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1. INTRODUCTION
1.1. Appell Series and Some Formulas for Their Analytic Continuation

In this paper, we consider the function F,(a,,a,;b,c,,¢,5;7,2,), Which is one of four functions intro-
duced by Appell in [1] (see also [2, 3]) as the most natural generalizations of the Gauss hypergeometric

function to the case of two complex variables (z;,z,) € C’. In the domain
2
M :={(z,z)e C*:|a| + o] <1} (L.1)
the function F, is defined as the double hypergeometric series

c (b)k]+k2(a1)/q(a2)k2 k_k

o (1.2)
ki,ky=0 (Cl)kl(cz)kzkl!kzl

where a,a,,b,c,,c, are complex parameters of F,. The Pochhammer symbol is expressed in terms of the
gamma function I'(s) by the formula

E(a,ay,b,¢,0),2,2,) =

_T(a+k)
I(a)
and, for nonnegative integer k, represents a product of the form

@, =1, (a,:=@,=a@+1)...(a+k-1), k=12,....

(@) : (1.3)

The parameters ¢, ¢, in formula (1.2) do not take nonpositive integer values, i.e., ¢;,¢c, € Z . If Req; > 0,
Rea, > 0, Re(¢, — g)) > 0, and Re(c, — a,) > 0, then in the domain

{(z, ) € C° :|arg(1 - ZJ-)| <m j=1,2}
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2796 BEZRODNYKH, DUNIN-BARKOVSKAYA

the function F, can be represented as an integral:

[(epl'(cy)
(@)@l (e — a)l(c; — ay)

Ll a1 a— a—a— =~
x”u el —w) ™ (1 -v) ‘dudv.
00 (1-uz _sz)b

E(a,ay,b,¢1,0),2,2,) =
(1.4)

It was shown in [4, 5] that the analytic continuations of the Appell functions £ and F; into some sub-

domain of C? can be expressed in terms of F,. The Appell hypergeometric series F; and F; have the form

(see [1-3])

= (b a), (a

E@%mammF=2(%%“M“%ﬁ%a<@mewi (15)
k=0 (c)k,+k2 kilky!

(@) (@), (b)) (b))
Fé(a17027b17b250;z17z2) = Z ( l)kl( 2)k2 l kl 2 kZ Z]I(]Z;za (ZIJZZ)E U27 (16)

ki, ky=0 (C)/q+k2 kK|

here, a,, a,, b, b,, b, c are complex parameters such that b, b,,b,c ¢ 7Z . Series (1.5) and (1.6) converge in
the unit bidisk

U? = {(z,,zz)e C? :|zl| <1, |z2| < 1}.

Outside U? , the Appell functions £ and F; are understood as analytic continuations of series (1.5) and
(1.6), respectively. Before discussing these continuations, we note that the series F regarded as a function
of z; and gz, satisfies the following system of partial differential equations [2—6]:

%(1=2)0u + 2,(1 = 2)0pou +[c — (@ + b + 1)z ]0u — a,0u — aibu = 0, (1.7)
Z2(1 - Zz)azzu + Z](l - Z2)812u + [C - (az + b + 1)Z2]azu - azalu - a2bu = 0, '
where u = u(z, z,) is the unknown function and d ;u(z,{) denotes partial derivatives; for example, 0,,u

and 9,,u denote 0’u/9dz9z, and 0’u/dz , respectively. The solution space of system (1.7) is three-dimen-
sional (see [6, 7]). At the same time, the Appell series F; is the solution to the system of equations

(1= 2)0u + 20U +[c — (@ + b + Dz lou — abu = 0, (1.8)
(1= 29)dnut + 70U +[c = (ay + by + 1)2,]0,u — aybu = 0, .

where u = u(z,z,) is the unknown function. The solution space of system (1.8) is four-dimensional
(see [6, 7]).
It is natural to search for an analytic continuation of series (1.5) and (1.6) in the form of expansions in

terms of some bases in the solution space of systems (1.7) and (1.8) in suitable subdomains of C*. For
example, if b — q, — a, ¢ 7Z, then the analytic continuation formula for series (1.5) into the domain

{@.2)e C :[z| > 1 +]z — 2], lare(—2)| < w} (1.9)

has the following form (see [4], equality (1.8)):

Ewwm@@m=i&@mmmﬁwwm£@m, (1.10)
s=1
where the functions L{;m), s = 1,2, are expressed in terms of the Appell series F, by the formulas
U a,,ayb,¢;2,2,) = (-7) ““F, (1 —ct+a tanaa+a,l—b+a +a,a + a2;zljﬂj, (1.11)
1 1
U@, ay;b,¢,2,2,) = (-7) ' F, (1 —c+b,aybl—a —a,+b,a + az;zl,%j, (1.12)
1 1
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ESTIMATION OF THE REMAINDER TERM 2797

while the coefficients B, and B, are given by
_Tlb-a-a) p . _TOUa+a-b)
TOc-a-a) °  T(a+a)c—b)

1 -

In domain (1.9) the functions Z/{X(”), s = 1,2, defined by (1.11) and (1.12) are linearly independent solutions
of system (1.8). Note that, like (1.10)—(1.12), the continuation formulas into the domain

{(Z];Zz) e C o> 1 +|z - 2], Jarg(-z,)| < n}
contain series (1.2).

Provided that neither of the numbers (b, — a;), j = 1,2, is an integer, the analytic continuation of the
Appell series F; to the domain

{@w):fa[ + |l —z)| <m j=1,2] (1.13)
has the following form (see [5], Theorem 4.3 for N = 2):
4
F'3(017a29b19b2;c;z1’z2) = ZCs(alaa25blnb2;c)])s(m)(alvabbl’bZ;c;zl’ z2)7 (114)
s=1

where all four functions VX(“’), s = 1,4, are expressed in terms of F, as follows:

WNa,a0,b,b5,6,2,2) = (-2) “(~2) “ B [al,az,l —c+a +a;l—b+a,1—b+ a2, (1.15)

2 Zz

2 Zz

V@ ay,b, b0 2,20) = (—2) (=) By | bayl —c + b + a1 —a + b1 — b, + ay L j (1.16)
j (1.17)

]%(M)(alsaz,bl’bZ;C; U,%) = () (_32) b2Fz [b byl—c+b +b;l—a +b,1-a,+ bzs
2 22

M(M)(alsabblabz;c;zlsZ2) =(-zg) “(- —2) Fz a,b,1—c+a +by1—b +a,l-b + az:_ _j (1.18)
|

while the coefficients C,, s = l,_4, are given by

C = Iy —a)l', —a,) C, = I —b)I'h, —ay)
T(c — a, — a)T(B)T(b,)’ T(c - b — &) (a)[(b,)’
_T@QI@-8)@ b)) .~ _ TG - a)la - b)

T(c—b - b)T(@)(a)’  T(c—a—b)(B)(a)

In domain (1.13), the functions Vf”), s = 1,_4, defined in (1.15)—(1.18) form a basis in the solution space
of system (1.8).

To construct the analytic continuations of the Appell functions F and F;, we can also use Euler-type
integral representations. For example, if Rec¢ > Re b > 0, then, in the domain

{@hz)e Ctlarg1-2)| <m j=1,2}, (1.19)
the Appell function F can be represented by the following integral [3, 6]:
T(c) 1 tb—l(l _ t)c—b—l
L) (c = b)y (1— )" (1 — 7,1)™

If Reb > 0, Reb, > 0, and Re(c — b, — b,) > 0, then the Appell function F; in domain (1.19) can be rep-
resented by the integral [3]

F(a,ay;b,¢,2,2) = (1.20)

b1 bz 1 —c—b—by-1
F(a,a,,b,b,;¢,2,2,) = L©) III a- ” L) - dtdr, (1.21)
F@IT(B)I (¢ = by = by) <3 - zt) (1 2,7)
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2798 BEZRODNYKH, DUNIN-BARKOVSKAYA

where the domain of integration is defined as Q := {(z,7): t > 0,t> 0,1 + 1 <1}.

However, in the case of arbitrary parameters, integrals of the form (1.20), (1.21), like integral (1.4),
as arule, cannot be expressed in terms of elementary functions. For an adequate representation of the

Appell functions £ and F; in (Cz, the natural apparatus is provided by analytic continuation formulas, such
as (1.10) and (1.14). Moreover, it is the analytic continuation formulas that allow integrals (1.20), (1.21) to
be calculated effectively. Note that integral (1.4) in the domain M defined by formula (1.1) can be calcu-
lated using series (1.2).

Thus, to develop algorithms for computing the hypergeometric series £, F,, and F;, it is necessary to
construct a reliable estimate for the remainder term of the Appell series F, defined by formula (1.2). Inte-

gral representations for the remainder term of F, are obtained in Sections 2 and 3, and asymptotic expres-
sions are given in Section 4. The main results of this paper are stated in Theorem 3 and Propositions 4 and
5. The auxiliary relations and theorems used to obtain these integral representations and asymptotic
expressions are presented in Subsection 1.2.

This paper is a continuation of the studies begun in [8, 9]. The development of algorithms for calculat-
ing hypergeometric functions of two or more variables has attracted the attention of specialists (see [ 10—
13]). The appearance of modern works emphasizes the importance of deriving explicit formulas and con-
structing efficient algorithms for estimating remainder terms of hypergeometric series of several variables.
The formulas derived in this paper and in [8, 9] for estimating remainder terms of hypergeometric series
of several variables can find applications in numerous problems of mathematical physics where such series
arise naturally (see, e.g., [12, 14—23]).

1.2. Some Formulas and Asymptotic Estimates to Be Used

To derive integral representations for the remainder of series (1.2), we will use the following well-
known definitions and identities for special functions. In what follows, we will need integral representa-
tions for the gamma function

I(z) := j le'dr, Rez >0, (1.22)
0
and for the beta function
1
LRIw) _ [rFa=-n"dr=Bew), Rez>0, Rew>0. (1.23)
Tz+w) o

The Humbert hypergeometric series | F{(a, ¢; z) can be represented as the Laplace integral

oo 1
_ (a) z" _ F(C) a—1 c—a-1 zt
Fla,cz)y=y Sl =9 [/ dt, Rec>Rea> 0. 1.24
hila,e2) “(c), n! I"(a)F(c—a)-([ (1= e ¢ a (1-24)

The confluent hypergeometric series , F, (a;, a,; ¢;, ¢,; 1) can be represented as an integral with kernel (1.24):

I 1
. . — (al) (612) z” 1_‘(cz) a—1 o—ay—1
F(a,a);c,¢5;2) = nasin gt = t 1—1¢ F(a,c,t2)dt,
ol i6ir232) ;m)n(cz)n i T —ayy 0 il@an (1.25)

Rec, > Rea, > 0.

To derive the asymptotics of the integrals with respect to the parameter, we use the following two state-
ments, which were given in [24].

Theorem 1 (see [24], p. 58, Theorem 1). Assume that the functions h(x) and §(x) have the following
asymptotic expansions as x — a.

h(x) ~ h(a) + ias(x o)™, ox) ~ ibs(x a7, (1.26)
s=0 5=0

where L > 0 and Re o > 0; moreover,
Vxe (a,b): hx)> ha), Vo>0: %r}rf8 b)(h(x) — h(a)) > 0.
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Assume that the integral

b
I(m) = jq)(x)e"””"‘)dx

converges absolutely for all sufficiently large m. Then the following asymptotic expansion holds:

IO ~ e""”(")ZF(S + O‘j S A — oo, (1.27)
5s=0

m m(s+oc)/u >
where c, are expressed in terms of the coefficients of series (1.26); in particular,

b, o = b (o+Dab, 1
R Ry e
The required asymptotics for the double integral is established by the following assertion.

Theorem 2 (see [24], formula (11.4)). Let

1(m) = [[ gx, v)e™ " dxdy,

D

Cy =

where g(x,y) and f(x,y) are infinitely differentiable real-valued functions. Assume that f attains a minimum

at some point (x,,y,) of the boundary of D at which the curvature is 0, while the gradient at (x,, y,) is not 0.
Then the following asymptotic formula holds:

1/2
2 —mf (x.y0) 1 1

1<m>=(—“j gCxo e {1+ 0L,
Ko m m

where

Ko = (0xf 0, f° = 20, fOf0f, +0,,/0./)

In the following sections, we first construct integral representations for the remainder term of the
hypergeometric series (1.2). Then Theorems 1 and 2 are used to obtain asymptotics of these integral rep-
resentations. As a large parameter m, we choose the maximum value of the summation indices, which is
used to calculate the partial sums in (1.2).

(p)=(x0.30)

2. SUMMATION OF THE SERIES F, AND INTEGRAL REPRESENTATION
FOR THE REMAINDER TERM

We represent the Appell series (1.5) in the form

. . _ m . . (m) . .
F‘Z(alzaZabacl>C2aZIaz2) - fé (alva27b1clac2;Z17z2)+R (a11a27b5C1>C2,Z1,22);

where the first term 7, is the sum of a finite number of terms:

m—1
(m) . . — Dri, (@i (@i, 1 k
]:Zm (a1, ay;b,0,,¢2,21,2) == Z — : A%

ki ky=0 (Cl)k,(cz)k2k1!k2!
and the second term R is the remainder term. In what follows, these quantities are briefly denoted by
F" (21, 2) and R™(z,,2,).

In our approach the function F, at a point (z;,2,) € M, where M is defined in (1.1), can be computed
with prescribed accuracy 6 using the approximate equality

. . ~ (m) . .
F‘Z(aba27baclac27z19z2) - ‘E (alaa25b7clnc27‘z15z2)9

where m is a number such that

[R™(z,2,)| <
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To calculate the remainder term R(m)(zl, Z,), it is possible to use the integral representation given by
Theorem 3 below. The integrals obtained in this theorem can be estimated numerically or using the
asymptotic formulas derived in Section 4.

Theorem 3. Assume that the parameters of the Appell series F, defined by formula (1.2) satisfy the
conditions

Reb >0, Rec >Req >0, Rec, >Rea, >0. 2.1

Then the summation formula

m—1
b a), (a m
( )k1+k2( l)k]( 2)k2 lklzécz +R( )(ZI,ZZ) (22)
ki ky=0 (cl)kl(cz)kzkI!kZ!

holds, where the remainder R(m)(zl, 2,) has the following integral representation:

E(alﬂaZ;baclac2;z1y Zz) =

R (2, 2y) = 2 O @y m By @)y yn0) _ o ;%M omm. (2.3)
m! () m! (¢))y, (mY)” (c)m(C2)m
here, I and 1™ denote the integrals

mI(c)I'(c, + m)
I(a)I(a, + mI(e, — a)l(c; — ay)

I(O,m)

—_ 7(0,m) . . _
=1 (a,ay;b,0,,¢0,21,2) =

mib 2.4)
% '[ du( 1 j (1 _ r)mflualfl(l _ u)c]—al—lva2+m—l(1 _ V)cz—az—l,
o 1 —zu—rzyv
™0 = I(m’O)(ala%;b, €1,62525%) = ml(c + m)(c,)
I(a + mI(a)l(¢, — a)l(c, — ay)
m+b (25)
% J' du( 1 \J (1 _ r)m—lua|+m—1(1 _ u)cl—al—lvaz—l(l _ V)cz—az—l,
o 1 —rzu—zv
where M = [0,11x[0,11x[0,1] and du = drdudv , and I"™™ denotes the integral
2
= I(m’m)(alaaz;b, €1,6531,2) = m 1ie + ml(e, + m)
I(a + mI(a, + mI(¢, — a)l(c, — a,) (2.6)

2m+b
x J.d(i)( 1 J (1 _ g)m—l(l _ r)m—lua|+m—l(1 _ u)c,—al—lva2+m—l(1 _ V)Cz_az_l,
Q 1- &zl

U—rz,v

where Q =[0,1]1x[0,1]1x[0,1]1x[0,1] and dw = dédrdudyv .
The following result establishes an alternative expression for the remainder.
Remark 1. Under conditions (2.1), the integral representation (2.3)—(2.6) for the remainder

R™ (z1,z,) of series (1.2) can be rewritten as

m a)m m m—1 —
R )(lezz) = LEQZ—ZJ}H e "Iy(ay, 3, 2ot, M) (ay, 01, 23t, 0)dt

(b)) (¢2),, m!y,
@) 3" [ pemet o
"'__If e Iy(a,c, zt, i (ay, ¢, 251, 0)dt (2.7)
(cl)m m! 0

(@) (@), a4z ]itb+2m1
2
(€)m(C2)m (M)

here, /,, and /,, denote the integrals

e Ly(ay, ¢, zit,m)(ay, ), 2ot m)dt}

1
In(@,cz,m) = mf (18" 1 (a,c. 26 mydE, (2.8)
0
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1
_ F(C + m) zu_ a+m—1 c—a-1
I(a,c,z,m) = 1- du. 2.9
(@, ¢,.2,m) F(a+m)F(c—a)»!e W - ! 2.9

If the parameters of the Appell series do not satisfy the constraints imposed in Theorem 3, then for the
remainder term, we can obtain a similar integral representation, where the integrals along intervals are
replaced by integrals over special Pochhammer loop-shaped contours.

3. PROOF OF THEOREM 3
It is easy to see that the remainder term R(m>(zl, Z,) can be written as a sum of three functions:

R(m)(zl: )= R(O’m)(zlaZZ) + R(m’O)(Zlazz) - R(m’m)(Zl,Zz)a (3.1)

where

— « () (@) (@), « k
R(O ,m) Z,Z — E E ki +ky \"1/ ky 2 Ay 2’ (32
@ % =0 ky=m (Cl)k (Cz)kzkl'k2 L )

o

m = (b a), (a
R ’0)(Z1,Zz) _ Z ( )k1+k2( 1)1([( 2)k2 zk]zkz (3.3)

1 X2 >
ky=m k=0 (¢ )k, (¢ )kz kiyky!

b
R(m,m)(zl’ %) = Z ( )k1+k2 (‘Zl)kI (@ )k2 zk,zkz (3.4)
kiky= (cl)k (e )k2 k'K

Let us obtain integral representations for R""(z,,z,), R""(z,,2,), and R (z;,2,).

3.1. Representation for R"™"(z,,2,)
The following proposition provides two equivalent integral representations for the function
R(m’m)
(21,22)-

Proposition 1. (1) If the parameters of the series R('"”")(zl,zz) defined by formula (3.4) satisfy condi-
tions (2.1), then the following integral representation holds:

m,m m m b m.m
R™™(z. 7)) = "2 ( )2m (@)n(a) 17z 7). (3.5)

(m !) (c l)m(CZ)m
where 1" (z,, z,) is defined in (2.6).

(2) Under the same constraints on the parameters, the following integral representation holds for
R(m»m) .
(Zh ZZ)-

1 (@),(@), 1 wtb+2m—1
(M) (€)(C2)m T(B) 4

where the integral 1,,(a,c, zt,m) is defined by formula (2.8).

R(m’m)(zl,zz) =242 e Iy(a, ¢, zit, m) I (ay, 5, 251, M), (3.6)

Proof. Replacing the summation indices in (3.4) so that the summation starts at 0 and using the iden-
tities
(k+m)!={A+mym!, (Dpim=(@n(a+m)y, (3.7)
we write R""(z,,2,) as
ki ko

(mm) _@n(@)n a2 @+ my (@ +my, g = 38
R (z,20) = ), (), m'm'klzzl (b )k1+k2+2m( ¢ +m)kl(c2 +m)k2 (1+m)k] (1+m)k2‘ (3.8)
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Using the definition of the Pochhammer symbol (1.3) and applying the integral representation of the
gamma function (1.22), we rewrite (b); 4,42, S

o

1 ey +2m—1 —
BNty =%Or"+k e (3.9)

Substituting (3.9) into (3.8) and changing the order of summation and integration, we obtain the following

expression for R (z,,2,):

oo

R(g ) = ] (@) (@), 1'% J‘ pram-1 - (@ ) @)~ @tm)y, (0" & G10)
T(b) () n(C2) (m!)* g =0 (e + m), (1+m), £=0(c; + m),, (1+m),
By using formulas (1.25) and (1.24), the sums are rewritten as integrals:
= (a + 1 k
@+my Dy @0 =, E(@ +ml;c + m1+m;zt)
=0 (e +m), (1+m), k!

1

= m[(1=8)"" (@ + me, + m g0 (3.11)
0

I'(a, + mI'(c, — g
Substituting (3.11) into (3.10) and taking into account definitions (2.8) and (2.9), we obtain the sought
expression (3.6).

Now we show how to pass from expression (3.6) to (3.5). For this purpose, we extract the integral with
respect to ¢ from (3.6) and transform it as follows:

1 1
— mI(l _ g)m—l ( F(cl + m) )J‘eézlruuaﬁ-m—l(l _ Ll)cl_al_ldu] dé
0 0

=3

1; _ '[ tb+2m—lefte("gxlu+rx2v)t dt = J‘ tb+2m—le—(l—y)t dt,
0 0

for convenience, in this section, we use the notation y := Exu + rx,v.
Making the substitution y = (1 — y)¢, we derive the following expression for /,:
1, =

T peamei - T(b+2
ham fym ey = Lo+ 2m) (3.12)
0

1
(1-7) 1=y
Substituting (3.12) into (3.6) and recalling definition (1.3), we obtain (3.5).
Proposition 1 is proved.

3.2. Representations for R"™(z,,z,) and R""(z,,2,)
The following proposition provides two equivalent integral representations for the function
R(O,m)
(z1,22)-

Proposition 2. (1) If the parameters of the series RO™ (24, 2,) defined by formula (3.2) satisfy condi-
tions (2.1), then the following integral representation holds:

m m b m
R(O’ )(Z];Z2) =2 ﬂ%]wa )(Z]>Z2), (3.13)
m! (c2)m

where 1" (z,,z,) is defined in (2.4).
(2) Under the same constraints on the parameters, the following integral representation holds for

0, .
R""(z,2,):

RO (2 20) = 2 — D[, e ot m) (e, i, 0), (3.14)
ml(e), T(b)
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where the integrals 1,,(a,c,z,m) and 1,,(a,c, z,m) are defined by formulas (2.8) and (2.9), respectively.
Proof. Following the same method as in the proof of Proposition 1, we replace the summation indices

in expression (3.2) for R"™ so that the sum starts at 0 and use identities (3.7):

m - a a+m
ROM (o) = @D Sy @ @3y (3.15)
(¢)), m! ki ky =0 (Cl)kI (k) (e + m)kz(l + m)k2

Rewriting (b), .4+, in formula (3.15) by analogy with (3.9) and changing the order of summation and inte-
gration, we obtain

oo 0o

R(O’m)(Zl,Zz) —_1 @)y, ij-tmm_le_tz (@) Zlkl o (@ +m), (z2t)k2 dt. (3.16)
TG ey my e, k)l b, + my, (L+m),,

Next, the sums with respect to k; and k, are rewritten as integrals using formulas (1.25) and (1.24). Spe-
cifically, the sum with respect to k; has the form

o k
a H" I
( 1)kl (zl ) — IE(al:clazlt) — (cl)

1

a—1 co—a—1 ztu
— " (1—w)" ™ e"du, 3.17
(e, K [(a)I (¢ _al)J- ( ) ( )

0

and the sum with respect to k, is

> (a, + m Nk
(@ Do (@0 _ S E(a, + m1;c, + m,1+ m; z2,t)
=0 (e + m)kz (I+ m)kz

1 ream (3.18)
=mla=r m—1 G +m eghtvva2+m—1 1—v cz—az—ldv dr.
;[ ( ) [I‘(a2 +m)'(c, — a2);')- ( )

Substituting (3.17) and (3.18) into (3.16) yields the desired expression (3.14) for R""(z,,2,).
To pass to expression (3.13), we extract the integral with respect to ¢ from (3.14):

=)

I = J.tb+m—le—te(x,u+rx2v)tdt _ J’tb+m—le—(1—y)tdt’
0 0

where Y denotes, for brevity, the expression y := xu + rx,v. Making the substitution y = (1 — )¢ yields

1, =

1 - v[ylmn—le—ydy _TI'b+m) _ T'(b+ m) (3.19)
0

(1= =™ (1= xu =)™
Substituting (3.19) into (3.14) and recalling definition (1.3), we obtain (3.13). Proposition 2 is proved.
Since R(m’o)(al, a;b,c,¢052,,2,) = R(O’m)(az, a;b,c,,c;25, 7)), Proposition 2 implies the following result.

Proposition 3. (1) If the parameters of the series R™O (21, 2) defined by formula (3.3) satisfy conditions
(2.1), then the following integral representation holds:

R = g D) (@) 1z 2), (3.20)
m’ (cl)m

where 1" (2, 2,) is defined in (2.5).

(2) Under the same constraints on the parameters, R"™" (21, 2,) has the integral representation

R (g2) = o L@ L [0l o e im0, 2, 0), (3.21)
m!(c)),, I'(b)3,
where 1,,(a,c,z,m) and 1,,(a,c, z,m) are defined in formulas (2.8) and (2.9), respectively.
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Substituting expressions (3.5), (3.13), and (3.20) for R (z,,z,), R*"(z,2,), and R""(z,,z,) (see
Propositions 1—3) into formula (3.1), we obtain (2.3). Substituting expressions (3.6), (3.14), and (3.21) for

R"™"(z,2,), R (2, 2,), and R"™"(z,,2,) (see Propositions 1—3) into formula (3.1), we derive (2.7).
Theorem 3 is proved.
4. ASYMPTOTICS OF THE REMAINDER TERM OF THE SERIES F,
The modulus ‘R'"(zl, z2)‘ is estimated as follows:
[R™(z1,2)] < [R*" (21, 2)| + [R" (@, )] + [ R""(@1,22)]

where, according to formulas (3.13), (3.20), and (3.5) obtained in Propositions 1—3, respectively, the

terms [R*" (2, 2,)|, |[R""(z,, )|, and |[R™" (3, 2,)| are given by
m m b m m sm
RO 2] = [g Dy 0z ), @1
m' (c2)m
m. m b m m m,
(R, 2, = [ Ol (B 0, (4.2)
m' (cl)m
m,m m_m (0)2,, (@) (@) (m,m)
R™ (2, )| = 2"z MM[ (z,2), (4.3)
| o) =4 (m!)® (co,,,(cz)m‘ i

where 7™, 19 and 1™ are defined by formulas (2.4)—(2.6), respectively. Let us obtain asymptotics
1%(z,2,)|, and \1"”””>(z1,z,2)\ involved in (4.1)—(4.3).

B

of the integrals ‘I (O’m)(zl, 2)

In what follows, we use the notation x; = Rez and x, = Re z,. Note that || +|z,| < 1 in the considered
domain, so |x;| + |x,| < 1.

4.1. Asymptotics of 1™ as m — oo

The following proposition provides an estimate for the integral / O:m) (z;,2,) involved in expression
(3.13) for R""™(z,,2,) as m — oo.

Proposition 4. For |z|+|z,| <1, the integral 1°"(z,2,) defined in (2.4) satisfies the estimate

‘[ (O’m)(zl, zz)‘ <7 (O’m)(xl, x,), where T (O’m)(xl, X,) has the following asymptotics as m — oo.

(1) If x, = 0, then

TOM(0, x,) = —X0 [1 +C°(°’x2)+0(%D, (4.4)

- X, m m
where the coefficient K, is given by

K. = I'Re(e, —a)))I'(Re(e; — ay)) |F(C1)| I'(Re al)elmb/2 (4.5)
" Na-a) [N -a) TRee) [Na) ’

and the function Cy(x,,x,) at x;, = 0 has the form

1

-4

Cy(0,x,) = " ((b —1)x, — (l-a,-¢)-x,3-a, - cz))). (4.6)
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) If x, > 0, then

_ Re(c;—a—b)+1
70 (x, x,) = 5 = (1 + S, O(Lz))’ @7

m (1= )" TV (1= % = x) m m

where the coefficient K_ is given by
_ M| T(Re(e; — @) T(Re(e, = @) iy

A , (4.8)
M@) [Pe-a) [ -a)
and the function C,(x, x,) has the form

L% (o-a) (XZG_%_Q)_ (1-x) j

l—x—-x, 2(1—Xx —Xx,) (1—a, —¢c)

(3) If x, <0, then

707(05,0) =~ {1+ 1) o[ L) @10
m= 7 (=x) " (1= x,) m m

where the coefficient K_ is given by

_ | I'(c)) |F(Re(cz —a,))T(Re al)elmb/2
T e -a) Ne-a) [Ta@)

and the function C_(x,, x,) has the form

.11

b

C.(x,x)=-3GC+a -26)+A(1+a —c)+
2 X, % (4.12)

Q7D ltay+e,+(=3+a, + c2)x2)).

x(a, +(b-1)x, -

If all the parameters b, a,, a,, ¢, c, are real, then the expressions for K,, K, and K_ become

I'(¢) )
(e, — @)

satisfies the relation

I'(¢)

I'(a))

K,=1, K, =

b

Proof. According to formula (2.4),

1(0,"1)‘

‘[(O,m)‘ < J‘|| _ mI I'(c, + m) I'(c) |elmb/2

L@, + mT(c, — a) T(@)T(¢, — ) @13)

T -
% J'a,rJ‘ dlxlj dV[ (1 - 7') uRe al—l(l _ u)Re(c]—al)—lVRe a2+m—l(1 _ V)Re(cz—az)—l]‘

(1 — XU — rx2v)m+Reb
Recall that, by x; and x,, we understood Re z; and Re z,, respectively. Throughout the rest of this section,
we use the following notation: B = Re b, o, = Req,, o, = Rea,, 6, = Re ¢, and 6, = Rec,. Let the right-
hand side of (4.13) be denoted by Z*"(x,, x,).

We sequentially consider the integrals with respect to r, v, and u.

(a) The order of integration on the right-hand side of (4.13) is changed so that the integral with respect
to r comes first. Consider the integral

m—1
P (1=r) povts dr.
o (1= xu —rx,v)
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We transform /, into a form convenient for applying Theorem 1:

n 1-r

1 ml
Ir — Idre 1=xu—rx,v 1 5
0 (1=r)(1—xu—rx,v)

Since

i( 1—r jz —1+ux, +vx, <0
dr\1— xju — rx,v (1—x1u—rtxzv)2

for |x| + |x,| <1, the argument of the logarithm in the integration domain r € [0,1] is maximized at the
point » = 0. Applying Theorem 1 to the integral /, yields

=1 1 (1 fB-Dxy o(lz)) (4.14)

m(1—xu)’™" (1= xu —x,) m(l = xu — x,v)

Substituting this expression for /, into (4.13), we find

1o
7O (x, x,) = | I(c, + m) I'(¢) |€Imb/2J.dUJ‘ dv v =)o
|1"(az +m)(c, — a)) ['(a)I (¢, — a1)| 0 0 (4.15)
« uoc,—l(l _ u)ol—(x,—l = _11 (1 + (B —Dxyv " O(%)J
(1= xu)™™" (1= xu — x,v) m(1— x,u — x,v) m

(b) Consider the integral with respect to v. From (4.15) we extract all factors involving v ; the resulting
integral is denoted by /,:

1
[V _ jdVVa2+m_1(1 _ V)Gz—ocz—l 1 (1 " (B - 1)X2V n O(Lz)j
0

(I =xu—x,v) m(1l — xu — xyv)

1

_ ,f dve,nmv“fl(l—v)"f“z‘1 (1+ B-Dxy 0( % )]

9 (1= xu — x,3v) m(1l — xu — x,v) m

To apply Theorem 1, it is necessary that the expression in the exponent be maximum in the lower limit of
the integral, so we make the substitution v =1 — x:

I, = j.dxe”“““x) (1= )™ (1 y—B-bod-v o(lD.
0

(1= xu—x(1=x)\  m(1=xu—x,(1-x)) m’

The function In(1 — x) for x € [0,1] is maximized at the point x = 0. Applying Theorem 1 to /, yields

[ =000 1 (1 + 1 ((b ~1)x,

' m®"  (1-xu—x,) m(1 — xu — x,)

(4.16)

_ Lzo‘z)((l - xu)(1—0a, —0,) —x,(3-0, —02)))"‘0(%)}
m

Substituting this /, into formula (4.15) for 7 0.m) (x;,x,), we obtain

TOM e 2y = | T, +m) ) |To,- o) imb2
IC(a, + M (c, — ) T(@)T(c, — @) m°2 ™
1

oy—1 G1—0y—
qu (L™ 1 (1+ 1 (([3—1)x2 (4.17)

b A—xa)™ " (A=xu—-x)\ m(l-xu—x,)

_ ((52;—(12)((1 _ xlu)(l -0, — 02) — x2(3 -0, — Gz))) + O(szjdu.
m
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(c) In (4.17) it remains to consider the integral with respect to u:

1

R (P T

b (I—x)™™ (I=xu—x)\ m(l—xu—x,)

_ M((] —xu)(1—0,-0,)—x,(3-0, — Gz))) + 0(%)}&1

2 m

1 o,—1 _ o—oy—1
_ '[e—mln(l—xlu) u (1 Ll) [1 + 1 ((B - l)xz
0

(l—xlu)ﬁ_l(l—xlu—xz) m(1 - xu — x,)

(4.18)

_ W((l —xu)(1 =0, = 6,) = x,(3 -0, = 02)0 ’ O(LJJW'
m

It is easy to see that the minimum of the expression under the logarithm sign depends on x;. Accordingly,
we consider the following three cases: x;, = 0, x; > 0, and x; < 0.

(1) Let x; = 0. In this case, there is no dependence on m and, with the help of (1.23), the integral can
be represented as a product of gamma functions:

1
— oy -1 _ o,—o -1 1 1 _
I, _[u (=)™ du x2(1+ )(([3 1)x,

9 m(1—x,

_ %((1 -0, —0,) = X,(3 =0, — 02))j + 0(%)]

m (4.19)
_Tele - 1 (., 1 ((B_l)x
To)  1-x\  ml-x) ’
~2 =% (g, -06,)-xG-a, - 02))j + O(szj
2 m
Substituting this result into (4.17) and taking into account
L +m)| _ o (1 N O(L)), m = oo, (4.20)
I'(a, + m) m
which follows from the Stirling formula, for x;, = 0, we obtain
I(O’m)(xla X,) = Lo I+ : ((B -Dx,
1-x, m(1—x,) “21)

o, — O 1
2 m
where K|, is defined in (4.5). Note that, if b, g,, a,, ¢, ¢, are real, then K, = 1.
In view of notation (4.6), expression (4.21) coincides with the desired expression (4.4).

(2) Now consider the case x; > 0. The expression In(1 — x;u) in the exponent in formula (4.18) has a
minimum at the point u = 1 for u € [0,1]. Making the substitution # = 1 — x, we obtain

1 — — —
I, = Ie"”‘““-xl“-X” (- );?? N (1 + 1
0 (1=-x(1-x))" (1-x(1-x)—x,) m(1-x,(1-x) — x,)

_ [(B “1)x, —%(u — (1= x))(1 =0, = 6) = x,(3— 0y = 52))j + 0(#)]%
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Applying Theorem 1 yields the following asymptotics for /, as m — eo:

G|—0y—b—m+1 _ _ _
; —He—a)d-x) ( 1(@2a{}+%_aﬁ+q+2u o) 2(1=x)

u O1—0y G —0 _ _ 1 t— 1 _ _
m X (l=x —x,) m X X — X,

+ B-1x, + G, — 0, (X2(3—052—0'2)_1_—XID+0(L2D'

l—x—-x, 2(1—x —x,) l-o, -0, m

j (4.22)

Substituting (4.22) into (4.17) and taking into account (4.20), for x; > 0, we obtain

gom - K (=)™ (om0 gy 20m0)  20-x)
(1 =)o = =)L w2 6 l-x-x

n B-1x, n G, — 0, (x2(3_a2_62)_1_—)61jJ+0(%jj’

Il—x—-x, 2(1—x —Xx,) -0, -0, m

(4.23)

where K, is defined in (4.8). Note that, if b, q,, a,, ¢, ¢, are real, then

L)

I'(a)
In view of notation (4.9), expression (4.23) coincides with the desired expression (4.7).

+

(3) Consider the case x; < 0. Then In(1 — x;u) in the exponent in formula (4.18) has a minimum at the

point u = 0 for u € [0,1]. Applying Theorem 1 from [24], p. 58, to the integral for /,, we obtain the fol-
lowing asymptotics as m — oo

= (o) _A % - % -
m“‘(—xl)“‘(l—x2)(1 m( 2(3+ocl 2[3)+x](1+ocl G))

(4.24)
+ (oc1 +PB-Dx-2"% (140, +0,+(-3+0, + 62)XZ)D + O(%D
1-x, 2 m
Substituting the resulting expression into formula (4.17) for 7 0‘”’, in the case x; < 0, we obtain
7" = ” [i; (l—l(—%(3+al—2[3)+%(1+0c1—01)
m (_'xl) (1 - x2) m X (425)

+

m

(ocl +PB-1x, - % ;%(—1 +0,+0,+(-3+0, + 62)x2)D + 0(%))

where K_ is defined in formula (4.11). If b, a,, a,, ¢,, ¢, are real, then
_ e
(e, — a))
In view of notation (4.12), expression (4.25) coincides with the desired expression (4.10).
Proposition 4 is proved.

4.2. Asymptotics I"™™ As m — oo
The following proposition provides an estimate of the integral / (”"'")(zl, z,) involved in expression (3.13)
for R""(z,,z,) as m — oo. Recall that x, = Rez, and x, = Re z,.
Proposition 5. For |g|+|z,| <1, the integral 1""(z,z,) defined in (2.6) satisfies the estimate
1" (2, 2)| < T (x,, x,), where "™ (x,, x,) has the following asymptotics as m — o.

(D) If x, <1/2, x, <1/2, then

"0, 33) = (1- 2x,)[§ 1—- 2x2)(1 * O(#)) (4.26)
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) If x; > 1/2, then

_ Re[c;—a—b]+1
I(m’m)(xl’XZ) = 21_b\/EK m m\/E m l(iilc 72611) (1 * 0(l))
47 (A=x)" x " (A=-x—x) m

) If x, >1/2, then

Re[c,—a,—b]+1
T = 27Nk (1 o)
47 (1=x)" x, = 2 (1=x —x,) m

4) If x, =1/2, then

T 2y = VK™ (1+0(l)).

1-2x, m
®) If x, =1/2, then

T (%, x,) = VK Jm (1+0(l)).

1-2x, m
In formulas (4.26)—(4.30), the coefficient K is given by
_ ['(Re(e, —a))T(Re(e; — @) 1mo)2
|F(Cl -4 )| |F(02 - a2)|

Proof. The following estimate holds:

‘[(m,m)‘ < J'|| _ m2| I'(c, + m) I'(c, + m) |elmb/2
IC(a, + mT(c, — a) T(a, + mT(c, — a,)|

1 1 1 1 2m+b
1 m—1 m—1
déldr| dul d 1- 1-
<Joefarfa o (=] a0

% uRe al+m—l(1 _ u)Re(c]—al)—lvRe a2+m—l(1 _ V)Re(cz—az)—l]‘

2809

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

Throughout the rest of this section, we use the following notation: B = Reb, o, = Req,, o, = Rea,,

o, = Re¢, and 6, = Rec,.

Let the right-hand side of (4.32) be denoted by 7 ('""")(xl, X,). To construct asymptotics of the integral

A ('”"")(xl,xz), we sequentially consider the integrals with respect to u, v, &, and r.

(I) We begin with the integrals with respect to du and dv . From (4.32) we extract the factors containing

u and v, i.e., consider the repeated integral

1 L 2m+p
J.dvj du (;j ua1+m—l(1 _ u)c,—(xl—lva2+m—l(1 _ V)Grarl,
0 0 1=&Exu — oy
(a) Consider the integral with respect to u first:
1 2m+pB
Iu = '[du(—l j ua]+m_l(1 _ u)Gl—Otl—l

1 ol Jo—oy-1
=J‘duexp[mln u 2]“ (1-uw 5
0 (l_ixlu_"xz") (1_§xﬂ — IX,v)

Since

i( u J: 1+&xu—rvx, >0
du\(1-Exu —rev)’ ) (1-Exu — rxy)’
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on the interval u = [0,1], the function in the exponent attains its maximum at the point # = 1. Making the
substitution # = 1 — x to transfer the maximum to the lower limit of the integral and applying Theorem 1,
we obtain

; = c -y 1 [1 —&x - "VX2)GI_(X] (1 + 0(l)), m — oo, (4.34)

‘ m® ™" (1- gxl - "sz)MJrB 1+&x —rvx, m

(b) Substituting the expression obtained for /, into (4.33) yields the following integral with respect to v:
1 1=

—TE-m) [y, v »”2%1—vf2%‘(1—&n—+vaj““(1+0(1

m™ g (=& —rvxy)" (1-8&x —rvxy)” L+ &x —rvx, m

Making the substitution v = 1— x and applying Theorem 1, we obtain the following asymptotics as
m —> oo:

I, = I'(c, —a)I(o, — ) 1 (] —&x - szjm_a] (MJGZ_% (1 + 0(l)) (4.35)
m

v mG]—ocl mcz—(xz (1 _ E_,Xl _ rx2)2m+ﬁ 1+ éxl —rx, 1-— &xl + X,

Substituting expression (4.35) for the integral /, into (4.32) and taking into account (4.20), we obtain the

1

\4

Jono

following asymptotics for Z"""(x,, x,):

1
SRR (1=Ex = o)™ (4.36)
v (I—E;xl;fz)l e GOtj(1+0(l
(1+&x = rey)” (1= Ex +1xy) ™ m

where K is defined by formula (4.31). Note that if ¢, a,, ¢,, a,, b have zero imaginary parts, then K = 1.

1 1
I(m’m)(xl,xz) _ mzKJ-dE,.[dr ((1 _ é)m_l(l — r)'"—]
0 0

oo

(IT) Consider the integrals with respect to & and r in (4.36):

! 1 m 6—04+G,—0,—b
Igr=jd§jdr( (1—&)(1—!‘)) (1-8x —rxy) ) (4.37)
0 0

(1=&x = r)’) (1= =1 +8x = )" (1= &x, + )™
We introduce the following notation:
_ u—wvnj
0E,r):=In| ——>——=|, (4.38)
: &—%—mf
— (1= Ex; — rxy) o
o0&, r) = p— p—— (4.39)
(1=8A=r)(1+8&x =)™ (1= &x +1rxy)™
Then I, becomes
1 1
I, = jdajdre’”%”q)(g, . (4.40)
0 0

To derive the asymptotics of integral (4.40) as m — oo, we examine the behavior of Q(&, r) in the integra-
tion domain depending on x; and x,. Recall that |x1| + |x2| <1.

Proposition 6. (1) If—1 < x;, < 1/2 and —1 < x, < 1/2, then the maximum of Q(&, r) is attained at the point
&r) =(0,0).

(2) If 1/2< x, <1, then the maximum of Q&,r) is attained at the point (&, r) = (§,,0), where
E,:=(—1+2x)/x.

(3) If 1/2< x, <1, then the maximum of Q&,r) is attained at the point (&, r) = (0,r,), where
ry = (=14 2x)/x,.
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Proof. According to (4.38), the partial derivatives of Q(E, r) have the form

000G, r) _ 1+, +2x - & (4.41)
o (1-8(1-Ex;, —rxy)’
00E,r) _ —1+Ex +2x, —rx, (4.42)

o (1=-nN1-&;—rm,)
It follows from (4.41) and (4.42) that gradQ does not vanish in the domain (0,1) x (0,1); hence, Q(§, r) has
no maximum in this domain. Now we check whether it has local maxima on the boundary of the integra-
tion domain.
(a) Consider the boundary of the integration domain for » = 0. Setting the first derivative (4.41) with
r = 0 to zero, we obtain an extremum point:

006, r) _—1+2x - & _ 0 for &, = —1+ 2x1. (4.43)
o =0 (1-8)(1-&x) X
It is easy to see that & , € (0,1) only if x; > 1/2. Since
2 2
aLE;’) N <y, (4.44)
o€ E,.0) 2(-=1+ x))

we conclude that the point ( ,,0) is a maximizer of Q(§, ) on the boundary of the integration domain for
r=20.

Let us show that, for x; < 1/2, the maximum of Q(&, r)|r:0 is reached at the point (0,0). Indeed, for
x; <0, itistrue that§, > 1. Calculating 0Q/ a§|€:0 = —1+ 2x,, we conclude that the derivative is negative
for x; < 0. In this case, the point (0,0) is a maximizer. For x; = 0, derivative (4.41) is negative on the entire
interval, so the point (0,0) is a maximizer. For 0 < x; <1/2, it is true that § , < 0. Calculating 8Q/8§|§=0,

we conclude that the derivative is negative for x; <1/2. In this case, the point (0,0) is also a maximizer.
For x; = 1/2, we have { , = 0. The first derivative of Q at this point is zero, while the second derivative is
negative. In this case, the point (0,0) is a maximizer. The point § , cannot be equal to I, since |x,| <lI.

(b) Considering the boundary of the integration domain for & = 0, by analogy with the case r = 0, we
conclude that there is a maximizer on the boundary at the point (0,r,), where r, = (—1+ 2x,)/x,. For
x, < 1/2, there is a maximizer at (0,0), while there cannot be a maximizer for » = 1, since |x2| <l1.

(c) On the parts of the boundary where & = 1 or r = 1, there cannot be a maximum, because in this
case the function Q(&, r) tends to —oo.

Thus, Proposition 6 is proved.

To obtain the asymptotics of the integral /¢, (see (4.40)), we sequentially consider the cases identified
in Proposition 6.

(1) Inthe case of —1 < x; <1/2 and —1 < x, < 1/2, when, according to Proposition 6 the maximum of
Q(&, r) is reached at the point (,7) = (0,0), we pass to the polar coordinates § = pcosz and r = psint:

n/4  1/cost n/2  1/sint
. [ Jor [ oo ] ] dp] 0 = B 1o (4.45)
0 0 40
where
g(p,1) := (I-pcosn(l— ps.int)z,
(I=p(x; cost + x,sint))
o(p,7) = p(1 - p(x; cost + x, sin t))"l‘0‘1+02—az—b

(1—pcosr)(1—psinn)(1+ p(x, cost — x, sin£))* (1 — p(x, cost — x, sin1))*
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Fixing ¢, we consider the integrals with respect to p. To derive their asymptotics, we examine the behavior
of g(p,?) on the intervals p = [0,1/cos?] and p =[0,1/sin#]. The denominator g(p,¢) # 0. Let us find an
extremum point, i.e., the solution of the equation dg(p,#)/dp = 0:

cost(2x;, — 1) +sin#(2x, — 1
b= py = (2%, = 1) +sin12x, = 1)

= : > — (4.46)
costsin#(—2 + x; + x,) + x;cos” t + x, sin” ¢

The following proposition determines the position of p, relative to the intervals p =[0,1/cos¢] and
p = [0,1/sin#] depending on the values of x,, x,, and ¢.

Proposition 7. For p, defined by formula (4.46), the following inequalities hold:
(1) If x, £0, then py > 1/ cost, while if 0 < x; <1/2, then

po <0 if O0<tant<T,

{l/cost <p, if 71 <tant<1,

where

2—X — X, —\/(2 - X —x2)2 —4x,x,
2x,
(2) If x, £ 0, then p, > 1/sint, while if 0 < x, <1/2, then
{Po <0 if 0<cotr<{,
I/sint <p, if ¢, <cotr<l,

T, = (4.47)

where (, is given by

2-x-x _\/(z_xl —x2)2 — 4xx,

2x,

G =

Proof. (1) First, we compare p, with 0 and 1/cos#. By noting that cos# > 0 for ¢ € [0,7/2], the expres-
sion for p, can be rewritten as

1 2x; —1+tant(2x, — 1) . (4.48)
cosftan#(—2+ x; + x,) + x; + x, tan" ¢
We introduce the following notation:
N(tant, x;,x,) = 2x; — 1 + tant(2x, — 1),
( 1 2) 1 ( 2 ) (449)

D(tant, x;,x,) = tant(=2 + x; + x,) + x; + X, tan’ 7.

(a) Since cost > 0, to compare p, with 0, it suffices to compare the ratio N /D with 0. For this purpose,
we separately compare the numerator N and the denominator D with 0.

(a.1) It is easy to show that, for -1 < x; <1/2 and -1 < x, < 1/2, the numerator N is always negative
fortant € [0,1].

(a.2) Setting the denominator D(tant, x;, x,) to zero and denoting its zeros with respect to tant, i.e.,
the solutions of the equation D(tan?) = 0, by 1, (see (4.47)) and 1,, we obtain the following results: if
x; > 0and x, #0,then D> 0 for0 <tans <71, but D <0 for1 <tant<1.If x, > 0 and x, = 0, then
D >0 for 0 <tant < 15, but D <0 for 1; <tan? <1; here, 1; = x,/(2 — x;). If x, <0, then D <0 for
0<tant<1.Ifx; =0,then D <0for0 <tanf<1land D =0 fortanz = 0.

Examining the sign of N /D, we conclude that p, > 0 for x; < 0, butp, < 0for0 < x; <1/2 in the case
0 < tant < t,, while p, > 0 in the case 1, < tan# < 1.

(b) Now we compare p, with 1/ cosz. It follows from (4.48) that, instead of comparing p, with 1/ cos?,
it suffices to compare N /D with 1. Since D — N > 0 on the interval tant € [0,1] for x, > 0 and x, < 0, we

conclude that p, < 1/cos¢ for D > 0 and p, > 1/ cosf for D < 0. Comparing this result with that obtained
in (a), we derive the assertion of item (1).
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(2) To prove the assertion in item (2), we represent p, in the form

0= . .
sinfcot#(—2+ x, + x,) + x, + x cot’ ¢t

Then, using the results of item (1) and taking into account that N = N(cott,x,,x;) and D =
D(cott,x,,x,), we obtain assertion (2).

Proposition 7 is proved.

It is easy to show that the point p, is a maximizer of g(p,#) if D > 0 and a minimizer of g(p,#) if D < 0.

Now, given the behavior of g(p, ), we apply Theorem 1 to the integrals /, and /, defined in (4.45). Con-
sider different domains with respect to x;, x,.

(a) Let x; £0, x, <0. Forthese x,, x,, we have D <0 Vtante (0,1) and p, > 1/ cos¢, so the function
g(p,t) ontheinterval p € [0,1/ cos?] hasa maximum at the point p = 0. Passing from the variable 7 to tan ¢
in the first integral /, and applying Theorem 1 to the integral with respect to p, we obtain

1
_ 1 d 1
h= ?l((l “2x)+ ;TriIsz)tan 1) (1 i O(Z))' (4.50)

Calculating the integral with respect to tan ¢ yields the following estimate for the first integral:
= % ! (1 + 0(l)). (4.51)
m 2(1=2x)(1-x —x,) m

Similarly, for the second integral /,, the function g(p, ) on the interval p € [0,1/sin 7] has a maximum
at the point p = 0. Passing from the variable 7 to cot# and applying Theorem 1 to the integral with respect
to p, we find that

1

1
1 dcott 1 1 1 1
L, == 1+0(=||== 1+0(=||. 4.52
? mz'([((l—2x1)cott+(1—2x2))2( * (m)) m22(1—2x2)(1—xl—x2)( ' (m)) #2
Adding (4.51) to (4.52) yields
-1 1 1
le mz(l—le)(l—2x2)(1+0(m))' (4.53)

(b) Consider the case of 0 < x; <1/2,0 < x, < 1/2. Here, in the integrals with respect to 7 in (4.45), we
need to pass to tan ¢ and cot ¢ and then to divide each of the integrals into two. For example, the integral

1, is divided into integrals from 0 to T, and from T, to 1:

1 1/cost

1, = [cos’tdtant [ dpe™"“*o(p,1)
0

0

T 1/cost 1 1/cost (454)
= U cos’ tdtant I dp + Icosz tdtant J. dpJ """ P00, 1).
0 0 0

T

In the first of these integrals, p, is a maximizer of g(p,#) such that p, < 0, so the maximum of g(p, ) on
the interval (0,1/cos?) is reached at 0. In the second integral in (4.54), the point p, is a minimizer of
g(p,1), butp, > 1/cost, so the maximum of g(p,7) on the interval (0,1/cos?) is also reached at 0. Applying
Theorem 1 to both integrals and then integrating the result with respect to tan ¢, we obtain
_ 1 1

2m® (1= 2x,)(1 = x; = x,).

(4.55)

1

Similarly, for 7,, we find

_ 1 1
2m* (1= 2x)(1 = x, — x,)

(4.56)

I
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Adding (4.55) to (4.56) yields I, in the domain 0 < x; <1/2, 0 < x, <1/2:

1 1
A RISy e
Substituting (4.53) and (4.57) into (4.36), we obtain the desired asymptotics (4.26) for the integral
17" (x,,X,) as m —> oo.
(c) Inthe case of 0 < x; <1/2, x, <0 for /, and I,, we add (4.55) to (4.52) to obtain the same result as
(4.57) for I,,. For 0 < x, <1/2, x; <0, we also obtain (4.57) for /¢, .

(2) Consider the case x; > 1/2. Then the maximizer of Q(&, ) (see (4.38)) lies at the boundary r = 0 at
the point (€ ,0). To obtain the asymptotics of the integral 7, ¢ in (4.40) we apply Theorem 2:

I, = (]2(—“)1/2 ¢(§A,0)e’"9@’°>#(1 + o(i)) (4.58)

0
here,

K = — az_Q(a_Q)tzaz_Qa_Qa_QJ_Q(a_sz
" leeer) T Taearagar Tart\ae) ),

The functions Q(&, ) and ¢(&, r) are defined by formulas (4.38) and (4.39), respectively, so

(=) ocw _ 1

s _ (4.59)
2P e (4x,(1 - x))"

q)(&.:A’ O) =

Since 00/ ,,0) = —(1 — x, — x,)/(1+ x,), 00/9E(E ,,0) = 0, and the second derivative 9°Q/0E(E ,,0)

is given by formula (4.44), we obtain

_x(l-x-x)"
2(1-x)*

Substituting (4.59) and (4.60) into (4.58), we obtain the following asymptotics of /;, as m — oo in the case

x > 1/2:

(4.60)

0

I, = Jm 1 (L= )" (1+0(l)). (4.61)

m* 2 2P 4 (1= x)" (1= X, — x,)x0 ™™ m
Substituting this result into (4.36) yields the sought asymptotics (4.27).

Similarly, considering x, > 1/2, when the maximum of Q(&, r) (4.38) lies at the boundary £ = 0 at the
point (0, r,), we obtain the asymptotics of /,, and substituting this result into (4.36) yields the desired
asymptotics (4.28) as m —> oo.

(3) We consider the cases x; = 1/2 and x, = 1/2 separately.

(a) If x, = 1/2, then Theorem 1 is applied to the integral with respect to d&, the result is substituted
into (4.37), and Theorem 1 is applied to the integral with respect to dr. As a result, we obtain

3/2#(1 10 (l)) (4.62)
m’'(1-2x) m
Substituting (4.62) into (4.36) yields (4.30).

(b) If x;, = 1/2, then Theorem 1 is applied to the integral with respect to dr and then to the integral
with respect to d§. As a result, we obtain

I, = 3/2#(1 + o(l)). (4.63)
m’(1-2x,)
Substituting (4.63) into (4.36) yields (4.29).
Proposition 5 is proved.

[&r =
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4.3. Relations between the Absolute Values of R*™, R™, and R™™

In this section, we set
g=x, =X b=B aq=0, 4=0, =0, =0, (4.64)
i.e., the variables and parameters are real. The following propositions show which of the terms R(O"”),
R™ and R™™ in sum (3.1) representing the remainder R dominates depending on x;, x,.

Proposition 8. If conditions (4.64) hold, then the absolute values of R(O’m)(xl, x,) and R(””O)(xl, X,) defined
by formulas (3.2) and (3.3), respectively, satisfy the following relations for |x1| + |x2| <lI.

¥/

x2 < -xl’ xl < X2,
or (4.65)
X <x(x —1) X(x; —1) < X,
then R('"’O)(xl,xz)‘ = ‘R(O’m)(xl,xz)‘O(mfz), m — .
) If
{x‘ < or {x2 < (4.66)
X <x(6 —1) x(x —1) <x,,

then R(O’m)(x,,xz)‘ = ‘R(””O)(xl,x2)‘0(m72), m — oo,

Proof. If equalities (4.64) hold, then

‘ ](0,m>‘ _ ‘Iw,m)‘ ‘ ](m,0>‘ _ ‘Z(’”’O)

)

R(mwo)
R(O,M)

X

so, using formulas (4.1)—(4.10), (1.3), and (4.20), the relation ‘R(m’o)(xl, xz)/R(O"")(xl, X,)| can be written as
Mj K, (1 + o(l)), (4.67)

follows.
- ( (1-x,) m

(1) If x;, > 0 and x, > 0, then
where E = fl(xl,xz;ocl,ocz;B; 0,,0,) is a coefficient independent of m. Taking into account that |z|'" for
| z| <1 decreases faster than any power function, we expand the moduli to obtain the following results for
x> 0,x, >0:

Xy

‘R(m’o)(xl,xz)‘ = ‘R(O’m)(xl,xz)‘O(mfz) if  0<x <x,
‘R(O’”’)(xl,xz)‘ _ ‘R(’"’O)(xl,xz)‘o(m_z) if 0<x,<x.

(2) If x, <0 and x, <0, then

R(’",O) "
R(Oam)

X

Xy

mcsz—2oc2 __ 1
k(o) moe (@9
m m

where K, = Ky(x;,%,;04,0,;P;0,,0,) is a coefficient independent of m. Taking into account that 2"

decreases faster than any power m_k, we expand the moduli to obtain the following results for x; < 0,
x, <0:

‘R(m’o)(xlaxz)‘ = ‘R(O’m)(xlaXZ)‘O(miz) it x<x<0,

‘R(O’m)(xl,xz)‘ = ‘R(m’o)(xl,xz)‘o(m_z) it X <x<0.
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3) Ifx, >0, x, <0, then

X

(1- xl)Jm m* K, (1 + o(l)), m = oo, (4.69)

m

R(O,M)

where K; = K;(x;,%,;04,0,;B;0,,0,) is a coefficient independent of m. Taking into account that |z

decreases faster than any power m_k, we expand the moduli to obtain the following results for x; > 0,
x, <0:

‘R(’”’O)(xl,xz)‘ _ ‘Rw””)(xl,xz)‘O(m*z) if  x, < x(x 1),

(RO x| = [RCxs 0 (™) i xi0n =) <,
(4) Similarly, for x; < 0, x, > 0, we obtain

[R5, )] = [Rwxef0(m) i xn =1 < x,

(RO e = [R™V0n |0 () i x <t =1,

(5)If x, = 0, then ‘R('"’O)(xl,x2)‘ = 0;if x, = 0, then ‘R(O’m)(xl,xz)‘ = 0.
Summarizing the above results, we obtain Proposition 8.
Proposition 9. If conditions (4.64) hold, then the absolute values of R""(z,2,), R"™"(z,2,), and

R™™(z,,2,) defined by formulas (3.2)—(3.4), respectively, satisfy the following relations for x| + |, | < 1.
(H Ir

1/2 < x,, x, <1/2,
or (4.70)
then ‘R('"’m)(xl,xz)‘ = ‘R(O’m)(xl,xz)‘O(m_z), m — oo, and if
12 < <12
/2 < %, . (4.71)
then ‘R(m’m)(xl,xz)‘ = ‘R("”w(xl,xz)‘O(m_z), m — oo,
) If
12 < <1/2
/2<%, or 1% V2 (4.72)
X <x(x, —1) x <-1/4,
then ‘R(O’m)(xl,xz)‘ = ‘R(m’m)(xl,xz)‘O(m_z), m — oo, and if
12 < <1/2
/2<% N (4.73)
X, <x(x —1) x, <-1/4,

then ‘R(”"O)(xl,xz)‘ = ‘R(m’m) (xl,xz)‘0<m_2), m — oo.

(3) ‘R(O’m)(xl,xz)‘ and ‘R(m’m)(xl,xz)‘ are comparable for x, > 1/2, while ‘R(m’o)(xl,xz)‘ and ‘R(m’m) (xl,xz)‘
are comparable for x, > 1/2.
Proof. It is similar to the proof of Proposition 8.

The results of Propositions 8 and 9 are illustrated in Fig. 1. Specifically, ‘R(O’m) (xl,xz)‘ dominates in

R™™(x,, xz)‘ and

domain 1; ‘R('”’O)(xl,xz)‘ dominates in domain 2; and ‘R('""")(xl,xz)‘, in domain 3.

‘R(O’m)(xl,x2)‘ are comparable in domain 4, while ‘R('”"”)(xl,xz)‘ and ‘R('”’O)(xl,xz)‘ are comparable in
domain 5.
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Fig. 1. Comparison of ‘R(m’m)(xl,xz)‘, ‘R(m’o)(xl,xﬂ‘, and ‘R(O’m)(xl,x2)‘. ‘R(O’m)(xl,xz)‘ dominates in domain 1;

R™0(x,, x2)‘ dominates in domain 2; and ‘R(m’m)(xl, X)|, in domain 3. ‘R(m’m)(xl , xz)‘ and ‘R(O’m)(xl, x2)‘ are comparable

in domain 4, while ‘R(m’m)(x],xz)‘ and ‘R(m’o)(xl,xz)‘ are comparable in domain 5.

Thus, based on the results obtained in this paper, the function F,(z, z,) in the domain M defined in

(1.1) can be computed with prescribed accuracy 8. Specifically, by applying Theorem 3 or Propositions 4
and 5, it is possible to find m such that the absolute value of the remainder term is less than §. Then the
partial sum of the series calculated up to terms of order m — 1 differs from F,(z, z,) by less than §.
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