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Abstract: Spin qubits in semiconductor quantum dots are an attractive candidate for scalable quan-
tum information processing. Reliable quantum state transfer and entanglement between spatially
separated spin qubits is a highly desirable but challenging goal. Here, we propose a fast and high-
fidelity quantum state transfer scheme for two spin qubits mediated by virtual microwave photons.
Our general strategy involves using a superadiabatic pulse to eliminate non-adiabatic transitions,
without the need for increased control complexity. We show that arbitrary quantum state transfer can
be achieved with a fidelity of 95.1% within a 60 ns short time under realistic parameter conditions.
We also demonstrate the robustness of this scheme to experimental imperfections and environmental
noises. Furthermore, this scheme can be directly applied to the generation of a remote Bell entan-
gled state with a fidelity as high as 97.6%. These results pave the way for fault-tolerant quantum
computation on spin quantum network architecture platforms.

Keywords: spin qubit; circuit quantum electrodynamics; quantum state transfer; remote entanglement;
superadiabatic pulse

1. Introduction

Electron spins in semiconductor quantum dots have emerged as a promising platform
for achieving large-scale quantum information processing, due to their small footprint,
long coherence times, and compatibility with advanced semiconductor manufacturing
techniques [1,2]. Recently, there have been significant advancements in high-fidelity single-
qubit and two-qubit gate operations [3-5], as well as in the universal control of multiple-
qubit processors [6-8]. For scalable quantum computing, it is essential to find a suitable
quantum architecture that can leverage the feasible state-of-art technology for integrating
large numbers of qubits. A great deal of progress has been made in the monolithic architec-
tures [9-11], primarily based on the wavefunction overlap between adjacent quantum dots.
In contrast, network architectures [12-14], which utilize flying photons to establish links
between long-distance qubits, represent a more achievable solution due to their advantages
in flexibility and connectivity. However, a critical step in realizing network architectures is
to achieve efficient and high-fidelity quantum state transfer and entanglement between
spatially separated spin qubits.

Circuit quantum electrodynamics (circuit QED) provides an attractive way to realize
quantum network architectures [15-17], where a superconducting resonator serves as the
quantum bus interacting with different qubits. The typical approach for implementing
quantum state transfer is based on real photon processes [18,19], where one qubit sends
quantum information to the microwave photons, and then another qubit receives the
information from the photons. This indirect approach introduces additional operations
and requires fine-tuning of parameters, which results in obstacles to large-scale quantum
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information processing. In addition, the resonant qubit-resonator coupling leads to addi-
tional decoherence processes due to the leakage of resonator photons, thereby affecting the
performance of quantum state transfer.

Another attractive approach is to employ virtual photon processes [20-26], where
the frequencies of the two qubits are detuned from the resonator frequency. In this case,
the effective coupling between the two qubits allows for the direct transfer of quantum in-
formation between them. This direct approach can avoid additional resource consumption
and quantum information loss due to photon leakage. However, designing a scheme for
long-distance quantum state transfer of spin qubits is a highly desirable but challenging
goal. On the one hand, the strong coupling between spin qubit and resonator is a challenge
due to the small magnetic dipole moment of spin qubits. On the other hand, quantum
state transfer requires fast and high fidelity, even in the presence of operational errors
and decoherence effects. Furthermore, quantum entanglement is a crucial resource for
quantum computation. Hence, quantum state transfer schemes need to be applicable
to remote entanglement preparation. Such a scheme for spin qubits has not yet been
demonstrated, as meeting all the implementation requirements mentioned above is not a
straightforward task.

In this paper, we propose an efficient quantum state transfer scheme for long-distance
spin qubits based on the circuit QED architecture, addressing all the challenges. Firstly, we
employ a single-electron spin qubit in a double quantum dot (DQD). Due to spin-charge hy-
bridization, the spin qubit exhibits charge characteristics, enabling strong coupling with the
resonator [23,27,28]. Secondly, we design a superadiabatic pulse for state transfer between
spin qubits mediated by virtual microwave photons. By modifying the parameters of the
control pulse, we not only effectively eliminate non-adiabatic transitions but also signifi-
cantly reduce the state transfer time. We show that the quantum state transfer can achieve
a high fidelity of 95.1% within a short time of 60 ns under realistic conditions, while ex-
hibiting robustness to experimental imperfections and environmental noises. Furthermore,
our scheme can be directly applied to the generation of two-qubit remote entanglement on
demand with a high fidelity of 97.6%, which already meets the threshold for network error
correction protocols [12,13]. These results provide the key elements for scalable spin-based
quantum information processing with the network architecture.

2. Setup and Models

We consider two silicon-based semiconductor spin qubits coupled to both ends of
the joint superconducting resonator, as illustrated in Figure 1a. Here, a single electron
confined in a double quantum dot forms the |L) and |R) charge states, representing the
electron occupying the left or right dot, respectively. The potential difference between
two dots is € and the tunneling coupling between two dots is t.. By applying a uniform
external magnetic field B, the electron undergoes Zeeman splitting, forming the | 1) and
| }) spin states. In addition, a nearby micromagnet generates a gradient magnetic field AB
between the left and right dots, inducing spin-charge hybridization in the electron [29,30].
The Hamiltonian describing the single-electron DQD is

1 _ 1 . -~
Hpop = EGTZ 4+t T + EgyB(Baz + ABO\T), 1)

where ¢ = 2 is the electronic Lande g-factor, and pp is the Bohr magneton. The operators T;
and 0; are Pauli operators defined in the charge and spin subspaces, respectively.

In Figure 1b, we show the energy levels of the single-electron DQD system as a
function of the bias €. The energy spectrum can be conveniently understood through the
following aspects. On one hand, when ¢ is large, the electron is localized in either the
left or right dot, corresponding to the states |L,]), |L,1), |R, ), and |R,1). On the other
hand, when e = 0, the electron is delocalized across the DQD, leading to the bonding and
antibonding states |F) = (|R) F |L))/+/2. Furthermore, due to the spin-charge interaction,
the bonding and antibonding states with opposite spins |—, 1), |+ ) are hybridized. We
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encode the spin qubit using the lowest two energy levels, denoted as |0) and |1). Thus, the
effective two-level Hamiltonian of the spin qubit can be written as

H, — gwsgz, @

where w; is the transition frequency of the spin qubit, and the operator o is the Pauli
operator defined in the basis of states |0) and |1).
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Figure 1. (a) Schematic of two-spin-qubit quantum state transfer. A single electron in a double
quantum dot is capacitively coupled to a superconducting resonator. The quantum state transfer of
two long-distance spin qubits is achieved through the virtual photon process. (b) The level structure
of the spin qubit as a function of the parameter €. The parameters of the system are as follows:
te/2m = 3.5 GHz, gupB/2m = 5.0 GHz, and gupAB/2m = 0.2 GHz.

Then, we consider a superconducting microwave resonator, neglecting high-energy
modes and focusing only on the fundamental mode. The Hamiltonian of the resonator is
represented by

H, = hw,a’a, 3)

where w; is the resonator frequency, and the operators a' and a are the creation and
annihilation operators, respectively. When the resonator is capacitively coupled to the spin
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qubit, it exhibits a charge-resonator coupling strength g.. Due to the hybridization of the
spin qubit with charge and spin states, the spin and resonator can be coupled by an indirect
electric-dipole interaction, with a spin-photon coupling strength gs = (0|7|1)gc. In this way,
the interaction Hamiltonian between the spin qubit and the resonator can be expressed as

Hipt = hgs(a® + a)os. (4)

To achieve control over the composite system, we apply an external driving field
to modulate the frequency of one of the spin qubits, with H; = %f(t)o.. Here, f(t)
represents the frequency response to the driving pulse and is chosen to satisfy the following
adjustable sinusoidal function: fo T)dT = A(t)sin[f(t)t + B(t)], where A(t) and B(t) are
the amplitude and phase of the dr1v1ng pulse, respectively. Putting things together, in the
rotating wave approximation, the composite system comprising both spin qubits and a
resonator can be described by the following Hamiltonian

h n
Heom =Y Zwla’ +hwata+ Y hgi(atol +acl )+ Ef(t)azl, (5)
i=1,2 i=12

where the superscript i represents the spin qubits 1 and 2.

3. Spin-Spin Coupling Mediated by Virtual Photons

We now consider the effective coupling between spin qubits mediated by virtual
photons in the resonator. In the dispersive regime, the frequency detuning between the spin
qubit and the resonator is larger than the coupling strength, satisfying |AL| = |w, — w!| > gl.
In this case, the impact of photon excitation on the superposed eigenstates of the two spin
qubits is suppressed. Using the Schrieffer—-Wolff transformation [31], we decouple different
subspaces at a desired order, and the system can be described by the Tavis-Commings
Hamiltonian [32]

Fz
Hdisp = Z 2 ‘7 +hgeff(a+0 +U U+)+ f( ) (6)
i=1,2

where w's = ws — g2/ As is the frequency of spin qubit, o4 are the raising and lowering
operators, and the spin-spin effective coupling strength is

1,2
88 1 1
e - - t-3) (7)

For a more intuitive understanding of the effective interaction between spin qubits,
we apply a unitary transformation to transform Hyjs, into a rotating frame, with

1f fo T)dt
2 5 ozl 8)

Ul = exp[

This leads to the effective Hamiltonian

Hegy = hgers HIA(H) exp 1i16(1)t — B(0)]}oko? + He ©
Here, we use the Jacobi-Anger expansion 25 = Y"®_ T, (z)e™, J;[A(t)] is the first-order
Bessel function, and 6(t) = w'2 — w't — f(t) is the frequency detuning. Furthermore, we

apply an extra unitary transformatlon, with

Up = exp[—i(s(i)t

ol + i@ag]. (10)
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In the new frame, the effective Hamiltonian can be rewritten as
0 0 0 0
hi o0 dlo(t)t]/d deffh [A(t)]e” 0
H,r = — (11
B3| 0 2ggphlAWER Moo o :
0 0 0 0

It is worth noting that we can achieve transitions between the states |01) and |10) by
adjusting the parameters of the driving pulse. For more discussion on the comparison of
the effective Hamiltonian with the full Hamiltonian, see Appendix A.

4. Superadiabatic Pulse

For convenience, we consider the system Hamiltonian driven by an external driving
field in the subspace spanned by the states |01) and |10), with

_A[ M) o)
B =3 | ) “ah | -

where A(t) is the frequency detuning, and Q)(t) is the frequency of the Rabi oscillation.
During the evolution of the system, there will be non-adiabatic transitions between the
instantaneous eigenstates. The usual strategy is to apply an adiabatic pulse, where the
pulse parameters change very slowly over time. While this approach allows the system
to evolve along eigenstates, the long evolution time implies more accumulated errors
due to environmental noise, thereby limiting the achievement of fast and high-fidelity
state transfer.

To address this challenge, we employ a superadiabatic pulse scheme to achieve fast
evolution of the system while effectively eliminating non-adiabatic transitions [33,34].
For the time-dependent Hamiltonian Hy,,;, the non-adiabatic transition evolution part can
be expressed as

Hia = =in T 1000(5) Aa(8)] = Gn D03 () 11 (1) (0], (13)

where |1, (t)) are the instantaneous eigenstates of H,;, and |0¢A,(t)) are the derivatives of
the instantaneous eigenstates with respect to time. In the subspace of states [01) and |10),
the non-adiabatic transition part can be expressed in a specific form as

_h 0 i0(t)
Hna = 2{ —i6(t) 0 } (14

where angle 0(t) = arctan[Q)(t)/A(t)]. Our strategy involves starting with the original
Hamiltonian Hy,;, and modulating the parameters of the driving field to construct the
effective Hamiltonian H, . This effective Hamiltonian satisfies

g 2 Aa(®) Qu()e )
Heff = Hgyp — Hua = 2 [ qu(t)eiq{qg(t) _Asu(t) , (15)

where the parameters of the superadiabatic pulse are Ag, (t) = A(t), Qsq(t) = 1/ Q2(t) + 02(2),
and ¢s,(t) = arctan[0(t) /Q(t)].

We note that a shortcut to the adiabatic scheme, introducing an auxiliary field to
eliminate non-adiabatic transitions, has been proposed in various systems [35-37]. This
scheme not only requires the introduction of additional laser or microwave fields, but also
demands careful design to implement interaction terms that are not present in the origi-
nal Hamiltonian. In contrast, our scheme only requires the modulation of driving pulse
parameters, effectively avoiding the complexity of experiments and resource consump-
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tion. Combining Equations (11) and (15), we can obtain the relevant parameters for the
superadiabatic pulse as

2 /1 B fot A(T)d'l’
t

f(t) =W — Wy
A= 7 o COBOGONOR, g

A(HO(H) — O(HA()
Q(1)[A2(t) + O3(1)]

B(t) = arctan{

1.

We set the parameters to satisfy the condition |/ Q2(t) + 2(t) < 2gJMma, where [ = 0.582
is the maximum value of the first-order Bessel function.

5. Quantum State Transfer

Having achieved effective spin—spin coupling mediated by virtual photons, we can
use the superadiabatic pulse scheme for quantum state transfer between two distant spin

qubits. As shown in Figure 2a, we set the typical time-dependent parameters of the driving
field as

Q) = Qosin(%t)

it
T

17)
A(t) = Ag cos(

where T is the duration time, ()g and A are the maximum values of the Rabi oscillation
frequency and the frequency detuning, respectively. This pulse has two advantages over
other types of pulses, such as the Gaussian pulse: its simple waveform and no need
for cutoff.

The evolution of the composite system is described by the master equation [15,38]

J ; o2y , v
&= lo Hgl + '212(73 + gAsgz )Dlo’ Jo+ '212 2Dlellp, (18)
1=1, =1,

where p is the density matrix of the system, and D[O]p = OpO' — (OTOp + pO'0) /2 is
the Lindblad operator describing the decoherence processes. y; = 1/T and vy = 1/T}
are the relaxation and dephasing rates of the spin qubit. « is the leakage rate of photons in
the resonator. For more on the derivation of the effective master equation, see Appendix B.
Here, we use the parameter values from the experiments [23,27,39]: spin-resonator cou-
pling strength gi @) j2m = 40 MHg, frequency detuning Ag@ = SgS1 @
Tll @ —12 ms, dephasing time qu)(z) =1 us, leakage rate x /27 = 1.8 MHz, pulse parame-
ters Qg /2m = Ag/27w = 2 MHz, duration time T = 60 ns.

To study the quantum state transfer from spin qubit 1 to spin qubit 2, we first prepare
the initial states of spin qubit 1 and 2 as |1) and |0), respectively. Then, a superadiabatic
pulse is applied to drive spin qubit 1 and 2 to evolve towards the |0) and |1) states,
respectively. Finally, we present the state population of spin qubit 2 during the state
transfer process. As shown in Figure 2b, solid and dotted lines represent the ideal case
and the practical case including environmental noises, respectively. We observe a smooth
increase in the population of state |1), which ultimately stabilizes at p; = 94.5%, indicating
the efficiency of the state transfer using this scheme. In Figure 2c, we obtained the state
evolution trajectory of spin qubit 2 by projecting the state onto three different orthogonal
basis vectors 0y, . and calculating three components <0’i:x,ylz>, where ¢ represents the
Pauli operator. These results demonstrate that the proposed scheme can achieve quantum
state transfer between two spin qubits.

, relaxation time
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The phase of quantum states is crucial in quantum information processing, so we
investigate the preservation of phase information during quantum state transfer. We
initialize spin qubit 1 in a superposition state |¢;) = (|0) + ¢%i|1))/+/2, and implement
the same quantum state transfer process. In the ideal case, the final state of spin qubit
2 should be [g¢) = (]0) + ¢'?7|1))/v/2, where the phase ¢f = ¢i. In practice, however,
the phase information is affected by the environmental noises. We simulate the quantum
state transfer process and obtain the final state of spin qubit 2, which can be represented
as o = (S;I + Sxox + Syoy; + S;0;) /2. In Figure 2d, we show the coefficients Sy, S,, S, as a
function of the initial phase ¢;, indicating that phase coherence is maintained during the
transfer process.
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Figure 2. (a) The scheme for implementing the quantum state transfer by time-dependent parameters
of the driving pulse. (b) The state populations of spin qubit 2 during the quantum state transfer
process, with spin qubit 1 and 2 initially in |1) and |0). The solid line is the evolution without
environmental noises and the dotted line is the evolution with environmental noises. (c) The quantum
state tomography of spin qubit 2 involves projecting the state onto the Pauli matrices o, 0y and 0.
(d) The coefficients Sy, S, and S of the states of spin qubit 2 as a function of initial phase ¢; in the
quantum state transfer, with spin qubit 1 initially in (|0) + e/[1))/+/2.

To quantitatively evaluate the quantum state transfer between distant spin qubits
using our scheme, we calculate the process fidelity using quantum process tomography
(QPT) [40]. As shown in Figure 3a, we prepare spin qubit 1 in the six mutually unbiased
states |0), [1), (|0) £]1))/+/2 and (|0) £i|1))/+/2, while spin qubit 2 is in state |0). Then,
we transfer the state of spin qubit 1 to spin qubit 2, and reconstruct the transfer process
matrix x using quantum process tomography. As shown in Figure 3b, the process fidelity
for quantum state transfer reaches F = tr(xx;s) = 95.1%, compared to the ideal transfer
process matrix x;z. This indicates our ability to achieve high-fidelity quantum state transfer,
with potential applications in remote quantum entanglement.
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Figure 3. (a) The whole pulse sequence is used to characterize the quantum state transfer between
the two spin qubits. We prepare six mutually unbiased states of spin qubit 1, while spin qubit 2 is
in state |0). Next, we apply a superadiabatic pulse to transfer the state of spin qubit 1 to spin qubit
2. Finally, we obtain the quantum state tomography of the system through joint readout. (b) The
process matrix of the state transfer in the basis {I, X, Y, Z} using the quantum process tomography,
and the fidelity reaches F = 95.1%.

6. Robustness to Imperfections and Noises

Given the inevitability of experimental imperfections and environmental noise in
practical settings, robustness is a crucial characteristic of quantum state transfer schemes.
We investigate the robustness of quantum state transfer to fluctuations in the pulse pa-
rameters of our scheme. The performance of quantum state transfer is determined by
two key parameters: the Rabi oscillation frequency () and the frequency detuning A(t),
corresponding to the amplitude and frequency of the driving pulse, respectively. Therefore,
the fluctuations in the pulse parameters significantly affect the process fidelity. We test the
robustness of the state transfer process to parameter fluctuations by adding fluctuations
to both the Rabi oscillation frequency and frequency detuning, as Qg — Qg + 6}y and
Ao — Ag + 6Ag. Figure 4a,b show the process fidelity as functions of parameter fluctuations
60/ Qg and dAg/ Ay for various duration times. We observe that as the duration time
increases, the process fidelity decreases. This is because longer duration times imply more
error accumulation due to environmental noises. In addition, it is evident that the quantum
state transfer process using our scheme exhibits robustness to parameter fluctuations over
a wide range.

Furthermore, we investigate the influence of environmental noises on the quantum
state transfer process. In silicon-based spin qubits, the dephasing process is considered to
be the primary factor limiting the state transfer process, since the relaxation time is much
longer compared to the dephasing time. In Figure 4c, we observe that the process fidelity
increases with the dephasing time Ty. For instance, when the dephasing time Ty changes
from 1 ps to 20 us, the process fidelity rapidly increases from 95.1% to nearly 99%. This
is attributed to the fact that in our scheme, the coupling between spin qubits is mediated
by virtual photons, and the decoherence effects of the spin qubits determine the fidelity
of the state transfer process. In addition, the leakage of photons in the resonator can also



Entropy 2024, 26, 379

9 of 15

induce decoherence channels for spin qubits, known as the Purcell effect [15]. In Figure 4d,
we observe a gradual increase in process fidelity as the photon leakage rate x decreases.
These results indicate that the process fidelity of the quantum state transfer can be further
improved in the future by extending the dephasing time Ty of spin qubits [41,42] and
reducing the photon leakage rate x in the resonator [43]. For example, when Ty, = 20 ps and
x /27 = 1 MHz, a quantum state transfer with fidelity exceeding 99% should be achievable.
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Figure 4. The process fidelity of quantum state transfer as functions of fluctuations in pulse parameters
(a) 002/ and (b) 6Ag/Ag. Here, three driving pulses with different duration times are presented.
(c) The process fidelity of quantum state transfer as a function of the spin qubit dephasing time 7.
(d) The process fidelity of quantum state transfer as a function of the photon leakage « in the resonator.

7. Generation of Remote Entanglement

The generation of remote entanglement between arbitrary qubits is a critical element
in network quantum information processing. Here, we utilize the quantum state transfer
scheme to generate two-qubit remote entangled states between spin qubits. As shown
in Figure 5a, we initially prepare spin qubits 1 and 2 in states |1) and |0), respectively.
Then, a designed driving pulse R™/? is applied to spin qubit 1 to generate the entangled
Bell state [¥7) = (|01) + |10))/+/2, which can be achieved by setting the duration time to
T = 30 ns. Finally, the density matrices of the two qubits can be extracted using quantum
state tomography.

Taking into account the decoherence of spin qubits and photon leakage, we numerically
simulate the dynamical evolution of the entire system using the master equation. Then,
the calculated two-qubit density matrix p., is represented using quantum state tomography.
In Figure 5b,c, we show the average values of the Pauli operators (0;0;) for the two spin
qubits, respectively, and the reconstructed density matrix of the remote Bell entangled
state. Compared to the ideal Bell entangled state, our scheme achieves an entanglement
fidelity of Font = (¥ |0ent|¥T) = 97.6%, exceeding the threshold for many network
architecture-based quantum error correction protocols [12,13]. Overall, our scheme is
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capable of generating remote entangled states between two spin qubits, making it promising
for various quantum information processing applications in a network architecture.

(a) anp
) Superadiabatic

Q [ ’ pulse | /7k
: =a)

. (X))
Q,—{@ ex] (7
: e

~
o
—~
[E—
1

e
oy

Average value
o
)} ]

o, I TTIXYZXYZXXYYZZ

o IXYZITIXYZYZXZXY

(©) 0.5
0.5 0.4
5025 0.3
0 0.2

11 » “‘ " 0.1

00 1 10

Figure 5. (a) The whole pulse sequence is used to generate remote entangled states between spin
qubits using our scheme. The spin qubits 1 and 2 can initially be in states |1) and |0), and then we
perform a well-designed superadiabatic pulse. Finally, we obtain the density matrix of the system
through quantum state tomography. (b) The average value of the Pauli operators (;c;) for the spin
qubits. (c) The density matrix p,,; of the generated remote entangled state and the state fidelity is
F..t = 97.6% relative to the ideal Bell state.
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8. Conclusions

We propose a scheme to achieve fast and high-fidelity quantum state transfer between
distant spin qubits. Since the frequency of the spin qubit can be adjusted by an external
driving pulse, the interaction between spin qubits can be achieved through virtual photon
processes in the dispersive regime. By utilizing the superadiabatic pulse, we achieved
the state transfer with high fidelity of 95.1% within 60 ns under the present experimental
parameters. Furthermore, we investigated the robustness of this scheme against experi-
mental imperfections and environmental noises. Additionally, our scheme can be directly
applied to generate remote entangled states with high performance. Such quantum state
transfer and remote entanglement are crucial quantum resources that can enhance the
connectivity and flexibility of network architectures, making them more suitable for the im-
plementation of quantum error correction protocols and fault-tolerant quantum computing.
Therefore, this scheme provides a powerful solution for quantum information processing
in spin-based architectures and can be extended to various solid-state quantum systems in
the future.
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Appendix A. Comparison of Effective Hamiltonian and Full Hamiltonian

In this paper, we consider two spin qubits coupled to the same resonator, and obtain
the effective spin-spin Hamiltonian H, ¢ in the dispersive regime, as given by Equation (11).
Compared to the full Hamiltonian Hc,; of the system given by Equation (5), the effective
Hamiltonian removes the resonator photon term and only involves the two spin qubits in
the subspace {01,10}. To validate the accuracy of our model, we simulate the quantum
state transfer process between two spin qubits using both the effective Hamiltonian and
the full Hamiltonian. For simplicity, we ignore the influence of the environmental noises.

As shown in Figure Ala,b, we calculate the population dynamics of spin qubit 2 over
time. These are obtained by using the effective Hamiltonian and the full Hamiltonian,
respectively. In Figure Ala, the population of state |1) increases smoothly, eventually
reaching p; = 100%, indicating a perfect quantum state transfer between the two spin
qubits. In Figure Alb, the population of state |1) stabilizes at p; = 99.6%. This is because
the full Hamiltonian used includes the resonator term. During the quantum state transfer
process, there are a few excited photons present in the resonator, which hinders the perfect
quantum state transfer between two spin qubits. Figure Alc,d represent the average photon
number in the resonator during the quantum state transfer process, corresponding to the
effective Hamiltonian and the full Hamiltonian, respectively. In Figure Alc, we set the
photon number in the resonator to remain at 0. In Figure A1d, we observe that there are a
few excited photons, with the photon number ranging from 0 to 0.026, consistent with our
previous analysis.
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Upon comparison, we find that within the selected parameter range, the influence of
resonator photons on the quantum state transfer process is only ~0.4%. Therefore, we can
confidently ignore the impact of photon excitations on the superposed eigenstates of the
two spin qubits. These results indicate that the two-spin qubit model obtained through

approximation is appropriate.
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Figure Al. The state population of spin qubit 2 during the quantum state transfer process is ob-
tained using (a) the effective Hamiltonian and (b) the full Hamiltonian. (c,d) correspond to the
remaining excited photon number in the resonator, respectively. Here, we neglect the influence of the

environmental noises.

Appendix B. The Derivation of the Effective Master Equation
For a spin-resonator coupled system, it can be described using the Jaynes-Cummings
Hamiltonian

Hjc = gwsaz + hw,ata 4+ hgs(ato_ +aoy), (A1)

where wj is the spin qubit frequency, w; is the resonator frequency, and g; is the spin-
resonator coupling strength. Diagonalizing the above Hamiltonian, we can obtain the

excited eigenstates (dressed states)

|¢) 4+ n = cos0y|1,n) +sin6,|0,n + 1)

A2
) —n = —sinb,|1,n) + cos6,]|0,n + 1), (42)

where |0) and |1) are the ground state and excited state of the spin qubit, while |n) is the

number of photons in the resonator. The mixing angle is 6, = % arctan(ngT ?H), and the

spin-resonator detuning is A; = ws — wy.
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In the dispersive regime, which satisfies the condition of large detuning A; > g5,
the eigenstates of the one excitation manifold have the following form

9) 0 ~ |1,0>+&|0,1>

(A3)
)0~ **Il 0) +10,1).
The corresponding decay rate can be simply expressed as
Fro= 7+ (5)%
% o s (A4)
I' o~ (7) Y +x,

where 7 is the decoherence rate of spin qubits, and «x is the leakage rate of photons. It is
easy to see that for spin qubits, besides the inherent decoherence process, photon loss also
introduces an additional leakage channel, known as the Purcell effect.

In the presence of the environmental noises, the effective Hamiltonian for the system
given by Equation (11) becomes

Hiot = eff+z (H.,; i+ H +H) (AD)

i=1

where H,,, Hy, and H,, represent the spin qubit relaxation process, dephasing process,
and the Purcell effect process, respectively. In this case, the evolution of the system can be
described by the von Neumann equation

dptot
dt

= %[Ptot/ Hiot)- (A6)

When the coupling between the system and the environment is weak, the reduced density
matrix of the system follows the master equation under the Markovian approximation.

do i 2 Voo
= 2lo Hofl + Lo+ & 5)Dle o+ ¥ L Dlellp, (A7)
S i=1,2

where 1 and -4 are the relaxation rate and dephasing rate of spin qubit, and gb is the
decay rate of spin qubit due to the photon leakage. This is the Equation (18) in the main text.
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