecha-
nism [45]. The minimal length l is also treated as a variable
parameter, on the basis that it emerges in more fundamental
theories from vacuum expectation values of the elementary
fields [46,47], and when back-reaction of the evaporation
process is accounted for [48–50]. The variation of these
additional parameters is also required to establish the
correct Smarr relation [42,51], which is widely believed
to be universal and arises from quite general scaling
arguments.
We proceed with the explicit calculation of the quantities

of the first law in the case of Hayward black hole embedded
in a spacetime with a cosmological constant. In our case
there is only a single additional parameter fβig ¼ α
appearing in (15), along with its conjugate potential Kα.
The first law therefore becomes

dM ¼ TdSþΨHdQm þ Kαdαþ VdP: ð16Þ

The mass parameter can be written in terms of the event
horizon radius rh as

m ¼ 3r3h − Λr5h
6r2h − 2l2ð3 − Λr2hÞ

; ð17Þ
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so that (13) can be expressed as

fðrÞ ¼ 1 −
r2r3hð3 − Λr2hÞ

3r3r2h − l2ð3 − Λr2hÞðr3 − r3hÞ
; ð18Þ

where rh is the outermost real root of fðrÞ ¼ 0 (unless
Λ > 0). The Hawking temperature T is determined by the
Killing surface gravity κ as

T¼ κ

2π
¼ f0ðrÞ

8π

����
r¼rh

¼ 3r2hð1− r2hΛÞ− l2ð3− r2hΛÞ2
12πr3h

; ð19Þ

and the entropy is simply S ¼ A=4 ¼ πr2h [52–54]. Since
the spacetime is static, it admits a Killing vector ξμ ¼ ∂t
through which the magnetic field Hμ is defined

Hμ ¼ − ⋆ Bμνξ
ν; ð20Þ

where

⋆Bμν ¼
1

2
ϵμνρσBρσ and Bμν ¼ L0ðF ÞFμν; ð21Þ

with ϵμνρσ being the volume form. The magnetic potentialΦ
is related to the magnetic field through

Hμ ¼ ∇μΨ; ð22Þ

whose integration along with the boundary condition
limr→∞ΨH ¼ 0 gives

ΨðrÞ ¼ 3q4ð2r3 þ q3Þffiffiffiffiffiffi
2α

p ðr3 þ q3Þ2 : ð23Þ

The quantity ΨH appearing in the first law is then simply
ΨðrÞ evaluated on the horizon r ¼ rh. Finally, the con-
jugate potential Kα associated with the parameter α is given
by [37,39]

Kα ¼
1

4

Z
∞

rh

r2
∂L
∂α

; ð24Þ

which upon integration gives

Kα ¼
6q6ð−2q3 þ r3hÞ
4α2ðr3h þ q3Þ2 : ð25Þ

Finally, the geometric volume is V ¼ 4πr3h=3. It can be
shown [55] that these quantities satisfy a linear Smarr
relation

M ¼ 2TSþ ΨHQm þ 2Kαα − 2PV; ð26Þ

whereM is again the Komar mass. We will now rewrite the
first law and Smarr relation solely in terms of the physically

relevant parameters i.e. the horizon area A, the minimal
length l and the cosmological constant Λ, instead of the
parameters ðQm; α; PÞ that appear in (16). We have that

Qm ¼ Al1=3

8π

�
12π þ 8πAP

3A − 12πl2 − 8πAl2P

�
; ð27Þ

and

α ¼ 2l2; ð28Þ

with their differentials being given by

dQm ¼ ∂Qm

∂A
dAþ ∂Qm

∂l
dlþ ∂Qm

∂P
dP; ð29Þ

dα ¼ ∂α

∂A
dAþ ∂α

∂l
dlþ ∂α

∂P
dP: ð30Þ

This gives the following form of modified first law

dM ¼ T̃dSþ Φ̃dlþ ṼdP; ð31Þ

where an effective temperature T̃ given by

T̃ ¼ T þ 4ΨH
∂Qm

∂A
; ð32Þ

naturally emerges, along with an effective potential Φ̃
associated with the minimal length

Φ̃ ¼ ΨH
∂Qm

∂l
þ Kα

∂α

∂l
; ð33Þ

and an effective thermodynamic volume Ṽ

Ṽ ¼ V þΨH
∂Qm

∂P
; ð34Þ

where V ¼ 4πr3h=3. These effective quantities also define a
proper Smarr relation

M ¼ 2T̃Sþ Φ̃l − 2ṼP; ð35Þ

with the appropriate scaling invariance [42] under

M→ cM; l→ cl; rh → crh; P→ c−2P;

S→ cS2; T̃ → c−1T̃; Φ̃→ Φ̃; Ṽ → c3Ṽ: ð36Þ

Linearity of the Smarr relation is intimately tied to the
symmetry inheritance properties of the gauge fields present
in the theory. It is often assumed that if the underlying
metric g possesses a symmetry Lξgab ¼ 0 generated by a
Killing field ξ, the electromagnetic field will inherit the
same symmetry, i.e. LξFab ¼ 0. In d ¼ 4 Einstein-
Maxwell theory there are known counterexamples to this
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assumption, as seen in certain classes of Bianchi type-V
metrics [56] and pp-wave metrics [57], a phenomenon
which extends to other symmetries such as the conformal
group in multifluid spacetimes [58]. The symmetry inher-
itance property of the field is important for establishing
constancy of the electromagnetic potential on the Killing
horizon, and is also required for establishing linearity of the
Smarr relation, as was done in [59]. In our case the gauge
field does not inherit the symmetry of the spacetime, with
Lξθg ¼ 0 but LξθA

μ ≠ 0, yet the Smarr relation remains
linear. This suggests the condition presented in [59] may be
sufficient but not necessary for linearity of the Smarr
relation.
The explicit form of the quantities appearing in (31) are

given below. The effective temperature is

T̃ ¼ 3rhð3r2h − 3r4hΛ − l2ð−3þ r2hΛÞ2Þ
4πð3r2h þ l2ð−3þ r2hΛÞÞ2

; ð37Þ

which is evidently different from the temperature (19)
defined through the surface gravity, though they are simply
related through

T̃ ¼ T�
1 − l2

r2h

�
1 − Λ

3
r2h
��

2
: ð38Þ

Thedifference between the two arises fromhowone treats the
contribution to the total energy variation of the first law aris-
ing from the matter, which may or may not be thermalized
with respect to the Killing time. When matter is present, the
entropy variation conjugate to the surface gravity κ does not
necessarily refer only to the geometric entropy of the black
hole, and requiring it to do so is accompanied by a
modification of the conjugate temperature. The root cause
arises from an ambiguity in the splitting of the Lagrangian
into a geometric andmatter contribution,which ismanifest in
the covariant formalism [60]. A similar modification can
occur, for example, when scalar fields are present which do
not minimally couple to gravity, as recently observed in
d ¼ 4 Gauss-Bonnet gravity [61]. When the minimal length
vanishes however, the effective temperature and the surface
gravity temperature coincide, as expected since in this limit
the matter contribution to the total Lagrangian vanishes. The
two remaining potentials are given by

Φ̃ ¼ lr3hð−3þ Λr2hÞ2
ð3r2h þ l2ð−3þ Λr2hÞÞ2

; ð39Þ

Ṽ ¼ 12r7h
ð3r2h þ l2ð−3þ Λr2hÞÞ2

: ð40Þ

Note that the same version of the first law (31) is obtained if
one uses the fact thatQm ¼ Qmðm; lÞ and α ¼ αðlÞ through
(12) and (14), giving

dM ¼ TdSþ VdPþ ΨHdQm þ Kαdα

¼ TdSþ VdPþ
�
ΨH

∂Qm

∂m

�
dm

þ
�
∂Qm

∂l
þ Kα

∂α

∂l

�
dl: ð41Þ

Now observing that for the Hayward metric, m is in fact
equal to the ADM/Komar mass M appearing on the left-
hand side of (16), one has that the variation of the mass
satisfies

dM ¼
�

T

1 −ΨH
∂Qm
∂m

�
dSþ

�
V

1 −ΨH
∂Qm
∂m

�
dP

þ
�∂Qm

∂l þ Kα
∂α
∂l

1 −ΨH
∂Qm
∂m

�
dl: ð42Þ

where the quantities in brackets will be the same as the
effective quantities appearing in (31).

B. Euclidean path integral methods

We will now elaborate on the relationship between the
thermodynamic variables obtained from the Hamiltonian
versionof the first lawaboveandanother commonlyemployed
method for understanding black hole thermodynamic—the
Euclidean path integral. Developed by Gibbons and
Hawking [12] and extended by York [62,63], this method
has a basis in the fundamental relationship between the
partition function Z of general quantum systems and the
Euclidean path integral. The partition function for a
continuous quantum system defined by canonical variables
fqig with Hamiltonian H at finite temperature T ¼ β−1 is

Z ¼
Z

dqihqije−βHjqii;

from which thermodynamic quantities for the statistical
ensemble can be readily determined as

F¼−T lnZ; E¼−
∂ lnZ
∂β

; S¼−β
∂ lnZ
∂β

þ lnZ: ð43Þ

In the context of gravity, Z is formally given by an
intractable path integral over an ill-defined measure D½g�
which includes contributions from both matter and gravi-
tational degrees of freedom. The partition function can
however be computed in a semiclassical saddle-point
approximation where

Z ¼
Z

gðτÞ

gð0Þ
D½g�e−IE½g� ≈

X
gcl

e−IE½gcl�;

where IE½g� is the Euclidean action of the metric g, and
IE½gcl� is the saddle-point contribution from the Euclidean
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metrics gcl which solve the classical equations of motion
and obey the prescribed boundary conditions.1 The perio-
dicity in τ implements the trace from (43) and encodes the
Kubo-Martin-Schwinger (KMS) condition for finite-
temperature fields [65,66]. We work in an on-shell spheri-
cal reduction, where the periodicity is naturally fixed to
remove a would-be conical singularity at the origin of the
Euclidean section (the black hole event horizon):

β−1 ¼ κ

2π
: ð44Þ

This method of computing thermodynamic quantities is
particularly advantageous for black holes in de Sitter space,
because one can fix boundary-value data (in our case the
temperature) on a surface at some finite radius rc between
the black hole and cosmological horizons, and compute Z
by performing the direct (now finite) integration. This
physically corresponds to placing the black hole in an
isothermal cavity, where the temperature at the cavity is
fixed to be

β−1c ¼ κ

2π
ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p ; ð45Þ

which is just the locally observed KMS temperature at rc.
This method has been applied to a wide variety of black
hole spacetimes where a thermodynamic landscape com-
parably rich to that of AdS has been revealed [67–70]. In
the case of the Hayward black hole model considered in
this work we require the total reduced Euclidean action Ir
for the Einstein-Hilbert-NED theory, given by

Ir ¼ IEH þ IGHY þ IM þ IEMB − I0; ð46Þ

where IEH is the Einstein-Hilbert action, IGHY the Gibbons-
Hawking-York boundary term, IM is the Euclidean action
for any matter fields present, IEMB is an electromagnetic
boundary term required to fix the charge, and I0 is a
subtraction term which serves to regularize the infinite
volume integral for a spacetime without boundary. Explicit
calculation of each term can be found in the Appendix B.
The individual terms are defined as

IEH ¼ −
1

16π

Z
M

d4x
ffiffiffi
g

p ðR − 2ΛÞ; ð47Þ

IGHY ¼ 1

8π

Z
∂M

d3x
ffiffiffi
k

p
K; ð48Þ

where K is the trace of the extrinsic curvature of the
spherical boundary ∂M at rc and k is the determinant of the
boundary metric,

IM ¼ 1

16π

Z
M

d4x
ffiffiffi
g

p
LðF Þ; ð49Þ

is the matter action,

IEMB ¼ −
1

16π

Z
∂M

d3x
ffiffiffi
k

p �
∂L
∂F

�
FμνnνAμ; ð50Þ

is an electromagnetic boundary termwhich fixes the charge in
the canonical ensemble, and the subtraction term I0 is simply
the total reduced action evaluated for the empty spacetime
(Minkowski, AdS, or dS space, depending on which asymp-
totics are assumed). In asymptotically flat or AdS space this
term removes the divergent part of the volume integral. In the
case where the integration is cut at a finite boundary no such
divergence appears, and instead I0 simply normalizes the
action such that Ir ¼ 0 for the empty spacetime. After
combining the terms and performing the required integra-
tions, we find that total reduced action is given by

Ir ¼ −πr2h þ
βrc
3

�
3 − r2cΛ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − Λr2c

q
X
�
; ð51Þ

where

X≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð3−Λr2cÞY−9r2cr2h

�
rc−rh−Λ

3
ðr3cþ r3hÞ

�
Y−3r3cr2h

vuut
; ð52Þ

and

Y ≡ l2ðr3c − r3hÞðr2hΛ − 3Þ: ð53Þ
The β-independent term ensures that the correct entropy is
obtained from Eq. (43) which reduces to,

S ¼ β
∂Ir
∂β

− Ir ¼ πr2h: ð54Þ

The equilibrium temperature can be obtained by extrem-
izing the action with respect to rh and solving for β,

∂Ir
∂rh

¼ 0; ð55Þ

which gives a temperature T ¼ β−1 of

T ¼ 3r6c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3− r2cΛ

p
ð3r3hð1−r2hΛÞ− l2rhðr2hΛ−3Þ2Þ
4πð3r3cr2hþYÞÞ2X : ð56Þ

If there is no cosmological horizon then one can take the
limit rc → ∞ and the above relation for T reduces to the
effective temperature T̃ defined in Eq. (37). The mean
thermal energy is

E ¼ ∂Ir
∂β

¼ rc
3

�
3 − r2cΛ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − Λr2c

q
X
�
; ð57Þ1As discussed in [64], there are subtleties involved in this

approximation which should be treated carefully.
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and the potentials conjugate to l and Λ can be obtained by
the variations

φ ¼ 1

β

∂Ir
∂l

; V ¼ −
8π

β

∂Ir
∂Λ

; ð58Þ

which give

φ ¼ lr3cr3hðr3c − r3hÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

p
ð−3þ r2hΛÞ2

ð3r3cr2h þ l2ðr3c − r3hÞð−3þ r2hΛÞÞ2X
; ð59Þ

and

V ¼ 8πr3c
3

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − Λr2c

p
X 0

r2c
−

X

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − Λr2c

p �
; ð60Þ

where a prime denotes a derivative with respect to Λ. For
asymptotically flat (Λ ¼ 0) or anti–de Sitter ðΛ < 0)
spacetimes, one can take the limit rc → ∞ and find that
φ and V coincide with Φ̃ and Ṽ, which are respectively
given by Eqs. (39) and (40), demonstrating that the
Euclidean formulation is consistent with the Hamiltonian
one used in the AdS case, in the regime where the two
methods are comparable. The Euclidean formulation is
however more broadly applicable since it can be imple-
mented for any standard choice of asymptotics, while the
Hamiltonian formulation requires a Killing vector field
which is timelike in the asymptotic region to associate the
conserved energy with.
In the presence of a cavity, and additional work term

λdAc enters into the first law relating the cavity tension λ
and variations of its area Ac [63]. The tension λ is
determined through

λ ¼ 1

β

∂Ir
∂Ac

; ð61Þ

and is given in Appendix C. With the quantities above, the
following form of the Smarr relation is satisfied

E ¼ 2T Sþ φlþ 2λAc − 2PV: ð62Þ

Note that the thermal energy E and the mass M are not
equal except in the limit when rc → ∞. We now argue that
the correct choice of thermodynamic variables entering the
first law for the Hayward solution are the ones given above,
based on their agreement with the quantities computed
from the Hamiltonian construction (when appropriate
limits can be taken to sensibly relate the two). As there
are a number of different frameworks available for comput-
ing thermodynamic quantities associated with black hole
spacetimes, a natural question is whether one should expect
the Euclidean path integral method of Gibbons and
Hawking to agree with a Hamiltonian formulation in the
first place. This has been discussed previously by Iyer and

Wald [71], who showed that the covariant phase space
construction of the first law (under which the Hamiltonian
form originally given by [10] is subsumed) is equivalent to
a Euclidean path integral formulation based on the semi-
classical approximation to the partition function, provided
that the Lagrangian is at most linear in the curvature.

IV. HAYWARD PHASE STRUCTURE

A. Anti–de Sitter Λ < 0

Asymptotically anti–de Sitter black holes readily admit a
thermodynamic interpretation owing to the confining
effective potential of anti–de Sitter space. Free particles
(both massive and massless) follow periodic closed orbits
in an AdS background, so Hawking radiation from a black
hole is naturally confined provided reflecting boundary
conditions are imposed at the timelike boundary. Therefore,
subtleties in determining when/if thermodynamic equilib-
rium is achieved by a large black hole are avoided since one
can simply assume that sufficient time has passed for the
outgoing radiation to equilibrate with the black hole
(provided it is sufficiently large compared to the AdS
length scale). It has long been known that the unique
boundary conditions of anti–de Sitter space allow for a
gauge-gravity duality relating quantum gravity theory in
the bulk of AdS to a conformal field theory on the boundary
of AdS. This is the basis of the anti–de Sitter/conformal
field theory correspondence, which has proven to be both
extremely useful in practical computations and of great
theoretical importance. The prototypical example is the
exact correspondence between type IIB string theory in the
bulk and N ¼ 4 super-Yang Mills theory on the boundary
[9]. The study of bulk gravitational physics in asymptoti-
cally AdS spacetimes is therefore of direct relevance for the
study of strongly coupled gauge theories [72].
It is in this asymptotically anti–de Sitter context that the

well-known Hawking-Page [73] transition occurs: at low
temperature a would-be small black hole will simply
evaporate, and the AdS space is eventually filled with free
radiation. A sufficiently large black hole however will
persist long enough to come into equilibrium with its
own Hawking radiation, which returns from the boundary
in finite time. There is a critical temperature Tc separating
these two regimes at which the Hawking-Page transition
occurs. Note that unlike asymptotically flat black holes, the
temperature of asymptotically AdS black holes does not
monotonically decrease with the size of the black hole.
This Hawking-Page transition corresponds to a deconfine-
ment transition in the boundary CFT, and has long been
studied to understand nonperturbative features of strongly
coupled CFT systems and the black hole information
problem [74,75].
We would like to examine whether this transition persists

when the central singularity is absent in the classical metric,
and whether new types of transitions appear. The phase
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structure of the Hayward-AdS black hole can be deter-
mined through the Gibbs free energy G ¼ M − T̃S, which
is globally minimized by the equilibrium state of the
system. Using (17) and (37), the free energy is

G ¼ l2r3hðΛr2h − 3Þ2 þ 3r5hðΛr2h þ 3Þ
4ðl2ðΛr2h − 3Þ þ 3r2hÞ2

; ð63Þ

which can be plotted parametrically as a function of the
equilibrium temperature T̃ using rh as a parameter. The
result is shown in Fig. 1.
Two characteristically distinct behaviors are revealed in

Fig. 1 depending on the value of the cosmological constant
Λ and the regularization length scale l. For fixed
Λ ¼ −0.04, there is a critical length scale lc ≈ 0.35 below

which a first-order phase transition from a small to large
black hole occurs. Likewise when l is fixed, there is a
critical Λc below which a similar transition is present.
Above both critical values there is no phase transition,
while at the critical point the transition becomes second-
order (the precise location of the critical points for variable
l and Λ is determined below). This is reminiscent of the
small-large transition observed previously in Reissner-
Nordstrom-AdS black holes [70]. Although the small black
hole phase has greater free energy than the radiation phase
at G ¼ 0, the would-be Hawking-Page transition does not
occur since the system is in a fixed-charge (canonical)
ensemble. Unlike the Reissner-Nordstrom case however,
the presence of charge here is tied directly to the existence
of a minimal length scale. The radiation phase is inacces-
sible as long as Qm > 0 which through (14) corresponds
to l > 0. Therefore, the presence of a quantum gravity
regulator of the Schwarzschild singularity appears to
prevent the Hawking-Page transition from occurring.
This has important implications for AdS-CFT, because it

is usually assumed that the bulk gravity theory is some
suitable low-energy limit of a full quantum gravity theory.
The standard Hawking-Page transition is between a
classical Schwarzschild black hole and the empty AdS
geometry, corresponding to a deconfinement transition in
the dual CFT. What we demonstrate is that a first-order
approximation to a regularized Schwarzschild geometry,
where there is no backreaction and the action does not yet
include higher curvature terms in an effective field theory
description of the full gravitational sector, eliminates the
Hawking-Page transition altogether, at least when the
regulator can be understood through the effective action
of a Uð1Þ gauge field. At the same time it is known that the
Hawking-Page transition persists when higher curvature
corrections like R2 − 4RabRab þ RabcdRabcd are explicitly
included in the bulk gravitational action, though such
corrections do not regularize the Schwarzschild singularity.
Since the Hayward metric is a rather generic approximation
to a smoothed geometry which can in principle arise from
any quantum theory of gravity, we propose that quantum
gravity corrections to Einstein-Hilbert gravity which are in
some sense “strong enough” to regularize the central
singularity may generically prevent the Hawking-Page
transition from occurring, and likewise will have important
implications for the critical behavior of the dual CFT
theory.
In the extended phase space, the Hayward-AdS black

hole exhibits critical behavior analogous to the mean-field
theory critical behavior of ordinary fluid systems (see
Ref. [43] for a review). In Fig. 2 we demonstrate the
standard “swallowtail” behavior that generically occurs for
asymptotically AdS black holes in the extended phase
space, with the corresponding coexistence line shown in
Fig. 3. Above the critical pressure (critical Λ) is a “super-
fluid” phase where the system smoothly transitions from a

FIG. 1. Gibbs free energy G as a function of temperature T for
the Hayward-AdS black hole. The horizon size rh increases in the
direction of the arrows. Top: fixed Λ ¼ −0.04 for various l. The
onset of a first-order phase transition from a small to large black
hole is marked by a red dot at the critical temperature Tc ∼ 0.1.
Bottom: fixed l ¼ 0.5 for various Λ. The critical temperature
occurs at Tc ∼ 0.68.
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small to a large black hole as the temperature is increased.
This transition is exactly analogous to the liquid-gas
transition occurring in a traditional van der Waals fluid
system. The transition can be examined further by con-
structing the equation of state PðV; TÞ for the system. With
Λ ¼ −8πP one obtains from (37) that

P¼ 3ð3r5h−2l2r3hð3−4πrhTÞ−8πl4r2hT−
ffiffiffiffiffiffiffiffi
r7hX

p Þ
16πl2r4hð4πl2Tþ3rhÞ

; ð64Þ

where X ≡ 9r3h − 24l2rh − 32πl4T. Here and in what fol-
lows, we omit the tilde on thermodynamic variables with

the understanding that they refer to the quantities in (31).
The thermodynamic volume is a 7th degree polynomial
in rh,

V ¼ 12πr7h
ð3r2h þ l2ðΛr2h − 3ÞÞ2 ; ð65Þ

preventing one from writing the equation of state in analytic
form as PðV; TÞ. However since the volume Vðrh; lÞ is a
monotonic function of the horizon size rh for fixed length
scale l, one can freely use rh as a parameter. In Fig. 4 the
equation of state is given as a function of horizon size rh (it
is qualitatively identical when given parametrically as a
function of V). The red dashed line marks the onset of

FIG. 2. Gibbs free energy G as a function of temperature T and
pressure P for the Hayward-AdS black hole, demonstrating the
formation of a swallowtail below the critical point. For l ¼ 0.5
this occurs as fPc; Tcg ¼ f0.0083; 0.072g.

FIG. 3. Coexistence line for the Hayward-AdS black hole
for l ¼ 0.5. A series of first-order phase transitions occur
along the red line, terminating at a critical point fPc; Tcg ¼
f0.0083; 0.072g where the transition becomes second-order.

FIG. 4. Isotherms of the equation of state Pðrh; TÞ for the
Hayward-AdS black hole. Top: fixed l ¼ 0.5 for various T. The
onset of the Van der Waals transition is marked by an inflection
point at the critical temperature Tc ∼ 0.072. Bottom: fixed
T ¼ 0.072 with varying l. The critical pressure is marked by
the red dashed line, while the coexistence line is marked by the
blue dashed line.
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the small-large transition at the critical point, which
simultaneously satisfies

∂P
∂V

¼ 0;
∂
2P
∂V2

¼ 0: ð66Þ

Below the critical temperature/length scale there is an
unphysical region where ∂P=∂V > 0, and two more unsta-
ble regions. One may also observe that if the temperature T
or critical length scale l are small enough, the system
appears to enter a region where P < 0 corresponding to a
transition to asymptotically de Sitter space. Both pathol-
ogies are avoided because the system instead evolves along
the dashed line of Fig. 4, which is determined by the
condition that the small and large black hole phases have
the same free energy. This coexistence line always lies
above P ¼ 0. Figure 1 indicates a minimal horizon size at
T ¼ 0, which corresponds to the extremal limit and implies
the constraint that

rh >

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 6l2Λ − 3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 8l2Λ

p

6Λþ 2l2Λ2

s
: ð67Þ

On the other hand, at fixed T > 0 the equation of state
instead implies a lower bound of

rh >

ffiffiffiffiffi
163

p ½ðl3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9π2l2T2 − 2

p
þ 3πl4TÞ2=3 þ ffiffiffi

23
p

l2�
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9π2l2T2 − 2

p
þ 3πl4T

3
p ; ð68Þ

below which the pressure becomes imaginary. Surprisingly,
the critical condition (66) can be solved analytically to find

Pc ¼
5

ffiffiffiffiffi
10

p
− 13

432πl2
; Vc ¼

8π
ffiffi
2
5

q
ð5 ffiffiffiffiffi

10
p þ 13Þ7=2l3

375ð ffiffiffiffiffi
10

p þ 2Þ2 ;

Tc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
13

ffiffi
5
2

q
− 31

2

r
20πl

: ð69Þ

In terms of the reduced volume v ¼ 2rhl2p the “universal”
ratio Pcvc=Tc is

Pcvc
Tc

≈ 0.393 ≠ 3=8; ð70Þ

which represents a rare counterexample of the usual 3=8
result for a four-dimensional black hole spacetime, signal-
ing a potential departure from mean field theory critical
behavior. This same ratio was computed in [5] using α and
Qm as the fundamental variable parameters of the theory.
However we believe their analysis contained some inac-
curacies which inevitably lead to different critical expo-
nents, as detailed below.

In previous work [43], the reduced volume v was
identified with the horizon radius by comparing the
linear–T coefficient of the black hole equation of state
to that of the van der Waals fluid. One can proceed the same
way here by expanding Eq. (64) in powers of T to obtain

P ¼ P0 þ
T
ṽ
þOðT2Þ; ð71Þ

where

P0 ¼
3r2h − 6l2 − rh

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9r2h − 24l2

p
16πl2r2h

; ð72Þ

and the new reduced volume ṽ is identified to be

ṽ ¼ 12r2hð3r2h − 8l2Þ
ð3r2h − 4l2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9r2h − 24l2

p
− 24l2rh þ 9r3h

: ð73Þ

In the limit l → 0 the reduced volume ṽ reduces to
ṽ ¼ 2rh þOðl2Þ. Evaluating the critical ratio Pcṽc=Tc in
terms of this new reduced volume, we find that

Pcṽc
Tc

≈ 0.391 ≠
3

8
; ð74Þ

which is a small deviation from the value (70) obtained
using the conventional reduced volume v ¼ 2rh. In both
cases the ratio differs from 3=8.
Thermodynamic stability can further be assessed using

the heat capacity, which is readily determined to be

CV¼T

�
∂S
∂T

�����
V

¼ 2πr2hðl2ðΛr2h−3Þþ3r2hÞðl2ðΛr2h−3Þ2þ3Λr4h−3r2hÞ
l4ðΛr2h−3Þ3þ6l2r2hðΛr2hðΛr2h−4Þ−9Þþ9ðΛr6hþr4hÞ

;

ð75Þ

and is plotted in Fig. 5 for varying l. Positivity of the heat
capacity indicates thermodynamic stability, while a diver-
gence in the heat capacity generically indicates a phase
transition. A sign change in CV can occur either through a
discontinuity or zero-crossing, with the divergences indi-
cated by a vertical dashed line in the figure. Note that some
of the unstable regions are excluded from the parameter
space since they do not satisfy the constraint (68). The heat
capacity diverges when

r6hðl4Λ3 þ 6l2Λ2 þ 9ΛÞ þ r4hð−9l4Λ2 − 24l2Λþ 9Þ
þ r2hð27l4Λ − 54l2Þ − 27l4 ¼ 0; ð76Þ

representing a cubic polynomial in r2h. The discriminant
condition then determines that above a critical length scale
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lc (for fixed Λ) or above a critical pressure Pc (for fixed l)
given by

lc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
13
Λ − 5

ffiffiffiffi
10

p
Λ

q
3

ffiffiffi
6

p ; Pc ¼
5

ffiffiffiffiffi
10

p
− 13

432πl2
; ð77Þ

there will be no divergence in the heat capacity, and
furthermore all black hole phases become thermodynami-
cally stable. The latter value of Pc can be seen to coincide
with the critical pressure (69) determined from the equation
of state. Note that, contrary to what is claimed in [5], the
coexistence pressure P ¼ Pcoex on the P − V diagram
constructed from the equal area lawZ

vl

vs

ðPðvÞ − PcoexÞdv ¼ 0; ð78Þ

is exactly in correspondence with the pressure at which the
small and large black hole phases coexist on the G − T
diagram. Therefore, one obtains the same phase diagram
from either the P − V curve or the G − T curve, and no
redefinition of thermodynamic variables is required. That
this is the case is not surprising since the equal area law
condition is equivalent to the statement that the two phases
have the same free energy, and no new information is
contained in the P − V diagram (it is just obtained by a
rescaling Λ → −8πP). We suspect that the earlier obser-
vation that the two coexistence lines differ is due to a
numerical error, since in our case demonstrating that (78)
holds requires computing the integration bounds ðvs; vlÞ to
a precision of at least 10−8, otherwise the integral does not
vanish at the same pressure as the G − T diagram would
suggest.

1. Critical exponents

Critical exponents govern the behavior of various ther-
modynamical parameters near a critical point, and separate
physical systems into universality classes under which
the scaling behavior of these parameters is identical, even
if the underlying microscopic structure of the systems are
vastly different. In terms of the reduced temperature
t≡ T=Tc − 1, they are defined through the scaling behav-
ior of the following quantities:

CV ∝ jtj−α; g ¼ vl − vs ∝ jtjβ;

κT ¼ −
1

V
∂V
∂P

����
T
∝ jtj−γ; jP − Pcj ∝ jV − Vcjδ: ð79Þ

CV is the heat capacity at constant volume defined by (75),
g is the order parameter (here the difference in volume of
the large and small black hole phase), κT is the isothermal
compressibility, and jP − Pcj is the behavior of the pressure
near the critical point. Since the entropy S ¼ πr2h is
independent of temperature, one automatically finds that
the critical exponent governing the behavior of the heat
capacity near the critical point is α ¼ 0.
The exponent β is computed by examining the difference

in size of the small and large black hole phases near the
critical point. This cannot be done analytically since the
horizon size rh alone is given by a solution to a 5th degree
polynomial, and the functions G ¼ Gðrh;Λ; lÞ and T ¼
Tðrh;Λ; lÞ cannot be solved analytically to find the location
of the phase transition. Instead, we proceed numerically
and compute the behavior of the order parameter vl − vs
near the critical point t ¼ 0. This is done directly from the
free energy G and temperature T, so that the result is
independent of any particular identification of Λ and does
not require using Maxwell’s equal area law to find the
coexistence line on the PðVÞ diagram. The result is shown
in Fig. 6 which clearly indicates that β ¼ 1=2.

FIG. 5. Heat capacity CV as a function of horizon size rh for the
Hayward-AdS black hole, for Λ ¼ −0.1 and various l. Dashed
lines correspond to a discontinuity in CV . Top: small-rh behavior.
Bottom: large-rh behavior.
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The isothermal compressibility is determined by plotting
κT vs t, which can also be done analytically since

κT ∼ −
1

V

�
∂V
∂rh

��
∂P
∂rh

�
−1
����
T
: ð80Þ

It is straightforward to check that κT ∝ jtj−1 and there-
fore γ ¼ 1.
Finally, the exponent δ can be determined by evaluating

jP − Pcj using (64) and (69) and plotting against jV − Vcj.
We omit the resulting expression as it is lengthy and
insightful. This can be done analytically by straightforward
substitution, and a parametric plot of jP − Pcj vs jV − Vcj
clearly shows that δ ¼ 3.
We have therefore determined that while the critical

ratio Pcvc=Tc does indeed deviate slightly from the usual
value of 3=8 for the Hayward-AdS black hole (using either
the thermodynamic volume V or reduced volume v),
the critical exponents maintain their mean-field theory
values of

α ¼ 0; β ¼ 1

2
; γ ¼ 1; δ ¼ 3: ð81Þ

As in other asymptotically AdS examples, this is quite
surprising since in this case the equation of state clearly
differs from that of the van der Waals fluid, yet the behavior
near the critical point exhibits a universal behavior gov-
erned by (81).

B. Minkowski Λ= 0

Asymptotically flat (Λ ¼ 0) black hole spacetimes admit
a straightforward definition of both geometric and thermo-
dynamic variables which enter into the first law, obtained

through a Hamilton variation or equivalent covariant phase
space formulation. However, the notion of thermodynamic
equilibrium is more subtle compared to the asymptotically
AdS case. There is no longer an effective potential which
naturally confines radiation, and a black hole of any size is
generically thermodynamically unstable with a negative
specific heat capacity. Since physically reasonable sizes of
black holes, which span masses from 101 to 1010M⊙, have
corresponding evaporation timescales on the order of 1074

to 10104 seconds, one way to approach the issue is to simply
consider the system as being in a state of approximate
thermal equilibrium over observationally relevant time-
scales. This assumption is certainly valid for physical-
process interpretations of the first law as applied to
physically realistic scenarios where the back-reaction from
both Hawking radiation and infalling matter can reasonably
be ignored. However, for holographic applications one can
no longer make this approximation since the relevant state
space is populated by distinct global configurations
labelled by different values of the asymptotic mass, and
the physically relevant timescale in the boundary theory
may correspond to a bulk timescale for which evaporation
cannot be ignored. Therefore, it is useful to introduce
another mechanism to define the equilibrium ensemble in
asymptotically flat spacetimes.
This is most straightforwardly accomplished by the

introduction of a “cavity” representing fixed thermody-
namic data on a compact codimension-2 surface outside of
the black hole. As described in the previous section, this
amounts to introducing a boundary in the Euclidean section
where thermodynamic data is specified. Taking the Λ → 0
limit of (56) we recover the equilibrium temperature for
the Hayward-Minkowski black hole embedded in an
isothermal cavity

T ¼ r6cðr3h − 3l2rhÞ
4πðr3cr2h þ l2ðr3c − r3hÞ2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2cr2hðrc−rhÞ−l2ðr3c−r3hÞ

r3cr2h−l
2ðr3c−r3hÞ

r ; ð82Þ

and the mean thermal energy of the ensemble, by taking the
same limit of Eq. (57),

E ¼ rc − rc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2ðr3h − r3cÞ þ r2cr2hðrc − rhÞ

l2ðr3h − r3cÞ þ r3cr2h

s
: ð83Þ

The free energy can then be computed as F ¼ T̃IE ¼
E − T̃S. We find

FIG. 6. Scaling behavior of the order parameter vl − vs as a
function of the reduced temperature t near the critical point. Dots
represent numerical data while solid lines represent possible
values of the critical exponent β.
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F ¼ −
r6cr3hðr2h − 3l2Þ

4
�
l2ðr3h − r3cÞ þ r3cr2h

�
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2cr3h

l2ðr3c−r3hÞ−r3cr2h
þ 1

r

þ rc − rc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2cr3h

l2ðr3c − r3hÞ − r3cr2h
þ 1

s
; ð84Þ

which can be plotted parametrically as a function of rh as
before, shown in Fig. 7. As expected, the behavior is
qualitatively similar to the anti–de Sitter case, with a small-
large black hole phase transition occurring below a critical
value of l. Again the F ¼ 0 phase corresponding to empty
Minkowski space is inaccessible due to the finite fixed
value of the magnetic charge Qm required to have l > 0.
Unlike the AdS case there is no notion of thermodynamic

pressure for the system, so there is no analogy between the
phase structure observed here and mean-field theory
systems. The onset of the small-large transition is also
controlled now by the cavity radius rc, which when all
other parameters are held fixed determines the relative scale
between the black hole, cavity, and cosmological horizon.

C. de Sitter Λ > 0

We finally turn to the asymptotically de Sitter (Λ > 0)
case, which is at the same time the most technically
challenging and astrophysically relevant, as there is incon-
trovertible evidence for both the existence of black hole-
like objects [76] and for the accelerated expansion of the
Universe [77–79]. The latter implies an asymptotically de
Sitter geometry as being the relevant background for
astrophysical black holes. Therefore, understanding black
hole thermodynamics in asymptotically de Sitter space-
times is important not only due to their observational
relevance, but also for applications in the emerging field of
de Sitter space holography [80–82].
Though the first law can be readily generalized to cases

where Λ ≠ 0, dS space presents a host of unique issues
which are absent in AdS. The most salient is the presence of
a cosmological horizon, which radiates at a much larger
temperature than all but the smallest black holes, neces-
sarily placing the system out of equilibrium due to the heat
flux between the two horizons. Another issue with de Sitter
spaces is a lack of globally timelike Killing vector field
with which to associate the mass, making the construction
of conserved charges difficult [83–85]. The masses which
enter into the usual forms of the first law are defined for
spacetimes which are asymptotically flat (ADM) or sta-
tionary (Komar). In de Sitter, one can recover stationarity
by working in the static patch, but then the Killing vector ξa

that would be used to define the mass becomes spacelike
outside the cosmological horizon, rendering the mass
conserved in space rather than time [86]. The variation
of the would-be ADMmass is given by a boundary integral
over an S2 at infinity

δM ¼ −
1

16π

Z
∞
dSncBc½∂=∂t� þ � � � ;

but for the region outside the cosmological horizon the
Killing vector ∂=∂t is spacelike, and M cannot support its
usual Noether charge interpretation as being the conserved
quantity associated with time-translation invariance.
Therefore while a variation resembling the first law exists,
one cannot straightforwardly interpret the variables enter-
ing it as the usual thermodynamical ones. The notion of a
vacuum state is also problematic in de Sitter, since the
global spacetime is nonstationary [87–89] and the vacuum
state is not even known to be stable [90–92].
Various approaches aside from the Euclidean path integral

adopted here have been developed to circumvent these

FIG. 7. Helmholtz free energy F as a function of temperature T
for the asymptotically flat Hayward black hole. Top: fixed rc ¼ 2
for various l. The onset of a first-order phase transition from a
small to large black hole is marked by a red dot at the critical
temperature Tc ∼ 0.095. Bottom: fixed l ¼ 0.1 for various rc.
The critical temperature occurs at Tc ∼ 0.322.
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difficulties. One is the effective temperature approach, where
a single temperature Teff (which depends on both the
cosmological and event horizon) is assigned to the entire
spacetime [93]. This enables one to establish a “first law”
which accounts for the presence of both horizons, but suffers
from the fact that Teff lacks a clear physical interpretation
and the system still appears out of equilibrium to a local
observer. Another approach is to consider only subsets of the
parameter space where the two horizon temperatures are
equal [94], in which case equilibrium is trivially established
at the price of being limited to a measure-zero subset of
possible configurations. One also requires sufficiently many
“charges” to make the temperatures equal, which is not
possible for ordinary Schwarzschild-de Sitter black holes.
As in the asymptotically flat case, the Euclidean path

integral with finite boundary furnishes an equilibrium
ensemble which can be used to study some features of
static-patch thermodynamics in de Sitter space. The
thermodynamic quantities obtained in Sec. III B remain
valid when Λ > 0, provided that the boundary at rc is
placed between the event and cosmological horizons, such
that rh < rc < rcosmo where rcosmo is the largest real root of
the metric function fðrÞ. Without the boundary, there is no
choice of periodicity β which can eliminate the conical
singularity at the event and cosmological horizons simul-
taneously, except in the degenerate Nariai limit where
rh ¼ rcosmo. Since Λ > 0 implies that P < 0, the quantity
conjugate toΛ should be interpreted as a tension rather than
a pressure. Despite the region of the static patch containing
the cosmological horizon being effectively excised from the
Euclidean section in this way, the effect of Λ still manifests
in the required cavity temperature, which observes a
significant blueshift when the cavity approaches the cos-
mological horizon.
The free energy is obtained from the on-shell Euclidean

action as

F ¼ l2ðΛr2h − 3Þ2 þ 3Λr4h − 3r2h
12rh

−
4rcðY

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − Λr2c

p
þ Λr2c − 3Þ

12
; ð85Þ

which is displayed in Fig. 8 as a function of the equilibrium
temperature. The presence of a cosmological horizon
significantly alters the observed phase structure of the
Hayward black hole. As in the AdS case, one can observe a
critical point at a maximal pressure (Λc ∼ 0.07) below
which a line of first-order small-large black hole transitions
occurs. As before, above this pressure the system smoothly
transitions in size as the temperature increases. However, in
the dS case there emerges a second critical point at a lower
critical value of Λ ∼ 0.02, below which there is again no
phase transition. This is a significant departure from the
behavior observed in the asymptotically AdS case, where
the small-large transition persists to arbitrarily small Λ.

Figure 9 illustrates this more clearly by showing a number
of constant-pressure slices. The corresponding coexistence
line is shown in Fig. 10.
Unlike AdS black holes in the extended phase space,

whose phase structure typically resembles (and is some-
times exactly in correspondence with) the van der Waals
fluid, the phase diagram in Fig. 10 more closely resembles
that of something akin to the FCC transition of pure solid
iron, or quantum critical points in e.g. the transverse field
Ising model or a non-Fermi metal [95]. However, the phase
diagram of Hayward-dS (and other asymptotically dS
examples) cannot be in exact correspondence with such
materials, because there is no critical point at the cusp of the
P − T curve, which is usually at T ¼ 0 for quantum critical
fluids or represents a triple point. Instead, the cusp marks a

FIG. 8. Helmholtz free energy F as a function of temperature T
for the Hayward-dS black hole. Top: fixed l ¼ 0.1 and rc ¼ 4 for
various Λ. Two critical points emerge, at Tc1 ∼ 0.042 and
Tc2 ∼ 0.043. Bottom: fixed Λ ¼ l ¼ 0.1 for various rc. The
onset of a first-order phase transition from a small to large black
hole is marked by a red dot at the critical temperature
Tc ∼ 0.0315.
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smooth transition between a region where the cavity size is
on the scale of the black hole horizon and where it is instead
on the scale of the cosmological horizon. Furthermore,
the coexistence line here terminates at two second-order
critical points. It remains to be seen whether such a phase
diagram can be understood in a holographic context or
whether its novel features are the result of what is
effectively a coupling of the black hole system to an
external heat bath. We expect that such phase diagrams,
like their AdS counterparts, will become increasingly
important as a tool for understanding the phase structure
of strongly coupled systems as holographic methods in
de Sitter space become more refined.

V. CONCLUSIONS

The study of regular black hole solutions in general
relativity is an important step toward understanding generic
features of quantum gravity, both from a holographic and
effective field theory point of view. Regular black hole
solutions which can be sourced by matter coupled to
Einstein-Hilbert gravity and manage to evade various no-
go theorems are few and far between, with the Bardeen and
Hayward model being prototypical examples sourced by
nonlinear electrodynamics. While previous work which
studied the thermodynamic properties of the Hayward
solutions focussed on a specific choice of asymptotic
metric and thermodynamic formulation/variables, we con-
sidered all three types of Hayward black hole (AdS, flat,
and dS), discussed which thermodynamic formulation is
most appropriate for each, and studied the resulting phase
structure of the solutions.
In the first part of this work, we examined Hayward-AdS

black holes with variable cosmological constant. We treated
the minimal length scale l as a fundamental thermodynamic
parameter, which may arise more generally from the
regularization of the Schwarzschild singularity. We dem-
onstrated a consistent version of the first law of black hole
mechanics and Smarr relation based on this choice of
variable, and studied the extended phase space thermody-
namics that results. We found a second-order critical point
which marks the formation of a swallowtail in G − T − P
space, and a series of first-order small-large black hole
phase transitions below the critical temperature/pressure.
The critical ratio Pcvc=Tc was found to deviate from the
“universal” mean-field theory prediction of 3=8 seen in
most other four-dimensional AdS black holes, both when
the ordinary reduced volume is used and the volume
obtained from an expansion of the equation of state which
allows a direct identification with the van der Waals fluid.
Contrary to previous investigations into the extended
phase structure of Hayward-AdS black holes, we computed
the critical exponents and found that they agree with the
predicted mean-field theory values.
We next studied asymptotically flat and de Sitter Hayward

black holes. To define an equilibrium thermodynamic
(canonical) ensemble, we fixed boundary-value data at a
finite radius cavity outside of the black hole horizon (and
inside the static-patch cosmological horizon, if it exists). The
equilibrium temperature of the ensemble is determined by
the choice that leaves the action stationary with respect to
variations of the horizon size. Thermodynamic quantities
were computed using a semiclassical Euclidean path integral
with appropriate boundary terms, and shown to be consistent
with the Hamiltonian formulation where the two methods
were equally valid. The phase structure in the asymptotically
flat case is similar to that ofAdS,with a small-large transition
occurring which is controlled by the regularization length
scale. In asymptotically de Sitter space, two second-
order critical points appear which bound a line of first-order

FIG. 9. Helmholtz free energy F as a function of temperature T
and pressure P for the Hayward-dS black hole, demonstrating the
formation of a swallowtube—a compact region in the parameter
space where a small-large transition occurs.

FIG. 10. Coexistence line for the Hayward-dS black hole,
terminating at two second-order critical points. The system
becomes supercritical outside of the region bounded by the
dashed black lines.
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small-large transitions. The equation of state deviates sig-
nificantly from standard van der Waals behavior, and the
swallowtail closes at a finite nonzero value of the pressure (in
contrast to AdS). The phase diagram contains two super-
critical regions, andweconjecture that novel critical behavior
may emerge where the two critical points meet.
A number of generalizations of our work naturally arise.

First, it remains to be understood exactly which classes of
black hole solutions (and theories) admit a consistent
thermodynamic formulation from both the Hamiltonian
and Euclidean framework when matter fields are present.
While it is known that perfect fluids can be incorporated
into the covariant formalism [60], this result has not
been generalized past symmetry-inheriting matter fields.
Furthermore, the linearity of the Smarr relation for non-
linear electrodynamic theories has only been proven for
theories that admit a Maxwell weak-field limit, which
nonetheless appears to also hold for the NED Lagrangian
which generates the Hayward geometry. Another natural
extension of our work would be to consider Kerr-Hayward-
de Sitter black holes, representing the next logical step in
studying thermodynamic features of models which hope to
describe astrophysical black holes.
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APPENDIX A: ELECTROMAGNETIC
POTENTIALS

In this appendix we collect various computations of
thermodynamical quantities. We begin with the magnetic
potential ΨðrÞ. The only nonvanishing components of the
electromagnetic field tensor are F23 ¼ −F32. In order to
compute the magnetic potential one needs to first determine
the magnetic field Hμ. From Eq. (21)

⋆Bμν ¼
1

2
ðϵμν23 þ ϵμν32ÞF23 ¼ ϵμν23B23: ðA1Þ

Using the definition of the invariant 4-volume along with
Eq. (21) we have that

⋆Bμν ¼
ffiffiffiffiffiffi
−g

p ½μν23�L0ðF Þg22g33F23: ðA2Þ

The only nonvanishing components are

⋆B01 ¼ −⋆B10 ¼ −
L0ðF ÞQm

r2
; ðA3Þ

and using (20) then gives

H1 ¼ −⋆B10ξ
0 ⇒

∂Ψ
∂r

¼ −
L0ðF ÞQm

r2
: ðA4Þ

Next one computes (6) using

F ¼ FμνFμν ¼ 2Q2
m

r4
; ðA5Þ

since

Fμν ¼ −Qmðδθμδϕν − δθνδ
ϕ
μ Þ sin θ: ðA6Þ

Therefore

L0ðF Þ ¼ 18
ffiffiffiffiffiffiffi
αF

p

ð1þ ðαF Þ3=4Þ3 ; ðA7Þ

and upon substituting Eq. (A5) we have

L0ðF Þ ¼ 18q2r7

ðr3 þ q3Þ3 : ðA8Þ

Using now Eq. (A4) along with the relation (12) for the
magnetic charge and Eq. (A8) we have after integrating
with respect to r that

ΨðrÞ ¼ 3q4ð2r3 þ q3Þffiffiffiffiffiffi
2α

p ðr3 þ q3Þ3 þ Ψ0; ðA9Þ

where Ψ0 is an integration constant which obeys Ψ0 ¼ 0 if
the magnetic potential vanishes at large distances r → ∞.
We now turn to the potential Kα conjugate to the

parameter α. Starting from Eq. (24), the derivative of
LðF Þ with respect to α is given by

∂L
∂α

¼ 6F 2ð−2αF þ ðαF Þ1=4Þ
ðαF þ ðαF Þ1=4Þ3 ; ðA10Þ

and then using Eq. (A5) we obtain

∂L
∂α

¼ 6q6ð−2q3 þ r3Þ
a2ðr3 þ q3Þ3 : ðA11Þ

The integration of Eq. (24) can then be performed using the
above relation (A11) and the potential Kα given by Eq. (25)
is obtained.

APPENDIX B: EUCLIDEAN ACTION

In this appendix, we compute the on-shell Euclidean
action for the Einstein-Hilbert-NED theory in the semi-
classical approximation. The total action will be

ITotal ¼ IEH þ INED þ IB − I0; ðB1Þ

where IEH is the Einstein-Hilbert action with cosmological
constant, INED is the action of the NED theory, IB are
appropriate boundary terms for a well-posed variational
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principle, and I0 is a background subtraction that serves to
normalize the action such that ITotal ¼ 0 for the empty
(anti-)de Sitter spacetime.
The Einstein-Hilbert action with cosmological constant

in four dimensions is

IEH ¼ −
1

16π

Z
d4x

ffiffiffi
g

p ðR − 2ΛÞ: ðB2Þ

We adopt a spherically symmetric ansatz for all dominant
saddles contributing to the path integral, with Euclidean
metrics of the form

ds2 ¼ fðrÞdτ2 þ fðrÞ−1dr2 þ r2dΩ2; ðB3Þ

so that the Ricci scalar is given by

R ¼ 2 − f00ðrÞr2 − 4rfðrÞ − 2fðrÞ
r2

: ðB4Þ

The reduced action is obtained by explicit integration of the
action, which can be written as a sum of two terms:

IEH ¼ IR þ IΛ ¼ −
1

16π

Z
d4x

ffiffiffi
g

p
R;

IΛ ¼ 1

8π

Z
d4x

ffiffiffi
g

p
Λ: ðB5Þ

The Ricci part of the Einstein-Hilbert action gives

IR ¼ −
1

16π

Z
βh

0

dτ
Z

π

0

dθ
Z

2π

0

dϕ
Z

rc

rh

r2 sin θRðrÞdr;

ðB6Þ

where the Euclidean section extends from the horizon at rh
to the cavity at rc, and it is assumed in the de Sitter case that
rc is appropriately chosen to lie between the black hole and
cosmological horizon, rh < rc < rcosmo. The integration
over Euclidean time τ is over one period βh, which is
chosen to eliminate the conical singularity in the τ-r plane
at the horizon. After integrating over τ,θ and ϕ, one obtains

IR ¼ −
βh
4

Z
rc

rh

r2RðrÞdr: ðB7Þ

Inserting (B4) into the above then gives

Z
rc

rh

r2RðrÞdr ¼
Z

rc

rh

½2 − f00ðrÞr2 − 4rf0ðrÞ − 2fðrÞ�dr;

ðB8Þ

We define

G0 ¼
Z

rc

rh

fðrÞdr; G1 ¼
Z

rc

rh

rf0ðrÞdr;

G2 ¼
Z

rc

rh

r2f00ðrÞdr ðB9Þ

Computing G1 and G2 using the fact that fðrhÞ ¼ 0 and
integrating by parts reveals that

G2 ¼ r2cf0ðrcÞ − r2hf
0ðrhÞ − 2G1; ðB10Þ

G1 ¼ rcfðrcÞ −G0: ðB11Þ

Inserting (B11) and (B10) into (B7) then gives

IR ¼ −
βh
4
ð2ðrc − rhÞ − 2rcfðrcÞ − r2cf0ðrcÞÞ

−
βh
4
r2hf

0ðrhÞ; ðB12Þ

and upon identifying the periodicity in τ with the Killing
surface gravity

β−1h ¼ κ

2π
¼ f0ðrhÞ

4π
; ðB13Þ

we finally obtain

IR¼−
βh
4
½2ðrc− rhÞ−2rcfðrcÞ− r2cf0ðrcÞ�−πr2h: ðB14Þ

Next, the cosmological term IΛ is straightforwardly evalu-
ated giving

IΛ ¼ 1

8π

Z
βh

0

dτ
Z

2π

0

dϕ
Z

rc

rh

Z
π

0

r2 sin θΛdrdθ

¼ βh
6
Λðr3c − r3hÞ: ðB15Þ

We next compute the Gibbons-Hawking-York boundary
term (48), evaluated at r ¼ rc:

IGHY ¼ 1

8π

Z
∂M

ffiffiffi
k

p
K

¼ 1

8π

Z
βh

0

dτ
Z

2π

0

dϕ
Z

π

0

dθ
ffiffiffi
k

p
Kjrc : ðB16Þ

The induced metric kab on the boundary hypersurface is

ds2 ¼ fðrcÞdτ þ r2cdΩ; ðB17Þ

and the square root of the determinant of the induced metric
is given by

ffiffiffi
k

p
¼

ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p
r2c sin θ: ðB18Þ
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The trace K of the extrinsic curvature Kab evaluated at the
boundary is

K ¼ −
2

ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p
rc

−
f0ðrcÞ

2
ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p : ðB19Þ

Combining (B16), (B18), and (B19) we find

IGHY ¼ βh
2
r2cKðrcÞ

ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p
: ðB20Þ

Next, we compute the NED action given by (49) with
Lagrangian density (6). Using (A5) we can write LðF Þ in
terms of α and QM as

LðF Þ ¼ 24
ffiffiffiffiffiffi
2α

p
Q3

m�
1þ

�
2αQ2

m
r4

�
3=4

�
2
r6
: ðB21Þ

Angular integration then reduces the action to

INED ¼ βh
4

Z
rc

rh

r2LðF Þdr; ðB22Þ

and the radial integration gives

INED ¼ 2
ffiffiffiffiffiffi
2α

p
Q3

mβh

�
1

ð2αQ2
mÞ3=4 þ r3h

−
1

ð2αQ2
mÞ3=4 þ r3c

	
:

ðB23Þ

The final term we require is the electromagnetic boundary
term, given by [96,97]

IEMB ¼ −
1

16π

Z
∂M

ffiffiffi
k

p �
∂L
∂F

�
FμνnνAμ; ðB24Þ

where nν is the unit normal vector to the boundary ∂M. This
term will vanish since we are integrating over a time slice of
the spacetime and the only nonvanishing components of the
Fμν are F23 ¼ −F32. Finally, the term I0 represents the
action of the empty metric (in the absence of the black
hole), which serves to normalize the action so that it
vanishes when rh ¼ 0 i.e. when no black hole is present.
Evaluating the total action for the empty metric
(Minkowski, de Sitter, or anti–de Sitter), the subtraction
term is given by

I0 ¼
βrc
3

ð−3þ r2cΛÞ: ðB25Þ

APPENDIX C: CAVITY TENSION TERM

In this section we displayed the tension λ conjugate to the
cavity area Ac, which appears in both the Smarr formula
and the first law in the presence of a cavity. We first replace
the areal radius rc in the total reduced action (51) with the
area of the cavity, given by Ac ¼ 4πr2c. The conjugate
potential is then given by

λ ¼ 1

β

∂Ir
∂Ac

: ðC1Þ

Explicit calculation yields the following, rather long,
expression

λ ¼ 1

48πrc

�
6ð1 − r2cΛÞ þ

2r2cΛffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

p X − 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

q
X þ r2c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

p
ð2l4ðr3c − r3hÞ2Λð−3þ r2hΛÞ2Þ
ð3r2cr2h þ YÞ2X

þ 9r3cr4hð−3rh þ 2r3cΛþ r3hΛÞ þ 3l2r2hð4r6cΛð−3þ r2hΛÞ þ 2r4hð−3þ r2hΛÞ2Þ þ r3cð9rh þ r3hΛ − 3r5hΛ2Þ
ð3r2cr2h þ YÞ2X

�
: ðC2Þ
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Journal Article

Euclidean methods and phase transitions
for the strongest deformations compatible
with Schwarzschild asymptotics

Brief summary

In our previous paper, we examined the Hayward RBH model sourced by an NED Lagrangian
L(F ) that does not admit the Maxwell weak-field limit. In this study, we now focus on the
Cadoni et al., which notably does admit this limit. Using the same methodology, we once
again demonstrate the presence of a first law of black hole thermodynamics and a linear Smarr
relation. To compare how different deformation strengths from various NED Lagrangians affect
thermodynamic properties, we also analyze the Bardeen RBH in Appendix D. We compare the
mean-field theory ratios at the critical point in AdS spacetime, attributing deviations from the
standard mean-field theory ratio of 3/8 to the deformation strength and the manner in which
the singularity is smeared. Finally, using the derived thermodynamic quantities, we provide
constraints on the minimal length scale based on thermodynamic stability and the presence of a
trapped region.

Errata and conventions

In this article, we use 𝜎 in the NED Lagrangian density L̃(F ) of Eq. (21) instead of 𝛼, which
was used in the previous article (Ref. [1]).

There are a few typos in this article that need correction. Firstly, the definition of the EMT in
Eq. (11) is

𝑇𝜇𝜈 = −4LF 𝐹
𝛼
𝜈 𝐹𝜇𝛼 + L𝑔𝜇𝜈, (2.1)

while it should be corrected to:

𝑇𝜇𝜈 =
1

4𝜋

(
LF 𝐹

𝛼
𝜈 𝐹𝜇𝛼 − 1

4
L𝑔𝜇𝜈

)
. (2.2)
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This correction also impacts the Eqs. (15), (16), and (17). We provide the correct expressions
bellow:

𝑇00 =
1

16𝜋
𝑓 (𝑟)L, 𝑇11 = − 1

16𝜋
𝑓 (𝑟)−1L, 𝑇22 = − 1

16𝜋

(
𝑟2L +

4𝑄2
𝑚

𝑟2 LF

)
. (2.3)

Despite these errors, Eq. (18), which provides the NED Lagrangian density as a function of the
radial coordinate 𝑟, is correct. Finally, on page 4 of the article, at the end of the paragraph
following Eq. (26), the phrase “whereas for the Hayward model is O(F 5/2)” should be corrected
to “whereas for the Hayward model is O(F 3/2)”.
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this article.



Euclidean methods and phase transitions for the strongest deformations
compatible with Schwarzschild asymptotics

Ioannis Soranidis *

School of Mathematical and Physical Sciences, Macquarie University,
Sydney, New South Wales 2109, Australia

(Received 15 October 2023; accepted 28 January 2024; published 21 February 2024)

In this paper, we investigate the thermodynamic properties of a regular black hole model which exhibits
the most significant subleading corrections to the Schwarzchild asymptotic behavior, in the context of
general relativity, using the Euclidean path integral approach. We review the derivation of the Lagrangian
for the matter fields which act as a source for this geometry, explicitly derive the proper thermodynamic
quantities introduced in the first law of black hole mechanics, and show that they satisfy the Smarr formula.
This analysis naturally leads to the emergence of an effective temperature that is distinct from the one
associated with surface gravity. Furthermore, we study the phase structure in anti–de Sitter, Minkowski,
and de Sitter spacetimes in the canonical ensemble, considering this effective temperature as the
appropriate choice. We show that in this case the regularization of the singularity prevents the
Hawking-Page transition and also leads to a deviation from the “universal” mean-field theory critical
ratio. We conjecture that the way a singularity is rendered smooth plays a pivotal role to the degree of this
deviation. Finally, we provide remarks on constraints imposed on the minimal length scale by observational
data and the viability of regular black holes.

DOI: 10.1103/PhysRevD.109.044041

I. INTRODUCTION

Despite the incontrovertible evidence for the existence of
dark massive ultracompact objects [1–7], their true identity
remains elusive, with a plethora of scenarios under consid-
eration [8–10]. Themost commonly used type of black holes
for comparison with available observational data are math-
ematical black holes, which are solutions of the Einstein
equations in general relativity. Their hallmark features,
which make them distinct from other categories like
regular black holes (RBHs) [11–13], gravastars [14,15],
wormholes [16–18], and fuzzballs [19,20] are the existence
of an event horizon and a singularity. The problems
associated with these two characteristics are the teleological
nature of the event horizon and breakdown of general
relativity at the singularity.
The former of these issues can be dealt with by

replacing event horizons with quasilocally observable
apparent horizons [21], while the latter one is resolved
in two possible ways, which arise from the requirement of
violation of Penrose’s singularity theorem or more spe-
cifically at least one of its assumptions [22]. The singu-
larity is inherently linked to the geodesic incompleteness
of the geometry, so if we want to successfully eliminate it,
we need to sufficiently modify the geometry surrounding
the focusing point, i.e., the singularity. This can be

achieved by two methods, namely either with the creation
of a defocusing point at finite or infinite affine distance, or
by displacing the focusing point at infinity [23]. The first
case corresponds to regular black holes with the defocus-
ing point coinciding with its inner horizon in spherically
symmetric cases.
We assume the existence of a full quantum gravity theory

that can lead to such a regularization, but its quantum
nature is restricted to a finite domain, possibly of Planckian
scale. The outcome of such a theory should be a globally
hyperbolic and regular geometry, but since we do not
possess such a theory yet, we turn our focus on how to
source geometries of this nature in the context of general
relativity. Historically, nonlinear electrodynamics (NED)
was first used by Born and Infeld [24] to cure the infinities/
singularities associated with the self-energy of a point
charge, but in a large number of cases these types of
theories coupled to general relativity are sufficient to
generate regular geometries and eliminate singularities
only at the cost of using exclusively magnetic charge [25].
The first source for such a geometry was found in Ref. [26]
for the Bardeen black hole and further generalized to a
variety of two-parameter families of spherically symmetric
RBHs solutions in Ref. [27]. One notable issue with this
type of sources is that magnetic monopoles have not been
observed in nature despite significant observational efforts
[28–30]. Additionally, some of these theories fail to provide
a Maxwell weak-field limit [25], but exceptions do exist,*ioannis.soranidis@hdr.mq.edu.au
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and the model under consideration in this paper falls into
this category.
In the case of classical singularities associated with the

point charge, quantum electrodynamics was sufficient to
remove them but at the same time make new predictions,
which is a key feature of a successful theory, and therefore
replaced the NED theories. Similar behavior is anticipated
in the gravitational theory with general relativity to be
replaced by a more fundamental theory, namely a full
quantum gravity theory. In the absence of such a theory,
NED coupled to general relativity may prove a valuable
model/tool to extract features of quantum gravity. Based on
this assumption, the magnetic charge will not be considered
a fundamental parameter in our analysis, but rather the
minimal length scale will be treated as one. By taking this
approach, we can gain valuable insights into the quantum
gravity theory within the framework of general relativity.
The four laws of black hole mechanics were first derived

in Ref. [31] and close analogies with the four laws of
thermodynamics were established. This important link
connecting the two fields has since proven to be an
important tool in advancing our understanding of black
holes. In particular, the physical insights revealed in the
rigorous mathematical derivation of the first law in the
integral and differential formalism of Ref. [31] have
provided strong motivation for further investigating their
thermodynamic properties. If we believe in a quantum
gravity theory which smooths out the singularity, the study
of thermodynamic properties of RBHs cannot be an
exception. To have a complete understanding of RBHs’
thermodynamic properties necessitates the study of a
plethora of these models which differ in the way they
achieve singularity regularization and extract as much
information as possible in order to establish some kind
of universal behavior of the singularity smoothing and how
it propagates into the classical sector.
In this paper, we will study a certain geometry proposed

in Ref. [32]. The significance of investigating its properties
lies in two distinct attributes that set it apart from RBH
models proposed by Bardeen and Hayward: Firstly, the
NED theory employed to generate this geometry admits the
Maxwell weak-field limit, which is a highly desirable
property in this type of theories. Potential corrections to
the well-established Maxwell theory may manifest in
higher energy regimes, while remaining absent in lower
energies, giving rise to the conventional Maxwell theory. It
is worth pointing out this is not the case for Bardeen or
Hayward model which admit a weak-field limit stronger
than Maxwell’s theory. Therefore, this model is a better
candidate for the description of actual astrophysical black
holes, since it admits a weak-field limit compatible with a
well-established theory. Secondly, this model has the
strongest subleading corrections to the Schwarzschild
asymptotic behavior, and therefore surpass the ones exhib-
ited by Bardeen or Hayward RBHs. This is a noteworthy

feature because effects of singularity smoothing will be
more pronounced, making comparison with real astronomi-
cal data feasible. Based on these two features we try to
establish to what extent there is a deviation of this model
from the Bardeen model, studied in Appendix D, and the
Hayward model studied extensively in Ref. [33]. Since in a
number of black hole cases in anti–de Sitter (AdS) we have
seen remarkable equivalence with the liquid-gas critical
behavior, we mainly focus on the study of the mean-field
theory critical ratio and exponents.
The paper is organized as follows. In Sec. II we describe

how to generate the geometry using NED coupled to general
relativity embedded in a spacetime with a cosmological
constant by explicitly calculating theLagrangian density.1 In
Sec. III we perform a detailed analysis of the Euclidean
action and how to derive the proper thermodynamic quan-
tities. In the beginning of Sec. IV, we provide some argu-
ments on the reason we allow the cosmological constant and
minimal length to vary, and then move on to the study of
phase transitions. In Sec. IVA, we study the phase structure
and thermodynamic stability of this model embedded in
anti–de Sitter spacetime along with its behavior near the
critical point. In Sec. IV B, we analyze the phase structure in
asymptotically Minkowski spacetime with the implementa-
tion of an isothermal cavity to establish thermodynamic
equilibrium. We also comment on the bounds imposed on
the minimal length and its comparison with astronomical
data, leading us to conclusions about the viability of RBHs.
We perform a similar thermodynamic analysis in Sec. IV C
for embedding in de Sitter spacetime with the isothermal
cavity restricted between the outer black hole horizon radius
and the cosmological horizon. In all of the above cases we
demonstrate the existence of a proper Smarr formula [34]
and first law of black hole thermodynamics. We conclude in
Sec. V with a discussion of our main results and their
ramifications, along with potential future research direc-
tions. Throughout this article, we restrict ourselves to four
spacetime dimensions and we work in dimensionless units
such that ℏ ¼ c ¼ G ¼ kB ¼ 1.

II. REGULAR BLACK HOLE MODEL

In this paper, we focus on the spherically symmetric
RBH model proposed in Ref. [32], which is described by a
line element given by

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2dΩ2; ð1Þ

where dΩ2 ¼ dθ2 þ sin2 θdϕ2 and

1To avoid confusion, we explicitly mention that we use the
terms “Lagrangian” and “Lagrangian density” interchangeably
throughout this article, but we always mean the Lagrangian
density.
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fðrÞ ¼ 1 −
2mr2

ðrþ lÞ3 −
Λ
3
r2; ð2Þ

with Λ being the cosmological constant and l the minimal
length scale with the Schwarzschild limit attained for
vanishing minimal length scale, i.e., when l ¼ 0. We
now explicitly derive the matter Lagrangian that serves
as a source for this geometry. It is established that the
majority of RBH models are generated by NED coupled to
gravity [25,27,35] with the inclusion of magnetic charge.
Nevertheless, it is worth noting that certain RBH metrics
demand the presence of additional fields beyond the NED
theory. An illustrative example of such a case is the
Simpson-Visser metric [18], which interpolates between
an RBH and a wormhole, where an additional phantom
scalar field [36,37] is present in the matter content. For the
case under consideration, we have the following action

I ¼ 1

16π

Z
d4x

ffiffiffiffiffiffi
−g

p �
R − LðF ;ΛÞ�; ð3Þ

with R being the Ricci scalar and LðF ;ΛÞ the Lagrangian
density for the matter content which is comprised of the
NED theory along with the cosmological constant compo-
nent. For consistency, we require this Lagrangian to reduce
to 2Λ, when the minimal length scale vanishes. Therefore,
we have

lim
l→0

L ¼ 2Λ; ð4Þ

which is equivalent to the NED theory being absent. This
Lagrangian is in general some NED Lagrangian, which is a
function of the field strength F ¼ FμνFμν combined with
the cosmological constant term. The electoromagnetic field
tensor is defined in the usual way from the relation

Fμν ¼ ∂μAν − ∂νAμ: ð5Þ

In our analysis, we examine a metric that exhibits spherical
symmetry. The commonly adopted form of the vector
potential Aμ in this case is given by

Aμ ¼ ð−ϕðrÞ; 0; 0; Qm cos θÞ; ð6Þ

which corresponds to the presence of an electric and a
magnetic charge [27]. To generate this geometry, we only
need the presence of a magnetic charge Qm, and thus the
electric potential ϕðrÞ will vanish. Therefore, we are led to
the potential

Aμ ¼ ð0; 0; 0; Qm cos θÞ: ð7Þ

The only nonvanishing components of the electromagnetic
strength tensor are

F23 ¼ −F32 ¼ −Qm sin θ; ð8Þ

which leads to the field strength of the following form

F ¼ 2Q2
m

r4
: ð9Þ

To determine the appropriate Lagrangian LðF ;ΛÞ for the
matter fields, our initial step will be to use the Einstein
equations and extract the Lagrangian by requiring that they
yield as solution the metric described in Eq. (1) with the
corresponding metric function of Eq. (2). In what follows
the derived Lagrangian will be a function of the radial
coordinate, but it may equivalently be expressed in terms
of the field strength with Eq. (9) providing us with the
connection between these two expressions/representations.
Regardless of its specific form, the corresponding energy-
momentum tensor (EMT) can be found after varying the
action with respect to gμν, which leads to the Einstein
equations,

Gμν ¼ 8πTμν; ð10Þ

with an EMT of the form

Tμν ¼ −4
∂L
∂F

Fα
νFμα þ Lgμν: ð11Þ

For our case, the identification of the Lagrangian requires
using the following components of the Einstein tensor Gμν,

G00 ¼
fðrÞ
r2

ð1 − fðrÞ − rf0ðrÞ�; ð12Þ

G11 ¼
−1þ fðrÞ þ rf0ðrÞ

r2fðrÞ ; ð13Þ

G22 ¼
1

2
rð2f0ðrÞ þ rf00ðrÞÞ; ð14Þ

along with the corresponding EMT components on the
right-hand side of Eq. (10), which are calculated by using
the EMT of Eq. (11), and are given by

T00 ¼ −fðrÞL; ð15Þ

T11 ¼ fðrÞ−1L; ð16Þ

T22 ¼ r2L − 4
∂L
∂F

Q2
m

r2
: ð17Þ

In this derivation, we have assumed that the Lagrangian
density shares the spherical symmetry of the geometry, and
thus it is a function only of the radial coordinate r. Using
the above equations, we find that the Lagrangian is given in
terms of r by
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LðrÞ ¼ 2ð1 − fðrÞ − rf0ðrÞÞ
r2

: ð18Þ

Therefore, to generate the regular geometry we want to
study in this paper, we need to substitute the metric
function of Eq. (2) in Eq. (18), and arrive at the following
Lagrangian:

LðrÞ ¼ 12ml
ðrþ lÞ4 þ 2Λ; ð19Þ

where it is evident that in the absence of the minimal length
scale we are led to LðrÞ ¼ 2Λ as is required for consis-
tency. The mass m is the Komar mass [38] of the metric,2

and we can write it as a function of the outer horizon radius
rh and the minimal length scale l by using the condition
fðrhÞ ¼ 0, which leads to

m ¼ ðrh þ lÞ3ð3 − Λr2hÞ
6r2h

: ð20Þ

The root rh corresponds to the largest root of the equation
fðrÞ ¼ 0, except in the case of a de Sitter spacetime which
admits one more horizon, the cosmological one, at larger
distance in comparison with the outer horizon of the
black hole.
The source of this RBH is a particular case of the sources

presented in Ref. [27] whose Lagrangian density, as a
function of the field strength F , is given by3

L̃ðF Þ ¼ 4μ

σ

σF
ð1þ ðσF Þ1=4Þμþ1

; ð21Þ

which leads to a geometry of the form

fðrÞ ¼ 1 −
2σ−1q3rμ−1

ðrþ qÞμ ; ð22Þ

in an asymptotically flat spacetime (Λ ¼ 0) with the
magnetic charge given by

Qm ¼ q2ffiffiffiffiffi
2σ

p : ð23Þ

The spacetime geometry analyzed in this article can be
generated by the following choice of parameters

μ ¼ 3; q ¼ l; σ ¼ l3

m
; ð24Þ

which lead to a magnetic charge

Qm ¼
ffiffiffiffiffiffi
ml
2

r
; ð25Þ

and the Lagrangian density given by Eq. (19) once we use
Eq. (9), which provides the link from one representation to
another. Two brief comments are in order; firstly, the
Lagrangian of Eq. (21) has a Maxwell weak-field limit,
which can be seen by performing an expansion around F ,
and leads to

L̃ðF Þ ¼ 4μF þOðF 5=4Þ: ð26Þ

This is a different feature of this subclass of NED
Lagrangians in comparison with the ones used to generate
other well-known models such as Bardeen or Hayward,
which exhibit stronger weak-field limits than the Maxwell
theory. To make this statement more precise, one finds
using the sources described in Ref. [27] that for the Bardeen
model the weak-field limit is OðF 5=4Þ, whereas for the
Hayward model is OðF 5=2Þ.
Secondly, it is evident from relation (25) that the

existence of the magnetic charge is tied to the presence
of the minimal length scale. This means that in the case of
vanishing charge, the minimal length vanishes as well and
we retrieve the singular Schwarzschild geometry.
Conversely, if we maintain a fixed nonzero magnetic
charge, as we will in the study of phase transitions in
the canonical ensemble, the minimal length persists as a
fundamental feature.
Having established the matter Lagrangian that serves as a

source for this theory, we can now proceed with the study
of thermodynamics. We can approach this either using
Hamiltonian methods [42] or Euclidean path integral
methods. Both approaches lead to congruent thermody-
namic quantities, in the regimes where they can be directly
compared, which is a prerequisite for consistency. A
detailed analysis on the consistency of these approaches
has been conducted in Ref. [33] using as example the
Hayward model. Without loss of generality, we restrict
ourselves to the Euclidean path integral method described
in the following section.

III. THERMODYNAMICS
WITH EUCLIDEAN ACTION

In spite of its inherent technical issues, the path integral
has been firmly established as an invaluable tool for our
understanding of gravity beyond the classical realm. Aside
from formally defining a quantum theory of gravity, it
provides us with a powerful way to study gravitational
thermodynamics, even in spacetimes that do not admit a

2When it comes to de Sitter spacetime, caution must be taken
with this interpretation. This spacetime does not admit a globally
timelike Killing vector field, so the construction of conserved
charges is problematic [39–41]. This is due to the presence of a
cosmological horizon leading to a spacelike character of the
Killing vector ∂t, assocciated with time translations at distances
larger than the cosmological horizon.

3To avoid issues with the notation in this article we have
replaced the parameter a used in Ref. [27] with the letter σ.
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straightforward definition of temperature, as for example
the de Sitter case, which we will analyze later on. In this
application, we exploit the relation between the classical
Euclidean action IE and the quantum mechanical partition
function Z,

F ¼ −T logZ ≈ TIE; ð27Þ

where F is the free energy of the system and T the
temperature. The above relation holds in the semiclassical
approximation. We are concerned with the interaction of
quantum matter fields with the presumably quantum
gravitational field. Thus the path integral measure should
include both the metric associated with the gravitational
field along with the matter fields. At leading order in
mp=M, with mp representing the Planck mass, the matter
fields do not contribute to the path integral. Consequently,
the measure in use will solely originate from topologically
distinct metrics. With all of these assumptions, the partition
function can be approximated as

Z ¼
Z

gðτ̃Þ

gð0Þ
D½g�e−IE½g�=ℏ; ð28Þ

where τ̃ is the periodicity. One further approximation can
be made by considering only the leading contribution to the
integral, which comes from metrics that are classical
solutions to the equations of motion, namely those for
which δIE½gcl� ¼ 0. This is the saddle point approximation,
in which

Z
gðτ̃Þ

gð0Þ
D½g�e−IE½g�=ℏ ≈ e−IE½gcl�=ℏ: ð29Þ

Therefore, we conclude that

Z ≈ e−IE½gcl�=ℏ ⇒ F ≈ TIE: ð30Þ

This can be regarded as the zero loop approximation to the
full partition function, which only includes the dominant
contribution from the gravitational field. Using the partition
function, we can define thermodynamic quantities using
well-known formulas from statistical mechanics. Using the
approximation (30), one can determine the internal energy
and entropy of the system through the Euclidean action
with the following formulas:

E ¼ ∂IE
∂β

; S ¼ β
∂IE
∂β

− IE; ð31Þ

where β denotes the inverse temperature T−1. This
approach, in the case of black holes, was first developed
by Gibbons and Hawking [43], and analyzed further by
York in Ref. [44].

Having introduced the basic notation and methodology
for the Euclidean path integral approach, we start our
analysis with the calculation of the proper Euclidean action.
For the model under consideration the total reduced action4

Ir is given by

Ir ¼ IEH þ IGHY þ IM þ IEMB − I0: ð32Þ

We will proceed with the explanation and calculation (see
Appendix A) of each term separately and then combine
them to arrive at the final expression for the total reduced
action. We start with the Einstein-Hilbert action IEH. We do
not consider the cosmological constant in this action term
since it is already implemented in the matter term IM of the
action. We have that

IEH ¼ −
1

16π

Z
d4x

ffiffiffi
g

p
R; ð33Þ

where R is the Ricci scalar for the Euclidean spacetime
geometry. The next term of the action is the Gibbons-
Hawking-York term [43,44] that is introduced when we
perform an integration over a region of spacetime bounded
by a hypersurface ∂M. This term of the action is computed
at r ¼ rc and is given by

IGHY ¼ 1

8π

Z
∂M

ffiffiffi
k

p
K; ð34Þ

where K is the trace of the extrinsic curvature.
The matter part of the action which, as we saw in the

derivation of the source of this geometry in Sec. II, contains
the cosmological fluid part as well and is given by

IM ¼ 1

16π

Z
d4x

ffiffiffi
g

p
LðrÞ; ð35Þ

where L is the Lagrangian density described by Eq. (19).
The next action term is the electromagnetic boundary

term, which is introduced to keep the magnetic charge fixed
since the thermodynamic analysis of this paper will be
restricted to the canonical ensemble [45]. For an NED
theory this term is given by

IEMB ¼ −
1

16π

Z
∂M

ffiffiffi
k

p �
∂L
∂F

�
FμνnνAμ; ð36Þ

where nν is the unit normal vector to the boundary ∂M
[46,47]. This term will vanish since we are integrating over
a time slice of the spacetime and the only nonvanishing
components of the electromagnetic tensor Fμν are
F23 ¼ −F32, as can be seen from Sec. II.

4We use the term “reduced” action to distinguish it from the
original general form, i.e., before any integration has been
carried out.
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The final term of the action I0 corresponds to a
subtraction term introduced to regularize the action. It is
chosen such that the total action vanishes when a black hole
is not present, i.e., m ¼ 0. Before we explicitly write the
final expression for the reduced action, we point out that in
order to properly compare a black hole spacetime to a

spacetime without a black hole, we need to match the
boundaries (cavity) in these two spacetimes leading to a
new parameter β in the background action instead of βh
[45,48]. Once we combine all of the nonvanishing parts of
the action, namely Eqs. (A7), (A12), (A14), and (A16), we
are led to the final expression for the reduced action,

Ir ¼ −πr2h þ
βrc
3

 
3 − r2cΛ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛþ r2cðrh þ lÞ3ð−3þ r2hΛÞ

ðrc þ lÞ3r2h

s !
: ð37Þ

Following the methodology in Ref. [45], we now
proceed with the computation of the proper thermodynamic
quantities. For the calculation of the temperature, we need
to identify the stationary points of the action. This involves
extremizing it with respect to the horizon radius rh and
leads to the equation,

∂Ir
∂rh

¼ 0; ð38Þ

which can be used to determine β. The solution β is a
function of the cavity radius rc, the horizon radius rh, the
minimal length scale l, and the cosmological constant Λ.
Therefore, the temperature for this black hole will be
T ¼ β−1ðrh; rc; l;ΛÞ and it is given by

T ¼ r3cðrh þ lÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

p
ð2l − rh þ r3hΛÞ

4πðrc þ lÞ3r4hX
; ð39Þ

where X is given by the following, rather long expression

X ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðrc − rhÞð9l2rcrh − 3r2cr2h þ 3l3ðrc þ rhÞ þ r2cr2hð3l2 þ r2c þ rcrh þ r2h þ 3lðrc þ rhÞÞΛÞ

ðrc þ lÞ3r2h

s
: ð40Þ

We proceed with the calculation of the remaining
thermodynamic quantities in the same manner as in
Ref. [45]. For the minimal length scale l, the conjugate
potential that appears in the first law of black hole
thermodynamics and the Smarr formula is given by

Φ ¼ 1

β

∂Ir
∂l

; ð41Þ

and an explicit calculation yields

Φ ¼ r3cðrc − rhÞðlþ rhÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

p
ð3 − r2hΛÞ

2ðlþ rcÞ4r2hX
: ð42Þ

In the presence of a cosmological constant we have a
relevant pressure/tension (depending on the sign) arising
from it, which is defined via P ¼ −Λ=8π. In a similar way,
we find the conjugate variable to the pressure/tension P,
which will correspond to the thermodynamic volume V. It
is defined by

V ¼ −8π
β

∂Ir
∂Λ

; ð43Þ

which leads to a rather long expression that does not
provide any insight for the reader, so it is given in

Appendix C. We emphasize here that we are working in
the extended phase space, allowing for variations of Λ in
the first law [49]. Motivation for permitting the variation of
the cosmological constant and the minimal length scale is
given in Sec. IV.
There is one more relevant potential, denoted as λ, that

needs to be computed. It is conjugate to the area of the
cavity Ac ¼ 4πr2c. We will interpret this term as the surface
pressure or tension, depending on the sign, resulting from
the presence of the cavity. We have that

λ ¼ 1

β

∂Ir
∂Ac

: ð44Þ

In the above calculation, we first replace rc →
ffiffiffiffiffiffiffiffiffiffiffiffiffi
Ac=4π

p
and then take the derivative. After that, we substitute Ac

with 4πr2c and we have the conjugate potential λ as a
function of the cavity radius. The full expression is
provided in Appendix C. In the absence of a cavity this
term will not contribute to the first law or the Smarr
formula, as we will see in the AdS and Minkowski cases
later on.
Now that we have completed the computation of the

conjugate potentials, we can proceed with the calculation of
two highly significant quantities for thermodynamics,
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namely the mean thermal energy E and the entropy S.
These calculations are carried out using Eq. (31). The mean
thermal energy plays the role of the internal energy in the
first law and is given by

E ¼ ∂Ir
∂β

; ð45Þ

which in the presence of an isothermal cavity yields

E ¼ rc
3

 
3 − r2cΛ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

q

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛþ r2cðlþ rhÞ3ð−3þ r2hΛÞ

ðlþ rcÞ3r2h

s !
: ð46Þ

The entropy is calculated from the Euclidean action from
the relation

S ¼ β
∂Ir
∂β

− Ir; ð47Þ

which leads to the well-known result due to Bekenstein and
Hawking,

S ¼ A
4
¼ πr2h; ð48Þ

with A being the horizon area. The above quantities define a
proper Smarr relation with the appropriate scaling argu-
ments [50], which is written as

E ¼ 2TSþΦlþ 2λAc − 2PV: ð49Þ

The scaling arguments correspond to the following sub-
stitutions:

E→cE; l→cl; rh→crh; Λ→c−2Λ; S→c2S;

T→c−1T; Φ→Φ; λ→c−1λ; V→c3V: ð50Þ

The first law of black hole mechanics is given by

dE ¼ TdSþΦdlþ λdAc þ VdP: ð51Þ

We note that in the above expression of the first law E is
identified as the Komar mass in the absence of a cosmo-
logical constant, whereas if Λ < 0 is present E has to be
interpreted as the enthalpy of the system [49]. Intuitively,
this means that now E will correspond to the internal
energy M of the system (Komar mass) in addition to the
energy PV needed to displace the vacuum energy from its
environment, or in other words, to embed the black hole in
the spacetime with the negative cosmological constant. We
note here that it is trickier to give, in an analogous way,
thermodynamic/physical interpretations of quantities in

de Sitter spacetime due to the presence of the cosmological
horizon.
We will use the derived thermodynamic quantities with

their appropriate limits, when possible, in the following
section where we will analyze the phase structure of the
model described by Eq. (2).

IV. FIRST LAW OF BLACK HOLE
THERMODYNAMICS, SMARR FORMULA AND

PHASE STRUCTURE

The first law of black hole mechanics derived in Ref. [31]
has been proven to hold in any theory of gravity arising
from a diffeomorphism-invariant Lagrangian [51,52].
Extension of the first law for the case of NED was first
studied in Ref. [53], although the Smarr formula was not
satisfied. This problematic behavior was fixed later on in
Ref. [42], where the Bardeen black hole and the Born-Infeld
theory [24] were studied, by appropriate accounting of the
extra parameters of the theory. The mathematical formu-
lation of the first law in an asymptotically flat spacetime in
the case of NED theory is

dM ¼ T dSþΦedQe þ ΨHdQm þ
X
i

Kidβi; ð52Þ

whereM is the Komar mass, T is the temperature given by
the surface gravity κ as T ¼ κ=2π, S is the entropy, Φe and
ΨH are the electric and magnetic potentials associated with
the electric and magnetic charge Qe and Qm, respectively,
and the termsKi correspond to potentials linked to the extra
parameters βi of the theory. UsingHamiltonianmethods it is
possible to calculate these potentials and with appropriate
change of variables we arrive at the thermodynamic quan-
tities arising naturally from the Euclidean action [33].
In the following, the minimal length will be considered

as a fundamental parameter and we will allow its variation
in a region that will admit a regular black hole geometry
(although not extremal). Before we proceed to the analysis
of the first law, Smarr formula, and phase structure for each
case of spacetime, it is useful to provide some motivation
for allowing parameters such as the minimal length l and
the cosmological constant Λ to vary and therefore appear in
the first law. In general, we expect that there are more
fundamental theories in which coupling constants or the
cosmological constant are not predetermined but on the
contrary emerge from vacuum expectation values allowing
for possible variations thereof. Consequently, it is
physically justified to include their variation in the first
law [54,55]. In the presence of a cosmological constant or
extra parameters of the theory, i.e., minimal length in the
majority of RBHs, one can see that the Smarr relation is not
satisfied, and therefore we have to include a variation of
the extra parameters in the first law to ensure consis-
tency [50,56].
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We provide some additional motivation for the varying
minimal length. Usually this length is associated with a
fundamental scale set by a quantum gravity theory, i.e., the
Planck scale [57,58]. However, studies that take into
account backreaction in the black hole interior lead to an
evolving minimal length l [23,59,60], therefore permitting
its variation in the first law.
We now proceed with the study of the thermodynamics

of the RBH in spacetimes with and withoutΛ. In the case of
a negative cosmological constant, i.e., AdS spacetime, the
thermal equilibrium is established naturally. The boundary
of the AdS is timelike and this allows massless particles to
reach it in finite proper time. The commonly accepted
approach involves enforcing reflecting boundary condi-
tions, effectively treating AdS spacetime as closed. As a
result, massless particles will be reflected towards the
center upon reaching r ¼ ∞. The same behavior applies
to massive particles, but this is because of the attractive
nature of the potential when Λ < 0. This feature of the
spacetime allows for sufficiently large black holes to reach
a state where the rate of outgoing radiation matches the one
of the reflected (ingoing) radiation, rendering the black hole
stable. This leads to an equilibrium state with one tempera-
ture T which is the temperature of the black hole, or
equivalently, of the radiation.
To enforce thermal equilibrium in spacetimes such as de

Sitter and Minkowski, we need to introduce an isothermal
cavity [61–65], otherwise this is not possible. In the de
Sitter case, the presence of the cosmological horizon which,
in general, radiates at a different temperature than the black
hole horizon, leads to an observer situated inbetween them
to observe a nonequilibrium state because of this temper-
ature difference [66].
While studying phase transitions, we will consider the

order parameter of the theory to be the horizon radius rh,
which represents the size of the black hole. It is worth
pointing out that in this case the value m ¼ 0 represent the
empty spacetime, which is equivalent to rh ¼ 0 and l ¼ 0
as we saw in Sec. II. We proceed with a separate study for
each spacetime case now.

A. Embedding in anti–de Sitter

The AdS spacetime does not admit any other horizon
apart from the black hole’s inner and outer ones and
therefore we are permitted to study the thermodynamic
properties in the absence of a cavity, i.e., taking the cavity
radius rc to infinity. Based on this, we proceed with the
computation of the appropriate thermodynamic quantities.
We start with the temperature which is calculated, by taking
the limit rc → ∞ of Eq. (39) to be

TAdS ¼ lim
rc→∞

T ¼ ðlþ rhÞ2ðrh − 2l − r3hΛÞ
4πr4h

: ð53Þ

We should emphasize that this is an effective temperature
that arises directly from the Euclidean path integral
approach and differs from the ordinary/conventional def-
inition of the temperature linked to the surface gravity κ.5

To illustrate this point clearly, we provide the expression for
this temperature as

T ¼ κ

2π
¼ rh − 2l − r3hΛ

4πrhðrh þ lÞ : ð54Þ

An elegant relationship between these two temperatures
becomes apparent, demonstrating that the effective temper-
ature is slightly higher due to the regularization of the
singularity through the introduction of the minimal length.
This relation is

TAdS ¼
�
1þ l

rh

�
3

T ; ð55Þ

which leads to TAdS > T , although by a small amount since
we expect in general l ≪ rh.

6

We will now comment on the possible reasons behind
this distinction between surface gravity and effective
temperature. One possible explanation lies in the definition
of the temperature as the surface gravity which is derived
solely from the kinematic aspects of the spacetime geom-
etry. Gravitons also contribute to the Hawking radiation and
therefore their kinematic properties will play a significant
role in the computation of the temperature/surface gravity.
It is usually assumed that they move at the speed of light,
although, it has been shown in Ref. [68] that when we have
scalar-tensor theories of gravity the propagation speed of
gravitons is altered and they can move on timelike/space-
like trajectories. This could lead to a justified modification
of the temperature. This reasoning was proposed as a

5We point out that in the form of the first law described by
Eq. (52) the temperature T is given by the surface gravity. In our
case, except for the magnetic charge Qm, we have an additional
parameter βi ¼ σ, which appears in the NED Lagrangian of
Eq. (21). If we treat as fundamental thermodynamic variables the
magnetic charge Qm and the parameter σ, instead of the minimal
length scale l, then the first law, in the AdS case, takes the form
dM ¼ T dSþ ΨHdQm þ Kσdσ þ VdP. Under this assumption,
using the Euclidean path integral formalism, the extremization
of the action with respect to the horizon radius leads to the
temperature being the surface gravity and the entropy remains
the Bekenstein-Hawking entropy. For a detailed derivation of
this result and a comparison between considering Qm and σ as
fundamental variables versus the minimal length scale l we refer
the reader to Appendix B.

6We emphasize that this higher effective temperature is not
unique to our scenario. It also manifests in singular geometries,
as the one explored in Ref. [67]. This “modified” temperature
should be attributed to the presence of matter. However, in the
case we are considering, the matter fields are tied to the
singularity regularization allowing us to make a direct connec-
tion between this increased temperature and the absence of
singularity.
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possible explanation in Ref. [67] for the case of 4D scalar-
tensor Einstein-Gauss-Bonnet gravity. An analogous phe-
nomenon might be present in RBHs, as some of them can
also be generated in the same framework. Recently, the
Hayward metric has been derived in this context in
Ref. [69]. Another equally possible explanation relies in
the interpretation of quantities introduced in the first law of
black hole thermodynamics. When we consider variations
of the energy in the first law, this energy represents the total
energy of the spacetime, including the matter which may or
may not be thermalized with respect to the Killing time. In
this variation, maintaining the entropy of the total matter
content as the geometric entropy necessitates a modifica-
tion of the temperature, which is the one derived using the
Euclidean path integral approach. However, when matter
content is absent, for example by taking l → 0 in Eq. (55),
the two temperature definitions coincide.
We continue with the calculation of the conjugate

potential for l, which is derived by taking the limit rc → ∞
of Eq. (42), and find

ΦAdS ¼ ðlþ rhÞ2ð3 − r2hΛÞ
2r2h

: ð56Þ

Similarly, we derive the thermodynamic volume VAdS by
taking the limit rc → ∞ of Eq. (43), which leads to

VAdS ¼
4π

3
ðrh þ lÞ3: ð57Þ

We observe here the well-known result of the thermo-
dynamic volume being different than the geometric one,
while they happen to coincide when the minimal length
scale vanishes, i.e., l ¼ 0, which corresponds to the
Schwarzschild-AdS case. The mean thermal energy is
given by relation (46) taking the limit rc → ∞, and it is

EAdS ¼
ðlþ rhÞ3ð3 − r2hΛÞ

6r2h
: ð58Þ

We see that the thermal energy is the same as the Komar
mass that someone will calculate by solving the equation
fðrhÞ ¼ 0 given by Eq. (20). This is not the case in de Sitter
spacetime as we can see from Eq. (46). Lastly, as the cavity
is positioned at infinity, it does not contribute any pressure,
so there is no term λ present in the first law or the Smarr
formula.
Therefore, in the AdS spacetime for this RBH, we have

that the first law of black hole thermodynamics is given by

dE ¼ TAdSdSþΦAdSdlþ VAdSdP: ð59Þ

We can also see that the Smarr formula is satisfied and it
can be written in the form

EAdS ¼ 2TAdSSþΦAdSl − 2PVAdS; ð60Þ

where the scaling arguments (50) hold. We note that the
above Smarr relation is characterized by linearity even
though the vector potential does not share the symmetry of
the spacetime.7 The symmetry inheritance of the spacetime
from the fields is a sufficient condition for linearity [70],
but in this case we see that this condition is not satisfied
although linearity is preserved.
Since we have calculated the proper thermodynamic

quantities for AdS, we can now proceed with the study of
the phase structure of this geometry. We analyze it in the
canonical ensemble, but before that, we need to calculate
the crucial quantity for this study, which is the Gibbs free
energy defined as

FAdS ¼ EAdS − TAdSS: ð61Þ

After using Eqs. (58), (53), and (48), we have that

FAdS ¼
ðlþ rhÞ2ð12lþ 3rh þ r2hΛðrh − 2lÞÞ

12r2h
: ð62Þ

The equilibrium state of the thermodynamic system cor-
responds to the global minimization of the free energy. To
properly study the phase structure, we need to study the free
energy as a function of temperature by drawing parametric
plots using the outer horizon radius as a parameter. Figure 1
reveals two distinct yet quite similar behaviors. The
distinction comes from the fact that we vary different
parameters in Figs. 1(a) and 1(b), i.e., the minimal length
and the cosmological constant, respectively. We observe
from Fig. 1 a characteristic swallowtail behavior. For a
fixed value of the cosmological constant Λ ¼ −1, there is a
critical value for the minimal length lc ≈ 0.156 below
which there is a first-order phase transition from a small
to a large black hole, while above this critical value, no
phase transition occurs. The same behavior is exhibited
when we vary the cosmological constant, where the critical
value is Λc ≈ −2.02 below which no phase transition
occurs, and above there is a small to large black hole
first-order phase transition. The parameter that changes
here is the horizon radius rh; it increases from left to right
along the near horizontal lines, which is the same direction
as the increasing temperature. The direction of increasing
radius is also indicated with arrows for the dashed light blue
curve. Starting from low temperatures on this curve and
increasing it gradually, we reach the crossing point. At this
point, the system chooses the direction that minimizes the
free energy which is downwards, indicating that from a
small horizon radius, we go straight to a large horizon
radius, i.e., a small to large phase transition. At the critical

7The fourth component of the vector potential Aμ depends on
the angle θ as can be seen from Eq. (7).
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point indicated by a black dot in Fig. 1, the transition
becomes second order.
Therefore, in the extended phase space, this RBH model

embedded in AdS exhibits the same critical behavior as
ordinary fluid systems [49]. Combining all the crossing
points, a swallowtail is created and it closes at the critical
point. These crossing points represent states where the
small and large phases coexist. Combining all of these
points, we can illustrate the coexistence line in a P − T
diagram which terminates at the critical point, as can be

seen from Fig. 2. At temperatures above TðcÞ
AdS and/or

pressures above PðcÞ there is no difference between the

two phases, so as the temperature increases we have a
smooth transition from a small to a large black hole. This
behavior is reminiscent of the liquid-gas transition.
The phase structure of this RBH is similar to the one

encountered when studying the Reissner-Nordstörm metric
in the canonical ensemble. There, the presence of a nonzero
electric charge makes the line F ¼ 0, i.e., pure radiation,
inaccessible, thus preventing the Hawking-Page transition
from occurring. This happens because in the presence of a
nonzero charge the black hole cannot evaporate completely.
This situation is similar to our case, where in the canonical
ensemble the magnetic charge is fixed, leading to the same
behavior. The main difference here is that the magnetic
charge is inherently linked to the presence of the minimal
length, as seen from Eq. (25), and therefore the singularity
regularization. This suggests that there might be a strong
connection between the presence of the singularity and the
existence of a Hawking-Page transition. Similar behavior
has been encountered before in the study of the Hayward
black hole in Ref. [33].
We proceed now with the calculation of the critical point

and examine if we have the usual mean-field theory
behavior encountered in other black hole cases in AdS [49].
To do that, we write the pressure as a function of the
temperature TAdS and the thermodynamic volume VAdS.
The volume expression, given in Eq. (57), is a monotonic
function of the horizon size rh, and we can freely use this
parameter to calculate the critical points in its stead.
Therefore, we write the pressure as a function Pðrh; TAdSÞ
which is computed by solving Eq. (53) for Λ. The pressure
is identified as −Λ=8π and thus we conclude that

Pðrh; TAdSÞ ¼
TAdS

2rhð1þ l
rh
Þ2 −

rh − 2l
8πr3h

: ð63Þ
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FIG. 2. Coexistence line for the RBH model in AdS for a
fixed minimal length scale l ¼ 0.1. The orange line represents
points where first-order phase transitions occur, and the
black dot represents the termination of the swallowtail with a
second-order phase transition occurring at the critical point

ðPðcÞ; TðcÞ
AdSÞ ¼ ð0.2776; 0.0973Þ. The origin (0,0) of the diagram

does not belong to the curve since the pressure must be positive
in AdS.
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FIG. 1. (a) Free energy FAdS as a function of the temperature TAdS for a constant value of the cosmological constant Λ ¼ −1 with
varying minimal length l; (b) Free energy FAdS as a function of the temperature TAdS for a constant value of the minimal length l ¼ 0.11
with varying cosmological constant Λ; In both cases, the arrows denote the direction in which the horizon radius rh increases. For the
sake of readability, we omit the arrows in the remaining curves, although the same pattern is implied.
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From the above relation, we can extract information about
the reduced volume, i.e., the volume over the number of
particles, which is the inverse coefficient of the linear term
of the temperature [71]. Therefore, we conclude that the
reduced volume is given by

v ¼ 2rh

�
1þ l

rh

�
2

: ð64Þ

The definition of the reduced volume arises naturally from
the Van der Waals-like form of Eq. (63), and here it is
different than the usually assumed value 2rh [49], although
in the limit of vanishing minimal length we retrieve the
usually defined quantity.
To calculate the critical point, we need to find solutions

for the following system of equations:

∂P
∂rh

¼ 0;
∂
2P
∂r2h

¼ 0: ð65Þ

Remarkably, analytic solutions for these equations are
possible but because of their lengthy and complicated
nature we omit them here and give instead approximate
expressions. We find that

rðcÞh ≈ 4.66433l; TðcÞ
AdS ≈

0.027758
l

: ð66Þ

Substituting these expressions into Eqs. (63) and (64) we
find the respective critical values,

PðcÞ ≈
0.0009728

l2
; vðcÞ ≈ 13.7574l: ð67Þ

For temperatures and pressures larger than the derived
above critical values, phase transitions are not possible.
This is also reflected later on in the study of the heat
capacity.
When studying thermodynamic systems, stability

requirements dictate the presence of a positive heat capac-
ity, and pressure to be monotonically decreasing function of
the volume. We can see from Fig. 3 (orange isotherm) that
above the critical temperature the pressure is a monoton-
ically decreasing function of the horizon radius rh, and
therefore the thermodynamic volume VAdS, due to their
monotonically increasing relation. At the critical temper-
ature (dark red line) we have a certain horizon radius for
which ∂P=∂rh ¼ 0 and ∂

2P=∂r2h ¼ 0. Below the critical
temperature, where phase transitions are possible, we have
different monotonicity of the pressure with respect to the
volume for different segments of the isotherm. The seg-
ments AB and CD correspond to the pressure being a
decreasing function of the volume, and they represent
metastable states (AB and CD correspond to superheated
liquid and supercooled vapor in the liquid-gas case,
respectively). The thermodynamic inequality ∂P=∂rh < 0

is satisfied in these segments, but this is not the case in the
segment BC where pressure is an increasing function of the
volume, which signifies the violation of the thermodynamic
inequalities and consequently thermodynamic instability.
The dashed horizontal light blue line in Fig. 3 corre-

sponds to the coexistence pressure Pcoex derived by
Maxwell’s construction. In a P − V diagram, the area
enclosed between the isotherm and the line representing
the coexistence pressure vanishes. This is a condition
derived directly from the assumption of thermodynamic
equilibrium between two phases which can be written as

Z
VD

VA

�
Pðrh; TAdSÞ − Pcoex

�
dV ¼ 0: ð68Þ

Here VA corresponds to the small black hole phase and VD
to the large one. We can see by direct calculation that
Eq. (68) holds and that the coexistence pressure is the same
as the one extracted from the F − T diagram. We point out
that proper calculation requires using the volumes rather
than the radii of the small and large black holes. If we
attempt to use the radii to perform the integration of the
pressure, we are led to an inconsistency, namely that the
coexistence pressure defined from Maxwell’s construction
does not coincide with the one found from the F − T
diagram.
We proceed now with the calculation of the critical ratio,

which can be calculated using the critical values of the
pressure, temperature, and reduced volume and find that

PðcÞvðcÞ

TðcÞ
AdS

≈ 0.482197 ≠
3

8
: ð69Þ
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FIG. 3. Isotherms of the equation of state Pðrh; TAdSÞ for the
RBH model in AdS for a fixed value of the minimal length l ¼
0.1 for various TAdS. The solid horizontal black line represents
the critical pressure PðcÞ ≈ 0.973, while the dashed horizontal
light blue line depicts the coexistence line for the isotherm with
temperature TAdS ¼ 0.179.
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This result indicates a deviation from the “universal”mean-
field theory critical ratio. On the other hand, if we consider
the ordinary definition of the reduced volume ṽ ¼ 2rh used
in the majority of studies of black hole phase transition, we
are led to a different critical ratio,

PðcÞṽðcÞ

TðcÞ
AdS

≈ 0.326968 ≠
3

8
; ð70Þ

which also signifies the departure from the usual value for
the Van der Waals fluids, although there is a significant
difference between the critical values calculated for differ-
ent definitions of the volume. This is in contrast with what
we have seen in Ref. [33] and we attribute this deviation to
the stronger deformation due to the minimal length in
comparison with the Hayward model (See Table I).
It is interesting to compare the deviation from the value

of the critical ratio of mean-field theory for a variety of
RBH models that exhibit different corrections to the
Schwarzschild asymptotic behavior. For this purpose, we
consider the Hayward and Bardeen models8 along with the
one analyzed in this paper. We can see from Table I that the
deviation from the mean-field theory ratio becomes larger
as the deformations of the asymptotic behavior become
larger. This indicates that there is a connection between the
way the singularity is smoothed out and the thermodynamic
properties of black holes in AdS. It appears that the stronger
the deformation from the Schwarzschild behavior using a
minimal length scale, the larger the deviation from the
mean-field theory critical ratio.
We now turn to the study of the thermodynamic stability

of this RBH, where the critical quantity for this analysis
will be the heat capacity at constant volume defined as

CV ¼ T
�
∂S
∂T

�				
V
; ð71Þ

and it is calculated to be

CV ¼ 2πr2hðrh þ lÞð2l − rh þ r3hΛÞ
ðr2h − 8l2 þ r4hΛ − lrhð1þ r2hΛÞÞ

: ð72Þ

We can see from Fig. 4 that there are regions where the heat
capacity is positive. They correspond to the thermodynamic
stability of the RBH, whereas regions with the negative
sign of CV represent thermodynamically unstable regions.
Caution must be taken in our analysis since there is one
additional constraint when we are studying RBHs. The
smaller possible radius will be the one of the extremal black
hole. In this case, the RBH will have one horizon [72]
which is characterized by zero surface gravity since it is
degenerate leading to zero temperature. To identify this
condition, we solve the following equation:

κ ¼ f0ðrhÞ
2

¼ 0 ð73Þ

for rh, which yields three solutions, only one of which is
viable, and is given by

rext¼−
31=3Λþ�9lΛ2þ ffiffiffi

3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ3ð−1þ27l2ΛÞ
p �

2=3

32=3Λ
�
9lΛ2þ ffiffiffi

3
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Λ3ð−1þ27l2ΛÞ
p �

1=3 : ð74Þ

We note that demanding the surface gravity to be zero is
equivalent to demanding the effective temperature to be
zero as seen from Eqs. (54) and (55). The extremal radius is
a function of both the minimal length and the cosmological

TABLE I. In this table, the left column represents the RBH
models we are considering, where the last model is the one
analyzed in this paper. The middle column describes the
asymptotic behavior where we have omitted the cosmological
constant term. The right column describes the magnitude of the
difference jPðcÞvðvÞ=TðcÞ

AdS − 3=8j between the critical ratios for
these models with the usual mean-field theory (MFT) value 3=8.
In the calculation of the MFT ratio deviation, we have used only
the reduced volume that appears as an inverse coefficient of the
temperature in the Van der Waals-like equation of state, which
should be considered the appropriate choice.

RBH model Asymptotic behavior MFT ratio deviation

Hayward 1 − 2m
r þ 4m2l2

r4 þOðr−7Þ 0.016

Bardeen 1 − 2m
r þ 3ml2

r3 þOðr−5Þ 0.025

Cadoni et al. 1 − 2m
r þ 6ml

r2 þOðr−3Þ 0.107
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FIG. 4. Heat capacity CV as a function of the horizon radius rh
for constant value Λ ¼ −1 of the cosmological constant. Differ-
ent colors/types represent different values of the minimal length
parameter l. The thin vertical black lines correspond to infinities/
discontinuities of the heat capacity while the thick vertical black
line represents the minimal radius enforced by the extremal limit
for the case l ¼ 0.1.

8The thermodynamics of the Bardeen black hole is analyzed in
the Appendix D.
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constant which in this case is negative. An example
of where this extremal radius is located can be seen in
Fig. 4 depicted as a thick vertical black line for the values
l ¼ 0.1 and Λ ¼ −1 with the approximate radius being
rext ≈ 0.193. This indicates that the heat capacity exhibits a
divergent behavior at radii larger than the extremal limit,
which makes the study of phase structure meaningful. We
see that as we increase l past a certain value, we have no
longer infinities/discontinuities, which is a restatement of
the result we obtained in Fig. 1, i.e., the existence of a
critical point. This behavior agrees, as required for con-
sistency, with the critical values we derived in Eq. (67). For
Λ ¼ −1, it is easy to find that the corresponding critical
minimal length is lðcÞ ≈ 0.156. We see in Fig. 4 that for
critical lengths above this value, no phase transition occurs
since there are no discontinuities of the heat capacity.
We now derive, once again, using this time the heat

capacity, the critical values for the minimal length, and the
cosmological constant. To do that we have to examine the
discriminant of the denominator of the heat capacity. It is
given by

Δ ¼ −4
�
33l2Λþ 2170l4Λ2 þ 33561l6Λ3 þ 432l8Λ4

�
:

ð75Þ

Solving the equation Δ ¼ 0, treating Λ as a variable, yields
four solutions. Two of the roots are Λ ¼ 0 and Λ ¼ ΛðcÞ ¼
−8πPðcÞ, and the two remaining ones are

Λ1 ≈ −
77.6228

l2
; Λ2 ≈ −

0.0402495
l2

: ð76Þ

The discriminant in between these solutions has a positive
sign, but yields only negative or imaginary solutions for the
denominator, which means that in this region we do not
have any discontinuities for the heat capacity. We conclude
that for Λ < ΛðcÞ or, equivalently, for P > PðcÞ, no dis-
continuities occur, and therefore no phase transitions in
agreement with what we saw/derived previously using the
critical point equations.

1. Critical exponents

The behavior of thermodynamic quantities near the
critical point is described by the critical exponents. They
do not depend on the details, i.e., microscopic structure of
the physical system, but only on some general features. To
calculate them in AdS for the RBH under consideration, we
first define the quantity

t ¼ TAdS

TðcÞ
AdS

− 1; ð77Þ

which is called the reduced temperature. The main relations
we are going to use are the following:

CV ∝ jtj−α; g¼vl−vs∝ jtjβ;

κT ¼−
1

V
∂V
∂P

				
T
∝ jtj−γ; jP−PðcÞj∝ jV−VðcÞjδ; ð78Þ

where CV is the heat capacity at constant volume, g is the
order parameter, and κT is the isothermal compressibility.
We start with the calculation of the critical exponent α.

We see from Eq. (72) that the heat capacity is independent
of the temperature, and since this is also true for the entropy
as seen from Eq. (48), we conclude that α ¼ 0.
To find the critical exponent β we need to find a way to

relate the difference between the reduced volumes of the
small and large black hole phases with the reduced temper-
ature near the critical point. To proceed in an analytic way
one can identify the points where the two phases coexist,
i.e., Fjvs ¼ Fjvl and TAdSjvs ¼ TAdSjvl , where vs and vl are
the reduced volumes for small and large black holes,
respectively. This requires finding solutions of fifth-degree
polynomials to identify the point of the phase transition.
Since this is not possible, we focus on finding the critical
exponent β in a numerical way. We keep the minimal length
fixed at l ¼ 0.1 and start varying Λ near the critical value
Λc ¼ −8πPðcÞ ≈ −2.445 calculated from Eq. (67). Then,
we find numerical solutions for the point of the phase
transition, and by identifying the temperature TAdS at this
point, we also have the reduced temperature. For every
value of the cosmological constant, we generate different
points shown in Fig. 5. By appropriate fitting of curves of

0.00000 0.00005 0.00010 0.00015 0.00020 0.00025 0.00030

0.00

0.01

0.02

0.03

1 2 1 3 2 3

FIG. 5. Behavior of the order parameter g near the critical point
as a function of the reduced temperature. Different colors/types
represent different values of the coefficient β. The light blue dots
represent numerical values of the points ðt; vl − vsÞ obtained by
keeping fixed minimal length l ¼ 0.1 and varying the cosmo-
logical constant Λ in the vicinity of the critical value
ΛðcÞ ≈ −2.445.
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the form jtjβ we see that the exponent β ¼ 1=2 is a perfect
fit for the points obtained numerically.
For the critical exponent γ we need to plot the isothermal

compressibility κT as a function of the reduced temperature,
although in this case we can do the calculation analytically.
Using the monotonicity of the volume with respect to the
horizon radius, we have

κT ¼ −
1

V

�
∂V
∂rh

��
∂P
∂rH

�
−1
				
TAdS

: ð79Þ

Calculation near the critical point yields a behavior

κT ∝ jtj−1; ð80Þ

and thus we conclude that the exponent γ ¼ 1.
The last exponent we calculate is δ. This requires

evaluating the absolute value of the difference between
the pressure P given by Eq. (63) and the critical pressure
PðcÞ given by Eq. (67). This can be done straightforwardly

if we also use the critical radius rðcÞh . Once we have the
difference jP − PðcÞj, we can plot it and compare it with the
difference jV − VðcÞj near the critical point, and we see that
the best-fit is for δ ¼ 3.
In summary, the four critical exponents are given by

α ¼ 0; β ¼ 1

2
; γ ¼ 1; δ ¼ 3; ð81Þ

which are exactly the values expected from mean-field
theory, even though we have a deviation from the critical
ratio 3=8.

B. Embedding in Minkowski

In this section, we will study the thermodynamics in
Minkowski spacetime starting with the definition of the
proper thermodynamic quantities and continuing with the
phase structure. As we saw at the beginning of Sec. III,
here we no longer have an effective potential that confines
the radiation as in the AdS case, so the implementation of
an isothermal cavity is necessary to provide thermal
equilibrium for the system. The temperature of the black
hole is found by Eq. (39) taking the limit Λ → 0 since a
cosmological constant is not present in the spacetime. We
find that

TM ¼ r3cðrh − 2lÞðlþ rhÞ2

4πðlþ rcÞ3r4h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðrc−rhÞð3l2rcrh−r2cr2hþl3ðrcþrhÞÞ

ðlþrcÞ3r2h

r : ð82Þ

Similarly, we calculate the conjugate potential for the
minimal length l and cavity area Ac through Eq. (42)
and (C2), respectively. They are given by

ΦM ¼ 3r3cðrc − rhÞðlþ rhÞ2

2ðlþ rcÞ4r2h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðrc−rhÞð3l2rcrh−r2cr2hþl3ðrcþrhÞÞ

ðlþrcÞ3r2h

r ; ð83Þ

and

λM ¼ 1

48πrc

 
6þ 3r2cð2l− rcÞðlþ rhÞ3

ðlþ rcÞ5=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðrc − rhÞð3l2rcrh − r2cr2h þ l3ðrc þ rhÞÞ

p − 6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðrc − rhÞð3l2rcrh − r2cr2h þ l3ðrc þ rhÞÞ

ðlþ rcÞ3r2h

s !
:

ð84Þ

Two additional quantities need to be computed: First, the
internal energy of the system, which is given by setting
Λ ¼ 0 in Eq. (46), and leads to

EM ¼ rc

 
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

r2cðlþ rhÞ3
ðlþ rcÞ3r2h

s !
; ð85Þ

and second, the entropy of the system which remains the
Bekenstein-Hawking entropy as seen from the general
result of Eq. (48). The above quantities give rise to a
proper Smarr formula of the form

EM ¼ 2TMSþΦMlþ 2λMAc: ð86Þ
The above quantities are the ones that will be used for the
study of the phase structure, although it is worth writing the

explicit form of the thermodynamic quantities when we
position the cavity at infinity. To indicate the absence of the
cavity, we will use the superscript (0) in these expressions.
The temperature is given by

Tð0Þ
M ¼ ðlþ rhÞ2ðrh − 2lÞ

4πr4h
; ð87Þ

and it is easy to check that it is connected to the surface
gravity by the relation

Tð0Þ
M ¼

�
1þ l

rh

�
3

T jΛ¼0; ð88Þ

as was the case for AdS. The conjugate potential Φ in the
limit rc → ∞ takes the form
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Φð0Þ
M ¼ 3ðlþ rhÞ2

2r2h
; ð89Þ

while the energy becomes

Eð0Þ
M ¼ ðlþ rhÞ3

2r2h
; ð90Þ

which is the Arnowitt-Deser-Misner mass [73] of the
spacetime. In terms of these quantities, it is obvious that
the Smarr formula becomes

Eð0Þ
M ¼ 2Tð0Þ

M SþΦð0Þ
M l; ð91Þ

since we do not have a term due to the cavity. Having
defined the proper thermodynamic quantities TM, ΦM, and
EM we proceed with the calculation of the free energy and
move on to the study of the phase structure. The free energy
is given by

FM ¼ EM − TMS; ð92Þ

which is calculated using Eqs. (82), (85), and (48), to be

FM ¼ rc
4ðrcþ lÞ3

0
B@4l3þ12l2rcþ12lr2cþ4r3c

−
4l3þ12l2rcþ4r3c−

3r2c
r2h
ð2l3þ5l2rhþ r3hÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1− r2cðlþrhÞ3
ðlþrcÞ3r2h

r
1
CA: ð93Þ

We see from Fig. 6 that we have the swallowtail structure
once again, and the presence of the minimal length prevents

the Hawking-Page transition from occurring. In Fig. 6(a)
we keep the cavity radius constant at rc ¼ 2 and vary the
minimal length. We see that with increasing temperature we
are led to a first-order phase transition, which is from a
small to a large black hole since the direction of increasing
rh is the same as that of the increasing temperature (the
direction of increasing horizon radius is also indicated with
arrows on the dashed light blue curve in Fig. 6). We have a
critical value lc ≈ 0.25 of the minimal length above which
no phase transition occurs. The same behavior is encoun-
tered in Fig. 6(b), where the minimal length scale remains
constant at l ¼ 0.3 and we vary the cavity radius rc. Again,
a first-order small to large phase transition occurs. There is

a critical cavity radius rðcÞc ≈ 2.5 below which no phase
transition occurs.

1. Constraints on the minimal length

In Ref. [32] corrections to the perihelion precession
angle of test particles’ orbits were found to scale linearly
with the minimal length l. Using this result, it is possible to
check if the bounds imposed on the minimal length from
the requirement of thermodynamic stability and the
extremal limit are compatible with available astrophysical
data for the orbits of the S2 star around the Sagittarius A*.
In this paper, we have an effective temperature, that
differs from the one linked to surface gravity, and thus it
will prove useful to once again check the minimal length’s
range of values. We start our analysis by taking the limit of
Λ → 0− of the heat capacity defined by Eq. (72). We find
that

CV ¼ 2πr2hðlþ rhÞð2l − rhÞ
r2h − lrh − 8l2

; ð94Þ
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FIG. 6. (a) Free energy FM as a function of the temperature TM for a constant value of the cavity radius rc ¼ 2 with varying minimal
length l; (b) Free energy FM as a function of the temperature TM for a constant value of the minimal length l ¼ 0.3 with varying cavity
radius rc. In both cases, the arrows denote the direction in which the horizon radius rh increases. For the sake of readability, we omit the
arrows in the remaining curves, although the same pattern is implied.
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and it is shown in Fig. 7. We can see that there is only one
infinity/discontinuity that separates thermodynamically
stable and unstable regions. We have to point out that
for this analysis, we have considered the cavity radius to be
at infinity to retrieve the ordinary thermodynamic quan-
tities. The point at which the discontinuity occurs is the
positive root of the denominator of Eq. (94), which is

rdisc ¼
1þ ffiffiffiffiffi

33
p

2
l: ð95Þ

For values of the horizon radius smaller than rdisc, we have
a thermodynamically stable RBH. It will be much more
intuitive and useful for comparison with observational
data to impose bounds on l with respect to the mass of
the black hole. The extremal limit is the result of the outer
horizon merging with the inner one forming a degenerate
horizon [72]. In this case, we note that this occurs when l
takes the value

l̃ ¼ 8m
27

; ð96Þ

although we will refrain from calling a “critical” length to
avoid confusion with the one introduced while studying
phase transitions.
We can see from Fig. 8 that the value l ¼ l̃ corresponds

to one double root of the function indicating the presence of
an extremal black hole. For minimal lengths l > l̃ there is
no black hole and this geometry represents a horizonless
configuration whereas for l < l̃ we have an RBH. This
condition places a constraint on the minimal length, which

is a crucial factor to consider when assessing the feasibility
of RBHs. Using Eq. (74) and taking the limit Λ → 0−, we
find that the extremal radius is rext ¼ 2l̃. This result can
also be obtained directly from Eq. (82) by demanding the
temperature to vanish. For the existence of a thermo-
dynamically stable black hole, we must have then that
rdisc > rext, which enforces the following lower bound on
the minimal length:

rdisc > rext ⇒ l >
4

1þ ffiffiffiffiffi
33

p l̃: ð97Þ

Combining the constraints mentioned above we have the
following bounds for the minimal length:

4

1þ ffiffiffiffiffi
33

p l̃ < l < l̃; ð98Þ

which can be rewritten, using Eq. (96), as

0.176 <
l
m

< 0.296: ð99Þ

This demonstrates that using the effective temperature
derived from the Euclidean path integral approach leads
to a lower bound than the one presented in Ref. [32], hence
allowing for even smaller values of the parameter l, yet still
affirming the potential of identifying the observed ultra-
compact objects as RBHs. We note that the bounds derived
in this subsection are calculated within the framework of an
asymptotically Minkowski spacetime. It is important to
emphasize that the ultracompact objects under observation
are situated within a spacetime characterized by a positive
cosmological constant. Consequently, there will be correc-
tions to these bounds due to its presence but we expect them
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FIG. 7. Heat capacity CV as a function of the horizon radius rh
for Minkowski spacetime. Different colors/types represent differ-
ent values of the minimal length parameter l. The thin vertical
black lines correspond to infinities/discontinuities of the heat
capacity, while the thick vertical black line represents the minimal
radius enforced by the extremal limit for the case l ¼ 0.1.

0.0 0.5 1.0 1.5 2.0

0.5

0.0

0.5

1.0

0.2 8 27 0.4

FIG. 8. Metric function f as a function of the radial coordinate r
with vanishing cosmological constant Λ ¼ 0 and mass m ¼ 1.
Different colors/types represent different values of the minimal
length.
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to be negligible since the cosmological constant is of the
order 10−122l−2p [74].

C. Embedding in de Sitter

Finally, in this section we are going to study the most
physically relevant case, that of an asymptotically de Sitter
spacetime. The cavity radius is now restricted to a domain
between the black hole horizon and the cosmological
horizon. The proper thermodynamic quantities in this case
are defined by Eqs. (39), (42), (46), (C1), and (C2) but now
with Λ > 0. The sign of Λ indicates that the quantity P ¼
−Λ=8π < 0 should be interpreted as tension and not
pressure. We explicitly add to these quantities a subscript
dS to separate them from the general quantities derived
from the Euclidean action in Sec. III, even though they are
identical, and also to maintain consistency with the notation
used in previous subsections. These thermodynamic quan-
tities define the following Smarr relation written as

EdS ¼ 2TdSSþΦdSlþ 2λdSAc − 2PVdS: ð100Þ

The free energy FdS is calculated in the same manner as in
previous subsections by using the mean thermal energy, the
temperature, and the entropy,

FdS ¼ EdS − TdSS: ð101Þ

We omit the full expression for the free energy in the main
text and provide it in Appendix C instead due to its
extensive nature.
We once again create parametric plots of the free energy

as a function of the temperature using the horizon radius rh
as a parameter. We see from Fig. 9 that we observe the same
behavior as in the asymptotically flat spacetime with the

variation of the cavity radius and the minimal length
leading us to the swallowtail behavior. We can see that
the first-order small to large phase transitions are in general
present when the cavity radius is close to the black hole
horizon rh or the cosmological horizon rcosm. Fig. 9(a)
represents the case where the cavity is close to the
cosmological horizon rcosm ≈

ffiffiffiffiffiffiffiffiffiffiffiffið3=ΛÞp
≈ 17.32. It is

important to acknowledge that this approximation is
because the cosmological horizon is influenced by the
presence of the black hole, causing it to be situated closer to
the black hole horizon than it would be if the black hole was
absent. The same behavior is exhibited, as seen in Fig. 9(b),
when the cavity is close to the black hole horizon and we
vary the minimal length.
However, there is a main difference in comparison with

the AdS spacetime. The variation of Λ leads to the
swallowtail, but instead of terminating at one point, which
represents a second-order phase transition, we now have
two values of Λ that can lead to the closure of the
swallowtail, and therefore it is transformed into a swal-
lowtube. The one obvious value is Λ → 0þ since we are
considering a de Sitter spacetime and the cosmological
constant must remain positive, but independently of this
restriction we see from Fig. 10 that for certain values of l
and rc the termination happens at a value of the parameter

ΛðcÞ
1 ≈ 0.0216 larger than zero. A second value of the

cosmological constant ΛðcÞ
2 ≈ 0.225 also leads to a termi-

nation of the first-order phase transitions. Therefore in de
Sitter, we have two critical points with the coexistence line
shown in Fig. 11.
To summarize, in a spacetime with a positive cosmo-

logical constant, under the choice of an appropriate
parameter for the minimal length and the cavity radius,
there is an interval ðPmin; PmaxÞ in which first-order small to
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FIG. 9. (a) Free energy FdS as a function of the temperature TdS for constant value l ¼ 0.1 for the minimal length and constant
cosmological constant Λ ¼ 0.01 with varying cavity radius rc; (b) Free energy FdS as a function of the temperature TdS for constant
value of cavity radius rc ¼ 2 and cosmological constant Λ ¼ 0.01 with varying minimal length l. In both cases, the arrows denote the
direction in which the horizon radius rh increases. For the sake of readability, we omit the arrows in the remaining curves, although the
same pattern is implied.
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large phase transitions are possible, but outside of which no
phase transitions occur, i.e., the small to large phase
transition is compact. This behavior is in stark contrast
with AdS, where only one critical point exists, and for
temperatures or pressures higher than this no phase
transitions occur. Direct comparison of Fig. 11 with Fig. 2
makes evident the different and richer phase structure of
the RBH in de Sitter spacetime in comparison with AdS.
This novel feature can be solely attributed to the existence
of a cosmological horizon, as the swallowtube behavior is
absent in both AdS and Minkowski spacetime, rather than
being influenced by the cavity’s presence [62].

V. CONCLUSIONS

Studying various RBH models is crucial for gaining
insights into how the smearing of the singularity, found in
mathematical black holes, influences the classical sector.
Assuming the existence of a quantum gravity theory that
achieves such a regularization while preserving the hall-
mark feature of the horizon, RBHs emerge as the sole
viable description for ultracompact objects. Numerous
models have been proposed in the literature to describe
such objects, with the common thread being the introduc-
tion of a minimal length scale, while allowing for distinct
asymptotic behaviors. Most of these models can be
described in the context of general relativity, having as a
source an NED theory coupled to gravity with the incor-
poration of a magnetic charge, although alternative theories
to describe such geometries are possible [69].
In this paper we analyzed the way to generate the model

proposed in Ref. [32] in the framework of general
relativity and derived the appropriate thermodynamic
quantities using the Euclidean path integral approach.
We conducted a comprehensive analysis of the thermo-
dynamic properties and the phase structure of this model
across anti–de Sitter, Minkowski and de Sitter spacetimes.
Our findings imply/reveal a fundamental connection
between the presence of a minimal length and the absence
of the Hawking-Page transition in all three scenarios.
Additionally, we observed that the method of singularity
regularization influences the extent of the deviation
from mean-field theory critical ratio in AdS. Both of
these results arise from the fact that the singularity is
not present. In AdS and Minkowski spacetime, the
phase structure exhibits a typical swallowtail behavior,
characterized by a unique critical point. However, in de
Sitter spacetime, the swallowtail transforms into a swal-
lowtube due to the emergence of a second critical point
under specific values of the cavity radius and minimal
length. In the asymptotically flat spacetime we established
bounds on the minimal length, assuming the existence
of a thermodynamically stable RBH. Our results indicate
a lower bound smaller than the one previously
predicted, implying the possibility of even smaller min-
imal length scales underpinning the possible existence
of RBHs.
Our analysis has been restricted to a comparison of

spherically symmetric RBHs, although realistic ultracom-
pact objects are rotating and consequently characterized by
axial symmetry. On this account, it will be intriguing to
extend our investigation to include rotating RBHs. This
extension should be based on the Euclidean path integral
approach and will allow us to explore the thermodynamic
properties and phase structure of these axially symmetric
objects. Last but not least, the implications of singularity
regularization in spherically symmetric setups have become
evident in this paper, and thus analogous extensions
should be considered in axially symmetric spacetimes.
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FIG. 10. Free energy FdS as a function of the temperature TdS
for a constant value of the minimal length l ¼ 0.256 and constant
cavity radius rc ¼ 2.01 with varying cosmological constant Λ.
The arrows denote the direction in which the horizon radius rh
increases. For the sake of readability, we omit the arrows in the
remaining curves, although the same pattern is implied.
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FIG. 11. Coexistence line for the RBH model in de Sitter
spacetime. The black dots represent second-order phase
transitions. The two horizontal dashed black lines illustrate the
absolute value of the two critical pressures. The bottom line
corresponds to jPðcÞ

1 j ¼ jΛðcÞ
1 j=8π ≈ 0.00085 and the top one to

jPðcÞ
2 j ¼ jΛðcÞ

2 j=8π ≈ 0.0089.
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Furthermore, this extension to physically realistic scenarios
could potentially allow us to make contact with gravita-
tional wave observations.
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APPENDIX A: CALCULATION OF REDUCED
EUCLIDEAN ACTION

In this section of the appendix we provide the explicit
calculation of each term introduced in the reduced action,
defined as

Ir ¼ IEH þ IGHY þ IM þ IEMB − I0: ðA1Þ

We start with the Einstein-Hilbert action IEH, given by
Eq. (33). We first perform the transformation t → −iτ
(Wick rotation) in the metric of Eq. (1), where τ is the
Euclidean time, to obtain the Euclidean metric,

ds2 ¼ fðrÞdτ2 þ dr2

fðrÞ þ r2dΩ2; ðA2Þ

and we find that the Ricci scalar is

R ¼ 2 − f00ðrÞr2 − 4rf0ðrÞ − 2fðrÞ
r2

: ðA3Þ

Therefore,

IEH¼−
1

16π

Z
βh

0

dτ
Z

π

0

dθ
Z

2π

0

dϕ
Z

rc

rh

r2 sinθRdr; ðA4Þ

where the integration of the radial part is up to the cavity
radius rc which is subject to restrictions in the presence of a
cosmological horizon rcosm with rh < rc < rcosm. If a
cosmological horizon, is not present then the cavity radius
is not bounded from above and we are allowed to take the
cavity to be at infinity. The upper bound βh of the integral
over dτ is chosen as to eliminate the conical singularity at
the origin of τ − r plane in the Euclidean section, which
corresponds to the black hole horizon in the Lorentzian
geometry. After integration of the angular part and inte-
gration by parts of the radial part, we have

IEH ¼ βh
4
ð2ðrc − rhÞ − 2rcfðrcÞ − r2cf0ðrcÞÞ −

βh
4
r2hf

0ðrhÞ:
ðA5Þ

Upon identifying the periodicity βh with the Killing surface
gravity κ [75,76] through the relation

β−1h ¼ κ

2π
¼ f0ðrhÞ

4π
; ðA6Þ

we finally obtain

IEH¼−πr2h−
βh
4

�
2ðrc−rhÞ−2rcfðrcÞ−r2cf0ðrcÞ

�
; ðA7Þ

where the first term is shown to be the black hole entropy in
Sec. III. We now proceed with the next term of the action
which is the Gibbons-Hawking-York term

IGHY ¼ 1

8π

Z
∂M

ffiffiffi
k

p
K ¼ 1

8π

Z
βh

0

dτ
Z

π

0

dθ
Z

2π

0

dϕ
ffiffiffi
k

p
K

				
rc

:

ðA8Þ

The induced metric kab on the boundary hypersurface is
given by the line element,

ds2 ¼ fðrcÞdτ þ r2cdΩ2; ðA9Þ

and the square root of the determinant k of the induced
metric is

ffiffiffi
k

p
¼

ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p
r2c sin θ: ðA10Þ

The trace of the extrinsic curvature Kab evaluated at the
boundary is

KðrcÞ ¼ −
2
ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p
rc

−
f0ðrcÞ

2
ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p : ðA11Þ

Combining now Eqs. (A8), (A10) and (A11), we have that

IGHY ¼ βh
2
r2cKðrcÞ

ffiffiffiffiffiffiffiffiffiffiffi
fðrcÞ

p
: ðA12Þ

We now proceed with the calculation of the matter part of
the action given by Eq. (35). The Lagrangian depends only
on the radial coordinate so we proceed with the integration
of the angular and Euclidean time parts to arrive at

IM ¼ βh
4

Z
rh

rc

r2LðrÞdr: ðA13Þ

Instead of using Eq. (19), we can produce a more general
result by using the original solution of the Einstein
equations for L which is given by Eq. (18) and perform
the integration, which gives the rather simple result,
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IM ¼ βh
2
ððrc − rhÞ − rcfðrcÞÞ: ðA14Þ

Since the next action term is the electromagnetic
boundary term, which vanishes as explained in Sec. III,
we proceed with the calculation of the final term I0. We
calculate this term by demanding the reduced action to
vanish in the absence of a black hole. A comment is
necessary here as to what condition we need to impose.
Having a look at Eq. (20), we see that the condition rh → 0
does not correspond to vanishing massm ¼ 0. We point out
that the proper condition in this case corresponds to first
taking the limit l → 0 and then taking the limit rh → 0. The
limit cannot be taken in reverse order because there is no
meaning in having a minimal length scale l without the
presence of a horizon radius, i.e., a black hole.9

Consequently, we have the following equivalence between
these two conditions,

lim
m→0

Ir ¼ 0 ⇔ lim
rh→0

ðlim
l→0

IrÞ ¼ 0: ðA15Þ

This condition leads to a vanishing action for the absence of
a black hole, i.e., an empty spacetime which can either be
Minkowski or AdS/dS, depending on the value of the
cosmological constant. Implementing the above condition
and taking into account the introduction of the new
parameter β for appropriate comparison of the spacetimes
with and without a black hole, leads to the expression,

I0 ¼
1

3
βð−3þ r2cΛÞ; ðA16Þ

for the subtraction term.

APPENDIX B: CONSIDERING Qm AND σ AS
FUNDAMENTAL THERMODYNAMIC

VARIABLES

In this section of the appendix, we derive the reduced
Euclidean action when our RBH is embedded in AdS
spacetime, treating Qm and σ as fundamental thermody-
namic variables. Choosing the AdS case, allows us to take
the cavity radius rc to infinity, simplifying considerably the
expressions while still enabling a proper comparison. Using
Eqs. (24), (25), and (20), we rewrite the metric function of
Eq. (2) solely in terms of Qm and σ. This results in

fðrÞ ¼ 1 −
27=4Q3=2

m r2

ðrþ 21=4σ1=4Q1=2
m Þ3σ1=4

−
Λ
3
r2: ðB1Þ

We proceed with the calculation of the Euclidean action,
using Eqs. (A7), (A12), (A14), (A16), and Eq. (B1) as the
metric function. This leads to the reduced action

Ir ¼ Irðrh; rc; Qm; σ;ΛÞ; ðB2Þ

where we highlight once again that Qm and σ are treated as
independent thermodynamic variables. Upon taking the
cavity to infinity we have that

Irðrh; Qm; σ;ΛÞ ¼ lim
rc→∞

Irðrh; rc; Qm; σ;ΛÞ; ðB3Þ

and we obtain

Irðrh; Qm; σ;ΛÞ ¼ −πr2h þ β

��
rh
2
þ 27=4Q3=2

m

4σ1=4

�
−
Λ
6

�
r3h þ

3 · 23=4Q3=2
m

Λσ1=4

�

þQ2
mð6r2h þ 3 · 25=4Q1=2

m rhσ1=4 þ 23=2Qmσ
1=2Þ

ðrh þ 21=4Q1=2
m σ1=4Þ3

�
: ðB4Þ

Not surprisingly this action is precisely the one derived
in Eq. (37) if we take the limit rc → ∞ and we also
substitute Qm, σ, and m in terms of rh and l using
Eqs. (24), (25), and subsequently Eq. (20). Importantly,

both derivations of the action of Eq. (37) and Eq. (B4) are
on shell, as indicated by Eq. (A6), where we have selected
the inverse surface gravity as the periodicity and therefore
we have eliminated the conical singularity [75,76].
However, there is a major difference between these two

calculations arising from the choice of thermodynamic
variables. Initially, we calculate the temperature by extrem-
izing the action of Eq. (B4) with respect to the horizon
radius, i.e.,

∂Irðrh;Qm; σ;ΛÞ
∂rh

¼ 0; ðB5Þ

9The existence of a nonzero minimal length scale l is
conceivable even in the absence of a horizon. However, under
these circumstances, the object under consideration will no
longer quantify as a black hole, i.e., a trapped region of
spacetime. Instead, it would be classified as a horizonless object
[23,35]. In such scenarios, the application of the Euclidean
formalism, in this form, for the thermodynamic analysis becomes
unsuitable, as it relies on the presence of a horizon.
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and solve for β which leads to the following relation for the
temperature:

T ¼ 1 − r2hΛ
4πrh

−
12Q2

mrh
4πðrh þ 21=4Q1=2

m σ1=4Þ4
: ðB6Þ

After using Eqs. (24), (25), and (20) in the above
expression we retrieve exactly the relation (54), i.e., the
temperature being the surface gravity. Since now Qm and σ
are independent variables, they will have their own con-
jugate quantities in the first law and Smarr formula. We
calculate them using a similar methodology as in Sec. III,
but we only present here the expressions after we have
substituted Qm and σ in terms of rh and l. These quantities,
for the magnetic charge Qm, the parameter σ, and the
cosmological constant Λ, respectively, are given by the
following relations:

ΨH¼1

β

∂Irðrh;Qm;σ;ΛÞ
∂Qm

; Kσ ¼
1

β

∂Irðrh;Qm;σ;ΛÞ
∂σ

ðB7Þ

and

V ¼ −
8π

β

∂Irðrh; Qm; σ;ΛÞ
∂Λ

; ðB8Þ

where now β ¼ T −1. Explicit calculation yields

ΨH ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3lðlþ rhÞð3 − r2hΛÞ

p
2rhðlþ rhÞ3

ð4r3h þ 6r2hlþ 4rhl2 þ l3Þ;

ðB9Þ

Kσ ¼ −
ðlþ rhÞ2ðl2 þ 4lrh þ 6r2hÞð3 − r2hΛÞ2

144lr4h
; ðB10Þ

V ¼ 4πr3h
3

: ðB11Þ

Finally, we calculate the internal energy and entropy from
Eq. (45) and Eq. (47), respectively, and we find

E ¼ ∂Irðrh; Qm; σ;ΛÞ
∂β

¼ ðlþ rhÞ3ð3 − r2hΛÞ
6r2h

¼ m; ðB12Þ

S ¼ β
∂Irðrh; Qm; σ;ΛÞ

∂β
− Irðrh; Qm; σ;ΛÞ ¼ πr2h: ðB13Þ

The application of the Euclidean path integral formalism
and its on shell consideration leads us to the Smarr
formula,

E ¼ 2T Sþ ΨHQm þ 2Kσσ − 2VP: ðB14Þ

We note that this is exactly the Smarr formula obtained
from Hamiltonian methods as can be verified from the
methodology of Ref. [42]. The choice of Qm and σ as
thermodynamic variables is based on the dependence of the
NED Lagrangian of Eq. (21) on F and therefore Qm while
at the same time there is dependence on the parameter σ,
which is one of the parameters βi appearing in Eq. (52).
(We refer the reader to Ref. [42] for a discussion and a
general derivation of the above using Hamiltonian
methods.)
The first law takes the form

dE ¼ T dSþ ΨHdQm þ Kσdσ þ VdP; ðB15Þ

with E ¼ m. In this derivation, the temperature coincides
with the surface gravity. However, it is important to
emphasize two key points: Firstly, considering Qm and σ
as independent variables is nonphysical, given that both
depend on m and l. Any variations of Qm and σ in the first
law would result in variations of m and l on the right-hand
side of Eq. (B15). This observation leads us to the second
point, emphasizing that variation of the total energy of the
spacetime should be present only on the left-hand side of
Eq. (B15). Therefore, it is muchmore physicallymeaningful
to consider the minimal length as a fundamental parameter
and allow for its variation. With this in mind, we have that

dQm ¼ ∂Qm

∂m
dmþ ∂Qm

∂l
dl; ðB16Þ

and

dσ ¼ ∂σ

∂m
dmþ ∂σ

∂l
dl: ðB17Þ

So implementing the above in the first law of Eq. (B15)
leads to

dE ¼ T

ð1 − ΨH
∂Qm
∂m − Kσ

∂σ
∂mÞ

dSþ ΨH
∂Qm
∂l þ Kσ

∂σ
∂l

ð1 −ΨH
∂Qm
∂m − Kσ

∂σ
∂lÞ

dl

þ V

ð1 −ΨH
∂Qm
∂m − Kσ

∂σ
∂lÞ

dP; ðB18Þ

and consequently to the effective thermodynamic
quantities

T ¼ T

ð1 − ΨH
∂Qm
∂m − Kσ

∂σ
∂mÞ

; ðB19Þ

and

EUCLIDEAN METHODS AND PHASE TRANSITIONS FOR THE … PHYS. REV. D 109, 044041 (2024)

044041-21



Φ¼ ΨH
∂Qm
∂l þKσ

∂σ
∂l

ð1−ΨH
∂Qm
∂m −Kσ

∂σ
∂lÞ

; V ¼ V

ð1−ΨH
∂Qm
∂m −Kσ

∂σ
∂lÞ

:

ðB20Þ

The above quantities are the conjugate potentials when
we treat l as a fundamental variable. If we do their explicit
calculation, using the relations (24), (25), and (20), we
retrieve exactly the same conjugate potentials as the ones
derived by the on shell Euclidean action method in

Sec. IVA and specifically Eqs. (53), (56), and (57). This
demonstrates consistency between the two derivations.

APPENDIX C: THERMODYNAMIC POTENTIALS

In this part of the appendix we give the rather long
expressions for the thermodynamic volume V, the con-
jugate potential for the cavity area λ and the free energy F
which will have the same expression as FdS but with
positive cosmological constant. They are calculated to be

V ¼ −8πr3c
6ðlþ rcÞ3r2h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

p
Y

�
18l2rcr2h − 3r2hð−l3 þ 3l2rh þ 3lr2h þ r3hÞ − 6lr2hr

4
hΛ − 2r5cr2hΛ − 6r3cr2hð−1þ l2ΛÞ

þ r2c
�
−3ðl3 þ 3l2rh − 3lr2h þ r3hÞ þ 2r3hð3l2 þ 3lrh þ r2hÞΛ

�þ ð−2l3r2h − 6l2rcr2h − 6lr2cr2h − 2r3cr2hÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

q
Y
�
;

ðC1Þ

λ¼ 1

48πrc

�
6ð1−r2cΛÞþ

2r2cΛffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3− r2cΛ

p X −2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3− r2cΛ

q
X

þ r2c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3− r2cΛ

p
ð3ð2l−rcÞðlþ rhÞ3þ r2hðl3ð9rc−6rhÞþ3l2ð4r2cþ rcrh−2r2hÞþ lð8r3cþ3rcr2h−2r3hÞþ rcð2r3cþ r3hÞÞΛÞ

ðlþ rcÞ5=2rh
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−ðrc−rhÞð3l3ðrcþ rhÞþ3lr2cr2hðrcþ rhÞΛþ3l2rcrhð3þ rcrhΛÞþ r2cr2hð−3þðr2cþ rcrhþ r2hÞΛÞÞ

p �
;

ðC2Þ

FdS ¼
−rc

12r2hðlþ rcÞ3Y


ð12l3r2h − 18l3r2c − 45l2r2crh þ 36l2rcr2h þ 12r3cr2h − 9r2cr3h − 12l2r3cr2hΛ − 12lr4cr2hΛ − 4r5cr2hΛ

þ 9l2r2cr3hΛþ 6lr2cr4hΛþ r2cr5hΛÞωþ ð−12l3r2h − 36l2rcr2h − 36lr2cr2h − 12r3cr2h þ 4l3r2cr2hΛþ 12l2r3cr2hΛ

þ 12lr4cr2hΛþ 4r5cr2hΛÞY
�
; ðC3Þ

where we have defined for simplicity

Y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛþ r2cðlþ rhÞ3ð−3þ r2hΛÞ

ðlþ rcÞ3r2h

s
; ðC4Þ

ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

q
: ðC5Þ

It is worth pointing out that these are the general expres-
sions we derive from the Euclidean action and they
coincide with the de Sitter case quantities.

APPENDIX D: THERMODYNAMICS
OF THE BARDEEN RBH

In this part of the appendix we will derive the temper-
ature for the Bardeen black hole model using exactly the

same methodology as in Sec. III. This model is desrcibed
by the metric function given by

fðrÞ ¼ 1 −
2mr2

ðr2 þ l2Þ3=2 −
Λ
3
r2: ðD1Þ

We can easily derive the total reduced action by substituting
this metric function to the general relations (A7), (A12),
(A7), and (A16) derived in Appendix A. This metric is also
derived exclusively by magnetic charge as shown in
Ref. [27] and the only nonvanishing components of the
electromagnetic tensor are F23 ¼ −F32. Since we want to
study thermodynamics in the canonical ensemble, we need
to introduce an electromagnetic boundary term in the action,
which will vanish once again due to the integration on a
constant time slice. Combining all of the above, we arrive at
the following reduced action IB for the Bardeen model:

IOANNIS SORANIDIS PHYS. REV. D 109, 044041 (2024)

044041-22



IB ¼ −πr2h þ βrc

0
B@1 −

r2cΛ
3

−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛþ r2cðl2 þ r2hÞ3=2ð−3þ r2hΛÞ

ðl2 þ r2cÞ3=2r2h

s 1
CA: ðD2Þ

To find the temperature, we extremize it with respect to the horizon radius rh and solve for β. We find that the temperature
given by T ¼ β−1 is calculated to be

T ¼ r3c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ r2h

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3 − r2cΛ

p
ð2l2 − r2h þ r4hΛÞ

4πðl2 þ r2hÞ3=2r4hXB
; ðD3Þ

where XB has been introduced for convenience and is given by

XB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l4r2hð3 − r2cΛÞ þ r2cr2hð3r2c − r4cΛþ YBð−3þ r2hΛÞÞ þ l2r2cðr2hð6 − 2r2cΛþ YBΛÞ − 3YBÞ

ðl2 þ r2cÞ2r2h

s
; ðD4Þ

with YB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ r2h

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ r2c

p
. We introduced this section

in the appendix because we are interested in the AdS case
and the critical ratio. As we explained in the main part of
this paper in the AdS case we are allowed to take the cavity
radius at infinity and thus we have that the temperature is
given by

TB ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ r2h

p
ð−2l2 þ r2h − r4hΛÞ
4πr4h

: ðD5Þ

Identifying the pressure as P ¼ −Λ=8π we can solve the
above equation with respect to Λ and then find the pressure
which will yield a Van der Walls-like equation of the form

PB ¼ TB

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2h þ l2

p −
1

8πr2h
þ l2

4πr4h
: ðD6Þ

Using the above equation for the pressure, we can identify
the critical radius and temperature by solving the system of
equations

∂PB

∂rh
¼ 0;

∂
2PB

∂r2h
¼ 0; ðD7Þ

which remarkably can be solved exactly and leads to the
following solutions

rðcÞh ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð2þ

ffiffiffiffiffi
10

p
Þ

q
l; ðD8Þ

and

TðcÞ
B ¼ 25ð31þ 13

ffiffiffiffiffi
10

p Þ
432πð5þ 2

ffiffiffiffiffi
10

p Þ3=2l : ðD9Þ

The reduced volume is derived by observing the inverse
coefficient of the temperature TB in Eq. (D6) for the
pressure and it is given by

vB ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2h þ l2

q
; ðD10Þ

with the critical value calculated, using Eq. (D8), to be

vðcÞB ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ 2

ffiffiffiffiffi
10

pq
l: ðD11Þ

The last quantity we need for the calculation of the critical
ratio is the critical pressure which is found by substituting
Eqs. (D8) and (D9) in (D6), and leads to

PðcÞ
B ¼ 5

�
53þ 17

ffiffiffiffiffi
10

p �
24ð30þ 9

ffiffiffiffiffi
10

p Þ2πl2 : ðD12Þ

Combining now Eqs. (D12), (D11), and (D9) we have that
the critical ratio is given by

PðcÞ
B vðcÞB

TðcÞ
B

¼ 2

5
¼ 0.4: ðD13Þ
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Journal Article

Light rings and causality for nonsingular
ultracompact objects sourced by nonlinear
electrodynamics

Brief summary

After describing the thermodynamic properties of three specific RBH models and examining the
impact of the minimal length scale, as well as how it is introduced into the metric function, we
turn to the study of the observational effects that this scale can produce — specifically, light rings
in such spacetimes. We demonstrate the phenomenon of birefringence, which arises due to the
nonlinearity of the NED theory, and discuss potential causality issues. Our analysis focuses on
the phase velocities of light and explores their connection to the weak-field limit of the theory.

Conventions

In contrast to Ref. [1], where the action 𝐼 is expressed by the following equation:

𝐼 =
1

16𝜋

∫
𝑑4𝑥

√−𝑔[𝑅 − 2Λ − 4L(F ,G)], (3.1)

in this article, the symbol 𝑆 is used for the action, which is given by:

𝑆 =
1

16𝜋

∫
𝑑4𝑥

√−𝑔[𝑅 − 2Λ − L(F ,G)] . (3.2)

The dependence on G is absent from any paper included in this thesis. Additionally, there is a
factor of 4 difference between the NED Lagrangians used in the actions of Ref. [1] and Ref. [3].
In this article, the minimal length scale is denoted by ℓ, as opposed to 𝑙 used in the other articles
within this thesis. It is also worth noting that the Komar mass of the spacetime is represented by
𝑀 , unlike Refs. [1] and [2], where 𝑚 is used. Furthermore, while the outer horizon is denoted
by 𝑟ℎ in Refs. [1] and [2], in this article, we use 𝑟+ and 𝑟− to denote the outer and inner horizons,
respectively.
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We study observational signatures of nonsingular ultracompact objects regularized by nonlinear
electrodynamics. The phenomenon of birefringence causes photons of different polarizations to propagate
with respect to two distinct metrics, which manifests itself in the appearance of additional light rings
surrounding the ultracompact object. We analyze the observational consequences of this result and
illustrate our findings based on three regular black hole models commonly considered in the literature. We
find that nonsingular horizonless ultracompact objects sourced by nonlinear electrodynamics possess an
odd number of light rings and discuss the viability of this model as an effective description of their
properties. In addition, we compare the phase velocities of polarized light rays propagating in nonsingular
geometries sourced by nonlinear electrodynamics to the corresponding phase velocity in the Schwarzschild
spacetime and demonstrate that regularizing the singularity by means of a theory that does not adhere to the
Maxwell weak-field limit may lead to the emergence of acausal regions.

DOI: 10.1103/PhysRevD.110.044064

I. INTRODUCTION

Nonlinear theories of electrodynamics were initially
conceived with the intent to cure the divergences associated
with the electric field self-energy of charged particles
present in the linear Maxwell theory [1–3]. Shortly after
the 1933–1934 articles by Born and Infeld, Heisenberg and
Euler devised a nonperturbative one-loop effective action
that describes nonlinear corrections to Maxwell electrody-
namics arising from quantum electrodynamical vacuum
polarization effects (i.e., interactions of virtual electrons
and positrons at the one-loop level without radiative
corrections) [4]. In addition to quantum field effects such
as vacuum polarization, the exploration of nonlinear
electrodynamics (NED) is also interesting from a general
relativistic perspective since the Einstein field equations
predict nonlinearities due to the gravitational coupling of
electromagnetic fields [5]. Elements of NED (most notably
the nonlinear Born-Infeld action and its generalizations)
also feature in different formulations of string theory/M-
theory [6–11], where in some instances NED appears as a
low-energy effective field theory, which is at least partially
responsible for its revival after a prolonged period of
dormancy. Since then, possible applications of NED
have grown significantly, reaching far beyond string

theory.1 Interestingly, NED theories coupled to gravity
have proven extremely fruitful in the construction of new
black hole solutions without singularities, so-called regular
black holes (RBHs) [13–26]. This particular application of
NED theories is the focus of the present article.
While the existence of dark massive ultracompact

objects (UCOs) has been established beyond reasonable
doubt, the question of whether or not the observed
astrophysical black hole candidates possess defining black
hole features such as singularities and horizons is still open
[27–30]. This motivates the study of observational signa-
tures (such as those presented in Tables I and II and of this
article) that can distinguish between
(1) singular vs. nonsingular (“regular”)
(2) “horizonful” vs. horizonless

UCOs. In conjunction with gravitational wave detections
and properties of accretion disks, optical signatures of the
photon sphere such as light rings and shadows are among the
principal observational tools expected to provide insights
regarding the true physical nature of the observed astro-
physical black hole candidates [28,31–33]. In this article, we
analyze the physical properties of RBH solutions and closely
related nonsingular horizonless UCO geometries arising
from general relativity (GR) coupled to NED, focusing

*Contact author: sebastian.murk@oist.jp
†Contact author: ioannis.soranidis@hdr.mq.edu.au

1Reference [12] provides a short summary including recent
developments.
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specifically on features that may lead to potentially meas-
urable differences in their observational signatures.
The remainder of this article is organized as follows: In

Sec. II, we briefly review the relevant properties of NED
theories. In Sec. III, we introduce the necessary ingredients
needed to describe the purelymagnetic NED solutionswhose
observational properties we investigate. In Sec. IV, we
summarize the properties of three regular UCO models
commonly considered in the literature and derive explicit
expressions for their respective effective geometries when the
singularity resolution is achieved bymeans ofNED. InSec.V,
we determine the location of light rings in both the back-
ground and the effective geometries of these models, discuss
their dynamical behavior and stability, and compare charac-
teristic observational features. In Sec. VI, we derive the phase
velocity of photons moving in the effective geometry for
different propagation directions and compare them to the
Schwarzschild case. Lastly, in Sec. VII, we summarize our
results and outline their physical implications. For conven-
ience, we review the phenomenon of birefringence in
Appendix A. In Appendix B, we briefly comment on the
singular behavior of the effective geometry. Throughout this
article, we use the metric signature ð−;þ;þ;þÞ and work in
dimensionless units such that c ¼ G ¼ ℏ ¼ kB ¼ 1.

II. GENERAL RELATIVITY COUPLED TO
NONLINEAR ELECTRODYNAMICS

The electromagnetic field tensor is defined in terms of
the electromagnetic four-vector potential Aμ as

Fμν ≔ ∂μAν − ∂νAμ: ð2:1Þ
Assuming a symmetric metric tensor gμν, only two inde-
pendent algebraic invariants can be formed from an
antisymmetric tensor Fμν [5], namely

F ¼ FμνFμν; G ¼ Fμνð⋆FμνÞ; ð2:2Þ

where F denotes the electromagnetic field strength and ⋆

the Hodge star operator, i.e., ⋆Fμν ≔ 1
2
εμνρσFρσ with εμνρσ

the Levi-Civita symbol. We restrict our considerations to
theories in which the effective action involves a one-
parameter Lagrangian density that is a local function of
F , i.e., LðF ;GÞ≡ LðF Þ. In this case, the most general
Lorentz-invariant action for GR coupled to NED in four
dimensions without cosmological constant term is given by

S ¼ 1

16π

Z ffiffiffiffiffiffi
−g

p ½R − LðF Þ�d4x; ð2:3Þ

where g≡ detðgμνÞ denotes the determinant of the metric
tensor and R ¼ gμνRμν the Ricci curvature scalar.2 The

generalized NED field equations obtained from the prin-
ciple of least action and the Bianchi identities are given by

∇μðLFFμνÞ ¼ 0; ∇μð⋆FμνÞ ¼ 0; ð2:4Þ

respectively, where LF ≔ ∂L=∂F denotes the first-order
derivative of the Lagrangian density with respect to the
electromagnetic field strength. The coupled Einstein equa-
tions corresponding to the action of Eq. (2.3) are given by

Gμν ≔ Rμν −
1

2
Rgμν ¼ 8πTμν; ð2:5Þ

where the nonlinearities associated with the NED field
enter via the energy-momentum tensor (EMT)

Tμν ¼
1

4π

�
LFFμρFρ

ν −
1

4
gμνL

�
: ð2:6Þ

If the linear Maxwell theory is to be recovered in the weak-
field limit (i.e., at small F ), then

lim
F→0

L ≃ F ; lim
F→0

LF ≃ 1; ð2:7Þ

must hold. It is worth mentioning that there exists an
alternative but formally equivalent description of NED
theories based on a dual representation that is obtained by
means of a Legendre transformation [34]. However, for the
purposes of our analysis in this article, it suffices to work in
the Lagrangian formalism introduced above.
A static spherically symmetric metric is described by the

line element

ds2¼gμνdxμdxν¼−fðrÞdt2þfðrÞ−1dr2þr2dΩ2; ð2:8Þ

where r denotes the areal radius and dΩ2 the normalized
spherically symmetric Riemannian metric on the 2-sphere
S2, which is given in terms of angular coordinates ðθ;ϕÞ by
dΩ2 ≡ dθ2 þ sin2 θdϕ2. In spherical symmetry, the only
nonvanishing components of the electromagnetic field
tensor are Ftr ¼ −Frt (corresponding to a radial electric
field) and Fθϕ ¼ −Fϕθ (corresponding to a radial magnetic
field). From Eq. (2.4), the electric and magnetic charge are
then identified as

Qe ¼ −r2LFFtr; Qm ¼ −
Fθϕ

sin θ
; ð2:9Þ

respectively. One of the properties that make NED coupled
to gravity an appealing candidate field theory for the
construction of nonsingular spacetimes is that the EMT
associated with the gauge-invariant Lagrangian density
LðF Þ [cf. Eq. (2.6)] describes the spherically symmetric
vacuum due to the symmetries Tt

t ¼ Tr
r (invariance under

2Derivatives of Fμν are usually not considered in the action in
order to avoid ghosts [12].
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boosts in the radial direction) and Tθ
θ ¼ Tϕ

ϕ (spherical
symmetry) [35].
With the exception of Maxwell and Born-Infeld theories,

a salient feature of NED theories is birefringence [36–38],
i.e., the phenomenon that the two photon modes/polar-
izations associated with the two degrees of freedom
encoded in the field effectively propagate with respect to
two distinct metrics (see Appendix A for details). In the
case L ¼ LðF Þ that we consider, one of them coincides
with the background metric gμν of Eq. (2.8) which solves
the field equations of GR coupled to NED [Eq. (2.5) with
the EMT of Eq. (2.6)], and the other—referred to as
effective metric in what follows—is given by

ḡμν ¼ gμν − 4
LFF

LF
Fμ

ρFρν; ð2:10Þ

with the deviation from the background metric arising from
the nonlinearity of the electromagnetic field, where LFF ≔
∂LF=∂F denotes the second-order derivative of LðF Þ with
respect to the field strength F , and the bar label is used to
distinguish physical quantities associated with the effective
geometry from those of the background geometry here and
in what follows. In the linear Maxwell theory ḡμν ≡ gμν due
to LF ¼ const and LFF ¼ 0, and thus there is no
birefringence.
Lastly, we note that solutions with an electric charge

Qe ≠ 0 (including dyonic solutions where bothQe ≠ 0 and
Qm ≠ 0) generally require a non-Maxwell behavior of the
Lagrangian density LðF Þ at small F in order to maintain a
regular center [14,19,24], i.e., in this case the Lagrangian
density does not conform to the weak-field limit of
Eq. (2.7). Although purely electric solutions (Qe ≠ 0 and
Qm ¼ 0) with a regular center have been proposed in
Refs. [15–17], any such solution inevitably requires a
Lagrangian density that behaves nonlocally in the sense
that different functions LðF Þ are required in different
spacetime domains (specifically at small and large r with
the former behaving non-Maxwellian in the limit F → 0)
as pointed out in Refs. [18,19].3 We therefore restrict our
considerations to purely magnetic solutions (Qe ¼ 0 and
Qm ≠ 0) in what follows. Prototypical examples of such
solutions are the RBH models proposed by Bardeen [39]
and Hayward [40].

III. MAGNETIC SOLUTIONS IN NONLINEAR
ELECTRODYNAMICS

As motivated in the previous section, we restrict our
considerations to purely magnetic solutions, i.e., Qe ¼ 0

and Qm ≠ 0 (cf. Sec. III in Ref. [23]). In this case, the
generic form of the Lagrangian density that solves the
Einstein equations of GR coupled to NED [Eqs. (2.5) and
(2.6)] in spherical symmetry [Eq. (2.8)] is given by

LðrÞ ¼ −2
�
f0ðrÞ
r

þ fðrÞ − 1

r2

�
: ð3:1Þ

Using the identification fðrÞ≡ 1–2mðrÞ=r, one further
obtains

LðrÞ ¼ 4m0ðrÞ
r2

: ð3:2Þ

The four-potential, magnetic charge, and electromagnetic
field strength are given by

Aμ¼ð0;0;0;QmcosθÞ; Qm¼ q2ffiffiffiffiffiffi
2α

p ; F ¼2Q2
m

r4
; ð3:3Þ

respectively, where the parameter α > 0 has dimensions
of length squared and q denotes a free integration
constant with dimensions of length. The precise form of
the Lagrangian density depends on the choice of the
mass function mðrÞ. We proceed with the generic form
proposed by Fan and Wang [cf. Eq. (26) in Ref. [23]],
namely

LðF Þ ¼ 4μðαF Þνþ3
4

α½1þ ðαF Þν4�1þμ
ν

; ð3:4Þ

where μ ≥ 3, ν > 0 are dimensionless constants and the
choices ðμ; νÞ ¼ ð3; 2Þ, ðμ; νÞ ¼ ð3; 3Þ, and ðμ; νÞ ¼ ð3; 1Þ
correspond to the Bardeen [39], Hayward [40], and the
Maxwellian [23] RBH solutions, respectively. The geom-
etry is specified in terms of μ, ν, α, and q by the metric
function

fðrÞ ¼ 1 −
2Mrμ−1

ðrν þ qνÞμ=ν ; ð3:5Þ

where M ≡ q3=α corresponds to the gravitational mass
(which in this case coincides with the electromagnetically
induced mass, cf. Eqs. (8) and (9) of Ref. [25] and the
discussion therein). In spherical symmetry, the effective
metric according to which photons with one of the two
possible polarizations move along null geodesics is given
by [cf. Eq. (2.10)]4

ḡtt ¼ gtt; ḡrr ¼ grr; ð3:6Þ
3We also note the proposal of hybrid solutions which can

circumvent the no-go theorem for solutions with an electric
charge [14] by means of a phase transition to a dual magnetic
phase near the core such that the electric field does not extend all
the way to the center of the solution [20].

4The covariant effective metric tensor components ḡμν are
identified via the relation ḡμρḡρν ¼ δμν.

LIGHT RINGS AND CAUSALITY FOR NONSINGULAR … PHYS. REV. D 110, 044064 (2024)

044064-3



ḡθθ ¼ gθθ

�
1þ 2FLFF

LF

�
−1
; ð3:7Þ

ḡϕϕ ¼ gϕϕ

�
1þ 2FLFF

LF

�
−1
; ð3:8Þ

where the first line follows from Ftr ∝ Qe ¼ 0 as we
consider purely magnetic solutions with no electric charge.
Since Fθϕ ∝ Qm and F ∝ Q2

m [cf. Eq. (3.3)], one would
naively expect that in the absence of magnetic charge
(Qm ¼ 0) the angular effective metric tensor components of
Eqs. (3.7) and (3.8) reduce to those of the background
metric as well, that is ḡθθ ¼ gθθ and ḡϕϕ ¼ gϕϕ. However,
this is not always the case. This peculiar behavior is linked
to the weak-field limit of the corresponding NED
Lagrangian density LðF Þ. As we shall see in what follows,
the quantity FLFF=LF does not vanish in the limit
Qm → 0 in some RBH models.

IV. REGULAR BLACK HOLES AND
NONSINGULAR HORIZONLESS
ULTRACOMPACT OBJECTS

While keeping our analysis generic, we illustrate our
results based on the RBH models proposed by Bardeen
[39], Hayward [40], and Cadoni et al. [41] in what follows.
These models are characterized by the strength of their
respective deformations from the Schwarzschild geometry
(with the model by Cadoni et al. corresponding to the
strongest possible deformation) and exhibit different weak-
field limits. Using the generic form of the Lagrangian
density introduced in Eq. (3.4) of the previous section [or,
equivalently, the generic form of the metric function fðrÞ in
Eq. (3.5)], each model is described by a distinct choice of
the parameters α > 0, q > 0, and ν > 0.
We note here that in the original formulation of non-

singular RBH geometries the regularization of spacetime is
achieved by means of a minimal length scale l that appears
in the metric function [cf. Eqs. (4.1), (4.11), and (4.21)] and
acts as a Planckian cutoff beyond which GR is no longer
valid. An alternative interpretation is to consider these
metrics as a solution of the Einstein field equations with an
EMT sourced by NED, cf. Eqs. (2.5) and (2.6) [19,23–25].
In the purely magnetic case that we consider due to the
arguments laid out in the last paragraph of Sec. II, these
types of solutions describe the gravitational field of a
magnetic monopole. The difference in the interpretation of
l as a Planckian cutoff vs. l arising from NED effects is
that in the latter case macroscopic values are permissible
[see Sec. V B, Table I]. Other ways of regularizing the
black hole spacetime singularity have also been proposed in
the literature, e.g., in 4D Einstein-Gauß-Bonnet theories
[42], loop quantum gravity [43], and higher-dimensional
approaches [44]. As we shall see in Sec. V, the precise
quantification and comparison of light ring signatures may

allow us to distinguish between nonsingular geometries
obtained via different regularization methods and ulti-
mately identify the underlying effective theory describing
regular UCOs.
Depending on the minimal length scale l and mass M,

the geometry specified by the metric of Eq. (2.8) with fðrÞ
given by Eq. (3.5) can represent different types of UCOs.
SettingM ≡ 1 and focusing on the case where the roots are
real and positive [r∈R>0], solving the equation fðrÞ ¼ 0
may result in either of the following distinct outcomes:

(I) Two roots [l < lc], which corresponds to
an RBH with an inner and an outer horizon.

(II) One root [l ¼ lc], which corresponds to
an extremal RBH with one degenerate horizon.

(III) No roots [l > lc], which corresponds to
a nonsingular horizonless UCO.

Here, lc denotes the critical length at which the outer and
inner horizon coalesce, rþðlcÞ≡ r−ðlcÞ.

A. Bardeen model

The Bardeen RBH [39] is described by the metric
function

fBðrÞ ¼ 1 −
2Mr2

ðr2 þ l2Þ3=2 ; ð4:1Þ

where l denotes the aforementioned minimal length scale
introduced to regularize the black hole spacetime.
Comparison with the generic metric function of Eq. (3.5)
identifies the coefficients as μB ¼ 3, νB ¼ 2, and we can
rewrite Eq. (4.1) as

fBðrÞ ¼ 1 −
2q3r2

αðr2 þ q2Þ3=2 : ð4:2Þ

This implies q ¼ l (note that q ∝ l is always expected
based on our argumentation in the previous section) and
[using Eq. (3.3)]

α ¼ l3

M
; Qm ¼

ffiffiffiffiffiffiffiffi
Ml
2

r
: ð4:3Þ

The NED Lagrangian density is given by

LBðF Þ ¼ 12ðαF Þ5=4
α½1þ ðαF Þ1=2�5=2 ; ð4:4Þ

and expanding about the pointF ¼ 0 reveals that the weak-
field behavior of the NED Bardeen RBH is ∼OðF 5=4Þ, i.e.,
stronger than that of the linear Maxwell theory.
Solving the equation fBðrÞ ¼ 0 allows us to determine

the roots representing the locations of the outer rðBÞþ and
inner rðBÞ− horizon. Since the exact expressions are quite
lengthy, we provide the leading-order terms in the series
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expansion of small l instead:

rðBÞþ ¼ 2M −
3l2

4M
þOðl4Þ; ð4:5Þ

rðBÞ− ¼ l3=2ffiffiffiffiffiffiffi
2M

p þ 3l5=2

8
ffiffiffi
2

p
M3=2

þOðl7=2Þ: ð4:6Þ

The critical length at which the two horizons coincide

describes an extremal black hole. Solving rðBÞþ ¼ rðBÞ− leads
to

lðBÞ
c ¼ 4M

3
ffiffiffi
3

p : ð4:7Þ

For the Bardeen NED Lagrangian density Eq. (4.4), the
effective metric tensor components are given explicitly by

ḡtt ¼ −fBðrÞ; ḡrr ¼ fBðrÞ−1; ð4:8Þ

ḡθθ ¼ gθθ

�
3

2
−

7l2

2ðr2 þ l2Þ
�−1

; ð4:9Þ

ḡϕϕ ¼ gϕϕ

�
3

2
−

7l2

2ðr2 þ l2Þ
�−1

; ð4:10Þ

where we observe that for vanishing magnetic charge
Qm ¼ 0 [or, equivalently, vanishing minimal length l ¼ 0
by virtue of Eq. (4.3)], the angular effective metric
components do not coincide with those of the background
metric tensor. The same behavior is exhibited in the
asymptotic limit r → ∞. The individual components of
the term FLFF=LF conspire in such a way so as to not
yield the correct asymptotic behavior, which is an unavoid-
able by-product of the non-Maxwellian weak-field limit
behavior.

B. Hayward model

The Hayward RBH [40] is described by the metric
function

fHðrÞ ¼ 1 −
2Mr2

r3 þ 2Ml2
: ð4:11Þ

Comparison with the generic metric function of Eq. (3.5)
identifies the coefficients as μH ¼ 3, νH ¼ 3, and we can
rewrite Eq. (4.11) as

fHðrÞ ¼ 1 −
2q3r2

αðr3 þ q3Þ : ð4:12Þ

This implies q ¼ ð2Ml2Þ1=3 and [again using Eq. (3.3)]

α ¼ 2l2; Qm ¼ M2=3l1=3

21=3
: ð4:13Þ

The NED Lagrangian density is given by

LHðF Þ ¼ 12ðαF Þ3=2
α½1þ ðαF Þ3=4�2 ; ð4:14Þ

and expanding about the pointF ¼ 0 reveals that the weak-
field behavior of the NED Hayward RBH is ∼OðF 3=2Þ,
which is stronger compared to both the linear Maxwell
theory and the NED Bardeen RBH discussed in Sec. IVA.
Analogous to the previous subsection, we solve the

equation fHðrÞ ¼ 0 to determine the roots corresponding

to the outer rðHÞ
þ and inner rðHÞ

− horizon locations of the
Hayward model. Once again, the exact expressions are
rather lengthy, and thus we provide the leading terms in
their series expansions for small l instead:

rðHÞ
þ ¼ 2M −

l2

2M
þOðl4Þ; ð4:15Þ

rðHÞ
− ¼ lþ l2

4M
þOðl3Þ: ð4:16Þ

The critical length at which the two horizons coincide and
the Hayward RBH becomes extremal is given by

rðHÞ
þ ¼ rðHÞ

− ⇒ lðHÞ
c ¼ 4M

3
ffiffiffi
3

p ; ð4:17Þ

which coincides with the expression obtained for the
Bardeen RBH [cf. Eq. (4.7)]. For the Hayward NED
Lagrangian density Eq. (4.14), the effective metric tensor
components are given explicitly by

ḡtt ¼ −fHðrÞ; ḡrr ¼ fHðrÞ−1; ð4:18Þ

ḡθθ ¼ gθθ

�
2 −

9Ml2

r3 þ 2Ml2

�−1
; ð4:19Þ

ḡϕϕ ¼ gϕϕ

�
2 −

9Ml2

r3 þ 2Ml2

�−1
: ð4:20Þ

As in the Bardeen model, the angular effective metric
tensor components do not exhibit the correct limiting
behaviors, neither for vanishing magnetic charge Qm ¼ 0
[l ¼ 0] nor in the asymptotic regime r → ∞. In contrast to
the Bardeen case where the relation between Qm and M
[cf. Eq. (4.3)] leads to exact cancelations in the FLFF=LF
term, the effective metric tensor components arising from
the Hayward NED Lagrangian density [Eq. (4.14)] depend
explicitly on the gravitational mass M.
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C. Cadoni et al. model

The model considered by Cadoni et al. in Ref. [41]
belongs to the Maxwellian class of solutions first described
in Sec. III C of Ref. [23]. Its metric function is given by

fCðrÞ ¼ 1 −
2Mr2

ðrþ lÞ3 : ð4:21Þ

Comparison with the generic metric function of Eq. (3.5)
identifies the coefficients as μC ¼ 3, νC ¼ 1, and Eq. (4.21)
can be rewritten as

fCðrÞ ¼ 1 −
2q3r2

αðrþ qÞ3 : ð4:22Þ

This implies q ¼ l and

α ¼ l3

M
; Qm ¼

ffiffiffiffiffiffiffiffi
Ml
2

r
; ð4:23Þ

analogous to the relations obtained for the Bardeen RBH
described in Sec. IVA [cf. Eq. (4.3)]. The NED Lagrangian
density is given by

LCðF Þ ¼ 12F
½1þ ðαF Þ1=4�4 ; ð4:24Þ

and expanding about the pointF ¼ 0 reveals that the weak-
field behavior of the NED Cadoni et al. RBH is ∼OðF Þ,
i.e., it reduces to the linear Maxwell theory.
Analogous to the previous two subsections, we solve the

equation fCðrÞ ¼ 0 to determine the roots corresponding to

the outer rðCÞþ and inner rðCÞ− horizon locations of the Cadoni
et al. model. Once again, the exact expressions are rather
lengthy, and thus we provide the leading terms in their
series expansions for small l instead:

rðCÞþ ¼ 2M − 3l −
3l2

2M
þOðl3Þ; ð4:25Þ

rðCÞ− ¼ l3=2ffiffiffiffiffiffiffi
2M

p þ 3l2

4M
þOðl5=2Þ: ð4:26Þ

The critical length at which the two horizons coincide and
the RBH considered by Cadoni et al. becomes extremal is
given by

rðCÞþ ¼ rðCÞ− ⇒ lðCÞ
c ¼ 8M

27
; ð4:27Þ

which is smaller compared to the critical lengths of the

Bardeen and Hayward RBH lðBÞ
c ¼ lðHÞ

c ¼ 4M=ð3 ffiffiffi
3

p Þ
[cf. Eqs. (4.7) and (4.17)].
For the Cadoni et al. NED Lagrangian density

Eq. (4.24), the effective metric tensor components are

given explicitly by

ḡtt ¼ −fCðrÞ; ḡrr ¼ fCðrÞ−1; ð4:28Þ

ḡθθ ¼ gθθ

�
1 −

5l
2ðrþ lÞ

�
−1
; ð4:29Þ

ḡϕϕ ¼ gϕϕ

�
1 −

5l
2ðrþ lÞ

�
−1
: ð4:30Þ

It is evident from these relations that the effective
metric tensor components of the NED Cadoni et al.
RBH admit the correct limiting behaviors for vanishing
minimal length and in the asymptotic regime, in contrast to
those of the Bardeen [cf. Eqs. (4.8)–(4.10)] and Hayward
[cf. Eqs. (4.18)–(4.20)] RBH models. This desirable
property is inherently linked to the Maxwellian behavior
∼OðF Þ of the Cadoni et al. NED Lagrangian density
[Eq. (4.24)] for small field strengths F . Since the relation
between Qm and M in the model considered by Cadoni
et al. is the same as that of the Bardeen RBH [cf. Eqs. (4.3)
and (4.23)], the effective metric tensor components have
once again no explicit dependence on the gravitational
mass M, unlike those of the Hayward RBH.

V. LIGHT RINGS

A. Mathematical prerequisites

The Lagrangian for the motion of a free particle in a
curved spacetime is given by

Lp ¼ 1

2
gμνẋμẋν; ð5:1Þ

where the dot denotes a derivative with respect to an
appropriately chosen affine parameter (e.g., the proper time
τ for timelike geodesics) characterizing the trajectory. Due
to the spherical symmetry imposed by Eq. (2.8), we can
limit our considerations to trajectories in the equatorial
plane [θ ¼ π=2, θ̇ ¼ 0] without loss of generality in what
follows. Denoting the four-velocity uμ ¼ ðṫ; ṙ; 0; ϕ̇Þ, we
have

Lp ¼ u2

2
¼ 1

2
ðgttṫ2 þ grrṙ2 þ gϕϕϕ̇

2Þ; ð5:2Þ

where u2 ≔ uμuμ. Using the corresponding Euler-Lagrange
equations, it is straightforward to confirm that t and ϕ are
cyclic variables,5 resulting by virtue of Noether’s theorem
[45] in the conservation of their associated conjugate
variables, namely the energy E and angular momentum
L, i.e.,

5Recall that the metric of Eq. (2.8) is spherically symmetric
and static, and thus gμν is independent of these coordinates.
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∂Lp

∂ṫ
¼ gttṫ ¼ −E;

∂Lp

∂ϕ̇
¼ gϕϕϕ̇ ¼ L: ð5:3Þ

As our interest lies in studying light rings formed by the
null geodesics of photons, we substitute ṫ and ϕ̇ from
Eq. (5.3) into

gμνẋμẋν ¼ 0 ð5:4Þ

to obtain

ṙ2 þ VðrÞ ¼ 0; VðrÞ ≔ E2

gttgrr
þ L2

grrgϕϕ
: ð5:5Þ

The location of the light rings is determined by the
conditions ṙ ¼ 0 and ̈r ¼ 0, which imply VðrÞ ¼ 0 and
V 0ðrÞ ¼ 0, respectively [46,47]. Solving these equations for
r yields the radius of the light ring and the impact
parameter b ≔ L=E.
As alluded to previously (see Sec. II), UCOs sourced by

NED will in general (i.e., with the exception of Maxwell
and Born-Infeld theories) exhibit birefringence, and thus
the two possible photon polarization propagate with respect
to two different metrics and at different velocities.6

Analogous to the derivation for the background metric
above, photons propagating on null geodesics with respect
to the effective metric [cf. Eqs. (2.10) and (3.6)–(3.8)]
satisfy

ḡμνẋμẋν ¼ 0; ð5:6Þ

and we obtain

ṙ2 þ V̄ðrÞ ¼ 0; V̄ðrÞ ≔ Ē2

ḡttḡrr
þ L̄2

ḡrrḡϕϕ
; ð5:7Þ

with the light ring locations equivalently specified by the
conditions V̄ðrÞ ¼ 0 and V̄ 0ðrÞ ¼ 0. An alternative method
to identify the light ring locations is to determine the critical
points of the function (see Ref. [46] for a detailed
derivation)

H ¼ −gtϕ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffigtϕ − gttgϕϕ
p
gϕϕ

¼ð2.8Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−gttgϕϕ

p
gϕϕ

; ð5:8Þ

which simplifies to the rightmost expression for static
spherically symmetric metrics of the form of Eq. (2.8).
The advantage of this approach is that it implicitly
incorporates the condition VðrÞ ¼ 0, thereby allowing
one to disregard the conserved variables E and L. The
same line of thought applies for the effective metric. We

now proceed with the identification of light ring locations
for the three RBH models described in Sec. IV.

B. Light ring locations

The methodology of our calculation can be applied
analogously for the three RBH models described in
Sec. IV [and any other RBH geometry whose metric can
be cast into a formanalogous toEqs. (4.2), (4.12), and (4.22)].
For the threemodels considered inSec. IV, the explicit formof
the potentials in Eqs. (5.5) and (5.7) are given by

VBðrÞ ¼ −E2 þ L2

�
1

r2
−

2M

ðr2 þ l2Þ3=2
�
; ð5:9Þ

VHðrÞ ¼ −E2 þ L2

�
1

r2
−

2M
r3 þ 2Ml2

�
; ð5:10Þ

VCðrÞ ¼ −E2 þ L2

�
1

r2
−

2M
ðrþ lÞ3

�
; ð5:11Þ

and

V̄BðrÞ ¼ −Ē2 þ L̄2ð3r2 − 4l2Þ�ðr2 þ l2Þ3=2 − 2Mr2
�

2r2ðr2 þ l2Þ5=2 ;

ð5:12Þ

V̄HðrÞ ¼ −Ē2 þ L̄2ð2r3 − 5Ml2Þ�r3 þ 2Mðl2 − r2Þ�
ðr4 þ 2Ml2Þ2 ;

ð5:13Þ

V̄CðrÞ ¼ −Ē2 þ L̄2ð2r − 3lÞ�ðrþ lÞ3 − 2Mr2
�

2r2ðrþ lÞ4 ; ð5:14Þ

respectively. The light ring locations in the background and in
the effective geometry are determined by solving the equa-
tionsV 0ðrÞ ¼ 0 and V̄ 0ðrÞ ¼ 0 for r. Inwhat follows,weuse a
superscript “þ” (“−”) to label the outer (inner) light ring rþp
(r−p) and a subscript “p” for “photon sphere” to unambigu-
ously distinguish the locations of the light rings from those of
the outer and inner horizon rþ and r−, respectively. Once
again, many of the exact expressions are quite lengthy and
somewhat cumbersome to deal with by hand, and thus we do
not provide them here. For the interested reader, all explicit
expressions are provided in the Github repository linked as
Ref. [49].7 Since the procedure is analogous for the back-
ground and the effective geometry and follows the same steps
for each RBH model, we do not repeat them explicitly here.
The inner and outer horizons as well as the inner and outer
light rings in the background [Eq. (2.8)] and effective
[Eq. (2.10)] geometry for the three UCO models considered6It is worth noting that Lagrangian densities based on the

Born-Infeld nonlinearity cannot give rise to nonsingular black
hole solutions in spherically symmetric settings [48]. 7The code in this repository is written inMathematica 12 [50].
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in Sec. IV are illustrated in Fig. 1 for the mass param-
eter M ¼ 1.
For illustrative purposes, we focus on the model by

Cadoni et al. in what follows since it is the only one out of
the three models that exhibits the correct limiting behaviors
(see last paragraph of Sec. IV C). The leading terms in the

series expansions of the outer and inner light ring in the
background geometry of this model about the point l ¼ 0
are given by

rþp ¼ 3M − 4l −
2l2

M
þOðl3Þ; ð5:15Þ

FIG. 1. Horizons, critical lengths, and light rings for the three nonsingular UCOmodels discussed in Sec. IV. In (a)–(c), the solid (dashed)
black line represents the outer (inner) horizon rþ (r−), the solid (dashed) blue line represents the outer (inner) light ring rþp (r−p) in the
background geometry [Eq. (2.8)], and the solid (dashed) red line represents the outer (inner) light ring r̄þp (r̄−p) in the effective geometry
[Eq. (2.10)], which harbors a third light ring r̄0p situated between the two whose location is indicated by the dashed orange line. The critical

lengthslc,l
ðpÞ
c , andlðpÞ

c at which the horizons [Eqs. (4.7), (4.17), and (4.27)], the two innermost light rings in the effective geometry, and the
inner and outer light ring in the background geometry merge are indicated by the thin vertical black, thin vertical dashed orange, and thin
vertical dashed blue line, respectively. The regularization parameter domain 0 < l ⩽ lc (l > lc) describes an RBH (a nonsingular

horizonlessUCO). Theminimal length intervallc < l < lðpÞ
c (lðpÞ

c < l < lðpÞ
c ) is indicated by the region shaded in light orange (light blue)

and corresponds to the second (third) column in Table II. The outer light ring in the effective geometry of the Bardeen (Hayward) [Cadoni

et al.] model has a global minimum at ðr;lþðBÞ
min Þ ¼ ð2.3251; 1.0766Þ ððr;lþðHÞ

min Þ ¼ ð2.8355; 1.1004ÞÞ ½ðr;lþðCÞ
min Þ ¼ ð1.0834; 0.3991Þ�.

In (d), the Bardeen (Hayward) [Cadoni et al.] model is represented by the gray (blue) [red] color scheme. In each of the color schemes, the
outer (inner) horizons are represented by the solid (dashed) line in the darkest hue, the outer (inner) light ring in the background geometry by
the solid (dashed) line in the medium hue, the two innermost light rings in the effective geometry by the dotted lines in the two lightest hues,
and the outer light ring in the effective geometry by the solid line in the lightest hue. Differences in the critical horizon and light ring length
scales of the threemodels (see alsoTable I) are attributable to their different deformation strengths from theSchwarzschild geometry.The inset
in the bottom right-hand side corner of (d) serves as a comparison of the outer light rings in the effective geometry of the three models,
illustrating their characteristic behavior for varying minimal length l in the interval 0 < l ⩽ 3.
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r−p ¼ l4=3

ð3MÞ1=3 þ
4l5=3

35=3M2=3 þ
2l2

3M
þOðl7=3Þ; ð5:16Þ

respectively. Based on these expressions, we can ascertain
that the outer light ring is situated closer to the black hole
than in the Schwarzschild geometry, where it is located at
r ¼ 3M. As one would expect, the limit of vanishing
minimal length liml→0 rþp ¼ 3M reduces to this expression.
The inner light ring on the other hand vanishes in this limit,
liml→0 r−p ¼ 0. The models proposed by Bardeen and
Hayward exhibit the same qualitative behavior, which
can be verified by examining their exact expressions
and/or confirmed graphically as in Fig. 1. Similar to the
critical length lc at which the inner and outer horizon

merge, there is a critical length lðpÞ
c , rþp ðlðpÞ

c Þ≡ r−pðlðpÞ
c Þ, at

which the inner and outer light rings merge (and then
disappear) in the background geometry. This is in line with
the analyses of Refs. [51,52] which examine properties of
the EMTand quasinormal mode spectra for geometries that
smoothly interpolate between RBHs and nonsingular
horizonless UCOs based on the value of the regularization
parameter l. However, the light ring signature in the
effective geometry significantly differs from that of the
background geometry. As depicted in Fig. 1, there are
generally three distinct light rings in the effective geometry.
The outermost light ring [indicated by the solid red line in
Figs. 1(a)–1(c)] persists and never disappears (in contrast to
the behavior of the outer light ring in the background
geometry indicated by the solid blue line), whereas the
middle (dashed orange line) and innermost (dashed red

line) light rings are present up to some critical length lðpÞ
c

indicated by the thin vertical dashed orange line in
Figs. 1(a)–1(c). These characteristics are consistent across
all three UCO models. Interestingly, the radius of the outer
light ring in the effective geometry gradually decreases
with increasing minimal length l until it reaches a global

minimum value at some lþ
min > lðpÞ

c from which point
onward its radius starts to continuously increase with
increasing l. We also note that for each model there is a

small minimal length scale interval lc < l < lðpÞ
c

[indicated by the region shaded in light orange that is
enclosed by the thin vertical solid black line signifying lc

and the thin vertical dashed orange line signifying lðpÞ
c in

Figs. 1(a)–1(c)] in which the two innermost light rings of
the effective geometry are no longer obscured by the
horizons (as the UCO is no longer an RBH but a non-
singular horizonless UCO at length scales l > lc) and
become visible to external observers. Similarly, there is a

small minimal length interval lc < l < lðpÞ
c [indicated by

the union of the aforementioned interval lc < l < lðpÞ
c

shaded in light orange and the region shaded in light blue
that is enclosed by the thin vertical dashed orange line

signifying lðpÞ
c and the thin vertical dashed blue line

signifying lðpÞ
c in Figs. 1(a)–1(c)], in which the inner light

ring of the background geometry becomes visible.
Table I provides an overview of the relevant critical

lengths for the three RBH models considered in Sec. IV. A
universal result is that the outer light ring in the effective geo-
metry [represented by the solid red line in Figs. 1(a)–1(c)] is
located further away from the nonsingular UCO compared
to the outer light ring in the background geometry [repre-
sented by the solid blue line in Figs. 1(a)–1(c)]. Since this
result has observational relevance, we illustrate the differ-
ence r̄þp − rþp for the three RBH models in Fig. 2.
Another noteworthy feature is that in each geometry

(background and effective), there is precisely one observ-
able light ring if the nonsingular UCO is an RBH
[0 < l < lc]. In the interval lc < l < lðpÞ

c on the other
hand, there are three observable light rings in the effective
geometry and two in the background geometry as the inner
light rings become visible [region shaded in light orange in

Figs. 1(a)–1(c).] In the interval lðpÞ
c < l < lðpÞ

c , the inner-
most light rings in the effective geometry have disappeared
and only the outermost light ring remains visible, while in
the background geometry both the inner and outer light
ring are still visible [region shaded in light blue in

Figs. 1(a)–1(c)]. Lastly, in the interval l > lðpÞ
c only the

outer light ring in the effective geometry remains visible.
Table II summarizes the number of observable light rings in
different domains of the minimal length scale parameter l
in theories with and without birefringence.
According to a well-established theorem nonsingular

horizonless UCOs have at least two light rings (with one of
them being stable) provided that the metric is a regular
stationary solution of the Einstein field equations and the
spacetime can be continuously deformed into a flat
Minkowski spacetime [46].8 However, the effective metric
[Eq. (2.10)] is singular (see Appendix B for details) and

TABLE I. Critical lengths lc, lðpÞ
c , and lðpÞ

c at which the
horizons, the two innermost light rings in the effective geometry,
and the inner and outer light ring in the background geometry
merge, respectively. The value lþ

min corresponds to the global
minimum of the outer light ring in the effective geometry.

RBH model lc lðpÞ
c lðpÞ

c lþ
min

Bardeen 0.7698M 0.7811M 0.8587M 1.0766M
Hayward 0.7698M 0.7836M 0.9509M 1.1004M
Cadoni et al. 0.2963M 0.3016M 0.3164M 0.3991M

8An alternative approach is considered in Ref. [53], which
derives the stability of the inner light ring of nonsingular
horizonless UCOs based on the assumption that their outer
light ring has the same properties as that of the Kerr geometry,
but without invoking assumptions about the status of energy
conditions.
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thus the theorem does not apply.9 In fact, we find that
theories with birefringence predict an odd number of light
rings for l > lc (i.e., in the parameter domain where the
nonsingular UCO is a horizonless UCO rather than an
RBH) and a single light ring remains in the effective

geometry for l > lðpÞ
c , see Table II. This indicates that the

number of light rings on its own may not always serve as a
definitive indicator in determining the identity of UCOs
without knowledge of the underlying theory as both
horizonful and horizonless objects may possess the same
number of light rings.

In the effective geometry, the outermost light ring of the
Hayward model is located the furthest away from the UCO
for small values of the regularization parameter l, followed

FIG. 2. Difference r̄þp − rþp between the outer light ring (LR) in the effective geometry r̄þp [corresponding to the solid red line in
Figs. 1(a)–1(c)] and the outer light ring in the background geometry rþp [corresponding to the solid blue line in Figs. 1(a)–1(c)] for the
three nonsingular UCO models considered in Sec. IV. For the models proposed by Bardeen and Hayward, the scaling behavior in the
regime of small l is quadratic, whereas for the Cadoni et al. model it is linear. Consequently, the outer light rings are more easily
distinguished in the Cadoni et al. model for very small regularization parameter values l. In all three models, the difference between the

outer light rings becomes maximal as the critical light ring length lðpÞ
c of the background geometry (indicated by the vertical dashed blue

line) is approached.

TABLE II. Number of observable light rings (LRs) for different
domains of the regularization parameter l (corresponding to
different types of nonsingular UCOs) in effective theories with

and without birefringence. The parameter domains lc < l < lðpÞ
c

and lðpÞ
c < l < lðpÞ

c correspond to the regions shaded in light
orange and light blue in Figs. 1(a)–1(c) and 2(a)–2(c), respectively.

0 < l < lc lc < l < lðpÞ
c lðpÞ

c < l < lðpÞ
c l > lðpÞ

c

Nonsingular
UCO type RBH Horizonless Horizonless Horizonless

LRs without
birefringence 1 2 2 0

LRs with
birefringence 2 5 3 1

9On the other hand, if the polarization mode that is null in the
effective geometry is considered in the background geometry,
then the corresponding photon trajectories are no longer null
geodesics, and again the theorem does not apply.
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by those of the Bardeen and Cadoni et al. model. However,
with increasing l this behavior changes, and the outermost
light ring in the Cadoni et al. first surpasses that of the
Bardeen model and ultimately that of the Hayward model
in terms of its distance from the nonsingular UCO, as
illustrated by the inset located in the bottom right-hand side
corner of Fig. 1(d). The outermost light ring in the effective
Hayward geometry is eventually surpassed by that of the
Bardeen model as well. These differences in the locations
of the outer light ring in the effective geometry for varying
l are attributable to the different strengths of deformation
from the Schwarzschild geometry exhibited by each
model.10 The different deformation strengths of the three
models are also responsible for the different sizes of the

intervals lc < l < lðpÞ
c and lðpÞ

c < l < lðpÞ
c correspond-

ing to the regions shaded in light orange and light blue in
Figs. 1(a)–1(c) and 2(a)–2(c), respectively. More precisely:
the stronger the deformation from the Schwarzschild
geometry, the smaller the size of the critical length scale
intervals, as can be verified from the values provided in
Table I. Lastly, we remind the reader that the strength of the
deformation is also intimately related to the weak-field
limit behavior. Ordering the models we consider in this
article in terms of their respective deformation strengths,
i.e., C > B > H, we observe that the stronger the defor-
mation, the closer the behavior to the Maxwellian weak-
field limit, and the smaller the relevant critical length scale
intervals.

C. Dynamical stability

The dynamical behavior of light rings is determined by
the second-order derivatives of the potential with respect to
r. For the three UCO models discussed in Sec. IV, we find

V 00ðrþp Þ < 0; V 00ðr−pÞ > 0; ð5:17Þ

V̄ 00ðr̄þp Þ < 0; V̄ 00ðr̄0pÞ > 0; V̄ 00ðr̄−pÞ < 0: ð5:18Þ

This implies that in the background metric the inner light
ring r−p is stable, while the outer light ring rþp is unstable.
The outermost light ring r̄þp in the effective geometry
exhibits the same instability, but here the innermost light
ring r̄−p is also unstable. This is in stark contrast to the non-

NED case. Interestingly, the light ring r̄ð0Þp situated between
the inner and outer light ring in the effective geometry is
stable.
While even in the effective geometry nonsingular UCOs

typically possess a stable light ring leading to well-known
spacetime instabilities, this stable light ring is absent

beyond a certain minimal length scale, namely l > lðpÞ
c .

The fact that the outermost light ring r̄þp remains (unlike in
the background geometry) suggests that—if the effective
description of nonsingular horizonless UCOs sourced by
NED is valid—they may possess only one unstable light
ring, thus presenting a viable alternative to the standard
paradigm used to explain observations of astrophysical
black hole candidates. Of course, another possibility is that
NED theories simply do not provide a viable effective
description of nonsingular horizonless UCOs.
Lastly, we note that various models for gravitational

collapse resulting in nonsingular UCOs violate the null
energy condition (NEC), e.g., Friedmann-Robertson-
Walker (FRW) collapse models that incorporate repulsive
effects to halt the collapse [56,57] or thin-shell collapse
models where the backreaction of Hawking radiation is
described as a trace anomaly [58]. The emission of
Hawking radiation [59,60] is also known to violate several
energy conditions including the NEC, and a violation of the
latter is a necessary requirement for the formation of a
regular (in the sense of finite curvature scalars) apparent
horizon in finite time according to the clock of a distant
observer [61–63].

VI. CAUSALITY AND PHASE VELOCITIES

A. Generic expressions

In this section, we focus on the phase velocities of
different photon polarizations and the resulting causal
structure of their associated light cones. We begin by
computing the phase velocity, utilizing the fact that light
propagates along null geodesics. Recall that one photon
polarization travels on the background metric, while the
other travels on the effective metric. For our analysis, which
we once again restrict to the equatorial plane without loss of
generality (cf. Sec. VA), we proceed with a propagation
wave vector kμ of the form

kμ ¼ ð−ω; ffiffiffiffiffiffi
grr

p jk⃗j cos η; 0; ffiffiffiffiffiffiffi
gϕϕ

p jk⃗j sin ηÞ; ð6:1Þ

where jk⃗j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
gijkikj

q
, with indices i, j running from 1 to 3,

and η∈ ½0; π� representing an angle introduced to conven-
iently specify the propagation direction in what follows.
Radial light rays are described by η ¼ 0, whereas η ¼ π=2
for circular trajectories. The phase velocity is defined as
ω=jk⃗j. For the background geometry, the null condition
gμνkμkν ¼ 0 [cf. Eq. (5.4)] and Eq. (6.1) lead to

vph ¼
ffiffiffiffiffiffiffiffi
−gtt

p ¼ð2.8Þ
ffiffiffiffiffiffiffiffiffi
fðrÞ

p
: ð6:2Þ

Since this expression is independent of η, the phase velocity
is the same in any direction of the photon propagation.
Similarly, using Eqs. (2.10) and (5.6) for the effective
metric, we find

10A similar feature appears in black hole thermodynamics,
where the deviation of the mean-field theory critical ratio
also depends on the strength of the deformation from the
Schwarzschild geometry [54,55].
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gμνkμkν − 4
LFF

LF
gρσðFμρkμÞðFνσkνÞ ¼ 0; ð6:3Þ

and the phase velocity is given by

v̄phðηÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðrÞ

�
1þ 2FLFF

LF
sin2 η

�s
: ð6:4Þ

Unlike the phase velocity in the background geometry
given by Eq. (6.2), the phase velocity in the effective
geometry Eq. (6.4) depends on the photon’s direction of
travel. Consequently, due to the fact that one photon
polarization mode moves according to the background
geometry while the other moves according to the effective
geometry, their respective phase velocities will differ,
signifying the presence of birefringence. It is worth
emphasizing that this phenomenon does not affect radial
light rays described by a propagation vector with η ¼ 0
[cf. Eq. (6.1)]. In this case, vph ¼ v̄phð0Þ, and thus radial
light rays propagate with the same phase velocity.
As discussed in Secs. IVA and IV B, the effective metric

tensor components of the Bardeen and Hayward models do
not conform to the proper Schwarzschild limit in the case of
vanishing minimal length. This property prevents a direct
comparison of the phase velocity in these spacetimes to that
of the singular Schwarzschild geometry. In the subsequent
analysis, we therefore mainly focus on the model by
Cadoni et al. (cf. Sec. IV C).

B. Phase velocities in the Cadoni et al. model

In this model, the first and second derivative of the
Lagrangian density LCðF Þ [Eq. (4.24)] with respect to F
are given as functions of the radial coordinate r by

L0
CðF Þ ¼ 12r5

ðrþ lÞ5 ; L00
CðF Þ ¼ −

15r9

Mðrþ lÞ6 ; ð6:5Þ

where we have substituted the corresponding values of the
parameters α and Qm given by Eq. (4.23) after taking the
derivatives. Via Eq. (6.2) the phase velocity in the back-
ground geometry of the Cadoni et al. model is given by

vðCÞph ¼
ffiffiffiffiffiffiffiffiffiffiffi
fCðrÞ

p
: ð6:6Þ

Using Eqs. (3.3), (4.23), and (6.5) in Eq. (6.4) it follows
that the phase velocity in the effective geometry of the
Cadoni et al. model is given by

v̄ðCÞph ðηÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fCðrÞ

�
1 −

5l
2ðrþ lÞ sin

2 η

�s
: ð6:7Þ

Figure 3 depicts its dependence on the propagation angle η.

The following two comments are in order: First, as
r → ∞, the influence of the magnetic charge Qm or,
equivalently [via Eq. (4.23)], the minimal length scale l,
diminishes, as one would expect intuitively, and the
effective phase velocity reduces to that of the background
geometry (which coincides with that of the Schwarzschild
geometry in this limit), demonstrating the consistency
of the calculation. Second, in the limit of vanishing
minimal length, the Cadoni et al. model reduces to the
Schwarzschild limit for every direction of motion, in
contrast to the models by Bardeen and Hayward (see
Sec. VI C).
For radial trajectories described by η ¼ 0, the phase

velocity of the Cadoni et al. model surpasses that in
the Schwarzschild geometry, which can be attributed to
the presence of a minimal length scale and consequently the
absence of a singularity. The velocities coincide only in the
asymptotic regime where the presence of a nonvanishing l
becomes insignificant.
Nonradial light rays with η ≠ 0 propagating in the

effective geometry exhibit an intriguing behavior illustrated
in Fig. 4: such rays possess a higher phase velocity
compared to those of the Schwarzschild geometry, but
only up to a certain critical radius rcrit which increases with
increasingM and decreasing l. Beyond this critical radius,
their phase velocity is smaller compared to the
Schwarzschild case.11 In addition, it is evident from
Eqs. (6.6) and (6.7) that

FIG. 3. Illustration of the dependence of the phase velocity
v̄CphðηÞ in the effective metric of the Cadoni et al. model
[Eq. (6.7)] on the propagation angle η∈ ½0; π� for M ¼ 1 and
l ¼ 0.2. From the darkest to the lightest hue, the lines correspond
to the values η ¼ f0; π

6
; π
3
; π
2
g.

11We emphasize that, when we are concerned with circular
light trajectories, the phase velocity as a function of r is only
meaningful if such trajectories exist. As can be seen in Fig. 1,
light rings may be located at distances greater than the location of
the Schwarzschild light ring, and therefore it is still meaningful to
consider their phase velocity in this regime of r.
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vðCÞph > v̄ðCÞph ; ð6:8Þ

indicating that the wavefronts associated with the
background geometry always propagate faster than those
of the effective geometry. Moreover, they also always
propagate faster than those in the Schwarzschild geometry,
cf. Fig. 4.
Nevertheless, the phase velocity never becomes super-

luminal for any propagation direction, a property that is
intimately related to the fact that L00

CðF Þ < 0 for the Cadoni
et al. model. As demonstrated in Sec. VI C, this feature is
not shared by the Bardeen and Hayward models. The
significance of the signature of L00ðF Þ becomes clear when
examining the light cone structure. It is important to note
that the wavevector kμ is a 1-form (covariant vector), while
the photon momentum, i.e., the tangent vector to the photon
trajectory, is a contravariant vector [64]. In the linear
Maxwell theory, this distinction is unnecessary, but it is
necessary in NED theories with both a background and an
effective metric. To accurately determine the nature of a
null trajectory in the effective geometry with respect to the
background geometry, we must start with the covariant
form of the effective metric and the contravariant momen-
tum vector:

ḡμνkμkν ¼ 0: ð6:9Þ
Using the covariant components of the effective metric
given by Eqs. (3.6)–(3.8), we have

k2 ¼ −gtt
2FLFF

LF
ðktÞ2; ð6:10Þ

where k2 ¼ gμνkμkν. Since both −gtt and ðktÞ2 are positive
and LF > 0 for all UCO models considered in this article
(see Sec. VI C), the nature of a trajectory that is null in the
effective geometry propagating within the background
geometry is determined by the sign of LFF . Specifically,
for LFF < 0 the vector kμ that is null in the effective
geometry is timelike in the background geometry, thereby
preserving the causal character of the theory.
Alternatively, one can start with the null condition

parsed in terms of the contravariant effective metric
components,

ḡμνkμkν ¼ 0: ð6:11Þ
An explicit calculation then leads to the expression

k2 ¼ −gϕϕ
2FLFF

LF
ðkϕÞ2: ð6:12Þ

While this appears to contradict the argumentation follow-
ing Eq. (6.10), in this case the vector kμ is spacelike in the
background metric for LFF < 0, and the light cone of the
background geometry lies entirely within the light cone of
the effective geometry, indicating superluminal propagation
velocities. The observation that the nesting of light cones
reverses when transitioning from the contravariant metric to
the covariant metric is a well-known result [11]. Hence,
these two approaches of addressing causality are indeed
equivalent, and it is ultimately the signature of LFF that
plays a crucial role.

C. Phase velocities in the Bardeen and Hayward models

Following the methodology of Sec. VI A, we calculate
the phase velocities in the UCO models by Bardeen
[Sec. IVA] and Hayward [Sec. IV B] based on Eqs. (6.2)
and (6.4) for the background and effective geometries,
respectively.
The derivatives of the NED Bardeen Lagrangian density

[Eq. (4.4)] with respect to F are given by

L0
BðF Þ ¼ 15lr6

ðr2 þ l2Þ7=2 ; ð6:13Þ

L00
BðF Þ ¼ 15r10ðr2 − 6l2Þ

4Mðr2 þ l2Þ9=2 ; ð6:14Þ

where we have substituted the parameters α and Qm from
Eq. (4.3). The corresponding phase velocities in the back-
ground and effective geometry are

vðBÞph ¼
ffiffiffiffiffiffiffiffiffiffiffi
fBðrÞ

p
; ð6:15Þ

v̄ðBÞph ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fBðrÞ

�
1þ ðr2 − 6l2Þ

2ðr2 þ l2Þ sin
2 η

�s
; ð6:16Þ

FIG. 4. Comparison of the phase velocities in the background
vCph (blue) and effective v̄Cph (red) geometries of the nonsingular

Cadoni et al. model at its critical length l ¼ lC
c to the phase

velocity vSph in the singular Schwarzschild geometry for M ¼ 1

and η ¼ π=2. For these parameter choices, the critical radius
which signifies the point beyond which the phase velocity in the
Schwarzschild geometry exceeds that in the effective geometry is
given by rcrit ¼ 3.8313.
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respectively. For the NED Hayward Lagrangian density
[Eq. (4.14)], the analogous expressions are given by

L0
HðF Þ ¼ 18ð2Ml2Þ2=3r7

ðr3 þ 2Ml2Þ3 ; ð6:17Þ

L00
HðF Þ ¼ 9 · 21=3l2=3ðr3 − 7Ml2Þr11

M2=3ðr3 þ 2Ml2Þ4 ; ð6:18Þ

where we have substituted the parameters α and Qm from
Eq. (4.13). The phase velocities in the background and
effective geometry are given by

vðHÞ
ph ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
fHðrÞ

p
; ð6:19Þ

v̄ðHÞ
ph ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fHðrÞ

�
1þ r3 − 7Ml2

r3 þ 2Ml2
sin2 η

�s
: ð6:20Þ

Based on the relations given in Eqs. (6.16) and (6.20), we
can conclude that the Schwarzschild phase velocity is
recovered in the limit l → 0 only for radial null rays
described by η ¼ 0. This demonstrates once again that for
radial null rays the phase velocities in the background and
effective geometries coincide, and therefore they do not
experience birefringence. Nonradially propagating null
rays on the other hand experience birefringence, as illus-
trated in Figs. 3 and 4 for the Cadoni et al. model.
Lastly, it is worth pointing out a distinctive behavior that

occurs in the models by Bardeen and Hayward but is absent
in the Cadoni et al. model. In the latter, L00

CðF Þ < 0,
ensuring a phase velocity less than one describing a
propagation that is causal. However, this is not the case
for polarized light moving in the effective geometries of the
Bardeen and Hayward models. Specifically, there exists a
radial distance r⋆ that leads to a signature change in L00

BðF Þ
andL00

HðF Þ. From Eqs. (6.14) and (6.18), these critical radii
are identified as

rðBÞ⋆ ¼
ffiffiffi
6

p
l; rðHÞ

⋆ ¼ ð7Ml2Þ1=3; ð6:21Þ

respectively. According to Eq. (6.10), this implies that a
null trajectory in the effective metric behaves spacelike in

the background metric for r > rðBÞ⋆ and r > rðHÞ
⋆ , indicating

regions of superluminal propagation (provided that physi-
cally relevant trajectories exist in these regions, which
depends on the value of the minimal length scale l). To
verify if superluminal signalling is possible in practice
requires an examination of the group velocity of the
associated light pulses [65], which may be discussed
further in future works.

VII. DISCUSSION AND CONCLUSIONS

NED theories possess many intriguing features and the
possibility of regularizing black hole geometries by cou-
pling them to gravity remains an interesting proposal. Their
nonlinearity results in the violation of the superposition
principle, causing propagating light rays to be affected by
electromagnetic background fields [66]. This phenomenon,
known as “light-by-light scattering,” has been experimen-
tally observed [67]. Vacuum birefringence is another
interesting effect, according to which different photon
polarizations propagate with different phase velocities.
Therefore, if a light ray propagates through a region
pervaded by a strong electromagnetic field, it will effec-
tively be separated into two distinct rays. Although this
phenomenon has not yet been definitively observed in
nature, there is compelling evidence from studies of light
rays passing by magnetars—neutron stars with extremely
powerful magnetic fields ranging from 109 to 1011 T [68].
Due to the difficulties in maintaining regularity at the

center while simultaneously conforming to the Maxwell
weak-field limit [Eq. (2.7)] inherent to solutions with an
electric charge (cf. Sec III), our analysis focuses on the
geometries of purely magnetic nonsingular UCOs sourced
by NED. We examine their observational properties such as
light ring signatures and phase velocities. Our analysis
illustrates that the phenomenon of birefringence may
manifest itself through the presence of additional light
rings surrounding the nonsingular UCO (cf. Sec. V, Fig. 1).
On the other hand, the number of light rings on its own is
insufficient to distinguish RBHs from nonsingular horizon-
less UCOs as both models may possess either one or two
light rings depending on the minimal length scale and the
presence or absence of birefringence (cf. Sec. V, Table II).
Interestingly, our analysis reveals that there are narrow

intervals in the minimal length scale parameter, namely

lc < l < lðpÞ
c [corresponding to the union of the regions

shaded in light orange and light blue in Figs. 1(a)–1(c) and
2(a)–2(c)] and lc < l < lðpÞ

c [corresponding to the region
shaded in light orange in Figs. 1(a)–1(c) and 2(a)–2(c)], in
which the inner light ring in the background geometry and
the two innermost light rings in the effective geometry,
respectively, become visible to external observers. Another
notable result is that the outer light ring in the effective

geometry persists beyond the critical light ring length lðpÞ
c

of the background geometry, as illustrated in Fig. 1.
While our procedure is generic based on the general form

of the NED Lagrangian density proposed by Fan and Wang
[Ref. [23], Eq. (26)], we explicitly consider three popular
nonsingular UCO models characterized by the strength of
their respective deviations from the singular Schwarzschild
geometry. Only one of these models, namely that consid-
ered by Cadoni et al. in Ref. [41], possesses an effective
NEDmetric that exhibits the desired behavior in the limit of
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vanishing minimal length and in the asymptotic regime
(Sec. IV C). For this particular model, the minimal length
parameter is bounded from above by l≲ 0.47M via
observations of the S2 star orbiting Sagittarius A�, the
black hole candidate located at the center of the Milky Way
Galaxy [41]. However, since the critical light ring lengths
of this model sit far below this value (cf. last row in Table I),
the current bound is insufficient to

(i) distinguish between an RBH and a nonsingular
horizonless UCO; and

(ii) either exclude or confirm the presence of bire-
fringence;

based on the number of light rings surrounding the UCO.
Testing the existence of additional light rings is only

possible if the resolution achieved in our astrophysical
observations is sufficient to distinguish them. To determine
the required resolution for nonsingular UCOs sourced by
NED, we compute the light ring locations and compare
their differences. A universal result is that the outermost
light ring in the effective geometry is always situated at
larger radii compared to the outer light ring of the back-
ground geometry. As illustrated in Fig. 2, the separation
between these two light rings increases with the minimal
length scale, reaching its maximum at lðpÞ

c , the critical light
ring length where the inner and outer light ring of the
background geometry merge and disappear. While the
minimal length scale need not be Planckian, it is typically
assumed to be small. It is therefore useful to examine how
the light ring separation behaves in this regime. We find
that in the model by Cadoni et al., the separation scales with
∼l, whereas in the Bardeen and Hayward models it scales
with ∼l2. This characteristic behavior can be attributed to
the stronger deformation of the Cadoni et al. model from
the Schwarzschild geometry compared to the other two
models. As a result, detecting both light rings individually
is a more feasible task for the Cadoni et al. model at small
length scales.
A different interpretation for the light rings in NED

geometries is offered in Ref. [69], according to which
photons move exclusively in what we refer to as the
effective geometry. Complementary analyses related to
our interpretation according to which one of the two
effective geometries coincides with the background geom-
etry are given in Refs. [70,71] for electrically charged
solutions in the class of regularized Maxwell (RegMax)
theories and dyonic solutions in ModMax theories, respec-
tively. The light rings, shadows, and gravitational lensing
effects of the electrically charged Dymnikova RBH [35]
with an NED source are studied in Ref. [72].
In addition to light ring signatures, we analyzed the

phase velocities for different photon polarizations and
examined the corresponding causal structure for the three
nonsingular UCO models considered in this article. Our
results indicate that there are no acausal spacetime regions
when the NED theory adheres to the Maxwell weak-field

limit as in the Cadoni et al. model. On the other hand, in
models where this is not the case such as those proposed by
Bardeen and Hayward, the light cone of the background
geometry is fully contained within the light cone of the
effective geometry, which indicates the presence of space-
time regions where superluminal motion is possible,
provided that the relevant trajectories exist.
The limiting behavior of the Cadoni et al.model allows for

comparisons to the Schwarzschild geometry. We find that the
phasevelocity in the backgroundgeometry exceeds that of the
effective geometry as well as that of the Schwarzschild
geometry. Interestingly, the phase velocity in the effective
geometry exceeds the Schwarzschild phase velocity only up
to some critical radius, beyondwhich it is smaller, as depicted
in Fig. 4. Measuring these phase velocities in experiments
could provide an alternative way of establishing bounds on
the minimal length scale parameter.
Astrophysical observations of black hole candidates are

typically modeled using the Kerr paradigm since realistic
UCOs are expected to possess angular momentum and
rotate. In particular, the emission of gravitational waves
requires at least a mass quadrupole structure and thus
cannot be modeled in spherically symmetric settings.
On the other hand, a recent study indicates that spherically
symmetric solutions in semiclassical gravity can
mimic signatures of axially symmetric geometries [73].
Nonetheless, to comprehensively test the validity of NED
theories as an effective description of nonsingular UCOs
requires an extension to axial symmetry. However, attempts
to provide such an extension using the Newman-Janis
formalism have not been successful thus far. Fully analytic
solutions remain unknown, and only solutions for the case
of slowly rotating objects are currently available [74,75].
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APPENDIX A: BIREFRINGENCE

Following the argumentation of Ref. [36], we rederive the
phenomenon of birefringence for convenience. As in Sec. II,
we restrict our considerations to NED Langrangian densities
LðF ;GÞ≡ LðF Þ. The derivation is based on the assumption
that the electromagnetic field F̃μν of the UCO is much
stronger than that of photonsΦμν. For simplicity, we work in
Minkowski spacetime here, but an analogous derivation can
be performed in generic curved spacetimes by considering
covariant derivatives instead of partial derivatives in what
follows. The total electromagnetic field is given by
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Fμν ¼ F̃μν þΦμν: ðA1Þ

Defining

hμν ≔ LFFμν; ðA2Þ

the leading terms in the series expansion about Φμν are

hμν ¼ hμνjΦ¼0 þ
∂hμν

∂Fρσ

����
F¼F̃

Φρσ þOðΦ2Þ; ðA3Þ

where indices have been omitted in the j• subscripts and
order Oð•Þ here and in what follows to avoid clutter.
Substituting Eq. (A3) into Eq. (A2) results in the linearized
equations

∂μhμν ¼
∂hμν

∂Fρσ

����
F¼F̃

∂μΦρσ þOðΦÞ ¼ 0: ðA4Þ

We are looking for solutions Φρσ of the form

ΦρσðxÞ ¼ ϵρσðkÞe−ikx; ðA5Þ

where

ϵρσ ≔ kρϵσðkÞ − kσϵρðkÞ ðA6Þ

denotes the antisymmetric polarization tensor, kρ the propa-
gation vector, and ϵρ the polarization vector [76].
Substituting the partial derivative

∂μΦρσ ¼ −ikμϵρσðkÞe−ikx ðA7Þ

into Eq. (A4) results in

∂hμν

∂Fρσ

����
F¼F̃

ð−ikμϵρσðkÞe−ikxÞ ¼ 0; ðA8Þ

and using the definition of the antisymmetric polarization
tensor Eq. (A6), we have

∂hμν

∂Fρσ

����
F¼F̃

kμðkρϵσ − kσϵρÞ ¼ 0: ðA9Þ

Finally, using the antisymmetry of the electromagnetic field
tensor Fρσ [cf. Eq. (2.1)], we arrive at the relation

∂hμν

∂Fρσ

����
F¼F̃

kμkρϵσ ¼ 0: ðA10Þ

The partial derivative is calculated as

∂hμν

∂Fρσ
¼ðA2Þ ∂

∂Fρσ
ðLFFμνÞ¼LFF

∂F
∂Fρσ

FμνþLF
∂Fμν

∂Fρσ
; ðA11Þ

where

∂Fμν

∂Fρσ
¼ 1

2
ðημρηνσ − ηνρημσÞ ðA12Þ

due to the antisymmetry property [cf. Eq. (2.1)]. The
derivative of the field strength F with respect to Fρσ is
calculated using this relation and results in

∂F
∂Fρσ

¼ ∂

∂Fρσ
ðFαβFαβÞ

¼ ∂

∂Fρσ
ðηαχηβλFαβFχλÞ ¼ 2Fρσ: ðA13Þ

Substitution of Eqs. (A12) and (A13) into Eq. (A11) and
subsequently into Eq. (A10) results in

2LFF ðFρσkρÞðFμνkμÞϵσ þ
1

2
LF ðηνσk2 − kνkσÞϵσ ¼ 0:

ðA14Þ

It is useful to define the four-vectors

aμ ≔ Fμνkν; ⋆aμ ≔ ⋆Fμνkν; bμ ≔ Fμνaν: ðA15Þ

Equation (A14) can then be rewritten as

½LF ðηνσk2 − kνkσÞ þ 4LFFaνaσ�ϵσ ¼ 0: ðA16Þ

Defining

Mνσ ≔ LF ðηνσk2 − kνkσÞ þ 4LFFaνaσ; ðA17Þ

Equation (A16) is given by

Mνσϵσ ¼ 0: ðA18Þ

To determine the polarization vector ϵσ, we express it in
terms of four linearly independent vectors aμ, ⋆aμ, kμ, and
bμ, i.e.,

ϵσ ¼ c1aσ þ c2⋆aσ þ c3kσ þ c4bσ: ðA19Þ

Equation (A18) is then given by

c1Mνσaσþc2Mνσ⋆aσþc3Mνσkσþc4Mνσbσ ¼0: ðA20Þ

Using kσaσ ¼ kσFσαkα ¼ 0 (due to antisymmetry), the first
term is given by

Mνσaσ ¼ ðLFk2 þ 4LFFa2Þaν; ðA21Þ

where a2 ≔ aμaμ. Similarly, kσ⋆aσ ¼ kσ⋆Fσνkν ¼ 0 (due to
antisymmetry), and the second term is given by
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Mνσ⋆aσ ¼ LFk2⋆aν þ 4LFF ðaσ⋆aσÞaν: ðA22Þ
Analogously, the third and fourth term are given by

Mνσkσ ¼ LF ðk2kν − k2kνÞ þ 4LFF ðaσkσÞaν ¼ 0; ðA23Þ

Mνσbσ ¼ LFk2bν − LF ðkσbσÞkν; ðA24Þ

respectively, where we have used aσkσ ¼ 0 and aσbσ ¼
aσFσαaα ¼ 0 (due to antisymmetry). Substitution of
Eqs. (A21)–(A24) into Eq. (A20) yields

½c1ðLFk2 þ 4LFFa2Þ þ c24LFF ðaσ⋆aσÞ�aν
þ c2ðLFk2Þ⋆aν − c4½LF ðkσbσÞ�kν þ c4ðLFk2Þbν ¼ 0:

ðA25Þ

Since the four-vectors aμ, ⋆aμ, kμ, and bμ are linearly
independent, the vanishing of Mνσϵσ implies that the
coefficients must vanish. We note that

kσbσ ¼ kσFσαaα ¼ −ðFασkσÞaα ¼ −aαaα ¼ −a2; ðA26Þ

and

aσ⋆aσ ¼ Fσβkβ⋆Fσαkα ¼ ηαλð−GηβαÞkβkλ
¼ −Gηβλkσkλ ¼ −Gk2; ðA27Þ

where we have used the property Fσβ⋆Fσα ¼ −Gηβα with G
as defined in Eq. (2.2).
Since the last two terms in Eq. (A25) cannot vanish

simultaneously unless c4 ¼ 0, we are left with a system of
equations for the coefficients c1 andc2.

12 Fork2 ¼ 0, we have

c1ð4LFFa2Þ ¼ 0; ðA28Þ

and an arbitrary c2, which necessarily leads to c1 ¼ 0, and
thus the polarization vector is

ϵμ ¼ c2⋆aμ: ðA29Þ
This corresponds to the photon polarizationmode that moves
on null geodesics in the background geometry. For k2 ≠ 0 on
the other hand, we find

c1ðLFk2 þ 4LFFa2Þ ¼ 0: ðA30Þ
To find a nontrivial (i.e., c1 ≠ 0) solution to the eigenvalue
problem Mνσϵσ ¼ 0, we solve

LFk2 þ 4LFFa2 ¼ 0 ⇒ k2 þ 4LFF

LF
a2 ¼ 0: ðA31Þ

Using the definition of the four-vector aμ, this equation can be
rewritten as

k2 þ 4LFF

LF
ημνFμαkαFνβkβ ¼ 0 ðA32Þ

⇒ ηαβkαkβ þ
4LFF

LF
ημνFμαFνβkαkβ ¼ 0 ðA33Þ

⇒

�
ηαβ þ 4LFF

LF
ημνFμαFνβ

�
kαkβ ¼ 0: ðA34Þ

Consequently, the effective metric tensor is given by

ḡαβ ¼ ηαβ þ 4LFF

LF
ημνFμαFνβ: ðA35Þ

Using antisymmetry of the electromagnetic field tensor
Fνβ ¼ −Fβν and contracting ημνFβν results in

ḡαβ ¼ ηαβ −
4LFF

LF
Fα

μFμβ; ðA36Þ

which is equivalent to Eq. (2.10). Thus the polarizationvector

ϵμ ¼ c1aμ ðA37Þ

corresponds to the photon polarization mode that moves on
null geodesics in the effective geometry.

1. Examples

In what follows, we consider circular trajectories. As in
Sec. V, we restrict our considerations to the equatorial plane
without loss of generality, and thus the wave vector can be
written as kμ ¼ ð−ω; 0; 0; kϕÞ.

a. Magnetic solutions

For purely magnetic solutions [Qe ¼ 0 ⇒ Ftr ¼ 0], the
polarization vector that is null in the background geometry
[Eq. (A29)] is given explicitly by

ϵμ ¼ c2⋆aμ ¼
c2
2

⋆Fμνkν ¼
c2
2
εμνρσFρσkν

¼ c2εμνθϕFθϕkν ¼ ð0; c2ωFθϕ; 0; 0Þ; ðA38Þ
corresponding to a polarization in the radial direction and a
propagation in the ϕ direction.
For the polarization vector that is null in the effective

geometry [Eq. (A37)], we have

ϵ̄μ ¼ c1aμ ¼ c1Fμνkν ¼ c1Fθϕkϕ

¼ ð0; 0; c1Fθϕkϕ; 0Þ; ðA39Þ

12Note that the coefficient c3 does not contribute to the
polarization as evident from Eq. (A25). This may also be seen
from Eqs. (A5) and (A6): if ϵμ ∝ kμ, then the polarization tensor
ϵρσ and its corresponding field vanishes. Physically, this implies
that the polarization vector is always perpendicular to the
propagation direction. Hence no part of the polarization vector
lies in the propagation direction and thus c3 does not contribute.
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corresponding to a polarization in the θ direction and a
propagation in the ϕ direction.

b. Electric solutions

For purely electric solutions [Qm ¼ 0 ⇒ Fθϕ ¼ 0], we
find

ϵμ ¼ c2
2
εμνρσFρσkν ¼ c2εμνtrFtrkν

¼ ð0; 0; c2Ftrkϕ; 0Þ; ðA40Þ

and

ϵ̄μ ¼ c1Fμνkν ¼ ð0; c1ωFtr; 0; 0Þ; ðA41Þ

respectively.

APPENDIX B: SINGULARITY OF THE
EFFECTIVE METRIC

The line element described by the covariant effective
metric tensor components of Eqs. (3.6)–(3.8) is given by

ds2 ¼ −fiðrÞdt2 þ
dr2

fiðrÞ
þ r2

h̄iðrÞ
dΩ2; ðB1Þ

where the subscript i∈ fB;H; Cg labels functions associ-
ated with the Bardeen [Eq. (4.2)], Hayward [Eq. (4.12)],
and Cadoni et al. [Eq. (4.22)] model, respectively, and

h̄iðrÞ ≔ 1þ 2FLFF

LF
; ðB2Þ

with LðF Þ given by Eqs. (4.4), (4.14), and (4.24),
respectively. Explicit evaluation yields [cf. Eqs. (4.9),
(4.10), (4.19), (4.20), (4.29), and (4.30)]

h̄BðrÞ ¼
3

2
−

7l2

2ðr2 þ l2Þ ; ðB3Þ

h̄HðrÞ ¼ 2 −
9Ml2

r3 þ 2Ml2
; ðB4Þ

h̄CðrÞ ¼ 1 −
5l

2ðrþ lÞ : ðB5Þ

Based on these explicit expressions, the equation h̄iðrÞ ¼ 0
admits real positive solutions for r, indicating a divergence
of the effective metric tensor components ḡθθ and ḡϕϕ. The
existence of a curvature singularity may also be confirmed
via examination of the Ricci (or Kretschmann) scalar
corresponding to Eq. (B1), i.e.,

R̄iðrÞ ¼
2h̄i

�
2h̄2i þ 2r2f0ih̄

0
i − rh̄ið4f0i þ rf00i Þ

�
2r2h̄2i

þ fi
�
4rh̄ið3h̄0i þ rh̄00i Þ − 4h̄2i − 7r2ðh̄0iÞ2

�
2r2h̄2i

; ðB6Þ

where primes denote differentiation with respect to r and
explicit dependencies of the functions fiðrÞ and h̄iðrÞ on r
have been omitted for the sake of simplicity. Evaluating
Eq. (B6) for each of the three models yields

R̄BðrÞ ¼
ABðrÞ

ðr2 þ l2Þ7=2ð3r3 − 4rl2Þ2 ; ðB7Þ

R̄HðrÞ ¼
AHðrÞ

2ðr3 þ 2Ml2Þ3ð2r4 − 5Mrl2Þ2 ; ðB8Þ

R̄CðrÞ ¼
ACðrÞ

2r2ð2r − 3lÞ2ðrþ lÞ5 ; ðB9Þ

which diverge at rB ¼ 2lffiffi
3

p , rH ¼ ð5
2
Þ1=3M1=3l2=3, and

rC ¼ 3l
2
, respectively, and the numerators are given explic-

itly by

ABðrÞ ¼ ðr2 þ l2Þ3=2ð9r8 − 69r6l2 − 268r4l4 − 384r2l6 − 96l8Þ þ 2Mð57r8l2 þ 250r6l4 þ 336r4l6 þ 192r2l8Þ;
ðB10Þ

AHðrÞ ¼ 16r15 þ 8Mð84M − 43rÞr11l2 þM2ð3726M − 2879rÞr8l4 þ 2M3ð5040M − 4517rÞr5l6

þ 80M4ð60M − 137rÞr2l8 − 2800M5l10; ðB11Þ

ACðrÞ ¼ l2

�
−5ðrþ lÞ3ð7r2 þ 30rlþ 18l2Þ þ 2Mr2ð71r2 þ 12rlþ 216l2Þ

�
: ðB12Þ
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Matter and forces near physical black holes

Brief summary

With the last paper, we concluded the first main part of the thesis. In all the previous papers, we
did not consider the backreaction of quantum effects, such as Hawking radiation, on the spacetime
geometry. This brings us to the second main part of the thesis, where we transition to a fully
dynamic framework. We begin with this article because it provides a basic introduction to the
self-consistent analysis that will be used in the following two papers (Refs. [5, 6]). Additionally,
it introduces the concept of a PBH, which includes RBHs as a special case, and explores its
dynamics through near-horizon expansions. We examine the nature of the EMT near the outer
apparent horizon and analyze the trajectories of massive particles attempting to escape the trapped
region.

Conventions

In this article, 𝑟𝑔 is used to denote the outer apparent horizon of the PBH in (𝑡, 𝑟) coordinates,
while in advanced coordinates (𝑣, 𝑟), we maintain the notation from Ref. [3] and use the symbol
𝑟+. Although the inner horizon is not studied in this article, it is defined as 𝑟𝑖𝑛 (𝑡) as a function
of the Schwarzschild time 𝑡. We also emphasize that 𝑟+ is defined as 2𝑀 (𝑣) in this article.
However, 𝑀 (𝑣) does not represent the Komar mass of the spacetime, as it did in the first part of
the thesis; rather, it is the Misner-Sharp mass evaluated at the outer apparent horizon.

Authorship statement

Contributed to the planning and writing of the article, interpretation of its results, proofreading
and revisions. Created figures and performed various calculations for the manuscript. Principal
contributor to Section III along with appendices A and B.



Matter and forces near physical black holes

Pravin K. Dahal ,* Ioannis Soranidis ,† and Daniel R. Terno‡

School of Mathematical and Physical Sciences, Macquarie University, Sydney,
New South Wales 2109, Australia

(Received 5 October 2022; accepted 7 December 2022; published 30 December 2022)

We describe general features of formation and disappearance of regular spherically symmetric black
holes in semiclassical gravity. The allowed models are critically dependent on the requirement that the
resulting objects evolve in finite time according to a distant observer. Violation of the null energy condition
is mandatory for this to happen, and we study the properties of the necessary energy-momentum tensor in
the vicinity of the apparent horizon. In studies of the kinematics of massive test particles, it is found that the
escape from a black hole is possible only on the ingoing trajectories when the particles are overtaken by the
contracting outer apparent horizon. Tidal forces experienced by geodesic observers, infalling or escaping,
are shown to be finite at the apparent horizon, although this is not true for nongeodesic trajectories.
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I. INTRODUCTION

Black holes are particularly elegant solutions of the
Einstein equations. They introduce nontrivial causal struc-
ture into spacetime [1–4]. About 100 ultracompact objects
are identified as astrophysical black holes [5]. Black holes
are domains of strong gravity, arguably the ones that are
most accessible to observation. They may exemplify the
conceptual tension between quantum mechanics and gen-
eral relativity. They also may provide some clues about
quantum gravity. Given all these different roles, it is still
unclear if they are played by the one and the same actor. In
fact, the variety of definitions of black holes matches this
diversity of the roles [6].
It is useful to adapt the terminology of Ref. [7] that

distinguished between the mathematical and physical black
holes. A mathematical black hole is a solution of the
Einstein equations of classical general relativity. It is the
source of our ideas about what are the typical black hole
features. The most well known of them is the event
horizon, which for the Schwarzschild black hole is located
at the gravitational radius rg ¼ 2GM=c2. It separates an
interior spacetime containing a singularity from the outside
observers.
All current observational data can be explained within

this paradigm. However, an event horizon is a global
teleological construct and is not accessible to local observ-
ers [8,9]. On the other hand, a trapped spacetime region
from which currently nothing, not even light, can escape—
a crucial black hole property—constitutes what one would

reasonably regard as a physical black hole (PBH). A
trapped region is a domain where both ingoing and out-
going future-directed null geodesics emanating from a
spacelike two-dimensional surface with spherical topology
have negative expansion [1,10]. The apparent horizon is the
outer boundary of the trapped region (here and elsewhere,
we use the same name for both the 2D entity on a particular
time slice and its 3D development; Ref. [11] collects
various relevant definitions).
It turns out that a careful analysis of the consequences of

this definition, together with two natural assumptions (that
we describe below in Sec. II), provide a strong constraint on
the near-horizon behavior of the possible models [11]. In
this work, we extend the previous results to identify several
black hole properties that are important both for resolving
conceptual issues and for modeling ultracompact objects.
We assume the validity of semiclassical gravity. That

means we use classical notions such as horizons and
consider test particles with well-defined trajectories. The
semiclassical Einstein equations

Gμν ≔ Rμν −
1

2
gμνR ¼ hT̂μνiω ≕Tμν ð1Þ

describe the dynamics. Here the standard left-hand side is
equated to the expectation value of the renormalized
energy-momentum tensor (EMT). The latter represents
both the collapsing matter and the created excitations of
the quantum fields.
Apart from assuming the validity of the semiclassical

gravity, we make two further assumptions [11]. First, we
assume the weakest form of the cosmic censorship con-
jecture. Usually, it is a statement that event horizons
obscure spacetime singularities. Here we assume only that

*pravin-kumar.dahal@hdr.mq.edu.au
†ioannis.soranidis@hdr.mq.edu.au
‡daniel.terno@mq.edu.au

PHYSICAL REVIEW D 106, 124048 (2022)

2470-0010=2022=106(12)=124048(12) 124048-1 © 2022 American Physical Society



all curvature scalars that are built from polynomials of
components of the Riemann tensor are finite in some
neighborhood of the apparent horizon [12].
Second, we assume that the trapped region forms at a

finite time of a distant observer (which we refer to as Bob)
[12]. This is the only possible interpretation of regular black
holes—transient trapped regions without the event horizon
and singularity. Formulation of the information loss prob-
lems requires both the Hawking radiation and the transient
event horizon. Existence of the latter implies that the
apparent horizon forms in finite time of Bob as well [13].
The resulting analysis is based on self-consistency

[11,12]. We study the semiclassical properties of the
near-horizon geometry that follow from its existence that
is subject to the two above assumptions. In particular, no
global aspects of the spacetime structure, nature of the state
ω or presence of the Hawking radiation are assumed. We
restrict the discussion to spherical symmetry. Because of
its simplifying assumptions, the self-consistent approach
results in a nearly complete description of the near-horizon
geometry and physics.

The rest of this paper is organized as follows. First, we
review the properties of PBHs in Sec. II. We also present
the necessary conditions that any model of a regular black
hole should satisfy. We discuss the classification of the
EMT in Sec. III. In Sec. IV we present some peculiar
aspects of escaping massive test particles from a black hole.
We consider the tidal forces experienced by an observer
(Alice) in the vicinity of the apparent horizon in Sec. V.
We use the ð−þþþÞ signature of the metric and work in

units where ℏ ¼ c ¼ G ¼ 1. Derivatives of a function of a
single variable are marked with a prime: r0gðtÞ≡ drg=dt,
r0þðvÞ≡ drþ=dv, etc. Derivatives with respect to the proper
time τ or the affine parameter λ are denoted by the dot:
_r ¼ dr=dτ. We refer to a distant stationary observer as Bob
and a traveling observer in the vicinity of the apparent
horizon as Alice.

II. PHYSICAL BLACK HOLES

The self-consistent approach is best illustrated by the
example of regular black holes (RBHs). Figure 1(a) is a
sketch of a generic regular black hole, and Fig. 1(b)

(a) (b)

FIG. 1. Schematic Carter-Penrose diagram for depicting formation and evaporation of a conventional RBH (a) and a RBH that is
treated as a PBH (b). The trajectory of a distant observer, Bob, is indicated in green and marked by the initial B. The dashed gray lines
correspond to outgoing radial null geodesics that reach the future null infinity Iþ, and the dotted lines represent the ingoing radial null
geodesics. The asymptotic structure of a simple RBH spacetime coincides with that of Minkowski spacetime. An immediate
neighborhood of r ¼ 0 never belongs to the trapped region. (a) The outer (132, dark blue) and inner (142, dark red) apparent horizons
are indicated according to the invariant definition of Eq. (18). These also correspond to the largest and the smallest roots of fðv; rÞ ¼ 0.
This RBH has smoothly joined inner and outer horizons [14,15]. The quantum ergosphere is indicated by the light gray shading. One of
the hypersurfaces r ¼ const is shown as a curved line that connects i− and iþ and goes through the trapped region. The null energy
condition (NEC) is satisfied along the segment (413). The segments (14) and (23) are timelike. (b) RBH treated as PBH with the outer
(dark blue) and inner (dark red) apparent horizons. The points f and d represent the events of formation and disappearance of the trapped
region. The equal time hypersurface Σtf is shown as a dashed orange line connecting r ¼ 0 and i0. The outer and the inner horizons are
timelike (membranes).
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illustrates the features that necessarily arise when this
putative object is treated as a physical black hole.
A general spherically symmetric metric in Schwarzschild

coordinates is given by [1,10]

ds2 ¼ −e2hðt;rÞfðt; rÞdt2 þ fðt; rÞ−1dr2 þ r2dΩ2; ð2Þ

where r is the circumferential radius and dΩ2 is the
area element on a unit two-sphere. These coordinates
provide geometrically preferred foliations with respect to
Kodama time [10]. Some of the derivations become more
transparent when they are expressed in radiative coordi-
nates. Using the advanced null coordinate v, the metric is
written as

ds2 ¼ −e2hþfðv; rÞdv2 þ 2ehþdvdrþ r2dΩ2: ð3Þ

The Misner-Sharp (MS) mass Cðt; rÞ=2≡Mðt; rÞ is invar-
iantly defined [10,16] via

∂μr∂μr ≔ fðt; rÞ≕ 1 − C=r; ð4Þ

and thus Cðt; rÞ≡ Cþðvðt; rÞ; rÞ. The functions hðt; rÞ and
hþðv; rÞ play the role of integrating factors in coordinate
transformations [11], such as

dt ¼ e−hðehþdv − f−1drÞ: ð5Þ

For the Schwarzschild metric C ¼ 2M ¼ const and h≡ 0,
while the coordinate v becomes the ingoing Eddington-
Finkelstein coordinate.
The trapped region corresponds to the spacetime domain

f ≤ 0. The Schwarzschild radius rgðtÞ is the largest root of
fðt; rÞ ¼ 0. Because of the invariance of C, it is invariant in
the sense that rgðtÞ≡ rþðvðt; rgÞÞ. Hence the outer appar-
ent horizon is located at the Schwarzschild radius rg
[10,16], justifying the definition of the black hole mass
as 2MðvÞ ¼ rþðvÞ. Despite the fact that the apparent
horizon is observer dependent in general, in spherically
symmetric spacetimes, it is invariantly defined in all
foliations that respect this symmetry [16].
It is convenient to introduce the effective EMT

components

τt ≔ e−2hTtt; τr ≔ Trr; τrt ≔ e−hTr
t : ð6Þ

In spherical symmetry, the three Einstein equations (for the
components Gtt, Gr

t , and Grr) are

∂rC ¼ 8πr2τt=f; ð7Þ

∂tC ¼ 8πr2ehτrt ; ð8Þ

∂rh ¼ 4πrðτt þ τrÞ=f2: ð9Þ

Relationships between the EMT components in the ðt; rÞ
and the ðv; rÞ coordinates and the corresponding forms of
the Einstein equations are given in Appendix A 1. We use
the singular nature of the Schwarzschild coordinates at
the apparent horizon to extract information about the EMT.
To ensure the finite values of the curvature scalars, it is
sufficient to work with

T ≔ ðτr − τtÞ=f; T ≔ ððτrÞ2 þ ðτtÞ2 − 2ðτrt Þ2Þ=f2;
ð10Þ

where the contribution of Tθ
θ ≡ Tϕ

ϕ is disregarded, and then
to verify that the resulting metric functions do not introduce
further divergences [11].
Thus, the three effective EMT components either

diverge, converge to finite limits, or converge to zero in
such a way that the above combinations are finite. One
option is the scaling

τt ∼ fkE; τr ∼ fkP; τrt ∼ fkΦ ; ð11Þ

for some powers ka > 1, a ¼ E;P;Φ. Another involves
convergence or divergence with the same k ≤ 1. For PBHs,
only solutions with k ¼ 0, 1 are relevant.
The k ¼ 0 solution leads to the leading terms of the

metric functions

C ¼ rg − 4
ffiffiffi
π

p
r3=2g ϒ

ffiffiffi
x

p þOðxÞ; ð12Þ

h ¼ −
1

2
ln
x
ξ
þOð ffiffiffi

x
p Þ; ð13Þ

where ξðtÞ is determined by choice of the time variable, and
the higher-order terms are matched with the higher-order
terms in the EMT expansion [11,17]. The consistency
condition that is given by the Einstein equation (8) results
in the relationship

r0g=
ffiffiffi
ξ

p
¼ 4ϵ�

ffiffiffiffiffiffiffi
πrg

p
ϒ; ð14Þ

where ϵ� ¼ �1 corresponds to the expansion and con-
traction of the Schwarzschild sphere, respectively. The
contracting Schwarzschild sphere that allows for a regular
description in the ðv; rÞ coordinates corresponds to a black
hole of diminishing mass. The case r0g > 0 allows for a
regular description in the ðu; rÞ coordinates, where u is the
retarded null coordinate and corresponds to an expanding
white hole. In the ðv; rÞ coordinates, the black hole metric
is described by

Cþðv; rÞ ¼ rþðvÞ þ w1ðvÞyþOðy2Þ; ð15Þ
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hþðv; rÞ ¼ χ1ðvÞyþOðy2Þ; ð16Þ

where we used the freedom of redefining the v coordinate
to set hþðv; rþÞ≡ 0 and w1 ≤ 1 and χ1ðvÞ are some
functions. The condition w1 ≤ 1 is due to the definition
of the Schwarzschild radius, and as we see below, this
inequality is strict for the bulk of the black hole evolution.
Some relationships with the quantities in the ðt; rÞ coor-
dinates are summarized in Appendix A 2, and more details
are given in Ref. [11].
Two features of this solution are to be noted: the

Schwarzschild radius is a timelike hypersurface in both
cases, while the NEC is violated in its vicinity. We discuss
the latter issue more in Sec. III. Analysis of the EMT and
the metric around the smaller root rinðtÞ of fðt; rÞ ¼ 0 leads
to similar expressions. The inner horizon is also a timelike
hypersurface, but the NEC is satisfied in its vicinity.
The k ¼ 1 solutions play a role in describing the

formation of a physical black hole. The detailed properties
of these solutions can be found in [11,18]. Here we stress
the features that are needed for the understanding of
Fig. 1(b).
Let the first marginally trapped surface be denoted

by rgðtfÞ. In ðv; rÞ coordinates, it appears at some vf
at the circumferential radius rþðvfÞ that corresponds to
Bob’s ðtf ; rgðtfÞ ¼ rþÞ. For v ≤ vf, the MS mass can be
expanded as

Cðv; rÞ ¼ ΔðvÞ þ r�ðvÞ þ
X
i≥1

wiðvÞðr − r�Þi; ð17Þ

where r�ðvÞ corresponds to the maximum of DvðrÞ ≔
Cðv; rÞ − r, and the deficit function ΔðvÞ ≔ Dvðr�Þ. At the
advanced time vf the location of the maximum corresponds
to the first marginally trapped surface r�ðvfÞ ¼ rþðvfÞ and
ΔðvfÞ ¼ 0. For v ≥ vf, the MS mass ΔðvÞ≡ 0.
For v ≤ vf, we have w1ðvÞ − 1≡ 0 since the (local)

maximum of Dv is determined by dDv=dr ¼ 0. For v > vf
evaporation means r0þðvfÞ ≤ 0. Since the trapped region is
of finite size for v > vf, the maximum of Cðv; rÞ does not
coincide with rþðvÞ. As a result, w1ðvÞ < 1 for v > vf. The
NEC is violated in some vicinity of the apparent horizon,
but not at r ¼ rgðtfÞ itself, allowing a consistent matching
of the NEC-violating and the NEC-satisfying regions.
The self-consistent approach on its own cannot predict

the final state of the collapsing matter. If the ultracompact
object in question is a regular black hole, then there is also
the final event, named the disappearance of the trapped
region ðvd; rdÞ for which w1ðvdÞ ¼ 1. As both the inner and
outer horizon components are timelike, their intersection
(or intersections) cannot join smoothly in any coordinate
system, providing the coordinate-independent characteri-
zation of these events.
We can now present several important features of PBHs,

particularly their application to modeling regular black

holes. Recall that, in spherical symmetry, the apparent
horizon (and thus the notion of a trapped region) are
coordinate independent in all foliations that respect this
symmetry. A general coordinate-independent notion of the
(future) outer and inner horizons is introduced via the
condition onLie derivatives of the expansion of the outgoing
null geodesics [19]. If ϑðlÞ and ϑðnÞ are the expansions of the
future-directed outgoing and ingoing null geodesic con-
gruences, respectively, then θðlÞ ¼ 0 defines the apparent
horizon. Its components are the outer (trapping) horizon that
satisfies

LnϑðlÞ ¼ nμ∂μϑðlÞ < 0; ð18Þ

and the inner (trapping) horizon that satisfies

LnϑðlÞ > 0: ð19Þ

A generic representation of a RBH in Fig. 1(a) is distinct
from the PBH-based models in several important respects.
The outer horizon as defined invariantly via Eq. (18)
coincides with the larger root of fðv; rÞ ¼ 0. However,
the NEC is violated only along section (32) and section (24)
of the inner horizon. The roots of fðu; rÞ ¼ 0 do not agree
with the invariant definition. The inner and the outer
horizon segments join smoothly, and this is effected by
having spacelike segments of both. This smooth joining
prevents the identification of invariant events of formation
and collapse (or evaporation) of the trapped region. This
makes such models unsuitable for representing RBHs that,
among other things, have a finite lifetime according to a
distant observer.
Hypersurfaces of constant r are timelike outside the

trapped region and spacelike inside, while the opposite is
true for hypersurfaces of constant t. We illustrate these
transitions on the hypersurfaces Σt. A hypersurface
can be defined by restricting the coordinates via ΨðΣt0Þ≕
t − t0 ≡ 0. Then lμ ≔ Ψ;μ is the normal vector field [4],
which is timelike for a spacelike segment of the hypersur-
face and spacelike for a timelike segment. Using Ψ;μ, one
can define a normalized vector field that points in the
direction of increasing Ψ.
Using either ðt; rÞ or ðv; rÞ coordinates, we find that [20]

lμlμ ¼ −e−2hf−1: ð20Þ

As r → rg (and similarly at the inner apparent horizon),
l2 → 0. Thus, along Σt0 that passes through a PBH, the
normal field changes continuously. Moreover [20], at
ðt; rgðtÞÞ, the vector lμ is proportional to lμ of Eq. (A7).
Figure 1(b) shows the hypersurface Σtf that corresponds to
the formation time of the trapped region, according to Bob.
It is spacelike everywhere apart from ðtf ; rgðtfÞÞ where it
is null.
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An ostensibly innocent requirement of finite formation
time, according to Bob, has far-reaching consequences. In
this case, both rgðtÞ and rinðtÞ are timelike; they correspond
to the invariant definitions of the outer and inner horizons,
as we now show.
A direct calculation shows that the inner and outer

horizons [defined as the roots of fðv; rÞ ¼ 0, r<þðvÞ
and rþðvÞ, respectively], correspond to the invariant
definition of Eq. (18). The lines of constant u intersect
each of these two segments only once. If we parametrize
a future-directed outgoing radial null geodesic as
ðvðλÞ; rðλÞ; 0; 0Þ, then

dr
dv

¼ 1

2
ehþðv;rÞfðv; rÞ: ð21Þ

Let us assume that this geodesic intersects rþðvÞ twice,
corresponding to the values of the affine parameter λ1 < λ2.
Then,

v1 ¼ vðλ1Þ; rþðv1Þ ¼ rðλ1Þ≕ r1; ð22Þ

v2 ¼ vðλ2Þ; rþðv2Þ ¼ rðλ2Þ≕ r2; ð23Þ

and v1 < v2, while r1 > r2 [as r0þðvÞ < 0]. Hence, Eq. (21)
requires theoutgoingnullgeodesic topass through the trapped
region f < 0 for the values of the affine parameter λ1 <
λ < λ2. However, at the apparent horizon dr=dvjrþ ¼ 0,
making it impossible for the geodesic to enter the contracting
trapped region, at least for some λ > λ1.
As both the inner and the outer components of the

apparent horizon are nonspacelike, they do not join
smoothly, and the invariance of this taxonomy allows
one to introduce well-defined events of formation and
disappearance of the trapped region.

III. EMT NEAR THE APPARENT HORIZON

In spherical symmetry Tθ
θ ≡ Tφ

φ, and the most general
form of the EMT [1,11] in an orthonormal basis attached to
a fiducial static observer is given by

T μ̂ ν̂ ¼

0
BBBB@

ρ ψ 0 0

ψ p 0 0

0 0 p 0

0 0 0 p

1
CCCCA; ð24Þ

where ρ, p, ψ , and p are functions of t and r. For k ¼ 0
solutions, components in the ðtrÞ block are sums of the
divergent

q ¼ −
ϒ

4
ffiffiffiffiffiffiffiffiffi
πrgx

p ð25Þ

and additional finite terms μi that depend on the higher-
order coefficients,

ρ ¼ qþ μ1; p ¼ qþ μ3; ψ ¼ qþ μ2: ð26Þ

Classification of the EMTaccording to the Segre-Hawking-
Ellis scheme [1,21] is based on the properties of the
Lorentz-invariant eigenvalues of T μ̂ ν̂. Among the classes
I–IV, the known classical matter distributions correspond to
classes I and II. Type IV is considered to be the most exotic,
as two of its Lorentz-invariant eigenvalues are complex
conjugates. Calculations with fields that propagate on a
given background are of type IV for [22–24] r ≤ 1.39rg.
However, once backreaction is included, in many interest-
ing scenarios, the more exotic forms of the EMT (types III
and IV) are excluded [25].
The two nontrivial Lorentz-invariant eigenvalues of the

EMT of Eq. (24) are given by

t1;2 ¼
1

2
ðμ3−μ1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ1−2μ2þμ3Þðμ1þ2μ2þμ3þqÞ

p
Þ:
ð27Þ

The direct calculation (see Appendix A 2 for details),
shows that the classification at r ¼ rg ¼ rþ depends on
the sign of

ðμ1 − 2μ2 þ μ3Þq ∝ −θþr ; ð28Þ

i.e., it is determined by the sign of Θrrðv; rþÞ ¼
ehþΘv

r there.
The EMT is type II at rþ only if the metric is sufficiently

close to Vaidya, i.e., μ1 − 2μ2 þ μ3 ¼ 0.

IV. EXITING THE BLACK HOLE

The timelike nature of the retreating outer apparent
horizon of a physical black hole allows for the escape of
test particles from it. Outgoing null geodesics of Fig. 1
reach the future null infinity by crossing the outer apparent
horizon. An analysis of Sec. II shows that the entire regular
black hole is indeed the quantum ergosphere. Null geo-
desics on the Vaidya background can be reduced to a
system of the first-order equations, and for a linear case
CðvÞ ¼ r0 − αv, it allows an analytic solution [26,27].
Appendix B 2 uses the methods of Ref. [27] to describe
trajectories that start inside the trapped region.
We should note that inside the trapped region f < 0

distinction between the two families of the future-directed
radial null geodesics as “ingoing” and “outgoing” is not
determined by their local properties and, depending on the
global spacetime structure, may be purely conventional.
For a mathematical black hole, the curves v ¼ const, as
well as the outgoing null geodesics that originate inside it,
reach the singularity. For a RBH of Fig. 1(b), they cross the
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inner apparent horizon and reach r ¼ 0, while the outgoing
geodesics cross the outer apparent horizon and reach the
null infinity.
The motion of timelike test particles is more intricate.

To simplify the exposition, we describe the near-horizon
geometry by the Vaidya metric with r0þðvÞ < 0. The
ingoing and outgoing families inside the trapped region
satisfy the timelike condition

−f _v2 þ 2_v _r ¼ −1; ð29Þ

implying that the components of the four-velocity are
related by

_v ¼ _r�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
_r2 þ f

p
f

; ð30Þ

respectively, and are identified by their null limits for
j_rj → ∞. It is known [28] that the contracting outer apparent
horizon can overtake the test particle, releasing it (tempo-
rarily or permanently) from the black hole. Using the Vaidya
metric as an example, we highlight another property: in
contrast with the null case, the outgoing timelike geodesics
cannot reach the apparent horizon. Beyond some value of
the proper time τ�, rðτ�Þ < rþðvðτ�ÞÞ [that is implicitly
characterized by _v ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−fðv; rÞp

] the integral curves of
the geodesic equation can be continued only by the ingoing
geodesics.
The geodesic equations for the radial timelike geodesics

take the form,

̈r ¼ −
rþ
2r2

−
r0þ
2r

_v2; ð31Þ

v̈ ¼ −
rþ
2r2

_v2; ð32Þ

and the first term on the right-hand side of Eq. (31) is absent
for null geodesics. (Equations of motion for a general
metric are given in Appendix B 1.)
We now consider a simple model to illustrate some of the

properties of the outgoing trajectories. The model we are
going to use is that of the linearly evaporating Vaidya black
hole. We study a massive particle starting its motion from
the black hole’s interior and following an outgoing geo-
desic. As we can see from Fig. 2(a), the particle can exit the
PBH, but the gravitational attraction is enough to force it
back inside. This behavior is heavily dependent on the
initial conditions of its motion. Some initial conditions
allow particles to escape forever and reach future null
infinity, others force a reentry, as shown in Fig. 2(a), while
other particles will never escape and head toward the center.
In all of these motions, it is important to take into account
Eq. (30), which implies that inside the PBH _r ≤
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−fðv; rÞp

. As illustrated in Fig. 2(b), the outgoing
geodesic approaches this value until _r2 ¼ −f and then
becomes the ingoing geodesic. So a particle can only exit
the PBH following an ingoing geodesic and not an out-
going one. This behavior can be revealed by the following
simple steps.
We first note that according to Eq. (32) _v is a decreasing

function of τ and thus _vðτ1Þ > _vðτ2Þ for τ2 > τ1. On the
other hand, as both _r and f are negative inside the trapped
region, for the outgoing geodesics, the inequality

_v ¼ _rβ
f

≥
1ffiffiffiffiffiffi
−f

p ; 1 ≤ β < 2; ð33Þ

must hold. The minimum value of β ¼ 1 corresponds to the
point where _r ¼ −

ffiffiffiffiffiffi
−f

p
.

Thus, the outgoing geodesics [that starts at some rð0Þ <
rþð0Þ with some finite value of _vð0Þ], cannot exit through
rþ, as in this case fðv; r ¼ rþÞ ¼ 0 implies the divergence

(a) (b)

FIG. 2. Exit of a massive test particle from the Vaidya black hole (with the subsequent reentry). Both figures are based on the linear
evaporation law rþðvÞ ¼ rþð0Þ − αv with rþð0Þ ¼ 1 and α ¼ 0.1 The initial conditions are vð0Þ ¼ 0, rð0Þ ¼ 0.9, and
_rð0Þ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−fð0; rð0ÞÞp

− 0.01 ¼ −0.18586. (a) Trajectory from the initial moment until the reentry. The areal radius rðτÞ (black
line) and the (outer) apparent horizon rþðvðτÞÞ (gray dashed line) are shown as functions of the proper time τ. (b) The first segment of
the trajectory until the “reversal” (the geodesic switches from being outgoing to ingoing). The areal radius derivative _r is shown as a
solid line and the limiting value −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−fðvðτÞ; rðτÞÞp

as a dashed gray line.
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of _v via Eq. (33). However, as it is a decreasing function
according to Eq. (32), such occurrence is impossible, and
there should be a value τ� where the geodesic changes from
being outgoing to being ingoing. It occurs continuously at
the point where

_rðτ�Þ ¼ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−fðvðτ�Þ; rðτ�ÞÞ

p
; ð34Þ

and _v ¼ 1=
ffiffiffiffiffiffi
−f

p
.

V. TIDAL FORCES

Curvature scalars are finite by construction at the
apparent horizon of a PBH. However, the absence of these
singularities (so-called parallel propagated singularities)
does not rule out a weaker form of singular behavior. In
fact, the apparent horizon is a weakly singular surface
[11,20]. For example, it is possible to find a null tetrad
where one of the Ricci spinors Φ00 or Φ22 diverge. The
energy density is finite from the point of view of an
infalling observer, geodesic or not, so long as _r < 0. On the
other hand, the energy density diverges in the proper frame
of an outgoing test particle on a nongeodesic trajectory that
approaches the outer apparent horizon.
Consider a trajectory xμAðτÞ that is implicitly given for its

entire duration inside the black hole by Eq. (34). Curiously
enough, the geodesic equation (31) is satisfied, even if
Eq. (32) is not. In this case, close to the apparent horizon,
the energy density is

ρA ¼ Tμν _x
μ
A _x

ν
A ≈

r0þ
8πrþjyj

; ð35Þ

where y ¼ r − rþ. It diverges, but the integrated energy
density remains finite. The divergence has an intuitive
explanation if one notes that the square of the four-
acceleration diverges as r → rþ.
Divergent tidal forces are one of the hallmarks of

spacetime singularities. It is a standard textbook result
[2] that the tidal forces on an infalling Alice at the horizon
of a Schwarzschild black hole are large but finite. Falling
through the apparent horizon of the Vaidya black hole is
qualitatively similar. Indeed, using the geodesic deviation
equation to determine the three components of acceleration
in the proper frame of Alice with _r ¼ 1 at the apparent
horizon (see Appendix C for the detailed description of the
frame),

D2ζðjÞ

dτ
¼ −RðτÞðjÞðτÞðkÞζðkÞ; ð36Þ

where j; k ¼ ρ; θ;ϕ, the three nonzero curvature terms are

RðτÞðρÞðτÞðρÞ ¼ −
rþðvÞ
r3

¼ −
1

r2þ
þOðyÞ; ð37Þ

RðτÞðθÞðτÞðθÞ ¼
1

2r2þ

�
1þ r0þ

4

�
þOðyÞ; ð38Þ

where y ¼ r − rþ and RðτÞðϕÞðτÞðϕÞ ¼ RðτÞðθÞðτÞðθÞ. Thus,
evaporation produces just corrections that are proportional
to the evaporation rate to the tidal force experienced by the
infalling Alice.
The result is the same if the retreating apparent horizon

overtakes the infalling particle inside the RBH. The
situation is different for a nongeodesic outgoing particle.
Consider again the trajectory that is implicitly given for its
entire duration inside the black hole by Eq. (34). Then the
two nonradial tidal force components diverge as

RðτÞðθÞðτÞðθÞ ¼ −
r0þ
2rþy

þOðy0Þ: ð39Þ

VI. DISCUSSION

We studied the properties a spherically symmetric PBH
must have in the context of semiclassical gravity. An
ostensibly innocent requirement of finite formation time,
according to Bob, has far-reaching consequences. The NEC
must be violated in the vicinity of the outer apparent
horizon, but it is satisfied in the vicinity of the inner
horizon. We have well defined events of formation and
disappearance of the trapped region because both horizons
are timelike (Fig. 1). The EMT classification, according to
the Segre-Hawking-Ellis scheme on the apparent horizon,
is of type I, under certain assumptions, consistent with what
is believed to happen when backreaction is included.
In contrast with the Schwarzschild solution, both mass-

less and massive particles inside the quantum ergosphere of
a PBH are able to escape the trapped region. For massless
particles, this is evident from the timelike character of
the outer apparent horizon. A careful analysis of massive
particles’ trajectories, using the Vaidya limit as an example,
shows that they can only escape when following ingoing
geodesic trajectories. We calculated the tidal forces expe-
rienced by observers, in general, for objects of finite size.
For infalling geodesic observers, the tidal forces are finite.
This is also the case for observers inside the quantum
ergosphere, since they can only cross the outer apparent
horizon when following an ingoing geodesic and letting the
receding horizon overtake them. This is not the case for
nongeodesic observers who experience infinite tidal forces
when they try to force themselves out of the trapped region.
Furthermore, nongeodesic observers experience infinite
negative energy density in the form of a firewall [20]
when they try to escape the trapped region, something that
does not happen for geodesic observers. Despite the fact
that the apparent horizon is assumed to be regular in the
sense of finite curvature scalars, all these properties indicate

MATTER AND FORCES NEAR PHYSICAL BLACK HOLES PHYS. REV. D 106, 124048 (2022)

124048-7



that it possesses a mildly singular nature, manifesting itself
as infinite tidal forces and firewalls for specific observers.
Astrophysical black holes are rotating, and study of

general axially symmetric PBHs is subject of our future
research. However, a special case of the Kerr-Vaidya metric
illustrates that the violation of the NEC and a mild firewall
are not artifacts of spherical symmetry [29]. In the Kerr-
Vaidya geometry, which is of Petrov-II, the NEC is always
violated due to the type III EMT (based on the Segre-
Hawking-Ellis classification [1,21]) on the apparent
horizon. Moreover, in the equatorial plane of the Kerr-
Vaidya metric there are radial geodesics whose equations of
motion are the same as those of their counterparts in the
Vaidya metric. Thus, while we expect that the axial
symmetry introduces more complicated scenarios of
motion of test particles, they also include the results that
were described above.
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APPENDIX A: SUMMARY
OF USEFUL RELATIONS

1. Einstein equations and basic definitions

A useful relationship between the EMT components in
ðt; rÞ and ðv; rÞ coordinates is given by

θv ≔ e−2hþΘvv ¼ τt; ðA1Þ

θvr ≔ e−hþΘvr ¼ ðτrt − τtÞ=f; ðA2Þ

θr ≔ Θrr ¼ ðτr þ τt − 2τrt Þ=f2; ðA3Þ

where Θμν denotes the EMT components in ðv; rÞ coor-
dinates. We denote the limit of θv as r → rþ as θþv , etc. The
Einstein equations are then given by

∂vCþ ¼ 8πr2ehþðθv þ fθvrÞ≡ 8πr2Θr
v; ðA4Þ

∂rCþ ¼ −8πr2θvr ≡ 8πr2Θv
v; ðA5Þ

∂rhþ ¼ 4πrθr ≡ 4πrehþΘv
r : ðA6Þ

Tangents to the congruences of ingoing and outgoing radial
null geodesics (note that these designations make literal
sense only in a space with simple topology) are given in
ðv; rÞ coordinates by

nμ ¼ ð0;−e−hþ ; 0; 0Þ; lμ ¼
�
1;
1

2
ehþf; 0; 0

�
; ðA7Þ

respectively. The vectors are normalized to satisfy
n · l ¼ −1. Their expansions [1,4,30] are

ϑðnÞ ¼ −
2e−hþ

r
; ϑðlÞ ¼

ehþf
r

; ðA8Þ

respectively. Hence the (outer) apparent horizon is located
at the Schwarzschild radius rg [10,16,27], justifying the
definition of the black hole mass as [31] 2MðvÞ ¼ rþðvÞ.

2. Velocity components, EMT, and metric functions

In ðv; rÞ coordinates outside of the apparent horizon the
relationship between four-velocity components of the
timelike trajectory is

_v ¼ _rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
_r2 þ f

p
ehþf

; ðA9Þ

for both ingoing (_r < 0) and outgoing (_r > 0) test particles,
where f ¼ fðvðτÞ; rðτÞÞ, and hþ ¼ hþðvðτÞ; rðτÞÞ. On the
other hand, inside the trapped region f < 0 and thus to
maintain the timelike character of the trajectory,

_r ≤ −
ffiffiffiffiffiffi
−f

p
ðA10Þ

must hold. The null velocity component of ingoing
particles still satisfies Eq. (A9), with the ingoing null
geodesics _v ¼ 0 being their ultrarelativistic limit. The
future-directed outgoing trajectories satisfy

_v ¼ _r −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
_r2 þ f

p
ehþf

> 0: ðA11Þ

The limiting values of the EMT components in ðv; rÞ
coordinates, θþμν ≔ limr→rþ Θμν, are

θþv ¼ ð1 − w1Þ
r0þ

8πr2þ
; ðA12Þ

θþvr ¼ −
w1

8πr2þ
; ðA13Þ

θþr ¼ χ1
4πrþ

: ðA14Þ

The effective EMT components in the ðt; rÞ coordinates
for x ≔ r − rgðtÞ > 0 are

τt ¼ −ϒ2 þ e12
ffiffiffi
x

p þ e1xþOðx3=2Þ; ðA15Þ

τrt ¼ �ϒ2 þ ϕ12

ffiffiffi
x

p þ ϕ1xþOðx3=2Þ; ðA16Þ

DAHAL, SORANIDIS, and TERNO PHYS. REV. D 106, 124048 (2022)

124048-8



τr ¼ −ϒ2 þ p12

ffiffiffi
x

p þ p1xþOðx3=2Þ: ðA17Þ

Since f ∝
ffiffiffi
x

p
and the rhs of Eq. (9) results in a finite limit,

we have

ϕ12 ¼
1

2
ðe12 þ p12Þ: ðA18Þ

The metric functions are then given by

C ¼ rg − 4

ffiffiffiffiffiffiffi
πr3g

q
ϒ

ffiffiffi
x

p þ
�
1

3
þ 4

ffiffiffi
π

p
e12r

3=2
g

3ϒ

�
xþOðx3=2Þ;

ðA19Þ

h ¼ −
1

2
ln
x
ξ
þ
�

1

3
ffiffiffi
π

p
r3=2g ϒ

−
e12 − 3p12

6ϒ2

� ffiffiffi
x

p þOðxÞ:

ðA20Þ

By substitution into Eq. (A2), we find that the limiting
values of the effective EMT components in ðv; rÞ coor-
dinates are given by

θþv ¼ −ϒ2; ðA21Þ

θþvr ¼
p12 − e12
8

ffiffiffiffiffiffiffi
πrg

p ϒ
; ðA22Þ

θþr ¼ e1 − 2ϕ1 þ p1

16πrgϒ2
: ðA23Þ

The leading terms of the EMT components of Eq. (24) are
expressed with

μ1 ¼
4

ffiffiffi
π

p
e12r

3=2
g þϒ

24πr2gϒ
þOð ffiffiffi

x
p Þ; ðA24Þ

μ3 ¼
ffiffiffi
π

p
r3=2g ðe12 þ 3p12Þ þϒ

24πr2gϒ
þOð ffiffiffi

x
p Þ; ðA25Þ

μ2 ¼
1

2
ðμ1 þ μ3Þ þOð ffiffiffi

x
p Þ: ðA26Þ

The quantity

μ1 − 2μ2 þ μ3 ¼
ðe1 − 2ϕ1 þ p1Þ

ffiffiffi
x

p
4

ffiffiffiffiffiffiffi
πrg

p ϒ
þOðxÞ ðA27Þ

is important for the EMT classification. Using Eqs. (A23)
and (25) we find

ðμ1 − 2μ2 þ μ3Þq ¼ −
ðe1 − 2ϕ1 þ p1Þ

16πrg
∝ −θþr ; ðA28Þ

and due to Eq. (A6) Θrr ∝ Θv
r .

From Eqs. (A4) and (A21) it follows that Θr
v < 0 at the

apparent horizon. If at the outer apparent horizon Θv
r ∼ Θr

v,
then the EMT has only real Lorentz-invariant eigenvalues
and belongs to type I.

APPENDIX B: EXITING RBH

1. Equations of motion on the background
of a general spherically symmetric metric

For the general spherically symmetric metric in the ðv; rÞ
coordinates

ds2 ¼ −e2hþfðv; rÞdv2 þ 2ehþdvdrþ r2dΩ2; ðB1Þ

we have the following equations of motion for radially
moving massive particles:

v̈þ
�
ð∂vhþÞ þ ehþð∂rhþÞ þ

1

2
ehþð∂rfÞ

�
_v2 ¼ 0; ðB2Þ

̈rþ ð∂rhþÞ_r2 þ
�
−
1

2
ehþð∂vfÞ

�
_v2;

þ
�
ð∂rhþÞf þ 1

2
ð∂rfÞ

�
¼ 0; ðB3Þ

with the timelike normalization condition

−e2hþf _v2 þ 2ehþ _v _r ¼ −1: ðB4Þ

The above relations for hþ ¼ 0 and fðv; rÞ ¼ 1 − rþðvÞ=r
reduce to the geodesic equations (31) and (32) for the
Vaidya metric.

2. Outgoing null geodesics in the ingoing Vaidya metric

Here we consider the future-directed null geodesics that
are outgoing from the Vaidya black hole with r0þðvÞ < 0.
They satisfy the geodesic equation

_v ¼ 0; _v ¼ 2_r
f
; ðB5Þ

for the ingoing and outgoing geodesics.
Adapting the results of Refs. [26,27], the equations are

simplified by introducing _rþ ¼ r0þ _v and noting

̈rþ r0þ
2r

_v2 ¼ ̈rþ _r_rþ
r − rþ

¼ ̈r − _r
d
dλ

lnðr − rþÞ þ
_r2

r − rþ
:

ðB6Þ
For a nonzero _r (that is definitely true up to the apparent
horizon), it can be rearranged as
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d
dλ

ln
_r

r − rþ
¼ −

_r
r − rþ

; ðB7Þ

whose integration results in

_r
r − rþ

¼ 1

λþ c
; ðB8Þ

where c is set by the initial conditions. Hence Eq. (31) is
equivalent to

_rðλÞ ¼ rðλÞ − rþðvðλÞÞ
λþ c

: ðB9Þ

Then Eq. (B5) results in

_vðλÞ ¼ 2rðλÞ
λþ c

: ðB10Þ

The initial condition [we can choose λ ¼ 0, vð0Þ ¼ 0]
identifies the constant as

c ¼ rð0Þ − r0
_rð0Þ > 0: ðB11Þ

If the black hole evaporation rate is constant,
rþ ¼ r0 − αv, for some α > 0, then the substitution

λþ c ¼ cel ðB12Þ

results in a first-order linear system

dr
dl

¼ rðlÞ − r0 þ αvðlÞ; ðB13Þ

dv
dl

¼ 2rðlÞ; ðB14Þ

which can be rewritten in the form of matrices as

d
dl

�
r

v

�
¼

�
1 α

2 0

��
r

v

�
þ
�−r0

0

�
; ðB15Þ

with the matrix

A ¼
�
1 α

2 0

�
ðB16Þ

having eigenvalues

ω1 ¼
1

2
ð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8α
p Þ > 0; ðB17Þ

ω2 ¼
1

2
ð1 − ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8α
p Þ < 0; ðB18Þ

so one can find that the solution to the linear system is

rðlÞ ¼ 1

ω1−ω2

ðð−r0þω1rð0ÞÞeω1lþðr0−ω2rð0ÞÞeω2lÞ;

ðB19Þ

vðlÞ ¼ −
2r0
ω1ω2

þ 1

ω1 − ω2

��
rð0Þ − r0

ω1

�
eω1l

þ
�
−rð0Þ þ r0

ω2

�
eω2l

�
: ðB20Þ

The event horizon (Fig. 3) is found by identifying the
rays that do not reach the future null infinity Iþ. As ω2 < 0,
the second term on Eq. (B19) vanishes in the limit
l → þ∞. Hence the arrival of a null particle Iþ depends
on the sign of the coefficient of the first term of the equation
of trajectory,

δ ≔ ω1rð0Þ − r0: ðB21Þ

The null particles that at λ ¼ 0 start from the areal radius
r < rehð0Þ,

rehð0Þ ¼
r0
ω1

¼ 2rþð0Þ
1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 8α
p ; ðB22Þ

do not reach Iþ. By varying the initial affine parameter,
one obtains the following time-dependent expression for
this hypersurface:

rehðlÞ ¼
2rþðvðlÞÞ

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8α

p : ðB23Þ

It is indeed a null hypersurface, as can be easily verified by
calculating the norm of the normal vector. Describing the
hypersurface as

Ψ ¼ r − reh ¼ 0; ðB24Þ

we find that the normal vector lμ ¼ −∂μΨ is given by

lμ ¼
�
−

2α

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8α

p ;−1; 0; 0
�

ðB25Þ

and satisfies lμlμ ¼ 0. It is also worth noting that, for very
small evaporation rate α ≪ 1, one can show that the
hypersurface is approximately the separatrix [14],

reh ≈ rþð1 − 2αÞ ¼ rþ þ 2r0þrþ: ðB26Þ
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3. Turning point for the outgoing timelike geodesics

As hþ ¼ 0 at the apparent horizon, Eq. (A11) implies that
_v → þ∞ as a test particle on the outgoing timelike trajectory
approaches the apparent horizon form inside. On the other
hand, v̈ is always finite, and at the apparent horizon

v̈jrþ ¼ −
�
χ1 þ

1 − w1

rþ

�
; ðB27Þ

where we substituted the expansion of Eqs. (15) and (16)
into the geodesic equation (B2). If χ1 > 0 (i.e., the EMT
belongs to the type I), then v̈ < 0 in some vicinity of the
apparent horizon. In this case, the arguments of Sec. IV that
establish the existence of the turning point applywithout any
change.
Even when it cannot be asserted that _v is a decreasing

function of the proper time, v̈ remains finite. As a result, _v
diverges only if the outgoing timelike geodesic reaches rþ
as τ → ∞. However, it implies that v → ∞, contradicting
the assumption of finite evaporation time.

APPENDIX C: TIDAL FORCE CALCULATIONS

For a radially moving observer with the four-velocity
uA¼ð_v;_r;0;0Þ, the comoving orthogonal tetrad is formed by

eμðλÞ ¼ uμA; ðC1Þ

eμðρÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e2hþf − 2ehþ _r=_v
p ð1; ehþf − _r=_v; 0; 0Þ; ðC2Þ

eμðθÞ ¼ ð0; 0; 1=r; 0Þ; ðC3Þ

eμðϕÞ ¼ ð0; 0; 0; 1=ðr sin θÞÞ: ðC4Þ
For a massive test particle falling through the appar-

ent horizon, a useful approximate expression for the
four-velocity uA can be readily obtained. We set

_r2≕ − fðv; rÞ þ E2 þ r0þðvÞgðv; rÞ; ðC5Þ

where the function gðv; rÞ is to be determined.
For a Schwarzschild black hole, the constant E repre-

sents the conserved energy per unit mass, and g≡ 0. If the
test particle starts from infinity with zero velocity, then
E ¼ 1.
Expanding in powers of y ≔ r − rþ, we have

f ¼ y=rþ þOðy2Þ; ðC6Þ
and assuming

g ¼ γðvÞyþOðy2Þ; ðC7Þ
for some function γðvÞ, we have

_r ¼ −Eþ
�
1

rþ
− γr0þ

�
y
2E

þOðy2Þ: ðC8Þ

Outside the apparent horizon,

_v ¼ _rþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
f þ _r2

p
f

; ðC9Þ

for both ingoing and outgoing geodesics. Thus,

_v ¼ _v0 þ _v1 þOðy2Þ; ðC10Þ
where

_v0 ¼
1

2E
; _v1 ¼

y
8E3

�
1

rþ
− 2γr0þ

�
; ðC11Þ

and here and in the following, we keep only the leading-
order terms in both y and r0þ.
Taking the derivative over the proper time τ and sub-

stitution into the equation of motion (32) results in the
identity

ð1 − 4E2γrþÞr0þ
16E4rþ

þOðyÞ ¼ 0; ðC12Þ

from which the leading correction coefficient

γ ¼ ∂rgðv; rþðvÞÞ ¼
1

4E2rþ
ðC13Þ

is extracted. As a result, the radial velocity in the vicinity of
the apparent horizon is approximated as

_r2 ¼ E2 þ y
rþ

�
1þ r0þ

4E2

�
þOðy2Þ: ðC14Þ

To compare the results of Sec. V with the standard
estimates of the experiences of a freely falling observer
at the black hole horizon [2], we set E ¼ 1 in the
calculations of Sec. V.

FIG. 3. The black line represents the evolution of the apparent
horizon rþðvÞ ¼ r0 − av, following a linear evaporation law, and
the gray dashed line represents the evolution of the null hyper-
surface rSðvÞ. For this diagram, the constants α and r0 are chosen
to be r0 ¼ 1 and α ¼ 0.1.
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Brief summary

In the previous article, we demonstrated that massive particles can escape the trapped region by
crossing the outer apparent horizon on an ingoing radial geodesic, experiencing finite tidal forces
and energy densities. This analysis was based on the self-consistent approach that naturally leads
to evaporating trapping apparent horizons. We now apply this framework to the special case of
RBHs. Our study focuses on the type of the EMT according to the Hawking–Ellis classification,
the energy conditions — particularly the NEC — throughout the dynamic evolution of the RBH
until the trapped region disappears. Additionally, we examine the trajectories of massive particles
as they cross both the inner and outer apparent horizons.

Errata and conventions

In this article, we use 𝑟+ and 𝑟− to denote the outer and inner apparent horizons, respectively.
The expansions of ingoing and outgoing radial null geodesics are represented by 𝜃− and 𝜃+,
respectively. This contrasts with the previous article (Ref. [4]), where 𝜃𝑛 and 𝜃𝑙 were used for
ingoing and outgoing geodesics, respectively.

In the final paragraph of Section III.A on page 5 of this article, the following statement appears:
“Since the NEC is the weakest of all energy conditions, its violation implies that all other energy
conditions (strong, weak, dominant) are violated as well.”. Although the first part of the statement
is accurate — the NEC is indeed the weakest of the energy conditions — there are instances
where the NEC can be satisfied while the strong energy condition (SEC) is violated. An example
of this is demonstrated using a scalar field in Ref. [33].
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Nonsingular black holes have received much attention in recent years as they provide an opportunity to
avoid the singularities inherent to the mathematical black holes predicted by general relativity. Based on the
assumption that semiclassical physics remains valid in the vicinity of their horizons, we derive kinematic
properties of dynamically evolving spherically symmetric regular black holes. We review the Hawking-
Ellis classification of their associated energy-momentum tensors and examine the status of the null energy
condition in the vicinity of their horizons as well as their interior. In addition, we analyze the trajectory of a
moving observer, find that the horizons can be crossed on an ingoing geodesic, and thus entering and
exiting the supposedly trapped spacetime region is possible. We outline the ramifications of this result for
the information loss problem and black hole thermodynamics. Throughout the article, we illustrate relevant
features based on the dynamical generalization of the regular black hole model proposed in Carballo-Rubio
et al. [J. High Energy Phys. 09 (2022) 118] and elucidate connections to the only self-consistent dynamical
physical black hole solutions in spherical symmetry.
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I. INTRODUCTION

While the existence of dark massive compact objects has
been established beyond any reasonable doubt, their precise
physical nature remains enigmatic, with a range of pos-
sibilities under consideration [1–6]. The prevalent astro-
physical description is the Schwarzschild/Kerr black hole
paradigm, which is based on the mathematical black hole
(MBH) solutions of general relativity (GR). Their hallmark
features are the presence of an event horizon and central
singularity. Despite the successes of the paradigm, both
features that distinguish MBHs are accompanied by
empirical and conceptual pathologies which are absent
by design in many alternative models describing dark
ultracompact objects (UCOs) that are also compatible with
observational data.
By its very definition, the event horizon is a global

geometric property and thus physically unobservable [7].
While current data is consistent with having the
Schwarzschild/Kerr solutions as asymptotic final states
of gravitational collapse, such objects are de facto horizon-
less for distant observers (as their horizons exist only for
t → ∞). In contrast, physical black holes (PBHs) [8]
bounded by a dynamically evolving quasilocal horizon
formed in finite time according to the clock of a distant

observer are (at least in principle) physically observable,
i.e. there is a measurement that can be performed in a finite
time interval and within a finite-size region of spacetime to
determine the presence or absence of a quasilocal horizon.
The presence of a physical singularity (i.e. one that is not an
artifact of a particular choice of coordinates) inevitably
introduces nontrivial causal structures into the spacetime at
large [9] and is typically interpreted as a harbinger that the
underlying theory breaks down.1 An immediate conse-
quence that is frequently discussed in the literature is the
so-called information loss paradox [11]: in this scenario,
the apparent lack of unitarity in the black hole evaporation
process is typically ascribed to the propagation of quantum
correlations into the singularity located at the black hole’s
interior [12]. To maintain unitarity and avoid information
loss, it has been conjectured that the time dependence of the
Hawking radiation’s entanglement entropy follows the
Page curve [13,14], i.e. it first increases until it reaches
its peak at the Page time (where it coincides with the
Bekenstein–Hawking entropy [15–20] of the black hole)
and subsequently decreases until it reaches zero at the end

*sebastian.murk@oist.jp
†ioannis.soranidis@hdr.mq.edu.au

1“The crushing of matter to infinite density by infinite tidal
gravitational forces is a phenomenon with which one cannot live
comfortably. […] it is difficult to believe that physical singular-
ities are a fundamental and unavoidable feature of our universe.
[…] one is inclined to discard or modify that theory rather than
accept the suggestion that the singularity actually occurs in
nature” [10].
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of the evaporation process (corresponding to a final pure
state).2

Several alternatives to MBHs have been proposed to
describe the observed astrophysical black hole candidates
and avoid the presence of singularities, including horizon-
less UCOs [5], gravastars [22,23], wormholes [24–26], and
fuzzballs [27,28]. Our analysis in this article focuses on
dynamical models of “horizonful” but singularity-free
regular black holes (RBHs) [29–32] that are bounded by
a quasilocal inner and outer horizon. In such models, the
spacetime is typically regularized through the introduction
of a minimal length scale that arises from a theory of
quantum gravity and acts as a Planckian cutoff. In spherical
symmetry, the central singularity is replaced by a de Sitter
core and the introduction of a minimal length scale leads to
the emergence of an inner horizon [33]. The minimal length
scale is bounded from above by observational data, such as
the trajectory of the S2 star orbiting Sagittarius A⋆ [34], i.e.
the astrophysical black hole candidate at the center of the
Milky Way galaxy. The close contact with astrophysical
observations of dark UCOs highlights the importance of
studying realistic candidate models such as dynamically
evolving RBHs more thoroughly.
It is worth noting that significant challenges arise from

the presence of an inner horizon due to the fact that they are
typically unstable under small perturbations. These insta-
bilities are characterized by an exponential growth of the
gravitational energy in the neighborhood of the inner
horizon (which can be checked by tracking the relevant
curvature scalars), a problem known as mass inflation
instability [35–40]. We use the dynamical generalization of
the so-called inner-extremal RBH model proposed in
Ref. [41] to illustrate the key aspects of our analysis. In
this model, the mass inflation problem is resolved at the
expense of a degenerate inner horizon with vanishing
surface gravity, although a recent study argues that even
in this case the mass inflation instability cannot be avoided
once semiclassical effects are taken into account [42].
Nevertheless, we stress that the properties we derive in this
article are generic and apply to any and all dynamical RBH
models described by a metric function of the form given
in Eq. (7).
The absence of the central singularity is the principal

characteristic of nonsingular black holes and offers a
potential resolution to the information loss problem. In
such models, the infalling matter never disappears from the
manifold, and may possibly escape. By considering
dynamical RBH models rather than their static counter-
parts, we explore this phenomenon based on the

assumption that semiclassical gravity remains valid in
the vicinity of their horizons.
The remainder of this article is organized as follows: in

Sec. II, we review the construction of spherically sym-
metric dynamical RBHs in semiclassical gravity from a
model-agnostic point of view, and introduce the inner-
extremal RBH model we use to illustrate relevant physical
features in Figs. 2–6. We then focus on the classification of
energy-momentum tensors (EMTs) describing dynamical
RBHmetrics, discuss implications for the associated matter
content, and in particular for the status of the null energy
condition (NEC) in the vicinity and interior of RBHs
(Sec. III). In Sec. IV, we consider the perspective of a
moving observer attempting to escape the trapped space-
time region. Based on an expression for the linear coef-
ficient of the Misner-Sharp (MS) mass, we highlight the
relevance of our results for black hole thermodynamics and
the transition between self-consistent dynamical PBH
solutions (Sec. V). Lastly, we summarize the physical
implications of our results and comment on possible
avenues for future research related to nonsingular black
hole spacetimes (Sec. VI). Throughout this article, we use
the metric signature ð−;þ;þ;þÞ and work in dimension-
less units such that c ¼ G ¼ ℏ ¼ kB ¼ 1.

II. DYNAMICAL REGULAR BLACK HOLES IN
SEMICLASSICAL GRAVITY

The geometry of a general spherically symmetric space-
time is described by the line element

ds2 ¼ −e2hþðv;rÞfðv; rÞdv2 þ 2ehþðv;rÞdvdrþ r2dΩ2; ð1Þ

where dΩ2 denotes the normalized spherically sym-
metric Riemannian metric on the 2-sphere S2. The metric
function fðv; rÞ is related to the MS mass [43] Mðv; rÞ ¼
Cðv; rÞ=2 via

fðv; rÞ ≔ ∂μr∂μr ¼ 1 −
Cðv; rÞ

r
; ð2Þ

where r denotes the areal radius, the MS mass3 is described
by the series expansion

Cðv; rÞ ¼ rþðvÞ þ
X∞
i¼1

wiðvÞðr − rþðvÞÞi; ð3Þ

with coefficients
2The results of a recent study [21] indicate that the evaporation

of two-dimensional nonsingular dilatonic black holes, which can
be used to model some of the thermodynamic properties of four-
dimensional nonsingular black holes, conforms to the unitary
evolution predicted by the Page curve.

3While the MS mass is technically Cðv; rÞ=2, we take the
liberty to refer to Cðv; rÞ itself as the MS mass as well when there
is no need (in terms of its physical relevance) to account for the
factor of one half.
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wiðvÞ ¼
1

i!
∂
iCðv; rÞ
∂ri

����
rþðvÞ

; ð4Þ

and the functions hðt; rÞ and hþðv; rÞ play the role of
integrating factors that turn the expression

dt ¼ e−hðt;rÞ
�
ehþðv;rÞdv −

dr
fðv; rÞ

�
ð5Þ

into an exact differential (provided that the coordinate
transformation exists). Since hþðv; rÞ ¼ 0 in all spherically
symmetric RBH spacetimes that we are aware of, we limit
our considerations to this case in what follows.4 The
general spherically symmetric metric specified in Eq. (1)
then simplifies to

ds2 ¼ −fðv; rÞdv2 þ 2dvdrþ r2dΩ2; ð6Þ

and a dynamically evolving RBH is described by a metric
function of the form

fðv; rÞ ¼ gðv; rÞðr − r−ðvÞÞaðr − rþðvÞÞb; ð7Þ

where r−ðvÞ and rþðvÞ denote the inner and outer horizon,
respectively, and a; b∈N>0 ¼ f1; 2;…g are positive inte-
gers labeling their degeneracy. The role of the a priori
undetermined function gðv; rÞ is to ensure regularity at the
center as well as the proper asymptotic behavior of the
metric at infinity [44]. It must be positive for the entire
existence of the trapped region, that is gðv; rÞ > 0 for every
vf ≤ v ≤ vd, where vf and vd denote the formation and
disappearance of the trapped region, respectively, as indi-
cated in Fig. 1.
The expansions of ingoing and outgoing radial null

geodesics are given by

θ− ¼ −
2

r
; θþ ¼ fðv; rÞ

r
; ð8Þ

respectively. The existence of a trapped spacetime region is

determined by the signature of their product θ−θþ≶
?

0.
Following the argumentation in Ref. [45], a trapped region
is present if and only if θ−θþ > 0. In consequence, the
disappearance of the trapped region at v ¼ vd implies
θ−θþjvd ≤ 0. At this point, the inner and outer horizon
merge, i.e. r−ðvdÞ≡ rþðvdÞ. From Eqs. (7) and (8), it then
follows that

θ−θþjvd ¼ −
2

r2
gðvd; rÞðr − rþðvdÞÞaþb ≤ 0: ð9Þ

For this to hold true ∀ r ≥ 0, we must have gðv; rÞ > 0,
and the sum of the powers aþ b must be even (otherwise
the trapped region cannot disappear, which would imply
that an RBH cannot evaporate completely). In addition, the
sign of the outgoing radial null geodesic θþ can only
change (which is a prerequisite to enable the formation of a
trapped region) if both a and b are odd numbers due to the
fact that the immediate neighborhood of the RBH center
must be an untrapped region [44].
A model that—once generalized to the dynamical case

[i.e. r0− ≠ 0 and r0þ ≠ 0]—satisfies all of the requirements
outlined above is the inner-extremal RBH model intro-
duced in Ref. [41] (whose associated mathematical expres-
sions are indicated by the subscript “ie” in what follows). In
the dynamical case, it is described by the metric function

FIG. 1. Schematic Carter-Penrose diagram depicting the for-
mation and evaporation of a RBH with an apparent horizon rg
that has a shrinking inner r− (dashed blue line) and shrinking
outer rþ (solid red line) component. The trajectory of a distant
observer Bob is indicated in purple and marked by the initial B.
The dashed gray line corresponds to an outgoing radial null
geodesic that reaches future null infinity Iþ. The asymptotic
structure of a simple RBH spacetime coincides with that of
Minkowski spacetime. An immediate neighborhood of r ¼ 0
never belongs to the trapped region. The points f and d represent
the events of formation and disappearance of the trapped region.
The equal time hypersurface Σtf is shown as a dashed orange line
connecting the center r ¼ 0 and spacelike infinity i0. Both the
outer and inner horizon are timelike membranes over the course
of the lifespan of the RBH, i.e. ∀ v∈ ðvf ; vdÞ.

4Note also that hþðv; rÞ ¼ 0 at the outer horizon r ¼ rþðvÞ.
For hþðv; rÞ ¼ 0 and Cðv; rÞ≡ CðvÞ, the metric of Eq. (1)
reduces to the Vaidya metric.
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fieðv; rÞ ¼ gieðv; rÞðr − r−Þ3ðr − rþÞ; ð10Þ

gieðv; rÞ ¼
1

r3−rþ − ð3r2−rþ þ r3−Þrþ c2r2 − 3r−r3 þ r4
;

ð11Þ

where

c2 ¼ c̃2 þ
15

4
r2− þ 9

4
r−rþ þ 1

4

r3−
rþ

; c̃2 ≥ 0; ð12Þ

and we have omitted dependencies on v [r� ≡ r�ðvÞ,
c2 ≡ c2ðvÞ, c̃2 ≡ c̃2ðvÞ] for the sake of readability. The
explicit form of the coefficient c̃2 is constrained by the
positivity requirement of the MS mass. An explicit deri-
vation of Eqs. (10)–(12) including our choice for c̃2
[cf. Eq. (A16)] is provided in Appendix A.
Since this is a dynamical model, we must consider

appropriate generalizations of surface gravity to quasilocal
non-Killing horizons [46,47]. The two principal general-
izations to dynamical black hole spacetimes are related to
either the affine peeling surface gravity [48] or the so-called
Kodama surface gravity [49–51]. Here, we restrict our
considerations to the latter since the peeling surface gravity
is ill-defined for transient objects that form in finite time of
a distant observer [52–54] (which includes dynamical
RBHs), and there are strong arguments that Kodama
surface gravity is the critical quantity with respect to the
emission of Hawking radiation [51,54].
It is worth noting that any dynamical generalization of

surface gravity vanishes at a degenerate horizon [45]. Thus,
the inner [a ¼ 3] and outer [b ¼ 1] horizon degenaracies of
the inner-extremal RBHmodel [cf. Eqs. (7) and (10)] imply
a nonzero Kodama surface gravity at the outer horizon and
a vanishing Kodama surface gravity at the inner horizon.
The latter is what ultimately cures the mass inflation
instability problem that typically plagues RBHs [41] (at
least in classical GR).
The assumption that a regular (in the sense that scalar

curvature invariants remain finite) apparent horizon rg
forms in finite time of a distant observer implies a violation
of the NEC [8]. This leaves only evaporating black holes
[r0g < 0] and accreting white holes [r0g > 0] as viable (i.e.
real-valued) horizonful solutions to the spherically sym-
metric semiclassical Einstein equations (see Ref. [8],
Table 2). As our interest lies in describing singularity-free
objects resulting from gravitational collapse, we limit our
considerations to evaporating RBH solutions [i.e. r0− < 0
and r0þ < 0] in what follows. In this case, the inner and
outer components of the apparent horizon are timelike
membranes for the entire evolution v∈ ðvf ; vdÞ of the black
hole, i.e. from immediately after the instant of horizon
formation at v ¼ vf until just before the disappearance of
the trapped region at v ¼ vd [55]. This can be seen as
follows: a hypersurface Σ can be defined by restricting the

coordinates via ΦðΣrξÞ≕ r − rξ ≡ 0. The inner and outer
horizon correspond to the constraint

ΦðΣr�Þ ¼ r − r� ≡ 0; ð13Þ

which leads to a normal vector nμ defined by

nμ ≕ η∂μΦðΣr�Þ ¼ ηð−r0�; 1; 0; 0Þ; ð14Þ

where η is a normalization factor. Using the simplified
metric of Eq. (6), the inner product of this normal vector at
the inner/outer horizon is given by

nμnμjr� ¼ −2η2r0�: ð15Þ

For evaporating RBHs [r0� < 0] this inner product is
spacelike, nμnμ > 0. Consequently, the causal character
of the inner and outer horizon is timelike.

III. ENERGY MOMENTUM TENSOR AND
ENERGY CONDITIONS FOR AN EVAPORATING

REGULAR BLACK HOLE

A. Hawking-Ellis classification

The Hawking-Ellis classification of the EMT [56]
provides a convenient model-independent framework to
study the matter content of a spacetime geometry as well as
its connection to various energy conditions [57,58]. The
different EMT types I-IV are distinguished through their
eigenvectors, and more specifically through their causal
structure (timelike vs. null vs. spacelike) and degeneracy
(single, double, triple). We work in an orthonormal frame
(abbreviated ONF; indicated by a hat “ ˆ” on the tensor
indices in what follows) in which the eigenvalues λ of the
EMT are the solutions of the equation

det ðT μ̂ ν̂ − λημ̂ ν̂Þ ¼ 0: ð16Þ

In spherical symmetry, the generic form of the EMT in the
ONF is given by

T μ̂ ν̂ ¼

0
BBB@

T 0̂ 0̂ T 0̂ 1̂ 0 0

T 1̂ 0̂ T 1̂ 1̂ 0 0

0 0 T 2̂ 2̂ 0

0 0 0 T 3̂ 3̂

1
CCCA; ð17Þ

where explicit expressions for the EMT components are
provided in Appendix B, and T 2̂ 2̂ ¼ T 3̂ 3̂ due to the
symmetries of the spacetime. Both of these components
are also eigenvalues of the EMT. Their corresponding
eigenvectors are v2̂ ¼ ð0; 0; 1; 0Þ and v3̂ ¼ ð0; 0; 0; 1Þ,
respectively. The remaining eigenvalues are determined
by the (reduced) characteristic polynomial
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λ2 þ ðT 0̂ 0̂ − T 1̂ 1̂Þλþ ðT2
0̂ 1̂

− T 1̂ 1̂T 0̂ 0̂Þ ¼ 0; ð18Þ

and their degeneracy is specified by its discriminant

Δ ¼ ðT 0̂ 0̂ þ T 1̂ 1̂Þ2 − 4T2
0̂ 1̂
: ð19Þ

For the general spherically symmetric metric specified in
Eq. (1), the discriminant is given by

Δðv; rÞ ¼ ∂rhþ
16π2r2

½ð∂rhþÞf2 − 2e−hþ∂vf�: ð20Þ

For hþ ¼ 0 we have Δ ¼ 0, meaning that—depending on
the value of the EMT component T 0̂ 1̂—the EMT will be
either of type II or degenerate type I [58]. Dynamical RBHs
necessarily have T 0̂ 1̂ ≠ 0. In this case, there exists only one
additional eigenvector, and the corresponding EMT is of
type II (null dust/massless radiation). For static RBH
models, on the other hand, T 0̂ 1̂ ¼ 0, T 1̂ 1̂ ¼ −T 0̂ 0̂, and
the EMT admits four eigenvectors corresponding to type I,
which is degenerate in this case because two different
eigenvectors are associated with the same eigenvalue.
These results are consistent with the theorem derived in
Ref. [59]. The same type of EMT arises for the cosmo-
logical constant fluid [58]. However, in contrast to the
perfect fluid associated with the cosmological constant,
RBH models (both static and dynamical) correspond to an
imperfect (anisotropic) fluid since T 1̂ 1̂ ≠ T 2̂ 2̂ [60,61].
The type of EMT that is associated with a particular

solution of the Einstein equations has implications for the
status of various energy conditions [56]. Here, we focus on
the null energy condition (NEC), which posits that
Tμνlμlν ≥ 0, i.e. the contraction of the EMT with any
future-directed null vector lμ is non-negative. Since the
NEC is the weakest of all energy conditions, its violation
implies that all other energy conditions (strong, weak,
dominant) are violated as well. In spherical symmetry, an
EMT of type IV is generally considered to be the most
exotic as it always violates the NEC. The expectation value
of the renormalized EMT near the apparent horizon of a
spherically symmetric black hole has been shown to be of
this type [62,63]. Conversely, as we have outlined above,
dynamical RBHs are described by an EMT of type II. This
raises the question of how the NEC behaves in the vicinity
of the inner and outer horizon, as well as inside of the
RBH’s trapped region.

B. Null energy condition

An apparent horizon can be observed from future null
infinity Iþ only if the NEC is violated in its vicinity
[56,64,65]. For PBHs (which include RBHs as the
singularity-free subset) with hþ ¼ 0, the NEC is marginally
satisfied for ingoing null vectors [8]. For the metric

specified in Eq. (6), an outgoing null vector is described
by lμ ¼ ð1; f=2; 0; 0Þ. Since the NEC is a classical energy
condition, it is reasonable to expect violations in the
presence of quantum effects that ultimately lead to the
evaporation of RBHs [66]. In fact, it has been demonstrated
that the emission of Hawking radiation [18,19] violates
several energy conditions [12,67–69]. It should also be
noted that—contrary to popular belief—an event horizon is
not required to enable the emission of Hawking radiation: a
slowly evolving future apparent horizon is sufficient [70].
Using the components of the Einstein tensor

Gμν ¼ 8πTμν, the NEC can be expressed as

Tμνlμlν ¼ 1

8π

�
G00 þ G01f þG11

f2

4

�
≥ 0; ð21Þ

evaluated at the horizon. For the metric of Eq. (6), we find

Tμνlμlν ¼ −
∂vf
8πr

: ð22Þ

As argued in Sec. II, we consider only evaporating RBH
solutions [r0− < 0 and r0þ < 0]. Evaluating Eq. (22) at the
horizons, we find that the NEC is violated in the vicinity of
the outer horizon while being satisfied in the vicinity of the
inner horizon. Assuming that semiclassical gravity is valid,
this is a universal property for spherically symmetric
dynamical RBHs. As we will see below, the change in
the signature of the NEC expression implies the presence of
a hypersurface r0ðvÞ that acts as a boundary between the
NEC-violating and the NEC-nonviolating region within the
trapped spacetime domain.
For the generic metric function Eq. (7) describing

dynamical RBHs, performing a series expansion of
Eq. (22) at the outer apparent horizon yields

Tμνlμlνjrþ ¼ −bgðv; rþÞð−r0þÞðrþ − r−Þa
8πrþ

ðr − rþÞb−1

þOðr − rþÞb: ð23Þ

Therefore, the NEC is always violated in the vicinity of the
outer horizon (both inside and outside of the trapped
region) irrespective of its degeneracy, as our argumentation
in Sec. II revealed that b is odd. For a degenerate outer
horizon [b > 1], the NEC is marginally satisfied at the
outer horizon r ¼ rþ itself. However, note that having a
nonzero surface gravity at the outer horizon is only possible
if it is nondegenerate [45], i.e. if b ¼ 1 [cf. Eq. (12) in
Ref. [44] ]. Once again, we stress that the violation of the
NEC is not only consistent with, but rather, it is a
prerequisite for the observability of the outer apparent
horizon from future null infinity.
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At the inner horizon, we find

Tμνlμlνjr− ¼ ð−1Þbþ1
agðv; r−Þð−r0−Þ

8πr−
ðrþ − r−Þb

· ðr − r−Þa−1 þOðr − r−Þa: ð24Þ

Consequently, the NEC is satisfied in the vicinity of the
inner horizon, and marginally satisfied at r ¼ r− if it is
degenerate [a > 1]. Since the NEC is always violated in the
vicinity of the outer apparent horizon, consistency requires
the existence of a hypersurface r0 ∈ ðr−; rþÞ located
between the inner and outer horizon, thus effectively
separating the trapped region into two distinct spacetime
domains as detailed in Table I.
To illustrate this behavior in more detail, we consider the

dynamical generalization of the inner-extremal RBH model
[41] described by Eqs. (10)–(12). Evaluating Eq. (22) at the
outer horizon for the metric function of Eq. (10), we find

Tμνlμlνjrþ ¼ ðrþ − r−Þ3r0þ
8πr3þðr2þ þ r2−Þ

; ð25Þ

which is either negative or zero due to r0þ < 0; equality
occurs only at the extremal cases, i.e. at the formation v ¼ vf
and disappearance v ¼ vd of the trapped region. At the inner
horizon, the corresponding expression is always zero due to
its degenerate nature [a ¼ 3 in the inner-extremal RBH
model, cf. Eq. (10)], and thus the NEC is always satisfied. At
the formation v ¼ vf and disappearance v ¼ vd of the
trapped region, the two expressions for the NEC coincide
as the inner and outer apparent horizon (e)merge.
Figure 2 illustrates the extent of the NEC violation for an

evaporating inner-extremal RBH. We note that the mini-
mum (i.e. a maximally violated NEC) occurs close to the
disappearance of the trapped region, indicating that the
quantum effects responsible for the NEC violation are more
pronounced toward the final stages of the evaporation
process. This is in qualitative agreement with the results
obtained for evaporating two-dimensional regular dilatonic
black holes [21].
The existence of an NEC boundary has been pointed out

previously for RBHs with horizons that are not exclusively
timelike [64]. However, in our analysis, both the inner and
outer horizon are timelike for the entire evolution of the

evaporating RBH as motivated by our argumentation in
Sec. II. Determining the location of the hypersurface
separating the NEC-violating from the NEC-nonviolating
region requires solving the schematic equation

Tμνlμlν¼! 0: ð26Þ

For the inner-extremal RBH model [that is, using Eq. (22)
with the metric functions Eqs. (10)–(12)], we obtain five
roots, namely r ¼ 0, r ¼ r− (double root), r0, and two
complex conjugate roots which are excluded since r is real.
The expression obtained for the root r0 is too convoluted to
determine its exact location. However, in the vicinity of the
inner apparent horizon r ∼ r−, we find

Tμνlμlνjr∼r− ¼ −3r0−ðrþ − r−Þ
8πr4−ðrþ þ r−Þ

ðr − r−Þ2 þOðr − r−Þ3;

ð27Þ

indicating that the NEC is satisfied as r0− < 0.
Our analysis in this section is valid for vf ≤ v ≤ vd, i.e.

for as long as the trapped spacetime region persists,
including the instants of its formation and disappearance.
Figure 3 illustrates the trapped spacetime region and the
status of the NEC over the course of the RBH’s lifetime. In
the next section, we consider the energy density observed
by a moving observer, and find that a similar feature of the
trapped region emerges.

TABLE I. Overview of NEC-nonviolating (✓) and NEC-
violating (✗) regions of an evaporating RBH with a nondegena-
rate outer horizon [b ¼ 1]. If the outer horizon is degenerate
[b > 1], the NEC-violating region is given by r0 < r < rþ, i.e. it
no longer includes the outer horizon r ¼ rþ itself.

0 ≤ r ≤ r− r− < r ≤ r0 r0 < r ≤ rþ

Tμνlμlν ≥
?
0 ✓ ✓ ✗

FIG. 2. Evaluation of the NEC for the entire evolution period
v∈ ½vf ; vd� of an evaporating inner-extremal RBH. The red (blue)
line represents the NEC evaluated at the outer (inner) apparent
horizon rþðvÞ ½r−ðvÞ�. The points v ¼ vf and v ¼ vd denote the
advanced null coordinate at the formation and disappearance of
the trapped region, respectively. For the purpose of modeling the
NEC violation, the outer and inner horizon are chosen as rþðvÞ ¼
rþð0Þ − aþv − bþv2 and r−ðvÞ ¼ r−ð0Þ − a−v − b−v2 with
parameter values aþ ¼ 0.1, bþ ¼ 0.1, a− ¼ 1, b− ¼ 0.001,
and initial radii rþð0Þ ¼ r−ð0Þ ¼ 10. With this particular choice,
the equation rþðvÞ ¼ r−ðvÞ has exactly two roots, which re-
present the formation and the disappearance point.
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IV. TRAJECTORIES OF MOVING OBSERVERS

In this section, we study the trajectory of a moving
observer Alice. We start by examining the energy density
she observes while following a particular geodesic that
allows her to enter and exit the trapped region.

A. Ingoing and outgoing trajectories:
Entering and exiting the trapped region

Assume that Alice begins her expedition from the
untrapped region near the RBH center and initially follows
an outgoing geodesic. After making a few generic state-
ments about her trajectory, we once again illustrate our
results based on the dynamical inner-extremal model
described by Eqs. (10)–(12) and comment on important
features that arise over the course of her journey.
For radially moving timelike observers and particles, the

Lagrangian associated with the metric of Eq. (6) is given by

L ¼ 1

2
fv̇2 − v̇ ṙ; ð28Þ

where the overdot denotes derivatives with respect to
Alice’s proper time.5 The corresponding Euler-Lagrange
equations are

v̈ ¼ −
1

2
ð∂rfÞv̇2; ð29Þ

̈r ¼ 1

2
ð∂vfÞv̇2 −

1

2
ð∂rfÞ: ð30Þ

Alice’s four-velocity is normalized by uμuμ ¼ −1, which
results in

−fv̇2 þ 2v̇ ṙ ¼ −1: ð31Þ

From the normalization conditions, we obtain two possible
solutions for v̇, which in turn restrict the admissible values
of the radial velocity ṙ. Specifically, we find that

v̇ ¼ ṙ�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ṙ2 þ f

p
f

: ð32Þ

To ensure that Eq. (32) maintains real-valued solutions
inside of the trapped region, the relation

ṙ ≤ −
ffiffiffiffiffiffi
−f

p
ð33Þ

must hold ∀ v∈ ðvf ; vdÞ. Outside of the trapped region
there are no restrictions since fðv; rÞ is always positive
there. It is important to note that, during Alice’s motion, v̇
must be positive. This condition necessitates different
choices for the sign in the numerator of Eq. (32) to

(b)(a)

FIG. 3. The solid and dashed black lines represent the evolution of the outer rþ and inner r− apparent horizon, respectively, until the
disappearance of the trapped region. The solid gray line indicates the location of the hypersurface r0 which separates the NEC-violating
region between r0 and rþ from the NEC-nonviolating region between r0 and r−. (a) Illustration of the trapped spacetime region in the
v-r-plane. (b) Status of the NEC within the trapped region and its vicinity. The spacetime domain where the NEC is violated (satisfied) is
shaded in red (blue). The hypersurface r0 located between the two horizons corresponds to the boundary of the two domains.

5Since the action and its corresponding Lagrangian are invariant
under reparametrization of the trajectory and our argumentation in
this section requires only the equations of motion, we have the
freedom to choose the time parameter in the Lagrangian.
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accommodate different types of motion associated with the
spacetime regions Alice is traversing. For untrapped
regions, i.e. for 0 ≤ r < r− and r > rþ, it is straightforward
to verify that the correct choice of signature is “þ” for both
ingoing and outgoing trajectories. On the other hand, this is
not the case when trajectories inside the trapped region are
considered. The deviation occurs because ṙ < 0 for both
ingoing and outgoing trajectories, which is a well-known
feature associated with the presence of a trapped region due
to the fact that fðv; rÞ is negative there [55,71,72]. In this
case, to guarantee the positivity of v̇ and ensure that it takes
on only real values, ingoing and outgoing trajectories must
satisfy the respective relations

v̇ ¼ ṙþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ṙ2 þ f

p
f

; r− < r < rþ ðingoingÞ; ð34Þ

v̇ ¼ ṙ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ṙ2 þ f

p
f

; r− < r < rþ ðoutgoingÞ: ð35Þ

With this in mind, an interesting exercise is to investigate
what happens to the radial acceleration of Alice’s motion in
the general case described by Eq. (7). As Alice begins her
journey from an untrapped region, her trajectory (both
ingoing and outgoing) is described by the signature given in
Eq. (34). On her outgoing trajectory, she first encounters
the inner horizon. Performing a series expansion on the
right-hand side of Eq. (30) reveals that, when approaching
the inner horizon on an outgoing geodesic that satisfies
Eq. (34), her radial acceleration is given by

r̈¼ ð−1Þaþb2aṙ2

gðv;r−Þðrþ− r−Þb
r0−ðvÞ

jr− r−jaþ1
þO

�
1

ðr− r−Þa
�
: ð36Þ

From our argumentation in Sec. II, we know that
(A) the disappearance of a trapped region in finite time

according to the clock of a distant observer is only
possible if the sum of the horizon degeneracies
aþ b is an even number;

(B) the only viable dynamically evolving semiclassical
black hole solutions in spherical symmetry are
evaporating black holes; for dynamical RBHs, this
implies that both the inner and outer component of
the apparent horizon must shrink.

Therefore, while traveling on an outgoing trajectory, Alice’s
acceleration is negative and divergent, thus forcing her to
stop and reverse her trajectory so as to follow an ingoing
geodesic. We note that the value ṙ ¼ 0 for the radial velocity
is allowed since Alice is still in the untrapped region r < r−.
Assuming that semiclassical gravity remains valid in this
regime, this is another universal result that holds for every
dynamical RBH described by Eq. (7).
Close to the evaporating inner horizon, specific trajec-

tories undergo a transition from outgoing to ingoing. As a
result, the inner horizon can overtake Alice, and she may

find herself inside of the trapped region. In fact, this is the
only way to enter the trapped region from areal radii
r < r−. Once inside, Alice’s motion is characterized by
ṙ < 0 and ̈r < 0. This implies that her radial velocity ṙ will
continue to become increasingly more negative until it
reaches the minimum value −

ffiffiffiffiffiffi
−f

p
. At this point, a

continuous transition from Eq. (34) to Eq. (35) occurs,
and Alice will once again find herself on an outgoing
geodesic. As she approaches the outer apparent horizon,
her acceleration is given by

r̈¼ 2bṙ2

gðv;rþÞðrþ− r−Þa
−r0þðvÞ

jr−rþjbþ1
þO

�
1

jr−rþjb
�
; ð37Þ

which is positive. Therefore, as she approaches the horizon,
her velocity becomes less and less negative until she
reaches the maximum allowed value. Once again, a
transition occurs, this time from Eq. (35) to Eq. (34),
meaning that Alice now finds herself on an ingoing
trajectory, and she can only exit the trapped region if the
outer apparent horizon overtakes her. Consequently, no
matter which horizon Alice approaches on an outgoing
geodesic, there is a unique way to cross it, namely on an
ingoing geodesic. This analysis provides relevant insights
on how information (e.g. in the form of particles) can exit
the trapped region, thus offering a natural resolution to the
information loss problem [11] as information that is
supposedly trapped can once again become visible to an
observer who is performing measurements in the exterior of
the trapped region. However, as illustrated in Fig. 4(a),
information will become visible for distant observers only
after the two horizons have merged and the trapped region
has disappeared.

B. Energy density at the horizon crossing

In this subsection, we calculate the energy density
experienced by Alice upon her exit from the trapped
region. Recall that Alice’s motion is described by the
four-velocity

uμA ¼ ðv̇; ṙ; 0; 0Þ; ð38Þ

and the energy density she observes is given by the
contraction

ρA ¼ Tμνu
μ
Au

ν
A; ð39Þ

or, equivalently,

ρA ¼ 1

8π
ðG00v̇2 þ 2G01v̇ ṙþG11ṙ2Þ: ð40Þ

Instants where Alice crosses the horizons are of particular
interest. Horizon crossings always occur while she is on an
ingoing geodesic trajectory, meaning that v̇ is given by
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Eq. (34), and ṙ is negative at each crossing. Close to both
horizons fðv; rÞ ≃ 0, and thus we can expand her ingoing
trajectory [Eq. (34)] and measured energy density
[Eq. (40)] as follows:

v̇jr� ¼ −
1

2ṙ
þ f
8ṙ3

þOðf2Þ; ð41Þ

ρAjr� ¼
�

1

8πr2

�
1 − r∂rf −

r
4ṙ2

∂vf

������
r�

þOðfÞ: ð42Þ

Using Eqs. (41) and (42), we can confirm that Alice
observes a finite energy density when crossing the hori-
zons, although the specific values will depend on their
degeneracy, see Eqs. (43)–(46). Therefore, unlike non-
geodesic observers, Alice does not experience any firewalls
(in the sense of a diverging energy density) on her ingoing
geodesic. When she is traveling in the vicinity of a
nondegenerate inner horizon [a ¼ 1], we find that

ρAjnondegr− ¼ 4ṙ2 − gðv; r−Þr−ðr− − rþÞbð4ṙ2 − r0−Þ
32πṙ2r2−

þOðr − r−Þ; ð43Þ

whereas for a degenerate inner horizon [a > 1]

ρAjdegr− ¼ 1

8πr2−
−
r − r−
8πr3−

þOðr − r−Þ2; ð44Þ

which is independent of the outer horizon degeneracy b.
Similarly, we can calculate the relevant expressions when

Alice travels near the vicinity of the outer horizon. For the
nondegenerate case [b ¼ 1], we obtain

ρAjnondegrþ ¼ 4ṙ2 − gðv; rþÞrþðrþ − r−Það4ṙ2 − r0þÞ
32πṙ2r2þ

þOðr − rþÞ; ð45Þ

while in the degenerate case ½b > 1�

ρAjdegrþ ¼ 1

8πr2þ
−
r − rþ
8πr3þ

þOðr − rþÞ2: ð46Þ

Again, we demonstrate the physical implications of
these results based on the dynamical inner-extremal model
described by Eqs. (10)–(12). From Eq. (42), or, equivalently,
from Eqs. (44) and (45) [recall that a ¼ 3 and b ¼ 1 in this
model], we find that the energy density Alice observes at the
degenerate inner horizon is given by

ρAja¼3
r− ¼ 1

8πr2−
; ð47Þ

which is positive, while at the nondegenerate outer horizon
we obtain the more intricate expression

ρAjb¼1
rþ ¼ 4ṙ2r−ðr2− −2r−rþþ3r2þÞþðrþ− r−Þ3r0þ

32πṙ2r3þðr2þþ r2−Þ
: ð48Þ

Figure 5 represents the energy density Alice records
throughout her journey. A negative energy density is
observed close to the outer apparent horizon in agreement

(a) (b)

FIG. 4. Properties of outgoing trajectories illustrated using the generalized dynamical inner-extremal RBH model described by
Eqs. (10)–(12). (a) An observer Alice starts her journey at areal radius r < r− and follows an outgoing trajectory. The red line represents
the outgoing motion up to the first black triangle, which signifies the point where ṙ ¼ 0. The second segment of the red line corresponds
to an ingoing trajectory. The orange line represents Alice’s outgoing trajectory inside of the trapped region. The first segment of the blue
line corresponds to an ingoing geodesic up to the black triangle, and the second segment describes an outgoing geodesic. (b) The solid
black line illustrates the evolution of Alice’s radial velocity ṙ as a function of her proper time, and the dashed line the evolution of −

ffiffiffiffiffiffi
−f

p
during the outgoing motion of Alice inside of the trapped region [indicated by the orange segment in (a)]. We note that the beginning and
end of Alice’s outgoing trajectory correspond to the points where her radial velocity equals the maximum possible value ṙ ¼ −

ffiffiffiffiffiffi
−f

p
.
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with the presence of an NEC-violating region, cf. Table I. In
consonance with the results obtained in Sec. III B, we
conclude that—in the evolution of evaporating RBHs—
quantum effects are more pronounced near the outer
apparent horizon and toward the final stages of the
evaporation process. The absence of firewalls, i.e. the fact
that the energy density observed by Alice upon crossing the
horizons on her geodesic trajectory is always finite and
never divergent, is a universal result due to the uniqueness
of the horizon crossing scenario (there is no other way of
crossing the horizon). Lastly, we note that at the disappear-
ance point v ¼ vd of the trapped region [r−ðvdÞ≡ rþðvdÞ],
the expressions derived in Eqs. (47) and (48) coincide.
While this is of course expected from self-consistency
requirements, it can also be understood as an observable
consequence of the transition from k ¼ 0 to k ¼ 1 PBH
solutions, with the energy density taking on its appropriate
value for the extremal case [8]. This will be explained
further in the next section.

V. TRANSITION FROM k= 0 TO k = 1

With the assumptions of regularity and finite-time
horizon formation (as described at the end of Sec. II),
the semiclassical Einstein equations admit only two distinct
classes of dynamical spherically symmetric black hole
solutions, which are distinguished by the scaling behavior
∼fk [cf. Eq. (2)] of their effective EMT components close
to the horizon. The only self-consistent values are
k∈ f0; 1g [52,73]. Hence, the two classes are typically
referred to as k ¼ 0 and k ¼ 1 solutions. In addition to
evaporating black holes [r0g < 0], each class also includes
accreting white hole solutions [r0g > 0]. A detailed expo-
sition of the two classes of solutions is provided in
Chapter 2 of Ref. [8], and a brief overview is given in
Table I of Ref. [74]. Explicit relations for k ¼ 0 solutions
in different coordinate systems can be found in Ref. [75].

A straightforward way to determine which class of
solutions a particular metric belongs to is the value of
the linear coefficient w1ðvÞ of its corresponding MS mass
[cf. Eq. (3)]: metrics with w1ðvÞ < 1 belong to the k ¼ 0
class, whereas metrics in the k ¼ 1 class have w1ðvÞ ¼ 1.
Rearranging Eq. (2), we can write

Cðv; rÞ ¼ rð1 − fðv; rÞÞ: ð49Þ

By comparison with the series expansion of Eq. (3), we note
thatw1ðvÞ ¼ ∂rCjrþ . Using Eq. (49) in combinationwith the
metric function Eq. (7) describing generic dynamical RBHs,
it is easy to confirm that w1ðvÞ ¼ 1 ∀ v∈ ½vf ; vd� when the
outer horizon is degenerate [b > 1]. On the other hand, if the
outer horizon is nondegenerate [b ¼ 1], the linear coefficient
of the MS mass is given by

w1ðvÞjrþ ¼ 1 − gðv; rþÞrþðrþ − r−Þa < 1; ð50Þ

which is strictly smaller than one ∀ v∈ ðvf ; vdÞ since rþ >
r− > 0 by construction and gðv; rÞ is positive (see Sec. II).
Recall that at the instants of formation v ¼ vf and dis-
appearance v ¼ vd of the trapped region, the inner and
outer horizon (e)merge, i.e. r−ðvfjdÞ≡ rþðvfjdÞ. From
Eq. (50), we see that in this case w1ðvfjdÞ ¼ 1. In this
sense, the value of the linear coefficient of the MS
mass w1ðvÞ indicates the transition from a k ¼ 1 to a
k ¼ 0 solution at the formation of the trapped region
[w1ðvfÞ ¼ 1 → w1ðv > vfÞ < 1], and similarly the transi-
tion from a k ¼ 0 to a k ¼ 1 solution at the disappearance of
the trapped region [w1ðv < vdÞ < 1 → w1ðvdÞ ¼ 1].
Figure 6 illustrates the evolution of w1ðvÞ for the

dynamical inner-extremal RBH model described by
Eqs. (10)–(12). During the evaporation of the RBH, the
value of w1ðvÞ initially starts to decrease from its initial
value w1ðvfÞ ¼ 1 at the instant of formation. At some point
in the evaporation process, it reaches a minimum value

FIG. 5. Energy density measured by a moving observer Alice
throughout her trajectory as a function of her proper time. The
red, orange, and blue lines as well as the two points indicated by
black triangles have the same physical meaning as in Fig. 4(a).

FIG. 6. Evolution of the linear coefficient of the MS mass
w1ðvÞ from the instant of formation of the trapped region at
vf ¼ 0 until its complete evaporation at vd ≈ 8.8.
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w1ðvmÞ ≈ 0.975 at vm ≈ 7.15. It then increases until the
complete evaporation of the RBH at w1ðvdÞ ¼ 1.
Apart from its role in modeling the transition between

the two classes of dynamical PBH solutions in spherical
symmetry, the linear coefficient of the MS mass w1ðvÞ is of
immediate relevance in the thermodynamic description of
RBHs. In fact, it fully specifies the relevant work terms in
the generalized dynamical first law of black hole mechanics
[see Eq. (22) in Ref. [44] ]. A more comprehensive
discussion of its role in black hole thermodynamics and
specifically the first law of black hole mechanics is
provided in Ref. [44].
To illustrate the connection with our results from Sec. IV,

we note that the Kodama surface gravity at the horizon is
given by

κKjr� ¼ 1

2
∂rf

���
r�
; ð51Þ

which depends on the linear coefficient w1ðvÞ of the MS
mass due to the relations prescribed by Eqs. (2) and (3). In
conjunctionwithEq. (22), this allows us to rewrite the energy
density measured by a moving observer [cf. Eq. (42)] as

ρAjr� ¼
�

1

8πr2
−

κK
4πr

þ Tμνlμlν

4ṙ2

�����
r�

þOðfÞ: ð52Þ

At the outer horizon, the Kodama surface gravity is
given by

κKjrþ ¼ 1 − w1ðvÞ
2rþðvÞ

: ð53Þ

Due to the transition to a k ¼ 1 solution at the disappearance
point v ¼ vd withw1ðvdÞ ¼ 1, theKodama surface gravity is
zerowhen the evaporation process terminates. If we interpret
the Kodama surface gravity as an effective temperature
parameter, as is standard practice in black hole thermody-
namics [76], this implies that the remnant is a cold remnant
with zero temperature. Our analysis therefore confirms the
previously obtained result that RBHs end their life as cold
remnants [77] and demonstrates directly observable (at least
in principle) physical consequences.

VI. CONCLUSIONS

Starting from the general metric function that describes
generic spherically symmetric dynamical RBHs in semi-
classical gravity [Sec. II, Eq. (7); see also Fig. 1] we derive
their kinematic properties and analyze the behavior of the
NEC in the vicinity of their horizons. Specifically, we find
that the NEC is violated in the vicinity of the outer horizon
and satisfied in the vicinity of the inner horizon, which
implies that the trapped spacetime region (as determined
from the behavior of null geodesic congruences) is
effectively separated into an NEC-violating and an

NEC-nonviolating domain by a hypersurface situated
between the two horizons [Sec. III B, Table I and Fig. 3].
In addition, we demonstrate that there is a unique way for

massive observers and particles to escape the trapped
region on a geodesic trajectory, whereby crossing the
horizon is only possible on an ingoing trajectory. This
result has two rather pleasant side effects, namely (i) the
absence of firewalls (energy densities measured by the
geodesic observer do not diverge); and (ii) by virtue of
particles (and thus any information content associated with
their existence on the manifold) being able to escape the
trapped spacetime region, a natural resolution to the
information loss paradox [Sec. IV, Figs. 4 and 5].
The presence of spacetime regions where the NEC is

violated and the energy density is negative is inherently
linked to the quantum effects underlying the evaporation of
black holes. Our results suggest that, at least for dynamical
RBHs, these effects are more dominant near the outer
horizon and become more pronounced toward the final
stages of the evaporation process [Sec. III, Fig. 2].
The formation and disappearance of the trapped space-

time region are associated with a transition between the
only two self-consistent classes of dynamical semiclassical
black hole solutions in spherical symmetry. We show that
the value of the linear coefficient of the MS mass can be
used to distinguish the two classes of solutions and model
the transition, and comment on implications for the
thermodynamic description of RBHs [Sec. V, Fig. 6].
While keeping our analysis as generic as possible, we

highlight the importance of the degeneracy of the inner
horizon (e.g. in curing mass inflation instabilities) and
nondegeneracy of the outer horizon (e.g. in ensuring a
nonzero Kodama surface gravity) where it is physically
relevant. Throughout the article, we illustrate relevant
features based on the dynamical generalization of the
inner-extremal RBH model [Sec. II, Eqs. (10)–(12); see
also Ref. [41] ]. Although our considerations here focus on
spherically symmetric dynamical RBHs, realistic dark
UCOs possess angular momentum, and modeling the
emission of gravitational waves requires at least a (mass)
quadrupole moment that cannot be captured in spherically
symmetric settings. On this account, it will be interesting to
extend the present analysis to nonsingular axially sym-
metric black hole spacetimes to confirm whether or not they
exhibit similar physical features, and investigate what (if
anything) can be learned about nonsingular black holes
from the observed emission spectra of gravitational waves
(e.g. the extraction of upper bounds on the minimal length
scale l).
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APPENDIX A: DERIVATION OF THE
COEFFICIENTS IN THE METRIC FUNCTION OF

THE INNER-EXTREMAL REGULAR BLACK
HOLE MODEL [EQS. (10)–(12)]

Here, we explicitly (re)derive the metric functions
Eqs. (10)–(12) of the dynamical generalization of the
inner-extremal RBH model [41] and elaborate on the
physical intuition for the underlying assumptions. Our
starting point is Eq. (2.9) of Ref. [41], which specifies
the inner [a ¼ 3] and outer horizon [b ¼ 1] degeneracies,
i.e. [cf. Eq. (7)]

fðv; rÞ ¼ gðv; rÞðr − r−Þ3ðr − rþÞ; ðA1Þ

as well as the polynomial decomposition of gðv; rÞ as a
function of the radial coordinate r, namely

gðv; rÞ ¼ 1

c0 þ c1rþ c2r2 þ c3r3 þ c4r4
; ðA2Þ

where explicit dependencies on the advanced null coor-
dinate v have been omitted here and in what follows unless
they add mathematically relevant context. The more
explicit form given in Eq. (11) is obtained by demanding
that g satisfy several requirements: first, we note that it is
usually assumed that f and 1=g are polynomials of the
same degree in r [33]. Otherwise it would be impossible to
recover the Vaidya form of the metric f ¼ 1 − rþ=r in the
asymptotic limit r → ∞. With respect to Eq. (A2), the
choice a ¼ 3 and b ¼ 1 then implies that higher-order
powers r > 4 in the denominator of g are not permissible.
Substituting Eq. (A2) into Eq. (A1) and dividing by r4, we
obtain

fðv; rÞ ¼ ð1 − r−
r Þ3ð1 − rþ

r Þ
c0
r4 þ c1

r3 þ c2
r2 þ c3

r þ c4
: ðA3Þ

Performing a Taylor expansion about the point z ≔ 1
r ¼ 0 to

represent the limit r → ∞ leads to the expression

fðv; rÞjz¼0 ¼
1

c4
−
�
c3 þ 3c4r− þ c4rþ

c24

�
1

r
þO

�
1

r2

�
:

ðA4Þ

Therefore, to recover the Vaidya form of the metric in the
asymptotic limit, we must have

c4 ¼ 1; ðA5Þ

rþ ¼ c3 þ 3c4r− þ c4rþ
c24

⇒ c3 ¼ −3r−; ðA6Þ

where Eq. (A5) was used to obtain the rightmost equality in
Eq. (A6). Another requirement for nonsingular black holes
is that their center be devoid of singularities (as implied by
their name). Mathematically, this regularity manifests itself
through the nondivergence of spacetime curvature at r ¼ 0,
which can be tracked by evaluating the relevant curvature
scalars. Performing a series expansion of the Ricci scalar
R ≔ gμνRμν about this point results in

R ¼ ð1 − gðv; 0Þr3−rþÞ
2

r2
þ
h
gðv; 0Þðr− þ 3rþÞ

− r−rþð∂rgÞjr¼0

i 6r2−
r

þOðr0Þ: ðA7Þ

To avoid divergences at the center, the coefficients of the first
two terms of this expansion must vanish. Consequently, the
regularity requirement prescribes the following expressions
for the two lowest-order coefficients6 of the polynomial
1=gðv; rÞ:

gðv; 0Þ ¼ 1

r3−rþ
⇒ c0 ¼ r3−rþ; ðA8Þ

ð∂rgÞjr¼0 ¼
r− þ 3rþ
r4−r2þ

⇒ c1 ¼ −r2−ðr− þ 3rþÞ: ðA9Þ

Additionally, to avoid divergences in fðv; rÞ, the equation
Dðv; rÞ ≔ 1=gðv; rÞ ¼ 0 must not have real solutions
[cf. Eq. (A1)]. This allows us to determine the remaining
coefficient c2. Substituting Eqs. (A5), (A6), (A8), and (A9)
into Eq. (A2) yields

Dðv; rÞ ¼ r3−rþ − r2−ðr− þ 3rþÞrþ c2r2 − 3r−r3 þ r4:

ðA10Þ
This expression can be rewritten as

Dðv; rÞ ¼ r2
�
r −

3r−
2

�
2

þ
�
c2 −

15

4
r2− −

9

4
r−rþ −

r3−
4rþ

�

þ r3−rþ

�
1 −

1

2
r

�
3

r−
þ 1

rþ

��
2

: ðA11Þ

Since the first and the third term are non-negative and they
cannot be zero simultaneously, it suffices to require that the
second term be non-negative, i.e.

c2 −
15

4
r2− −

9

4
r−rþ −

r3−
4rþ

≥ 0; ðA12Þ

to ensure that the denominatorDðv; rÞ has no real roots. This
non-strict inequality guarantees the positivity of the function
gðv; rÞ. We can rewrite Eq. (A12) as

6Note that the same result can be obtained by evaluating
other scalar curvature invariants, e.g. the Kretschmann scalar
K ≔ RμνρσRμνρσ .
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c2 ¼ c̃2 þ
15

4
r2− þ 9

4
r−rþ þ r3−

4rþ
ðA13Þ

for some c̃2 ≥ 0, which corresponds to the expression in
Eq. (12). A more explicit form can be obtained from the
requirement that the MS mass Cðv; rÞ=2 be positive near the
black hole center. From the expansion ofCðv; rÞ about r ¼ 0,

Cðv; rÞ ¼ c2 − 3r2− − 3r−rþ
r3−rþ

r3 þOðr4Þ; ðA14Þ

it then follows that c2 > 3r2− þ 3r−rþ, which implies that the
coefficient c2 can be written as

c2 ¼ 3r2− þ 3r−rþ þ γ2; γ2 > 0: ðA15Þ

The smallest possible length scale is given by r−, which is a
plausible choice, although not unique. We use this particular
choice in our numerical calculations throughout the paper. In
combination with Eq. (A13), it leads to the expression

c̃2 ¼
r−
4rþ

ð3r2þ þ r−rþ − r2−Þ: ðA16Þ

APPENDIX B: ENERGY-MOMENTUM
TENSOR COMPONENTS IN THE

ORTHONORMAL FRAME

The EMT components Tμν associated with the general
spherically symmetric metric of Eq. (1) are specified
through the following relations:

T00 ¼
ehþ

8πr2
ð−ehþfð−1þ f þ r∂rfÞ − r∂vfÞ; ðB1Þ

T01 ¼
ehþ

8πr2
ð−1þ f þ r∂rfÞ; ðB2Þ

T11 ¼
1

4πr
∂rhþ: ðB3Þ

To obtain the relevant expressions needed for our calcu-
lation in Sec. III A, we first write the orthonormal tetrad
vectors

eμ
0̂
¼ ðe−hþf−1=2; 0; 0; 0Þ; ðB4Þ

eμ
1̂
¼ ðe−hþf−1=2; f1=2; 0; 0Þ; ðB5Þ

eμ
2̂
¼

�
0; 0;

1

r
; 0

�
; eμ

3̂
¼

�
0; 0;

1

r sin θ
; 0

�
: ðB6Þ

To obtain explicit expressions for the orthonormal EMT
components from those given in Eqs. (B1)–(B3), we use the
transformation

Tâ b̂ ¼ eμâe
ν
b̂
Tμν: ðB7Þ

The resulting orthonormal EMT components are

T 0̂ 0̂ ¼ −
fð−1þ f þ r∂rfÞ þ e−hþr∂vf

8πr2f
; ðB8Þ

T 0̂ 1̂ ¼ −
e−hþ∂vf
8πrf

; ðB9Þ

T 1̂ 1̂ ¼ −
−f½−1þ r∂rf þ fð1þ 2rð∂rhþÞÞ� þ e−hþr∂vf

8πr2f
;

ðB10Þ

T 2̂ 2̂ ¼ T 3̂ 3̂ ¼
1

16πr

h
∂rfð2þ 3r∂rhþÞ þ 2f½∂rhþ

þ rð∂rhþÞ2 þ rð∂2rhþÞ� þ rð∂2rf þ 2e−hþ∂r∂vhþÞ
i
:

ðB11Þ
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After analyzing the kinematic and energetic properties of RBHs in a dynamic setting, we move
on to the final paper in this thesis, which focuses on the study of thermodynamics in such a
dynamic context. We establish the presence of a first law of black hole thermodynamics based
on near-horizon quantities and demonstrate that the internal energy is represented by the Misner-
Sharp mass evaluated at the outer apparent horizon. Additionally, we show the existence of
pressure terms arising from the presence of the minimal length scale, or equivalently, from the
regularization of spacetime.
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Singularity-free regular black holes are a popular alternative to the singular mathematical black holes
predicted by general relativity. Here, we derive a generic condition that spherically symmetric dynamical
regular black holes must satisfy to be compatible with the first law of black hole mechanics based on an
expression for the surface gravity at the outer horizon. We examine the dynamical generalizations of
models typically considered in the literature and demonstrate that none of them satisfies the condition
required for compatibility with the first law, suggesting that modifications are required to maintain its
physical meaning. We show that the need for corrections is inherently linked to the introduction of a
minimal length scale and can therefore be seen as a direct consequence of the spacetime regularization.
We explicitly identify the additional work terms in the extended first law, comment on their thermodynamic
interpretation, and show that the linear coefficient of the Misner-Sharp mass suffices to determine the
relevant thermodynamic properties.

DOI: 10.1103/PhysRevD.108.044002

I. INTRODUCTION

In their 1973 milestone paper [1], Bardeen, Carter, and
Hawking introduced four laws of black hole mechanics and
elucidated close analogies with the four laws of thermo-
dynamics. This important link connecting the two fields has
since proven to be a powerful tool in advancing our
understanding of black holes. In particular, the physical
insights revealed in the rigorous mathematical derivation of
the first law in the integral and differential formalism of
Ref. [1] have provided strong motivation for further
investigating their thermodynamic properties [2–7].
While the existence of dark massive ultracompact objects

has been established beyond any reasonable doubt, the
question of whether these objects are black holes is
still open [8–13]. In the absence of a clear answer, singu-
larity-free models of so-called regular black holes
(RBHs) [14–16] have received much attention in recent
years, as they provide a way to avoid the nontrivial causal
structures inherent to the black holes predicted by general
relativity (GR). Unlike the singular mathematical black
holes of GR, which are bounded by globally defined and
physically unobservable event horizons [17], RBH models
are characterized by a separate inner (Cauchy) and outer (in
the case of an evolving RBH spacetime quasilocal, e.g.,
apparent or trapping) horizon. Both the inner and outer
horizon generally have a nonzero surface gravity. However,
inner horizons with nonzero surface gravity are typically

unstable under small perturbations, which gives rise to
so-called mass inflation instabilities, i.e., exponential insta-
bilities characterized by an exponential growth of the
gravitational energy in a neighborhood of the inner horizon
(as measured, for instance, by evaluating the Weyl sca-
lar) [18–23]. Recently, a novel “inner-extremal”RBHmodel
that cures the exponential instability by making the inner
horizon surface gravity vanish, while maintaining the sep-
aration between the inner and outer horizon, and a nonzero
surface gravity at the outer horizon, has been proposed [24].
It is important to note that the original 1973 paper

considered stationary black holes [1]. While the mass loss
of an evaporating black hole is usually ascribed to the
emission of Hawking radiation [5,6], the backreaction of
spacetime geometry is not accounted for in its derivation,
which assumes that the underlying geometry is (at least
asymptotically) stationary. This is a physically significant
omission: if the backreaction from the Hawking flux is not
ignored, variations between nearby equilibrium states are
no longer accurately described by the first law.
To resolve this limitation and go beyond physically

unrealistic stationary scenarios, the concept of a dynamical
(and thus quasilocal) horizon has been developed [25–27].
It allows us to describe the geometry of an evolving black
hole spacetime and has become an indispensable mathemati-
cal tool to accurately model dynamical processes such as the
formation and possible evaporation of black holes, as well as
to enable generalizations of the laws of black holemechanics
and their thermodynamic interpretation [25,28], including
that of surface gravity as a temperature parameter.
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In this article, we investigate the physical consequences of
the first law of black hole mechanics for dynamical models
of RBHs embedded in asymptotically flat spacetimes. We
restrict our considerations to the case where the entropy
scales with the area of the outer horizon.1 Compared to the
evolution of the Universe, the evaporation of black holes is
considered to be a thermodynamically slow process [31].
Therefore, if the first law is true, then the behavior of
dynamically evolving black holes should match that pre-
scribed by the first law in the quasistatic limit. Based on this
assertion, we derive a generic condition that RBHs must
satisfy to be compatible with the first law by considering the
surface gravity at the outer horizon. We explicitly test the
dynamical generalizations of popular models such as those
proposed by Bardeen [32] (Sec. IV C), Dymnikova [33]
(Sec. IV D), Hayward [34] (Sec. IV B), the model consid-
ered in Ref. [35] (Sec. IV E) which produces the strongest
possible corrections to the Schwarzschild geometry while
still being compatible with its asymptotic behavior, and the
aforementioned inner-extremal RBH model [24] (Sec. V).
Our analysis shows that none of these models is compatible
with the conventional form of the first law of black hole
mechanics.
The remainder of this article is organized as follows: In

Sec. II, we introduce mathematical concepts used in the
construction of RBHs (Sec. II A) and review the first law of
black hole mechanics and its relation to surface gravity
(Sec. II B). In Sec. III, we derive a generic condition that
dynamical black holes must satisfy to be compatible with
the first law of black hole mechanics. Based on this
compatibility condition, we test the dynamical generaliza-
tions of commonly considered RBH models and find that
none of them satisfies the required relation (Sec. IV and
Sec. V), suggesting that either these models do not conform
to the first law or modifications of the first law are required
to maintain its essence. In Sec. VI, we briefly outline the
consequences of this result in the context of the so-called
Page evaporation law. Lastly, we discuss the implications of
our findings more generally and comment on possible
directions for future research related to nonsingular black
hole spacetimes (Sec. VII). Throughout this article, we use
the metric signature ð−;þ;þ;þÞ and work in dimension-
less units such that c ¼ G ¼ ℏ ¼ kB ¼ 1.

II. MATHEMATICAL PREREQUISITES

A. Trapped regions and regular black holes

A general spherically symmetric metric in advanced null
coordinates ðv; rÞ is described by the line element

ds2 ¼ −e2hðv;rÞfðv; rÞdv2 þ 2ehðv;rÞdvdrþ r2dΩ2; ð1Þ

where dΩ2 ¼ dθ2 þ sin2 θdϕ2 denotes the line element of
the 2-sphere. Since our argumentation in Sec. II B and
Sec. III is based on the analysis of surface gravity at the
outer horizon [i.e., at r ¼ rþðvÞ] and it is always possible to
write the function hðv; rÞ as a series with respect to the
coordinate distance r − rþðvÞ from the outer horizon (see
Ref. [36] for details),

hðv; rÞ ¼
X∞
i¼1

χiðvÞðr − rþðvÞÞi; ð2Þ

we can assume hðv; rÞ ¼ 0 without loss of generality in
what follows.2 Generic dynamical models of RBHs are then
described by the metric function

fðv; rÞ ≔ gðv; rÞðr − r−ðvÞÞaðr − rþðvÞÞb; ð3Þ

where r−ðvÞ and rþðvÞ denote the inner and outer horizon,
respectively, and a; b ∈ N>0 ¼ f1; 2; :::g are positive inte-
gers labeling their degeneracy. In spherical symmetry,
nonsingular black hole metrics possess an inner horizon
due to the fact that the outer horizon (which is located close
to the classical gravitational radius) cannot cross the center
r ¼ 0 without creating a curvature singularity [37]. The
inner horizon is generated by the additional hair, i.e.,
the minimal length scale l that is introduced to regularize
the spacetime [cf. Eqs. (32), (40), (45), and (50)] and possibly
other parameters such as charge [cf. Eqs. (58) and (62)].
Constraints for the a priori undetermined function gðv; rÞ are
discussed in what follows.
The expansions of ingoing and outgoing radial null

geodesic congruences are given by

θ− ¼ −
2

r
; θþ ¼ fðv; rÞ

r
; ð4Þ

respectively. The existence of a trapped spacetime region is
contingent on the signature of their product θ−θþ ≶ 0.
We follow the widely used convention proposed in
Ref. [38], according to which the presence of a trapped
region bounded by the outer horizon rþ is signified by
θ−θþ > 0 (i.e., the future-directed expansions of both
ingoing and outgoing null geodesics are negative), and
no trapped region is present for θ−θþ < 0. Since θ− is
always negative, this implies that f < 0 inside of the
trapped region r ∈ ðr−; rþÞ, and f > 0 outside of the
trapped region r > rþ, and thus g > 0 and b odd (otherwise
g would have to be negative inside, but positive outside of
the trapped region). The inner and outer horizon are
identified as the roots of the equation f ¼ 0 [39,40]. At
the “disappearance point” of the trapped region v ¼ vd,

1Alternatives have been considered, for instance, in Refs. [29]
and [30].

2Note also that h ¼ 0 for all RBH models typically considered
in the literature, including all of those examined explicitly in
Secs. IV and V.
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they coalesce, i.e., r−ðvdÞ≡ rþðvdÞ. From Eqs. (3) and (4),
it then follows that

θ−θþjv¼vd ¼ −
2

r2
gðvd; rÞðr − rþðvdÞÞaþb ≤ 0 ∀ r; ð5Þ

which implies that the sum aþ b must be even and thus
a odd.
We note that the formation of a trapped spacetime region

in finite time according to the clock of a distant observer
inevitably requires a violation of the null energy condition
(NEC) near the outer horizon [40–43], which posits that
Tμνlμlν ≥ 0, i.e., the contraction of the energy-momentum
tensor with any future-directed null vector lμ is non-
negative. Similarly, violating the NEC is a prerequisite
for the emission of Hawking radiation. While quantum
effects are necessary, it is worth noting that Hawking
radiation is a purely kinematical phenomenon [44], and
neither the Einstein equations nor the Bekenstein entropy
relation [2–4] are required for its derivation.

B. Surface gravity and the first law
of black hole mechanics

The first law of black hole mechanics derived in Ref. [1]
has been proven to hold in any theory of gravity arising
from a diffeomorphism-invariant Lagrangian [45,46].
Assuming δJ ¼ δQ ¼ 0, it can be stated mathematically as

δM ¼ κ

8π
δA; ð6Þ

where M, κ, and A denote the black hole’s gravitational
energy, surface gravity, and horizon area, respectively. The
notion of gravitational energy within a sphere of radius r is
captured by the so-called Misner-Sharp (MS) mass [47]
M ≔ C=2 [see Eqs. (16) and (17)].3 In spherically sym-
metric solutions of the Einstein equations, such as the
static Schwarzschild4 or the nonstatic Vaidya metric,
Cðv; rþÞ ¼ 2MðvÞ ¼ rþðvÞ. Using A ¼ 4πr2þ for the hori-
zon area, this leads to the famous expression for the surface
gravity at the outer horizon:

δM
δrþ

¼ κ

8π

δA
δrþ

⇒ κ ¼ 1

2rþ
: ð7Þ

It is important to note that the surface gravity κ is
unambiguously defined only in stationary spacetimes,

where it is related to the black hole’s Hawking temperature
TH via κ ¼ 2πTH. Nonetheless, even in generic dynamical
black hole spacetimes the first law and its associated
expression for the surface gravity are expected to approach
Eqs. (6) and (7) in the quasistatic limit due to the timescale
of the evaporation process. We show here that this is not
the case for the RBH models typically considered in the
literature.
Generalizations of surface gravity to dynamical space-

times [48,49] are generally related to either the affine
peeling surface gravity [50] or the so-called Kodama
surface gravity [28,51,52]. Since the peeling surface gravity
is ill-defined for a transient object that forms in finite time
of a distant observer [53–55], and there are strong argu-
ments that Kodama surface gravity is the critical quantity
with respect to Hawking radiation [28,55], we focus on this
generalization of surface gravity in what follows.
The main difficulty in the generalization of surface

gravity to evolving black hole spacetimes is that, unlike
their stationary counterparts, they are not guaranteed to
admit a timelike Killing vector field that generates the null
hypersurface (known as Killing horizon) needed to define
surface gravity. However, a dynamical notion of surface
gravity can be defined at the (quasilocal) outer horizon
using the Kodama vector field [51,52], which is well-
defined even in nonstationary spherically symmetric space-
times, and thus in some sense supersedes the concept of a
Killing vector field.
At the outer horizon, the Kodama surface gravity κK is

defined via

κKKν≕
1

2
Kμð∇μKν −∇νKμÞ; ð8Þ

whereKμ denotes the contravariant Kodama vector [51,52].
The Kodama vector field is conserved,

∇μKμ ¼ 0; ð9Þ

and generates a conserved current,

∇μJμ ¼ 0; Jμ ≔ GμνKν; ð10Þ

for any symmetric rank-2 tensorGμν ¼ Gνμ that is invariant
under the spherical symmetries of the spacetime. If Gμν is
the Einstein tensor, then the current’s Noether charge is the
MS mass.

III. DERIVATION OF THE
COMPATIBILITY CONDITION

For the metric specified in Eq. (1) (recall that, as
established in Sec. II A, we can use h ¼ 0 without loss
of generality), Kμ ¼ ð1; 0; 0; 0Þ, and its only nonzero
covariant component at the outer horizon is Kr ¼ 1.

3While the MS mass is technically C=2 by virtue of its
definition in Eq. (16), we often take the liberty to refer to C
itself simply as the MS mass.

4Note that in the Schwarzschild solution, M ¼ const corre-
sponds to the Arnowitt-Deser-Misner (ADM) mass, and the
object’s Schwarzschild radius rg corresponds to the outer horizon,
rg ≡ rþ ¼ 2M.
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Hence the Kodama surface gravity [cf. Eq. (8)] at the outer
horizon is given by

κKjr¼rþ ¼ 1

2
∂rfðv; rÞ

���
r¼rþ

ð11Þ

¼ð3Þ lim
r→rþ

ðr − rþÞ−1þbbgðv; rÞðr − r−Þa
2

; ð12Þ

which implies that a nonzero Kodama surface gravity at the
outer horizon can be achieved only if the outer horizon is
nondegenerate, i.e., b ¼ 1. We thus focus on this scenario
in what follows.
Assuming that fðv; rÞ is decomposable as a rational

function of the radial coordinate r, i.e.,

fðv; rÞ ¼ PnðrÞ
P̃nðrÞ

; ð13Þ

where Pn and P̃n are polynomials (whose coefficients
depend on v in generic dynamical spacetimes) of the same
degree n ≥ 3 in r as motivated in Ref. [37], we can write

gðv; rÞ ¼
P

m
z¼0 λzr

zP
n
i¼0 cir

i ; ð14Þ

where the coefficients λz ≡ λzðr−; rþÞ and ci ≡ ciðr−; rþÞ
depend explicitly only on r−ðvÞ and rþðvÞ (and thus
implicitly on v) as they are the only relevant length scales,
and n −m ¼ aþ 1 and λm=cn ¼ 1 are required to recover
the Vaidya form of the metric in the asymptotic limit
r → ∞. These considerations will prove useful in our
analysis of the inner-extremal RBH model in Sec. V. We
also note that—complemented by the assumptions of
regularity of the spacetime at the origin r ¼ 0 and a proper
Schwarzschild/Vaidya form of the metric in the asymptotic
limit—the polynomial decomposition of the metric func-
tion according to Eq. (13) immediately leads to a class of
metric families of the form (see Ref. [37] for a detailed
derivation)

fðv; rÞ ¼ 1 −
rgðvÞr2

rgðvÞlðvÞ2 þ c1ðvÞrþ c2ðvÞr2 þ r3
; ð15Þ

for the case n ¼ 3, where lðvÞ denotes the minimal length
scale, rgðvÞ ¼ 2MðvÞ, and the case c1ðvÞ ¼ c2ðvÞ ¼ 0

corresponds to the dynamical Hayward metric of
Eq. (34) considered in Sec. IV B.
The metric function f [cf. Eq. (3)] is usually defined in

terms of the MS mass via

fðv; rÞ ≔ ∂μr∂μr ¼ 1 −
Cðv; rÞ

r
; ð16Þ

with the MS mass given by

Cðv; rÞ ¼ rþðvÞ þ
X∞
i¼1

wiðvÞðr − rþðvÞÞi: ð17Þ

By means of Eq. (16), the Kodama surface gravity of
Eq. (11) can then be expressed directly in terms of the MS
mass as

κKjr¼rþ ¼
1

2r2
½Cðv;rÞ− r∂rCðv;rÞ�

���
r¼rþ

¼ð17Þ1−w1

2rþ
; ð18Þ

where the rightmost expression is obtained by explicitly
substituting the MS mass expansion of Eq. (17). Evaluation
at the outer horizon yields

δMjr¼rþ ¼ δC
2

����
r¼rþ

¼ 1

2
ð1 − w1Þδrþ: ð19Þ

Substituting the expression for the surface gravity on the
rhs of Eq. (18) into the rhs of Eq. (6), we obtain

δM ¼ 1 − w1

16πrþ
δA: ð20Þ

Subsequent substitution of Eq. (19) into Eq. (20) leads to

δ

�
rþ
2

�
¼ 1 − w1

16πrþ
δAþ w1

2
δrþ: ð21Þ

Using the relation δA ¼ 8πrþδrþ ¼ 2
rþ
δV between area

A ¼ 4πr2þ and volume V ¼ 4
3
πr3þ, we obtain

δ

�
rþ
2

�
¼ 1 − w1

16πrþ
δAþ w1

8πr2þ
δV; ð22Þ

which is an extension of the standard form of the first law of
black hole mechanics that includes an additional work
term. The notion of internal/thermal energy is captured by
the expression rþ=2, which corresponds to the MS mass
C=2 evaluated at the outer horizon. However, this internal
energy is not necessarily the same as the ADM mass when
matter fields are present [56], as is the case for dynamically
evolving black holes. Comparison with the traditional form
of the first law of mechanics δM ¼ κ

8π δA − pδV [57]
identifies the pressure p in terms of w1, i.e.,

p ¼ −
w1

8πr2þ
: ð23Þ

A few brief comments are in order: first, it is important to
note that higher-order terms i > 1 in the MS mass
expansion have not been neglected in this derivation, but
rather, they simply do not enter the expression for the
Kodama surface gravity of Eq. (18). Second, the conven-
tional form of the first law of black hole mechanics [Eq. (6)]
and its associated expression for the surface gravity κ ¼
1=ð2rþÞ [cf. Eq. (7)] are attainable only if w1 ¼ 0, as can be
seen from Eqs. (18) and (22). Therefore,

w1jr¼rþ ¼ 0 ð24Þ
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is a necessary condition to be compatible with the first law,
i.e., the linear coefficient in the MS mass expansion w1

[cf. Eq. (17)] must vanish at the outer horizon. Physically,
this implies that the metric approximates the Vaidya
solution near the outer horizon. Third, the expressions
derived in Eqs. (18)–(24) apply generically to black holes
described by a metric function of the form of Eq. (16). For
RBHs described by a metric function of the form of Eq. (3),
performing a series expansion of Eq. (17) about the outer
horizon yields

w1jr¼rþ ¼ 1 − gðv; rþÞrþðrþ − r−Þa: ð25Þ

If the inner horizon is nondegenerate (a ¼ 1), as is typically
the case for the RBHs most commonly considered in the
literature (e.g., those of Refs. [32–35] examined in
Sec. IV), the compatibility condition prescribed by
Eq. (24) can be evaluated straighforwardly from the
expression derived in Eq. (25) by considering the series
expansion of the MS mass about the outer horizon using
Eq. (16) since the metric function f (and thus by extension
g) is known explicitly. The case of a degenerate inner
horizon (a > 1) is treated in Sec. Von the basis of the inner-
extremal RBH model proposed in Ref. [24], whereP

z λzr
z ¼ 1 [cf. Eq. (14)]. In this case, the equation

f ¼ 0 has two positive real-valued solutions, and the
smaller one which corresponds to the inner horizon is
degenerate. If the outer horizon r ¼ rþ is a single root, then
the inner horizon root r ¼ r− has to be at least cubic in
order for the inner horizon surface gravity to vanish, which
plays a crucial role in preventing mass inflation instabilities
and ensuring that the backreaction of perturbations van-
ishes asymptotically.
In the next two sections, we investigate whether the

consistency condition Eq. (24) that is required to be
compatible with the first law of black hole mechanics is
satisfied by the RBH models typically considered in the
literature. Since, as argued in Sec. I, dynamical models are
necessary to accurately model the evolution of evaporating
black holes, our analysis in Secs. II and III was designed to
accommodate generic dynamical RBH models, and we
consider the dynamical generalizations of popular models
rather than their static counterparts in what follows. To be
more precise, static RBH metrics belongs to a different
class of black hole solutions whose effective energy-
momentum-tensor component scaling behavior τμν ∼ fk

close to the outer horizon is characterized by k ¼ 1 as
opposed to k ¼ 0 (see chapter 2 in Ref. [36] for a detailed
exposition of the two classes of admissible solutions in
spherical symmetry, or Table 1 in Ref. [58] for a succinct
overview). While the unique k ¼ 1 solution describes black
holes at the instant of their formation, they are described by
a k ¼ 0 solution for the remainder of their entire evolution
or until their disappearance (e.g., through complete evapo-
ration) [53]. The relation between the Kodama surface

gravity at the outer horizon and the linear coefficient w1 of
the MS mass that we derived in Eq. (18) is valid for k ¼ 0
solutions, which includes all dynamical models. However,
it no longer applies (at least not in general) to static metrics
such as the Reissner-Nordström solution briefly considered
in Sec. IV F [cf. Eq. (54)].
While we strive to be as generic as possible in our

analysis, recall that a nondegenerate outer horizon (b ¼ 1)
is necessary to allow for a nonzero Kodama surface gravity
at the outer horizon [cf. Eq. (12)]. However, in Sec. V we
do allow for the possibility that the inner horizon is
degenerate (a > 1), as such models have been shown to
exhibit interesting physical properties making it possible to
evade the mass inflation problem that typically plagues
RBHs (as detailed in Ref. [24]).

IV. TESTING REGULAR BLACK HOLES PART 1:
MODELS WITH A NONDEGENERATE

INNER HORIZON

In this section, we proceed by examining RBH models
with a nondegenerate inner horizon (a ¼ 1), including the
proposals of Bardeen [32] (Sec. IV C), Dymnikova [33]
(Sec. IV D), and Hayward [34] (Sec. IV B). We write
explicit dependencies on v only once when specifying the
metric function fðv; rÞ for the generalized dynamical
model and omit them thereafter for the sake of readability.
However, we later reinstate the explicit dependencies in
Sec. IV F for clarity.

A. A simple nonsingular “dynamical” spacetime

Arguably the simplest nonsingular dynamical spacetime
one can construct based on Eq. (3) is given by the choice
a ¼ b ¼ 1 and

P
z λzr

z ¼ 1 [cf. Eq. (14)], such that Eq. (3)
can be written as

fðv; rÞ ¼ gðv; rÞðr − r−ðvÞÞðr − rþðvÞÞ; ð26Þ
and, by virtue of Eq. (13),

gðv; rÞ ¼ 1

c0 þ c1rþ c2r2
; ð27Þ

where c2 ¼ 1 is necessary to recover the Vaidya form of
the metric in the asymptotic limit. Regularity at the center
r ¼ 0 requires that

c0 ¼ r−rþ; c1 ¼ −r− − rþ; ð28Þ
as can be verified by evaluating the Ricci (gμνRμν) or the
Kretschmann (RμνρσRμνρσ) scalar. However, substitution
of Eqs. (27) and (28) into Eq. (26) reveals that these
coefficients lead to a trivial metric function,

fðv; rÞ ¼ ðr − r−Þðr − rþÞ
r−rþ − ðr− þ rþÞrþ r2

¼ 1: ð29Þ
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In other words, we have rediscovered flat Minkowski
spacetime.

B. Hayward model

A nontrivial minimal RBH model that reduces to a de
Sitter spacetime in the limit r → 0 and a Schwarzschild/
Vaidya spacetime in the limit r → ∞ was proposed by
Hayward in Ref. [34]. In this model, the metric is specified
by the function

fðrÞ ¼ 1 −
rgr2

r3 þ rgl2
; ð30Þ

where l ≥ 0 represents a minimal length scale (which
can be interpreted as an additional hair of the black hole)
akin to a Planckian cutoff, l ¼ 0 corresponds to the
Schwarzschild solution, and rg ¼ 2M denotes the black
hole’s Schwarzschild radius. The horizons are identified
through the equation fðrÞ ¼ 0 [39,40], which can be solved
using Cardano’s formula [59] and admits three real sol-
utions, namely,

r0 ¼ −lþ l2

2rg
þOðl3Þ < 0; ð31Þ

r− ¼ lþ l2

2rg
þOðl3Þ; ð32Þ

rþ ¼ rg −
l2

rg
þOðl4Þ: ð33Þ

Note that this is a necessary requirement in order for the
metric function of Eq. (30) to describe a RBH, as one real
and two complex solutions would imply that no inner
horizon is present [40].
We can generalize this model to describe a dynamical

RBH spacetime by allowing for an explicit dependence of
rg and l on v, i.e.,

fðv; rÞ ¼ 1 −
rgðvÞr2

r3 þ rgðvÞlðvÞ2
: ð34Þ

Using the roots of fðv; rÞ ¼ 0, this can be rewritten as

fðv; rÞ ¼ r − r0
r3 þ rgl2

ðr − r−Þðr − rþÞ: ð35Þ

By comparison with Eq. (3), we identify

gðv; rÞ ¼ r − r0
r3 þ rgl2

> 0; ð36Þ

which is positive due to r0 < 0. The MS mass Cðv; rÞ
[cf. Eq. (17)] for the generalized dynamical Hayward
model is specified by Eq. (34) through the relation given

in Eq. (16). By considering its expansion about the outer
horizon in the regime l ≪ 1, we obtain the linear coefficient

w1jr¼rþ ¼ð33Þ 3l
2

r2g
þOðl4Þ ≥ 0: ð37Þ

This expression is zero only if l ¼ 0, but then r− ¼ 0
[cf. Eq. (32)], indicating that there is no inner horizon.
Consequently, the dynamical Hayward model specified by
Eq. (34) cannot satisfy the compatibility condition Eq. (24)
while l ≠ 0.

C. Bardeen model

The first nonsingular black hole spacetime was proposed
by Bardeen in 1968 [32]. It is defined by the metric
function

fðrÞ ¼ 1 −
rgr2

ðr2 þ l2Þ3=2 ; ð38Þ

where rg and l have the same physical meaning as
in Sec. IV B. Once again, we consider its dynamical
generalization,

fðv; rÞ ¼ 1 −
rgðvÞr2

ðr2 þ lðvÞ2Þ3=2 : ð39Þ

Writing the inner and outer horizon in terms of rg and l, we
find

r− ¼ l3=2ffiffiffiffirgp þOðl5=2Þ; ð40Þ

rþ ¼ rg −
3l2

2rg
þOðl4Þ: ð41Þ

Following the same steps as in Sec. IV B, we obtain

w1jr¼rþ ¼ð41Þ 3l
2

r2g
þOðl4Þ ≥ 0; ð42Þ

which coincides with the linear MS mass coefficient of the
dynamical Hayward model [cf. Eq. (37)] at leading order,
although higher-order contributions will differ once suffi-
ciently high orders OðlxÞ in Eqs. (33) and (41) are taken
into account. Similar to the dynamical Hayward model
discussed in the previous subsection, this expression is only
zero if l ¼ 0 and thus r− ¼ 0 [cf. Eq. (40)].

D. Dymnikova model

Another well-known RBH model was proposed by
Dymnikova [33]. It is specified by the metric function

fðrÞ ¼ 1 −
rgð1 − e−r

3=r3⋆Þ
r

; ð43Þ
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where r3⋆ ≔ l2rg, rg denotes the Schwarzschild radius and l
a minimal length parameter. A generalized dynamical
version is given by

fðv; rÞ ¼ 1 −
rgðvÞð1 − e−r

3=r⋆ðvÞ3Þ
r

; ð44Þ

and the inner and outer horizon can be expressed in terms of
the parameters l and rg as

r− ¼ lð1þOðe−r2g=l2ÞÞ; ð45Þ

rþ ¼ rgð1þOðe−r2g=l2ÞÞ: ð46Þ

From the expansion of the MS mass about the outer
horizon, we obtain its linear coefficient

w1jr¼rþ ¼ð46Þ 3r
2
g

l2
e−

r2g

l2 þOðe−r2g=l2Þ ≥ 0; ð47Þ

which is strictly greater than zero provided that l ≠ 0,
which would once again imply that the inner horizon is
absent, i.e., r− ¼ 0 [cf. Eq. (45)].

E. RBH model with the strongest
Schwarzschild corrections

The RBH considered in Ref. [35] exhibits the strongest
possible corrections to the Schwarzschild geometry while
still being compatible with its asymptotics. It is described
by the metric function

fðrÞ ¼ 1 −
rgr2

ðrþ lÞ3 ð48Þ

and is of particular interest as observational data of the S2
star orbiting Sgr A⋆ can be used to test its geometry and
derive upper bounds for the new length scale l. We once
again generalize this metric by allowing for an explicit time
dependence, i.e.,

fðv; rÞ ¼ 1 −
rgðvÞr2

ðrþ lðvÞÞ3 : ð49Þ

Using the same procedure as in the previous subsections,
we find that the inner and outer horizon are given by

r− ¼ l3=2ffiffiffiffirgp þ 3l2

2rg
þOðl5=2Þ; ð50Þ

rþ ¼ rg − 3l −
3l2

rg
þOðl3Þ: ð51Þ

For the linear coefficient of the MS mass at the outer
horizon, we find

w1jr¼rþ ¼ð51Þ 3l
rg

þ 6l2

r2g
þOðl3Þ ≥ 0: ð52Þ

As in the previously considered models, this expression
cannot be zero unless l ¼ 0 and thus r− ¼ 0 [cf. Eq. (50)].

F. Charged Hayward-Frolov model

In Ref. [37], Frolov proposed a generalization of the
Hayward model to include an electric charge q. In the
generalized dynamical case, the metric function for this
type of RBH is given by

fðv; rÞ ¼ 1 −
ðrgðvÞr − qðvÞ2Þr2

r4 þ ðrgðvÞrþ qðvÞ2ÞlðvÞ2 ; ð53Þ

where, as in Sec. IV B, rg and l denote the Schwarzschild
radius and minimal length scale, and the case q ¼ 0 reduces
to the metric function of the uncharged dynamical Hayward
model [Eq. (34)]. The static case with l ¼ 0 reproduces the
Reissner-Nordström metric. For both q ¼ l ¼ 0, Eq. (53)
corresponds to the Vaidya (or, in the static case,
Schwarzschild) metric.
As alluded to at the end of Sec. III, the Reissner-

Nordström metric belongs to the k ¼ 1 class of black hole
solutions, and thus we must not use Eq. (18) a priori. The
surface gravity of a Reissner-Nordström black hole is
given by

κRN ¼ rþ − r−
2r2þ

; ð54Þ

where

r− ¼ m −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

q
; ð55Þ

rþ ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 − q2

q
: ð56Þ

The dynamical generalization of the Reissner-Nordström
metric is described by the metric function

fðv; rÞ ¼ 1

r2
ðr − r−ðvÞÞðr − rþðvÞÞ; ð57Þ

with the evolving inner and outer horizon specified by

r−ðvÞ ¼ mðvÞ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðvÞ2 − qðvÞ2

q
; ð58Þ

rþðvÞ ¼ mðvÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mðvÞ2 − qðvÞ2

q
: ð59Þ
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Since this is a k ¼ 0 solution, we can make use of Eq. (11)
to determine the Kodama surface gravity at the outer
horizon of an evolving Reissner-Nordström black hole
and find

κKRN
¼ 1

2
∂rfðv; rÞ ¼

rþðvÞ − r−ðvÞ
2rþðvÞ2

: ð60Þ

On the other hand, from the charged Hayward-Frolov
metric [Eq. (53)], we obtain

κKHF
¼ 1 − w1ðv; lÞ

2rþðv; lÞ
; ð61Þ

and the inner and outer horizon are given by

r−ðv; lÞ ¼ r−ðvÞ þ β−ðvÞl2 þOðl3Þ; ð62Þ

rþðv; lÞ ¼ rþðvÞ þ βþðvÞl2 þOðl4Þ: ð63Þ

Following the methodology of Sec. III, considering the MS
mass expansion allows us to identify the linear coefficient,

w1ðv; lÞ ¼
qðvÞ2
rþðvÞ2

þ βðvÞl2 þOðl4Þ; ð64Þ

where βðvÞ denotes a lengthy coefficient that simplifies to
βðvÞ → 3=rgðvÞ2 in the uncharged case qðvÞ → 0, in
agreement with the expression derived for the uncharged
dynamical Hayward model [cf. Eq. (37)]. Substituting this
result into Eq. (61) and using Eqs. (62)–(63), we find

κKHF
¼ rþðvÞ − r−ðvÞ

2rþðvÞ2
þOðl2Þ: ð65Þ

As can be seen by comparison with Eq. (60), this
expression matches that of the evolving Reissner-
Nordström black hole only if l ¼ 0, in which case the
horizons of the charged dynamical Hayward-Frolov
RBH specified by Eqs. (62)–(63) reduce to those of
Eqs. (58)–(59). However, unlike the previously considered
examples, the inner horizon r− ≠ 0 even if l ¼ 0 due to
the presence of a charge term that is independent of l,
cf. Eqs. (58) and (62).
As evident from Eqs. (64) and (65), the condition for the

compatibility of a dynamically evolving charged RBH with
the first law of black hole mechanics is no longer encoded
by the relation w1 ¼ 0. However, in the special circum-
stance where l → 0, the new compatibility condition can be
stated as

w1ðv; 0Þ ¼
qðvÞ2
rþðvÞ2

: ð66Þ

V. TESTING REGULAR BLACK HOLES PART 2:
INNER-EXTREMAL MODEL WITH A
DEGENERATE INNER HORIZON

The inner-extremal RBH model proposed in Ref. [24]
solves the mass inflation instability problem at the expense
of a degenerate inner horizon with vanishing surface
gravity. As argued above, we consider its dynamical
generalization. The metric function is given by choosing
a ¼ 3, b ¼ 1 in Eq. (3) such that in the generalized
dynamical case

fðv; rÞ ¼ gðv; rÞðr − r−ðvÞÞ3ðr − rþðvÞÞ ð67Þ

and by virtue of Eq. (13) the choice
P

z λzr
z ¼ 1 ⇒ m ¼ 0

determines the degree n − 0 ¼ 4 ¼ aþ 1 of the polyno-
mial in the denominator of Eq. (14), i.e.,

gðv; rÞ ¼ 1

c0 þ c1rþ c2r2 þ c3r3 þ c4r4
; ð68Þ

where we have once again omitted the dependencies of the
coefficients ci ≡ ciðr−ðvÞ; rþðvÞÞ for the sake of read-
ability and will omit dependencies on v in what follows as
well. While a ¼ 3 for the model considered in Ref. [24],
our derivation in what follows is valid for arbitrary RBH
models with m ¼ 0 and b ¼ 1 [as otherwise the Kodama
surface gravity would vanish at the outer horizon,
cf. Eq. (12)], i.e., those where Eq. (14) admits the form

gðv; rÞ ¼ 1

c0 þ c1rþ � � � þ caþ1raþ1
; ð69Þ

where caþ1ðr−; rþÞ ¼ 1 is required to recover the Vaidya
form of the metric in the asymptotic limit r → ∞. Based on
dimensional grounds, the generic form of the coefficients
ciðr−; rþÞ is prescribed by

ciðr−; rþÞ ¼
X∞
j¼1

dijrj−r
−j−iþðaþ1Þ
þ ∀ i ≠ aþ 1; ð70Þ

where the coefficients dij are dimensionless.5 If the inner
horizon is absent (r− → 0), then we should also recover the
Vaidya form f ¼ 1 − rþ=r as the black hole center is then
no longer regular. In this case, Eq. (3) is given by

fðv; rÞjr−→0 ¼
raþ1ð1 − rþ

r Þ
c0ð0; rþÞ þ c1ð0; rþÞrþ � � � þ raþ1

: ð71Þ

5Note that the coefficients of our simple nonsingular spacetime
[Sec. IVA, Eq. (28)] are consistent with the required coefficient
form specified in Eq. (70) only if r− ¼ 0 and rþ ¼ 0, i.e., if the
spacetime has no horizons, in agreement with the trivial form of
the metric function in Eq. (29).
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Therefore, to recover the Vaidya form of the metric, we
must have

cið0;rþÞ¼ 0 ∀ i≠ aþ1⇒ gðv;rÞjr−→0¼
1

raþ1
: ð72Þ

Using Eqs. (25) and (69), the compatibility condition
Eq. (24) can be rewritten as

gðv; rþÞrþðrþ − r−Þa ¼ 1; ð73Þ

⇔ ðrþ − r−Þarþ ¼ 1

gðv; rþÞ
¼ð69Þ

Xaþ1

i¼0

ciðr−; rþÞriþ: ð74Þ

Using the binomial theorem to expand the lhs, and
Eq. (70) for the coefficients on the rhs, Eq. (74) can be
rewritten as

Xa
k¼0

�
a

k

�
ð−1Þa−kra−k− rkþ1

þ ¼
Xa
i¼0

X∞
j¼1

dijrj−r
−jþðaþ1Þ
þ þ raþ1

þ :

ð75Þ

Separating the k ¼ a term (whose contribution is raþ1
þ )

from the summation on the lhs, this simplifies further to

Xa−1
k¼0

�
a

k

�
ð−r−Þa−krkþ1

þ ¼
Xa
i¼0

X∞
j¼1

dijrj−r
−jþðaþ1Þ
þ : ð76Þ

Note that the maximum possible exponent of r− on the lhs
is a (for k ¼ 0). Consequently, if Eq. (76) is treated as a
polynomial with respect to r−, then the only way to have a
solution is to truncate the summation over j on the rhs at
j ¼ a. Furthermore, since 0 ≤ k ≤ a − 1 and 1 ≤ j ≤ a, we
can redefine the summation with respect to k on the lhs and
use the transformation j ↦ a − k to rewrite Eq. (76) as

Xa
j¼1

�
a

a − j

�
ð−r−Þjr−jþðaþ1Þ

þ

¼
Xa
i¼0

Xa
j¼1

dijrj−r
−jþðaþ1Þ
þ : ð77Þ

As a result, the compatibility condition Eq. (24) is satisfied
if and only if

Xa
j¼1

rj−

��
a

a − j

�
ð−1Þjr−jþðaþ1Þ

þ −
Xa
i¼0

dijr
−jþðaþ1Þ
þ

�
¼ 0:

ð78Þ

We note that, in consonance with our analysis of non-
degenerate RBH models in Sec. IV, this relation is trivially
satisfied if there is no inner horizon (r− → 0). On the other

hand, if an inner horizon is present (r− ≠ 0), then satisfying
Eq. (78) requires

Xa
i¼0

dij ¼
�

a

a − j

�
ð−1Þj: ð79Þ

This alternative form of the compatibility condition derived
in Sec. III allows us to test RBH models for which
evaluating the expression given in Eq. (25) is not straight-
forward due to the fact that a > 1 and the coefficients in the
polynomial decomposition of g [Eq. (14)] are a priori
undetermined. With the commonly used assumptions of a
positive MS mass C > 0 [cf. Eq. (17)] and regularity
(expressed mathematically through the finiteness of rel-
evant curvature scalars, such as the Ricci and Kretschmann
scalar), it is possible to determine the lowest-order coef-
ficients of Eq. (69). However, this alone does not suffice to
determine whether or not relation Eq. (79) is satisfied in
general, as this would require the ability to determine every
individual coefficient ciðr−; rþÞ. Nonetheless, it is often
possible to evaluate Eq. (79) in physically motivated
scenarios where the degeneracy of the inner horizon a in
Eq. (3) is known explicitly.
We now examine the dynamical generalization

[Eqs. (67)–(68)] of the inner-extremal RBH model with
a ¼ 3 proposed in Ref. [24] and demonstrate that it cannot
satisfy the condition Eq. (79) required to be compatible
with the first law. In this model, c4 ¼ 1 and c3 ¼ −3r−
[cf. Eq. (68)] are necessary to recover the Vaidya form of
the metric asymptotically. The latter can be seen by
expanding Eq. (67) about the point z ≔ 1=r ¼ 0 to re-
present the limit r → ∞, which results in

fðv; rÞj1
r¼0 ¼

1

c4
−
c3 þ c4ð3r− þ rþÞ

c24

1

r
þO

�
1

r2

�
: ð80Þ

Substitution of c4 ¼ 1 in Eq. (80) and subsequent com-
parison with the Vaidya form f¼1−rþ=r yields c3¼−3r−.
From the requirement of regularity, we obtain

c0 ¼ r3−rþ; c1 ¼ −r2−ðr− þ 3rþÞ; ð81Þ

as can be verified, for instance, by evaluating the Ricci or
the Kretschmann scalar.
The remaining coefficient c2 can be determined from the

requirement that f be nondivergent, which in turn requires
that its denominator,

Dðv;rÞ≔1=gðv;rÞ
¼ð68Þr3−rþ−r2−ðr−þ3rþÞrþc2r2−3r−r3þr4; ð82Þ
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be nonzero. We rewrite Eq. (82) as

D̃ðv; rÞ ¼ c̃2r2 þ
�
r −

3r−
2

�
2

þ r3−rþ

�
1 −

r
2

�
3

r−
þ 1

rþ

��
2

; ð83Þ

where

c2 ¼ c̃2 þ
15

4
r2− þ 9

4
r−rþ þ r3−

4rþ
; c̃2 ≥ 0: ð84Þ

Using Eq. (16) to express the MS mass C in terms of f and
expanding about the center r ¼ 0, we find

Cðv; rÞ ¼ r3− þ 4c̃2rþ þ 3r2−rþ − 3r−r2þ
4r3−r2þ

r3 þOðr4Þ: ð85Þ

The positivity requirement for the MS mass then constrains
the coefficient c̃2 via

r3− þ 4c̃2rþ þ 3r2−rþ − 3r−r2þ > 0

⇒ c̃2 ¼
ζ − r3− − 3r2−rþ þ 3r−r2þ

4rþ
; ζ > 0: ð86Þ

Substituting Eq. (86) into Eq. (84) yields

c2 ¼
ζ

4rþ
þ 3r2− þ 3r−rþ: ð87Þ

This is all we need to explicitly identify the dimensionless
coefficients dij introduced in Eq. (70). We find

c0 ¼ r3−rþ ¼ d01r−r3þ þ d02r2−r2þ þ d03r3−rþ
⇒ d01 ¼ 0; d02 ¼ 0; d03 ¼ 1; ð88Þ

c1 ¼ −r3− − 3r2−rþ ¼ d11r−r2þ þ d12r2−rþ þ d13r3−

⇒ d11 ¼ 0; d12 ¼ −3; d13 ¼ −1; ð89Þ

c3 ¼ −3r− ¼ d31r− þ d32r2−r−1þ þ d33r3−r−2þ
⇒ d31 ¼ −3; d32 ¼ 0; d33 ¼ 0: ð90Þ

To proceed with the identification of the coefficients d2j,
we note that the dimensions of ζ are ½ζ� ¼ L3 (i.e., ζ is
cubic in length), as can be seen from Eq. (87). Therefore,
we can write the first term in Eq. (87) as

ζ

4rþ
¼ ζ1r−rþ þ ζ2r2− þ ζ3r3−r−1þ > 0; ð91Þ

where the coefficients ζi are dimensionless. Hence,

c2¼ d21r−rþþd22r2−þd23r3−r−1þ
¼ ðζ1þ3Þr−rþþðζ2þ3Þr2−þζ3r3−r−1þ
⇒ d21¼ ζ1þ3; d22¼ ζ2þ3; d23¼ ζ3: ð92Þ

Next, we use Eq. (79) to determine the coefficients ζi.
We find

X3
i¼0

di1 ¼
�
3

2

�
ð−1Þ1 ¼ −3

¼ d01 þ d11 þ d21 þ d31 ⇒ ζ1 ¼ −3; ð93Þ

X3
i¼0

di2 ¼
�
3

1

�
ð−1Þ2 ¼ 3

¼ d02 þ d12 þ d22 þ d32 ⇒ ζ2 ¼ 3; ð94Þ

X3
i¼0

di3 ¼
�
3

0

�
ð−1Þ3 ¼ −1

¼ d03 þ d13 þ d23 þ d33 ⇒ ζ3 ¼ −1: ð95Þ

Substituting these values into Eq. (91), we obtain

− 3r−rþ þ 3r2− − r3−r−1þ > 0

⇔ 3r2þ − 3r−rþ þ r2− < 0: ð96Þ

Considering Eq. (96) as a polynomial in rþ, its discriminant
is given by −3r2− < 0, which implies that the polynomial
has two distinct complex conjugate roots and is thus always
positive. However, this is in direct contradiction with the
inequality in the second line of Eq. (96), indicating that it is
impossible for the inner-extremal RBH model to satisfy the
necessary relation Eq. (79) that is required to be compatible
with the first law of black hole mechanics.

VI. PAGE EVAPORATION LAW

Building on Hawking’s result [6], Page demonstrated
that the mass loss due to the emission of Hawking radiation
is described by the formula

dM
dt

¼ −
X

j;l;m;p

1

2π

Z∞

0

ωΓjωlmp

e2πω=κ − 1
dω; ð97Þ

where j labels the emitted particle species, and Γjωlmp

denotes the absorption probability6 for an incoming wave

6In practice, these are determined using analytical and numeri-
cal techniques in a formalism originally developed by Teukolsky
and Press [60,61].
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mode labeled by the frequency ω, spheroidal harmonic l,
axial quantum number m, and polarization p. Although
this formula accounts for both angular momentum and
charge, an isolated black hole is expected to be well
approximated by an uncharged spherically symmetric
metric due to the fact that in the Hawking process angular
momentum is shed much faster than mass [7], and charged
black holes rapidly discharge in a Schwinger-like pair
production process [62,63].
Since the ingoing Vaidya metric with decreasing mass

(C0ðvÞ < 0) is the appropriate choice to model the effects of
Hawking radiation (see Table 2 in Ref. [36]), Eq. (97) is
often expressed in advanced null coordinates ðv; rÞ using
several physically motivated simplifying assumptions
(most notably the restriction to l ¼ m ¼ 0 modes and
the approximate relation Γ ≃ ω2r2g; see Refs. [31,64,65] for
a more detailed account) as

dM
dv

≃ −
a
M2

⇔
drþ
dv

≃ −
α

r2þ
; ð98Þ

which implies that a black hole of initial mass M0 will
evaporate in a time te ∼M3

0, and the explicit form of the
coefficients and their expansion about w1 ¼ 0 are given by

α ¼ 8a ¼ −
4

π

1

e
4π

1−w1 − 1
; ð99Þ

α ¼ −
4

π

1

e4π − 1
þOðw1Þ; ð100Þ

respectively. Consequently, the standard Page evaporation
law is modified if the condition w1 ¼ 0 derived in Sec. III is
not satisfied.

VII. CONCLUSIONS

Based on the assertion that the surface gravity of an
evolving black hole horizon should approach the expres-
sion prescribed by the first law of black hole mechanics
[Eq. (7)] in the quasistatic limit, we have derived a
compatibility condition for generic spherically symmetric
dynamical black holes [Sec. III, Eq. (24)]. In our analysis of
the dynamical generalizations of RBH models typically
considered in the literature, we have evaluated the compat-
ibility condition explicitly for the respective metric func-
tions that describe them and demonstrated that none of
them satisfies the necessary condition required to be
compatible with the conventional form of the first law of
black hole mechanics (Sec. IV and Sec. V). As outlined in
Sec. VI, this also implies that—if the decrease in mass
δM < 0 due to the emission of Hawking radiation is indeed
proportional to the surface gravity as stipulated by the first

law—then the dynamical evolution of such RBHs cannot
be accurately described by the standard Page evaporation
law. One may argue that this is a somewhat counterintuitive
result, considering that the derivation of Eq. (97) is based
on Hawking fluxes perceived in the asymptotic limit, and
thus one would naively expect that the minimal length scale
introduced for the purpose of regularization should not
affect the outcome.
Our analysis suggests that the incompatibility of dynami-

cal RBHs with the first law of black hole mechanics is
directly linked to the minimal length scale l (which can be
interpreted as an additional hair) introduced for the regu-
larization and the presence of an inner horizon, which are the
main characteristics (together with their regular center) that
distinguish RBH models from alternative descriptions of
trapped spacetime domains. Since both are necessary ingre-
dients in the regularization procedure to avoid singularities,
onemay conjecture that there is amore fundamental physical
or topological principle at play that prevents nonsingular
black hole spacetimes from satisfying the first law.
In their most conservative form, the conclusions of our

analysis may be stated as follows: nonsingular black holes
are incompatible with the widely accepted semiclassical
description of evaporating black holes that is based on the
results of Refs. [1] and [5–7]. Unless one is willing to give
up either the idea of regularity and an interior that is
physically well behaved all the way down to the center or
the first law of black hole mechanics (and its associated
thermodynamic interpretation of surface gravity as an
effective temperature), our results demonstrate that mod-
ifications of the first law are required even at the level of
semiclassical gravity.
We note that our analysis is consistent with the inter-

pretation of the deviation from the standard form of the first
law [Eq. (6)] as a thermodynamic pressure term as has been
proposed, for instance, in Refs. [25] and [57], which can be
seen from Eqs. (22)–(23). In this sense, the linear coef-
ficient of the MS mass w1 encodes rather specific infor-
mation about the thermodynamic properties of black holes.
In fact, as evident from Eq. (22), knowledge of w1 suffices
to fully specify the generalized first law of black hole
mechanics.
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Conclusion

The study of RBH solutions within GR is a crucial step toward unraveling the fundamental
aspects of quantum gravity. Investigating various RBH models is vital for understanding how
the regularization of singularities — common in conventional black holes — affects the classical
sector. If a quantum gravity theory can achieve such regularization while maintaining the defining
characteristic of the event horizon, RBHs, or potentially their horizonless alternatives, become
the most viable candidates for describing UCOs.

In the first main part of this thesis, we demonstrated within the framework of GR that using
NED theories as an effective source for regular, horizonful geometries supports the existence of
a first law of black hole thermodynamics across AdS, Minkowski, and dS spacetimes. We also
established the presence of a linear Smarr relation and reconciled discrepancies in the literature
by ensuring consistency between Hamiltonian and Euclidean thermodynamics in the appropriate
limits. Building on this foundation, we employed these thermodynamic quantities to explore the
phase structure of RBHs.

Our analysis revealed a key finding: the Hawking–Page transition, typically observed in the
singular Schwarzschild metric, is absent in 4D RBHs when studied in the canonical ensemble
and sourced by NED theories. This absence can be attributed to quantum gravity corrections,
which effectively smooth out singularities and generally prevent the transition from occurring.
Instead of the Hawking–Page transition we find a first-order small-to-large phase transition
which terminates at a critical point, where it becomes second-order. The behavior of various
thermodynamic parameters near this point is governed by critical exponents, which classify
physical systems into universality classes where the scaling behavior of these parameters is
identical, even if the systems’ microscopic structures differ significantly.

In many asymptotic AdS examples, the critical exponents are the same as those of the Van
der Waals fluids, which is surprising given that their equations of state are not identical. RBHs
are no exception, sharing these critical exponents. However, the critical ratio 𝑃𝑐𝑣𝑐/𝑇𝑐, where
𝑃𝑐, 𝑇𝑐, and 𝑣𝑐 are the pressure, temperature, and reduced volume (volume over the number
of particles) at the critical point, respectively, deviates from the mean-field theory value 3/8.
This suggests a potential departure from the mean-field theory critical behavior. Specifically,
different models of NED theories, each with distinct weak-field limits, exhibit differing degrees
of deformation from the Schwarzschild geometry. This dependence on the deformation strength
manifests in the critical ratio. In this thesis, we demonstrated that the greater the deformation
from Schwarzschild geometry, the larger the deviation from this ratio. This illustrates how the
choice of singularity regularization method influences the extent of departure from the striking
similarity between fluid phases and black hole phases.

Lastly, observational signatures are essential for confirming or refuting the nature and char-
acteristics of UCOs. Our research concentrated on analyzing the behavior of light rings around
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these objects, revealing that merely counting the number of light rings, without knowing the
underlying theory, may not be sufficient for accurate identification. We found that nonsingular
horizonless UCOs, sourced by NED, exhibit an odd number of light rings and discussed the
viability of this effective description of their properties. Furthermore, we compared the phase
velocities of polarized light rays in these nonsingular geometries with those in Schwarzschild
spacetime. Our findings indicate that regularizing singularities with a theory that does not adhere
to the Maxwell weak-field limit can result in the formation of acausal regions.

With these findings, we concluded the first part of the thesis. Our study of black hole thermo-
dynamics relied on the existence of Hawking radiation, to provide the necessary thermodynamic
equilibrium, and the assumption of a stationary metric with event horizons. However, realistic
scenarios that account for the backreaction of Hawking radiation on the metric are inherently dy-
namic. In such cases, an accurate description that captures all relevant physical aspects requires
the use of quasi-local apparent horizons.

The collapse of a star to an RBH in finite time as seen by a distant observer is the moment
of formation of the trapped region. At this point, the apparent horizon splits into inner and
outer components. We demonstrated that, assuming the validity of semiclassical gravity near
these horizons, both horizons can only evaporate, making them timelike throughout their entire
existence. The evaporation process ceases when the two horizons merge, resulting in the
disappearance of the trapped region and leaving an extremal black hole as the final state. This
extremal black hole has zero temperature, violating the third law of black hole mechanics.

Assuming that the dynamical evolution of RBHs is driven solely by quantum effects, we can
quantify these effects by evaluating the NEC, which is the weakest among the energy conditions.
Our results show that the NEC is satisfied near the inner horizon but violated at the outer horizon.
We identified a boundary that effectively divides the trapped region into areas where the NEC is
either violated or not. The evaluation of the NEC at the outer apparent horizon indicates that the
maximal violation occurs near the point of complete evaporation, highlighting the prominence
of quantum effects at this stage. Moreover, the dynamic nature of this geometry provides insights
into the black hole information paradox. Since the horizons are timelike, light can escape and
become visible to distant observers on timescales comparable to the evaporation time. Similarly,
massive particles can also escape, but only in a specific manner that involves crossing the apparent
horizons on an ingoing geodesic trajectory, i.e., allowing the horizons to overtake them.

Finally, a dynamic first law of black hole mechanics can be formulated by introducing the
Kodama vector. Recent studies have provided evidence supporting this formulation and the
emergence of a dynamical entropy [103]. Our research has shown that deriving this law through
near-horizon expansions reveals that the inclusion of work terms is inherently connected to the
introduction of a minimal length scale, which can be interpreted as a direct consequence of
spacetime regularization. However, while the regularization of spacetime is desirable, it also
reveals peculiar properties and raises unresolved questions that may only be addressed through
a complete theory of quantum gravity. Even when quantum effects are taken into account, the
challenges are merely shifted to other areas, underscoring the complexities that require further
exploration.

From a broader perspective, we hope to have conveyed that the study of RBH spacetimes
is not only worthwhile and intriguing but also a crucial step toward a deeper understanding of
the fundamental nature of reality. Throughout this work, we have addressed many unresolved
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questions, both conceptual and technical, yet several avenues for further research naturally
emerge. First, a key open question is determining which classes of black hole solutions —
and the corresponding theories — permit a consistent thermodynamic formulation from both the
Hamiltonian and Euclidean frameworks when matter fields are present. While it is established that
perfect fluids can be incorporated into the covariant formalism, this result has not been generalized
beyond symmetry-inheriting matter fields. Additionally, the linearity of the Smarr relation for
NED theories has only been proven for those that adhere to a Maxwell weak-field limit. Second,
another important area for further investigation involves astrophysical observations of black
hole candidates, which are typically modeled using the Kerr paradigm since realistic UCOs are
expected to possess angular momentum and rotate. Notably, the emission of gravitational waves
requires at least a mass quadrupole structure, which cannot be accurately modeled in spherically
symmetric settings. To fully test the validity of NED theories as an effective description of
nonsingular UCOs, it is necessary to extend these models to include axial symmetry. However,
attempts to achieve this using the Newman–Janis formalism have so far been unsuccessful. Fully
analytic solutions remain elusive, and only solutions for slowly rotating objects are currently
known [104, 105].
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