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Abstract

Quantum computers were first proposed to perform simulation – in particular, quantum simulation.

The premise is that such computers can simulate quantum dynamics exponentially faster than a

classical computer. Some of the early proposals of practical applications of quantum computers

come from quantum chemistry. Algorithms for more general systems, described by ordinary and

partial differential equations, emerged later on. This thesis grounds on an extensive amount of prior

research and proposes a set of improvements as well as new algorithms or algorithmic tools, focusing

on applications from quantum chemistry and differential equations.

First, we propose a technique relating to finding ground-states for electronic systems via the vari-

ational quantum eigensolver. The presented method enables solving the problem on early quantum

hardware by a partitioning of the computational problem into smaller problems, using only classical

resources to perform the partitioning. Next, the thesis considers simulation problems from chemistry

in a more general sense. Following the idea that dynamical simulation of many chemical systems is

efficient, whereas preparing ground-states is a ‘hard’ problem, our computational framework lever-

ages simulation routines to prepare molecular states as an input to a computation, relying only

on ‘hard’ input states for small problem instances. The preparation relies on dynamical scattering

of initial fragments supported by a trap potential, allowing to estimate the success probability for

certain bonds. A weak measurement scheme enables preparation of molecular states.

Furthermore, this dissertation investigates quantum algorithms for differential equations. More

specifically, the the Carleman linearization approach is considered to solve nonlinear differential

equations. This entails bounding the Carleman truncation error, re-scaling of the solution to avoid

an exponentially vanishing success probability, and discussing higher-order discretization. Moreover,

this thesis introduced a penalty-based method to enforce constraints on the solution of differential

equations, with inspiration from complex absorbing potentials and the quantum Zeno effect. We

bound the approximation errors and embed the penalty method into an efficient quantum algorithm,

with computational overhead only logarithmic in the penalty’s strength. Efficiency is enabled by an

interaction-picture approach with fast-forwardable constraint projections.

ii



Acknowledgements

The beginning of my PhD was in the middle of the Covid-19 pandemic. When I landed in Toronto,
the University of Toronto arranged for a shuttle to a hotel – for a two-week quarantine not being
able to leave my room, where I also spent my birthday. This sounds like a crazy start, though, I
enjoyed this little bubble at the beginning of my PhD journey. Even more thankful I am that both
during the very quiet Covid times and the more buzzing “restart phase” once things opened, there
were plenty of great humans that were essential for this thesis to have come into existence.

First, I am grateful for my supervisor Alán, for giving me freedom and encouragement to explore,
several opportunities for travel, and a great lab environment. Thank you to Dominic W. Berry for
hosting me in Sydney, it was a privilege to work with you and learn from you. Further thank you
to Nathan Wiebe, for the whiteboard discussions and for frequently mitigating my inner pessimist.
There were many things Dominic or Nathan explained to me, where months after I realized that
they already told me the solution – I just did not see it yet. I was very fortunate to have Lukasz
Cincio from LANL mentoring me throughout the Quantum Computing Summer School. Further,
I thank Artur Izmaylov for being on my committee and Stephen P. Jordan for serving as external
appraiser on my exam committee.

Many great postdocs and students have been supportive during my PhD. Without their men-
torship and companionship, this would have been impossible. A monstrous thank you to Jakob S.
Kottmann, Lasse B. Kristensen, and Abhinav Anand, for being my friends and mentors. Similarly,
I am extremely grateful for the friendship of my lab-mates Cher-Tian Ser, Ella Rajaonson, and
Marta Skreta. Many thanks to my office buddies in the asylum and the graveyard, Rodrigo Vargas-
Hernández, Chong Sun, and Davide Avagliano. Abdul Aldossary deserves a special thanks for the
cookies that fueled the submission of this document. I am grateful for the mentorship of Mohsen
Bagherimehrab and Thi Ha Kyaw. Sincere thanks extend to many more members of the MatterLab;
Luis Mantilla, Sean Park, Matthew Choi, Changhyeok Choi, Austin Cheng, Phillip W. K. Jensen,
Marko Huang, Gary Tom, Sumner Alperin-Lea, Yeonghun Kang, Jorge Campos, Shi Xuan Leong,
Sam Zhang, Manuel Drehwald, Zijian Zhang, Luca Thiede, Samantha Corapi, Jiaru Bai, Moham-
mad Ghazi-Vakili, Karthik Panicker, etc. etc., as well as Abhishek Rajput and the rest of the Wiebe
group as well as Deepanshu Kush as hallway co-occupants. Specifically, anyone that went camping
with me at some point, was part of the running group, or went climbing.

Beyond, I am fortunate to have met a lot of great people outside of the University of Toronto,
which holds in particular for my time at the Institute for Pure and Applied Mathematics at UCLA,
and the Sydney Quantum Academy and Macquarie University. In particular, Tyler Kharazi (who
gave me the idea for the mixing time discussion related to DEs in the introduction), Alicia Negre,
Jakob Huhn, Ahmad Alkadri, and Brandon Barton for the fun we had in LA and beyond. At this
note, I’m also deeply indebted to Marius Junge, Peixue Wue, and Zhiyan Ding; for teaching me
fancy math and giving me ideas for research I want to do in the future.

The MatterLab admin team deserves another special thank you; specifically, Irene Zuniga,
Mukesh Dodain, Chris Crebolder, Angela Zhao, and Melissa Szopa.

Lastly, thanks to my family, especially to my mum, my dad and my brother, who accepted that
I moved across the Atlantic and for a while further across the Pacific, and that I will not be living
back in Germany for the foreseeable future.

iii



Contents

1 Introduction 1
1.1 Computation in Scientific Disciplines . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Scientific Quantum Computing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2.1 Brief Introduction to Quantum Computation . . . . . . . . . . . . . . . . . . 5
1.2.2 Quantum Algorithms for Chemistry . . . . . . . . . . . . . . . . . . . . . . . 7
1.2.3 Quantum Algorithms for Differential Equations . . . . . . . . . . . . . . . . . 10

1.3 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.3.1 What would be an ideal quantum algorithm? . . . . . . . . . . . . . . . . . . 15
1.3.2 What limitations are there to quantum computation? . . . . . . . . . . . . . 15
1.3.3 The problems addressed in this thesis . . . . . . . . . . . . . . . . . . . . . . 17

2 Simulating Quantum Systems with Quantum Computers 18
2.1 Partitioning Quantum Chemistry Simulations with Clifford Circuits . . . . . . . . . 19

2.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.1.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.1.4 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.2 Efficient Quantum Chemistry via Quantum Dynamics . . . . . . . . . . . . . . . . . 38
2.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
2.2.2 Hamiltonian Simulation and Complexity Considerations . . . . . . . . . . . . 40
2.2.3 Computational Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.2.4 A Scattering-based State-preparation Step . . . . . . . . . . . . . . . . . . . . 46
2.2.5 Measuring Dynamical Quantities of Interest and a Review of Exemplary Ap-

plications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
2.2.6 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3 Simulating more General Systems with Quantum Computers 56
3.1 Further improving quantum algorithms for nonlinear differential equations via higher-

order methods and rescaling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.1.2 Contribution and significance . . . . . . . . . . . . . . . . . . . . . . . . . . . 59
3.1.3 Problem description and solution strategy . . . . . . . . . . . . . . . . . . . . 60
3.1.4 Quantum Carleman solver with rescaling and improved error bounds on Car-

leman truncation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

iv



3.1.5 Solution of the linearised system of ordinary differential equations using a
truncated Taylor series . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

3.1.6 Application to the quantum nonlinear PDE problem . . . . . . . . . . . . . . 74
3.1.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

3.2 Efficient Quantum Algorithm for Differential Equations under Constraints and Bound-
ary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
3.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
3.2.2 Approximating Boundary Conditions with a Projection . . . . . . . . . . . . 90
3.2.3 Numerical Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114
3.2.4 Quantum Algorithm via Interaction-Picture simulation . . . . . . . . . . . . . 120
3.2.5 Conclusion and Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

4 Reflections and Projections 131

Bibliography 133

A Supplementary Material for Section 2.1 157
A.1 Product-state enforcing reference method . . . . . . . . . . . . . . . . . . . . . . . . 157
A.2 Parameter choice for genetic algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 159
A.3 Fidelities before and after optimization . . . . . . . . . . . . . . . . . . . . . . . . . . 160
A.4 Examples for optimized circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 162

B Supplementary Material for Section 2.2 164
B.1 Scattering Molecules via Mergo-Association . . . . . . . . . . . . . . . . . . . . . . . 164

B.1.1 Outline of Quantum Computational Encoding . . . . . . . . . . . . . . . . . . 164
B.1.2 Probability of Success of Mergo-Association . . . . . . . . . . . . . . . . . . . 167

B.2 Construction of Measurement Oracles for Certifying Reactions . . . . . . . . . . . . 169
B.2.1 Geometrical Criteria . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170
B.2.2 Preserving Exchange Symmetry Throughout Measurement . . . . . . . . . . 171
B.2.3 Effect of Oracle Measurement for General Superpositions . . . . . . . . . . . 176

C Supplementary Material for Section 3.1 181
C.1 Variable names and conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
C.2 Proofs of bounds on error due to Carleman linearisation . . . . . . . . . . . . . . . . 182

C.2.1 Proof of bound on the full vector of errors due to Carleman linearisation . . . 182
C.2.2 Proof of bound on components of the vector of errors due to Carleman lineari-

sation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
C.2.3 Bound on the error in terms of max-norm . . . . . . . . . . . . . . . . . . . . 191

C.3 Proof of semi-discrete error bound due to finite difference discretisation . . . . . . . 193
C.4 Error when using high-order finite difference discretisations . . . . . . . . . . . . . . 196
C.5 Construction of finite-difference coefficients . . . . . . . . . . . . . . . . . . . . . . . 197
C.6 Sparsity of Carleman matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
C.7 Block-encoding of Carleman matrix AN . . . . . . . . . . . . . . . . . . . . . . . . . 199

v



D Supplementary Material for Section 3.2 201
D.1 Proof of Lemma 3.2.13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 201
D.2 Derivatives for conjugated generators . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
D.3 Proof of Proposition 3.2.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 203
D.4 A lower bound on the final solution norm for the discrete heat equation . . . . . . . 208

vi



Citations to previously published work

At the time of writing, Section 2.1 has appeared in publication whereas Sections 2.2 and 3.2 are
actively undergoing peer review, Section 3.1 has been accepted for publication in npj Quantum In-
formation.

• Philipp Schleich, Joseph Boen, Lukasz Cincio, Abhinav Anand, Jakob S Kottmann, Sergei
Tretiak, Pavel A Dub, and Alán Aspuru-Guzik. “Partitioning quantum chemistry simula-
tions with clifford circuits”. In: Journal of Chemical Theory and Computation 19.15 (2023),
pp. 4952–4964

• Philipp Schleich, Lasse Bjørn Kristensen, Jorge A Angulo Campos, Abdulrahman Aldossary,
Davide Avagliano, Mohsen Bagherimehrab, Christoph Gorgulla, Joe Fitzsimons, and Alán
Aspuru-Guzik. “Chemically Motivated Simulation Problems are Efficiently Solvable by a
Quantum Computer”. In: arXiv preprint arXiv:2401.09268 (2024)

• Pedro Costa, Philipp Schleich, Mauro ES Morales, and Dominic W Berry. “Further improving
quantum algorithms for nonlinear differential equations via higher-order methods and rescal-
ing”. In: arXiv preprint arXiv:2312.09518 (2023)

• Philipp Schleich, Tyler Kharazi, Xiangyu Li, Jin-Peng Liu, Alán Aspuru-Guzik, and Nathan
Wiebe. “Arbitrary Boundary Conditions and Constraints in Quantum Algorithms for Differ-
ential Equations via Penalty Projections”. In: arXiv preprint arXiv:2506.21751 (2025).

I have contributed to several other publications during the course of my PhD which did not make it
into this thesis:

• Philipp Schleich∗, Marta Skreta∗, Lasse Bjørn Kristensen, Rodrigo Vargas-Hernandez, and
Alan Aspuru-Guzik. “Quantum Deep Equilibrium Models”. In: Advances in Neural Informa-
tion Processing Systems. Vol. 37. 2024, pp. 31940–31967

• Zhiyan Ding, Marius Junge, Philipp Schleich, and Peixue Wu. “Lower bound for simulation
cost of open quantum systems: Lipschitz continuity approach”. In: Communications in Math-
ematical Physics 406.3 (2025), p. 60

• Philipp Schleich, Jakob S Kottmann, and Alán Aspuru-Guzik. “Improving the accuracy of the
variational quantum eigensolver for molecular systems by the explicitly-correlated perturbative
[2] R12-correction”. In: Physical Chemistry Chemical Physics 24.22 (2022), pp. 13550–13564

• Abhinav Anand∗, Philipp Schleich∗, Sumner Alperin-Lea∗, Phillip WK Jensen∗, Sukin Sim,
Manuel Díaz-Tinoco, Jakob S Kottmann, Matthias Degroote, Artur F Izmaylov, and Alán
Aspuru-Guzik. “A quantum computing view on unitary coupled cluster theory”. In: Chemical
Society Reviews 51.5 (2022), pp. 1659–1684

• Mauro ES Morales, Lirandë Pira, Philipp Schleich, Kelvin Koor, Pedro Costa, Dong An, Alán
Aspuru-Guzik, Lin Lin, Patrick Rebentrost, and Dominic W Berry. “Quantum linear system
solvers: A survey of algorithms and applications”. In: arXiv preprint arXiv:2411.02522 (2024)

vii



• Mohsen Bagherimehrab, Luis Mantilla Calderón, Dominic W. Berry, Philipp Schleich, Mo-
hammad Ghazi Vakili, Abdulrahman Aldossary, Jorge A. Campos Gonzalez Angulo, Christoph
Gorgulla, and Alán Aspuru-Guzik. “Faster algorithmic quantum and classical simulations by
corrected product formulas”. In: arXiv preprint arXiv:2409.08265 (2024)

• Philipp Schleich, Luis Mantilla Calderón, Chong Sun, Mohsen Bagherimehrab, Abdulrahman
Aldossary, Jakob S. Kottmann, and Alán Aspuru-Guzik. Quantum Computing for Quantum
Chemistry. American Chemical Society, May 2025

viii



Chapter 1

Introduction

1.1 Computation in Scientific Disciplines

Natural sciences strive to understand how the world around us works, e.g., by identifying causal and
correlation structures. The process of discovery is enabled by observations – experiments. Then,
the deduction of rules and patterns in these observations allows one to find and confirm theories,
often with mathematics as the underlying language, which then can lead to putting forward new
hypotheses. Be it the venture for fundamental understanding or for application: Scientific discovery
by experiments and theory has long been supported by computers through simulation, namely
the computational representation of physical phenomena. The capacity of computers to perform
numerical experiments is of aid whenever experiments may be very costly, materials or forces involved
potentially dangerous, and when the complexity of the problem at hand prohibits analytic treatment.
Table 1.1 shows a list that was put forward as a selection of the ten most impactful algorithms of the

Year Algorithm

1946 The Metropolis Algorithm for Monte Carlo
1947 Simplex Method for Linear Programming
1950 Krylov Subspace Method
1951 The Decompositional Approach to Matrix Computations
1957 The Fortran Optimizing Compiler
1959 QR Algorithm for Eigenvalues
1962 Quicksort
1965 Fast Fourier Transform (FFT)
1977 Integer Relation Detection
1987 Fast Multipole Method

Table 1.1: The Top 10 “most impactful” algorithms of the 20th century outlined in [SD00].

twentieth century. Many of these algorithms have become essential, often in a fundamental way that
supports a multitude of applications; a small selection is mentioned in the following. For instance,
the Fast-Fourier Transform is ubiquitous in signal processing and data analysis. Many applications
that rely on physical models utilize spectral properties, that can be obtained by Krylov subspace
methods such as Lanczos iterations for eigenvalues or the QR decomposition. Krylov subspace
methods also find widespread application in the solution of linear systems of equations, for example
through the conjugate gradients or the GMRES [SS86] algorithms.

1
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These algorithms are based on the standard, ‘classical’ computational model, the framework
typically understood when discussing computing. In the early 1980s, Benioff, Manin and Feyn-
man [Ben80; Man80; Fey82] have independently put forward the idea of performing computation,
or in particular simulation, using a quantum mechanical model. Soon after this was generalized to
a universal model of computation [Deu85]. The simulation of the dynamics of quantum-mechanical
systems was conjectured as a prime use-case for quantum computers already at the time and it
remains one of the most promising candidates to date. Several additional breakthroughs, most fa-
mously by Peter Shor, were necessary so that quantum computing was able to gain wider traction.
His algorithm for factoring composite numbers into their prime factors [Sho94] was the first algorithm
demonstrating practical use. Furthermore, the noise and error susceptibility of quantum computers
seemed even theoretically prohibitive, before Shor’s foundational work [Sho95] laid the groundwork
for quantum error correction. Other algorithms that supported increasing interest in quantum com-
puters were, exemplarily: The Deutsch-Josza algorithm from 1992 can identify whether a function
that maps n bits to one bit either has a constant output, or is uniformly spread across the possible
outputs [DJ92]. It requires only one quantum query compared to a number of classical queries that
is exponential in n. The Bernstein-Vazirani algorithm builds upon the latter algorithm from 1997
and is able to identify a string encoded in a function output of length n with a single query rather
than at least Ω(n) classical queries [BV97]. Simon’s algorithm (1994) can tell us whether a function
mapping n bits to m bits, with m ≥ n, is one-to-one or two-to-one, with an ‘exponential speedup’,
meaning that the number of quantum queries necessary is exponentially smaller than the number
of classical queries [Sim97]. Lastly, Grover’s algorithm [Gro98] allows to find the input so that a
black-box oracle attains a specific output, which enables search in unstructured databases of size N
with complexity O(

√
N) rather than O(N) – this speedup is not as strong as the others presented

in this paragraph, yet of universal use, in particular as a subroutine.
This thesis is centred around the question how quantum computing can help in addressing com-

putational problems from (quantum) chemistry and physical sciences in a more general sense, that
is, phenomena that are described by differential equations. When it comes to quantum chemistry,
there is an intuitive rationale for a quantum advantage as we simulate quantum systems with another
system that ‘is quantum’; specific applications and innovative algorithms remain to be explored more
thoroughly. This will be subject of study in Chapter 2. Furthermore, for the simulation of more
general, non-unitary and potentially nonlinear dynamics, a rationale to expect a general quantum
advantage in simulation is not immediate. The potential practical usefulness for the simulation
of such systems is likely high though, as many numerical procedures in engineering, such as sim-
ulation of fluids and structural mechanics, are characterized by non-unitary dynamics. The work
presented in Chapter 3 aims to help staking out the realm where quantum computers may be useful
in simulating classical systems.

The following sections present a brief overview of the background and motivation for this the-
sis. Namely, computation in the context of general physical problems is introduced in Section 1.1
and more concretely for computational chemistry in Section 1.2.2. In particular, computational
bottlenecks and areas where the novel computational model can help are identified. Subsequently,
Section 1.2 covers existing quantum techniques to tackle these problems and in particular chances
for quantum algorithms to assist in solving problems more efficiently.
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Scientific Computing First, let us look more closely what scientific computing can mean, in par-
ticular if we want to use computation to investigate problems from mathematical sciences. Broadly,
we can divide this into deterministic and probabilistic approaches. In deterministic computing, the
goal is to devise an algorithm [CLRS22] A so that, after a sequence of finite computational steps,
an input x ∈ X is mapped to its correct output y ∈ Y, or, in the case of a numerical algorithm, up
to some error ε. Thus, we require

Aε : x 7→ y, d(y, ytrue) ≤ ε. (1.1.1)

Here we assume that the problem-at-hand admits a certain error metric d(y, y′) : Y × Y → R+
0 .

Now, if the algorithm is probabilistic, which we call Pε, then the result is meant to be sufficiently
accurate with high probability 1− δ,

Pr (d(Pε(x), ytrue) ≤ ε) ≥ 1− δ. (1.1.2)

We continue by looking at a specific, illustrative example that appears in many areas of scientific
computation, namely the task of integrating a function,

∫ 1

0
f(x)dx. There are many numerical

methods to solve this; one of the simplest deterministic approaches is the trapezoidal rule, and
Monte-Carlo sampling can provide a simple probabilistic one. With the trapezoidal rule, we get a
simple recipe that

N−1∑
j=0

f(xj) + f(xj+1)

2
(xj+1 − xj) ≈ε

∫ 1

0

f(x)dx, (1.1.3)

where ε ∈ O( 1
N2 ), with constants depending on the derivatives of f . The notation ≈ε denotes up to

a difference ε > 0, i.e., a ≈ε b means |a− b| ≤ ε. The trapezoidal rule is a numerical algorithm that
suits the language above, in the sense that the sum in Eq. (1.1.3) describes a sequence of arithmetic
steps that, given the ability to compute the function f(x) for a specific x, maps the N + 1 points
{xj}Nj=0 to an approximation of the desired integral value. Intuitively, this method approximates
an integral as the area under a curve via step-wise averages. Hence, more informed choices of such
an average would lead to better error scaling, which is observed in more advanced techniques we do
not go into here (see e.g. [DR07]).

If we use a so called Monte-Carlo sampler to compute the value of the integral, we note that we
can write ∫ 1

0

f(x)dx =

∫ 1

0

f(x)punif(x)dx, (1.1.4)

where punif(x) ∼ U(0, 1) is the probability density function of the uniform distribution across the
interval [0, 1]. Then,

∫ 1

0
f(x)punif(x)dx = Ex∼U [f ], and we have an unbiased estimator for this

expectation given by

1

M

M∑
j=1

f(xj) ≈ε
∫ 1

0

f(x)punif(x)dx, xj ∼ U(0, 1) (1.1.5)

where one can show via Hoeffding’s inequality that for ε =
√

Var(f)
M , the probability that the ap-

proximation error is larger than ε decays exponentially to zero. In other words, we want to use
M = Var(f)

ε2 samples to observe ε error with probability close to one. The associated probabilistic
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algorithm then relies again on the ability to point-wise evaluate f(x), and instead of combining
a fixed set of points via a fixed rule, we randomly sample an xj from a uniform distribution and
average M of their values.

There are many more examples for such numeric routines that appear in several situations in com-
putational science – eigenvalue problems, the solution of differential equations, linear and nonlinear
systems of equations, etc. In computer science, the notion of such numerical methods being efficient
is oftentimes that the complexity to prepare an output is polynomial in relevant system parameters.
Here, complexity quantifies the computational cost, which can be the memory required to store
information (space complexity) or the number of operations that need to occur (time complexity).

Numerical methods to date are very successful and still a very active field of research. Now, this
raises the question what chances there are for quantum algorithms. Typically, quantum algorithms
help by providing a ‘speed-up’ in the sense that if a classical algorithm has time or query complexity
O(n), a quantum algorithm has complexity O(g(n)) where we want that g(n) grows slower than
linear so that the quantum algorithm is faster. Exponential speed-up means g(n) = log(n), or
polynomial speed-ups of order p ≥ 1 have the form g(n) = n1/p, p > 1. Query complexity means
that the algorithm relies on a black-box ‘oracle’ that requires a realization. In the integration example
above, the function f(x) takes the role of such an oracle and the associated query complexity is how
many of such function evaluations need to take place. Here, we can make an observation when
comparing probabilistic and deterministic methods, in the context of the integration example above:
Using Monte-Carlo methods in higher dimensions leads to a query complexity in terms of how often
we evaluate f(x) that does not exponentially increase in the dimensionality, as common for direct
integration formulas like the trapezoidal rule. However, there are other aspects to consider, such as
the variance of the underlying function. Within the same example, we already point out a certain
quantum speed-up here: Using the amplitude estimation algorithm [BHMT02], a quantum computer

can estimate the integral’s value using only MQ =

√
Var(f)

ε samples (meaning quantum realizations
of f(x)). Furthermore, one can show that this matches a lower bound [Gro98; BHMT02] and is thus
optimal. This means that there is no algorithm that has asymptotically better query complexity for
this task in generic situations.

Some additional aspects that we ignore for now are: We need less quantum samples. But it is not
clear whether a quantum sample, or a quantum query, is more or less costly than a single classical
query. Quantum computers undergo more, and more complicated, errors than classical computers.
Correcting for these errors comes at a cost – we do not go into details here and refer to literature
(e.g., [Rof19]). It turns out that, according to recent estimates [Bab+21], quadratic speedups such
as the one from amplitude estimation in our example may be lost within problem sizes of practical
interest (i.e., computations that take at most several weeks or months rather than years).

1.2 Scientific Quantum Computing

Being familiar with some models of classical numerical computation, we continue to take a closer
look at quantum computing.
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1.2.1 Brief Introduction to Quantum Computation

Computers in general are devices that are able to represent, operate on and output information. Be-
yond analogue computers, this requires a fundamental unit of information. For classical devices, in-
formation is composed of ‘bits’, binary values x ∈ {0, 1}. This choice is motivated by the capabilities
of the hardware: Using a semiconductor, we can distinguish whether the present signal is above a spe-
cific threshold. Bits are composed simply by concatenation, so that x = (x1x2 · · ·xNbit

) ∈ {0, 1}Nbit .
Before tackling quantum computing, a useful model to consider is probabilistic computing. To

that end, let p⃗ = (a, b)T with a, b > 0, where ∥p⃗∥ℓ1 = a+ b = 1. Here, a, b describe the probability
of the probabilistic bit to be measured with outcome ‘0’ or ‘1’. Sometimes, this is denoted as
p⃗ = a|0) + b|1). We can generalize this to Np-dimensional vectors by expanding the number of
possible basis states to

p⃗ =

Np−1∑
j=0

pj |j),
Np−1∑
j=0

pj = 1. (1.2.1)

Operations on probabilistic bits are given by matrices that map probabilistic bits to themselves,
i.e., that map normalized non-negative vectors in a 2Np-dimensional space to other normalized non-
negative vectors. Normalization of vectors follows the ℓ1-norm. Permutations and (normalized)
convex combinations of such satisfy this property, forming a subset of the orthogonal matrices.

Quantum computers assume access to so called qubits as the fundamental unit of information.
This is a ℓ2-normalized, two-dimensional complex vector, which we may represent as

|ψ⟩ = α |0⟩+ β |1⟩ ∈ C2, |α|2 + |β|2 = 1. (1.2.2)

Physical instantiations mimic a two-level system – typically, not a true two-level system such as the
spin of an electron but a system that is engineered so that a computational two-level subspace is well
separated from the rest of the spectrum. E.g., in hardware realizations that rely on superconducting
qubits, so called Josephson junctions take care of this [Kja+20]. For the same purpose, neutral atom
arrays are operated at the isolated Rydberg frequency [Wu+21].

Apart from merely representing information, there needs to be a means to process it. Operations
that map qubit states to qubit states are unitary operations, such that preserve distances under the
ℓ2-norm. In the two-dimensional qubit case, 2× 2 complex unitary matrices. In reality though it is
rarely possible to have an immediate physical implementation of an arbitrary U(2) representation.
What then happens is that we divide each given unitary U into a sequence of operations that we
expect to be able to implement physically, and call these gates in alignment to the classical case. A
quantum circuit then is a set of gates {Uj}mj=1 so that U ≈ε U1U2 · · ·Um, where we measure ε in the
spectral norm,

∥U − (U1 · · ·Um)∥ ≤ ε. (1.2.3)

Universal sets of quantum gates are able to satisfy Eq. (1.2.3) up to arbitrary ε > 0.
Multiple qubits are combined via the tensor product, so that an Nq-qubit state lives in C2Nq

=

C2 ⊗C2 ⊗ · · ·⊗C2. This shows the first aspect of quantum computers that shows promise for power
beyond the classical counterpart. The accessible state space here is exponentially larger, meaning
that exponential memory is required to store a vector in C2Nq

with classical bits. Operations also
directly follow from the single-qubit model, so that any unitary U that maps a Nq-qubit state
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to another Nq-qubit state comes from the unitary group U(2Nq), or 2Nq × 2Nq complex unitary
matrices. Now, this directly points at the quantum advantage through the ability to represent
exponential information compared to deterministic algorithms, which is a direct consequence of the
tensor product structure.

An important difference to the probabilistic bits of before is the normalization. The latter are ℓ1-
normalized and non-negative. Qubits are ℓ2-normalized. This means that beyond the possibility for
‘negative probabilities’, a phenomenon that is the origin of many provable quantum speedups comes
from the possibility of phase differences and thus the construction of constructive and destructive
interference effects across the distribution induced by the quantum computers state. An example
for this is ‘forrelation’, [GRZ20] – without going into details, this specific problem exhibits structure
that can be exploited by Fourier transforms, which is something that quantum computers can do
well.

The construction of quantum algorithms typically draws from a set of ‘gates’ as a set computa-
tional elements that are available to implement. Then, the task of devising an algorithm, beyond
the state preparation and measurement steps, is given initial state |ψ(0)⟩, find a quantum circuit
(formed by a composition of m quantum gates) so that U1U2 . . . Um |ψ(0)⟩ = |ψ(1)⟩, where |ψ(1)⟩ is
the sought-after state that encodes the solution to the underlying computational problem.

What are typical quantum gates? A popular set is given by the Pauli matrices,

X =

(
0 1

1 0

)
, Y =

(
0 −i

i 0

)
, Z =

(
1 0

0 −1

)
, (1.2.4)

which together with the identity form a complete basis for 2× 2 Hermitian matrices. Additionally,
there are parametrized rotations RP (θ) = e−i θ2P with P = X,Y, Z and the Hadamard-gate

Had =
1√
2

(
1 1

1 −1

)
, (1.2.5)

which coincides with the 2-dimensional discrete Fourier transformation. By the nature of mea-
surement, as outlined below, quantum states are only distinguishable up to a global phase factor.
However, local phase differences are relevant to computation, and are leveraged by ‘controlled oper-
ations’. A local phase difference means that different components of a wavefunction inhibit relative
phase differences. As an example, consider the controlled Z or controlled-phase gates:

CZ =


1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 eiπ

 = |0⟩⟨0| ⊗ I+ |1⟩⟨1| ⊗ Z. (1.2.6)

If the first qubit is in state |0⟩, the second remains unchanged; if the first is in |1⟩, the second
experiences a Pauli-Z gate, i.e., a local eiπ = −1 phase difference is induced. Similarly, there is the
controlled-NOT or CNOT gate, CNOT = |0⟩⟨0| ⊗ I+ |1⟩⟨1| ⊗X, where the second qubit experiences
a bitflip on the part of the wavefunction where the first qubit is in the |1⟩ state.

Furthermore, one can show that there are several discrete sets of gates that are ‘universal’. That
means they can achieve that they can approximate any unitary arbitrarily accurate, cf. Eq. (1.2.3).
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One such gate set is formed by the Hadamard, the T = e−iπ8 Z and the CNOT gate. Intuitively,
Hadamard + T are able to generate any element of U(2) as the angle coming from a single application
of T is a transcendental number, i.e., there is no integer multiple of this angle that is a period, which
would mean the set of attainable angles would be closed and would not allow arbitrary angles.
Additionally, CNOT gates allow to ‘extend’ individual U(2) approximations to arbitrary numbers
of qubits.

So far, we left a very important question open: How do we extract information from a quantum
computation? As it is a quantum system, we cannot ‘look into the state’ during the computation.
Information is only accessible via measurement of observables. Observables are Hermitian operators
acting on the system’s state space (which is a Hilbert space). By that virtue, they enable an
eigendecomposition into {λ, Pλ}, where λ ∈ R are eigenvalues of the observable and Pλ projections
onto the respective eigenspaces. Thus, we can express the expectation value of an observable M
with respect to a state |ψ⟩ through projective measurement as

⟨ψ|M |ψ⟩ =
∑
λ

λ ⟨ψ|Pλ|ψ⟩ . (1.2.7)

Such measurements are called projective measurements; a more general notion of measurement
is given by positive-operator values measurements (POVM). We refer to the literature for details
thereon, as projective measurements are sufficient for the considerations in this thesis. Further,
note that typically this is not how measurement of an expectation value would be implemented in
practice but is rather a theoretical tool.

1.2.2 Quantum Algorithms for Chemistry

The following paragraphs provide some high-level background of aspects from quantum chemistry
in order to put the contributions of this thesis into context. After introducing the set of problems
that is studied together with classical computational methods, we provide an overview of how they
can be related to quantum methods for these problems. The goal here is to provide essential context
and not to be comprehensive, as many other works have done so already; there are, among others,
the reviews [Cao+19; McA+20; Dal+23; Cer+21; Bha+22; Til+22; Ana+22; Sch+25b].

Computational Quantum Chemistry and Electronic Structure

Fundamental questions in quantum chemistry revolve around the time-dependent Schrödinger equa-
tion,

∂tψ(t, r) = −iHψ(t, r), (1.2.8)

or the time-independent Schrödinger equation,

Hψn(r) = Enψn(r). (1.2.9)

We can call the former a simulation problem where the task is to apply a unitary operation that
signifies time-propagation induced by the Hamiltonian operator H, and the latter a spectral problem
where we are interested in finding the eigenvalues En and their associated eigenstates ψn(r). For
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molecules, the Hamiltonian in first quantization has typically the formulation

H = −1

2

∑
k:el∨nuc

∆k −
∑

k:el,L:nuc

ZL
∥rk −RL∥

+
∑
k ̸=l:el

1

∥rk − rl∥
+

∑
K ̸=L:nuc

ZKZL
∥RK −RL∥

(1.2.10)

Being a quantum-mechanical observable, Hamiltonians are Hermitian (H = H†), thereby it is sat-
isfied that their eigenvalues En as energies (eigenenergies) are real-valued. In addition, molecular
wavefunctions are typically real-valued as well as long as the Hamiltonian does not contain any
explicit terms acting on spin degrees-of-freedom. The time-independent formulation is prominent in
electronic structure theory. Of particular interest is often the ground-state, where the ground-state
wavefunction ψ0 is the wavefunction that attains the minimum eigenvalue E0 among all ‘physical
wavefunctions’. This is defined via the variational principle

E0 = min
∥|ψ⟩∥=1

⟨ψ|H|ψ⟩. (1.2.11)

Some additional assumptions are necessary here: Molecular systems consist of electrons and nuclei
(protons, neutrons), sometimes it is convenient to also express e.g. photons, and these particles
need to satisfy Fermionic and Bosonic statistics. Therefore, the Fermionic part of the wavefunction
ψ is required to be anti-symmetric with respect to exchanging two particles of the same type,
and the Bosonic part is required to be symmetric. Broadly, that means that for two Fermions,
ψF (r1, r2) = −ψF (r2, r1). For two Bosons, ψB(R1, R2) = ψB(R2, R1).

A simple functional form for antisymmetric functions is a determinant. Therefore, [Sla29; Hei26;
Dir26] discuss the Slater determinant as a fundamental object in quantum chemistry. Exact wave
functions are composed of a linear combination of Slater determinants. The Hartree-Fock model,
which often serves as a starting point for many quantum chemical computations, relies on finding the
Slater determinant that minimizes the energy [Har28; Foc30; Sla30b][Sla30a; Sla29]. This enables
to introduce a concept called second quantization, where the exchange symmetry is embedded in the
space the functions live in and in the rules about how they are acted on rather than in the function
itself. More formally, the Fock space is defined as

F =

∞⊕
m=0

S± (H1)
⊗m

, (1.2.12)

where H1 is a single-particle Hilbert space and S± is a (anti)symmetrization operation. Then,
naturally, (direct sums of) determinants formed by one-particle basis functions give a basis for this
Fock space in the Fermionic case. This approach has become widely practical for quantum chemistry
through the lens of second quantization, where a state in Fock space contains information about
which basis element (which orbital spanning a one-particle Hilbert space) is ‘used’, i.e., is used in
forming the respective Slater determinant. Then, operators in second quantization are expressed via
the creation a†p and annihilation ap operators so that they satisfy certain anti-commutation rules
that ensure exchange symmetry is not violated. The Hartree-Fock method above is able to give only
one term of the Fock space expansion; it is also called a mean-field method, as the interactions for
every single orbital are formed by the average field coming from the electrons at the other orbitals.
In order to be more accurate, ‘post Hartree-Fock’ methods have been developed that add yield linear
combinations of Slater determinants, thereby adding more correlation. We refer to the literature
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for more details, such as the well-established text books [HJO00; SO67] or a recent primer by the
author [Sch+25b].

The reason why second quantization gained a lot of practical attention compared to first-
quantized approaches defined on real-space grids or a plane wave basis is that this approach is
very amenable to using a well-informed one-particle basis through ‘atomic orbitals’. The latter are
functions that are designed to resemble the eigenfunctions of the Hydrogen atom which leads to a set
of desirable properties like locality and asymptotical behaviour with respect to nuclei that approach
each other. In this dissertation, we avoid re-stating the well-established definitions here as they are
not essential to the central contributions, and again refer to the textbooks mentioned in the previous
paragraph.

Perspective for quantum algorithms in chemistry

Using classical hardware, quantum chemical problems that are represented via an exact model suf-
fer from the curse of dimensionality – namely, an exponential increase of computational resources
required when increasing the problem size. Hence, there is immediate intuition for using quantum
computers. If the probabilistic quantum Monte Carlo method is used, the so called sign problem
becomes a challenge. Also here, quantum computers seem to show promise [Hug+22]. Furthermore,
approximate models were introduced, for instance for methods that optimize parametrized wave-
functions [HJO00], density functional theory [OPN09], and tensor-network based methods [Sch05].
These are all quite successful, however, there is plenty of room for improvement in high-accuracy
regimes and in the representation of large systems and strong interactions where quantum computers
can help. A set of quantum chemical methods along with the basic idea, drawbacks and opportu-
nities for quantum computers in the context are summarized in Table 1.2. Based on the quantum

Class of Methods Approach Bottlenecks Opportunities for
Quantum Computa-
tion

Wavefunction methods parametrized wavefunc-
tion

dimensional cost when ac-
curacy in model ↑

Reduction of the dimen-
sional cost

Density Functional The-
ory

exchange-correlation
functional

finding good functionals open question

Quantum Monte Carlo parametrized wavefunc-
tion but sampling access

sign problem, sampling
access

e.g. [Hug+22], quan-
tum Metropolis algo-
rithm[JI24]

Tensor-networks methods
(DMRG etc.)

parametrized state via
tensor network

operational cost ↑ with
correlation ↑

Complementary,
e.g. [Ber+24]

Table 1.2: Overview of computational methods for quantum chemistry

phase estimation algorithm that allows to extract eigenvalues of a unitary circuit [Kit95], [ADLH05]
proposed to use this procedure to extract the ground-state energy based on a unitary circuit that
represents the Hamiltonian simulation exp(−itH) of a quantum chemical Hamiltonian H. A key step
here was proving that simulation of Hamiltonians of relevance is indeed efficient [Llo96; BACS07].
Algorithms that are based on general algorithmic Hamiltonian simulation, achievable through prod-
uct formulas [Llo96; Chi+21], randomized product formulas [Cam19] or through ‘qubitiziation’ or
quantum signal processing [LC16; Ber+19], typically fall into the category of fault-tolerant algo-
rithms. A comprehensive overview for such a fault-tolerant algorithm is, e.g. in [Su+21]. A famous
example for a class of near-term algorithms that do not require a fault-tolerant architecture are
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variational algorithms like the variational quantum eigensolver [Per+14].
Considerations from complexity theory suggest that the ground-state problem will still be hard for

quantum computers [KKR05], as determining the ground-state eigenvalue of a k-local Hamiltonian
belongs to the complexity class Quantum Merlin Arthur, which we may see as quantum generalization
to a randomized form of the famous class ‘NP’ (non-deterministic polynomial). This aligns with the
study in [Lee+23] which points out a lack of efficient initial state preparation, whereas more recently,
there has been more positive outlook in [Ber+24]. There, the authors claim very high overlap with
the ground-state with an input state prepared by classical tensor network methods; however, the
exact reference for certification is not available at the studied system size.

1.2.3 Quantum Algorithms for Differential Equations

The following section draws from Section VIII.A in [Mor+24], which was mostly written by the
author of this thesis.

Similar to the problems outlined in quantum chemistry, the solution of differential equations is
centred around stationary and evolutionary problems. The latter may look like

∂tu(t, x)−D
(
u,∇u,∇2u, . . .

)
= f(t, x). (1.2.13)

with u being the sought-after solution, D a differential operator and f a source or forcing term,
and t a time parameter. For the purposes of this thesis, we assume that all differential equations
in consideration are well-posed. Though, at this point, we have no further assumptions on D, i.e.,
it may be unbounded and nonlinear. Stationary problems either follow from situations (like in
quantum mechanics) when the time dependency can be decoupled from the differential operator D,
or when the problem admits a fixed-point. Then,

D(u,∇u,∇2u, . . .) = f, (1.2.14)

follows from the t→ ∞ limit of Eq. (1.2.13), so that limt→∞ ∂tu(t, x) = 0.

Example (Heat Equation). As an example for a linear PDE, we take the heat equation. Then,
D = D∆ is the Laplacian operator defined on a domain Ω ⊆ Rd weighted with a diffusion coefficient
D > 0, u(t, x) is the temperature distribution at spatial coordinate x ∈ Ω and time t > 0. The problem
can be defined as an evolution equation or as a stationary problem so that u(x; t) t→∞→ u∞(x) defined
by Eq. (1.2.14). The evolution equation as an initial value problem requires some initial values, also
called initial data, at time t = 0 so that the evolved solution is defined. Here that would be some
initial temperature distribution. Additionally, there may be boundary conditions so that the problem
is well-defined in space; these can be Dirichlet conditions that restrict the temperature on ΓD ⊂ Rd,
Neumann conditions that restrict the in/outflux of heat along the surface normal ∂n of ΓN ⊂ Rd, or
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a mix of these through Robin conditions. A full problem definition then looks like,

∂tu(t, x) = D∆u(t, x) + f(t, x), x ∈ Ω, t ≥ 0

u(t, x) = g(t, x), x ∈ ΓD, t ≥ 0

∂nu(t, x) = h(t, x), x ∈ ΓN , t ≥ 0

u(t = 0, x) = u(x), x ∈ Ω. (1.2.15)

Example (Schrödinger equation). The time-dependent Schrödinger equation from Eq. (1.2.8), as
discussed earlier in Section 1.2.2

∂tψ(t, r) = −iHψ(t, r). (1.2.16)

The Hamiltonian operator H = − 1
2∆ + V is made up of the kinetic energy (− 1

2∆) and potential
energy (V ); therefore, we can see this is a linear PDE.

So far, the setting is nearly equivalent to the case of the heat equation (cf. example above).
Therefore it might seem more natural to introduce the general case here first and then move onto
the special case. However, the motivation here is the following: Natural operations on quantum
computers are unitary, which means they are compliant with the Schrödinger equation. Realizing
dynamics that differ from unitary thus may require additional treatment on quantum hardware, and
may inherit some additional limitations, as previously described in [ALWZ25].

One requirement for solving differential equations, as on classical hardware, is to use a dis-
cretization technique to bring them to a form that allows digital processing. There is a wide range
of methods for discretization. Examples are the finite difference method, which is likely the most
simple method and what we use later on in quantum algorithms, the finite volume method and
the discontinuous Galerkin method which are popular when solving hyberpolic PDEs that follow
conservation laws, as well as finite element methods, wavelet discretizations, etc. We refer to the
literature for more details, such as the following books, [But16; Ame14; EBY12; CKS12; DKO97].
The goal is to find an approximate ū (for the sake of simplicity this may be either solution to a
stationary or a evolutionary problem), so that there is ε > 0,

d(u, ū) ≤ ε. (1.2.17)

Suppose that D is a (possibly nonlinear) discretization of D; then, we can find ū by solving

D[ū] = f̄ (stationary form) or
d

dt
ū−D[ū] = f̄ (evolutionary form).

Based on the problem formulation, this means that stationary problems will lead to linear systems
of equations (or a spectral problem) and evolutionary problems to the numerical solution of an ODE
system. When solving this task with a quantum algorithm, s we seek to prepare a state |ū⟩ such
that

∥|u⟩ − |ū⟩∥ ≤ ε. (1.2.18)

As discussed prior, a practical algorithm would then require to extract information in form of the
measurement of expectation values via an observable M , ⟨ū|M |ū⟩, so that this expectation value
represents a meaningful quantity like the average energy, ..., of a part of the represented phenomenon.
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For instance, [Bab+23] and [Liu+23] discuss average kinetic energy.
In the case of the heat equation, A simple example here could be the average heat flux across

a part of the domain when discretizing the stationary heat equation. Though, we note that in
particular the heat equation is not a candidate for an exponential quantum speedup as it can be
reduced to a search problem that inhibits a lower bound (square-root speedup) [LMS22a].

A simple example here is to pick M as a projection on a subset of the underlying domain, leading
to an average solution across this subset. If the solution is encoded as a history state, one can also
consider (weighted) time-averages. Such considerations are discussed e.g. in [Liu+23] and in form
of the kinetic energy as observable in [Bab+23].

Before we continue with some more details, the notion of a block-encoding is defined as it will
be ubiquitious in the differential equations algorithms.

Definition 1.2.1 (Block-encoding). Let A ∈ C2N×2N with α ≥ ∥A∥ (‘sub-normalization’ or block-
encoding factor). Then, U is a (α, na, ε) block-encoding to A if using na ancillary qubits,∥∥∥∥(⟨0|na

⊗ I)U(|0⟩na
⊗ I)− 1

α
A

∥∥∥∥ ≤ ε. (1.2.19)

A block-encoding gives a probabilistic encoding of any possibly non-unitary matrix, where the success
probability goes as α−1/2.

Stationary problems The problem statement of stationary PDEs leads to a quite clear connection
to a linear system problem after discretization. For elliptic PDEs such as the Poisson equation or the
heat equation a set of quantum algorithms, based on finite difference or finite element discretization,
has been proposed that relies on inverting a linear system [Cao+13; Mon16; CLO21]. We refer to
[Mor+24] for a more detailed discussion.

Evolutionary problems The solution of evolutionary differential equations can be tackled via a
a linear systems problem as well, such as done in [Ber14; BCOW17; CL20; BC24; Kro23]. There,
the solution is encoded as a history state [Fey82], or ‘Feynman clock’,

|ūhist⟩ =
1

∥|ūhist⟩∥

nt−1∑
τ=0

∣∣ū(τ∆t
nt

)〉
⊗ |τ⟩ . (1.2.20)

Then, a matrix is defined so that it corresponds to a discretized time-evolution between time-steps
u(0), u(∆t), u(2∆t), . . ..

There are alternative approaches that carry out such a time-stepping ‘in-place’ rather than storing
the entire history. While the qubit counts for the representation itself is lower here, dealing with
non-unitary evolution is a challenge; to that end, [FLT23] make use of a technique called uniform
singular value amplification to mitigate this effect.

More recently, several approaches have been introduced that map an underlying, non-unitary
evolution to a combination of unitary evolutions, such as the Schrödingerization technique [JLY24]
and the Linear Combination of Hamiltonian Simulation [ALL23; ACL23].

Typically, ODE algorithms rely on queries to a initial state preparation oracle that prepares
|u0⟩ and an implementation of the system matrix D. Optimal scaling with respect to the initial
state preparation is regarded to be the ratio of the norms of initial vs. final state, meaning, if
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information/norm is ‘lost’, more repetitions are needed. The query complexity to an encoding of
D is regarded to be optimal if it is linear in the encoding factor α(D), linear in the evolution time
and logarithmic in the inverse error. Linear-systems based approaches have good complexity in the
approximation error (αT log 1

ε ) but are have higher cost in terms of state-preparation (compared to
competitive methods, this depends on α and T as well). The time-marching approach of [FLT23]
scales optimally with respect to the initial state preparation but not with respect to approximation
error and time in the number of matrix queries. Methods that relate the evolution to Hamiltonian
simulation are promising as they are near-optimal, i.e., optimal in the initial state preparation cost,
however the error dependency in the query complexity to an encoding of D is at least log2( 1ε ).

Exponential quantum advantage was achieved in [Bab+23] for the simulation of classical har-
monic oscillators, which even though thoroughly analyzed stayed within a very ‘protected’ setting
that can be directly mapped to unitary dynamics. The subject of study in [CJO19] is the wave
equation, which as a problem that inherits interference effects is quite promising – and achieves a
cubic speedup compared to classical.

Remark (Stationary vs. evolutionary solutions: Mixing times). When solving stationary problems,
it is interesting to know whether the stationary formulation of the problem and associated compu-
tational procedures (eigenvalue problems, matrix inversion) are more efficient than simulating the
evolutionary problem “long enough”.

To that end, let us consider an example. Suppose we have a PDE

∂tu(t, x)−Du(t, x) = f(t, x, u(t, x)), (1.2.21)

so that it admits a unique stationary point u∞ = limt→∞ u(t, x). Then, the notion of a mixing time
tεmix allows to quantify that at this mixing time, the solution has distance at most ε from the true
stationary state:

tεmix := inf{t > 0 | d(u∞, u(t)) < ε}. (1.2.22)

That means that if we have an estimate for the mixing time, we can decide whether it is (asymptot-
ically) more efficiently to solve the stationary problem or evolve at least until tεmix.

In fact, time evolution that is not fast-forwardable [AA17; ALWZ25] has complexity O(αT log
(
1
ε

)
in terms of queries to the matrix oracle, whereas the stationary solution via a linear systems problem
requires O(κ log

(
1
ε

)
) [CABB23; Mor+24].

It is not necessarily easy to find such mixing times in general and it goes beyond the scope of this
thesis to open this rabbithole. Therefore, we look again at the heat equation for a very simple example
(the argument extends easily as well processes that can be easily related to Markov Chains, such as
Fokker-Planck equations). Here, we can bound the mixing time by the inverse spectral gap [LP17].
Suppose the equation is discretized on a regular grid and there are periodic boundary conditions,
then the spectral gap is equal to 1

λmin
, where λmin is the smallest non-zero eigenvalue; generally, this

depends on the specific domain and boundary conditions, which determines the corresponding graph).
The block-encoding factor can be upper bounded by λmax, and hence αtεmix log

(
1
ε

)
≃ λmax

λmin
log
(
1
ε

)
,

where we can identify λmax

λmin
= κ. We can conclude that asymptotically, the cost of determining

the stationary state in such situations, from a dynamical or stationary problem perspective, scales
equivalently. For future work, it would be interesting to look at this argument more thoroughly.

Note also that there is a direct relationship between evolution time and condition number for
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approaches based on a history state representation using a linear systems solver [BC24]: the condition
number is proportional to the number of time-steps weighted by the block-encoding factor at that time-
step; therefore, one can bound this overall by κ ∈ O(αT ).

So far, this covers linear evolution equations. Nonlinear equations cannot be solved directly on
a quantum computer and require a linearization method.

Nonlinear Differential Equations Nonlinear differential equations are problems that are classi-
cally hard to simulate, such as the famous Navier-Stokes equations which are part of the Millenium
Prize Problems. Hence extensive efforts have been spent on developing algorithms for nonlinear
DEs, as in the early work of [LO08] and more recently via Carleman linearization [Car32; Liu+21;
Liu+23; Kro23; CSMB23; Pen+24] and homotopy perturbation [XWG21], which are both methods
that map a nonlinear ODE to a large system of linear ODEs.

Popular equations of study come from fluids problems (see e.g. the perspective [SISS23]) or are
of a reaction-diffusion type, such as considered in [Liu+21; Liu+23; Kro23; CSMB23],

∂tu(t, x)−D∆u(t, x) = f(t, x, u(t, x)), (1.2.23)

where D > 0 is a diffusion constant and ∆ the Laplacian operator. For the considered quantum
algorithms, the function f is typically replaced by a monomial so that Carleman linearization can be
applied easily. In order for simulations using Carleman linearization to be stable, it is typically neces-
sary that the nonlinearity is weak compared to dissipative components in the dynamics. This limits
the applicability to strong linearity, though if these assumptions are fulfilled, the linearization error
decays exponentially in a relevant truncation number[FP17; ASM21] (for details, see Section 3.1).
Methods that mitigate the limitation on strong nonlinearities include the usage of different models,
as the Lattice-Boltzmann-picture in [Li+25], or the analysis in [WWL25] that derive an alternative
stability criterion based on eigenvalue gaps. More discussion on the limits of stability in the context
of flow problems can be found in, e.g., [SISS23; Pen+24]. A more general discussion is also provided
in [Lin+22].

Information-theoretic lower bounds additionally restrict the potential of quantum algorithms for
nonlinear dynamics in general. E.g., in the context of turbulent and chaotic problems in [LENS24]
as well as nonlinear unitary dynamics in [BW25], it was found that based on state-discrimination
lower bounds, a quantum algorithm with, for the sake of simplicity, a nonlinearity quantified by
β > 0 and evolution time T , must scale at least eΩ(βT ) to prepare a state corresponding to time
T . Therefore, in this setting, we may expect no more than polynomial speedups when using a
quantum computer. The limitation here is similar to the one for dissipative systems, first discussed
for the heat equation in [LMS22b] and in a more general way in [ALWZ25]. There, it it possible
to circumvent the limitation by constructing smart observables rather than considering complexity
with respect to the quantum state. Perhaps similar strategies can be found for the nonlinear case.
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1.3 Discussion

1.3.1 What would be an ideal quantum algorithm?

There are a few requirements that we would like a quantum algorithm to satisfy; this list may not
be comprehensive:

• Provable exponential (or high-order polynomial) quantum speedup. That is, the computational
cost of running the quantum algorithm is (exponentially) lower than the one of the best known
classical algorithm.

• End-to-end efficient complexity. That is, a guarantee that we can prepare the initialization of
the computation efficiently and that the computation output can be obtained easily, while not
compromising a speedup.

• Utility. There may be tasks that quantum computers can do much better than classical ones –
take the ‘supremacy’ experiment in [Aru+19] performing random circuit sampling. However,
going through the intense effort and cost of developing building quantum computers if there
is no computational advantage that is useful to society may not be be broadly convincing,
beyond academic interest.

One algorithm that satisfies these requirements is Shor’s algorithm [Sho94]. For many routines
that promise exponential speedup, such as Hamiltonian simulation or matrix inversion, it tends to
be hard to show that the initial state preparation and solution extraction steps are efficient, too.
Preparation of relevant initial states, instantiations of necessary oracles, and efficient extraction of
information are one of the biggest bottlenecks for the efficiency of quantum algorithms. For the
general case, these remain open problems. In the worst case, this comes at exponential time in
the number of qubits; one can achieve linear time complexity if one uses an exponential amount
of ancillary qubits [ZLY22], which seems equally impractical in general. Hence it is important to
identify problem instances that admit a practical quantum speed-up – by theoretical guarantees or
empirical validation.

1.3.2 What limitations are there to quantum computation?

Next, we discuss some limitations of quantum computation that are relevant to the problems studied
in this dissertation. In particular, what we look at are how fast and which systems can we simulate
andhow much information can we extract, and discuss these limitations on some specific examples.

• Simulation time. Generally, we know that quantum computers can simulate quantum sys-
tems well, i.e., through circuit implementatons of exp(itH) with Hamiltonian H. However,
not all possible Hamiltonians are efficiently simulatable – the restriction are so called ‘row-
computable’ Hamiltonians, namely those where the nonzero entries can be efficiently retrieved.
A relevant subclass of these is given by sparse Hamiltonians, such as k-local Hamiltonians
H =

∑L
l=1Hl that often occur in physical problems, where each Hl acts on at most k sites.

[BACS07][Ber+14] E.g., molecular Hamiltonians in quantum chemistry fall under this class.
The time-evolution of general Hamiltonians that can be efficiently simulated has time complex-
ity that is at least Ω(T ) in evolution time T > 0. This result is also called ‘no fast-forwarding’.
[BACS07]
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Certain types of operators however do allow ‘fast-forwarding’: Those where one a priori knows
an efficient means of diagonalization [AA17; GSŞ21], or also, simulating dissipative dynamics
with information about the stationary state [AOY24].

Solving a linear system of equations – differential equations can be discretized as such – must
have complexity Ω(κ log 1

ε ) [HHL09; CABB23]. Suppose this represents an evolution ODE
encoded as a history state [Fey82; Ber14]. Then, the condition number will be at least linear
in the number of time steps (e.g., observed in [Ber14; BCOW17; BC24; Kro23]). Then, as the
number of time steps is proportional to simulation time, the conclusion on overall complexity
will be similar as for ‘no fast-forwarding’.

So far, the above deliberations focussed on simulating unitary dynamics. Suppose we aim
to prepare a state |v(T )⟩ = Uexp(AT ) |v(0)⟩, where Uexp(AT ) is a unitary implementation of
time evolution up to time T generated by a matrix A. As pointed out in [ALWZ25], ‘the less
unitary’, quantified by the real parts of the eigenvalues of A, and ‘the less normal’ the matrix
A is, the more costly the simulation will be. An important tool that will also be mentioned
below in the bullet point on information extraction is Holevo’s theorem. In the simulation
context, it allows to give lower bounds on the complexity of state discrimination; if we start
with two very similar input states in terms of overlap, strongly dissipative dynamics would
allow to exponentially reduce the overlap with simulation time. Thus, by the Holevo-Helstrøm
bound, we know that then measurement would need to increase to match the lower bound. In
implementations by block-encodings can show as a loss in success probability of measuring the
sought-after solution. However, recall that we should view quantum algorithms not as a tool
to measure the full state v(T ); choosing the right observable can mean that there is no such
loss in success probability. E.g., [LMS22a] studied the heat equation, and their complexities
that consider averages over the final state do not increase exponentially with time.

• Information extraction. A general aspect to keep in mind when designing quantum al-
gorithms is that the quantum computer’s state represents a distribution and we can extract
information only by sampling from it, via measurement. On one hand, this introduces the
necessity for efficient input state preparation and representing the sought-after information
reasonably. On the other hand, there is a physical limitation to measurement: the Heisen-
berg limit, which follows from the uncertainty relation. Roughly speaking, information that is
distributed across N qubits requires a measurement effort linear in N .

While the Heisenberg limit is a physical limitation, it is also possible to find an upper bound
on the accessible information via Holevo’s theorem from information theory. The overall
conclusion is similar: Even though N qubits can represent exponentially larger information,
information of at most sizeN can be accessed by a measurement. Measuring expectation values
of general, sparse-access observables on a state of N qubits requires Ω(N) measurements. This
was shown in [Ala+22], where the authors also look specifically at states that come from the
solution of linear systems of equations.

E.g., if one estimates eigenenergies of chemical systems, the energy-time uncertainty relation
is what limits the accuracy that can be attained in extracting eigenvalues – N qubits lead to
ε ∼ 1

N error, so the effort goes as 1
ε [ADLH05; LT22].
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At this point, we return to the main topic of this thesis: quantum algorithms for problems of practical
interest, more specifically, for applications in chemistry and for the solution of differential equations.

1.3.3 The problems addressed in this thesis

Work in this thesis will fit into the context in the following way.

Quantum Chemistry Near-term quantum algorithms are limited by the amount of available
quantum resources. Therefore, in Section 2.1, we are looking at a near-term quantum algorithm
that has the goal to speed up early adaption of hardware by using classical computational resources
to distribute the quantum computation and account for the thereby induced loss of correlation.
In Section 2.2, we provide a dynamics-based state preparation scheme. The central idea is to use
that dynamical simulation can be done efficiently, and we aims to circumvent the hardness of the
ground-state problem using a heuristic state-preparation scheme.

Differential Equations Nonlinear differential equations are problems that are classically hard
to simulate, such as the famous Navier-Stokes equations which are part of the Millenium Prize
Problems. Hence extensive efforts have been spent on developing algorithms for nonlinear DEs, as
in the early work of [LO08] and more recently via Carleman linearization [Car32; Liu+21; Liu+23;
Kro23; CSMB23; Pen+24] and homotopy perturbation [XWG21], which are both methods that map
a nonlinear ODE to a large system of linear ODEs. There are limitations to these methods though,
see e.g. [LENS24], which typically show through a requirement that the strength of dissipation in
the system is at least as large as the strength of nonlinearity. This thesis contributes to these efforts
with the algorithm presented in Section 3.1. Beyond this, we consider a physics-inspired technique
to enhance a quantum algorithm in Section 3.2: Inspired by concepts such as complex absorbing
potentials and the quantum Zeno effect, we study the implementation of constraints and boundary
conditions when solving differential equations on a quantum computer.



Chapter 2

Simulating Quantum Systems with
Quantum Computers

Quantum algorithms can, roughly, be classified into two approaches. Those that aim to provide an
early demonstration of computations on noisy, currently- or soon-to-be-available hardware, usually
referred to as ‘NISQ’ (noisy-intermediate-scale quantum) [Pre18]. And fault-tolerant algorithms,
that assume an abundance in available qubits, no limits on qubit-connectivity and the ability to
correct for errors.

The first work presented in Section 2.1 targets early adoption on NISQ hardware; in fact, the goal
is to ‘split up’ quantum computations by adding only classical computation. Moving on, we take a
further look into the future, relying on fault-tolerant quantum algorithms. Section 2.2 introduces
a heuristical simulation scheme that uses a physically-motivated scattering approach as dynamics-
based state preparation with the intent to avoid explicit ground-state preparation – a notoriously
hard problem, both quantumly and classically – when performing computations where the desired
output comes from dynamical simulation.

18
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2.1 Partitioning Quantum Chemistry Simulations with Clif-

ford Circuits

This section originally appeared as:

Philipp Schleich, Joseph Boen, Lukasz Cincio, Abhinav Anand, Jakob S Kottmann,
Sergei Tretiak, Pavel A Dub, and Alán Aspuru-Guzik. “Partitioning quantum chemistry
simulations with clifford circuits”. In: Journal of Chemical Theory and Computation
19.15 (2023), pp. 4952–4964.

2.1.1 Introduction

An important goal of computational chemistry is to understand the behavior of strongly corre-
lated electronic systems, as they are key to many applications in materials science. Examples
hereof are the development of more efficient catalysts, drugs or high-temperature superconduc-
tors. Since the computational complexity of many existing classical, exact numerical methods
scales exponentially with system size owing to solving the Schrödinger equation, there has been
increased interest in developing quantum algorithms for this task in recent years [ADLH05; Cao+19;
McA+20]. One of the most popular approaches for finding the ground state [Per+14] and several
low-lying excited states [HWB19; NMF19; MKCD17; Ast+23] is the Variational Quantum Eigen-
solver (VQE) [Cer+21; Til+22; Bha+22].

The VQE is a hybrid quantum-classical algorithm that utilizes the variational principle to find
variational approximations to the eigenstates and associated eigenvalues of a molecular Hamiltonian.
Given a molecular Hamiltonian encoded as a linear combination of tensor products of Pauli opera-
tors, a parameterized quantum circuit (PQC) is used to prepare a trial wavefunction (ansatz) and
compute its energy. By optimizing the parameters of the quantum circuit, approximations to the
ground and also excited states and their energies can be obtained. The VQE has been successfully
applied to simulations of small molecules on quantum hardware [Kan+17]. One strategy to find
trial wavefunctions is given by chemically-inspired ansatze, such as the popular family of Unitary
Coupled Cluster (UCC) ansatze [Per+14; Ana+22]. UCC utilizes domain knowledge from quantum
chemistry to prepare trial wavefunctions by exciting electrons from a reference state, which is usu-
ally the Hartree-Fock state. In contrast, hardware-efficient ansatze [Kan+17; OBRT20] construct
circuits from a limited set of gates that exploit the characteristics of the underlying device, such as
connectivity or coherence time. Instead of directly encoding chemical knowledge into the ansatz,
hardware-efficient ansatze rather try to be maximally expressible given hardware constraints. De-
spite continuous development of quantum hardware, current devices are prone to significant errors
and can only support a limited number of operations on a few qubits, which limits the complexity
of the quantum circuits used to generate trial wavefunctions. Thus, the development of techniques
for designing shallow and resource-efficient ansatze is not only academically significant, but also of
considerable practical importance. High gate errors and low coherence times of devices that are
available in the current and near future – so called noisy intermediate-scale quantum computers
(NISQ) [Pre18] – pose a critical limit to the circuit depth. As a result, many techniques have been
developed to find suitable shallow circuits, see [Bha+22; Cer+21; Ana+22] for a representative
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overview.
In this work, we attempt to clusterize circuits to facilitate the usage of existing NISQ devices

to run larger experiments. There has been recent work in this direction, as in [Zha+22; Edd+22].
Both studies attempt to discover clusters or reduce the number of qubits per circuit through the
utilization of correlation metrics. While [Zha+22] makes use of mutual information to clusterize the
circuit, [Edd+22] uses entanglement forging to divide the circuit into two pieces that are executed
separately. In our method, we pre-define the clusters and generally “cut” the circuit into two equally
large pieces. We consider two options in choosing the clusters. For a physically motivated choice,
we use the separated-pair-ansatz from [KA22], which is classically tractable and provides a natural
clustering into electron-pairs, made up of pair-natural orbitals [KSTA21; KBV20]. Beyond that,
we also consider arbitrary clusters. Here, we expect that the sub-optimal choice of clusters can
be accounted for by a Clifford circuit since permutation of qubits can be realized as a sequence of
Clifford gates. Then, to re-gain lost correlation by assuming the product state, we search for a re-
entangling circuit.In order to enable that the quantum computation can be carried out on hardware
with a lower number of qubits, we use this circuit to similarity-transform the system Hamiltonian.
In the literature[RLGI20], this transform is often called “folding” or “dressing” the Hamiltonian.
This procedure then is similar to the virtual Heisenberg circuits from [Sha+21] or [Zha+22]. The
latter optimizes, beyond the quantum and the virtual circuit, a classical neural network to enable
error mitigation.The circuit that modifies the Hamiltonian is trained together with VQE circuits,
minimizing the overall energy. This means that the (near-)Clifford circuit modifies the Hamiltonian
so that its ground state is closer to a product state. This procedure is briefly outlined in Fig. 2.1.
We emphasize here, that both the cluster circuits as well as the virtual circuits are to be optimized.
This means that for each modification of the virtual circuit, the parameters in the cluster circuits
will be adjusted.

✂ ✂

Figure 2.1: Overview of our proposed method of dividing large system into smaller pieces. The ansatz
consists of two parts: (i) VQE-like circuits denoted by gray boxes and with continuous, variational
parameters (ii) near-Clifford, classically simulable circuit (green box) whose architecture is to be
found by the optimizer as well. Near-Clifford circuits are evaluated by modifying (or dressing) the
Hamiltonian H.

For the re-entangling circuits, we will first focus on using Clifford circuits only. The latter de-
scribe sequences of unitaries composed of elements of the Clifford group. Thus, they leave the
number of Pauli strings when transforming a Hamiltonian in the Pauli basis invariant. As a con-
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sequence, the measurement complexity does not increase as opposed to folding general gates into
the Hamiltonian. This will be extended by near-Clifford circuits, which introduce a small number
of non-Clifford operations into these gate sequences so that the expressibility is increased but the
operator complexity does not increase vastly. It is known that Clifford circuits are efficiently simu-
latable classically but do not form a universal set of quantum gates [Got98b; Got98a; BK05]. There
have been recent efforts for the usage of Clifford circuits on early-stage quantum computers, such as
the development of initialization strategies to find better initial circuits and guesses for gate param-
eters based on Clifford gates only [Mit+22; Che+22]. Other areas of application include classically
efficient compression of quantum circuits [Ana+22] and a standalone ansatz for variational quantum
algorithms [Rav+22]. Such a parametrization however is not able to reproduce the results obtained
with universal gate sets due to limited expressibility of the Clifford group. In this study, we are
exploring the limit to which classical post-processing (mostly relying on Clifford gates) can reduce
the resource requirements in quantum chemistry calculations. Since Clifford gates form a discrete
set, the optimization requires specialized techniques, as described in Section 2.1.2.

We start this work by outlining our proposed methodology in Section 2.1.2, including a motivation
for the choice of clusters, looking at how to fold important circuit identities and the way Clifford
and near-Clifford circuits are constructed. Then, we show results in Section 2.1.3 for simulating the
ground-states of several molecules (H2, N2 and BeH2) before concluding our work in Section 2.1.4.

2.1.2 Methodology

Outline

In a VQE calculation, one aims to find an approximation E to the ground-state energy E0

E0 ≤ E = min
ψ

⟨ψ|H|ψ⟩ . (2.1.1)

The state |ψ⟩ is usually prepared and optimized using a parametrized unitary operation |ψ(θ)⟩ =

U(θ) |0⟩, where U(θ) acts on Nq qubits.
In this work, we prepare the wavefunction |ψ(θ)⟩ through unitaries Uj(θj) that only have local

support on qubit-cluster j followed by a global operation M(τ) that is built using a (near-)Clifford
circuit, which add some additional variational parameters τ :

|ψ(θ, τ)⟩ =M(τ)

Ncl∏
j=1

Uj(θj) |0⟩︸ ︷︷ ︸
=:|ψj(θj)⟩

. (2.1.2)

Here, M(τ) acts on the full space over Nq qubits, while Uj act only on the respective clusters
j = 1, . . . , Ncl with Nq

[j] qubits. This way, we have a set of Ncl factorized states that can be
evaluated independently and are then re-combined with M(τ). This circuit M(τ) will be folded into
the Hamiltonian. Our method can be summarized as a Schrödinger evolution on a subsystems with
a virtual Heisenberg circuit that alters the Hamiltonian so that its ground-state resembles a product
state over the subsystems. We provide an outline of the procedure in comparison with the standard,
Schrödinger-picture-like VQE, in Fig. 2.2.

In what follows, we will first discuss how one can choose the subsystems in Section 2.1.2. Then,
as the main contribution of this work, we will outline our procedure in Section 2.1.2 to find the
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Figure 2.2: Comparison of standard VQE procedure (left) and our approach (right), depicted using
an example of three clusters.

virtual circuit M(τ) so that one regains maximum correlation energy.

Clustering into subsystems

We choose subsystems either in a naive, unformed manner or guided by physical intuition.
In the naive approach, we set clusters by simply cutting the circuit in Ncl roughly equally large

clusters without considering any additional information. This allows us to test the capabilities of
the re-entangling circuit M(τ) to correct for shortcomings of the naive clustering compared to the
physically motivated approach and experiment with more arbitrary clusterings - for example, within
electron pairs. In particular, we will see that the inclusion of permutations [Tka+21] into the ansatz
allows the approach to retrieve a more optimal clustering.

For the physically motivated splitting, we use the separated-pair ansatz (SPA) [KA22] with fixed
pair-natural orbitals – i.e., we are not considering orbital-optimization as in [Kot22]. The SPA ansatz
admits a natural decomposition into factorized clusters made up by Nel/2 electron pairs, where the
full wavefunction reads (cp. Eq. (15) in [KA22])

|ψSPA⟩ =
Nel/2∏
j=1

Uj(θj)UHF |00 · · · 0⟩ , (2.1.3)

with pair-specific UCC-circuits Uj , number of electrons Nel and a circuit to prepare the Hartree-Fock
state UHF.

The reasoning behind our method is that we, on one hand, would like to push the bound-
aries of the classically efficient SPA-ansatz. On the other hand, we also expect a self-assembly of
clusters throughout our technique. The latter can be understood in the sense of the so-called per-
mVQE [Tka+21], where qubits (or conversely, orbitals) are permuted in order to maximize mutual
information leading to a reduction in circuit depth. Since permutations are Clifford operations,
including them in the allowed set of operators for M(τ) does not increase complexity of the Hamil-
tonian. This means that the sub-optimal choice of clusters here is correctable by the virtual circuit
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M(τ).
As we will discuss later in Section 2.1.2, any modification of the Hamiltonian beyond Clifford

gates may increase its complexity in form of the number of independent terms in the Pauli basis
significantly. While it is in general beneficial to use measurement reduction techniques to lighten
the measurement load, it can particularly help here when non-Clifford gates in M(τ) increase the
measurement complexity. These procedures typically effectuate a grouping of the Hamiltonian terms
by various means so that multiple terms can be measured simultaneously [IYLV19; YVI20; VYI20;
BBO20; YI21; Hug+21]. At this point, we note that most of the techniques find a unitary operation
that is applied directly before measurement so that the grouping of terms can be achieved in a
desired basis. This is the case in particular for the methodologies outlined in [YI21; Hug+21] that
suppress the cost to at most O(N2) measurements. Unfortunately, this unitary gate needs to be
evaluated on the quantum hardware with support beyond clusters for the method to be effective,
which is impractical when dividing the circuit into clusters with the objective to run each cluster
on hardware independently. However, one can still make advantage of graph clique cover methods
such as [VYI20] and especially the approach proposed in [BBO20], which can also compress the
measurements into a number of partitions that is at best O

(
N2
)
.

Recovering correlation by folding a Heisenberg-circuit

Here, we describe our approach to construct the re-entangling circuit M(τ) as in Eq. (2.1.2), carried
out as a virtual Heisenberg circuit in the spirit of [Zha+22; Sha+21; Zha+21]. We first start by
taking a closer look at folding typical circuit building blocks, not necessarily Clifford, in a generator
formalism before introducing a procedure to build M(τ). Hereafter, we use the expression “to fold”
a unitary circuit U into a Hermitian operator H to indicate a mapping according to a similarity
transformation H U→ U†HU . We will be using either purely-Clifford or near-Clifford circuits, which
contain a small number of non-Clifford, parametrized gates to increase expressibility [SJA19] of the
circuit.

Folding of important circuit identities We aim to approximate the ground-state energy of
an electronic system using an ansatz specified in Eq. (2.1.2) with a virtual circuit M(τ), given a
clustering ansatz

∏
j Uj(θ). The resulting cost function, as in Eq. (2.1.1), then takes the form

⟨0|(
1∏

j=Ncl

U†
j (θ))M(τ)†HM(τ)︸ ︷︷ ︸

=:H̃(τ)

(

Ncl∏
j=1

Uj(θ))|0⟩ . (2.1.4)

We consider virtual circuits that are built by a sequence of individual unitary gates M(τ) =∏NM

l=1 Vl(τl), where individual operations can be expressed as

Vl(τl) = exp
(
−i
τl
2
Gl

)
(2.1.5)

for Hermitian generators Gl = G†
l . This allows us to implement the mapping H

M(τ)−→ H̃(τ) by
sequentially folding individual operations Vl(τl).

Since folding operations to find V †
l HVl are an important part of our method (cp. to Fig. 2.2), we

first look at efficient ways to find analytical implementations, using different classes of unitary gates.
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This encompasses recent work [KAA21; ILY21; WIWL22; KE21] related to analytical gradients
for parametrized quantum circuits using the parameter-shift rule [Sch+19], where in this work, we
resort to [ILY21; KAA21] in particular. We first investigate rotation-like gates, whose generators are
involutions, and gates that are generated by projections. Both have in common that their generators
have exactly two eigenvalues, while the latter can be reformulated as the former by modifications so
that their spectrum is symmetric around zero. Beyond that, we discuss excitation-like gates, whose
spectrum differs from involutions by an additional zero-eigenvalue, and discuss a strategy for general
gates that is inspired by [ILY21].

Rotation-like gates. For rotation-like gates such as RX , RY , RZ , the generators are involu-
tions G2 = I. Hence we can write V (τ) = cos

(
τ
2

)
I−i sin

(
τ
2

)
G. This gives us the identity

V †(τ)HV (τ) = cos2
(τ
2

)
H + sin2

(τ
2

)
GHG

− i cos
(τ
2

)
sin
(τ
2

)
[H,G]. (2.1.6)

Projector-generated gates. Another important class of gates is generated by projection
operators, i.e. G2 = G. We can motivate this class in the following way: If one tries to generate an
X-gate by using the rotation RX(π) = exp

(
−iπ2X

)
, one obtains −iX. A phase-true X is generated

by the projection G = 1
2 (I−X) and τ = 2π, i.e. X = exp

(
−iπ2 (I−X)

)
. One can thus generally

relate this to the class of rotation-like gates from the above section with self-inverse generators G̃
and associated angles τ̃ by setting τ = 2τ̃ and G = 1

2 (I−G̃):

V (τ) = exp
(
−i
τ

2
G
)
≡ exp

(
−i
τ̃

2
G̃

)
. (2.1.7)

This means that projector-generated gates are equivalent up to a U(1) transformation to rotation-
like gates since G̃2 = I. We still deem it worthy to mention them as a separate class to emphasize
that a phase-true implementation of certain gates requires a projection as generator, which is of
importance for controlled versions of these gates. Hence upon having done this substitution, the
folding can be performed just as in Eq. (2.1.6).

Excitation-like gates. For quantum chemistry applications, circuit elements corresponding to
fermionic excitations are of particular interest as they conserve particle-number symmetry. Beyond
that, qubit excitations [RYGI18; RLGI20; XK20; Ana+22] or (multi)-controlled rotations belong to
this class. These gates belong to a class of operations that are generated by G = P+ − P− + P0,
projecting on eigenstates with symmetric eigenvalues ±λ and 0. One may express the generated
unitary operator as [KAA21]

V (τ) = cos
(τ
2

)
I−i sin

(τ
2

)
G+

(
1− cos

(τ
2

))
P0. (2.1.8)
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The associated folded Hamiltonian is then

V †(τ)HV (τ) = cos2
(τ
2

)
H + sin2

(τ
2

)
GHG (2.1.9)

+
(
(1− cos

(τ
2

))2
P0HP0

− i cos
(τ
2

)
sin
(τ
2

)
[H,G] (2.1.10)

+ cos
(τ
2

)(
1− cos

(τ
2

))
{H,P0}

+ i sin
(τ
2

)(
1− cos

(τ
2

))
(GHP0 − P0HG) . (2.1.11)

General gates. To obtain an exact expression for general gates, one can use the spectral
decomposition of Hermitian generators G =

∑
k λkPk, with λk eigenvalues and Pk projectors on

the respective eigenspaces and then proceed similarly as for excitation-like gates, e.g. following the
procedure outlined in section B.2. of [ILY21]. If the dimensionality of the generator prohibits a
numerical eigendecomposition, the gate may be decomposed into lower-dimensional building blocks.

Hamiltonian-dependent identities. Whenever the transformed Hamiltonian has specific
properties they might be exploited for similarity transformations with specific gates. A prominent ex-
ample relevant in the context of this work are fermionic single-excitations with Gpq = −iκpqa†paq and
anti-Hermitian matrix κ in combination with Hamiltonians consisting of fermionic annihilation (cre-
ation) operators ap (a†p) only. Here, the operators are transformed as ã†p ≡ eiGape

−iG =
∑
q Rpqa

†
q

with the unitary matrix R = e−κ. See the appendices of [Sok+20; Kot22] for details and applications,
as well as [Miz+20; Yal+21; KA22].

Clifford circuits We now have a recipe for folding different kinds of circuits. Next, we explore
the types of circuits that facilitate the recovery of correlation energy lost through the clustering
of states. Using quantum-chemical encoding (see e.g. reviews [Cao+19; McA+20]), a molecular
Hamiltonian can be written as a linear combination of Pauli strings

H =
∑
α

cαPα =
∑
α

cασα1
⊗ · · · ⊗ σαNq

, (2.1.12)

where α = (α1, . . . , αNq
) and σαj

∈ {I, X, Y, Z} is a Pauli matrix acting on site αj . We transform
the original Hamiltonian as described above in Section 2.1.2 and measure expectation value of

H̃ =M(τ)†HM(τ) =
∑
α

cαM(τ)†PαM(τ). (2.1.13)

The complexity of the measurement depends on the cardinality of the transformed Hamiltonian, i.e.,
the number of distinct Pauli strings in H̃ that require independent measurement.

At this point, we notice that the cardinality of the transformed Hamiltonian can significantly
grow, depending on the structure of M(τ). For single-qubit gates M(τ) ∈ SU(2), one can write

M(τ) = exp(iτ n⃗ · σ⃗) = cos(τ) I+i sin(τ)n⃗ · σ⃗, (2.1.14)

where ∥n⃗∥ = 1, σ⃗ = (X,Y, Z). We further note that the Pauli operators (together with phase
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factors, see Eq. (2.1.15)) form a group. On one qubit, this means that due to the closure property,
transformation of a Pauli operator by a single-qubit operation as in Eq. (2.1.14) can only produce
terms with {I, X, Y, Z}, up to the phase factors. Thus for each single-qubit operator that transforms
a Pauli-string in the Hamiltonian as in Eq. (2.1.12), the number of terms grows at most by a factor
of 4. Then, for a system of Nq qubits, a virtual circuit consisting of only single-qubit gates leads to
a cardinality of at most |H̃| ≤ O

(
4Nq |H|

)
[Bia21]. This bound holds as well for multi-qubit gates.

Thus, dressing the Hamiltonian with general gates is very costly and should be avoided. As an
example, we show the increase in number of terms for folding a UCCSD circuit into the Hamiltonians
for H2, BeH2 and N2 in Fig. 2.7a. The cost-effective solution is given by gates from the Clifford
group Cn, which is defined as the subgroup of the unitary group that normalizes the Pauli group.
That is, the set of unitary operations that keep the Pauli group

Πn =
{
eiθ

π
2 σ0 ⊗ · · · ⊗ σn : θ ∈ {0, 1, 2, 3}, (2.1.15)

σj ∈ {I, X, Y, Z}
}

invariant under similarity transformations [Tol18], i.e.

Cn = {U : U†σU = σ′;σ, σ′ ∈ Πn}. (2.1.16)

Hence for M(τ) ∈ Cn, the cardinality of a Hamiltonian over n qubits remains unchanged.
However, for Clifford gates only, we just introduce a certain, restricted type of entanglement

between the clusters as Clifford circuits are not universal [Got98b; JN13]. This might already prove
useful, but ultimately we considering near-Clifford circuits, so that we can control the additional
cost and take benefit from more general transformations. Such circuits are composed mostly out
of Clifford gates, however, also contain a limited number of non-Clifford gates in order to boost
expressiblity.

[LRI20] also has investigated the growth of Hamiltonian terms for certain non-Clifford circuits
as the qubit coupled cluster (QCC) approach can be formulated as a folding of the Hamiltonian.
They found that, while exponential increase cannot be avoided, the coefficient c for an increase
that goes as cN , is smaller for so-called involutory linear combinations of entanglers that lead to
a involution as opposed to standard QCC entanglers. More recently, [LGI22] extended this work
by exploiting the structure of the Clifford group to build a Hamiltonian that is folded by so-called
normalizer Pauli strings rather than qubit excitations. Within their approach, they circumvent
the complications that come with a discrete optimization problem, however, they do not address a
Clifford-only circuit, which is the main focus of this work.

Optimizing Clifford circuits using a genetic algorithm

In this work, optimization refers to the process of minimizing the energy expectation value by
optimizing the parameters in the circuits in the following sense: For the clusters Uj(θ) with fixed
architecture, the parameters θ are varied. At the same time, both structure and parameters need
to be adjusted for the near-Clifford circuits, which are supposed to account lost correlation due to
the enforced product ansatz in the Uj ’s. For the case when M ∈ CNq , there are no continuous
parameters available that would allow an adaptive scheme such as in the family of ADAPT-VQE
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methods [GEBM19; Tan+21] and qubit coupled cluster techniques [RYGI18; RLGI20] as the Clifford
group only forms a discrete set. One could think of Bayesian mappings from the discrete gate set
to a continuous parameter such as in [BMTW22] or a simple simulated annealing strategy as in
[Rav+22]. In our tests, a simulated annealing strategy was surpassed by a genetic algorithm, which
is what we use and will describe in the following.

The genetic algorithm we choose resorts to an operator pool, which it uses as a reference set for
the discrete optimization problem. Elements of the operator pool are used to modify the circuit by
adding new operators and modifying existing gates in M(τ).

The operator pool we use can be found in Table 2.1. Aside from the generators of the Clifford
group (H,S,CX), we also include the Pauli gates, controlled Pauli gates, a SWAP gate to mimic
permutations. These have proven helpful in [Tka+21] to reorganize the correlation pattern in the
state, so it is easier to describe with a cluster product ansatz. We also include gate blueprints that
are inspired by fermionic excitations [Ana+22], where we fix the angle of the freely parametrized
RZ-rotation in the center aiming to obtain an approximate representation in form of a Clifford gate
so that it is either one of S,Z, S†. These are supposed to mimic gate sequences that have proven
useful in finding ground-states for quantum chemistry. Extending the gate pool may aid to speed
up optimization, as these sequences can be picked from the pool and do not need to be found via
optimization. Next, we explain the optimization procedure to find a Clifford circuit M , which is
also described in algorithm 1.

The general procedure to generate the classical circuit is outlined in Fig. 2.3. First, we generate
a set of initial populations by randomly sampling circuits built from the operator pool. Any initial
gates that do not have support over multiple clusters can be seen as an extension/modification of
the cluster circuits; thus, one can choose to avoid them in the optimization procedure. We discuss
this further in Section 2.1.3.

Based on the initial circuits per population, we impose a set of modifications, drawn randomly
from the set of allowed operations. These are comprised of the addition of gates from the pool, ex-
changing specific gates with others or re-arranging them and deleting gates. We choose a scheduling
so that each modification occurs with a certain probability; e.g., we found that favoring changing
over deletion and addition is advantageous, while during early iterations the rate of additions should
initially be higher.

Then, for each population, we allow a number of off-springs/children with independent modifi-
cations. We pick the child with the lowest energy to continue the search. After a set number of
iterations or when a convergence criterion is fulfilled – here, the change in energy between iterations
– we end the optimization and pick the minimum over all populations as an approximation to the
optimal solution. Within the search, we make use of an additional “patience” hyperparameter – this
parameter is increased whenever the modifications does not lead to an improvement in energy. When
the patience parameter reaches a certain value, the associated population “frustrates” and re-sets its
circuit instructions to a previous stage. We further allow updates such as in simulated annealing,
where we pick the best offspring per population with probability e−

∆E
T and decrease temperature

T over the course of iterations. As a result, the best improvement in energy is picked most likely
but there is still a chance that even an increase in energy would be allowed to avoid local minima;
however, we do not allow increases in energy beyond the minmium energy that was found for the
employed reference method U with M = I.
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Algorithm 1 Architecture search for M

1: Input operator pool, reference method / circuits, number of populations, offsprings per popu-
lation and maximum iterations

2: for all populations do
3: compute reference energy
4: sample initial circuits M
5: optimize reference to compute energy with initial circuits
6: end for
7: while not converged do
8: for all populations do
9: for all offsprings per population do

10: propose modification to M
11: optimize reference to compute energy
12: end for
13: pick offspring to continue with based with probability e−

∆E
T , update T

14: end for
15: end while
16: Output circuit M , optimal reference, approximation to ground-state energy

After each such optimization step, the parameters in the cluster circuit Uj(θ) are adjusted. For
the case of Clifford circuits, one may consider techniques proposed in [FD19; RLP22] to further
optimize the depth of the resulting circuits.

Near-Clifford circuits to increase expressibility

It is well-known that circuits made up from Clifford gates only are not universal [Got98b]. We aim
to counter-act this by adding few non-Clifford gates to the circuit M(τ). However, we also know
that including more and more non-Cliffords likely leads to an immense increase in number of terms
in the Hamiltonian, making measurement intractable. Thus what we understand as a near-Clifford
circuit is a circuit that results in a “reasonable” increase in the sense that |H̃| ≤ C|H| for some
moderately-sized constant C. In particular, we want to avoid a regime with exponential increase.
An easy choice whose capabilities we will explore later on is modifying a single Clifford gate towards
its parametrized version, i.e. for a Clifford gate UCliff with generator form UCliff = exp(−iθCliffG)

and fixed θCliff, we use U(θ) = exp(−iθG) with a free parameter that can be used for optimization.
Hence, for our experiments here, we will loop over all Clifford gates within the virtual circuits M ,
except for controlled gates and SWAP, and replace them with parametrized versions. We outline
this strategy in algorithm 2. For example, we substitute X → RX(τ) or Exc1;2 (cp. with Tab. 2.1)
receive a RZ(τ) as center gate.

2.1.3 Results

We will demonstrate our proposed technique on a set of small molecular examples to validate ca-
pabilities of Clifford and near-Clifford circuits to re-gain correlation due to the assumed product
state. For the hydrogen molecule, we choose a basis set of Gaussians, whereas for beryllium hydride
and the nitrogen molecule, we use a basis of pair-natural orbitals generated by multi-resolution
analysis [KSTA21; KA22], as described before.
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Algorithm 2 Optimization of near-Clifford M(τ) with one single-qubit non-Clifford gate

1: Input non-Clifford version of operator pool, reference method / circuits, optimized Clifford
circuit M and maximum iterations

2: for all (single-qubit) Clifford gates V in M do
3: replace V with its non-Clifford version g(τ) and initial parameter set to correspond to Clifford
4: while not converged do
5: optimize reference
6: optimize parameters in V (τ) with only few iterations
7: end while
8: re-update reference and then τ with smaller tolerance/more iterations
9: end for

10: set V (τ) with best performance as non-Clifford
11: Output circuit M(τ), optimal parameter τ⋆, optimal reference and approximation to ground-

state energy

Figure 2.3: Outline of the genetic algorithm used to assemble the classical circuit M . Based on
some initial circuits (initial populations) made up by random gates drawn from the operator pool in
Tab. 2.1, random changes of this circuit in form of addition, deletion and change of gates as shown
in the top-right corner, are proposed. The best change per circuit is used as a reference for the next
iteration as long as this change does not perform worse than the reference method; this procedure
is repeated until convergence or until a maximum number of iteration is reached.
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Pool of Clifford gates {H,S,X, Y, Z,CX , CY , CZ , SWAP,Exc1,Exc2}

Exc1
Rot

Exc2
Rot

Rot ∈ {S,Z, S†}, ∈ {RX(π/2), RY (π/2)}

Table 2.1: Operator pool used for Clifford optimization including excitation-like gates Exc1,Exc2.
These consist of basis transformations, CNOT ladders and a central Z-rotation, which implements
operations e−i θ2σ1σ2···σNq , where the basis transformations allow σi to be any of {X,Y, Z}. Further,
Rot ∈ {S,Z, S†}, θ ∈ {π2 , π,

3π
2 }.

The simulations are based on a pre-optimized product state

|ref⟩ =

Ncl∏
j=1

Uj

 |0⟩ (2.1.17)

that we call reference method. That is, “reference” within this study decribes a product state over
chosen qubit clusters and not describe the Hartree-Fock state. We choose the following reference
method for all our systems: We use a power method-type procedure that enforces a product state
in the wavefunction to find the ground-state. A brief overview of this method can be found in
Appendix A.1.

Simulation setup

Simulation code was written with the tequila [Kot+21] framework using the qulacs simula-
tor [Suz+21] as simulation backend for the quantum circuits and the automatically differentiable
framework of [KAA21]. Direct basis determination via pair-natural orbitals was performed with
madness [Har+16] as described in [KSTA21] with the diagonal approximation described in [KA22]
and the MP2-PNO implementation of [KBV20] without cusp regularization. The latter interfaces
mean-field implementations described in [Har+04; Bis14]. The Jordan-Wigner encoding corresponds
to the implementation in OpenFermion [McC+20b]. Orbitals in standard basis sets were computed
with psi4 [Smi+20]while orbital optimization was carried out in pyscf [Sun+20; ZC22].

For the genetic algorithm as outlined in Fig. 2.3, we choose the number of populations between 10–
15 and the number of offsprings per population as 8–10. The convergence criterion for the reference
method is set to 10−5, and the maximum number of iterations (tree depth in Fig. 2.3) is set between
10–25. We observed that the performance of the algorithm is quite insensitive to these parameters
(around 10−4 milli-Hartrees), which motivates our choice, cp. to Fig. A.2 in Appendix A.2.

For all the following results, we show the error of various employed methods with respect to the
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Figure 2.4: Simulating the ground-state of H2 in the 6-31G basis set using an arbitrary active space
of six qubits; here, we also use an uninformed clustering, where the first set of three and the second
set of three qubits are enforced into a separable state.“Reference method” refers to the power-method
based reference from Eq. (2.1.17) or Appendix A.1.

exact ground state (Full Configuration Interaction) within the same basis set. The reference state
as in Eq. (2.1.17) is obtained following the procedure in Appendix A.1. With this as a starting
point, we assemble a virtual circuit M built from Clifford gates only (“Reference + Cliffords”) and
subsequently search over all Clifford gates and check if the energy can be improved by optimizing
their parameter when making them parametrized (“Reference + Near-Clifford circuit”).

Hydrogen molecule

We use the 6-31G basis set for H2, where we choose an active space of six spin-orbitals to obtain a
six-qubit toy example. As a reference, we enforce a product state of overall six qubits, made up by
the product over a state containing the “first” and another one containing the “last” three orbitals.
Here, first and last corresponds to the ordering with respect to orbital energies. As showcased in
Fig. 2.4, this approach has a rather high error, of the order of hundreds of milli-Hartree. However,
addition of a virtual Clifford circuit enables to suppress the error to the order of milli-Hartrees. In
the case of small bond distances, the reduction is as much as three orders of magnitude. For large
bond distances, the improvement by adding additional entanglement is lower but still accounts for
roughly one order of magnitude. This is because the true state is close to a state preparable by a
pure Clifford circuit supported only on the first four qubits as explained in [Kot22]. To sum up, we
observe significant improvement for Clifford-gates only. While the addition of freely parametrized
non-Clifford gates does not reliably lower the energy, if successful, it can yield up to another order
of magnitude in accuracy.
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Figure 2.5: N2 with two SPA pairs as clusters in frozen-core approximation, 12 qubit simulation.
“Reference method” refers to the power-method based reference from Eq. (2.1.17) or Appendix A.1.

Nitrogen molecule

For the N2 molecule, as depicted in Fig. 2.5, the SPA outperforms our product state reference
method in most regimes, while still not coming close to FCI level. The SPA performs worse here
due to the surrogate model that is used to generate the PNOs which are used as a basis. They
are generated using second-order Møller-Plesset perturbation theory and thus the PNOs inherit
its shortcomings [KBV20; KSTA21; SKA22]. Even more powerful models, such as k-UpCCGSD,
struggle here [LHHW18; KA22]. While our method makes use of the same PNO basis, it is, in
contrast to the SPA, able to recover a part of this error.

Upon addition of a virtual Clifford circuit, we again observe a consistent improvement. It is
noticeable that for short bond lengths, SPA and our method overall perform quite comparably. For
longer bond lengths, despite using the same PNO basis as SPA, it seems to be able to recover part
of the error due to the basis. Furthermore, we found that parametrizing a single Clifford gate of the
virtual circuit for the most part improves the energies compared to the Clifford circuit only barely.
As the parameter space for N2 is already considerably large, convergence of the genetic algorithm
for the Clifford-circuit already takes rather long. The increase in complexity by adding even a single
non-Clifford gate already makes it hard for the algorithm to find optimal configurations.

Beryllium hydride

We further consider BeH2 as a system of interest in comparison with results from [KA22]. We use a
basis of eight qubits in a frozen-core approximation using MRA-PNOs (PNOs determined by multi-
resolution analysis), made up by two clusters of two spatial orbitals based on each bonding electron
pair. As expected, we can see in Fig. 2.6a that the SPA-ansatz slightly outperforms our reference
method. However, the addition of a virtual circuit made up by Cliffords only allows to improve
beyond the SPA. This can be further boosted by parametrizing one of the Clifford gates. We note
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that the improvement seems to produce a somewhat constant offset, while the general behaviour
of the error curve remains unchanged. This behaviour is similar to orbital optimization on top of
the SPA reference (OO-SPA), as done in [KA22]. However, we note that the improvement by the
optimized Clifford circuits and especially near-Clifford circuits is generally slightly higher. This is
despite of the orbital optimizations being non-Clifford operations, which are typically expected to
be more expressible. We observed that the behaviour of the procedure is more favorable if power
method-based reference method is used instead of the SPA as a reference. The outcome of the initial
optimization is somewhat randomized and therefore has eased to find gate sequences that lower
the energy in subsequent iterations. We expect SPA to be stuck in a more stable local minimum as
compared to the iterative power-method solver, as for SPA, our procedure consistently either aborted
early or only led to circuits outputting the same energy. Beyond that, we provide a discussion on
fidelity computations for optimization outcomes with eigenstates obtained by direct diagonalization
of the Hamiltonian in the eight qubit basis in Appendix A.3, Fig. A.3.

We next investigate the consequences of using non-optimal clustering, i.e. clusters from different
bonding electron pairs. We mix pairs so that a spin-orbital of one pair is exchanged with one the
other pair. Results for this case can be found in Figs. 2.6b and 2.6c as well as that the reference
method behaves significantly worse. However, this does not seem to influence the outcome of the
computations that include a virtual circuit. This is likely due to the inclusion of SWAP gates into
the operator pool, which are able to retrieve the optimal clustering by permuting orbitals [Tka+21].
In fact, we notice here that the circuits built from Clifford gates only perform as well as the near-
Clifford circuits for most geometries and performs slightly better as in the un-permuted case. Since
the employed algorithm is random and the outcome of the genetic algorithm with a finite number
of populations and offsprings has some variance, this is not surprising.

Increase in the number of Hamiltonian terms

For the results discussed above, we show the increase of the number of terms in the Hamiltonian
when folding the classical circuit in Fig. 2.7b, compared to folding a full UCCSD circuit several
non-Clifford gates in Fig. 2.7a. We show both the cardinality before (|H|) and after folding (|H̃|).
Additionally we demonstrate the range of cardinalities that can be accessed by exchanging one
Clifford gate for another one in the previously optimized Clifford circuits for each geometry. As
expected, the upper bound of 4Nq times the previous complexity is respected.

While it is clear that the measurement cost increases, we note that the increase when folding
one gate should be manageable given that a single non-Clifford gate only increases the complexity
by a constant factor. In fact, in the case of hydrogen, the cardinality after folding for the optimized
circuit is almost at the lower bound of the range of circuits. However, this cannot be established as
a trend for the larger systems.

Circuit structures

We further take a look at the characteristics of the learned circuits in order to check if there are some
distinct circuit building blocks noticable that have been favored by the genetic algorithm used. We
note that a recurring theme in the circuits discovered are CX ladder-like structures that entangle
and exchange information across the qubits (Fig. 2.8). One can also see that in the way we set up
the algorithm, there is an initial part of the circuit that does not have support beyond the clusters.
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This means one can see this section of the virtual circuit rather as a part of U than M(τ), and one
may choose to not allow such gates if one assumes the reference circuit U is already good enough.
An argument for leaving the gates that could be incorporated into the cluster-unitaries Uj is that
the algorithm has identified a part of the description of the cluster-states |ψj⟩ that can be described
classically. This is beneficial when an ansatz for the circuits Uj has been established that is evaluated
on real quantum computer. Then, thanks to M , the circuit for Uj could be shorter.

2.1.4 Conclusion and Outlook

In this work, we investigate whether a larger quantum chemical simulation can be run on smaller
quantum computers without sacrificing the accuracy too much. This procedure is of practical interest
because it allows to make use of smaller quantum computers that will be available in the near future.
Furthermore, reducing the circuit size can allow to alleviate the problem of limited connectivity
between qubits as when reduced to individual problems on less qubits, one can use better-connected
parts of the architecture only.

We explored the capabilities of Clifford and near-Clifford circuits to re-entangle a molecular wave-
function that has been enforced into the form of a product state. Within our proposed procedure,
we use the energy as the only, global criterion for optimization; we deploy a genetic algorithm that
mutates a set of random, initial virtual circuits using a Clifford operator pool. Empirical validation
of our re-entangling method using Cliffords only shows that the partitioned ansatz, implemented on
a smaller set of qubits, achieves similar levels of accuracy as the separable-pair ansatz. After success-
ful optimization of the Clifford circuit, we “turn on” the parameter of one the Clifford gates in the
virtual circuit to further improve the energy (while continuing to adjust the parameters in the cluster
circuit). As we demonstrate, the increase in measurement cost using such near-Clifford circuits is
still modest. A worthwhile direction to follow in the future would be to perform a more concise
investigation of near-Clifford operations in this context, e.g. resorting to the proposed approach in
[LGI22] to assess the Hamiltonian growth.

Future work might include investigating more sophisticated genetic algorithms. Aside of cross-
population mutations that enable broader exploration of the space of Clifford circuits, it would be
interesting to include populations with permuted orbital ordering at the beginning of the optimiza-
tion procedure. This is motivated by our observations in the case of BeH2 in Fig. 2.6b, where the
permuted ordering is able to outperform the optimal ordering for some geometries.

Despite yielding significant improvements for H2 and BeH2, the improvements we see by adding
the non-Clifford gate is nearly negligible in the case of N2, which suggests that one non-Clifford gate
is not enough in this case. Thus further work needs to be done to explore near-Clifford circuits and
in particular influence of few, specific gates on the expressibility of circuits.

Code and Data Availability

Results and code for the Clifford-partitioning can be found at https://github.com/philipp-q/

partitioning-with-cliffords. Furthermore code for the power method based reference methods
can be found at https://github.com/philipp-q/power_method_for_product_states.

https://github.com/philipp-q/partitioning-with-cliffords
https://github.com/philipp-q/partitioning-with-cliffords
https://github.com/philipp-q/power_method_for_product_states
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(a) BeH2 with clusters according to electron pairs, 8
qubit simulation
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(b) BeH2 with permuted reference clusters, also see
Fig. 2.6c.
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(c) Comparison of BeH2 with pair-wise and modified
clusters, showing energy difference between permuted
clusters and clusters by electron pairs. For a config-
uration between clusters A and B as (000A, 111B),
where 0,1 shows association to an electron pair, we
permute to (100A, 011B).

Figure 2.6: Errors of optimization results with respect to FCI in corresponding bases. “Reference
method” refers to the power-method based reference from Eq. (2.1.17) or Appendix A.1.
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(a) Increase in number of terms in the Hamiltonian for H2, BeH2 and N2 molecules when folding a vanilla
UCCSD circuit [Ana+22]. The horizontal lines without term increase correspond to Clifford gates.
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(b) Increase of the number of terms in the Hamiltonian after folding the optimized circuits when using only
one gate of the circuit as a parametrized non-Clifford gate. The range of folded circuits depicts the envelope
of maximum- and minimum number of terms that are possible when parametrizing a single gate of the
previously optimized Clifford circuit, assuming the parametrization makes them non-Clifford. Otherwise the
minimum coincides with the number of terms before folding (blue line). The theoretically maximum number
of terms are as follows. H2: Nq = 6, 4Nq = 4096; BeH2: Nq = 8, 4Nq = 65536; N2: Nq = 12, 4Nq = 16777216.

Figure 2.7: Increase in Hamiltonian terms for non-Clifford (a) and near-Clifford (b) circuits
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Figure 2.8: Optimized circuit architecture for N2 at a bond distance of 2.0 Angstrom; pink gates
denote a parametrized gate and are thus non-Clifford gates. Note that gates in the beginning until
the first gate with support beyond two clusters can technically be seen as an extension of the quantum
circuit as they do not add correlation between clusters. One may choose to allow or not allow such
gates.
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2.2 Efficient Quantum Chemistry via Quantum Dynamics

This is undergoing peer-review and available as a preprint as:
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ficiently Solvable by a Quantum Computer”. In: arXiv preprint arXiv:2401.09268
(2024).

2.2.1 Introduction

The idea of using quantum computers for the simulation of quantum systems goes back to the first
proposals of quantum computing by Benioff, Feynman, and Manin [Ben80; Fey82; Man80]. This
idea has generated substantial effort toward applying quantum computing to chemical problems,
as conventional quantum many-body simulations for chemistry are inherently limited by the curse
of dimensionality and constitute a significant portion of current supercomputing usage. This ef-
fort has largely focused on two problems: quantum simulation of dynamics (also known simply as
Hamiltonian simulation or quantum simulation in the field of quantum computing) and the ground-
state preparation problem. Quantum simulation [Zal98; Wie96; AL97; AT03; BACS07] describes the
problem of time-evolving an initial state according to the Schrödinger equation under a Hamiltonian.
The relevant Hamiltonians for chemical and most physical processes can be efficiently computed,
and the corresponding time evolution, governed by the Schrödinger equation, is provably within
the computational complexity class BQP on a quantum computer. This class encompasses decision
problems that a quantum computer can solve in polynomial time with a bounded error probability
[AL97; Llo96]. In contrast, the problem of determining the ground state – formulated as the local
Hamiltonian problem in quantum complexity theory – is complete for the class Quantum Merlin-
Arthur (QMA) [Llo96; AL99; KKR05], a larger class sometimes compared to the classical complexity
class NP. More recently, it was shown that simulating Schrödinger operators of the form −∆ + V

with some restrictions on V and without particle exchange symmetries, a slight restriction compared
to general local Hamiltonians, is also BQP-complete, and the ground-state problem for such oper-
ators is StoqMA-hard [ZLLW24]; namely Merlin-Arthur given Hamiltonians without sign problem
(stoquastic Hamiltonians) [BBT06]. As a result, it is not clear whether ground state problems can
be solved efficiently, even on a quantum computer.

Ground-state search and Hamiltonian simulation are often used jointly. Simulation algorithms
serve as a subroutine to find the ground-state energy (e.g., via phase estimation [AL99; Kit95;
ADLH05; WBA11]) or in the elucidation of reaction mechanisms described in [Rei+17]), while
ground states can be input states for performing quantum dynamics. State-of-the-art implementa-
tions of Hamiltonian simulation can be categorized into several classes. One is the class of algorithms
based on Trotter-Suzuki formulas [Llo96; Chi+21], which split the exponential of a sum into prod-
ucts of exponentials. Another class is based on “qubitization” [LC19; Ber+19], which makes use
of quantum signal processing [MW24] to encode the simulation in a quantum walk. Additionally,
there are randomized algorithms such as QDRIFT [Cam19] and its extensions [NBA24; Poc+24].
Each of these approaches has its advantages in different scenarios [RRW22; HW23], and methods
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based on product formulas in particular can make the evolution of perturbative systems, as often
present in chemistry and physics, even more efficient [Bag+24; Bos+24]. However, as they all lead to
polynomially sized circuits for Hamiltonians of constant sparsity, we refrain from going into details
here and refer to the relevant literature. A good overview can be found in [Su+21].

We propose a departure from the current mainstream approach of the quantum computing com-
munity to chemistry, moving beyond the 1950s computational chemist’s way of thinking [Löw58;
Löw95], which has been shaped by the limitations of classical computing to use the ground-state as
the starting point of computations, to a new era. With the advent of fault-tolerant quantum comput-
ers, dynamical simulation of quantities that a practicing chemist might care about is within reach;
after all, most relevant quantum chemistry problems are inherently addressable through dynamical
evolution alone, leading to efficient quantum algorithms for these problems.

Our proposed framework employs a limited set of attainable atomic initial states and then dy-
namically prepares input states for a reaction of interest through a scattering process. Particularly,
our main contribution is the approach to prepare molecular states by hierarchically ‘combining’
atomic ones – here specifically by scattering them. This allows for a state preparation heuristic
guided by chemical intuition. Then, another dynamical evolution embodies a reaction, and a broad
set of relevant quantities can be measured. Under certain assumptions on what constitutes relevant
initial states, the ensuing algorithm is not limited by the QMA-hardness of preparing ground states
and thermal states. Similarly, we can circumvent an orthogonality catastrophe, namely, a vanish-
ing success probability to retrieve a ground state. As it has been recently shown [Lee+23], this
effect is why exponential speedups for ground-state energy estimation of molecular Hamiltonians on
quantum computers may be hard to attain as the (state-of-the-art) methods considered for state
preparation fail to produce reliable overlaps for molecules of increasing size. However, a distinc-
tion to make is that our methodology is based on heuristical physical intuition, which makes it not
directly comparable to methods like QPE from a complexity-theoretic perspective.

Two observations are at the foundation of our approach. First, the simulation of k-local Hamil-
tonians is achievable by polynomial-size quantum circuits. Hamiltonians that stem from chemical
problems are 2-local due to the nature of the Coulomb interaction and, thus, also have finite local-
ity when represented as quantum operations on qubits. Including photons to simulate light-matter
interactions in the computation increases the maximum support of operations but not beyond a
constant factor. The second observation is that we aim to simulate processes corresponding to
experiments that can be performed in a lab in finite time, i.e., problems that are, in some sense,
experimentally verifiable. Molecular ground states, as viewed from the perspective of computational
chemistry, which implies a frozen molecular geometry at absolute-zero temperature, typically do not
represent a system’s thermal equilibrium state and hence do not belong to this class. We propose to
simulate the process of producing reactants with a hierarchical scattering process. First, we prepare
the ground states of atoms by quantum phase estimation – this does not fall under the orthogonality
catastrophe as atoms are finite-sized and as long as we stay within such where efficient heuristics for
initial state preparation are available – and then use a simple scattering process to produce molec-
ular reactants. Our method integrates artificial potentials and photonic fields to induce the success
of scatterings, leading to a lower-bounded probability of success. Specifically, mergo-association as
discussed in Section 2.2.4 is a promising avenue to realize this. This means that a fixed number of
repetitions of a weak measurement scheme – see Section 2.2.4 – to herald success will suffice to ensure
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the success of intermediary scattering processes. Thus, meaningful molecular input states, which
do not need to be ground states, are efficiently prepared. Our framework facilitates the modeling
of complex chemical reactions by hierarchically operating the scattering with N atoms to create M
reactants, which can then undergo a quantum simulation corresponding to a reaction, followed by
measurements of reaction rates and time correlation functions.

2.2.2 Hamiltonian Simulation and Complexity Considerations

We continue by discussing relevant complexity classes for the problems we consider and the ef-
ficiency of their solutions. The complexity class BQP (bounded-error quantum polynomial-time)
is oftentimes considered the quantum generalization of the complexity class P (polynomial time),
or, more precisely, its probabilistic extension BPP (bounded-error probabilistic polynomial-time).
Polynomial complexity is usually considered efficient as the increase in cost when scaling relevant
parameters is somewhat moderate. Problems from QMA (Quantum Merlin-Arthur), in contrast, can
be considered “hard”; QMA is the quantum analog of NP (non-deterministic polynomial time) or,
more precisely, the probabilistic class MA (Merlin-Arthur). QMA describes promise problems with
solutions that can be verified in polynomial time with bounded error probability. However, there is
no guarantee of efficiency in finding their solution. [Amb14; WB21; BCW21] Our argument is that
a large class of chemically relevant phenomena can be addressed by algorithms solving efficiently
solvable problems. More precisely, the intuitive argument we make is that phenomena that occur
in finite time in a chemical laboratory can be simulated in finite time. The gap between time in
nature and time on a quantum computer is only polynomially sized, which is why we relate it to
BQP. Systems in the world around us during chemical reactions typically do not cool down to the
ground state; thus, it would not be part of the chemically relevant quantities we consider. In fact, it
was recently shown that local minima are more favorable to reach in quantum systems than ground
states [CHPZ24].

Here, we can draw a distinction between polynomially-sized problems, such as those from BQP,
and QMA-hard problems, such as finding the ground state. In this way, we envision a fundamental
change in the way chemistry problems on quantum computers are typically approached, and we dis-
play this in Fig. 2.9. We denote by Chem the set of computational problems of chemical relevance
– including phenomena like ground states. Note that these are not necessarily decision problems;
our argumentation is based on circuit fragments that stem from known complexity results rather
than decision problems and the language of complexity theory. We call ChemPoly to the focal
set of problems within this work, namely, problems of relevance to chemistry and that have poly-
nomial complexity. Due to the BQP-completeness of Hamiltonian simulation [Fey85], perhaps one
can reduce polynomially-sized problems to ones from the set of problems with chemical relevance.
Irrespective of this point, our present study highlights a wide set of chemically interesting problems
involving simulation as a subroutine yet avoiding subroutines and decision problems known to be
QMA-hard. Many approaches in chemistry that involve searching for the ground state are QMA-,
StoqMA or NP-hard [SV09; WLA12; OIWF22; ZLLW24]; examples of tasks that fall into this cate-
gory are finding the universal functional in density functional theory or the Hartree-Fock problem.
Significant progress was made on solving the latter numerically, to the point that it is mostly seen
as “solved” despite the formal hardness. This view results in hope about tackling the ground-state
problem as well. Yet still, at this point, we seem far from similar success on chemistry ground-state
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search, and the biggest hope for solving practical chemical problems lies in dynamics.

Chem

Lab

ChemPoly

General computational 
problems of physical 
relevance, where no 
assumptions can be made on 
their complexity

Computational problems with 
chemical motivation

Phenomena that can be 
observed in a laboratory in 
finite time

Chemical computations that 
can be tackled in polynomial 
time

Systems in nature typically do not 
cool down to their ground-states       
→ exploit what can be done with 
dynamics

Figure 2.9: Complexity of solving chemical problems. We target the set of computational problems,
ChemPoly, consisting of problems within chemistry with polynomial complexity when solved on a
quantum computer. These problems have unknown overlap with those that correspond to observables
in a laboratory; the sets Lab and ChemPoly may also coincide.

To represent chemical systems, we choose molecular Hamiltonians that are not necessarily re-
stricted to the Born-Oppenheimer (BO) approximation. Non-BO was previously explored in the
split-operator formalism on quantum computers, where kinetic and potential dynamics are fac-
tored [Kas+08; Cha+23]. While it was argued in [Kas+08] that the non-BO approach is more effi-
cient than implementing the BO procedure, there have been recent advances that render BO more
efficient thanks to a fully coherent implementation [Sim+24]. Hamiltonians occurring in chemistry
are composed by the operators outlaid in Table 2.2, from which locality is an obvious consequence,
as k-locality follows from the 2-body nature of the interactions.

Charged particle kinetic energy p2

2m
Photon energy ω

(
a†a+

1

2

)
Interparticle potential qq′

|r− r′|
Photon-particle interaction q

m
A(r)

[ q

2m
A(r)− p

]
Table 2.2: Hamiltonian components for molecular systems interacting with photons. For a given
particle with mass m and charge q, p and r are, respectively, the corresponding momentum and
position operators. For a photon with frequency ω, a and a† are the corresponding annihilation and
creation operators. A(r) ∝ c(k, r)a + c(k, r)∗a†, where k is the photon wave-vector, and c(k, r) is
a polarization vector, is the vector potential corresponding to the photon field.

Our framework is independent of the choice of basis used to represent the Hamiltonian numeri-
cally and the choice between first and second quantization. Asymptotically, a first-quantized repre-
sentation tends to be more efficient for fault-tolerant quantum algorithms with an abundant number
of logical qubits, as the number of required qubits grows linearly with the number of particles and
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logarithmically with the number of basis functions (since one stores the basis information for every
particle), as opposed to the linear dependence in the number of basis functions for second quanti-
zation, where one stores occupation for each basis function. [Su+21; Bab+16; Kiv+18; Bab+18a;
Bab+18b; McC+20a] In this work, we restrict ourselves to the first-quantized representation for
concrete examples. For a circuit to have polynomially-sized complexity, it is further necessary that
the operator norm of the simulated Hamiltonian, or rather, its individual terms acting on at most k
qubits, grow at most polynomially in the number of qubits used to represent them [AT03; BACS07;
Llo96]. Energy is an extensive thermodynamic property, so it grows roughly linearly by increasing
the system size (i.e., the number of particles). Therefore, the thermodynamic relation between the
amount of matter and internal energy is linear.

2.2.3 Computational Framework

In what follows, we describe the computational framework in more detail – i.e., a dynamics-based
state-preparation scheme that serves as input for a “main” quantum dynamics routine, preceding
measurement. Our overall idea is based on the experiment in [Liu+18], where molecules were “built”
using two atoms with finite success probability, as well as a mergo-association scheme that merges
atoms, e.g. Rb and Cs, using a trap potential [Rut+23; BLH23; BH24]. The chemical dynamics we
aim to simulate to extract chemical properties requires a sensible initial state for the time evolution.
This state must reproduce a natural one faithfully extract the desired properties. Depending on
the process under consideration, good candidates could be found among ground-states, or perturbed
ground-states, such as those obtained by laser excitation. However, as previously argued, general
molecular ground states are hard to access. Nevertheless, preparing the ground states of atoms is
feasible – the lighter the atom, the easier – and can be done efficiently as constant overlap for heuristic
input states is expected [Lee+23]. For this reason, we propose to follow a hierarchical approach, as
outlined in Fig. 2.10. All processes generating the reactants and products are carried out through
Hamiltonian simulation with local Hamiltonians, including molecular and external field components.
After the using this technique to generate initial states, we aim to measure observables, e.g., reaction
rates according to the scheme in [Kas+08; Ped+14] or auto-correlation functions [KLFK24].

We start with a state representing N atoms, all of which are assumed to be in their ground states
or another state of interest ρ(atom)

i , such as a thermal state. The preparation of these states can be
achieved by existing algorithms for ground-state [AL99; ADLH05; DCL24; Ber+24; HLSW24] and
thermal-state preparation [CKBG23; HW25] followed by amplitude amplification to enhance the
probability of obtaining the desired state. For generality, we represent both pure and mixed states
using density-matrix notation. Since the atoms are all finitely sized, and we can prepare an initial
state with a significant overlap with the desired state for each atom, any amplitude amplification
costs are constant with respect to overall system size. The overall cost to prepare the atomic
initial states is O(N poly( 1ε )), with ε being the accuracy in preparing the atomic states. Using
these atoms encoded as a state ρ(atom)

1 ρ
(atom)
2 · · · ρ(atom)

N , we seek to create M molecular reactants
ρ
(mol)
1 ρ

(mol)
2 · · · ρ(mol)

M .
Based on these initial states, we next prepare the reactants by a scattering process mimicking

a physical experiment. In other words, we jointly evolve a set of atoms meant to form a reactant
molecule.We discuss the modeling and treatment of a bath that allows exchanging energy with an
environment further below.
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Molecule 1
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Molecule 2
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Atom 5
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exp(iH2t)
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...

...

A(t)A(0)

Figure 2.10: Computational framework. Our simulation framework can be separated into a state
preparation procedure (“molecule factory”), the evolution of the reaction of interest, and a measure-
ment step that extracts usable information. The molecule factory prepares a set of molecular input
states for the reaction, which may resemble thermal or ground states. These states are produced in
a tree-like fashion equipped with a weak measurement scheme to ensure that the target states are
prepared with sufficient probability in a heralded way. A photonic field serves as a source of energy
for reactions, and an external bath, either explicit or implicit, serves as an energy sink. Furthermore,
we utilize external potentials in the spirit of optical tweezers tailored to the different Hamiltonians
along the procedure to ensure sufficient success probability and to control positions in space.

Consider one of the reactant molecules to be prepared. We combine the constituent atoms
by successively scattering in a tree-like manner, as in Fig. 2.10, until the desired molecular state is
attained. In the worst case, each molecule is generated by combining only two participants at a time,
leading to a binary scattering tree, and thus an overall number of scatterings that is quasi-linear in
the number of input atoms. It is essential to ensure a high overlap with the desired intermediate state
at each level in this procedure. Otherwise, the overlap would decrease at each combination step. For
instance, with an initial overlap of (1− δ), the overlap would drop exponentially to (1− δ)n after n
steps. A seemingly obvious choice for mitigating this problem would be to use oblivious amplitude
amplification [Ber+14]. However, in our case, the open-system character of the simulation and the
fact that the abstract angle to be amplified is not independent of the (unknown) input state are
major roadblocks for this approach, which we leave up to future research. Instead, we propose
the following approach towards bounded success probability. Inspired by the nanoreactor approach
in [Wan+14] and the mergo-association scheme from [Rut+23; BLH23; BH24], we introduce artificial
potentials that confine the products to be combined in each scattering step, as well as an additional
photonic field as energy source and a bath as energy sink. Following the procedure we propose in
Section 2.2.4, mergo-association shows more promise in terms of suitability for simulation on the
molecular scale at this point as we can confine individual, small systems without the need for large
ensembles in high-pressure and high-temperature regimes. Using this framework, we show that,
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heuristically, we can expect a constant lower bound P on the probability of success for certain types
of bonds for the chemical formation of reactants. Such a lower bound is an important assumption
in the procedure and also highlights its heuristic nature. For the example of mergo-association, we
show that the existence of a constant lower bound on the success probability for certain types of
bonds, such as covalent bonds, is reasonable; cf. Section 2.2.4. The intuition we observe there is
that given a certain order of magnitude of bonding energy (say, the typical regime of covalent bonds
of approximately 30 − 180 kcal

mol ), then a requirement of simulating potentials of similar magnitude
may lead to a substantial constant factor in the simulation cost, but the scaling with respect to
system size of this cost would heuristically be only polynomial in the combined nuclear masses, not
exponential.

Suppose the scattering is organized as a binary (or higher-order, ternary, . . . ) tree. For each
node in the tree, there is a simulation channel E(ρ), parametrized by the subsystem size, dissipation
model (bath), and confinement properties (artificial potentials). Then, we may assume that this
channel produces a state of the kind

E(ρ0) = p0ρsuc + (1− p0)ρ¬suc + C, (2.2.1)

with given input ρ0 and probability of success p0; C describes any potential coherence between
the subspace of successful and unsuccessful scatterings and comes from overlap terms such as
tr[ρ†sucρ¬suc]. We may similarly assume we have an observable Osuc that allows us to distinguish
between the subspaces spanned by ρsuc and ρ¬suc by weak measurements, which enables the herald-
ing of the scattering success and projecting the state into the successful subspace. The presence of a
coherence C does not influence measurement outcomes of tr[OsucE(ρ0)]; see Appendix B.2.3. Using
these two building blocks, we will now outline the simulation strategy of each node, as depicted
in Fig. 2.11. The first thing to note is that said measurement of Osuc, even if carried out weakly,
could disturb the state such that it does not describe a realistic state encountered in nature any-
more after the measurement. However, we assume that the simulation channel E(·), such as the one
devised below through mergo-association, does resemble a process in nature. Thus, it tends to make
states decay towards such physically meaningful states, and another application of the channel will,
therefore, map us back into a state resembling those in nature,

E(ρsuc) = psucρ
nat
suc + p¬sucρ

nat
¬suc + Cnat. (2.2.2)

If the molecule is unstable, but the reacted state is desired, we may simply skip this reapplication
and proceed. Hence, if measuring Osuc yields a positive outcome, generating meaningful states with
a high success rate seems plausible. Further, we can use the following strategy to ensure success
even if Osuc shows that scattering was unsuccessful. Although we are projected into the unsuccessful
subspace, the failure is heralded. Therefore, we can apply another simulation channel E ′(·), which
may be slightly modified from E(·) (e.g., stronger confinement or dissipation), leading to

E(ρ¬suc) = p1ρ
′
suc + (1− p1)ρ

′
¬suc + C ′. (2.2.3)

This assumption is similar to that in [DCL24] in that we expect a redistribution of probability
toward the state of interest. We can then redo the measurement and iterate between measurements
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of Osuc and (progressively more) modified simulation channels until success occurs. To summarize,
we can use the above strategy to create a tree-like sequence of scatterings so that, at each step,
the success probability at each of the nodes in the tree is bounded by, say, 1 ≥ P > 0. As we can
herald success, at most O(1/P ) repetitions are required per node. Since P is promised to be fixed,
the number of repetitions per node is O(1). Furthermore, since failure does not require a restart
from the leaves of the tree, the complexities of individual nodes straightforwardly add up. Hence,
the number of repetitions grows linearly with the number of nodes in the tree, which, with N initial
constituents, goes at most as O(N log(N)). In Section 2.2.4 and Appendix B.2, we provide a more
detailed discussion of the construction of the weak measurements.

𝓔(·) ρgood
ρin p·ρgood+(1-p)ρbad+C 

✓

ρbad
𝓔ʹ(·)

p'·ρgood+(1-p')ρbad+C'

at most O(1/P) repetitions

weak 
measurement of 
Osuc

𝓔(·) ρout,nat

Figure 2.11: Procedure of a single scattering step. Evolution through the simulation channel E(·)
produces states overlapping successful and not successful spaces. To project the state onto one of
these subspaces, a weak measurement is performed, yielding either success or failure. In the case of
success, proceed and potentially apply another step of time evolution to ensure the state represents
a natural state. If unsuccessful, perform an additional, possibly modified, time evolution, which
again produces overlap in the successful subspace, then measure again. Repeat this until success,
the expected number of repetitions scaling inversely in the lower bound P on the success probability
per step. Success can be quantified by a weak measurement of an observable Osuc that, e.g., signifies
the success of forming a bond by capturing spatial proximity.

We leverage parallels to optical tweezers [NN00; MP02] or molecular beams [Cas00; MBM08] that
are used in physical experiments to engineer the aforementioned artificial potentials to boost the
success probability of scatterings. Before we go into details regarding a specific instance in terms of
mergo-association in Section 2.2.4, we first outline more general approaches here. Molecular beams
offer well-established success rates, though they require an abundance of particles and, hence, an
abundance of available qubits. On the other hand, traps via artificial potentials – e.g., adding to
the Hamiltonian a harmonic potential term confined to a specific region as done in Eq. (2.2.11) –
can considerably boost success without high additional space requirement. Many of the applications
we will discuss benefit from reactant states in the form resembling nuclear wave packets. To that
end, consider the input states for the scattering process to be prepared as such. Then, the said
process supported by artificial potentials would, in most physical cases, largely preserve the locality
in configuration space and maintain the wave-packet like nature of the states. At this point, one
may choose to induce a reaction by explicitly modeling a photonic reservoir to excite the reactants
[CDG97]. Additionally, an explicit register for a bath can be used to absorb excess energy once the
reaction has occurred, allowing the products to relax. Alternatively, instead of explicitly tracing out
a subsystem here, post-selection on a ‘successful’ reaction, as described later in Section 2.2.4, can
serve to model energy moving out of the system. Finally, energy dissipation can be implemented
using Markovian open-system simulation methods, as discussed in more detail below.

Beyond the scattering approach, one could think of using a molecular Hartree-Fock (HF) state
as an alternative heuristic for an initial state for the reaction dynamics under investigation. One
can expect the efficacy of this approach to be limited to cases where the Hartree-Fock state as
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input to a simulation channel is close enough to the manifold of physically meaningful states so that
convergence to a desired state as input to a reaction happens in controllable time, such as in systems
with low static correlation. While such systems tend to be amenable to classical treatment, they may
be candidates for early experiments of our approach on quantum devices, as it is likely that using an
HF initial state has considerably lower constant factors than the scattering approach. In contrast,
the scattering approach will apply to more general states (such as those where Hartree-Fock does
not provide a sufficient heuristic).

As mentioned above, the embedding processes into a larger environment play an important role
in the framework during the molecular preparation stage. The ability to dissipate excess energy
is essential for both the probability of successfully forming stable bound states and the ability of
the dynamics to emulate the open-system evolution of chemical experiments. Recently proposed
methods for simulating the weak coupling to a large, memory-less (i.e., Markovian) environment
modelled by a Lindbladian [Lin76; MS72] can be used to model the presence of such a dissipative
bath [CW17; CKBG23; DJSW25; PSW23; HW25].. This simulation is efficient in the size of the
system and for some methods shown to converge to a thermal state [CKBG23; HW25]. The only
parameter of this procedure that does not scale polynomially with system size is the thermalization
time, which is difficult to predict and can, in principle, grow exponentially with system size. However,
our observation is that slowly thermalizing systems in our simulation correspond to systems that
also thermalize slowly in nature. Thus, for physically motivated open-system models, we would
expect to produce either thermalized, metastable, or slowly thermalizing states, depending on which
ones are prevalent in nature. A good example of these types of systems would be a glassy molecular
mixture. From this perspective, we conjecture that polynomial-time simulations are sufficient to
reach all chemically relevant states.

One thing to note is that the system on which the readout is to be performed may need to
include some degrees of freedom surrounding the molecule, e.g., if solvent effects, photon or phonon
couplings, or non-Markovian dynamics [DGB25] are important. The preparation of this more explicit
bath follows the same framework as the main molecular degrees of freedom.

2.2.4 A Scattering-based State-preparation Step

With a conceptual framework in mind, in this section, we discuss a specific instance of a single scat-
tering step. The approach is based on an external-potential assisted merging of molecular fragments
and the construction of a success-heralding measurement oracle. In the first part, we discuss the
coherent part of the simulation of the merging. Part of the open-system character of the approach
in Fig. 2.10 is brought into play by means of the measurement oracle outlined in the second part of
this section.

Molecular States by Mergo-Association

A promising approach to realize the assemblage of molecular wavefunctions in Fig. 2.10 is mergo-
association, as considered in [Rut+23; BLH23; BH24]. Here, optical tweezers confine two fragments
– e.g., two Hydrogen atoms – to form a bond.

To mimic this, we propose to carry out the simulation in the following way. We consider a real-
space first-quantized representation the most convenient with oracles for the repeat-until-success
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procedure. We closely follow the implementation put forward in [Su+21] to represent the Hamilto-
nian. However, note that the core building block is open-system simulation, e.g., implemented by
combining the methods of [Su+21] with open-system techniques, as proposed in [CKBG23]. Then,
we place the two participating systems at a reasonable estimate for a bonding distance. For Dihydro-
gen, this is well-known; for more involved systems, a heuristic guess needs to be found. Initially, we
implement their dynamics according to two independent Hamiltonians, HA on subsystem A and HB

on subsystem B. Then, we slowly turn on inter-system Coulomb interactions HAB = V int together
with trapping potentials V trap, according to

H(s) = HA +HB + f(s)HAB + g(s)V trap. (2.2.4)

For the example of two nuclei, modeling the trap by a harmonic potential acting on nuclear coordi-
nates R1, R2, its functional form is given simply by [Rut+23; BLH23; BH24]

V trap(R1, R2) = V trap
1 (R1) + V trap

2 (R2), (2.2.5)

V trap
j (Rj) =

mj

2
(Rj −R0,j)

Tω2
j (Rj −R0,j), j = 1, 2. (2.2.6)

More details on this are in Appendix B.1.1. A qualitative choice of f, g is displayed in Fig. 2.12.
After the merging (s ≥ s0), the trap is re-released (s0 ≤ s ≤ s1), while the interaction stays on. With
a certain probability of success, the state will not undergo a diabatic transition into a higher-lying
excited state, meaning a successful merger has occurred. The specific design of scheduling functions
is left up to further research. However, in order to mimic mergo-association, we propose the use
of an f(s) that schedules the inter-species interactions that resembles the trajectory of a Coulomb
potential. More details on a quantum encoding of the trap potential can be found in Appendices B.1
and B.1.1.

Equivalently to the adiabatic evolution in s, one may put system A and system B at initial
distance z∗ and move their centers of masses together at a predetermined rate d∆z

dt until the for
bonding length is reached. Hence, the scheduling functions f(s), g(s) are not present in the Hamil-
tonian anymore, and naturally the strength of the interactions is implicitly determined by distance
– recovering the procedure of mergo-association.

The mergo-association scheme we follow relies on assumptions from scattering theory. The setup
in scattering theory is that two scattered objects, situated beyond a certain scattering length, can
be modeled as free particles. Within the scattering length, the scattered product is considered
as ‘one’. Conceptually, this is analogous to the ‘molecule factory’ in Fig. 2.10. The scattering
length, or harmonic length, is defined as β =

√
ℏ/(µω) with a frequency ω and relative mass

µ = m1m2/(m1 +m2) and induces a notion of a bonding energy via ℏω. As we are interested in
chemical bonds, a proxy for this scattering frequency can be the most weakly bound state or the
highest-lying bonded vibrational excited state.

The key aspect of such a mergo-association is the choice of trap frequency ω and the consequences
on the diabatic transition probability. Here, we work with an isotropic trap for simplicity, hence
Eq. (2.2.6) is described by a single trap frequency ω. Successful, in our case, means that a (e.g.,
covalent) bond has been formed and that there is no diabatic transition beyond a certain vibrational
frequency of the trapped system, say ωa. Then, it is possible to approximate the probability of
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      (interaction),
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Figure 2.12: Scheduling of interactions. Inter-species interaction is described by f(s) so that f(0) =
0, f(s ≥ s0) = 1 and is monotonically increasing until s0 and then constant. The harmonic trap
follows g(s) with g(0) = 0, g(s0) = 1, g(s1) = 0. It is monotonically increasing until s0 and then
decreasing until s1. Following adiabatic evolution, there is a ‘point of contact’ of states at s∗ a little
earlier than s0, which is the evolution parameter (with corresponding effective distance) used to
evaluate the diabatic transition probability. Here, we assume the scenario that the constituents are
already placed at closed distance and we ‘slowly turn on’ the Coulomb interaction, where with the
trajectory of f(s), we aim to mimick an evolution of interaction strength that is Coulomb-like if they
were to approach each other. To that end, let z0,1, z0,2 be the centers of the traps. Then, in order
to follow V int(R1(s), R2(s)) =

q1q2
|∆R12(s)| with nuclear charge qj , let the implemented interaction be

V int(s) = f(s)HAB = f(s) q1q2
|z0,1−z0,2| where via f(s) =

|z0,1−z0,2|
|∆R12(s)| , the desired motion of the nuclei

can be emulated. Towards s → s0, the fixed-strength potential assuming trap centers needs to be
replaced by the actual strengths to account for fluctuations in the positions which will matter at
that stage.

success by using the Landau-Zener probability [Wit05],

psuc ≥ 1− pLZ; pLZ ≈ exp(−2πΓ) with Γ =
ω2
eff/ℏ∣∣ d

ds (Emol − Eatom)
∣∣ (2.2.7)

Here, ω2
eff is the effective potential strength of the trapped system (see Appendix B.1.2). Then, we

use that the scheduling function f(s) can be related to a corresponding inter-nuclear motion R(s) in
a physical mergo-association experiment. Thus, we can rewrite the expression in terms of derivatives
of this equivalent position, dE

ds = dE
dR

dR
ds . More details are in the caption of Fig. 2.12. Defining the

velocity v = dR
ds and using the shorthand ∂Emol, ∂Eatom for the energy derivatives, this gives

pLZ ≈ exp

(
−2π

ℏ
ω2
eff

|∂Emol − ∂Eatom| v

)
(2.2.8)

A more detailed discussion can be found in Appendix B.1.2, and we continue by presenting a sim-
plified final expression. We start by the observation in [BLH23, Eq. (54)] that

ω2
eff

∝∼ ω2Ẽ1/2
a exp

(
−Ẽa

)
(2.2.9)

with Ẽa = ℏωa

ℏω as a ‘relative bonding energy’. Together with expressions for energy derivatives from
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Eq. (B.1.16) and an approximation to Eq. (2.2.9) we can obtain a bound on pLZ,

pLZ ⪅ exp

−4

(
π

µ

)1/2
(
ℏω

Ẽa

3 + Ẽa

)1/2 exp
(
− 1

2 Ẽa −
3
2

)
v

 (2.2.10)

Ideally, we want pLZ to be close to zero so that psuc is close to one. Then, up to the speed of
evolution v and effective mass µ, this depends on the ratio of binding energy compared to trap
energy, Ẽa ∼ ωa/ω. The inner exponential is closer to one (which means smaller pLZ) for small
Ẽa and thus for ω as large as possible relative to ωa. Beyond this, for fixed ℏωa, the other term
depending on frequencies,

(
ℏω Ẽa

3+Ẽa

)
, is also maximal for large trap strength ω. However, there

is a trade-off in maximizing this probability of success versus minimizing the cost factor of the
block-encoding of the operator. The latter represents the cost of representing the potential in the
block-encoding access model, and is quantified by the operator one-norm of the potential, αtrap.
Generally, we would aim to keep the frequency no larger than necessary to keep the block-encoding
cost low. Additionally, we can look at the system of interest in [Rut+23; BLH23; BH24], namely Rb
and Cs. They use ω =150 kHz for all of their simulations and experiments. This order of magnitude
is about the same as the appearing ωa, which is roughly 110 kHz; the scattering length (regarding
binding energy) for this system in a weakly bonded regime, is approximately 645 a0 [Tak+12]. This
setup allows [Rut+23] to observe high probabilities of success (see [Rut+23, Fig. 4], close to 80 %).

Typical covalent bonds are of the order of 100 kcal
mol , which amounts to approximately a 35, 000 1

cm

frequency for ωa (approx. 1012 kHz). Therefore, we expect the required ω to be, in general, vastly
larger than 150 kHz; however, the hope is that the remaining behavior will carry over, and we only
need to scale it according to the relative difference in bonding energy. Then, in fact, Ea = ℏωa
can remain bounded in the two-atom/molecule scatterings and effectively act as a constant in an
asymptotic sense. This means for pLZ to be bounded as well, ω incurs a (likely substantial) constant
factor through Ea and then scales as O(µ) for µ = m1m2

m1+m2
. Therefore, since at the last scattering

stage in the “molecule factory”, µ ∼ Nnuc , we can roughly estimate ω in the expression of αtrap by a
linear factor Nnuc and a system-dependent constant factor for the binding energy of covalent bonds.
Using this in our asymptotic expression for the block-encoding factor of the trap,

αtrap ≈ O(Nnuc
3Ω

2/3
trap). (2.2.11)

We want to compare this result with the corresponding sub-normalization factors of the kinetic
energy, ∼ NelN

2/3

Ω2/3 , where N is the number of particles and Ω the volume of the simulation box, and
the Coulomb energies, ∼ Nel

2N1/3

Ω1/3 [Su+21]. If the number of grid points grows with the number of
particles, then the encodings of these operators increase roughly with power 5

3 or 7
3 , whereas the

trap scales cubically. It also grows with volume Ω2/3 rather than with the inverse grid density. A
more accurate representation will need a finer grid spacing, increasing the cost of representation for
the Coulomb potentials. For the trap potential, the box size matters, which will need to increase
for larger systems, although there is no increase in cost for increasing accuracy through a finer grid
spacing.
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Measurement Oracles for Success Heralding

Suppose now that after a scattering step, we aim to herald success according to Eqs. (2.2.2)
and (2.2.3). To that end, we need a measurement operator Osuc able to give the desired parti-
tioning. A more detailed discussion of the following outline can be found in Appendix B.2.

Success of merging First, we start by briefly outlining the success heralding via weak measure-
ments. We are given a quantum state that results from a previous ‘scattering’ event, such as by
simulating the Hamiltonian in Section 2.2.4, which is supported by a trap potential. Such a state will
be, following the notion of success that we used before, in a superposition of states that underwent a
diabatic transition into higher-lying vibrational states or not. This notion of success does not corre-
spond with one that we can directly observe in a non-destructive manner. Thus, we develop another
notion of ‘success’ that we can use for efficient success heralding to ensure a successful merging. The
state we assume is in a first-quantized real-space discretization; this may not be an optimal basis but
is most convenient for our discussion, and efficient transformations to other bases can be thought of
as well [Bab+18a; BA24]. Then, success can be formulated most straightforwardly using proximity
as a geometrical criterion. E.g., suppose we collect a set of locations of interest where we want to
test proximity across the nuclei, I ⊆ [Nnuc]× [Nnuc], then

C̃geom,∆({r,R}, I) =

1 ∥Rj −Rk∥ ≤ ∆jk ∀(j, k) ∈ I

0 else.
(2.2.12)

with ∆jk > 0. We mark success if the criterion C returns 1. Note that we choose to restrict the
evaluation to nuclear coordinates as the relative position of nuclei within a bonded state is essentially
stationary compared to the electrons. The definition in Eq. (2.2.12) is classical and assumes direct
access to {Rj}j∈[Nnuc], whereas types of states we encode are superpositions of tensor products across
basis state labels, |r1, r2, · · · , rNel ; R1, · · · , RNnuc⟩. More generally, we can think of what happens to
a mixed state when going through the success heralding. Then, we consider states of the form

ρ =
∑
p,q

ρp,q |ψ({r,R}p)⟩⟨ψ({r,R}q)| , |ψ({r,R}p)⟩ ∼
∣∣r(p)1 , r

(p)
2 , · · · , r(p)Nel

; R
(p)
1 , · · · , R(p)Nnuc

〉
.

(2.2.13)

The set {r,R} = {rj}Nel
j=1 ∪ {Rj}Nnuc

j=1 denotes a nuclear and electronic configuration, and {r,R}j
denotes an instance as the pth term of the superposition. Configurations include a spin degree of
freedom. Hence the range of p, q is the number of possible basis states labeling the grid points.

Now, we assume that there is a quantum circuit that can achieve the action of C efficiently,
namely a UC that takes the state ρ plus an ancilla and stores success in the ancilla, according to the
following sets:

A = {j : C({r,R}j) = 1}

B = {j : C({r,R}j) = 0}. (2.2.14)

The crucial part here is that such a criterion induces a bi-partition of the Hilbert space, splitting the
set of states into two groups. Specifically, every state of the form |ψ({r,R}j)⟩ either corresponds to
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a configuration with C({r,R}j) = 1 or a configuration with C({r,R}j) = 0. The set A enumerates
the states the oracle accepts as merged, and B enumerates the states that the oracle rejects. For
convenience we will denote |ψj⟩ := |ψ({r,R}j)⟩ from now on. With this bi-partition, a general input
state can now be written as

ρ =
∑
j,k∈A

ρj,k |ψj⟩⟨ψk|+
∑
j,k∈B

ρj,k |ψj⟩⟨ψk|+
∑

j∈A,k∈B

(ρj,k |ψj⟩⟨ψk|+ ρk,j |ψk⟩⟨ψj |) (2.2.15)

Weak measurement of this oracle and thus flagging of a successful merging can be implemented
following the subsequent operations based on work in [Lun11; AH22; Yan+22; Miz09]:

1. Append an ancilla qubit, qa,1, and perform the unitary UC on the joint system. This stores
the ‘success value’ in the ancilla.

2. Append a second ancilla, qa,2, and perform a controlled rotation CRy(δ) gate on qa,2 condi-
tioned on qa,1.

3. Perform UC on the input state and qa,1, resetting qa,1.

4. Measure qa,2 in the computational basis and reset it for later use. The measurement on qa,2

then is used as a result flag of a successful merger.

Finally, we can conclude that the measurement oracle Osuc is composed by the circuit UC and the
weak measurement scheme above. More details are given in Appendix B.2.3.

An important aspect to consider in constructing these measurements is that the wavefunctions
encoded, even when expressed as a mixed state, need to satisfy the necessary exchange symmetry
(antisymmetric for Fermions, symmetric for Bosons). Ongoing measurement induces the risk of
compromising such symmetries. Thus, the measurement needs to be adapted to satisfy that. A
detailed discussion is provided in Appendix B.2.2.

Spin It is straightforward to append Osuc by a check whether the obtained state is in the correct
spin state. Suppose we have access to an implementation of the time-evolution of the (normalized)
spin operator S2. Then, one step of quantum phase estimation allows storing in an ancilla qubit
whether there is a singlet (0) or triplet (1) state. Augmentation to higher-order spin states (such
as doublets, quadruplets, etc.) follows simply by augmenting the ancilla register of the QPE circuit
to represent the appropriate spin numbers. Based on this result, we can accept or reject based
on the obtained result and thus effectively have a scheme that projects into the desired spin state.
Therefore, this yields an implementation of a projection into the correct spin state; this requires
nontrivial knowledge about the expected spin state. One can draw from ideas in [Jac+22] to deal
with more complicated ensembles of spin states. A detailed procedure in case of lack of knowledge
or intuition about the expected spin state is subject to further research.

We remark that construction of the S2 operator is simple given an encoding as in Eq. (2.2.13),
as then it simply translates to its form as Pauli operators acting on the spin degree of freedom.
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2.2.5 Measuring Dynamical Quantities of Interest and a Review of Ex-
emplary Applications

Simulating the dynamics of molecular processes provides access to meaningful information about the
rearrangements of atomic nuclei and electrons and their interactions with electromagnetic fields as
they unfold. Already with classical resources, time-dependent approaches offer numerous advantages
over time-independent ones, as the former are more amenable to handling the continuum portion
of the spectrum and grant access to the relevant elements of the scattering matrix 1 over a mean-
ingful range of energies. We provide an overview of chemical problems, with time-dependent versus
stationary quantities, solved on different hardware, in Fig. 2.13.

Measuring observables in a dynamical picture requires considering the time evolution of a wave
packet, i.e., a superposition of solutions of the time-dependent Schrödinger equation (TDSE). Most
measurements of dynamical quantities can be phrased in terms of wave packet correlation functions,
whose calculation fits perfectly into our framework. Transition amplitudes are measured, e.g., using
a Hadamard test [Kas+08; Ped+14; KLFK24]. We can follow the scheme introduced in [TCCG20],
which is capable of obtaining two-point correlation functions, or the cumulative correlation function
method in [LT22]. This scheme is extendable to the S-matrix and to n-point correlators by additional
time-evolutions and block encodings, similarly to the linear response framework in [KLFK24]. If
results at more than two times are required, we can use a history state encoding following the
conditional time evolutions of the quantum circuit of quantum phase estimation, similar to the
construction in [Dia+23], who also consider observables measured across various time-steps. To that
end, we add a clock register

∑nt

ℓ=0 |ℓ∆t⟩ so that nt∆t = t. Then, instead of a direct time evolution
of the overall system after the molecule factory in Fig. 2.10 in the state ρmol

1 ρmol
2 · · · ρmol

M , we split
the evolution into chunks of ∆t and condition on the clock register to produce a superposition of
the state at different evolution time steps. Furthermore, if needed, applying a Quantum Fourier
Transform before measurement is straightforward and does not compromise the overall efficiency of
the algorithm. While this framework could be interpreted as purely theoretical, we can easily show
that this approach covers a vast range of contexts, extending from nature to chemical laboratories.

Reaction rates. Chemists are commonly interested in observed kinetics, i.e., reaction rates, a
topic inherently suitable for quantum dynamics simulation. For instance, dynamical simulation for
nonadiabatic processes such as charge transfer reactions falls into the class of quantum circuits of
polynomial complexity [OMT20]. Our framework allows using the measurement schemes proposed
in [Kas+08] in which the reaction rate can be computed from the degree of localization of the wave
packet in nuclear configuration space corresponding to the formed products. In addition to making
the simulation itself achievable, the quantum approach reduces the measurement to a binary search
instead of the more complicated evaluation of a time correlation function [Liu+22]. If needed, the
latter can also be computed from the dynamics via a rate constant calculated as a function of the
scattering cross-sections.

Photochemistry and photophysics. Photochemical processes are triggered when a molecule
absorbs a photon. In these transformations, electronically excited states become populated, giving

1The S-matrix has transition elements concerning a process represented by the evolution step in Fig. 2.10, inde-
pendent of the state preparation scheme in the molecule factory part.
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access to reactive channels that are thermally unachievable [Bhu+23]. The interaction between a
molecule and an external photonic field alters the potential energy surface on which wave packets
propagate. Therefore, the nuclear and electronic degrees of freedom cannot be decoupled, and the
Born-Oppenheimer approximation breaks down [CM18]. The dynamics simulation of these systems
on classical computers becomes prohibitive after including very few degrees of freedom. The inclusion
of photonic fields in the procedure according to Fig. 2.10 is straightforward by explicitly adding a
register for photonic degrees, an explicit bath, or a modified Hamiltonian as in Eq. (2.2.11). Further
photophysical processes that can be simulated are, for instance, when spectroscopic measurements
do not suffice, ultrafast spectroscopy, which tracks the system during a light-initiated transforma-
tion. Other examples are light-harvesting complexes, molecular machines, and photovoltaics; recent
work in [Mot+24] also proposed a dynamics-based algorithm for singlet-fission solar cell design.
Our approach would make it possible for quantum computers to simulate quantum systems, e.g.,
optoelectronic devices, where the quantum dynamics are far more important than the eigenstates
of the Hamiltonian. In these devices, the relaxation pathways of the excitons are exploited for light
generation and harvesting. Classical simulations suffer from the large space of excitons and phonon
coupling, making current simulations beyond hopeless. Conversely, simulating the time evolution of
thermal quantum states inherently captures all the necessary behavior.

Linear and non-linear molecular spectroscopy. Another class of problems that dynamics can
solve is the in-laboratory characterization of molecular structures and properties. The absorption
spectrum of a molecule is given by the Fourier transform of the wave packet autocorrelation func-
tion [Tan07]. By judiciously selecting an initial state, measuring the autocorrelation function can
provide us with different spectra, including electronic, vibrational, and rotational [Vit+15]. Through
the computation of emission and absorption spectra, our approach accommodates the simulation of
fluorescent systems, such as those used in biomolecule marking or thermally activated delayed fluores-
cence, where forbidden relaxations are assisted by thermal coupling to the environment. Additionally,
n-time correlation functions allow the exploration of linear-response molecular spectroscopy beyond
UV-Vis and fluorescence, such as rotational or vibrational spectroscopy, in which contributions from
excited states are typically significant at room temperature. Simulating spectroscopic measurements
can be used not only to reproduce experiments but also to probe the simulated quantum system,
e.g., the presence of an IR signal may indicate the formation of a molecule, as in the molecular
factory in Fig. 2.10. Two-dimensional spectroscopy could also benefit enormously from extracting n-
time correlation functions from dynamics by following our approach. For instance, two-dimensional
infrared (2D IR) spectroscopy reveals second-order vibrational couplings, which characterize molec-
ular interactions [T H09; Nod90]. Classical simulations of this state-of-the-art technique typically
exclude anharmonicity and produce errors associated with the BO approximation and vibrational
population transfer. In this example and many others, finding the ground state of the system is far
removed from reproducing the experimental spectrum.

Free Energy Simulations. Free energies play a role in many naturally occurring physical pro-
cesses, as they determine whether a process occurs spontaneously, such as whether a ligand binds
to a protein, whether a material such as salt dissolves in water, or into what shape a protein folds.
The type of free energy relevant to a specific system depends on the nature of the system. In the
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case of an isothermal, isobaric system that only allows volumetric work, the relevant free energy is
the Gibbs free energy. In applications, one is primarily interested in free-energy differences between
two different states of the system, which can be characterized by two Hamiltonians, H1 and H2.
There exist multiple methods for calculating the free-energy difference between these two states. One
class of methods uses fluctuation relations, such as the Jarzinsky equation, that require ensembles
of dynamics simulation of the systems of interest [Bas+22]. To estimate the free-energy difference,
these methods require evaluating the total energy of each trajectory for both the initial and final
states. A time-dependent Hamiltonian H(λ(t)) is used to alter the system from state 1 to state 2,
where λ is an externally controlled parameter such that H(0) = H1 and H(1) = H2 (the transition
is generally non-adiabatic, and states do not have to be or remain in the ground state such as in
adiabatic quantum computing). The number of energy values required depends on the type of prob-
lem considered, the speed at which the Hamiltonian is transformed, and the desired accuracy. There
are two straightforward ways to calculate free energies in alignment with Fig. 2.10. First, one can
create a sufficiently large number of identical systems and perform separate quantum simulations
before measuring the total energies of the initial and final states. Alternatively, one can use the
clock-register approach from above and simulate a single trajectory. To obtain a sufficiently large
number of statistically independent energy values of both initial and final states, one can simulate
each state long enough to take measurements with sufficiently large time intervals in between. Once
individual energies are measured, the averages and final calculation of the free energy difference can
be carried out on a classical computer. This approach is expected to be preferred in terms of quan-
tum and classical resources compared to representing a complete ensemble as long as the variance
of single-trajectory estimates is not significantly larger than the joint estimate.

Quantum Machine Learning. Instead of directly measuring interesting quantities, the output of
the dynamical quantum simulation can be processed by quantum machine learning. This framework
can be envisioned as machine learning with quantum input data, with possible classical or quantum
outputs [Bia+17; Cer+22]. In particular, recent results indicate that there is a provable advantage in
the efficiency of extracting information when given access to multiple copies of a state in a format that
a quantum computer can manipulate compared to having access to only measurements performed on
the state [Hua+22]. Thus, certain chemically relevant properties of states and quantum evolutions
may be learnable more efficiently in our quantum computing framework than in a conventional
experiment. Alternatively, it is also possible to measure spectroscopic quantities and replace physical
experiments in machine learning pipelines that operate on spectroscopic results, potentially aiding
further developments in molecular design [AYSA22; Jou+21].

2.2.6 Conclusion and Outlook

We have provided an algorithmic framework that, in principle, can solve a broad set of chemically
relevant problems using inherently efficient building blocks. To that end, we considered that, while
general ground states are hard to obtain, we may assume to be able to prepare atomic ones as
a single-cost effort that can enable a building block library. A scattering process, implemented
by simulating dynamics and boosted by artificial potentials, can produce a molecular input state
for a subsequent dynamical simulation, which is then followed by the measurement of dynamical
quantities. Preparing molecular states via mergo-association is a particularly promising candidate
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Figure 2.13: Classifying chemical problems related to their hardness and space complexity. Dynam-
ical properties are quantumly efficient, whereas static properties are generally hard. As quantum
computers do not suffer from the curse of dimensionality, one can expect the sweet spot of quantum
simulations, up to constant factors in the cost, to lie in the evaluation of dynamic properties.

here, which we discussed in detail. We provide examples of applications from, e.g., spectroscopy,
photochemistry, and beyond.

Future work remains to build upon this approach and provide a more general and detailed
analysis of mergo-association and numerical experiments of this approach, e.g., to gauge the fea-
sibility of the procedure with respect to constant factors and to investigate the more precise costs
arising from choosing specific problem instances and methodologies. Another interesting extension
would be the inclusion of other modeling tools used in classical simulation, such as the Nosé-Hoover
thermostat [Hoo91]. Additionally, an interesting avenue would be to consider additional classical
dynamical simulation such as more molecular dynamics (e.g., studied in the context of protein mod-
eling in [LLWL24]), in particular in the case when conservation laws (such as energy conservation)
allow direct mappings to Hamiltonian simulation [Bab+23].

A common focal point in quantum chemistry is finding ground state energies, a problem known
to be QMA-complete for local Hamiltonians like those seen in molecular systems. We should not
restrict ourselves to that perspective, which focuses on a problem known to be hard, and look for
paths that allow using dynamics more directly. Additionally, for situations when the ground state is
of interest, it may prove useful to give up the search for exact solutions to a hard problem and look
at heuristics. The Hartree-Fock problem is known to be NP-hard yet practically efficient, thanks to
approximations [WLA12]. Attempts based on open systems dynamics such as in [DCL24; LZL24]
may be a promising path towards quantum heuristics for ground states. Nevertheless, we call upon
what dynamical quantum simulation offers for chemistry.



Chapter 3

Simulating more General Systems
with Quantum Computers

So far, we have been considering the application of quantum computers to answer questions related
to quantum systems. The research presented in the following chapter relaxes that restriction in
the sense that we will consider phenomena described by differential equations in a more general
sense. Here, the considered dynamics are more general than linear, unitary dynamics typical for
usual quantum systems. Non-unitarity means the norm of encoded solutions is not invariant during
the evolution. This poses additional challenges on the algorithms regarding their stability as well
as the quantum algorithm’s success probability of obtaining the desired result. In addition to that,
Section 3.1 considers nonlinear differential equations, based on Carleman linearization [Car32] which
allows to approximate the nonlinear dynamics, that cannot be directly encoded into a quantum
circuit, by a larger linear dynamical system. Subsequently, Section 3.2 proposes an algorithm that
allows to implement constraints on differential equations, such as boundary values for discretized
partial differential equations, through a penalty method. Fig. 3.1 sets the upcoming sections into
context.

Figure 3.1: Chapter context

56
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3.1 Further improving quantum algorithms for nonlinear dif-

ferential equations via higher-order methods and rescaling

This section is based the following preprint which has been accepted for publication at
npj Quantum Information:

Pedro Costa, Philipp Schleich, Mauro ES Morales, and Dominic W Berry. “Further im-
proving quantum algorithms for nonlinear differential equations via higher-order meth-
ods and rescaling”. In: arXiv preprint arXiv:2312.09518 (2023).

Together with my co-authors, I worked on conceptualization, higher-order methods, encoding
and algorithm, as well as the writing of the manuscript.

3.1.1 Introduction

Many processes in nature exhibit nonlinear behaviour that is not sufficiently approximated by linear
dynamics. Examples range from biological systems, chemical reactions, fluid flow, and population
dynamics to problems in climate science. Because the Schrödinger equation is linear, quantum
algorithms are more naturally designed for linear ordinary differential equations (ODEs), as in
[Ber14; BCOW17; BC24; CL20; ALWZ25; FLT23; Kro23; ALL23; ACL23]. These algorithms are
normally based on discretising time to encode the ODE in a system of linear equations, then using
quantum linear system solvers [HHL09; Cos+22]. Others are based on a time-marching strategy,
solving the ODE using a linear combination of unitary dynamics [ALL23; ACL23]. The advantage
of these quantum algorithms is that they naturally provide an exponential speedup in the dimension
(number of simultaneous equations), similar to the simulation of quantum systems, with the caveat
that the solution is encoded in the amplitudes of a quantum state.

The most natural way to approximate quantum solutions of partial differential equations (PDEs)
is to first discretise the PDE to construct an ODE, which can then be solved using a quantum ODE
algorithm. Although one might expect an exponential speedup in the number of discretization
points (which would give the dimension for the ODE), this is not realised. This approach to solve
PDEs typically has a more modest polynomial speedup over classical methods due to the norm or
condition number of the matrices resulting from the discretization. Reference [CJS13] suggested
using preconditioners, though later work found that the preconditioners did not significantly reduce
the condition number. Reference [CLO21] approached this problem by using higher-order finite
difference stencils as well as a pseudo-spectral method. Alternatively, one can use a wavelet-based
preconditioner to achieve scaling independent of the condition number in some cases [BNWA23].
References [JLY24; JLY23a] introduce a new method using a variable transformation which provides
solutions of PDEs in an equivalent frame using quantum simulation techniques.

Quantum algorithms for nonlinear differential equations were addressed in early work which had
very large complexity [LO08]. Later proposals were based on the nonlinear Schrödinger equation
[Llo+20], or an exact mapping of the nonlinear Hamilton-Jacobi PDE into a linear PDE [JL24;
JLY23b]. Possibly the most promising approach for the solution of nonlinear ODEs is based on
Carleman linearization [Car32], which involves transforming the nonlinear differential equation into
a linear differential equation on multiple copies of the vector. This approach can be realised par-
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ticularly easily for differential equations with polynomial nonlinearities and has been applied to
quantum algorithms in the case of a quadratic function as the nonlinear part of the ODEs [Liu+21],
for a higher power of the function for a specific PDE [Liu+23], and for the notorious Navier-Stokes
equations [Li+25]. The homotopy perturbation method to tackle quadratic nonlinear equations in
Ref. [XXWG22] leads to similar equations as Carleman linearization.

However, most approaches to quantum Carleman linearization [Liu+21; Liu+23] applied to PDEs
suffer from high error rates due to simple discretization schemes for the underlying PDE in time and
space. One work [Kro23] does use an improved discretization in time via a truncated Taylor series
[BCOW17]. Using a finer discretization to achieve a given accuracy results in higher complexity,
typically due to the complexity depending on the matrix condition number. That can result in
the complexity being the same or worse than that for classical solution. Another difficulty in the
use of Carleman linearization in prior work is that the component with the solution may have low
probability to be measured. In this study, we provide three improvements over prior work. First,
we use higher-order methods in the time evolution as well as for the spatial discretization for PDEs.
Second, we use rescaling in order to eliminate the problem of the low probability of the component
with the solution for an intrinsic system of ODEs. (Reference [Kro23] mentioned a rescaling at one
point, though their explanation is unclear and it is unclear if they are using it.) Third, we provide
a tighter bound on the error in Carleman linearization by explicitly bounding repeated integrals.
In the case of a PDE, the appropriate stability condition is in terms of the max-norm. However,
the interaction of the requirement of the rescaling with the Carleman linearization and the stability
requirement for the ODE solver means that a stronger stability criterion is needed to enable efficient
solution.

It is important to note that in the case of PDEs the factor that is exponential in N in prior
work [Liu+23] would give a large power in the number of grid points. Since a simple classical
algorithm would have complexity linear in the number of grid points, the quantum speedup would
be eliminated. Our work demonstrates that quantum computers can provide a sublinear complexity
in the number of grid points for nonlinear PDEs, as well as establishing the limitations to this type
of approach. We present an overview of the general solution procedure of nonlinear differential
equations on quantum computers in relation to the present work in Fig. 3.2.

This chapter is organized as follows. We summarize the contributions and significance of the
current work in Section 3.1.2, then specify the problem and our method of solution in Section 3.1.3.
We then describe the Carleman linearization techniques in Section 3.1.4, with a summary in Sec-
tion 3.1.4. Section 3.1.4 explains how rescaling the solution vector in Carleman linearization can
boost the amplitude for the solution. We provide improved error bounds for the rescaled case in Sec-
tion 3.1.4. Subsequently, we apply the ODE solver from Ref. [BC24] in Section 3.1.5 to improve over
the forward Euler method, providing logarithmic as opposed to linear dependency on the error, and
linear as opposed to quadratic dependency on the simulation time. We also provide complexities
adjusted to the proposed rescaling. We analyse the case of time-independent quantities, though the
approach can also be applied for time-dependent equations. We then show how we can apply our
results to obtain the solution of a specific case of nonlinear PDEs in Section 3.1.6, explaining the
limitations. Finally, we conclude in Section 3.1.7.
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Re-scaled Carleman vector
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Figure 3.2: Overview of solution pipeline for nonlinear (partial) differential equations in relation to
presented contributions and location in paper. The PDE is approximated by a vectorial ODE via
discretization, u −→ u and we use a scaling u

1/γ−→ ũ as described in Def. 3.1.1.

3.1.2 Contribution and significance

We give a number of improvements to the solution of nonlinear ODEs and PDEs.

1. We use a higher-order method for discretization of the PDE, which will be required in practice
because the stability of the solution will require that the number of points is not too large.

2. We use rescaling of the components in the Carleman linearization in order to ensure that the
first component containing the solution can be obtained with high probability. We show that
the amount of rescaling that can be used is closely related to the stability of the equations.

3. We provide a much tighter analysis of the error due to the Carleman linearization for ODEs, and
extend this analysis to PDEs. This analysis is dependent on the stability and the discretization
of the PDE.

All these improvements are dependent on the stability of the equations, which is required for
the quantum algorithm to give an efficient solution. The equations have a linear dissipative term
and the nonlinear growth term. As the input is made larger, the nonlinear term will cause growth
and make the solution unstable. Therefore, for the solution to be dissipative, the input needs to be
sufficiently small that the dissipative term dominates. In the ODE case the input is a vector uin,
and the stability criterion can be given in terms of the 2-norm of that vector. In the case of the
PDE, it is more appropriate to give the stability criterion in terms of the max-norm, because the
2-norm will change depending on the number of discretization points.

Giving the stability criterion in terms of the max-norm then makes the analysis of higher-order
discretizations challenging. The reason is that, while the first-order discretization of the Laplace
operator is stable in terms of the max-norm, the higher-order discretizations no longer are. In the
analysis of the Carleman linearization error it is required that the equations are stable. For the
ODE this stability in terms of the 2-norm enables the 2-norm of the error to be bounded. For the
PDE, stability in terms of the max-norm enables the max-norm to be bounded, but the higher-order
discretization complicates the analysis and means slightly stronger stability is required.

The reason why rescaling is needed is that the Carleman method involves constructing a quantum
state with a superposition of one copy of the initial vector, two copies, and so forth up to N copies.
If the initial vector is not normalised, then this means that there can be an exponentially large
weight on the largest number of copies, whereas the first part of the superposition with a single copy
is needed for the solution. In order to ensure the probability for obtaining that component is not
exponentially small, the Carleman vector needs to be rescaled by (at least) the 2-norm so that there



CHAPTER 3. SIMULATING MORE GENERAL SYSTEMS WITH QUANTUM COMPUTERS 60

is sufficient weight on that first component. Even if N is small, this feature means that rescaling is
essential in order to obtain any speedup over classical algorithms for PDEs. Without the rescaling,
the complexity is superlinear in the number of grid points.

In order to ensure that the same equations are being solved, the components of the matrix
need a matching rescaling, which can increase the weight of the nonlinear part (causing growth)
as compared to the linear dissipative part. In the case of an ODE, we show that if the original
nonlinear equation is dissipative then the linear ODE obtained from Carleman linearization is also
stable. That stability is required for the quantum ODE solver to be efficient. If the ODE is not
stable, then the condition number will be exponentially large (in time), which causes the linear
equation solver to have exponential complexity.

Similarly for the discretised PDE, there needs to be rescaling by the 2-norm in order to ensure
there is adequate weight on the first component of the solution. The key difference now is that the
stability of the equations is given in terms of the max-norm, but the rescaling is by the 2-norm
which is typically larger. That rescaling can give a linear ODE that is no longer stable, which in
turn would mean an exponential complexity of the algorithm. That is perhaps surprising, because
the original nonlinear equation is stable.

However, if the PDE is sufficiently dissipative, then the discretised equation will still satisfy the
stability criterion in terms of the 2-norm, and there will still be an efficient quantum algorithm.
Because the 2-norm will increase without limit with the number of discretization points, it is then
crucial to minimise the number of discretization points used. That further motivates using the
higher-order discretization of the PDE, because that minimises the number of discretization points.

3.1.3 Problem description and solution strategy

The main focus of this work is the treatment of nonlinear differential equations, when we have an
arbitrary power M in the nonlinear ODE problem on quantum computers, that is

d

dt
u = F1u+ FMu⊗M , (3.1.1)

followed by its application to the nonlinear reaction-diffusion PDE,

∂tu(x, t) = D∆u(x, t) + cu(x, t) + buM (x, t). (3.1.2)

In the following we summarise the problem description and solution strategy for these two equations.

The ODE problem

Here, we present the problem of solving the nonlinear ODE, including the variable definitions and
the dissipativity condition needed for an efficient quantum algorithm.

Problem 1. We consider the solution of a system of nonlinear (vectorial) dissipative ODEs of the
form

du

dt
= F1u+ FMu⊗M , (3.1.3)

with initial data
u(t = 0) = uin, (3.1.4)
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where u = (u1 · · · , un)T ∈ Rn with time-dependent components uj = uj(t) for t ∈ [0, T ] and j ∈ [n],
using the notation [n] = {1, 2, . . . , n}. The matrices FM ∈ Rn×n

M

, F1 ∈ Rn×n are time-independent.
We denote the eigenvalues of (F1 + F †

1 )/2 by λj, and the dissipativity condition means that λj < 0.
Denoting the maximum eigenvalue by λ0, we require that R < 1, where

R :=
∥FM∥ · ∥uin∥M−1

|λ0|
. (3.1.5)

The task is to output a state |u⟩ encoding the solution to Eq. (3.1.3) at time T .

To solve Def. 1, we first map the finite-dimensional system of nonlinear differential equations in
Eq. (3.1.3) to an infinite-dimensional, linear set of ODEs that can be truncated to some order N .
This mapping is the Carleman linearization technique [Car32], which has previously been applied
to quantum algorithms in Refs. [Liu+21; Liu+23; Kro23]. Next, we show that by rescaling the
linearised ODEs, we can reduce the complexity of the quantum algorithm. This is followed by
improved error bounds due to Carleman linearization for the rescaled variable and an estimate of
the overall complexity for obtaining the solution of the truncated linearised ODE.

In contrast to Refs. [Liu+21; Kro23], we do not consider the driving term; on the other hand,
we explore arbitrary nonlinear powers in the ODE problem rather than constrained to the quadratic
case as in Refs. [Liu+21; Kro23]. When we have an arbitrary power M in the nonlinear ODE it is
more challenging to include the driving term F0, because F0 will produce characteristics of a more
general polynomial of order M as opposed to just a single component. Therefore, to analyse the
driving term we would also need to consider a general polynomial of order M for the nonlinear part
of the ODE problem. We leave that considerably more complicated analysis to future work.

The solution of a linearised form of Def. 1 relies on oracles for F1, FM , and the initial vector.
We show in Section 3.1.5, that the complexity of the solution in terms of calls to oracles for F1 and
FM scales as

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

λF1
TN log

(
N

ε

)
log

(
NλF1

T

ε

))
. (3.1.6)

In this complexity, ε is the allowable error, and λF1
is the λ-value for block encoding F1 (with an

extra assumption on the efficiency of the block encoding of FM ). An important quantity here is
the Carleman order N , which can be chosen logarithmically in the allowable error provided R < 1.
For the complexity in terms of calls to the preparation of the initial vector, there is an extra factor
of N , but the final log factor can be omitted, so the overall complexity is similar. Without the
rescaling, there would be an extra factor in the complexity O

(
∥uin∥N

)
that is exponential in the

aforementioned Carleman truncation number N . Even though N can be chosen logarithmic in the
other parameters, that would still result in large complexity.

The result as given in Ref. [Liu+23] has that problem. The complexity from Ref. [Liu+23] is
(using Eq. (4.2) of that work and replacing a in their notation with c in our notation)

O

(
1

G2ε
sT 2D2d2n4/dN3∥uin∥2Npoly

(
log

(
cDdMn1/dNsT

Gε

)))
, (3.1.7)

where G denotes the average ℓ2 solution norm of the history state, and s is the maximum sparsity
of F1, FM . The factor ∥uin∥2N exponential in N is due to the higher-order components of the
Carleman vector without rescaling. They also have a factor of T 2 rather than T , which is due to
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using a simple forward Euler scheme in time. We also give a further improvement in the polynomial
factor of N , with our scaling being N in comparison to their N3.

Carleman solver for the reaction-diffusion equation

A large system of ODEs of the form in Eq. (3.1.3) may arise from discretization of partial differ-
ential equations. Specifically, we can derive the nonlinear differential equation resulting from the
discretization of a nonlinear reaction-diffusion PDE similar to Ref. [Liu+23],

∂tu(x, t) = D∆u(x, t) + cu(x, t) + buM (x, t). (3.1.8)

This equation will be stable according to a criterion that depends on the max-norm of u(x, t),
in contrast to the condition for the ODE that is based on the 2-norm. Discretising this PDE
into an ODE, the stability condition R < 1 would be stronger and depend on the number of
discretization points. That condition is stronger than necessary for the PDE, but after we use
Carleman linearization to give a linear ODE it requires R < 1 for stability. This means that the
stability condition needed for the quantum algorithm is stronger than that for the original PDE.

We explore techniques of finite-difference methods with higher-order approximations for the
spatial discretization of the PDEs. Our improved nonlinear ODE solver is then applied to the
reaction-diffusion equation Eq. (3.1.8), with F1 resulting from the Laplacian discretization and FM
giving the non-linearity from the PDE. The overall procedure is illustrated in Fig. 3.2.

We then show in Corollary 3.1.6 that for this PDE, the overall cost for the solution in terms of
calls to the oracles that block encode F1 and FM is

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

(dDn2/d + |c|)TN log

(
N

ε

)
log

(
N(dDn2/d + |c|)T

ε

))
, (3.1.9)

where we have used n gridpoints in total for the spatial discretization of the d-dimensional PDE
given in Eq. (3.1.8).

Classically, it is less useful to perform linearization by the Carleman procedure, because the
system size grows exponentially with the truncation number N making the simulation prohibitively
costly. In general, explicit time-stepping methods like forward Euler or Runge-Kutta schemes do not
rely on linearization of the underlying differential equations. However, (semi-)implicit schemes which
exhibit more favourable numerical stability rely on inversion of the system. This either requires
linearization (e.g., Carleman or Koopman-von-Neumann schemes) or methods to solve nonlinear
systems, such as Newton-Raphson, which rely on a good initial guess and require inversion of a
Jacobian matrix.

3.1.4 Quantum Carleman solver with rescaling and improved error bounds
on Carleman truncation

Background on Carleman linearization

We start with the Carleman linearization for the initial value problem described by the n-dimensional
equation with a nonlinearity of orderM as given in Eq. (3.1.3). We recall the dissipativity assumption
on F1, i.e., the eigenvalues of (F1+F

†
1 )/2 are purely negative. The quantity λ0, the eigenvalue closest
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to zero, thus gives the weakest amount of dissipation. This way, R in Eq. (3.1.5) can be used to
quantify the strength of the nonlinearity of the problem. As shown in Ref. [Liu+21], there exists a
quantum algorithm that can solve Eq. (3.1.3) efficiently whenever R < 1. Furthermore, for R ≥

√
2,

the problem was shown to be intractable on quantum computers.
Next, we briefly outline the key idea of the Carleman linearization. First, notice that

u⊗M = (uM1 , u
M−1
1 u2, . . . , u1u

M−1
n , u2u

M−1
1 , . . . , uM−1

n un−1, u
M
n )T ∈ Rn

M

. (3.1.10)

In particular, for M = 2, the Kronecker product gives

u⊗2 = (u21, u1u2, . . . , u1un, u2u1, . . . , unun−1, u
2
n)
T ∈ Rn

2

. (3.1.11)

Now, define a new variable consisting of Kronecker powers of the solution vector

y1 = u, y2 = u⊗2, . . . , yN = u⊗N , . . . , (3.1.12)

which we can summarise as a vector y = [y1,y2, . . . ,yN , . . .]
T . If we consider the time-derivative,

we can identify the time-independent matrices FM ∈ Rn×n
M

and F1 ∈ Rn×n as follows,

dyj
dt

=
du⊗j

dt

=
du

dt
⊗ u⊗ · · · ⊗ u+ · · ·+ u⊗ u⊗ · · · ⊗ du

dt

= (FMu⊗M )⊗ u⊗ · · · ⊗ u+ · · ·+ u⊗ u⊗ · · · ⊗ (FMu⊗M )

+ (F1u)⊗ u⊗ · · · ⊗ u+ · · ·+ u⊗ u⊗ · · · ⊗ (F1u). (3.1.13)

We can write this in compact form,

dyj
dt

= A
(M)
j+M−1yj+M−1 +A

(1)
j yj , (3.1.14)

where A(M)
j+M−1 ∈ Rn

j×nj+M−1

and A(1)
j ∈ Rn

j×nj

with

A
(M)
j+M−1 = FM ⊗ I⊗(j−1) + I⊗FM ⊗ I⊗(j−2) + · · ·+ I⊗(j−1) ⊗FM
A

(1)
j = F1 ⊗ I⊗(j−1) + I⊗F1 ⊗ I⊗(j−2) + · · ·+ I⊗(j−1) ⊗F1, (3.1.15)

where the I operation is the identity with the same domain as F1, i.e., Rn×n.
This results in an infinite-dimensional linear system, as there is no bound on the range of j. To

make this computationally feasible, we restrict to j ∈ [N ] for some N ∋ N > M . Further, we can see
that N > M is a requirement in order to be able to capture any effects coming from a nonlinearity
of order M . This allows one to write down a matrix form,

dy

dt
= ANy, (3.1.16)
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Figure 3.3: Depiction of a snippet of AN for M = 3 until N = 4. Given the exponential increase in
size, only a fraction of N = 4 is shown. The diagonal blocks correspond to linear terms of the ODE,
the upper-diagonal blocks to a nonlinearity on the (M − 1)st off-diagonal.

with

AN =



A
(1)
1 0 · · · 0 A

(M)
M 0 · · · 0

0 A
(1)
2 · · · 0 0 A

(M)
M+1 0

...
... 0

. . . 0
. . . 0

. . . . . . . . . A
(M)
N

. . . 0

. . . . . .
...

... 0 A
(1)
N−1 0

0 0 · · · · · · 0 A
(1)
N



. (3.1.17)

The matrix AN ∈ RNtot×Ntot is called the Carleman matrix with truncation order N , where
Ntot =

∑N
j=1 n

j = n(nN−1)
n−1 . The non-truncated, infinitely large matrix we call A. As the di-

mensionality of the system is exponential in the order of Carleman truncation (see Fig. 3.3), this
technique tends to be intractable for practical applications on classical computers.

The simple block structure of the matrix AN enables us to obtain the upper bound for ∥AN∥ in
terms of the norms of the submatrix of AN , that is

∥AN∥ ≤ max
1≤j≤N

∥A(1)
j ∥+ max

1≤j≤N+M−1
∥A(M)

j ∥

= N∥F1∥+ (N −M + 1)∥FM∥ . (3.1.18)

A similar relation holds for the λ-values, which is important for the estimation of the complexity
of our quantum algorithm. In what follows, we present a lemma that allows us to quantify the
total error involved in the Carleman truncation. Our lemma considers the error from the Carleman
linearization for the rescaled nonlinear ODE problem when we have an arbitrary power M for the
function, as opposed to the quadratic case without the rescaling given in [Liu+21]. To that end, we
will first present said rescaling.
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A rescaled Carleman solver

We will motivate this rescaling by looking at the measurement probabilities of components in the
vector y = [u,u⊗2, . . . ,u⊗N ]T . Recall that the sole entry we are interested in measuring will be
y1 ≡ u. The standard way to encode the solution u(t) in a computational basis {|j⟩} is

|u(t)⟩ =
n∑
j=1

uj(t) |j⟩ . (3.1.19)

Analogously, components |ym⟩ of y are written as a quantum state as

|ym(t)⟩ =
n∑

j1,...,jm=1

uj1(t) · · ·ujm(t) |m, j1 · · · jm, 0⊗ log(n)(N−m)⟩

=

n∑
j1,...,jm=1

uj1(t) · · ·ujm(t) |y(j1j2···jm)
m ⟩ , (3.1.20)

with
|y(j1j2···jm)
m ⟩ := |m, j1 · · · jm, 0⊗ log(n)(N−m)⟩ . (3.1.21)

This follows the state encoding outlined in Appendix 3.C in Ref. [Liu+21], where in each step up
to the largest order N , extra dimensions are padded in the form of |0⟩’s to avoid the structure of a
superposition over components of different size. The first register is set to m so we can distinguish
the order by measurement of a subsystem. Then, we can write the full vector |y(t)⟩ as follows:

|y(t)⟩ =
n∑

j1=1

uj1(t) |y
(j1)
1 ⟩+

n∑
j1,j2=1

uj1(t)uj2(t) |y
(j1j2)
2 ⟩+ · · ·+

n∑
j1,...,jN=1

uj1(t) . . . ūjN (t) |y(j1j2···jN )
N ⟩ .

(3.1.22)

For a normalised quantum state, the amplitudes ujl(t) in Eq. (3.1.22) need to be normalised so that
⟨y⟩ = 1. We then have to consider the normalization factor 1/

√
VN where

VN = ∥y∥2 =

N∑
ℓ=1

∥u(t)∥2ℓ = ∥u(t)∥2 1− ∥u(t)∥2N

1− ∥u(t)∥2
. (3.1.23)

Note that this formula does not work in the case that ∥u(t)∥ = 1. We therefore adopt the convention
that wherever there appears a ratio of this form, for ∥u(t)∥ = 1 it takes the value in the limit
∥u(t)∥ → 1, so

∥u(t)∥2 1− ∥u(t)∥2N

1− ∥u(t)∥2
→ N . (3.1.24)

The solution of the nonlinear ODE is given by the first component, where the probability is given
by

P (y1(t)) =

n∑
j1=1

∣∣∣⟨y(j1)1 ⟩y(t)
∣∣∣2 =

1

VN

n∑
j1=1

|uj1(t)|2 =
1− ∥u(t)∥2

1− ∥u(t)∥2N
. (3.1.25)

From this equation, we see that as we increase the Carleman truncation order we also increase VN ,
which suppresses the probability of extracting the desired component. This brings an exponential
cost in N for the algorithm due to the O

(
1/
√
P (y1(t))

)
rounds of amplitude amplification needed
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at the end. To avoid this high cost in the algorithm, we propose the following rescaling, which can
significantly reduce the cost of amplitude amplification.

Definition 3.1.1 (Rescaled Carleman problem). Consider a nonlinear ODE system of the form
du
dt = F1u+ FMu⊗M as in Def. 1. Then, using a variable transformation in the form of a rescaling
ũ = u/γ with γ > 0, we obtain another system in the rescaled variable

dũ

dt
= F̃1ũ+ F̃M ũ⊗M , (3.1.26)

with F̃1 = F1 and F̃M = γM−1FM .

This allows us to improve the measurement probability in the following sense.

Lemma 3.1.2 (Measurement probability of the rescaled Carleman problem). Using the rescaling in
Def. 3.1.1, using a scaling factor γ ≥ ∥uin∥ and assuming dissipativity of the ODE, the probability
to measure ũ = ỹ1 is given by

P (ỹ1(t)) =
1− ∥u(t)∥2

γ2

1−
(

∥u(t)∥
γ

)2N ≥ 1

N
. (3.1.27)

Proof. Using the rescaling γ > 0, we obtain a new normalization

ṼN =

N∑
l=1

(
∥u(t)∥
γ

)2l

= ∥ũ(t)∥2 1− ∥ũ(t)∥2N

1− ∥ũ(t)∥2
, (3.1.28)

with ∥ũ(t)∥ = ∥u(t)∥/γ. Given dissipativity of the ODE, we have ∥u(t)∥ ≤ ∥uin∥, so ∥ũ(t)∥ ≤ 1. In
turn that implies

1− ∥ũ(t)∥2N

1− ∥ũ(t)∥2
≤ N. (3.1.29)

The measurement probability to obtain ỹ1(t) is then

P (ỹ1(t)) =

n∑
j1=1

∣∣∣⟨y(j1)1 ⟩ ỹ(t)
∣∣∣2 =

∥ũ(t)∥2

ṼN
=

1− ∥ũ(t)∥2

1− ∥ũ(t)∥2N
≥ 1

N
. (3.1.30)

Therefore, using the parameter γ, we can adjust the probability to obtain ỹ1. Here we have taken
γ ≥ ∥uin∥, though the first expression does not depend on this assumption. The probability is equal
to 1/N if γ = ∥uin∥ = ∥u(t)∥, and otherwise for γ > ∥u(t)∥ the probability is even better. Thus the
rescaling avoids the exponential (in N) suppression of the probability of obtaining the component
of interest of the ODE problem, which occurs for ∥u(t)∥ > 1 without rescaling.

When we apply the rescaling above into Eq. (3.1.15) we obtain a linearised system in the rescaled
solution vector with Ã

(1)
j = A

(1)
j and Ã

(M)
j+M−1 = γM−1A

(M)
j+M−1, and as a result we can write the

rescaled Carleman linearization as
dỹ

dt
= ÃN ỹ, (3.1.31)
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where

ÃN =



A
(1)
1 0 · · · 0 γM−1A

(M)
M 0 · · · 0

0 A
(1)
2 · · · 0 0 γM−1A

(M)
M+1 0

...
... 0

. . . 0
. . . 0

. . . . . . . . . γM−1A
(M)
N

. . . 0

. . . . . .
...

... 0 A
(1)
N−1 0

0 0 · · · · · · 0 A
(1)
N



. (3.1.32)

We discuss the cost of an implementation of the rescaled dynamics in Section 3.1.5.

Error bounds on rescaled solution

Next, we present error bounds on the global and component-wise errors due to Carleman linearization
in Lemma 3.1.3 and Lemma 3.1.4, where we make use of the rescaling technique outlined in the
previous section. The first lemma provides a bound on the overall error in the Carleman vector.
The error bounds we present here are based on the 2-norm.

Lemma 3.1.3 (Global rescaled Carleman error). Consider the ODE from Eq. (3.1.3) with its Car-
leman linearization in Eq. (3.1.13) truncated at order N . Let F1 be dissipative, so that for λ0 < 0

with |λ0| > ∥uin∥M−1∥FM∥ and therefore ∥ũin∥ ≥ ∥ũ(t)∥ for t > 0. Then, the error in the rescaled
solution as defined in Lemma 3.1.2 is given by ηj = ũ⊗j − ỹj at order j ∈ [N ] due to Carleman
truncation N > M ≥ 2 and a scaling factor γ = ∥uin∥; ũ denotes the exact solution to the underlying
ODE whereas ỹ is the approximation due to Carleman truncation. Then, this error for any j ∈ [N ]

is upper bounded by the overall error vector,

∥ηj(t)∥ ≤ ∥η(t)∥ ≤ (M − 1)∥FM∥∥uin∥M−1 1− eN(λ0+γ
M−1∥FM∥)t

|λ0 + γM−1∥FM∥|
. (3.1.33)

The detailed proof is presented in Appendix C.2.1. Related results were given in Ref. [Liu+21]
and Ref. [Kro23]. Neither included a general power for the nonlinearity, and were restricted to
M = 2. Furthermore, we provide an exponential reduction in the Carleman order dependence
due to the rescaling, i.e., ∥η∥ ∝ ∥uin∥M in opposed to ∥uin∥N . Although Ref. [Kro23] mentioned
rescaling, it appears not to have been used in the error analysis. If the rescaled form was being used
in that work, then it would imply that ∥uin∥ would be equal to 1, so log(1/∥uin∥) = 0 which results
in N being infinite in Eq. (7.23) of Ref. [Kro23].

A problem with using this form is that it does not go down with the Carleman order. We aim to
show that the error may be made arbitrarily small with higher-order Carleman approximations. We
can provide tighter bounds when we consider the individual components of the Carleman vector, as
in the following lemma.

Lemma 3.1.4 (Component-wise Carleman error). Under the same setting as in Lemma 3.1.3, and
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j ∈ [N ], the Carleman error for each individual component of ηj satisfies

∥ηj(t)∥ ≤
(
∥uin∥
γ

)j
Rkfj,k,M (|λ0|t) , j ∈ Ωk (3.1.34)

where

fj,k,M (τ) = 1− (M − 1) Γ(k + j/(M − 1))

(k − 1)! Γ(j/(M − 1))

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)
e−(ℓM−ℓ+j)τ

ℓM − ℓ+ j
, (3.1.35)

for k ∈ {1, 2, · · · , ⌈ N
M−1⌉} and k is determined so that for any j, we have k whenever j falls into

the index set j ∈ Ωk with

Ωk := {N − k(M − 1) + 1, . . . , N + (k − 1)(1−M)}. (3.1.36)

In particular, for k = ⌈N/(M − 1)⌉ we have

∥η1(t)∥ ≤ ∥uin∥
γ

R⌈ N
M−1 ⌉f1,⌈N/(M−1)⌉,M (|λ0|t) . (3.1.37)

The proof of Lemma 3.1.4 can be found in Appendix C.2.2. The function fj,k,M (τ) is monoton-
ically decreasing with k, and in particular fj,k,M (τ) ≤ fj,1,M (τ) = 1 − e−jτ (see Appendix C.2.2).
This result does not depend on the choice of rescaling γ. There is a factor of 1/γj in the definition
of ηj , so the result is effectively independent of the choice of rescaling. Moreover, ∥η1(t)∥ gives the
error in the desired component at the end, and shows that the error in u is proportional to ∥uin∥.

A similar result was provided in Ref. [Liu+23] without using the rescaling, though that does not
affect the result for the error. We give a significant improvement over the result in Ref. [Liu+23] by
evaluating the nested integrals to give the function fj,k,M (τ), whereas the result in Ref. [Liu+23]
just corresponds to replacing fj,k,M (τ) with its upper bound of 1.

We can use Lemma 3.1.4 to solve for a lower bound on N for a given allowable error. In practice,
we are interested in the error in the solution relative to ∥uin∥ rather than γ, so we aim to bound
∥η1(t)∥γ/∥uin∥. Given a maximum allowable error ε, we then require

ε ≤ R⌈ N
M−1 ⌉f1,⌈N/(M−1)⌉,M (|λ0|t) ≤ R⌈ N

M−1 ⌉ . (3.1.38)

It is therefore sufficient to choose N as⌈ N

M − 1

⌉
≤ log (1/ε)

log (1/R)
, (3.1.39)

or
N = (M − 1)

⌈
log (1/ε)

log (1/R)

⌉
− (M − 2) . (3.1.40)

We can also numerically solve for N , by using the exact expression for fj,k,M (τ) given in Eq. (3.1.35).
That will give a tighter lower bound on N , but there is not a closed-form expression.
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3.1.5 Solution of the linearised system of ordinary differential equations
using a truncated Taylor series

Next, we describe how to solve the system of ODEs that results from the Carleman mapping applied
onto the nonlinear system. The most simple way to solve the system of ODEs is to apply the first-
order method for time discretization known as the explicit Euler method. Upon application of the
Euler method, there is a linear system of equations that can be solved. Here, this is a quantum
linear system problem (QLSP), as the solution is encoded in a quantum state. In what follows,
we aim to solve the linear system by a more sophisticated method than explicit Euler. The main
drawback of the forward Euler method is low accuracy since it is a first-order method, meaning finer
time discretization is required to achieve a required precision. As a result, the dependence of the
complexity for solving the QLSP is quadratic in the solution time, and there is a near-linear factor
in the inverse error [Liu+21; Liu+23].

Here, we follow the procedure outlined in Ref. [BC24], which allows us to obtain an algorithm
that has complexity near-linear in time and logarithmic in the inverse error. The solution of a
time-independent ODE system

du(t)

dt
= Au(t), (3.1.41)

may be approximated by uK(t) =WK(t, t0)u(t0), with

WK(t, t0) :=

K∑
ℓ=0

(A∆t)ℓ

ℓ!
. (3.1.42)

This is a Taylor series truncated at order K. The error in the solution due to time propagation can
be bounded as

∥uK(t)− u(t)∥ ∈ O
(
(∥A∥∆t)K+1

(K + 1)!
∥u(t0)∥

)
. (3.1.43)

We aim to solve Eq. (3.1.16) where the vector u(t) is mapped to a rescaled vector ỹ(t) and A is the
rescaled Carleman matrix ÃN truncated at order N .

Following Theorem 2 in [BC24], there exists a quantum algorithm that can provide an approxi-
mation |ŷ⟩ of the solution |ỹ(T )⟩ satisfying ∥|ŷ⟩ − |ỹ(T )⟩∥ ≤ εymax. To do so, we require that AN

has non-positive logarithmic norm and we have the oracles Uy to prepare the initial state and block
encoding of AN via UÃN

with ⟨0|UÃN
|0⟩ = ÃN/λÃN

. Then, to achieve the desired accuracy, the
average number of calls to Uy and UÃN

needed are

Uy : O

(
R̃λÃN

T log

(
1

ε

))
(3.1.44)

UÃN
: O

(
R̃λÃN

T log

(
1

ε

)
log

(
λÃN

T

ε

))
. (3.1.45)

Furthermore, the number of additional elementary gates scales as

O

(
R̃λÃN

T log

(
1

ε

)
log2

(
λÃN

T

ε

))
. (3.1.46)



CHAPTER 3. SIMULATING MORE GENERAL SYSTEMS WITH QUANTUM COMPUTERS 70

In these expressions

R̃ ≥ ymax

∥ỹ(T )∥
(3.1.47)

ymax ≥ max
t∈[0,T ]

∥ỹ(t)∥ . (3.1.48)

The stability requirement on the ODE to use the solver as in Ref. [BC24] is that the logarithmic
norm of the matrix is non-positive (similar to Ref. [Kro23]). That norm is given by the eigenvalues of
(ÃN + Ã†

N )/2. The eigenvalues of that matrix can be bounded via the block form of the Gershgorin
circle theorem. That is equivalent to the usual Gershgorin circle theorem, except using the spectral
norms of the off-diagonal blocks. For example, see Theorem 2 of Ref. [FV62], or Ref. [van79].

For (ÃN + Ã†
N )/2 we obtain rows with A(1)

j and γM−1A
(M)
j /2 (for j ≥M) and γM−1A

(M)
j+M−1/2

(for j +M − 1 ≤ N). Now ∥A(M)
j+M−1∥ ≤ j∥FM∥, so the sum of the norms of the off-diagonal blocks

is at most, for j ≥M and j +M − 1 ≤ N ,

∥A(M)
j+M−1∥+ ∥A(M)

j ∥ ≤ j∥FM∥+ (j −M + 1)∥FM∥ = (2j −M + 1)∥FM∥ . (3.1.49)

In the case j < M but j +M − 1 ≤ N then we get j∥FM∥. If j +M − 1 > N but j ≥ M then we
get (j −M + 1)∥FM∥. Now the maximum eigenvalue of [A(1)

j + (A
(1)
j )†]/2 is jλ0. In that case the

eigenvalues of (ÃN + Ã†
N )/2 can be at most

jλ0 + jγM−1∥FM∥/2 , 0 < j < M

jλ0 + (2j −M + 1)γM−1∥FM∥/2 , j ≥M and j ≤ N −M + 1

jλ0 + (j −M + 1)γM−1∥FM∥/2 , N ≥ j > N −M + 1

(3.1.50)

We can then see that the eigenvalues will be non-positive given all three inequalities

γM−1 ≤ 2|λ0|
∥FM∥

, (3.1.51)

γM−1 ≤ |λ0|
[1− (M − 1)/(2(N −M + 1))]∥FM∥

, (3.1.52)

γM−1 ≤ |λ0|
[1− (M − 1)/N ]∥FM∥

. (3.1.53)

Provided N ≥ 2(M − 1) (as would normally be the case) the middle inequality would imply the
other two. In all cases we can satisfy these inequalities using

γM−1 ≤ |λ0|
∥FM∥

=
∥uin∥M−1

R
, (3.1.54)

or
γ ≤ ∥uin∥

R1/(M−1)
, (3.1.55)

where we used the definition ofR from Eq. (3.1.5) in the equality above. Reference [BC24] argues that
for cases where the solution does not decay significantly, R ∈ O (1). Here, we consider dissipative
dynamics without driving, so R may be large. That is less of a problem for driven equations.
We expect that our methods can be applied to driven equations as well, but the error analysis is
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considerably more complicated so we leave it as a problem for future work.
We can construct the block encoding of the Carleman matrix ÃN in terms of the block encoding

of F1 and FM , as discussed in Appendix C.7. Denoting the values of λ for F1 and FM by λF1 and
λFM

respectively, the value of λ for ÃN is

λÃN
≤ NλF1

+ (N −M + 1)γM−1λFM
. (3.1.56)

This expression easily follows from expressing ÃN as a sum, and the value of λ being the sum of the
values of λ in the sum. Since ÃN includes A(1)

j up to A(1)
N , and A

(1)
N is a sum of N operators with

identity tensored with F1, we obtain the term NλF1
above. Similarly, we have γM−1A

(M)
j up to

γM−1A
(M)
N , and A(M)

N is a sum ofN−M+1 operators with with FM , giving the (N−M+1)γM−1λFM

term.
If we choose γM−1 = |λ0|/∥FM∥ as above, then

N∥F1∥ > (N −M + 1)γM−1∥FM∥ . (3.1.57)

In typical cases we would expect that λF1
∝ ∥F1∥ and λFM

∝ ∥FM∥. That would imply

λÃN
≲ 2NλF1 . (3.1.58)

Note that the scaling has not increased the value of λ by more than a constant factor. Note that
this is assuming that the λ-values and norms in the block encoding are comparable, so it is possible
it could be violated if the block encoding of FM is inefficient, so λFM

is much larger than ∥FM∥.
Now for R we have ymax which considers the maximum norm that the vector can assume along

the entire time evolution. Since we are working with a dissipative problem the maximum occurs at
t = 0. First we consider the case without the scaling for comparison. To compute the norm ∥y(0)∥,
note that it is the vector resulting from the Carleman mapping, i.e., y(0) = [uin,u

⊗2
in , . . . ,u

⊗N
in ]T , so

∥y(0)∥2 = ∥uin∥2
1− ∥uin∥2N

1− ∥uin∥2
, (3.1.59)

as in Eq. (3.1.23). Similarly for the value of the norm at time T ,

∥y(T )∥2 = ∥u(T )∥2 1− ∥u(T )∥2N

1− ∥u(T )∥2
. (3.1.60)

Therefore

R ≥ ymax

∥y(T )∥

=

[(
1− ∥uin∥2N

) (
1− ∥u(T )∥2

)
(1− ∥uin∥2) (1− ∥u(T )∥2N )

]1/2
∥uin∥
∥u(T )∥

. (3.1.61)

Moreover, the above complexity is in order to obtain the full Carleman vector. The quantity R
corresponds to an inverse amplitude for obtaining the state at the final time, so tells us how many
steps of amplitude amplification are needed in the algorithm. In practice, we want only u(T ) rather
than the full vector. That implies a further factor in the complexity of ∥y(T )∥/∥u(T )∥, corresponding
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to the inverse amplitude for obtaining the component of the Carleman vector containing the solution.
That gives a factor in the complexity of

∥y(T )∥
∥u(T )∥

R ≥

[(
1− ∥uin∥2N

)
(1− ∥uin∥2)

]1/2
∥uin∥
∥u(T )∥

. (3.1.62)

From the equation above we can see how R grows exponentially in N for ∥uin∥ > 1.
Now with the rescaling, we simply divide each uin or u(T ) by γ. That gives us

∥ỹ(T )∥
∥ũ(T )∥

R̃ ≥

[(
1− ∥uin∥2N/γ2N

)
(1− ∥uin∥2/γ2)

]1/2
∥uin∥
∥u(T )∥

. (3.1.63)

With the choice γM−1 = |λ0|/∥FM∥, we obtain

∥ỹ(T )∥
∥ũ(T )∥

R̃ ≥ 1√
1−R2/(M−1)

∥uin∥
∥u(T )∥

. (3.1.64)

We then can see that the amplitude amplification cost can be exponentially reduced when ∥uin∥ > 1.
We could also use γ = ∥uin∥ to give

∥ỹ(T )∥
∥ũ(T )∥

R̃ ≥
√
N

∥uin∥
∥u(T )∥

, (3.1.65)

but that bound is looser for realistic parameters.
A further consideration is the relation between the relative error in the solution for ỹ(T ) and

that for u(T ). The complexity of the solution for the ODE solver is in terms of the former, whereas
we need to bound the relative error in u(T ). We have the error upper bounded by (with hats used
to indicate results given by the linear equation solver)

∥û(T )− u(T )∥ ≤ γ∥ŷ(T )− y(T )∥

≤ γεymax

≤ γ

[(
1− ∥uin∥2N/γ2N

)
(1− ∥uin∥2/γ2)

]1/2
∥uin∥
γ

≤ ε∥uin∥
1√

1−R2/(M−1)
. (3.1.66)

In the second line we have assumed that the ODE solver has given the solution for y(T ) to within
error εymax. This shows that the relative error in u(T ) is the same as that for ỹ(T ), up to a factor of
1/

√
1−R2/(M−1) which should be close to 1. We can also use the simpler but looser upper bound

∥û(T )− u(T )∥ ≤ ε∥uin∥
√
N , (3.1.67)

which is obtained by noting that the expression in the square brackets in the third line of Eq. (3.1.66)
is upper bounded by N .

We can now use the ODE solver given in Ref. [BC24] in combination with our rescaling technique
to provide our quantum algorithm for Def. 1.
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Lemma 3.1.5 (Complexity of solving ODE). There is an algorithm to solve the nonlinear ODE from
Eq. (3.1.3) i.e., to produce a quantum state |û(T )⟩ encoding the solution such that ∥û(T )− u(T )∥ ≤
ε∥uin∥, using an average number

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

λF1TN log

(
N

ε

)
log

(
NλF1

T

ε

))
, (3.1.68)

of calls to oracles for F1 and FM ,

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

λF1TN
2 log

(
N

ε

))
, (3.1.69)

calls to oracles for preparation of uin, and

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

λF1
TN2M log

(
N

ε

)
log

(
NλF1

T

ε

)2

log n

)
, (3.1.70)

additional gates for dimension n, with

N = O

(
(M − 1)

log (1/ε)

log (1/R)

)
. (3.1.71)

We require that R < 1 and assume that λFM
/∥FM∥ = O(λF1

/∥F1∥) for the block encodings of F1

and FM .

Proof. The main step to derive our quantum algorithm is first to apply the Carleman linearization
in the rescaled nonlinear ODE problem, which is given in Eq. (3.1.26). We then have a linear ODE
problem with the Carleman matrix of order N , denoted ÃN . We can then apply the ODE solver
given in Ref. [BC24] to this equation.

There are then a number of considerations needed to give the overall complexity.

• We need to multiply by a further factor of ∥ỹ(T )∥/∥ũ(T )∥ to obtain the correct component of
the solution containing the approximation of u(T ). The product of that with R̃ is given above
in Eq. (3.1.64).

• The value of λÃN
is given above in Eq. (3.1.58) under the assumption λFM

/∥FM∥ = O(λF1
/∥F1∥),

which gives λÃN
= O(NλF1

).

• The matrix ÃN can be block encoded with O (1) calls to the oracles for F1, FM . There is
an extra O (N) factor for the number of calls to uin. The implementation of the oracles is
explained in Appendix C.7.

• The choice of the Carleman order N in order to obtain a sufficiently accurate solution is given
in Eq. (3.1.40). The error from the Carleman truncation can be chosen to be a fraction of the
total allowable relative error ε here, which is accounted for using the order notation for N .

• The solution for the ODE can be given to relative error ε/
√
N . According to Eq. (3.1.67) that

will ensure that the relative error in u(T ) obtained is ε as required. It is for this reason that
we have replaced the 1/ε in the complexity for the ODE solver with N/ε.
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For the additional elementary gates, the block encoding as in Appendix C.7 requires a factor of
O (NM log n) for swapping target registers into the appropriate location. That is a factor on the
number of block encodings of ÃN . Moreover, Ref. [BC24] gives a log factor to account for the
complexity of correctly giving the weighting in the Taylor series. For simplicity we give the product
of these factors, but these factors are for different contributions to the complexity and we could
instead give a more complicated expression with the maximum of NM log n and the logarithm.

We can compare our quantum algorithm performance with what is given in Theorem 8 of
Ref. [Kro23] for the case M = 2. The complexity given in that theorem can be simplified to
the situation we consider by removing the driving term and replacing ∥A∥ with λAN

. Then the
complexity from [Kro23] is

O

(
∥uin∥
∥u(T )∥

λF1
TN poly

(
N, log

(
1

ε

)
, log (TNλF1

)

))
. (3.1.72)

The speedup is unclear because the complexity in that work is given in terms of poly factors. That
work appears to be assuming a rescaling in order to avoid complexity exponential in N , but by
assuming ∥uin∥ = 1. The problem is that they give a formula for N as

N =

⌈
2 log (T∥F2∥/δ∥u(T )∥)

log (1/∥uin∥)

⌉
. (3.1.73)

Using ∥uin∥ = 1 in that formula gives infinite N . In contrast, here we have given the rescaling
explicitly and given a working formula for N .

3.1.6 Application to the quantum nonlinear PDE problem

Complexity of the quantum algorithm

We now demonstrate our techniques applied to the nonlinear PDE [Liu+23]

∂tu(x, t) = D∆u(x, t) + cu(x, t) + buM (x, t), (3.1.74)

for some diffusion coefficient D ≥ 0 and constants c, b ∈ R. As a simple means of discretization we
consider finite differences with periodic boundary conditions, which leads to a vector-valued ODE
that approximates the dynamics in Eq. (3.1.74). We go beyond the two-point stencil demonstrated
in Ref. [Liu+23] and apply higher-order finite differences similar to Ref. [CLO21] for the linear case.

We discretise a d-dimensional space in each direction with uniformly equidistant grid points. As
a result, we obtain a nonlinear system of ODEs as in Eq. (3.1.3) with n grid points in total, or n1/d

in each direction. Moreover, we consider the width of the simulation region to be 1 in each direction,
so xj ∈ [0, 1], for simplicity.

The linear operator F1 resulting from the spatial discretization of our PDE is given by

F1 = DLk,d + c I⊗d, (3.1.75)
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where I is the n1/d × n1/d identity matrix, and

Lk,d =

d∑
µ=1

I⊗(µ−1) ⊗Lk ⊗ I⊗(d−µ) . (3.1.76)

The operator Lk,d above for the discretised Laplacian in dimension d is constructed from the sum of
the discretised Laplacians in one dimension, Lk. Here, k is the order, so the truncation error scales
as the inverse grid spacing to the power of 2k − 1, and 2k + 1 stencil points are used.

A Laplacian in one dimension with a kth order approximation and periodic boundary conditions
can be expressed in terms of weights aj as (see Ref. [CLO21])

Lk = n2/d

a0I + k∑
j=1

aj(S
j + S−j)

 , (3.1.77)

where S is a n1/d × n1/d matrix, where the entries are Si,j = δi,j+1 mod n1/d ; S is also known as a
circulant matrix. Note that for a total of n1/d grid points and a region size of 1 in each direction,
the grid spacing is 1/n1/d. The method to obtain the coefficients aj for the Laplacian operator given
in Appendix C.5 guarantees that

a0 + 2

k∑
j=1

aj = 0 , (3.1.78)

and we provide the coefficients for 1 ≤ k ≤ 5 in Table 3.1 (these are from [CJO19]). Moreover, this
procedure leads to a truncation error in the representation of the Laplacian operator which scales
as (for the 2-norm) [KWBA17; CLO21]

O

(
C(u, k)

√
n
(e
2

)2k
n(−2k+1)/d

)
, (3.1.79)

where C(u, k) is a constant depending on the (2k + 1)st spatial derivative in each direction

C(u, k) =

d∑
j=1

∣∣∣∣∣d2k+1u

dx2k+1
j

∣∣∣∣∣ . (3.1.80)

This expression is obtained from that in Refs. [KWBA17; CLO21] by adding the errors for derivatives
in each direction.

Order k Coefficients a0 to ak
1 -2, 1
2 -5/2, 4/3, -1/12
3 -49/18, 3/2, -3/20, 1/90
4 -205/72, 8/5, -1/5, 8/315, -1/560
5 -5269/1800, 5/3, -5/21, 5/126, -5/1008, 1/3150

Table 3.1: Central finite difference coefficients for approximating a second derivative in one dimen-
sion [CJO19].

We also have the matrix FM resulting from the spatial discretization of the nonlinear part
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buM (x, t) that is a rectangular matrix FM ,

FM : Rn
M

→ RRn, (3.1.81)

operating on the vector u⊗M , as given in Eq. (3.1.10). Since we are only interested in the components
uMi from u⊗M , where i = 1, 2, · · ·n, FM is a one sparse matrix with the non-zero components given
by b. Hence ∥FM∥ = ∥FM∥max = |b|. In the case M = 2, where

u⊗2 = (u21, u1u2, . . . , u1un, u2u1, u
2
2, . . . , unun−1, un2)T ∈ Rn

2

, (3.1.82)

we can express F2 as

[F2]pq =

b, q = p+ (p− 1)n

0, otherwise.
(3.1.83)

Returning to the Laplacian operator with periodic boundary conditions, we see that Eq. (3.1.77)
is a circulant matrix, so its eigenvalues are given by

λℓ(Lk) = n2/d

a0 + k∑
j=1

aj
(
ωℓj + ω−ℓj)

= n2/d

a0 + 2

k∑
j=1

aj cos

(
2πℓj

n1/d

) , ℓ ∈ [n1/d − 1] (3.1.84)

where ω = ei2π/n
1/d

. Since the aj , with j = 0, 1, · · · , k, satisfy the condition in Eq. (3.1.78), we see
that for ℓ = 0, λ0 = 0 gives the maximum eigenvalue and λℓ < 0 for ℓ ̸= 0. Moreover, using the
triangle inequality in Eq. (3.1.77) we see that

∥Lk∥ ≤ n2/d

|a0|+ 2

k∑
j=1

|aj |

 . (3.1.85)

By a simple application of Gershgorin’s circle theorem, one may obtain the asymptotic bound
(Lemma 2 in Ref. [CLO21], Lemma 6 in Ref. [KWBA17]),

∥Lk∥ ≤ n2/d
4π2

3
. (3.1.86)

From the eigenvalues of Lk we can then determine the eigenvalues of F1 (which is symmetric so
equal to (F1 + F †

1 )/2) as defined in Eq. (3.1.75) as

λℓ⃗(F1) = c+Dn2/d
d∑
p=1

a0 + 2

k∑
j=1

aj cos

(
2πℓpj

n1/d

) . (3.1.87)

As discussed above the maximum eigenvalue of Lk is 0 with periodic boundary conditions (it can
be negative for non-periodic boundary conditions). For Carleman linearization to be successful, we
require R < 1 and, in particular, λ0 < 0; see Section 3.1.4. Since the maximum eigenvalue of F1 is
c, we choose negative c such that the overall dynamics becomes dissipative and satisfies the stability
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condition R < 1. Moreover, we obtain the following bounds

∥F1∥ ≤ |c|+ dDn2/d

|a0|+
k∑
j=1

|aj |

 ≤ |c|+ dDn2/d
4π2

3
. (3.1.88)

The value of λF1 for the block encoding of F1 can be determined in a similar way. The block
encoding can be implemented by a linear combination of unitaries of the identity and powers of the
circulant matrices S. The value of λF1 is then exactly equal to the sum

λF1 = |c|+ dDn2/d

|a0|+
k∑
j=1

|aj |

 ≤ |c|+ dDn2/d
4π2

3
. (3.1.89)

Similarly, since FM is one-sparse it can be easily block encoded with a value of λFM
equal to its

norm of |b|. We then obtain the value of λ for the complete block encoding as

λÃN
= NλF1

+ (N −M + 1)γM−1λFM

≤ N

(
|c|+ dDn2/d

4π2

3

)
+ (N −M + 1)γM−1|b| . (3.1.90)

The condition on the dissipativity of the ODE R < 1 implies that

N

(
|c|+ dDn2/d

4π2

3

)
> (N −M + 1)γM−1|b| . (3.1.91)

Given these results for the discretization of the PDE, we can use Lemma 3.1.5 to provide the
following corollary.

Corollary 3.1.6 (Complexity of solving a dissipative reaction-diffusion PDE). There is a quantum
algorithm to solve the nonlinear PDE in Eq. (3.1.74) i.e., to produce a quantum state |û(T )⟩ encoding
the solution such that ∥û(T )− u(T )∥ ≤ ε∥uin∥, using an average number

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

(dDn2/d + |c|)TN log

(
N

ε

)
log

(
N(dDn2/d + |c|)T

ε

))
, (3.1.92)

of calls to oracles for F1 and FM , as defined in Eq. (3.1.75) and Eq. (3.1.83) respectively,

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

(dDn2/d + |c|)TN2 log

(
N

ε

))
, (3.1.93)

calls to oracles for preparation of uin, and

O

(
1√

1−R2/(M−1)

∥uin∥
∥u(T )∥

(dDn2/d + |c|)TN2M log

(
N

ε

)
log

(
N(dDn2/d + |c|)T

ε

)2

log n

)
,

(3.1.94)
additional gates, with

N = O

(
(M − 1)

log (1/ε)

log (1/R)

)
. (3.1.95)

We require that R < 1, where R is computed from the discretised input vector uin.
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Proof. We first discretise the reaction-diffusion problem in Eq. (3.1.74) to the nonlinear ODE system
with n discretization points. We consider just the error in the solution of this ODE here, with the
choice of n to accurately approximate the solution of the PDE described below. For this ODE we have
an explicit bound for λF1 given in Eq. (3.1.89), and can use it in the expressions in Lemma 3.1.5. For
this simple FM the values of λFM

and ∥FM∥ are equal, so the condition λFM
/∥FM∥ = O(λF1/∥F1∥)

is satisfied.

Note that for this result the oracles for F1 and FM can be easily implemented in terms of calls
to elementary gates, with logarithmic complexity in n and linear complexity in M . Powers of the
circulant matrices can be implemented with modular addition, and FM can be implemented via
equality tests between the copies it acts upon. Note also that, apart from the R < 1 condition, this
complexity scales as n2/d up to logarithmic factors. For d ≥ 3 this complexity is sublinear in n. This
factor comes from the size of the discretised Laplacian, and is similar to that for quantum algorithms
for linear PDEs. If we had the factor of ∥uin∥2N as in Ref. [Liu+23], then because ∥uin∥2 ∝ n with
the discretization there would be a further factor of nN for the scaling with n, making the complexity
far worse than that for a simple classical solver.

Stability and discretization

Here we discuss conditions on nonlinear differential equations of the type in Eq. (3.1.74) so that
numerical schemes based on Carleman linearization are stable. Recall that for the ODE we have the
stability condition R < 1 with

R =
∥FM∥ · ∥uin∥M−1

|λ0|
. (3.1.96)

That condition is not ideal here, because the 2-norm of the solution increases with the number of
discretization points. Thus this condition for the stability depends not only on the underlying PDE
and initial state but on its discretization.

Ideally we would aim for a condition on the max-norm of the solution. That can then be used
in order to guarantee stability of the solution as well as to bound error. For example, Ref. [Liu+23]
considers stability in their Lemma 2.1 and bounds error in their Theorem 3.3. A simple stability
criterion can be given as

∥uin∥M−1
max

b

|c|
< 1 . (3.1.97)

Before discretization, the stability can be shown simply by considering the infinitesimal time interval
dt and using

∥u(x, t) + dt[D∆u(x, t) + cu(x, t) + buM (x, t)]∥max = ∥(I+dtD∆){u(x, t) + dt[cu(x, t) + buM (x, t)]}∥max

≤ ∥ I+dtD∆∥∞∥u(x, t) + dt[cu(x, t) + buM (x, t)]∥max.

(3.1.98)

Now using the triangle inequality

∥u(x, t) + dt[cu(x, t) + buM (x, t)]∥max ≤ ∥u(x, t) + dt cu(x, t)∥max + dt∥buM (x, t)∥max

= (1 + dt c)∥u(x, t)∥max + dt b∥u(x, t)∥Mmax . (3.1.99)
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Figure 3.4: The (induced) ∞-norm of the exponential of tD∆h when using a discretization of the
Laplacian of second order (blue), third order (red), and fourth order (orange).

Then if (b/c) ∥u(x, t)∥M−1
max ≤ 1 this expression is upper bounded by ∥u(x, t)∥max.

Moreover, it is a standard result that ∥ I+dtD∆∥∞ = 1. That is, the diffusion equation smooths
out any peaks in the distribution. That expression also holds if we consider the discretised form,
but only using the first-order discretization. Then for spatial grid spacing h, the discretised form in
one dimension has 1 − 2dtD/h2 on the diagonal, and dtD/h2 on the two off-diagonals. The sum
of the absolute values along a row for this matrix is then exactly 1, giving an ∞-norm of 1. That
means Eq. (3.1.98) implies ∥u(x, t)∥max is non-increasing for the PDE given the stability criterion
in Eq. (3.1.97).

This result for the ∞-norm no longer holds for the discretised PDE when using higher-order
discretizations. For example, for the second-order discretization, the −1/12 on the off-diagonals
means that

∥ I+dtDL2∥∞ = 1 + dtD/(3h2) . (3.1.100)

That means that the max-norm is only upper bounded by the initial max-norm multiplied by a
factor of exp

(
D/(3h2)

)
. In practice it is found that the max-norm is far better behaved. If we

calculate the ∞-norm of exp(tDLk), then we obtain the results shown in Fig. 3.4. For the second-
order discretization the initial slope is 1/3 as predicted using infinitesimal t, but the peak value is
less than 1% above 1. For the higher-order discretizations this maximum increases, but it is still
small for these orders. Therefore we find that if we consider the max-norm for just evolution under
the discretised Laplacian then it is well-behaved, but that does not imply the result for the nonlinear
discretised PDE.

To determine stability for the 2-norm, the equivalent of Eq. (3.1.98) gives

∥u(x, t+ dt)∥ ≤ ∥I+dtD∆∥ ×
∥∥u(x, t) + dt

[
cu(x, t) + buM (x, t)

]∥∥
≤
∥∥u(x, t) + dt

[
cu(x, t) + buM (x, t)

]∥∥
≤ ∥u(x, t)∥+ dt

[
c∥u(x, t)∥+ b∥uM (x, t)∥

]
≤ ∥u(x, t)∥+ dt

[
c∥u(x, t)∥+ b∥u(x, t)∥M−1

max ∥u(x, t)∥
]
. (3.1.101)

Therefore the 2-norm is non-increasing provided (b/c) ∥u(x, t)∥M−1
max ≤ 1. In the discretised case the
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non-positive eigenvalues of the discretised Laplacian mean that the 2-norm is still stable given this
condition, though as noted above it is possible for ∥u∥max to increase above its initial value.

However, for the purpose of solving the ODE using Carleman linearization, what matters is not
the stability of the nonlinear equation, but that of the linearised equation. That is because the
stability of the linearised equation governs the condition number of the linear equations to solve,
and in turn that is proportional to the complexity. For example, in Ref. [Liu+23] their Problem
1 assumes that ∥FM∥ ≤ |λ0| (λ1 in the notation of that work) after some possible rescaling of the
equation. Then Eq. (4.15) of that work gives ∥ I+Ah∥ ≤ 1 (with h the time discretization), using
that condition from Problem 1. That is then used to provide the bound on the norm of ∥L−1∥ in
Eq. (4.28) of that work, which is then used to give the bound on the condition number proportional
to the number of time steps in Eq. (4.29) in Ref. [Liu+23].

According to our analysis above, the stability of the linearised system will be satisfied provided
γM−1 ≤ |λ0|/∥FM∥. For the discretised PDE here we have λ0 = c and ∥FM∥ = b. That means if
γ ≤ ∥uin∥max, then the stability condition in Eq. (3.1.97) implies the stability of the matrix after
Carleman linearization. That condition is needed in order to be able to use the ODE solver of
Ref. [BC24], but it will mean that the rescaling gives a smaller probability of success for obtaining
the correct component of the Carleman vector than if we had the stability condition R < 1.

However, if we have sufficiently small b/|c|, then the condition R < 1 would be satisfied, so

∥uin∥M−1 b

|c|
< 1 . (3.1.102)

Because ∥uin∥ increases with the number of discretization points as
√
n, this inequality can only be

satisfied if the number of discretization points is made as small as possible. This gives a strong moti-
vation for using the higher-order spatial discretization of the PDE. See Appendix C.4 for discussion
of the number of points needed.

Error Analysis

The overall error ε comes from three different parts,

• the spatial discretization error of the semi-discrete dynamics εdisc,

• the error εCarl contributed by truncation in the Carleman linearization as bounded in Lemma 3.1.4,
and

• the error in the time evolution εtime due to the Taylor series, as described in Section 3.1.5.

As usual in this type of analysis, we can simplify the discussion by taking the error to be ε for each
of these contributions. In reality, the contribution to the error from each source would need to be
taken to be a fraction of ε (e.g. ε/3), but because that fraction would at most give a constant factor
to the complexity, it would not affect the complexities quoted using O.

We have already considered εtime and εCarl above in Corollary 3.1.6. The time discretization error
will not be further considered here, but we will discuss how the Carleman error can be alternatively
bounded in situations where the PDE is stable but R ≥ 1. Above we show that the ODE needs
R < 1 for the quantum solution to be efficient, but this bound on the Carleman error will be useful
if that limitation can be circumvented.
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In the case of higher-order discretised Laplacians we obtain a somewhat worse bound as derived
in Appendix C.2.3,

∥ηj(t)∥max ≲ Gdjκ

(
∥FM∥∞

|c|
∥uin∥M−1

max G
dM
κ

)k
fj,k,M (|c|t) , (3.1.103)

where
Gκ := max

τ≥0
∥eLκτ∥∞ . (3.1.104)

The ≲ is because it is assuming that the max-norm of the solution is not increasing. We can use ≤
if ∥uin∥max is replaced with the maximum of ∥u∥max over time. The quantity Gκ is greater than 1
for higher-order discretised Laplacians, so this is a slightly larger upper bound than in the case of
first-order discretised Laplacians. Nevertheless, the Carleman error may be made arbitrarily small
with order provided

∥uin∥M−1
max

b

|c|
GdMκ < 1 . (3.1.105)

This condition is slightly stronger than the condition for stability of the PDE by the factor of GdMκ ,
but that will typically be close to 1. Typically this will be a much weaker requirement than the
stability condition R < 1.

Next, we consider the bound on the error due to the spatial discretization, which can be used
to derive the appropriate number of discretization points n to use. Using that in Corollary 3.1.6
then gives the complexity entirely in terms of the parameters of the problem instead of the value
chosen for n. Our bound on the error is as given in the following Lemma, with the proof given in
Appendix C.3.

Lemma 3.1.7 (Nonlinear PDE solution error when discretising the Laplacian with higher-order
finite differences). Using a higher-order finite difference discretization with 2k + 1 stencil points in
each direction, the solution of the PDE

du

dt
= (DLk,d + c)u+ bu⊗M , (3.1.106)

at time T > 0 has error due to spatial discretization when c < 0 and |c| > M |b|∥uin∥M−1 bounded
as

∥εdisc(T )∥ = O

C(u, k)√n(e
2

)2k
n−(2k−1)/d

1− exp
{(
c+M |b|∥uin∥M−1

max

)
t
}

∣∣∣c+M |b|∥uin∥M−1
max

∣∣∣
 , (3.1.107)

where C(u, k) given in Eq. (3.1.80) is a constant depending on the (2k + 1)st spatial derivative of
the solution assuming sufficient regularity, n is the number of grid points used, and d is the number
of dimensions.

In this result, we are considering the continuous time evolution. Note that for the stability
of the discretization error we use the condition |c| > M |b|∥uin∥M−1

max , which is stronger than the
condition |c| > |b|∥uin∥M−1

max for PDE stability. This appears to be a fundamental condition due to
the nonlinearity, because the derivative of the order-M nonlinearity produces a factor of M .
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Next, if we take εdisc ∝ ε, then solving Eq. (3.1.107) for n gives

n = Ω


 C(u, k)

(
e
2

)2k∣∣∣c+M |b|∥uin∥M−1
max

∣∣∣ 1ε
 2d

2(2k−1)+d

 . (3.1.108)

That is, this choice of n is sufficient to give εdisc as some set fraction of ε. In practice we would
choose the minimum n needed to give the desired accuracy, so we would choose n proportional to
the expression in Eq. (3.1.108). For simplicity of the solution for n, we have used

1− exp
{(
c+M |b|∥uin∥M−1

max

)
t
}
≤ 1 . (3.1.109)

In Appendix C.4 we show how the discretization error is reduced with the number of grid points
with different orders of discretization and a simple toy model.

The benefit of having fewer grid points comes with the drawback of having a less sparse operator.
The block encoding of F1 is performed by a linear combination of unitaries over (2k+1) basis states
with amplitudes given by a table, and so has complexity in terms of elementary gates proportional
to k. That is not immediately obvious from Corollary 3.1.6, because it gives complexity in terms
of block encodings of F1 and FM . It is also possible for C(u, k) to increase with k. In a real
implementation it would therefore be desirable to choose an optimal k to minimise the complexity,
instead of taking k as large as possible.

3.1.7 Conclusion

In this study, we proposed a set of improvements to quantum algorithms for nonlinear differential
equations via Carleman linearization, eliminating some of the exponential scalings seen in prior work.
We have examined both ODEs, and a class of nonlinear PDEs corresponding to reaction-diffusion
equations [Liu+23]. These improvements include

• rescaling the original dynamics,

• a truncated Taylor series for the time evolution,

• higher-order spatial discretization of the PDEs, and

• tighter bounds on the error of Carleman linearization.

The rescaling boosts the success probability, needing exponentially fewer steps for the amplitude
amplification to obtain the solution component of interest in the linearised ODE system. That is vital
to enable the complexity of the PDE solver to be sublinear in the number of discretization points.
The solution approximation via the truncated Taylor method gives a near-linear dependence on T ,
the total evolution time. The higher-order spatial discretization greatly improves the complexity of
the quantum solution of PDEs, because it reduces the number of discretization points needed, which
is needed to avoid stability problems.

We show that the stability criterion for PDEs, rescaling, Carleman linearization, and stability
criterion for ODE solvers all interact in a way that makes the solution of PDEs more challenging
than was appreciated in prior work. In particular, the stability criterion for PDEs is in terms of a
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max-norm, but rescaling by the 2-norm is required to obtain a reasonable probability for the correct
component of the Carleman vector. But, rescaling by the 2-norm can make the resulting system of
linearised equations unstable, which causes the ODE solver to have exponential complexity. If the
discretised PDE is still stable in terms of the 2-norm, then the resulting quantum algorithm will still
be efficient. Because the 2-norm increases as

√
n in the number of discretization points, the number

of those points should be made as small as possible, which is why it is crucial to use the higher-order
discretization.

In future work, one could devise a less restricted quantum algorithm for solving nonlinear PDEs
via some other approach. The feature that the linearised equations can be unstable even though the
nonlinear equation is stable suggests that an alternative linear equation solver may be efficient. The
reason why the condition number is large (causing the inefficiency) is that the solution can grow
exponentially over time, but for an initial vector that is not of the Carleman form. A solver that is
able to take advantage of the restricted form of states could potentially be efficient.

Furthermore, there are a number of important generalizations that can be made to the type
of differential equations. Instead of just including a nonlinear term of order M , one could include
all nonlinear orders up to M . That could also be used to analyse the effect of driving because
the method used for quadratic nonlinearities would produce nonlinearities at a range of orders.
A further generalization that could be considered is time-dependent differential equations. These
generalizations can be made in a simple way in the quantum algorithm, but the analysis to bound
the error would be considerably more complicated.
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3.2 Efficient Quantum Algorithm for Differential Equations

under Constraints and Boundary Conditions

This section covers the following preprint:

Philipp Schleich, Tyler Kharazi, Xiangyu Li, Jin-Peng Liu, Alán Aspuru-Guzik, and
Nathan Wiebe. “Arbitrary Boundary Conditions and Constraints in Quantum Al-
gorithms for Differential Equations via Penalty Projections”. In: arXiv preprint
arXiv:2506.21751 (2025).

3.2.1 Introduction

Ordinary and partial differential equations (ODEs, PDEs) describe many processes and phenomena
in science and engineering. The modeling of these phenomena typically involves describing interac-
tions of the system studied with its environment through ‘boundaries’, which imposes constraints
on the solution of these equations. Hence, for a meaningful numerical solution it is crucial to rep-
resent such constraints and boundary conditions. In addition, solving DEs on classical computers
is cursed by dimensionality. Quantum algorithms for differential equations have been developed in
order to mitigate exponential cost in the dimension. Such algorithms are based on, e.g., encoding
the solution in a linear system [Ber14; BCOW17; BC24; Kro23; CL20; CLO21], performing ex-
plicit ‘time-marching’ [FLT23; BS24], or making use of integral identities [ALWZ25; AT23; ALL23;
ACL23; JLY24; LLLL25]. Recently, algorithms that map the ODE to a Lindblad evolution has
been explored in [SGAZ24], drawing from quantum algorithms that are able to simulate open quan-
tum systems. Particular systems studied are mostly focused around popular models from classical
differential equations courses such as the Poisson equation [Cao+13] or more general elliptic equa-
tions [CLO21; BNWA23], the advection equation [NJ25] or the wave equation [CJO19] and also
the Maxwell equations [JLM24] or nonlinear equations such as reaction diffusion equations [Liu+21;
Liu+23; Kro23; CSMB23] or fluid dynamics [Li+25; BS25; Pen+24]. Most studies so far focus
on input models that assume a structured geometry with no (or, periodic) boundary conditions
which limits applicability. Imposing the boundaries in the encoding of the generator of the dynam-
ics is possible for several techniques [CLO21; NDS23; JLLY24a; Liu+23], based on other classical
techniques such as complex absorbing potentials, perfect matched layers or Dirichlet-to-Neumann
maps [JLLY24b] or analytic continuation [Kha+24]. However, there are some practical limitations
to this in the way it can affect the respective access model of the system matrix, e.g. the complexity
of a circuit construction of a specific block-encoding. Additionally, it is not immediately obvious
how to approach boundary conditions in the recently popular Linear Combination of Hamiltonian
Simulations (LCHS) algorithm [ALL23; ACL23], which is promising due to (near-)optimal scaling
both in the number of state-preparation queries as well as the system matrix queries. Furthermore,
[MZLG24] considers the implementation of complex absorbing potentials, where the main underlying
dynamics are unitary. Beyond the specific concept of boundary conditions, we may be interested in
more general constraints.

In this work, we implement boundary values or constraints on evolution equations by separat-
ing the dynamics into unconstrained and constrained dynamics using perturbation theory. Our
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method is also capable to model interface conditions, which was also explored in the context of
quantum algorithms in [JLLY24a], as well as Robin boundary conditions. Conceptually, shows con-
nections to a wide range of existing approaches that relate to perturbation methods and penalty
methods [LYLY16]. Primarily, there are ties to ‘complex absorbing potentials’ for quantum dy-
namics [MPNE04], as previously used in quantum algorithms for non-unitary dynamics [ALL23;
MZLR24]. Another interesting study in the simulation of acoustic waves uses counter-acting waves
to annihilate the solution [Tsy03] – imagine numerical noise-cancelling headphones. Specifically,
our approach adds a projection scaled by iλ to the generator of a dynamical system. A physical
interpretation of this may be seen as measurement with (very fast) frequency λ on the domain of the
projector, similar to the quantum Zeno effect. Thereby, our bounds also closely resemble respective
bounds related to the Zeno effect, generalized adiabatic dynamics and the rotating-wave approxima-
tion [Bur+19; BFGY22]. General results from perturbation theory suggest what we are looking for
is a small signal-to-noise ratio [Van75]. For an ODE d

dtv(t) = A0v(t), this can be envisioned as the
systems ‘energy’ divided by the strength of the perturbation, |⟨v(0),A0v(0)⟩|

λ ; this gives us intuition
about what necessary frequency in the perturbation to expect. Our bounds in Section 3.2.2 confirm
this intuition. Using interaction-picture simulation, which is possible if the projection is chosen to
be fast-forwardable as will be the case as we demonstrate later, we can expect a modest overhead
of O(log(λ)) to solving differential equations (DEs) when adding constraints in this manner.

Within this work, we focus on ordinary differential equations under constraints. This is equivalent
to readily discretized partial differential equations under boundary conditions. We further focus on
evolution equations of the kind d

dtv(t) = A(t)v(t) + b(t) and a “time” parameter t ≥ 0 and will
consider stationary boundary value problems in future work. Fig. 3.5 depicts the general approach:
When evolving an ODE, the addition of the penalty projection allows us to produce a final state
that satisfies a set of constraints, as represented by the projection onto an infeasible space, up to
some accuracy ε.

Initial state

Dynamics

Forcing term v(t)

b(t)

v0

A0(t)

−iλ𝖯c
perturbation with penalty projection

vε(t)

ε − approximate constraints

Unconstrained solution

feasible space

infeasiblespace

Figure 3.5: Enforcing constraints in solution v(t) to an ordinary differential equation defined by
A0(t) and source term b(t), by adding a penalty function defined by a projection operation Pc that
projects onto the infeasible, constraint space. By appropriately choosing the penalty strength λ,
this approach leads can enforce constraints that are efficiently representable by a projection up to
arbitrarily small accuracy ε > 0.
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Notation

Throughout this work we assume operators as finite-dimensional representations, typically as nd-
dimensional complex matrices, where n is the spatial grid number in each coordinate and d is
the spatial dimension. Results reported pertaining to partial differential equations thus assume
suitable numerical discretization. We often use bracket notation for inner products with a comma
for non-normalized (non-quantum states) vectors, ⟨a, b⟩ ≡ a†b. Whenever we do not specify the
type of norm, we use the spectral or operator norm for matrices and ∥A∥ and the ℓ2-norm for
vectors ∥v∥ = ∥v∥ℓ2 . Bold notation j denotes multi-indices so that j ∈ Nd, or quantities after
spatial discretization. When we say “stable” in this work in the context of a differential equation,
we mean that for an ODE d

dtv = Av, Re(A) ⪯ 0, which is a sufficient condition for numerical
stability. We use square-bracket notation for ordered sets of integers: [n,m] = {n, n + 1, . . . ,m}
for any n < m ∈ Z. Most commonly, for n > 0, [n] ≡ [1, n], [n]0 ≡ [0, n]. With I we denote the
identity matrix; if dimensionality is not clear from context, IN acts on N qubits, i.e., on C2N . Some
operators/matrices are denoted by sans-serif font, e.g., P for projections. The relations ≂,≳,≲ are
used to denote the relations up to a constant or asymptotically similar/greater/smaller.

Problem Setting

Within this work, we consider the solution of ODEs given constraints, using a quantum algorithm.
To motivate the setting, let A be an operator on continuously differentiable functions on some finite-
dimensional vector space, let v(t) : [0, T ] → Cn

d

, and let P : Cnd → Cnd be a linear constraint
function, so that P(vbad) = λvbad with some penalty λ > 0 if the constraint is not satisfied and
P(vgood) = 0 if it is. Then, the kernel of P spanned by vgood makes up the constraint-admissible
subspace a degenerate eigenspace of P with eigenvalue λ > 0 spanned by vbad forms the constraint-
inadmissible subspace. We seek a solution v(t) to the constrained ODE such that v(t) satisfies

d

dt
v(t) = A

(
v(t)

)
(3.2.1)

P(v(t)) = 0,

which implies that we want vbad(t) = 0. Our nomenclature follows penalty methods in constrained
optimization [LYLY16]: A penalty function is a function that satisfies (i) P is continuous, (ii)
P(x) ≥ 0 for any valid input x, and (iii) P(x) = 0 if and only if x is in the feasible region, i.e., it
satisfies the constraint. Then, an optimization problem via such a penalty function has as limit point
the solution to the constrained optimization problem. Later on, we outline that the problem setup in
Problem 3 indeed satisfies these requirements. Moreover, there is an equivalence between stationary
solutions of a dynamical system and optimization. Quantum algorithms for this purpose exist, as
in [CSW25], and could be extended by the penalty projections in our work to satisfy constraints.

We are particularly interested in settings where the constraint arises from boundary conditions
on spatially discretized PDEs. In this case, P can take the form of a projector being applied to either
the solution or its derivative to enforce Dirichlet or Neumann boundary conditions respectively on
a subset of grid points. Dirichlet boundary conditions are conditions that constrain the solution
to follow specific values, whereas Neumann conditions constrain the derivative (within domains in
3D space, typically the surface normal derivative). Linear combination of Dirichlet and Neumann
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condition leads to what is typically called Robin boundary conditions.

Definition 3.2.1 (Computational domain). We consider a problem over a nd-dimensional finite
space Cn

d

. This can expressed in terms of basis elements {j} where each label j = (j1, . . . , jd) ∈
([n−1]0)

d is a d-dimensional tuple indexing a basis element; there are n ∈ N elements per dimension,
such as representing each spatial dimension of the problem domain. The following definitions are
used throughout the paper to describe the relevant subsets of the problem domain that appear in our
work.

1. We first define the index set IΩ making up the unconstrained space, or “inside the domain”,
consisting of all basis elements

IΩ = {j ∈ [n− 1]d0 | j is unconstrained}.

This corresponds to points inside a domain, i.e. the set of all points where the constraint
operation in Eq. (3.2.1) acts trivially on.

2. Further, there is the set with value constraints

IΓD
= {j ∈ [n− 1]d0 | j has a constraint on the value}

as the case for a Dirichlet boundary and the set spanning the derivate constraint

IΓN
= {j ∈ [n− 1]d0 | j has a derivative constraint}

such as on a Neumann boundary.

3. For every j ∈ IΓN
, we have the neighbour set

ζj = {k ∈ [n− 1]0 | k neighbours j in a discretized directional derivative}.

By neighbouring we mean at most distance one per each coordinate 1 ≤ l ≤ d.

For now, we do not pose additional constraints on neighbouring points but will do so when we
discuss implementing derivative constraints.

4. We call the constrained set, or boundary set, IΓ = IΓD
⊔ IΓN

,

5. We require mutual satisfiability of the constraints; formally, IΓD
∩ IΓN

= ∅, IΩ ∩ IΓ = ∅. This
ensures orthogonality of all subspaces spanned by the basis vectors coming from the index sets.

Definition 3.2.2 (Linear space associated to computational domain). Given bases indexed according
to Definition 3.2.1, call the space associated to the index set IΩ feasible or unconstrained space

S = span{|j⟩ | j ∈ IΩ} ⊆ Cn
d

and the constrained space associated to IΓ we call Sc ⊆ Cn
d

, which again is split into the two
orthogonal subspaces SDc and SNc for IΓD

and IΓN
, respectively. The solutions we consider live in

the space S = S ⊕ Sc.
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Figure 3.6: Visualization of relevant index sets as a graph depicted as a uniform grid. Recall
that “inner” points span the unconstrained space S. The boundary, i.e., the constrained space, is
composed by Sc = SDc ⊕ SNc .
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We further define the following projections.

Definition 3.2.3 (Projection on constrained space). Consider a feasible (unconstrained) space S
and infeasible (constrained) spaces Sc, SDc , SNc as defined in Definition 3.2.1. Then, for v ∈ S, we
have the following projections,

Pcv =

v, v ∈ Sc

0, v ∈ S
, (3.2.2)

P⊥
c = I−Pc, (3.2.3)

so that Pc projects onto the constrained space Sc and Pc to its complement S. Here, I is the
identity on S. We can further decompose Pc = PDc + PNc so that (SDc )⊥ = S ⊕ SNc = ker(PDc ) and
(SNc )⊥ = S ⊕ SDc = ker(PNc ).

Definition 3.2.4 (ℓ2-norms over computational spaces). Given the computational spaces from Def-
inition 3.2.2 and projectors onto the spaces from Definition 3.2.3, we define the ℓ2-norms over the
feasible and infeasible spaces. Let a ∈ S, then

∥a∥ℓ2,Sc
=

∑
j∈IΓ

a2j

1/2

= ∥Pca∥ℓ2 (3.2.4)

This is equivalent to the notion of a Pc-inner product so that

⟨a,Pca⟩ =
〈
a,Pc

2a
〉
= ⟨Pca,Pca⟩ = ∥a∥2ℓ2,Sc

. (3.2.5)

A ∥·∥ℓ2,S-norm can be defined equivalently through a P⊥
c -inner product.

Next, we define the problem setting we generally consider in this work.

Problem 2 (Constrained Discrete Initial Value Problem). We consider a finite-dimensional initial
value problem with solution vector v(t) : R+ → S and a matrix A : S → S as dynamical generator.
We seek approximate solutions to the constrained dynamics

d

dt
v(t) = Av(t) + b(t), t ≥ 0 (3.2.6)

PDc v(t) = g and t ≥ 0,

PNc v(t) = h and t ≥ 0, , (3.2.7)

v(0) = v0, PDc v0 = v0 and PNc v0 = v0.

That means there is initial data v(t = 0)|S = v0 on the feasible space S and satisfies the constraints
on the constrained space Sc, i.e., v(t = 0)|SD

c
= g and v(t = 0)|SN

c
= h.

Remark (Projection matrices as constraint functions are penalty functions). Recall that, following
[LYLY16], penalty functions need to satisfy (i) continuity, (ii) non-negativity and (iii) they evaluate
to zero if and only if the preimage is element of the feasible region. Therefore the penalty projec-
tions in Problem 2 satisfy these requirements, as (i) they are matrices (bounded linear operators are
continuous), (ii) projections have eigenvalues 0, 1 and (iii) by Definition 3.2.3.
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Remark. For the derivative constraint in Eq. (3.2.7), PNc already embodies the notion of a finite
difference approximation of a derivative constraint. Given a proper construction of PDc and PNc , we
can expect that the treatment of Dirichlet and Neumann conditions will be mostly equivalent. Later
on, we will assume PDc and PDc commute and are orthogonal projections for efficient simulation. One
way to ensure is is by assuming that every point can only fall under one constraint, IΓD

∩ IΓN
= ∅.

Then, the (nontrivial) domains of the corresponding projections commute by construction as they do
not overlap.

3.2.2 Approximating Boundary Conditions with a Projection

Figure 3.7: Inducing a constraint subspace via a penalty projection −iλPc with λ > 0 and Pc the
projection onto the constraint subspace. Then, dynamical evolution of A = A0 − iλPc leaves the
P⊥
c -subspace invariant (pink vertices as in Fig. 3.6) and suppresses the solution on Pc (blue vertices).

Motivation

Now, we discuss a method to efficiently implement the solution of such boundary problems on a
quantum computer. To that end, we take inspiration from the so-called complex absorbing potentials
in quantum physics and chemistry [MPNE04]. Note that for the case when Eq. (3.2.6) has A = −iH

anti-Hermitian and operator and a normalized initial state, the dynamics of ψ(t, x) follows the
Schrödinger equation, i.e.,

−i
∂

∂t
ψ(t, x) = Hψ(t, x). (3.2.8)

Then, a modification of the Hamiltonian with λ > 0

H → H − iλPc (3.2.9)

leads to enforcing that ψ(t, x′) → 0 for all x′ ∈ Γ on the boundary in the limit of λ → ∞ if
Pc =

∫
Γ
d |x′⟩⟨x′|. In particular, we want λ≫ ∥H∥. This is easy to see, as then in the solution

ψ(t, x) = e−i(H−iλPc)tψ(0, x), (3.2.10)

components of the solution ψ(t, x) on Γ are suppressed to zero. The rest of ψ(t, x) remains unchanged.
In what follows, we will show that the modification in Eq. (3.2.9) in the case for boundary

conditions over more general, not necessarily quantum dynamics such as in Eq. (3.2.6) can work
the same way. In a general setting, we consider the following modified dynamics governed by a
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(potentially time-dependent) system matrix A0(t) and a forcing term b(t),

d

dt
v(t) = (A0(t)− iλPc)v(t) + b(t). (3.2.11)

Compared to the case of complex absorbing potentials in Eq. (3.2.9), A0(t) need not be Hermitian.
As we will be working with orthogonal projections Pc,P⊥

c exclusively, this implies their Hermiticity;
a more careful analysis could relax the assumptions to non-Hermitian penalty functions in future
work. Additionally, a time-dependent constraint region can be thought of via a Pc(t).

We make the following observation here. In the case of quantum dynamics, Eqs. (3.2.8) and (3.2.9),
a perturbation of the form iλ as in complex absorbing potentials “dissipates” the wavefunction on
the boundaries. Our approach in Eq. (3.2.11) with positive λ does not add dissipation per se.
Rather, we can understand this e.g. under the realm of the rotating-wave approximation, where
the evolution under a Hamiltonian H = H0 +H1 shows a separation of time-scales with respect to
dynamics generated by H0 and H1, respectively. Then, one can say that the solution coming from
the perturbative generator is negligible with respect to the initial dynamics in the sense that the on
the unperturbed system’s time-scale, the highly oscillatory perturbation averages to zero. In other
words, the solution on the infeasible region then is perceived negligible compared to the solution on
the feasible region.

Our analysis follows perturbation theoretic arguments, which is reasonable given the pertur-
bation strength λ is chosen to be much larger than the system ∥A0∥ and forcing ∥b(t)∥. For the
following arguments, we change the point-of-view to strong perturbation, in the sense that we con-
sider the system dynamics generated by A0 as a perturbation of the constraint projection −iPc

with perturbation parameter 1
λ . Then, a natural way to estimate the error is to consider ‘transition

elements’ with respect to the projections P⊥
c ,Pc, as expectations ⟨v(t′),Pv(t)⟩. For t = t′, the Kubo

formula [Kub57] gives a natural pathway to find an estimate. We are interested in a non-Hermitian
formulation, which was developed in [SDM22] and further discussed in [GH22]. Building on this, we
provide a generalization that also covers time-dependent generators for the unperturbed dynamics,
and a forcing term. This enables the remainder of our analysis enforce the constraints.

Before stating the result, we introduce some context and notation. We are looking at a dynamical
system d

dtv(t) = A(t)v(t) + b(t), where A(t) = H(t) + ζV (t) so that V (t) is a perturbation of the
original dynamics H(t) in the sense that ζ∥V (t′)∥ ≪ ∥H(t′)∥ at all times. For now, A(t), H(t), V (t)

are arbitrary complex, square matrices and we take 1 ≫ ζ > 0 and note that this can also be
simply reformulated to cases of where the scaling term is time-dependent. The Kubo formula allows
to estimate the difference between the expectation of an observable P with respect to a perturbed
compared to an unperturbed solution vector – in our more general case, the quadratic form of a
matrix. We will use the following quantities:

• Let V (t, t′) be the cumulative perturbation in the interval [t′; t] for t′ ≤ t, V (t, t′) :=
∫ t
t′
dτ V (τ).

• We denote by Tt(·) the time propagation of the argument (borrowing notation from dynam-
ical semi-groups). In Proposition 3.2.5, this relates to the unperturbed dynamics, Tt :=

T
∫ t
0
ds exp

(∫ t
s
ds′H(s′)

)
. Then, the solution to the inhomogeneous problem is given by

Tt(v(0)δ(t) + b(t)) with the Dirac-delta distribution δ(t).

• We use σ(t′, t) for the outer product of solutions at times t′, t, i.e., σ(t′, t) := v(t′)v(t)†. This
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notion is similar to the density matrix of pure quantum states, however with non-normalized
complex vectors v(t).

Proposition 3.2.5 (A non-Hermitian, time-dependent, inhomogeneous Kubo formula). Let A(t) =
H(t) + ζV (t) be a perturbed dynamical generator with ζ∥V (t′)∥ ≪ ∥H(t′)∥ for any t ≥ t′ ≥ 0 and
A(t), H(t), V (t) complex matrices. Let v(t) be the solution to d

dtv(t) = A(t)v(t) + b(t) with initial
data v(0). Further, suppose we are interested in measuring the expectation value of a matrix P .
Then, the effect due to perturbation ζV (t) on the expectation of P up to first order in the strength
of the perturbation

⟨P (t)⟩ − ⟨P ⟩0 = ζ

∫ t

0

dt′
tr
[{
P, V (t, t′)σ(t′, t)

}
∼

]
tr [σ(t, t)]

+O
(
ζ2
)

(3.2.12)

where ⟨P (t)⟩ is the perturbed expectation and ⟨P ⟩0 is the expectation due to the unperturbed dynamics
generated by H(t). Further, there is the modified anticommutator {X,Y }∼ = XY + Y †X, a density
augmented by the forcing term b(t) through σ(t′, t) = Tt′(v(0)δ(t

′)+b(t′))
(
Tt(v(0)δ(t)+b(t))

)† where

Tt(u) =
∫ t
0
ds T exp

(∫ t
s
dt′H(t′)

)
u(s) and V (t, t′) =

∫ t
t′
dτ V (τ).

Remark (Original Kubo formula). For completeness, we briefly restate the original Kubo formula,
as derived in [Kub57], with adapted notation. We are given Hermitian H,V (t) as well as a Hermitian
observable P , so the dynamics of a Schrödinger equation through the Hamiltonian H is perturbed by
time-dependent V (t). Then, with P (t) the observable evolved in the Heisenberg picture,

⟨P ⟩t − ⟨P ⟩0 = −i

∫ t

0

ds ⟨[P (t), V (s)]⟩0, (3.2.13)

where ⟨·⟩0 denotes the expectation with respect to the unperturbed dynamics and P (t) is the Heisenberg-
evolved observable with respect to the perturbed dynamics.

We point out the following differences compared to Proposition 3.2.5. Non-Hermitian original
dynamics lead to a necessary re-normalization (as observed in [SDM22; GH22]), as well as replac-
ing the commutator by a (modified) anticommutator. Additionally, time-dependence of the original
dynamics induce the time-cumulative perturbation V and the definition of σ allows to add inhomo-
geneities to the solution.

The proof of Proposition 3.2.5 is given in Appendix D.3. In the next section, we obtain tighter
bounds on the error for special cases – such as time-independent A0 or b(t) = 0 – with less general
technique than Proposition 3.2.5. Therefore, we are looking into specific bounds under different sets
of assumptions.

Approximation Guarantees

In the upcoming section, we provide error bounds on the approximation of constraints such as given
in Problem 2. We will structure this argumentation as follows. First, we consider the case of only
one type of constraint, i.e., we do not split Sc into SDc and SNc using only the projective properties
of Pc. This is sufficient, as we will show how to construct the projections so that the constraints on
the different boundary strips will not affect each other, and [PDc ,P

N
c ], aligning with our assumption

in Definition 3.2.2 that SDc ⊥ SNc . Once we have derived guarantees for general constraints, we then
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proceed to connect this to the case of Dirichlet and Neumann boundary conditions in discretized
PDEs in Section 3.2.2.

First, we consider the more general problem of

Problem 3 (Projection-Constrained Discrete Initial Value Problem). Under the same assumptions
as in Problem 2, we define

d

dt
v(t) = (A0(t)− iPc)v(t) + b(t), t ≥ 0, (3.2.14)

where Pc is a Hermitian projection and λ > 0 is a penalty term that needs to be chosen. Then, given
ε > 0, we seek λ such that

∥v(t)∥ℓ2,Sc
≤ ε, (3.2.15)

where v(t) is understood to satisfy a constraint with respect to a projection Pc if Pcv(t) = 0 (Defini-
tion 3.2.3).

To verify that Problem 3 using the modified dynamics shows the sought-after behaviour, we need
to show the following:

1. The solution error within the feasible space S is small.

2. We can find λ so that the approximation error on the boundary quantified by Eq. (3.2.4) is
small.

Let us start by showing that Item 1 holds true under the problem setup in Problem 3.

Lemma 3.2.6 (Error within the feasible space). The solution v(t) to Problem 3 within the feasible
space S and the one to Problem 2 are equivalent.

Proof. Let u(t) follow the unconstrained dynamics d
dtu = Au(t) and v(t) the constrained dynamics,

d
dtv(t) = (A− iλPc)v(t) with the same initial conditions, u(0) = v(0) = w. Then, consider

∥u(t)− v(t)∥2ℓ2,S = ∥(eAt − eA−iλPc)t)w∥2ℓ2,S . (3.2.16)

Now we use the definition of ∥·∥ℓ2,S from Definition 3.2.4 to see that P⊥
c leaves the norm over this

space invariant and

∥(eAt − eA−iλPc)t)w∥2ℓ2,S ≤ ∥P⊥
c e

At − P⊥
c e

A−iλPc)t∥2ℓ2,S∥w∥
2
ℓ2,S . (3.2.17)

We want to show that the difference between the time propagators in the ∥ · ∥ℓ2,S-norm vanishes.
To that end, use a Taylor series expansion of the matrix exponential and use that P⊥

c is a projection
to see that

P⊥
c e

(A−iλPc)t = P⊥
c

∑
k≥0

((A− iλPc)t)
k

k!

 =
∑
k≥0

tk

k!

(
P⊥
c A− iλP⊥

c Pc
)k
. (3.2.18)

Observe that P⊥
c Pc = 0 by definition, so P⊥

c e
At = P⊥

c e
A−iλPct. This means Eq. (3.2.17) can be

upper-bounded by zero and ∥u(t)− v(t)∥ℓ2,S = 0 for any t ≥ 0.
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Remark. For time-independent Pc, Lemma 3.2.6 holds equivalently for time-dependent A(t) and
constant Pc by expanding a time-ordered exponential in Eq. (3.2.18) with a Dyson series. Further-
more, this statement is independent of whether the initial condition satisfies the constraint exactly
or ∃1 > ς ≥ 0, ∥Pcw∥ℓ2 < ς (implying that ∥P⊥

c w∥ℓ2 ≥ 1− ς).

In what follows, we look at the approximation of different constraints in order to show Item 2.
More specifically,

– A is stable, i.e., its real part is negative semi-definite: Re(A) ⪯ 0. Often, this is also denoted
as A having non-positive logarithmic norm (discussion in [Kro23]).

– Given final time T > 0, ∃CT > 0, supt∈[0;T ] ∥exp(At)∥ ≤ CT (a similar assumption as [Kro23]
makes). This can be generally achieved by scaling λ by an additional factor of CT .

– Time-dependent A(t).

Generally, we assume that initial data satisfies the constraints. For the quantum implementation
this can be ensured by the approach outlined in Eq. (3.2.154).

Constant dynamics

Lemma 3.2.7 (Error in the infeasible space under stable dynamics). We consider a system as in
Problem 2 with dynamics generated by A = A0 − iλPc, the real part of A0 is negative semi-definite,
λ > 0 and Pc the projector on the infeasible space as defined in Definition 3.2.3. Further, we require
that the initial data v(0) satisfies ∥Pcv(0)∥2ℓ2 = 0. Then, the solution error at time t > 0 in the
infeasible space is bounded as follows,

∥v(t)∥2ℓ2,Sc
≤ ε (3.2.19)

for λ ≥ 2v2max∥A0∥
ε .

Proof. We have ODE and solution as

d

dt
v(t) = Av(t), v(t) = exp(At)v(0) (3.2.20)

with initial condition v(0). Moreover,

|⟨v(0), Av(0)⟩| ≤ |⟨v(0), A0v(0)⟩|+ λ|⟨v(0),Pcv(0)⟩| ≤ ∥v(0)∥2∥A0∥. (3.2.21)

We thus define E0 = ∥v(0)∥2∥A0∥. Using the assumptions that Re(A) ⪯ 0, we have that ∥v(0)∥ =

max0≤t′≤t∥v(t′)∥ =: vmax, then, for all times t > 0,

⟨v(t), Av(t)⟩ =
〈
v(0), exp(At)

†
A exp(At)v(0)

〉
=
〈
v(0), exp(At)

†
exp(At)Av(0)

〉
, (3.2.22)

and we want to argue that ∣∣∣〈v(0), exp(At)† exp(At)Av(0)〉∣∣∣ ≤ E0 (3.2.23)
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under the assumption thatA0 is stable, i.e., Re(A0) ⪯ 0. First, notice that
∣∣∣〈v(0), exp(At)† exp(At)Av(0)〉∣∣∣ ≤∥∥∥exp(At)† exp(At)∥∥∥ |⟨v(0), Av(0)⟩|. Then, ∥exp(At)†∥∥exp(At)∥ ≤ exp(∥Re(A0)∥t) exp(∥Re(A0)∥t) =

exp(2∥Re(A0)∥t) ≤ 1. This shows the boundedness of the “initial energy” E0 in the stable case.
Carrying on with

|⟨v(t), A0v(t)⟩ − iλ ⟨v(t),Pcv(t)⟩| ≥ 0, (3.2.24)

we can apply the reverse triangle inequality to obtain a bound on the other side

|⟨v(t), A0v(t)⟩ − iλ ⟨v(t),Pcv(t)⟩| ≥ ||⟨v(t), A0v(t)⟩| − |λ ⟨v(t),Pcv(t)⟩|| (3.2.25)

≥ −|⟨v(t), A0v(t)⟩|+ λ ⟨v(t),Pcv(t)⟩ . (3.2.26)

Thus we can conclude, under the assumption of Re(A0) ⪯ 0, that

|⟨v(t),Pcv(t)⟩| ≤
E0 + |⟨v(t), A0v(t)⟩|

λ
≤ v2max

2∥A0∥
λ

, (3.2.27)

where we used that Pc ⪰ 0. Note that ⟨v(t),Pcv(t)⟩ corresponds to the 2-norm of v(t) over the region
Sc. This means that for stable DEs, we can choose λ so that the solution norm in the infeasible
space is small.

Lemma 3.2.8 (Error in the infeasible space under dissipative and normal dynamics with an inho-
mogeneity). We consider a system as in Problem 2 with dynamics generated by A = A0−iλPc, where
the real parts of the eigenvalues of A0 are non-positive, λ > 0 and Pc the projector on the infeasible
space as defined in Definition 3.2.3. Here, we further consider an inhomogeneity b(t′) : [0, t] → Cn

d

so that max0≤t′≤t∥b(t)∥ℓ2 ≤ B. We require the initial condition v(0) and b(t′) to be adapted to the
constraints at all times 0 ≤ t′ ≤ t, so that vanish under the action of Pc. Then, the solution error
at time t > 0 in the infeasible space with Dirichlet condition g = 0 is bounded as follows,

∥v(t)∥2ℓ2,Sc
≤ ε (3.2.28)

for λ ≥ 2∥A0∥
ε

(
v2max + 2vmaxtB + t2B2

)
and where vmax ≥ max0≤t′≤t ∥v(t′)∥ = ∥v(0)∥.

Proof. We have ODE and solution as

d

dt
v(t) = Av(t) + b(t), v(t) = eAtv(0)︸ ︷︷ ︸

vh(t)

+

∫ t

0

ds eAsb(t− s)︸ ︷︷ ︸
vp(t)

(3.2.29)

with initial condition v(0). This allows us to express a quantity ⟨v(t), Av(t)⟩ t > 0 as a sum of those
expressed by the homogeneous and particular solution,

⟨v(t), Av(t)⟩ = ⟨vh(t), Avh(t)⟩︸ ︷︷ ︸
=:(i)

+ ⟨vh(t), Avp(t)⟩+ ⟨vp(t), Avh(t)⟩︸ ︷︷ ︸
=:(ii)

+ ⟨vp(t), Avp(t)⟩︸ ︷︷ ︸
=:(iii)

. (3.2.30)

The purely homogeneous term follows from Lemma 3.2.7. We briefly recall that, thanks to the
negative-semidefiniteness of Re(A0),

|(i)| = |⟨vh(t), Avh(t)⟩| ≤ v2max∥A0∥. (3.2.31)
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Now, we bound the second and third term for the case of time-dependent b(t). Recall that the
particular solution is

vp(t) =

∫ t

0

ds eAsb(t− s).

By assumption, ∃B > 0,maxt ∥b(t)∥ℓ2 ≤ B which implies that |⟨b(t), Ab(t)⟩| ≤ B2∥A∥ ∀t > 0. Next,
we consider the third term that comes only from the particular solution,

|(iii)| = |⟨vp(t), Avp(t)⟩| =
∣∣∣∣〈∫ t

0

ds1e
As1b(t− s1), A

∫ t

0

ds2e
As2b(t− s2)

〉∣∣∣∣
=

∣∣∣∣∫ t

0

ds1

∫ t

0

ds2

〈
b(t− s1), e

A†s1eAs1+A(s2−s1)Ab(t− s2)
〉∣∣∣∣

≤B2∥A0∥
∫ t

0

ds1

∫ t

0

ds2

∥∥∥eA†s1eAs1+A(s2−s1)
∥∥∥

≤B2∥A0∥
∫ t

0

ds1
∥∥eAs1∥∥2 ∫ t

0

ds2

∥∥∥eA(s2−s1)
∥∥∥ (3.2.32)

The appearance of only ∥A0∥ in the second-last inequality is due to Pcb(s) = 0∀s. We can start by
bounding the norms of the exponentials through their maximum eigenvalues:

∥∥eAs∥∥ =
∥∥∥eRe(A)s

∥∥∥ ≤ eµ̂R(A)s, (3.2.33)

with µ̂R(A) = maxj Re(µj(A)); and we recall that µ̂R(A) ≤ 0. This can be used to bound both
exponentials in Eq. (3.2.32) and obtain

|⟨vp(t), Avp(t)⟩| ≤ B2∥A0∥
∫ t

0

ds1 e2µ̂R(A)s1

∫ t

0

ds2 eµ̂R(A)(s2−s1). (3.2.34)

The solution to an integral of the form above for any non-zero L is∫ t

0

ds1 e2Ls1
∫ t

0

ds2 eL(s2−s1) =
(1− eLt)2

L2
. (3.2.35)

Thus, we make a case distinction here regarding µ̂R(A) = 0 or µ̂R(A) < 0. If µ̂R(A) = 0, the upper
bound is |⟨vp(t), Avp(t)⟩| ≤ B2∥A0∥. If µ̂R(A) < 0, we choose L = µ̂R(A) in Eq. (3.2.35), and overall

|⟨vp(t), Avp(t)⟩| ≤ B2∥A0∥ ·


(1−eµ̂R(A)t)2

(µ̂R(A))2 , µ̂R(A) < 0,

t2, µ̂R(A) = 0.
(3.2.36)

For the second term, which depends both on the homogeneous and the particular solution, we obtain
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using the same techniques as for the previous terms,

|(ii)| = |⟨vh(t), Avp(t)⟩+ ⟨vp(t), Avh(t)⟩|

=

∣∣∣∣∫ t

0

ds
[〈
eAtv(0), AeAsb(t− s)

〉
+
〈
eAsb(t− s), AeAtv(0)

〉]∣∣∣∣
=

∣∣∣∣∫ t

0

ds
[〈
v(0), eA

†teAsA0b(t− s)
〉
+
〈
b(t− s), eA

†seAtA0v(0)
〉]∣∣∣∣

≤ ∥A0∥
∫ t

0

ds
(∣∣〈eAtv(0), eAsb(t− s)

〉∣∣+ ∣∣〈eAsb(t− s), eAtv(0)
〉∣∣)

≤ ∥A0∥eµ̂R(A)t

∫ t

0

ds
(∣∣〈v(0), eAsb(t− s)

〉∣∣+ ∣∣〈eAsb(t− s), v(0)
〉∣∣)

≤ ∥A0∥eµ̂R(A)t

∫ t

0

ds
(
2vmaxBeµ̂R(A)s

)
≤ 2vmaxB∥A0∥ ·

 eµ̂R(A)t−1
µ̂R(A) , µ̂R(A) < 0

t, µ̂R(A) = 0.
(3.2.37)

Now we proceed as in Lemma 3.2.7 where we applied the reverse triangle inequality in Eq. (3.2.26)
to obtain a situation where we can express a bound on |⟨v(t),Pcv(t)⟩|,

λ |⟨v(t),Pcv(t)⟩| − |⟨v(t), A0v(t)⟩| ≤ |⟨v(t), Av(t)⟩| . (3.2.38)

Moreover, we can identify that the upper bound we obtained on the |⟨v(t), Av(t)⟩| holds equivalently
for the terms without the constraint projection, |⟨v(t), A0v(t)⟩|, which is easy to see as all the
matrix norm dependencies in the bound on the former simplify to ∥A0∥ thanks to initial conditions
and forcing terms satisfying the constraint and the constraint term being purely imaginary, thus
µ̂R(A) = µ̂R(A0). Hence, we can assemble the final bound using Eqs. (3.2.31), (3.2.36) and (3.2.37)
and get

|⟨v(t),Pcv(t)⟩| ≤
2∥A0∥
λ

(
v2max + 2vmaxB

{
eµ̂R(A)t−1

µ̂R(A)
, µ̂R(A)<0

t, µ̂R(A)=0

}
+B2

{
(eµ̂R(A)t−1)2

(µ̂R(A))2
, µ̂R(A)<0

t2, µ̂R(A)=0

})
(3.2.39)

We can simplify this by using the bound considering µ̂R(A) = 0, as etL−1
L is monotonously increasing

on L ∈ (−∞, 0) and limL↗0
etL−1
L = t.

Furthermore, we study the case of A0 that are not stable, i.e., the eigenvalues of A0 are not all
non-positive. Here, we consider two cases. Case (I), A0 has positive eigenvalues but A0v(0)v(0)

†

does not (as discussed in [ACL23, Eq. (10)]). Then, the analysis follows equivalently to the other
Lemmas presented.
For Case (II), we have the following Lemma.

Lemma 3.2.9 (Error in the infeasible space under non-stable dynamics). Under the same assump-
tions as Lemma 3.2.7, however there is a 0 < µ̂R,0 <∞ as the maximum real part eigenvalue of A0,
µ̂R,0 = maxj Re(µj(A0)). Then, we have

∥v(t)∥2ℓ2,Sc
≤ ϵ (3.2.40)
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for λ ≥ v2max∥A0∥ 1+exp(2µ̂R,0t)
ϵ .

Proof. The proof follows the same structure as the one for Lemma 3.2.7. We can define an initial
“energy” as in Eq. (3.2.21). Further on in Eq. (3.2.27), instead of bounding ⟨v(t), A0v(t)⟩ by the
bound from Eq. (3.2.21), we use that ∥∥∥eA†teAt

∥∥∥ ≤ e2µ̂R,0t. (3.2.41)

Hence we conclude with

|⟨v(t),Pcv(t)⟩| ≤ ∥A0∥
1 + e2µ̂R,0t

λ
. (3.2.42)

Time-dependent dynamics Next, we look into enforcing constraints under time-dependent dy-
namics. These considerations are mostly based on the Kubo formula [Kub57], which allows us to
estimate the difference in an expectation value – such as the projection onto the infeasible domain
as a notion of constraint error – under a perturbation. As mentioned previously, we consider a
strong perturbation, so that iPc → iPc +

1
λA0(t) with ∥A0(t)∥

λ ≪ 1. We consider the homogeneous
case with b = 0 in Lemma 3.2.10, where we can make use of existing results from [SDM22; GH22]
and an inhomogeneous case, where we use the result in Proposition 3.2.5. We note that while our
penalty projections are both constant in time and Hermitian, Proposition 3.2.5 is able to cover
time-dependent and non-Hermitian projections as well.

Lemma 3.2.10 (Error in the infeasible space under stable dynamics with a time-dependent gen-
erator). Here, we have the same assumptions as in Lemma 3.2.7, however with a time-dependent
generator of the dynamics in the sense that A(t) = A0(t)− iλPc. Furthermore, the solution to Prob-
lem 2 in case of a time-dependent generator is given by the time-ordered operator exponential using
the time-ordering operator T ,

v(t) = T e
∫ t
0
A(τ)dτv(0). (3.2.43)

This leads to the following error bound in the infeasible space,

∥v(t)∥2ℓ2,Sc
≤ ε (3.2.44)

for λ ≥ tv2max

ε max0≤t′≤t ∥[Pc, A0(t
′)]∼∥, where [P,Q]∼ ≡ PQ−Q†P .

Proof. For the time-dependent case, we make use of Kubo’s formula. Kubo’s formula was first
introduced for Hamiltonian dynamics as a linear response result given an expectation value of an
operator P ,

δ⟨P (τ)⟩ = −
∫ τ

τ0

dτ ′ ⟨[P (τ), V (τ ′)]⟩0 (3.2.45)

for an a constant term H0 = H(0) and a time-dependent perturbation V (t) so that the time-
dependent generator is

iH(t) = i(H0 + V (t)). (3.2.46)

Expectations are defined with respect to the current state (referring to the time of the operator),
⟨·⟩t ∼ ⟨v(t), (·)v(t)⟩ or the unperturbed expectation ⟨·⟩0 ∼ ⟨(e−iPctv(0)), (·)(e−iPctv(0))⟩ and are
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normalized with respect to the unperturbed evolution v(0)(t) = e−iPctv(0)), so that

⟨P (t)⟩ ≂ ⟨P (t)⟩0 + δ⟨P (t)⟩. (3.2.47)

Using a correction as in Eq. (3.2.45), this is an identity due to the fundamental theorem of calculus
and not a first-order approximation. The dynamics we are interested in stem from

A(τ) = −iλPc +A0(τ); (3.2.48)

note that Pc takes the role of H0 above in Eq. (3.2.46). We have a constant constraint projection
and a time-dependent A0(t). There exist generalizations of Kubo’s result for non-Hermitian sys-
tems [PCCZ20] and including time-dependency [SDM22]. Then, we need to express Eq. (3.2.45)
more generally using a linear response function χPQ(t, t

′) for an operator P whose expectation we
are interested in and a perturbation term Q,

δ⟨P (τ)⟩ = −i

∫ τ

τ0

dτ ′ χPQ(τ, τ
′), (3.2.49)

and neither the original generator nor the perturbation need to be Hermitian. Note that compared
to [SDM22], we do not separate the perturbation into constant operator and time-dependent forcing
that can be pulled out of the response function. In our case, the constraint projection is Hermitian
however, which will lead to a simplification of the general response function form [SDM22, Eq. (4)]
that resembles Eq. (3.2.45) up to a modified commutator [P,Q]∼ := PQ − Q†P , and does not re-
quire constant re-normalization. Note that in [SDM22], the generator corresponding to Eq. (3.2.48)
is expressed as −iλPc+iA0(τ), leading to the commutator expression. Hence, in our case and corre-
sponding to what we will be seeing in Proposition 3.2.5, the commutator needs to be replaced with an
anticommutator {P,Q}∼ := PQ + Q†P . This results in χPQ(τ, τ

′) = −i 1[τ≥τ ′]⟨{P (τ), Q(τ ′)}∼⟩0,
or when the dynamics are defined without the imaginary unit in front of A0(t), then χPQ(τ, τ

′) =

1[τ≥τ ′]⟨{P (τ), Q(τ ′)}∼⟩0 so that

δ⟨P (τ)⟩ =
∫ τ

τ0

dτ ′ ⟨{P (τ), Q(τ ′)]}∼⟩0 (3.2.50)

Then, we rephrase the setup as strong perturbation with small ζ = 1
λ ,

A(t) = −iPc + ζA0(t), (3.2.51)

that we can treat with the Kubo formula. We look for

|⟨P (t)⟩t − ⟨P (t)⟩0| =
∣∣∣∣∫ t

0

dτ ⟨[P (t), ζA0(τ)]∼⟩0

∣∣∣∣ . (3.2.52)

Now, recall that expectations are normalized with respect to unperturbed unitary evolution e−iPcτv(0),
so that

⟨P (τ)⟩τ =

〈
v(0)(τ), P (τ) v(0)(τ)

〉〈
v(0)(τ), v(0)(τ)

〉 =

〈
e−iPcτv(0), P (τ)e−iPcτv(0)

〉
⟨e−iPcτv(0), e−iPcτv(0)⟩

. (3.2.53)

This is less straightforward if the original dynamics are not unitary, as e.g. would be the case if Pc
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is not orthogonal. We can use this to continue with Eq. (3.2.52),

|⟨P (t)⟩t − ⟨P (t)⟩0| = Eq. (3.2.52) ≤ ζ

∫ t

0

dτ

∣∣∣∣∣
〈
e−iPctv(0), {P (t), A0(τ)}∼e−iPctv(0)

〉
⟨e−iPctv(0), e−iPctv(0)⟩

∣∣∣∣∣
by Eq. (3.2.53) ≤ ζ

∫ t

0

dτ ∥{P (t), A0(τ)}∼∥ . (3.2.54)

which satisfies the inequality,

|⟨P (t)⟩t − ⟨P (t)⟩0| ≤ ζt max
0≤t′≤t

∥{P (t), A0(t
′)}∼∥. (3.2.55)

Next, we can use that the observable of choice is P (t) = Pc, which is constant over time. Furthermore,
the initial conditions are adapted to the constraint and ⟨Pc⟩0 = 0 consequently. The expectation
⟨Pc⟩ is normalized with respect unperturbed dynamics, thus

|⟨Pc(t)⟩ − ⟨Pc⟩0| =
∣∣∣∣ ⟨v(t),Pcv(t)⟩
⟨v(0)(t), v(0)(t)⟩

∣∣∣∣ ≤ (·) ⇔ |⟨v(t),Pcv(t)⟩| ≤ (·)v2max.

Remembering that ζ = λ−1, we can conclude that the final error is given by

|⟨v(t),Pcv(t)⟩| ≤
1

λ
tv2max max

0≤t′≤t
∥[Pc, A0(t

′)]∼∥. (3.2.56)

We point out that the framework of Kubo’s formula would also allow us to look at time-dependent
strengths of the projection, which may allow to make the overall choice more optimal, and also time-
dependent forms of the constraint projection Pc. This is left up to future research.

Lemma 3.2.11 (Error in the infeasible space under stable dynamics with a time-dependent gen-
erator and inhomogeneity with a generalized non-Hermitian, inhomogeneous Kubo formula for-
mula). Under the same assumptions as in Lemma 3.2.10, however with a time-dependent genera-
tor of the dynamics A(t) = A0(t) − iλPc and a time-dependent inhomogeneous term b(t) so that
d
dtv(t) = A(t)v(t) + b(t). We assume that for finite time t ≥ 0, −∞ ≺ Re(A0(t)) ⪯ 0 as well as
∃B > 0, max0≤t′≤t∥b(t′)∥ℓ2 . The general solution to Problem 2 in this setup follows,

v(t) = T e
∫ t
0
dsA(s)v(0) +

∫ t

0

ds T e
∫ t
s
ds′ A(s′)b(s). (3.2.57)

This leads to an error in the infeasible space of at time t ≥ 0

∥v(t)∥2ℓ2,Sc
≤ ε (3.2.58)

for λ ≥ 1
ε

(
v2max + vmaxBL1 +B2

L1

)
t2

2 max0≤t′≤t ∥{Pc, A0(t
′)}∼∥.

Proof. We can directly apply Proposition 3.2.5 in this setting. Recall that

⟨P (t)⟩ − ⟨P ⟩0 ≂ ζ

∫ t

0

dt′
tr
[{
P, V (t, t′)σ(t′, t)

}
∼

]
tr [σ(t, t)]

(3.2.59)
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with {X,Y }∼ = XY + Y †X, σ(t′, t) = Tt′(v(0)δ(t
′) + b(t′))

(
Tt(v(0)δ(t) + b(t))

)† where Tt(u) =∫ t
0
ds T exp

(∫ t
s
dt′H(t′)

)
u(s) and V (t, t′) =

∫ t
t′
dτ V (τ). The expectation ⟨·⟩0 means expectation

with respect to the solution of the unperturbed dynamics.
The quantity we are looking for is the unnormalized squared error, |⟨v(t),Pcv(t)⟩|. Therefore,

we bound
|⟨v(t),Pcv(t)⟩| = tr[σ(t, t)] · |⟨P (t)⟩ − ⟨P ⟩0| . (3.2.60)

In our setting, we have that H(t) = −iPc and ζV (t) = 1
λA0(t). Then, Tt(u) =

∫ t
0
ds e−iPc(t−s)u(s) =

e−iPct
(∫ t

0
ds eiPcsu(s)

)
, which means that the unperturbed evolution is unitary and has a time-

independent generator which simplifies the analysis. Furthermore, we also use Pc as the observable
to measure the (ℓ2, Sc)-error. As now, the unperturbed dynamics are unitary, T †

t Tt = I, we get

σ(t′, t) =e−iPct
′
∫ t′

0

dτ ′
∫ t

0

dτ eiPcτ
′
(v(0) + b(τ ′))(v†(0) + b†(τ))e−iPcτeiPct

=:e−iPct
′
ṽ(t′, t)eiPct, (3.2.61)

and therefore we have that

V (t, t′)σ(t′, t) =

∫ t

t′
dsA0(s)e

−iPct
′
ṽ(t′, t)eiPct. (3.2.62)

Then, the anti-commutator
{
Pc, V (t, t′)ν(t′, t)

}
∼ becomes

∫ t

t′
ds
[
PcA0(s)e

−iPct
′
ṽ(t′, t)eiPct + e−iPctṽ†(t′, t)eiPct

′
A†

0(s)Pc
]
. (3.2.63)

Computing the trace of this expression, we get for the left term,

∫ t

t′
ds tr

[
PcA0(s)e

−iPct
′
ṽ(t′, t)eiPct

]
=

∫ t

t′
ds

∫ t

0

dτ

∫ t′

0

dτ ′w†(τ)eiPc(t−τ)PcA0e
iPc(τ

′−t′)w(τ ′)

(3.2.64)

end for the right term

∫ t

t′
ds tr

[
e−iPctṽ†(t′, t)eiPct

′
A†

0(s)Pc
]
=

∫ t

t′
ds

∫ t

0

dτ

∫ t′

0

dτ ′w†(τ ′)eiPc(τ
′−t′)A†

0(s)Pce
iPc(t−τ)w(τ)

(3.2.65)

When we add the two terms together, we can re-label (τ, t) ↔ (τ ′, t′) to add them directly and use
that Pc commutes with its time evolution,

∫ t

t′
ds

∫ t

0

dτ

∫ t′

0

dτ ′w†(τ)
(
Pce

iPc(t−τ)A0(s)e
−iPc(t

′−τ ′) + e−iPc(t−τ)A†
0(s)e

iPc(t
′−τ ′)Pc

)
w(τ ′).

(3.2.66)
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Next, we additionally add the integral over t′,

∫ t

0

dt′
∫ t

t′
ds

∫ t

0

dτ

∫ t′

0

dτ ′w†(τ)
(
Pce

iPc(t−τ)A0(s)e
−iPc(t

′−τ ′) + e−iPc(t−τ)A†
0(s)e

iPc(t
′−τ ′)Pc

)
w(τ ′).

(3.2.67)

We continue as follows: We apply the Cauchy-Schwartz-inequality to Eq. (3.2.67) after taking the
absolute value. Then, for each summand, we commute the τ, τ ′-Pc-evolutions ‘outwards’ to the
w†(τ), w(τ ′). The order here does not matter insofar as the ℓ2-norm that arises from the inner
product is unitarily invariant. Indeed, if we have two terms eiPcτ

′
w(τ ′) and e−iPcτ

′
w(τ ′) (there are

always ±-opposite pairs) that are associated in the Cauchy-Schwartz inequality and are not directly
compliant, the corresponding vectors are perfectly aligned except for a complex phase of e±iτ ′

on
the Pc-subspace. Hence this does not pose a complication in application of the Cauchy-Schwartz
inequality as the obtained upper bound holds. Additionally, we use a similar argument regarding
mis-aligned complex phases to re-express the matrix norm through the modified anti-commutator
{X,Y }∼ = XY + Y †X. Hence,

Eq. (3.2.67) ≤
∫ t

0

dt′

∥∥∥∥∥
∫ t

0

dτ w(τ)

∥∥∥∥∥
ℓ2

∥∥∥∥∥
∫ t′

0

dτ ′ w(τ ′)

∥∥∥∥∥
ℓ2

∥∥∥∥∫ t

t′
ds
(
Pce

iPctA0(s)e
−iPct

′
+ e−iPctA†

0(s)e
iPct

′
Pc
)∥∥∥∥

≤
∫ t

0

dt′

∥∥∥∥∥
∫ t

0

dτ w(τ)

∥∥∥∥∥
ℓ2

∥∥∥∥∥
∫ t′

0

dτ ′ w(τ ′)

∥∥∥∥∥
ℓ2

∥∥∥∥{Pc,∫ t

t′
dsA0(s)

}
∼

∥∥∥∥
t′≤t ≤

∥∥∥∥∥
∫ t

0

dτ w(τ)

∥∥∥∥∥
2

ℓ2

∫ t

0

ds

∥∥∥∥{Pc,∫ s

0

dt′A0(s)

}
∼

∥∥∥∥ (3.2.68)

Recall that w(t) = v(0)δ(t) + b(t). Thus, we want to estimate the norm of∫ t

0

dsw(s) = v(0) +

∫ t

0

ds b(s). (3.2.69)

We obtain ∥∥∥∥∫ t

0

dsw(s)

∥∥∥∥2
ℓ2

= ⟨v(0), v(0)⟩+ 2Re

〈
v(0),

∫ t

0

ds b(s)

〉
+

∥∥∥∥∫ t

0

ds b(s)

∥∥∥∥2
ℓ2

≤ ∥v(0)∥2ℓ2 + 2∥v(0)∥ℓ2∥b(s)∥L1([0,t]) + ∥b(s)∥2L1([0,t]), (3.2.70)

where ∥f∥L1(W ) =
∫
W

ds |f(s)| for W ⊆ R, which implies that ∥
∫
W

ds f(s)∥2ℓ2 ≤ ∥f(s)∥2L1(W ). To
make notation shorter, we recall that ∥v(0)∥ℓ2 =: vmax (by Re(A) ⪯ 0) and define ∥b(s)∥L1([0,t]) =:

BL1 . Therefore,

Eq. (3.2.70) ≤
(
v2max + vmaxBL1 +B2

L1

) ∫ t

0

ds s ∥{Pc, A0(s)}∼∥

≤
(
v2max + vmaxBL1 +B2

L1

) t2
2

max
0≤t′≤t

∥{Pc, A0(t
′)}∼∥. (3.2.71)
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To conclude, this means that

|⟨v(t),Pcv(t)⟩| ≤
1

λ

(
v2max + vmaxBL1 +B2

L1

) t2
2

max
0≤t′≤t

∥{Pc, A0(t
′)}∼∥. (3.2.72)

Application to Discretized Partial Differential Equations

The type of constraints we are mainly interested in in this work are constraints coming from boundary
conditions in the discretization of linear, evolutionary partial differential equations. Namely, for L
a linear differential operator, then for t ∈ R+ and r ∈ Ω ⊆ Rd, and v(t, r) comes from a function
space so that the PDE with respect to L is well-posed,

∂tv(t, r)− Lv(t, r) = f(t, r), r ∈ Ω

v(t, r) = g(r, t), r ∈ ΓD (3.2.73)

⟨∂n, v(t, r)⟩ = h(r, t), r ∈ ΓN

v(0, r) = v0(r). (3.2.74)

The solution lives on a domain Ω and constrained to a specific value on the Dirichlet boundary
ΓD or a normal derivative on the Neumann boundary ΓN . Robin boundary conditions, which
specify a linear combination of derivative and value at the boundary can be obtained as a corollary,
see Section 3.2.2.

In the context of Problem 3, we have that on a discretized version of v(t, r), PDc projects onto the
domain ΓD, PNc applies a backwards difference stencil along the surface normal on ΓN (for details
see Section 3.2.2) and the differential operator L becomes A0(t). There are no further assumptions
beyond linearity on L so far, though most of our error bounds in the previous section require that
the for the discretized operator, Re(A0) ⪯ 0.

The methodology we developed so far is able to enforce gc(t) = 0 and h(t) = 0, assuming access
to boundary projections PDc ,P

N
c . Thus, we next consider how to deal with non-zero values as this

is an essential aspect of the utility of our method.

Non-zero Dirichlet boundaries We start by considering the problem in Eq. (3.2.73), assuming
the condition on ΓD. Let us further assume for simplicity that Ω = [0, L]d. We will construet a
function u(r, t) that satisfies the constraint on ΓD in (3.2.73). For the one-dimensional case, d = 1,
this can be found quite easily:

u(r, t) =
1

2

r

L
g(L, t) +

1

2

(
1− r

L

)
g(−L, t). (3.2.75)

Extending this to arbitrary dimension d ≥ 1 follows naturally

u(r, t) =
1

2

d−1∑
i=0

ri
L
g(r, t)

∣∣
ri=L

+
(
1− ri

L

)
g(r, t)

∣∣
ri=−L. (3.2.76)
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Now, let us consider a new function

v′(r, t) = v(r, t)− u(r, t), (3.2.77)

and compute the following,

∂tv
′(r, t)− Lv′(r, t) = ∂tv(r, t)− Lv(r, t)− ∂tu(r, t) + Lu(r, t)

= f(r, t) + Lu(r, t)− ∂tu(r, t) (3.2.78)

=: f̃(r, t) (3.2.79)

where

∂tu(r, t) =
1

2

d−1∑
i=0

ri
L
∂tg(r, t)

∣∣
ri=L

+
(
1− ri

L

)
∂tg(r, t)

∣∣
ri=−L. (3.2.80)

The initial condition becomes

v′(r, 0) = v(r, 0)− u(r, 0) = v0(r)− u(r, 0) = v0(r) (3.2.81)

and the boundary condition

v′(r, t)
∣∣
r∈ΓD

= g(r, t)− v′(r, t)
∣∣
x∈ΓD︸ ︷︷ ︸

=g(r,t)

= 0. (3.2.82)

Therefore, the differential equation for v′ is given by

∂tv
′(r, t)− L(t)v′(r, t) = f̃(r, t), r ∈ Ω, t > 0

v′(r, t) = 0 r ∈ ΓD, t ≥ 0,

v′(r, 0) = v′0(r) r ∈ Ω, t = 0. (3.2.83)

That means that the PDE in u(r, t) now has Dirichlet boundary conditions of value zero. The
solution v(r, t) to the original problem can then be obtained by

v(r, t) = v′(r, t) + u(r, t). (3.2.84)

Therefore we easily obtain the following corollary to Lemma 3.2.8 and Lemma 3.2.11 for the case of
a suitable discretization with error at most O(ε), where then the differential operator L has discrete
representation A0.

Corollary 3.2.12 (Error in the infeasible space under stable dynamics with non-zero Dirichlet
Boundary Conditions.). We have the same assumptions as in Lemma 3.2.7 and additionally assume
that the domain of interest is a regular box of length L > 0 in d dimensions, Ω = [0, L]d. We are
looking for a solution to non-zero value constraints as in

d

dt
v(t) = A0v(t) + b(t),

Pcv(t) = gc(t) ∈ Sc, t ≥ 0.

(3.2.85)
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Then, let v′(t) = v(t) − gc(t), which implies that for v(t)|Sc = gc(t), the modified variable satisfies
v′(t)|Sc = 0. Then, with b′(t) = −A0gc(t)− d

dtgc(t) + b(t) we get an equivalent homogeneous system

d

dt
v′(t) = A0(t)v

′(t) + b′(t),

Pcv
′(t) = 0, t ≥ 0.

(3.2.86)

This means, the penalized form of Eq. (3.2.86), d
dtv

′(t) = (A0(t)− iλPc)v
′(t) + b′(t), will satisfy the

desired boundary condition from Eq. (3.2.85) as per Lemmas 3.2.8 and 3.2.11 using an inhomoge-
neous term b′(t) = A0(t)gc(t) − d

dtgc(t) + b(t). The necessary λ to achieve an error of at most ε
is

A0 time-indep. λ =
2∥A0∥
ε

(
v2max + 2tvmaxB

′ + t2B′2) (3.2.87)

A0(t) time-dep. λ =

(
v2max + vmaxB

′
L1 + (B′

L1)2
)

ε

t2

2
max
0≤t′≤t

∥{Pc, A0(t
′)}∼∥ (3.2.88)

where B′ ≥ max0≤t′≤t ∥A0gc(t
′)− ġc(t

′) + b(t′)∥ℓ2 , B
′
L1 =

∫ t
0
dt′ |A0(t

′)gc(t
′)− ġc(t

′) + b(t′)|, and
the modified anti-commutator as before {X,Y }∼ = XY + Y †X.

Assuming a suitable discretization technique [Ame14; EBY12] using a finite-dimensional basis
of n basis functions per dimension, we obtain a semi-continuous solution vector v(t) ∈ Rn

d

. In
alignment with Definitions 3.2.1 and 3.2.2 we call the discrete domain S, the value boundary SDc

and the derivative boundary SNc . Then, we retrieve the formulation readily posed in Problem 3.

Neumann boundary conditions Within this work, we will not worry about the approximation
error with respect to the continuum limit and assume that we are provided with an ODE that follows
from a sensible discretization, achieving a target discretization error ε > 0. Thus, we will continue
only with bounding the error in representing a difference formula, denoted by D, using our projection
method. The difference formula is implicitly defined by the sets ζj as given in Definition 3.2.1; a
weighted combination of differences with neighbours which is then implemented through a SWAP
network.

Errors from enforcing the contraint via the penalty projection follow similar as in the case for
Dirichlet conditions. This is because fundamentally what we do is suppress the overlap on the
subspace given by the penalty projection. Then, if the penalty projection approximates a derivative
reasonably well, as in Eq. (3.2.103), the approximation of a derivative follows. We give an example
using zero Neumann boundary conditions as the simplest case later in Section 3.2.2.

Moreover, the same approach of ‘shifting the data’ can be applied to the case of Neumann
boundary conditions, i.e., constraints on the derivative such as ⟨∂n, v(t, r)⟩ = h(r, t) for r ∈ ΓN in
Eq. (3.2.73). Here, n is the outward facing normal vector on the Neumann boundary of the domain,
ΓN . This problem has a solution only if the following consistency condition is satisfied,∫

ΓN

⟨∂rv(r, t), n(r)⟩dS =

∫
ΓN

h(r, t)dS =⇒
∫
Ω

∆v(r, t)dV =

∫
ΓN

h(r, t)dS, (3.2.89)

where the implication follows from the divergence theorem and dV and dS are volume and surface
elements respectively. We assume this condition is satisfied so that the Neumann-value problem is
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well-posed.
Similar to the Dirichlet case, we seek a function u(r, t) that complies with the constraint,

⟨∂ru(r, t), n(r)⟩ = h(r, t) for any r ∈ ΓN . (3.2.90)

This function u(r, t) also should satisfy the consistency condition Eq. (3.2.89). Now, let

v′(r, t) = v(r, t)− u(r, t). (3.2.91)

The respective PDE in v′ then is

∂tv
′(r, t)− Lv′(r, t) = ∂tv(r, t)− Lv(r, t)− ∂tu(r, t) + Lu(r, t)

= f(r, t) + Lu(r, t)− ∂tu(r, t) =: f̃(r, t), (3.2.92)

with initial condition v′(r, 0) = v0(r)−u(r, 0) =: v0(r), and boundary condition ⟨∂ru(r, t), n(r)⟩ = 0.
Therefore, in total, v′ will satisfy the homogeneous Neumann problem

∂tv
′(r, t)− Lv′(r, t) = f̃(r, t), r ∈ Ω, t > 0

v′(r, 0) = v′0(r), r ∈ Ω, t = 0

⟨∂rv′(r, t), n(r)⟩ = 0, r ∈ ΓN , t ≥ 0. (3.2.93)

Analogous to the Dirichlet case, this gives rise to a means to solve (3.2.93) for v′ and adding to it
the function u(r, t). Then, v′ + u satisfies the Neumann problem as in Eq. (3.2.73).

Notice that the consistency condition for v′ implies∫
Ω

∆v′(r, t)dV = 0. (3.2.94)

An alternative approach to enforcing the derivative constraint that we do not follow within this work
thus would be to express a penalty term in the modified ODE Eq. (3.2.11) so that PNc projects onto
second derivatives within the unconstrained domain S, corresponding to Eq. (3.2.94). The error can
be quantified according to Corollary 3.2.12 by using the difference-projection PNc instead of PDc .

Input Model of Constraint Projections for Quantum Implementation

We continue by discussing constructing the relevant projections and their quantum implementations.
The quantity we want to encode is the solution vector v(t), which is expressed with nl points
per dimension l ∈ [d]; recall the definitions of IΩ, IΓD

, IΓN
from Definition 3.2.1. This vector is

represented in terms of an amplitude encoding:

|v(t)⟩ = 1

∥v(t)∥
∑

j∈IΩ∪Γ

vj(t) |j⟩ . (3.2.95)

Here, j = (j1, j2, . . . , jd) is a multi-index over d dimensions so that jl ∈ [nl − 1]0 for all l ∈ [d].
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In order to specify boundaries, we assume access to an oracles Obdry so that

Obdry : |j⟩ |0⟩bdry →



|j⟩ |0⟩bdry , j ∈ IΩ : internal point

|j⟩ |1⟩bdry , j ∈ IΓD
: Dirichlet condition

|j⟩ |2⟩bdry , j ∈ IΓN
: Neumann condition

|j⟩ |3⟩bdry , j ∈ IΓR
: Robin condition

(3.2.96)

The algorithm we present in Section 3.2.4 will consider the dynamics we study exclusively in an
interaction picture with respect to Pc. Therefore, the type of access we require to a projection is
through Hamiltonian simulation of it, which we study alongside. An important point then so that the
interaction picture simulation algorithm in [LW18] is efficient is that the projection’s Hamiltonian
simulation can be fast-forwarded [AA17, Definition 1], so that the complexity of implementation
depends at most logarithmically on λ.

Projections for Dirichlet conditions and value constraints Dirichlet boundary conditions
in PDEs are point-wise value constraints. On a grid, this naturally induces a projection matrix by
projecting directly onto basis elements. We can define PDc to be

PDc =
∑

j∈IΓD

|j⟩⟨j| , (3.2.97)

which is equivalent to conditioning on the boundary flag from the boundary oracle Obdry in Eq. (3.2.96)
being in 1-state, so j ∈ IΓD

. Given this oracle Obdry it is straightforward to construct a circuit for
a value constraint projector,

UPD
c
: |j⟩ |0⟩bdry 7→ O†

bdry

(
I⊗ |1⟩⟨1|bdry

)
Obdry |j⟩ |0⟩bdry . (3.2.98)

In terms of LCU, we can see Obdry as PREP and I⊗ |1⟩⟨1|bdry as (a part of) SEL.

Hamiltonian simulation of the value constraint projection. From [AA17, Theorem 3],
we have that for any commuting Hamiltonian H so that ∥H∥∞ = 1, H ∈ C2n×2n and supp(H) = k

with k ∈ O(log n), Hamiltonian simulation of H can be (T, α) fast-forwarded with T ∈ 2O(n) and
α > 0. In the case of value constraints, locality is easy to show as k = 1 and as we deal with
projections, it follows that ∥PDc ∥∞ = 1.

We notice that [|j⟩⟨j| , |k⟩⟨k|] = 0 for any j,k in IΩ. This means for the evolution that

e−iλtPD
c =

∏
j∈IΓD

e−iλt|j⟩⟨j|. (3.2.99)

So for time-independent constraints, this can be implemented simply by phase gates parametrized
by the penalty λ, controlled on |j⟩.

HamSim(PDc , λt) |j⟩ |0⟩bdry = O†
bdry

(
e−iλt ⊗ |1⟩⟨1|bdry

)
Obdry |j⟩ |0⟩bdry (3.2.100)

Therefore, Eq. (3.2.100) is fast-forwarded by this construction as the implementation cost does not
directly depend on the parameter λt.
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Projectors for Neumann conditions and derivative constraints To obtain a finite-dimensional
approximation to a Neumann projection, we employ a discrete finite-difference derivative D. As ob-
served in the statement of Problem 2, a crucial ingredient for our method to work is that the
projection PNc for the approximate derivative condition is orthogonal to, and thereby commutes
with, the projection onto the feasible region and the projection onto the value constraint region.
We discuss next how these requirements are satisfied by a simple finite difference stencil evaluated
on two points assuming a grid discretization. The motivation is that this allows us to enforce that
the value on the boundary has the same value as the next-closest value within the domain in the
direction of interest.

First, we look at a one-dimensional example. Take v =
∑L
l=1 vlel with the canonical basis {el}Ll=1.

Consider ∂n · v |L= 0 and v representing a line split into L points, then vL falls into the derivative
constraint. Then, a “inward” finite difference stencil would be vL−vL−1

h . For the sake of a projection,
we only care about the difference, and may omit the scaling by the grid spacing h. Then, a discrete
derivative is given by Dv|ΓN

= vL−vL−1. Consequently, what we want to enforce is that vL = vL−1.
The feasible and infeasible spaces then are

S = span{v : vL = vL−1}, SNc = span{v : vL ̸= vL−1}. (3.2.101)

We will design an algorithm that allows to attain an approximate SNc via

span{v : |vL ̸= vL−1| < ε} (3.2.102)

for ε > 0. A swap operation S so that Sv =
∑L−2
l=1 vlel + vLeL−1 + vL−1eL has the property that

it leaves S invariant. Then, the projection 1
2 (I−S) ≡ P has the desired properties that ker(P) = S

and image(P) = SNc . Note that the canonical basis to Sc are not eigenvectors to P but its image
is closed in SNc . That means it will allow us to project onto elements that are unacceptable and
we can annihilate them. As we want orthogonal projections as per assumptions in Definition 3.2.3,
we need to choose Hermitian projections. The ‘bad’ space projection already satisfies this, for the
‘good’ projection we can use P⊥ = 1

2 (I+S).
We continue by discussing how to create the projector for |IΓN

| > 1. A general solution vector
v represents a spatial discretization of the continuous solution over a domain Ω ⊆ Rd, with overall
n =

∏d
l=1 nl basis elements. For every point j ∈ IΓN

within the computational domain that lies
on the derivative constraint region or Neumann boundary ΓN , we have a set of neighbours ζj that
represent the set of basis elements that we use for the respective finite difference formula. This
describes the set of mutual swaps that need to be done for every j on ΓN . It is reasonable to assume
this discretization is ζ-local in the sense that every neighbour set has at most |ζj | = ζ ∈ N elements.
In fact, for a regular grid discretization, every node has at most (n − 1)d < nd − 1 neighbours of
which only a subset will be interesting for the derivative constraints. Therefore we only need to store
information specifically what a node’s respective neighbours are rather than which others every node
neighbours. This leads to the following as a formulation for the sought after projector,

PNc =
1

2

I− ∏
j∈IΓN

,k∈ζj

SWAP(j,k)

 =
1

2
(I−S). (3.2.103)
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conflict via neighbour 

to two points

locally refine and leave 

inner points 

unconstrained

has outwards Neumann constraint is outwards neighbour

Figure 3.8: Conflicts arising in derivative constraints on a regular grid (left). Mitigation is possible
by either only allowing one of the constraints, or a local grid refinement and ignoring the constraint
on the finer level (right).

Direct implementation by a linear combination or unitaries yields,

|0⟩ X Had Had X ⟨0|

|ψ⟩ S 1
2 (I−S) |ψ⟩.

(3.2.104)

Circuit constructions for the SWAP’s S are discussed in the upcoming paragraphs.
Later on, we will discuss fast-forwarded Hamiltonian simulation of the constraint projections.

For this to be possible, we will require the following conditions on the problem setup:

• Any point that is neighbour to a constraint point for the sake of a derivative condition (i.e.,
part of the finite difference formula) cannot be affected by a derivative constraint itself.

∀j ∈ IΓN
, ζj ∩ IΓN

= ∅ (3.2.105)

• Any point can be neighbour in a finite difference formula for a derivative constraint to at most
one point on ΓN .

∀j,k ∈ IΓN
, ζj ∩ ζk = ∅ (3.2.106)

For discretized PDEs, this scenario can be realized easily. Suppose a grid discretization would
not satisfy these conditions (see left-hand side of Fig. 3.8), then a refinement of the discretization is
sufficient (right-hand side of Fig. 3.8) and comes at little cost in extra qubits. If the problem-at-hand
is a more general constrained ODE, one can think of the same strategy together with introducing
additional dummy variables that are trivially coupled with their neighbours instead of a global
‘refinement’.

Example (Error on a derivative constraint for stable dynamics). We consider a system as in Prob-
lem 2 with dynamics generated by A = A0 − iλPNc , with PNc from Eq. (3.2.103), A0 and thus also A
are normal and the real parts of the eigenvalues of A0 are non-positive, λ > 0 and PNc the projec-
tor on the infeasible space as defined in Definition 3.2.3. Then, the error at time t > 0 along the
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boundary with respect to the finite difference formula embodied by PNc is bounded as follows,

∥Dv(t)∥2ℓ2,SN
c

≤ ϵ (3.2.107)

for λ =
2v2max∥A0∥

ε .

Proof. Using Eq. (3.2.103), we have that PNc
2
= PNc = (PNc )†. We now determine the approximation

error of the projective boundary conditions with respect to the finite-dimensional approximation of
a derivative constraint through Dv(t), ∥Dv(t) − h∥, while we consider h = 0 in this Lemma. But
this then allows us to say that

∥Dv(t)∥2ℓ2,SN
c

=
∣∣〈PNc v(t),PNc v(t)〉∣∣ = ∣∣〈v(t),PNc v(t)〉∣∣ , (3.2.108)

Now, we can bound
∣∣〈v(t),PNc v(t)〉∣∣ similar to the Dirichlet case. We recall that v(t) = exp(At)v(0),

A = A0 − iλPNc , Re(A0) ⪯ 0. First, observe that

|⟨v(0), Av(0)⟩| = E0 <∞, (3.2.109)

as we assume enough sufficient smoothness in the initial condition to satisfy the boundary condition.
The rest of the proof then follows equivalently the proof of Lemma 3.2.7. Thus, to summarize, we
can say that ∣∣〈v(t),PNc v(t)〉∣∣ ≤ 2v2max

∥A0∥
λ

. (3.2.110)

Remark (Alternative approach to Value Constraints: Example for time-independent case). Deriva-
tive constraints provide an alternative to the implementation of non-zero value constraints compared
to homogenizing the ODE as in Section 3.2.2. We can introduce dummy variables (similar to ‘ghost
points’), which are not coupled with the other variables through A0(t), and store the desired values
in them. Then, enforce a derivative constraint with the respective nodes, so that the effect of the
constraint is that the affected boundary points will obtain the same value as stored in the dummy
variables. That is,

ṽ =

[
v

vdummy

]
, Ã0 =

[
A0 0

0 0

]
, (3.2.111)

where vdummy ∈ C|IΓN
|. Then, adding the constraint projection

PNc =
1

2

(
I−SWAP(v|ΓN

, vdummy)
)

(3.2.112)

to the dynamics through d
dt ṽ = (Ã0− iPNc )ṽ leads to v = PS⊕SN

c
ṽ so that a value/Dirichlet constraint

is enforced up to accuracy ε for λ chosen according to the example above.
Note that this approach leads to a lower bound on λ necessary for accuracy ε follows, as v2max +

B2 > ṽ2max = v2max+∥vdummy∥2ℓ2 with B = ∥A0g∥ℓ2 and ∥vdummy∥ℓ2 = ∥g∥ℓ2 ; see Corollary 3.2.12 vs.
Lemma 3.2.7. On the other hand, the implementation cost for the derivative constraint is slightly
higher due to the SWAP construction compared to the value constraints as we will observe in the
following.
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Input model for SWAP circuit. This section discusses a circuit construction for the swap
circuit S in Eq. (3.2.103). The first ingredient to that is an oracle Oζ that prepares a superposition
encoding the distances k − j over all neighbours k from a neighbour set ζj ⊆ IΩ∪Γ that contains
the neighbours to node j. Then, we define the neighbour oracle by its action on a state vj |j⟩ as

Oζ : vj1···jd |j1 · · · jd⟩ |0⟩

→ vj1···jd |j1 · · · jd⟩

 1√
|IΓN

||ζj |

∑
(k1···kd)∈ζj

|k1 − j1⟩ |k2 − j2⟩ · · · |kd − jd⟩

 . (3.2.113)

The action of SWAP(j,k) for a set of neighbour shifts (k1 − j1, . . . kd − jd) ∈ ζj is given as follows:

vj1···jd |j1 · · · jd⟩ 7→ vj1···jd |k1⟩ |k2⟩ · · · |kd⟩ . (3.2.114)

Namely, it effects a shift by distances kw − jw, w ∈ [d], where the distances are given by the
neighbour oracle Oζ . Whenever the constraints are given by Neumann boundary conditions, we can
also expect that most of these differences are zero. In the case of a two-point stencils to approximate
the derivative, there is only one index kw that needs to be shifted in d′ dimensions, where d′ < d is
the dimension of the boundary. Then, Eq. (3.2.114) becomes

vj1···jd |j1 · · · jd⟩ 7→ vj1···jd |j1⟩ |j2⟩ · · · |kw⟩ · · · |jd⟩ (3.2.115)

Therefore, these swaps can be implemented a sequence of controlled additions of jw with the distances
kw − jw and call this subroutine. The arithmetic that needs to be done here is fairly simple as we
only need to add bit-strings. Recall that CADD is defined as

CADD : |j⟩ |k⟩ → |j + k⟩ |k⟩ (3.2.116)

≡ |j1⟩ |j2⟩ · · · |jd⟩ |k1⟩ |k2⟩ · · · |kd⟩ → |j1 ⊕ k1⟩ |j2 ⊕ k2⟩ · · · |jd ⊕ kd⟩ |k1⟩ |k2⟩ · · · |kd⟩ ,

where j1, . . . are bitstrings with length ⌈log2(n)⌉ and ⊕ is addition modulo 2. Note that for the
sake of our input model with added distances k−j, the addition will never exceed the representable
range of grid point indices.

Moreover, for each j ∈ IΓN
, we have |ζj | neighbours with d dimensions. Thus, we need to do

at most O (d|IΓN
| ·maxj |ζj |) additions. Assuming we have at most n basis elements per dimension

to index and thereby each summand has at most ⌈log2 n⌉ bits, then the overall cost to perform the
additions will be O (d⌈log2 n⌉|IΓN

| ·maxj |ζj |) [Gid18]. Applying the CADD circuit to Eq. (3.2.113),
we obtain

(3.2.113) CADD→
∑
j1···jd

vj1···jd |k1(j1)⟩ |k2(j2)⟩ · · · |kd(jd)⟩

 1√
|IΓN

||ζj |

∑
k∈ζj

|k − j⟩

 (3.2.117)

O−1
ζ→

 ∑
j1···jd

vj1···jd |k1(j1)⟩ |k2(j2)⟩ · · · |kd(jd)⟩

 |0⟩ , (3.2.118)

where we also uncompute the register of boundary differences by O−1
ζ . This means that

∏
j,k SWAP(j,k)
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is implemented by

USWAPS

(
vj |j⟩v |0⟩bdry,ζ

)
= O−1

bdry(O
−1
ζ ⊗ |2⟩⟨2|bdry)

· CADD (Oζ ⊗ |2⟩⟨2|bdry)Obdry

(
vj |j⟩v |0⟩bdry,ζ

)
. (3.2.119)

Overall, we have the following registers,

• a state register |j⟩v, consisting of d⌈log2(n)⌉ qubits for n basis elements per dimension with
binary representation;

• ancillas |·⟩bdry with 2 qubits to encode the type of basis element (inner, Dirichlet boundary,
Neumann boundary);

• ancillas |·⟩ζ to hold the neighbour set values coming from Oζ , with d⌈log2 (maxj |ζj |)⌉ qubits.

Hamiltonian simulation of the derivative constraint projection. In order to time-evolve
a derivative constraint, we consider Lemma 3.2.13 that allow to avoid compiling eiλtP

N
c using Hamil-

tonian simulation techniques of the Hermitian projector PNc . The following formula illustrates how
this can be performed easily in the case of orthogonal projections.

Lemma 3.2.13 (Exponential of an orthogonal projection.). Let P,Q be orthogonal and thus Her-
mitian projections on a vector space so that P+ Q = I. Then, for any ξ ∈ C,

eξP = Q+ eξP. (3.2.120)

The case of ξ ∈ iR recovers Hamiltonian simulation of an orthogonal projection.

Hence, access to PNc and its orthogonal complement is sufficient for simulation in this context as
only the image of the penalty projection is meant to experience a phase. Recall that the situation
was the same for value constraints before, however, the complement there was simply the identity
on the unconstrained domain and thus does not require an additional circuit implementation. Then,
Lemma 3.2.13 permits us to implement PNc

⊥
+PNc eiλt rather than e−iλtPN

c . More specifically, this is

HamSim(PNc , λt) =
1

2
(I+S) +

e−iλt

2
(I−S). (3.2.121)

Indeed, this form is now equivalent to the value constraints up to modified projectors, where in the
former case we can identify Q with

∑
j∈Ω\ΓD

|j⟩⟨j| and P with
∑

j∈ΓD
|j⟩⟨j|. A circuit construction

for S was given above in Eq. (3.2.119). Then, constructing a circuit for Eq. (3.2.121) is simple.
Instead of packing things into extra LCUs, which would come at a constant factor loss in the success
probability, we can do the following:

|0⟩ Had Had discard

|ψ⟩ S e−iλt 1
2

(
(I+S) + e−iλt(I−S)

)
|ψ⟩.

(3.2.122)

For the ancilla qubit, instead of projecting onto one of the basis states as before, we measure and
discard the result (i.e., there is no post-selection necessary). The controlled phase gate e−iλt is the
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same as in the value constraint evolution in Eq. (3.2.100). This allows us to effectively fast-forward
the evolution of PNc , as the complexity of the circuit in Eq. (3.2.122) is independent of λt. The
ability to fast-forward also follows from [GSŞ21, Theorem 3.1 and Fig. 2].

Interface conditions via ‘derivative projection’. The finite difference construction to ap-
proximate Neumann conditions is also useful to represent interface conditions, i.e., conditions be-
tween regimes that are governed by different PDEs. Suppose there are η subdomains which represent
a different physical model (expressed by a different linear PDE)

(∂t − L1)u1(x; t) = 0, x ∈ Ω1, . . . , (∂t − Lη)uη(x; t) = 0, x ∈ Ωη, (3.2.123)

then one can define interface conditions describe relationships at any intersections of the domains
k ̸= l ∈ [η],

uk(x; t) = γ ul(x; t), x ∈ Ωk ∩ Ωl, (3.2.124)

with γ ∈ C; one can also think of more general relationships. The numerical treatment of interface
conditions in classical numerical methods is described e.g. in [CZ15]. Our approach somewhat
resembles the ‘penalty method’ described there, in the sense that it also introduces a notion virtual
work that is minimized by admissible solutions.

In order to use ‘Neumann projections’ as in Eq. (3.2.103) we need an index set Iinterface and neigh-
bour sets

⋃
j∈Iinterface

ζj . Using a grid discretization of the computational domain, then there are no
more ‘true’ boundary points that are in Ωk∩Ωl but every point is in either k or l; therefore, what we
get are bipartite sets that give immediate rise to the necessary boundary point—neighbour relation.
Upon proper definition of these sets and the according boundary oracles following Eq. (3.2.96), the
treatment of interface conditions then follows immediately from how PNc is treated.

Input Model for Robin Boundary Conditions The ability to implement value constraints and
derivative constraints allows us to extend the applicability to another class of boundary conditions.
Constraints described by a superposition of Dirichlet and Neumann conditions are called Robin
boundary conditions [GA98]; they can be expressed as

αv(x; t) + β ∂n · v(x; t) = f(x; t), x ∈ ΓR, (3.2.125)

with constants α, β. Therefore, we can choose a projection

PRc = α
∑

j∈IΓR

|j⟩⟨j|+ β

2

I− ∏
j∈IΓR

,k∈ζj

SWAP(j,k)

 , (3.2.126)

and additionally assume that α, β ∈ R so that PRc is Hermitian. The point-wise projection
∑

j∈IR
|j⟩⟨j|

maps any bitstrings from IΩ∪Γ to those inside the Robin-boundary IΓR
, whereas the SWAP-

circuit takes any from IΩ∪Γ to those that are considered neighbours for the Robin boundary
IΓR∩Ω =

⋃
j∈IΓR

ζj . Therefore, the commutativity of these operations depends on how the sets
are defined. One option is to use ‘outside’ ghost points for the finite differences in the Neumann
projections for the rather than points inside the domain, and include these to the image of the
Dirichlet projection. Then, the operations commute restricted to the domain of interest (that is,
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disregarding the ghost points) and one can compile exp
(
−iλtPRc

)
with a product formula

exp
(
−iλtPRc

)
= exp

−iαλt
∑

j∈IΓR

|j⟩⟨j|

 exp

(
−i
β

2
λt(I−SR)

)
, (3.2.127)

or equivalently

HamSim(PRc , λt) = HamSim(PDc |IΓR
, αλt)HamSim(PNc |IΓR

, βλt), (3.2.128)

where we know how to implement both from above, Eqs. (3.2.100) and (3.2.121).

Hamiltonian simulation of combined projections Using the results from the previous two
sections, we can express the Hamiltonian simulation of orthogonal value and derivative projections
as follows,

HamSim(Pc, λt) = O−1
bdry

(
HamSim(PDc , λt) ⊗ |1⟩⟨1|bdry

+HamSim(PNc , λt) ⊗ |2⟩⟨2|bdry
+HamSim(PDc , αλt)HamSim(PNc , βλt)⊗ |3⟩⟨3|bdry

)
Obdry, (3.2.129)

where HamSim(PDc , λ) requires a call to controlled e−iλt and HamSim(PNc ) needs additionally a
controlled implementation of the swap S. Recall that |1⟩bdry marks Dirichlet points, |2⟩bdry Neumann
points and |3⟩bdry Robin boundary points.

3.2.3 Numerical Experiments

In the following, we are presenting numerical experiments as proof-of-concept validation of the
penalty projections method via interaction picture based on classical simulation of the dynamics.
In addition, we are interested in tightness of our bounds on λ derived in Section 3.2.2. To that
end, we consider the heat equation and the wave equation as two of the canonical examples for
‘simple’ PDEs. While for the heat equation, a quantum speedup beyond a quadratic one coming
from amplitude amplification cannot be expected in general when evaluating an expectation value
with respect to the final state (see [LMS22b]), it still serves as an illustrative example. However,
as shown in [CJO19] and recovered as the isotropic case in [Bab+23], the wave equation, which in
contrast to the heat equation is not dissipative and obeys conservation of energy, allows for an at
least quartic speedup.

Setup

In the computations below, we restricted the possible range of λ to ‘small’ values (up to 106) to
avoid aliasing in the numerical solution of the highly oscillatory system in interaction picture. Note
that this is not as much of a problem in the quantum implementations, as we will outline below, as
the necessary time discretization only grows with log(λ). For spatial discretization, we use a simple
central three-point finite difference formula in periodic boundary conditions form to represent the
Laplacian. We use the Runge-Kutta scheme RK23 [BS89] to simulate the time evolution. Even
though this is not high-accuracy, it proves sufficient for the regimes we are looking at; in order
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to capture high-frequency effects of the interaction picture simulation of AI(t), a relatively small
time-step is already required, hence the accuracy is sufficient here to ensure that the penalty error
is the dominant source of error. We are solving the following discretized PDEs by time-stepping the
interaction picture equations from Eq. (3.2.143) with respect to the discretized differential operators.

Simulation results

In what follows, we present numerical experiments for dimensionless heat and wave equations, dis-
cretized by finite differences.

Heat equation with Dirichlet and Neumann boundary conditions We consider the follow-
ing 2D-problem for the heat equation:

∂tu(x, y; t) = D∆u(x, y; t) + f(x, y; t) (3.2.130)

u(x, y; t)|x,y∈ΓD
= g(x, y; t) (3.2.131)

∂n · u(x, y; t)|x,y∈ΓN
= h(x, y; t) (3.2.132)

u(x, y; t = 0) = u0(x, y). (3.2.133)

with the temperature distribution u(x, y; t) and diffusion coefficient D > 0; for the sake of simplicity,
we choose isotropic diffusion here. The initial conditions are described by u0, f is a forcing term (heat
source) and g describes the temperature along the boundary ΓD, where h describes the temperature
flux across the boundary ΓN . Then, we introduce an equidistant uniform grid for space to obtain
uh(t) ∈ RN

2

using N points to represent x and y, and a fourth-order finite difference stencil to
approximate ∆ via Lh ∈ RN

2×N2

with truncation error O(N−4). Then, we have the discretized
ODE system

d

dt
uh(t) = DLhuh(t) + f(t), (3.2.134)

and use the constraint projections as defined earlier in Eqs. (3.2.97) and (3.2.103) and use the
homogenization strategies outlined in Section 3.2.2 for non-zero boundary conditions.

We examine the following choices of boundary conditions:

• Vanishing boundary conditions, PDc uh(t) = 0. See Figs. 3.9 and 3.11.

• Non-zero boundary conditions, PDc uh(t) = g(x,y)

g = (1− y)⊙

x, x ≤ 1
2

(1− x), x > 1
2 ,

(3.2.135)

where x = [0,∆x, 2∆x, . . . , ]T and y = [0,∆y, 2∆y, . . . , ]T are the grid representation of the
x, y domain and ⊙ denotes element-wise multiplication. This is implemented via the approach
outlined in Section 3.2.2. Results are shown in Fig. 3.10.

• No heat in/out-flux: PNc uh(t) = 0. The boundary values are zero in compliance to the initial
condition. If the initial condition is equal to zero on the boundary indices, then this scenario
can test both the usage of the Neumann projectors to enforce a value as well as the gradient.
The numerical results are depicted in Fig. 3.12.
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(a) Boundary error ∥uh∥Sc
vs penalty

parameter; upper bound follows
Lemma 3.2.8

(b) Solution and boundary values at initial vs final
time.

Figure 3.9: Numerical simulations of heat equation with PDc uh = 0, D = 4, N = 25, t = 1, and
∆t = 10−5. The boundary is defined as the outer grid points (‘wall’).

All simulations are dimensionless, and as initial state we use a centred, isotropic Gaussian with height
1 and define a cut-off so that the initial condition respects the boundary constraints. Additionally,
we use a point-source f(t) = 298 at the centre element.

Wave equation with Dirichlet boundary conditions The 2-D wave equation is defined as

∂ttu(x, y; t) = c2∆u(x, y; t), (3.2.136)

with a speed-of-sound parameter c2 > 0. In order to solve the wave equation, let w(x, y; t) =

∂tu(x, y; t). Then, Eq. (3.2.136) is equivalent to the system

∂tv(t) = ∂t

[
u(t)

w(t)

]
=

[
0 I

c2∆ 0

][
u(t)

w(t)

]
= Av(t), (3.2.137)

with initial data v(t) =
[
u(x,y;t=0)
∂tu(x,y;t=0)

]
. Upon discretizing space on a uniform, regular grid with

N points per spatial dimension, we obtain a matrix Lh ∈ RN
2×N2

and overall system matrix
Ah ∈ R2N2×2N2

, vh(t) ∈ R2N2

. For the constrained system,

d

dt
vh(t) = (Ah − iλPc)vh(t)

we apply a penalty projection on both the original variable u and w = ∂tu, Pc =
[
Pc 0
0 Pc

]
. As the

value of interest is only u(t), we measure the error via ∥u∥2ℓ2,Sc
= ⟨v, P̃cv⟩ so that P̃c =

[
Pc 0
0 I

]
.
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(a) Boundary error ∥uh∥Sc
for N =

25,∆t = 10−5, D = 4 and boundary
along the four walls upper bound follows
Lemma 3.2.8.

(b) Solution and boundary values at initial vs final
time.

Figure 3.10: Numerical simulations of heat equation with PDc uh = g from Eq. (3.2.135), D = 4,
N = 25, t = 1, and ∆t = 10−5. The boundary is defined to be the outer grid points (‘wall’).

(a) Boundary error ∥uh∥Sc
for N =

25,∆t = 10−5, D = 4 and boundary
along a circle boundary Lemma 3.2.7

(b) Solution and boundary values at initial vs final
time.

Figure 3.11: Numerical simulation of heat equation with PDc u = g from Eq. (3.2.135), D = 4,
N = 25, t = 1, and ∆t = 10−5. The boundary is defined to be on a circle of radius 1

2 .



CHAPTER 3. SIMULATING MORE GENERAL SYSTEMS WITH QUANTUM COMPUTERS 118

(a) Neumann boundary error ∥uh∥Sc
on

wall boundary with respect to ‘derivative
constraint’ PN

c

(b) Solution and boundary values at initial vs final
time.

Figure 3.12: Numerical simulations of heat equation with PNc uh = 0 from Eq. (3.2.135), D = 4,
N = 24, t = 2, and ∆t = 10−3. The constraint region is formed by the differences of the outer points
(‘wall’) with their closest neighbours inwards. The corner points as well as one of the points next to
the corner are skipped so that every inner point is only neighbour to at most one corner point.
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Recall that we generally assumed that Re(A) ⪯ 0. Looking for the eigenvalues χ of the discrete
operator, [

0 I

c2Lh 0

][
u

w

]
= χ

[
u

w

]
, (3.2.138)

we obtain that w = χu and c2Lhu = χw. Therefore, Lhu = (χ/c)
2
u. Both the abstract Laplacian

∆ as well as for the discretized Lper
h with periodic boundary conditions have a spectrum (contained

in) (−∞, 0]. Therefore, χ as in Eq. (3.2.138) is purely imaginary and Re
([

0 I
c2Lh 0

])
= 0. Thus, as

long as there is no interaction with an environment (i.e., periodic boundary conditions), there is no
dissipation. The initial condition is given by[

v0

w0

]
=

[
0.001 sin(x) sin(y)

0.01 cos(x) cos(y)

]
if x2 + y2 ≤ 0.1, else 0. (3.2.139)

The simulation results are shown in Fig. 3.13.

(a) Boundary error ∥u∥Sc , upper bound
follows Lemma 3.2.8.

(b) uh and wh at t = 0 and final time t = 1.

Figure 3.13: Numerical experiments for wave equation with zero boundary conditions at radius 1
2 .

N = 25, ∆t = 10−4, t = 1, c2 = 1.

Discussion The results to our simulations are shown in Figs. 3.9 to 3.12 and Fig. 3.13. For all
simulations, we can observe that the errors that we witness decrease quadratically, or slightly faster,
with λ, i.e. ∥u∥Sc

∈ O(λ−1/2). This aligns very well with the upper bounds derived previously. The
measured errors are several orders of magnitude smaller than the upper bounds that we derived.
Even though the asymptotic behaviour seems to be well-captured in the bounds, they appear to be
quite loose. This is not necessarily surprising as they rely on first-order perturbation theory, and
within the regimes we studied numerically, the ratio of perturbation λ vs. ‘system energy’ |⟨v,A0v⟩|
is not in a clearly perturbative regime yet.
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The results in Fig. 3.10 validates the efficacy of the procedure of homogenizing/shifting the
solution in order to solve for non-zero constraints. Moreover, we tested a circle boundary in Fig. 3.11
as a simple example for a non-trivial geometry. In particular, we notice that the solution does not
penetrate further than two grid points into the constraint region within the chosen discretization.
Additionally note that the constraint error decays faster in the case of the wave equation in Fig. 3.13;
roughly linear if not including the first point at λ = 100. In the case of the heat equation, we observe
that error performance is more reliable and more favourable in the case of derivative/Neumann
constraints (Fig. 3.12). Therefore, using this setup in combination with ‘ghost points’ that store a
desired value and are out of the range of the generator A0 could be an interesting alternative to
directly enforcing the value constraints.

3.2.4 Quantum Algorithm via Interaction-Picture simulation

Recall that the constrained ODEs we consider in this work have the form

d

dt
v(t) = A0(t)v(t)− iλPcv(t) + b(t) ≡ A(t)v(t) + b(t), (3.2.140)

with initial data v(t = 0) = v0 and an orthogonal projection Pc. The general solution to this via the
variation of parameters formula is

v(t) = T e
∫ t
0
A(s)dsv0 +

∫ t

0

T e
∫ t
s
A(s′)ds′b(s)ds. (3.2.141)

There exist many quantum DE solvers that we could employ here; a common trait among all of
them is that they depend (in the optimal case, linearly) on the block-encoding or subnormalization
factor αA ≥ sup0≤t≤T ∥A(t)∥, which itself, by Eq. (3.2.140), is linear in λ. As we saw before in
Section 3.2.2, a necessary penalty factor is at least of the size λ ≳ v2max

∥A∥
ε , which would render

implementations of the constraint projection impractical.
We can overcome this limitation by simulating Eq. (3.2.140) in the interaction frame of the

projection. Then, the overhead in λ compared to unconstrained evolution is only logarithmic.
The reason for this is that an interaction picture transformation is unitary, thereby αAI

= αA0
,

where AI(t) = e−iλPctA0(t)e
iλPct. The logarithmic overhead in the gate complexity is expected as

the number of grid-points to simulate the interaction picture dynamics depends on the maximum
frequency [LW18, Lemma 5], as ∥∂tAI(t)∥ = O(λ). A necessary condition of this to work efficiently
is that the cost of the interaction picture transformation itself, i.e., e−iλPct, does not depend on λ.
We know from Section 3.2.2 that Pc is fast-forwardable by construction – which makes the setup
suited for such an interaction picture implementation [LW18].

Therefore, let vI(t) = eiλPctv(t). A quick calculation shows that

d

dt
eiλPctv(t) = eiλPctiλPcv(t) + eiλPct

d

dt
v(t) (3.2.142)

= eiλPctiλPcv(t) + eiλPct(A− iλPc)e
−iλPcteiλPctv(t)

= eiλPctAe−iλPct︸ ︷︷ ︸
=AI(t)

eiλPctv(t) = AI(t)vI(t). (3.2.143)
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This means that if we solve for

vI(t) = T e
∫ t
0
AI(s)dsv0 +

∫ t

0

T e
∫ t
s
AI(s

′)ds′bI(s)ds =: SI(t)vI(0), (3.2.144)

we can retrieve the sought-after solution v(t) through implementing

HamSim(Pc,−λ) SI(t)︸ ︷︷ ︸
ODE solver

HamSim(Pc,+λ). (3.2.145)

Time Evolution by LCHS

We use the near-optimal Linear Combination of Hamiltonian simulations approach [ALL23; ACL23]
as a quantum ODE solver. For our purposes, this choice is more natural to tackle ODEs or dis-
cretized PDEs compared to Schrödingerisation [JLY24; JLMY25], has better complexity with respect
to approximation error and time compared to time-marching approaches [FLT23], and has better
complexity with respect to state preparation compared to the linear-systems based approaches. The
LCHS theorem in [ALL23] allows to write the (time-ordered) exponential of a general matrix A(t)
as an integral of a unitary time evolution with a specific kernel function f(k)

1−ik , namely

T e
∫ t
0
A(s)ds =

∫
R

f(k)

1− ik
T e

∫ t
0
i(kARe+AIm)(s)dsdk, (3.2.146)

where the real and imaginary part of a matrix A respectively are

ARe =
A+A†

2
, AIm =

A−A†

2i
. (3.2.147)

Duhamel’s formula gives an extension to particular solutions given a source term [ALL23]. In our
case, the ODE system is defined by the interaction picture matrix

AI(t) = eiλPct(A0)e
−iλPct = eiλPct(A0,Re +A0,Im)e

−iλPct. (3.2.148)

We note that [AT23] provides an algorithm of LCHS with interaction picture, however in a different
setting. In our case, the operator for the interaction frame itself is a Hamiltonian simulation and
does not require treatment by the LCHS formula. Furthermore, in [AT23], the authors are using
LCHS with the non-optimal kernel function from [ACL23] which does not achieve high accuracy.
Choosing λ ∈ iR would recover the approach in [AT23, Lemma 17] which could easily be extended
to the higher-order quadratures and improved kernel function of [ACL23]. However, this would lead
to higher simulation cost as we would need to simulate the linear combination e−|λ|Pct·kj for all kj =
−K, . . . ,K with [−K,K] the discretization of the Fourier domain in the LCHS formula Eq. (3.2.146).

The solution of ODEs using LCHS requires access to a HAM-T oracle (Hermitian block-encoding
access ‘HAM’ with a time parameter ‘T’) for AI(t) and a fast-forwarded Hamiltonian simula-
tion e−iλtPc . For completeness, we briefly recall the LCHS algorithm from [ACL23] applied to
T e

∫ t
0
AI(s)ds. Given k ∈ R, consider the Hamiltonian simulation integrand in (3.2.146),

U(k; t) = T ei
∫ t
0
kAI,Re+AI,Imds. (3.2.149)
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This unitary satisfies

d

dt
U(k; t) = i(kAI,Re(t) +AI,Im(t))U(k; t), U(k; 0) = I, (3.2.150)

where
AI,Re(t) = eiλPctA0,Re(t)e

−iλPct, AI,Im(t) = eiλPctA0,Im(t)e
−iλPct. (3.2.151)

Simulating U(k; t) is achieved by a truncated Dyson series algorithm [LW18]. Then, the integral over
k in Eq. (3.2.146) is truncated to some finite interval [−K;K] and evaluated with a higher-order
quadrature; these steps amount to a linear combination the unitaries U(k; t). These routines thus
require HAM-Taccess to A0,Re(t), A0,Im(t) and access to e−iλtPc .

Oracles

HAM-T oracles The HAM-T-oracles follow the convention from [ACL23; ALL23]. The trun-
cated Dyson series is implemented across short-time integrators with length ∆t using MD time-steps.
Let q ∈ [MD] and |0⟩a a register of ancillas, then

⟨0|a HAM-TAI ,q |0⟩a =

MD−1∑
l=0

|l⟩⟨l| ⊗
AI(q∆t+ l∆tM )

αA
. (3.2.152)

This leads to the oracle for long-time integration with Hamiltonian kAI,Re +AI,Im,

⟨0|a HAM-TkAI,Re+AI,Im,q |0⟩a =

M−1∑
j=0

MD−1∑
l=0

|j⟩⟨j|⊗|l⟩⟨l|⊗
kjAI,Re(q∆t+ l ∆t

MD
) +AI,Im(q∆t+ l ∆t

MD
)

καAI,Re
+ αAI,Im

,

(3.2.153)
where κ = ∥[−K, . . . ,K]∥ℓ1 and M time steps is for q ∈ [MD]. Every oracle call to this HAM-T
oracle will require one call to Hamiltonian simulation as in Eq. (3.2.129) and one to its inverse.

Further oracles Additionally, we require the following oracles for the LCHS algorithm:

• Circuits for the HamSim routines in Eq. (3.2.129), within the HAM-T construction and to,
if desired, transform back from the interaction picture to the “Schrödinger picture” of the
untransformed solution state.

• A state preparation oracle Ov: |0⟩ → |v(0)⟩.

• An oracle to prepare the forcing term Ob: |0⟩ |τ⟩ → |b(τ)⟩ |τ⟩ for all time-steps τ ∈ [nt − 1]0.

For cases when constructing oracles to initial states that approximately satisfy the constraint is
significantly more efficient, or constructing a state that follows the constraint exactly is not possible,
consider the following Lemma 3.2.14.

Lemma 3.2.14 (Ensuring constraint-satisfying input states). Suppose we have an input oracle Ov,ς

so that Ov,ς : |0⟩ 7→ |vς(0)⟩ so that ∥Pcvς(0)∥ ≤ ς is not necessarily zero. Furthermore, we assume
access to a circuit implementation of Pc via UPc , such as Eqs. (3.2.98) and (3.2.104). Then, one
can produce a state |Pcvς(0)⟩ with at most O

(
1
ς

)
calls to (controlled-)UPc .
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Proof. Note that UPc unitarily implements the effect of the projection. Now, applying quantum
phase estimation of UPc to the initial state |vς(0)⟩ has the following effect,

|0⟩ Had Had |1⟩⟨1| w.p. 1
ς2

|vς(0)⟩ = ς |Pcvς(0)⟩+ (1− ς) |P⊥
c vς(0)⟩ UPc |v(0)⟩ = |Pcvς(0)⟩.

(3.2.154)

What this means is that we can trade off the error in overlap with success probability as we post-select
on the Pc-subspace, given by the 1-eigenvalue of UPc . Then, this can be boosted using fixed-point
amplitude amplification to cost O (1/ς) [GSLW19, Theorem 27].

Complexity

In this section, we summarize the overall complexity. We first provide the final result and subse-
quently walk through the analysis.

Final Result In Table 3.2a, we summarize the necessary strengths of the penalty through lower
bounds on λ. Then, as we show in the subsequent section after stating the main complexity result,
this allows us to derive the smoothness parameters ΛI ,ΞI as collected in Table 3.2b, which are part
of the following theorem.

Theorem 3.2.15 (Complexity of linear constrained ODE solution using LCHS, adapted from
Theorem 14 in [ACL23]). Consider the inhomogeneous ODE system in Problem 3. Suppose that
AI,Re(τ) ⪯ 0 on [0, t], and we are given the oracles described in Section 3.2.4. Let ∥A(τ)∥ ≤ αA

and define ΛI = supp≥0,τ∈[0,t]∥(∂τ )pAI(τ)∥
1

p+1 and ΞI = supp≥0,τ∈[0,t]∥(∂τ )pbI(τ)∥
1

p+1 . Then we
can prepare an ε-approximation of the normalized solution |v(t)⟩ with constant probability and a flag
indicating success, by choosing

M ∈ O

(
αAt

(
log

(
∥v0∥+BL1

∥v(T )∥ε

))1+1/β
)
, M ′ ∈ Õ

(
t
Γ · v2max∥A0∥

ε

(
log

(
1 +BL1

∥v(T )∥ε

))1+1/β
)
,

(3.2.155)
where Γ

v2max∥A0∥
ε = ΛI + ΞI . Different cases for Γ are summarized in Table 3.2b, and ΛI ,ΞI are at

most O
(
t2

ε (v
2
max +B2

L1)∥A0∥
)
. Further, this requires

Õ

(
∥v(0)∥+BL1

∥v(t)∥
αA0t

(
log

(
1

ε

))1+1/β
)

(3.2.156)

queries to the HAM-T oracle and

O

(
∥v(0)∥+BL1

∥v(t)∥

)
(3.2.157)

queries to the state preparation oracles Ov and Ob.

Note that the penalty affects the complexity only through the number of discretization points
necessary for the inhomogeneous solution, M ′. Thereby, it does enter the final gate complexity and
is not visible in the query complexity in Eq. (3.2.156).
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Analysis of smoothness factors Before we can do so, we look at the impact of the penalty
projection. Intuitively, simulating AI(t) in the interaction picture with simulation parameter λt
means that we simulate a highly oscillatory system, as λ is large. Therefore, this will have impact
on the size of the time steps to avoid aliasing. To that end, consider the smoothness parameters
ΛI ≥ supp≥0,t∈[0,T ]∥(∂t)pAI(t)∥

1
p+1 ,ΞI ≥ supp≥0,t∈[0,T ]∥(∂t)pbI(t)∥

1
p+1 from [ACL23], which need to

be adjusted to the interaction picture simulation. Then, we obtain

(∂t)
pAI(t) = (∂t)

p
[
eiλPctA(t)e−iλPct

]
(3.2.158)

(∂t)
pbI(t) = (∂t)

p
[
e−iλPctb(t)

]
(3.2.159)

We can expand this as

(∂t)
pAI(t) = (∂t)

p−1
(
(Ȧ(t)I + iλ[Pc, AI(t)]

)
= (∂t)

p−2
(
(iλ)2[Pc, [Pc, AI ]] + 2iλ[Pc, (Ȧ)I ] + (Ä)I

)
= . . . =

∑
q≤p

(
p

q

)
adqiλPc

((∂p−qt A(t))I) (3.2.160)

(∂t)
pbI(t) = (∂t)

p−1
(
iλPcbI(t) + (ḃ)I(t)

)
=
∑
q≤p

(
p

q

)
(iλ)qPc(∂

p−q
t b(t))I (3.2.161)

where we use the notation ady(x) = [y, x], admy (x) = [y, [y, . . . , [y︸ ︷︷ ︸
m times

, x]] · · · ] = ady ◦ · · · ◦ ady︸ ︷︷ ︸
m times

(x) and

ad0 is identity. We motivate the derivation for the identities Eqs. (3.2.160) and (3.2.161) in Ap-
pendix D.2. Then, we get for the first quantity ΛI ,

ΛI = sup
p≥0,t∈[0,T ]

∥(∂t)pAI(t)∥
1

p+1 = sup
p≥0,t

∥∥∥∥∥∥
∑
q≤p

(
p

q

)
adqiλPc

((∂p−qt A(t))I)

∥∥∥∥∥∥
1/p+1

. (3.2.162)

Moving along, we look time-independent and time-dependent A separately. For the case of A being
constant in time,

ΛI = sup
p≥0,t

λ
p

p+1 ∥A∥
1

p+1 . (3.2.163)

Then, note from Lemma 3.2.7 that we can take from before that λ = 2
v2max∥A∥

ε for target error ε > 0.
This means that, up to the constant 21−o(1),

ΛI ≂ sup
p≥0

(v2max)
p

p+1 ∥A∥��
p+1
p+1

1

ε
p

p+1

=
v
2(1−o(1))
max ∥A∥.
ε1−o(1)

(3.2.164)

Next, we look at the situation when A(t) is time-dependent, as treated in Lemma 3.2.10 and
Lemma 3.2.11. We start this by simplifying the expression for ΛI further using that the spectral
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norm stays invariant under interaction picture transformations and that ∥Pc∥ = 1.

sup
p≥0,t

∥∥∥∥∥∥
∑
q≤p

(
p

q

)
adqiλPc

((∂p−qt A(t))I)

∥∥∥∥∥∥
1/p+1

= sup
p≥0,t

∥∥∥∥∥∥
∑
q≤p

(
p

q

)
λqadqPc

(∂p−qt A(t))

∥∥∥∥∥∥
1/p+1

≤ sup
p≥0,t

∑
q≤p

(
p

q

)
λq
∥∥(∂p−qt A(t))

∥∥1/p+1

(3.2.165)

We continue by first identifying that the spectral norm is upper-bounded by the Frobenius norm and
then that Plancherel’s theorem holds on matrix-valued functions under the Frobenius norm. Then,
we can use that in Fourier-space, derivatives correspond to multiplication and we can introduce
another bound with the maximum occurring frequency in A – this is valid as we assume that A(t)
is smooth and all its derivatives are bounded.

Eq. (3.2.165) ≤ sup
p≥0,t

∑
q≤p

(
p

q

)
λq
∥∥(∂p−qt A(t))

∥∥
F

1/p+1

= sup
p≥0,t

∑
q≤p

(
p

q

)
λq
∥∥∥ωp−qÂ(ω)∥∥∥

F

1/p+1

≤ sup
p≥0,t

∑
q≤p

(
p

q

)
λqωp−qmax

∥∥∥Â(ω)∥∥∥
F

1/p+1

≤ sup
p≥0,t

∥A(t)∥1/p+1
F

∑
q≤p

(
p

q

)
λqωp−qmax

1/p+1

(3.2.166)

This expression already suggests, aligning with what one would expect, that the smoothness factor
ΛI is related to the maximum frequency of the constraint and the original dynamics. By the binomial
theorem, we can conclude

ΛI ≲ sup
p≥0,t

∥A(t)∥1/p+1
F (λ+ ωmax)

p
p+1 = max

t′
∥A(t′)∥o(1)F (λ+ ωmax)

1−o(1). (3.2.167)

Moreover, by Lemma 3.2.10, we have that we need λ ≂ tv2max

ε maxt′∥[Pc, A(t′)]∼∥ ≤ tv2max

ε maxt′∥A(t′)∥.
Using this in our expression above,

sup
p≥0,t

∥A(t)∥1/p+1
F (λ+ ωmax)

p
p+1 ≤ sup

p≥0,t
∥A(t)∥F

(
tv2max

ε
∥A(t)∥+ ωmax

∥A(t)∥

) p
p+1

≤ sup
p≥0,t

∥A(t)∥F

(
tv2max

ε
+

|µmax[Im(A)]|
|µmin[Re(A)]|

) p
p+1

= ∥A(t)∥F

(
tv2max

ε
+

|µmax[Im(A)]|
|µmin[Re(A)]|

)(1−o(1))

(3.2.168)

With µ[·], we denote eigenvalues. Thus, the ratio |µmax[Im(A(t))]|
|µmin[Re(A(t))]| describes a notion of oscillation

strength versus dissipation and is sometimes also called ‘stiffness ratio’ [Lam91]. This term is a
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consequence of time-dependent simulation, whereas tv2max/ε is due to the additional interaction
picture simulation of the constraint.

The remaining term that needs to be discussed is the smoothness parameter due to the inhomo-
geneous solution, ΞI ,

ΞI = sup
p≥0,t

∥(∂t)pbI(t)∥
1

p+1 = sup
p≥0,t

∥∥∥∥∥∥
∑
q≤p

(
p

q

)
λqPc(∂

p−q
t b(t))I

∥∥∥∥∥∥
1

p+1

(3.2.169)

Then, we consider the two cases whether b depends on time or not – for both, we have a time-
independent generator A. If b(t) is constant, then

ΞI = sup
p≥0,t

λ
p

p+1 ∥b∥
1

p+1

ℓ2
= sup
p≥0,t

λ
p

p+1B
1

p+1 , (3.2.170)

where in alignment with Lemma 3.2.8 we introduced B = maxt′∥b(t′)∥ℓ2 = ∥b∥ℓ2 . Further, we have
that Table 3.2a λ = 2∥A∥

ε (v2max + 2vmaxB + B2). We can insert this into Eq. (3.2.170) to obtain,
again up to a factor 21−o(1),

ΞI ≃
∥A∥1−o(1)

ε1−o(1)

(
v2(1−o(1))max Bo(1) + v1−o(1)max B +B1+o(1)

)
. (3.2.171)

Now if we can say that B is within the convex hull of of vmax and ∥A∥, then we know that ΞI

is within the convex hull of O(∥A∥
ε v2max) and O(∥A∥2

ε v2max). That is to say, we can simplify the
expression for the complexity this way if the forcing term grows with the size of the initial data or
the system matrix. For time-dependent b(t), we can use a similar approach via the binomial theorem
as previously for ΛI . That is,

sup
p≥0,t

∥∥∥∥∥∥
∑
q≤p

(
p

q

)
λqPc(∂

p−q
t b(t))I

∥∥∥∥∥∥
1

p+1

≤ sup
p≥0,t

∑
q≤p

(
p

q

)
λq
∥∥∂p−qt b(t)

∥∥
ℓ2

 1
p+1

= sup
p≥0,t

∑
q≤p

(
p

q

)
λq
∥∥∥ωp−q b̂(ω)∥∥∥

ℓ2

 1
p+1

≤ sup
p≥0,t

B1/p+1

∑
q≤p

(
p

q

)
λqωp−qmax

 1
p+1

= sup
p≥0,t

B1/p+1 (λ+ ωmax)
p

p+1 . (3.2.172)
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Now we can again use substitute λ with 2∥A∥
ε (v2max + 2vmaxB +B2),

≤ B sup
p≥0,t

(
∥A∥v2max

ε

(
1

B
+

2

vmax
+

B

v2max

)
+
ωmax

B

)p/p+1

= B

(
∥A∥v2max

ε

(
1

B
+

2

vmax
+

B

v2max

)
+
ωmax

B

)1−o(1)

≤ ∥A∥v2max

ε

(
1 + 2

B

vmax
+

(
B

vmax

)2
)

+ ωmax. (3.2.173)

What all of these expressions have in common is the following – similar to the pattern that we have
some case-specific term, G times v2max∥A∥/ε for λ as showcased in Table 3.2a: Both ΛI ,ΞI end up
roughly linear in λ (more precisely, λ1−o(1)), and sublinearly in ∥A∥ through ∥A∥o(1). Replacing
λ with expressions from Table 3.2a, we can conclude that it is typically O(G̃ · ∥A∥v2max

ε ), with G̃ a
modified case-specific factor as in Table 3.2b.

Implications for the solution of discretized PDEs with boundary conditions Typically,
when quantifying the cost of numerical methods, we are interested in the effect of the particular
choice of discretization given a target error on the final cost ( with a ‘finer’ discretization meaning
more basis functions and thus more accurate representation). In our work, this ‘refinement’ is ex-
pressed by a number of grid points nd. Upon choosing a suitable numerical method, there is also
a relationship of approximation error with respect to the discretization. The example below esti-
mates the complexity through the number of discretization points M ′ for the case of inhomogeneous
solutions in Theorem 3.2.15

Example (Overhead due to constraint for discrete heat equation). As an example, we take the
three-point finite difference stencil as was used in Section 3.2.3. Then, the approximation error for
the second derivative here goes as O(n−d/2) [CLO21; KWBA17], which we can take as a rudimentary
estimate for the time-evolved error.

By Theorem 3.2.15, overhead due to the constraint arises from M ′, through a gate complexity

O(log(M ′)), and M ′ ∈ Õ

(
t3

ε (v
2
max +B2

L1)∥A0∥
(
log
(

1+BL1

∥v(t)∥ℓ2
ε

))1+1/β
)

, by Eq. (3.2.155) and Ta-

ble 3.2b, where vmax = ∥v(0)∥ℓ2 and BL1 = ∥b∥L1([0;t]). We know that the vector norms grow
according to O(nd/2) and BL1 ∈ O(tnd/2). Furthermore, the spectral norm of the discrete Lapla-
cian with a three-point stencil follows ∥A0∥ = ∥DLh∥ ∈ O(n2d), taking the diffusion coefficient
D as a constant. For the discrete Laplacian, this also means that −∞ < µmin ⪯ Lh, where
−µmin ∈ O(n2d). By negative-semidefiniteness of Lh, ∥v(t)∥ℓ2 ≤ vmax + BL1 ∈ O(tnd/2). From
Appendix D.4, Lemma D.4.1, we have that 1

∥v(t)∥2
ℓ2

≤ e−Dµmint 1
2∥v(0)∥ℓ2

∥b∥L1[0;t]
.

Then, together with ε ∈ O(n−d/2), we get that

M ′ ∈ Õ

(
(t3n7d/2 + t4n3d)

(
d log

(
n2(1 +BL1)

∥v(0)∥ℓ2BL1

))1+1/β
)

∈ Õ

(
(t3n7d/2 + t4n3d)

(
d log

(
n2

∥v(0)∥ℓ2

))1+1/β
)
, (3.2.174)

and note that const. ≲ ∥v(0)∥ℓ2 ≲ nd/2. Finally, the overhead in terms of gate complexity through
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log(M ′) becomes
Õ
(
d log(n) + log(t)

)
, (3.2.175)

if the discretization is chosen to have nd grid-points. Moreover, note that an overhead using the
penalty projections is only present for inhomogeneous solutions Eq. (3.2.155) when using the quadra-
ture presented in [ACL23]. However, we expect this to be the more likely case in practice, as non-zero
boundary conditions expressed through the penalty method via value constraints lead to forcing terms
in the ODE following the homogenization techniques outlined in Section 3.2.2. It is not immediately
obvious whether introducing ghost points for the non-zero constraint values and using the derivative
constraint projections (see Section 3.2.2) would be more efficient here and we leave this for further
study.

3.2.5 Conclusion and Outlook

We present a quantum algorithm that uses a penalty projection to enforce constraints such as
boundary conditions in evolutionary discretized partial differential equations. Particularly, our ap-
proach enables arbitrary constraints and boundary conditions for solving differential equations via
the LCHS algorithm. The penalty projections have the advantage that they do not rely on adjust-
ments of the block-encoding of the system matrix, which have the potential to make the algorithm
more complicated when compiled to gates. Moreover, our approach is able to tackle a very general
class of constraints and boundary conditions, as well as interface conditions. Assuming that the
constraint projections are orthogonal, our approach only requires a few steps of fast-forwardable
Hamiltonian simulation in addition to the usual ODE solution and interaction picture simulation
of the constraint comes at a modest logarithmic overhead in the gate complexity when using the
LCHS algorithm [ALL23; ACL23] as ODE solver. The necessary penalty strength goes at most as
O
(
t2

ε (maxt′ ∥v(t′)∥2ℓ2 + ∥b∥2L1)
)
; for the example of the heat equation, we can show that the final

gate complexity overhead grows at most as Õ(d log n+ log t) for nd degrees of freedom. In a simple
scenario of a uniform grid, directly enforcing constraints in the system matrix also attains a simple
form for linear-systems based and time marching DE solvers. Yet, the algorithmic consequences,
especially for LCHS, are not immediately obvious.

Looking ahead, it would be interesting to work out specific costings involving also constant factors
of the presented method as compared to other approaches to enforce constraints presented in the
literature. Beyond this, extensions to other constraints that admit decomposition into orthogonal
subspaces, such as more general symmetries, seem like a straightforward extension. Less obvious
but even more interesting are symmetries with non-local support or situations that lead to non-
orthogonal projections, where it is not clear if fast-forwarding in the interaction frame is possible.
One could envision this within the framework of scattering theory and build on, e.g., [RM93].
Furthermore, evaluating the performance on numerical examples of higher practical relevance would
be an interesting subject of study. In particular, we found that our analytical error bounds were
somewhat loose compared to the witnessed error in the simulation results of the heat and wave
equations. Hence, one could look into exploring analytical methods that would enable tighter bounds,
or perform a more thorough analysis of constant factors involved.
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Code and Data Availability

For the simulations in Section 3.2.3, we used Python with NumPy and SciPy as well as the
findiff [Bae18] package for finite difference discretization. The code used to generate the results
below is available at https://github.com/philipp-q/q-abs.

https://github.com/philipp-q/q-abs


Table 3.2: Complexity-related parameters due to the constraint projection for different sets of as-
sumptions

Result Requirement on λ to achieve error ε > 0 Reformulation as C v2max∥A0∥
ε ·G

Lemma 3.2.7 2
v2max∥A0∥

ε 1

Lemma 3.2.8 2∥A0∥
ε

(
v2max + 2vmaxtB + t2B2

)
1 + 2 tB

vmax
+
(

tB
vmax

)2
Lemma 3.2.9 (1 + e2|µmax(Re(A0))|t)

v2max∥A0∥
ε 1 + e2|µmax(Re(A0))|t

Lemma 3.2.10 tv2max

ε max0≤t′≤t ∥{Pc, A0(t
′)}∼∥ t

max0≤t′≤t ∥{Pc,A0(t
′)}∼∥

∥A0∥

Lemma 3.2.11 t2

2ε

(
v2max + 2vmaxBL1 +B2

L1

)
max0≤t′≤t ∥{Pc, A0(t

′)}∼∥ t2

2

(
1 + 2

BL1

vmax
+
(
BL1

vmax

)2) max0≤t′≤t ∥{Pc,A0(t
′)}∼∥

∥A0∥

(a) Asymptotic requirements on penalty factor per class of assumptions. Recall Lemma 3.2.7 assumes
Re(A0) ⪯ 0, b = 0, Lemma 3.2.8 has nonzero b(t); Lemma 3.2.9 allows the spectrum of Re(A0) to be positive
within finite time (with maximum eigenvalue µmax); Lemma 3.2.10 allows time-dependent A0(t) but no
forcing and Lemma 3.2.11 allows time-dependency in A0(t) and non-zero b(t).

Smoothness of dynamics ΛI Smoothness of forcing ΞI

A0 const.: v2max∥A0∥
ε b ̸= 0 const.: v2max∥A0∥

ε

(
1 + 2 B

vmax
+
(

B
vmax

)2)
A0(t): max0≤t′≤t ∥A0(t

′)∥F
(
tv2max

ε + |µmax(Im(A0(t)))|
|µmin(Re(A0(t)))|

)
b(t): v2max∥A0∥

ε

(
1 + 2 B

vmax
+
(

B
vmax

)2)
+ ωmax

(b) Asymptotic upper bounds for factors ΛI ,ΞI used in Theorem 3.2.15, with Γv2max∥A0∥/ε = ΛI +ΞI . µmax

and µmin denote the largest/smallest eigenvalues, and ωmax the highest frequency component (in absolute
value) of the forcing term that one aims to represent. Table entries as O(·).
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Chapter 4

Reflections and Projections

In this dissertation, we investigated a set of quantum algorithms and related considerations when
solving problems from quantum chemistry and differential equations with quantum computers.

The first half of the thesis is dedicated to problems originating in quantum chemistry.

Section 2.1

In Section 2.1, we used an evolutionary algorithm to assemble a classically simulatable circuit
composed of Clifford gates to split up the circuit coming from a variational quantum eigensolver
into subsets that can be run simultaneously on multiple quantum computers. This was quite
successful for small models, however, did not scale as well for larger problems.

It would be interesting to see what the rapid developments in generative modelling through
large-language models can do here, such as using the recent generative quantum eigensolver [Nak+24].
Furthermore, looking at the performance when extending the Clifford circuits to simulatable
non-Clifford circuits, e.g. as in [RLGI20], seems worthwhile.

Section 2.2 :

We considered a state-preparation scheme based on scattering particles originating from easy-
to-prepare states into molecular states that can be used for dynamical simulation of chemical
processes. Analysis based on mergo-association suggests that as long as the necessary potentials
can be carefully engineered, such an approach may admit a finite lower bound on the success
probability, which in combination with a weak-measurement scheme for success heralding leads
to an efficient, albeit heuristic, process.

One interesting aspect to study here is a more thorough investigation of the physical process at
hand, in order to better understand the success of scattering for more general configurations.
Furthermore, a detailed cost analysis, supported by numerical simulations, including constant
factors would give insight into the feasibility and scalability of the approach.

Beyond quantum chemistry Section 3.1.4 and Section 3.2 studied the solution of more general dif-
ferential equations.
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Section 3.1

Building up on prior work on the linearization of non-linear differential equations using Carle-
man linearization, we carried out analysis of rescaling which is necessary to avoid exponentially
vanishing success probability and included higher-order discretizations in space and in time.
Part of these considerations was an extended stability analysis considering the impacts of
rescaling and the higher-order finite-difference discretizations. Moreover, tighter bounds on
Carleman linearization in the case of arbitrary mononomial non-linearities were provided.

To date, most quantum algorithms that linearize differential equations struggle with stability
(as do the classical counterparts). Given one of the motivations to use quantum computers were
the hardships in solving unstable dynamics, mild mitigations such as the Lattice-Boltzmann
method in [Li+25] could be helpful to maintain a quantum advantage while relaxing the model.
Furthermore, specific exact transformations such as in [Zyl+22] may be promising. While
the latter may suggest analytical and efficient classical solutions, perhaps there is interesting
structure to be found that can be exploited.

Section 3.2

Finally, we considered enforcing constraints and boundary conditions in a quantum algorithm
for differential equations using perturbation with a projection as penalty, with physical mo-
tivations from complex absorbing potentials and the Zeno effect. The advantage here is that
there is only a logarithmic overhead in the gate complexity compared to the unconstrained
solution. Our analysis is able to cope with general, non-unitary dynamics and forcing terms
within value and derivative constraints as long as the resulting projection operation represent-
ing them is orthogonal and fast-forwardable. Then, the quantum circuits that are needed for
the simulation of the constraint projector are very simple.

Grounding on the analysis we provide, it would be interesting to know whether our perturbation-
theoretical bounds are tight. This could be studied via more extensive numerical experiments.
As usual, a constant factor analysis and thorough comparison with other methods that imple-
ment boundary conditions by other means can give insight into which methods is more useful
in different scenarios. In addition to that, it should prove useful to look into what can be done
with situations when there are non-orthogonal constraint projectors or nonlinear underlying
dynamics.
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A Look into the Future

Based on the findings in this dissertation, we can identify some directions for future work. In
chemistry, improving initial state preparation remains a fundamental bottleneck. Additionally, ex-
tending the extensive work by the community on resource estimation of certain algorithms to more
algorithms, e.g. the one presented in Section 2.2. Moreover, less works has been done in regards
to applications in (partial) differential equations; for applications in fluid dynamics, there is e.g.,
[Pen+24].

In the beginning of the thesis, the introduction emphasized that one should view quantum algo-
rithms holistically, by including initial state preparation and measurement in the analysis. However,
Chapter 3 came short of that and focused on the simulation aspects. Therefore, we propose a closer
investigation of instantiations of oracles for initial state preparation of certain problem classes and
how to choose observables optimally.

An open problem in the context of solving nonlinear differential equations with a quantum
algorithm is the role of dissipation, or rather, whether strongly nonlinear systems are attainable
with efficient algorithms. There is recent work that can avoid the dissipativity requirement for
Carleman linearization, however though the gap requirements present non-trivial assumptions that
deserve further analysis. An open problem in the context of solving nonlinear differential equations
with a quantum algorithm is the role of dissipation, or rather, whether strongly nonlinear systems are
attainable with efficient algorithms. There is recent work that can avoid the dissipativity requirement
for Carleman linearization, however introduced additional non-trivial assumptions on the spacing of
the eigenvalues [WWL25].

Quantum Gibb’s sampling has emerged as a popular and promising algorithmic tool in the more
recent past. There are some more obvious applications for answering questions related to quantum
systems and optimization problems. What could be interesting is investigating whether this tool is
also useful for differential equations in general.

More generally, the following question is what the author is most interested in: What limitations
are there for the simulation of problems from physics on quantum (or classical) computers, from the
lens of the physics that is displayed in a given problem.
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Appendix A

Supplementary Material for
Section 2.1

A.1 Product-state enforcing reference method

Given a fermionic Hamiltonian Hferm, we use a quantum-chemical encoding [Cao+19; McA+20] to
obtain a qubit Hamiltonian Hqc as a linear combination of Pauli strings. Our code for the following
method is availabe at https://github.com/philipp-q/power_method_for_product_states.

Then, we use a generic wavefunction as a tensor over the qubit space, assuming a product
state. For the sake of clarity, we will only show the case of two clusters and note that this can be
arbitrarily extended. Then, for Nq qubits, this gives |ψ⟩ ∈ C2Nq/2 ⊗C2Nq/2

. We use a random, initial
wavefunction factorized over subsystems A,B with uniformly sampled and normalized coefficients
in a Pauli basis.

Further, we define the reduced Hamiltonians of the subsystems A,B as

HA = trB(H) = ⟨(·)ψB |H|(·)ψB⟩ (A.1.1)

HB = trA(H) = ⟨ψA(·)|H|ψA(·)⟩ , (A.1.2)

where HA is obtained by tracing out all subsystems except for A; see also Fig. A.1.
To find the ground-state, we perform the following power method-type iterations using the re-

duced Hamiltonians for each systems, where |ψ(i)⟩ = |ψ(i)
A ⟩ ⊗ |ψ(i)

B ⟩:

|ψ(i+1)
A ⟩ = HA |ψ(i)

A ⟩ − γ |ψ(i)
A ⟩ (A.1.3)

|ψ(i+1)
B ⟩ = HB |ψ(i)

B ⟩ − γ |ψ(i)
B ⟩ . (A.1.4)

For our computations, we use γ = 1 and use a convergence criterion of

|E(i) − E(i+1)| ≤ TOL where E(i) = ⟨ψ(i)
A ψ

(i)
B |H|ψ(i)

A ψ
(i)
B ⟩, (A.1.5)

with TOL = 10−5 milli-Hartree. We note that we keep the wavevectors as full vectors. For computa-
tionally more involved experiments than presented in this work, one could think of a representation
using tensor network methods [Orú14].
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Figure A.1: Hamiltonian that has been reduced over subspace B and now acts only on subspace A.
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A.2 Parameter choice for genetic algorithm

Here, we show an exemplary plot used for the hyperparameter search for the number of populations
and offsprings per population for the geometric algorithm used in our procedure, as mentioned in
the simulation setup in Section 2.1.3. As we can see in Fig. A.2, the sensitivity to the parameters
is around the order of 10−4 milli-Hartrees, which justifies our choice of 10–15 populations for 8–10
offsprings.
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Figure A.2: Parameter search for setup of genetic algorithm, exemplarity for BeH2 at 1.5 Angstrom
bond distance. The color gradient depicts the obtained energy in Hartree.
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A.3 Fidelities before and after optimization

Here, we provide fidelities between the FCI state obtained from exact diagonalization of the Hamil-
tonian with the product-state reference method in Appendix A.1, optimization with Clifford gates
and the SPA state [KA22].

We carried out the calculation exemplarily for BeH2 in three geometries and show the fidelities
in Fig. A.3 and associated energies in Table A.1. In the case of degenerate eigenspaces, we sum up
individual overlaps for all degenerate states. At a bond distance of 1.5 Angstrom, all methods show
similar performance, while SPA is the most cost-effective solution thanks to the very short circuit
depth in the hardcore-boson encoding [KA22]. For 3.0 Angstrom, the factorized states in “Reference”
and SPA perform similarly. The addition of a optimized Clifford circuit led to improvements, which
for this system size were small but may accumulate for larger systems. It is not clear here whether
the addition of Clifford circuits would pay off in a cost-benefit analysis. Looking at even larger
dissociation at a bond distance of 4.5 Angstrom with a triplet ground-state and a near-degenerate
singlet state, the situation is different. Since the PNOs are a bad orbital choice here (construction
via MP2), standard SPA does not perform well. It is also restricted from penetrating into the triplet
space (see low overlap with the ground-state in Fig. A.3). Orbital-optimization however allows to
recover a lot of this error and is nearly exact. The “reference” performs better than SPA and the
addition of Clifford gates allows to improve significantly upon that, however does not quite reach
FCI. Both methods have overlap with inexact symmetry states and are also able to reach the triplet
space. From Fig. A.3 (bond distance 3 A) we see, that while the reference has some yet significant
overlap with the triplet and the subsequent singlet state, the addition of Cliffords attains high overlap
with the triplet ground-state.

Bond Distance (A) Reference Reference + Cliffords SPA FCI

1.5 -15.7877 -15.7881 -15.7878 -15.7895
3.0 -15.5318 -15.5397 -15.5328 -15.5749
4.5 -15.4137 -15.5415 -15.3658 -15.5636

Table A.1: Energies in Hartree associated to overlap computation. Orbital-optimized SPA for
R = 4.5 A attains an almost exact energy of −15.5632 Hartree.
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Figure A.3: Computation of fidelities between eigenstates obtained by direct diagonalization of the
BeH2 Hamiltonian in the PNO basis of 8 qubits in a frozen core approximation. ref∼ power-method
based reference, cliff∼ref with optimized Clifford circuit. For R = 4.5 Angstrom, we also provide
results for orbital-optimized SPA.
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A.4 Examples for optimized circuits

Below, we show some exemplary circuits for each molecule that showed higher/lower performance;
this data is also part of our github repository at
https://github.com/philipp-q/partitioning-with-cliffords. We note that we only show
the near-Clifford version with the best-performing non-Clifford gate (pink) as the respective Clifford
circuit is simply given by a fixed parametrization. We provide the optimal angles in Table A.2, where
we notice that for nitrogen, two of the computations yield (effectively) Clifford circuits. Beyond
that, we note that in almost every case except for once, a parametrized Z rotation yields the best
configuration.

Geometry/A Angle/rad Rotation gate

BeH2 1.0 -0.00466767 RZ
3.0 0.00155535 RZ

N2 3.0 – (effectvely Clifford) RZ
1.5 – (Clifford) –
2.25 0.03207715 RZ

H2 1.4 2.1953·10−5 RX
2.8 0.00329714 RZ

Table A.2: Angles for non-Clifford gates in example circuits.
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Figure A.4: Better-performing near-Clifford circuit for BeH2 at a bond distance of 1.0 Angstrom.
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the reference and the SPA is noticed (compare to Fig. 2.5), although the final, optimal circuit turned
out to be effectively Clifford (see Table A.2).
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Figure A.8: Well-performing near-Clifford optimization for N2 at bond distance 2.25; for this con-
figuration, no actions have been performed on qubit 9.

Figure A.9: Near-Clifford circuit for H2 at bond distance 1.4; adding and optimizing a non-Clifford
gate improves error by roughly an order or magnitude here.

Figure A.10: Near-Clifford circuit for H2 at bond distance 2.8; little improvement by adding a non-
Clifford gate was observed for this configuration.
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Appendix B

Supplementary Material for
Section 2.2

B.1 Scattering Molecules via Mergo-Association

This section includes more details on merging molecules by mergo-association as described in Sec-
tion 2.2.4.

B.1.1 Outline of Quantum Computational Encoding

First, we describe the quantum computational encoding of the approach. A grid G of N points
labels an integer lattice, where for convenience, we assume that N has an integer cubic root so that
∃m ∈ N, m3 = N ,

G =

[
−N

1/3 − 1

2
,
N1/3 − 1

2

]3
. (B.1.1)

The associated volume box Ω := [−L
2 ,

L
2 ]

3. Exemplarity for Dihyodrogen with Nel = 2, Nnuc = 2,
an estimated volume of |Ω| = L3 = (10a0)

3 is expected to suffice, where a0 is the Bohr radius. With
a grid spacing of ∼ 0.1 a0, this volume would lead to N ∼ 106. Then, upon defining the size of the
simulation box, it is straightforward to map every p ∈ G to a coordinate, rp ∈ Ω for electrons and
Rp ∈ Ω for nuclei.

The following is needed to describe the desired dynamics: Hamiltonians describing the isolated
Hydrogen atoms, interactions between the Hydrogen atoms, and a ‘trap potential’ modeled by a
harmonic oscillator potential. The system Hamiltonian without trap is given by

Hsys = Tel + Tnuc + Unuc−el + Vee + Vnn. (B.1.2)

As the initial state to the simulation, we assume access to a product state of the ground states of
the Hydrogen atom, respectively,

|ψ0,H⟩|ψ0,H⟩. (B.1.3)

From [Su+21], we know the sub-normalization factors (which we will repeat further below) to encode
these in real space, together with estimates for the cost of Hamiltonian simulation algorithms. The
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placement of the individual |ψ0,H⟩ should follow a guess for the desired molecular distance so that
the relaxation through the trap potential induces a more accurate placement for the bonded state.

The harmonic trap potential from [BLH23; BH24] is

V trap(R1, R2) = V trap
1 (R1) + V trap

2 (R2), (B.1.4)

which confines the nuclear motion per atom j:

V trap
j (Rj) =

mj

2
(Rj −R0,j)

Tω2
j (Rj −R0,j). (B.1.5)

We may neglect electronic mass and coordinates for the trap parameters given the large discrepancy
between electronic and nuclear mass; the confinement is a heuristic approach nonetheless. The
positions R0,j define the center of the two traps. For single-particle nuclei, such as Dihydrogen,
the determination of trap centers is straightforward; in contrast, for larger systems, center-of-mass
and relative coordinates need to be considered [BH24]. The frequencies ω2

j , in general, make up
positive, diagonal matrices; the expression above describes the strength of the trap, which may
not be spherically symmetric. For the sake of our discussion here, we will assume the trap to be
isotropic, and then the trap frequency can be described by a scalar ωj . The role of these frequencies
and relevant energy scales will be discussed further below in Appendix B.1.2.

Next, we discuss a quantum implementation of the trap potential. We reformulate Eq. (B.1.5)
to

V trap(R1, . . . , RNnuc) =

=
∑

j∈nuclei

mj

2

∑
p∈G

∑
w∈{x,y,z}

ω2
j,w(Rpj ,w −R0;w)

2 |p⟩⟨p|j , (B.1.6)

acting on position labeled by p. The state we encode is a superposition over |p⟩ = |p1⟩ · · · |pNel+Nnuc⟩,
which hold grid labels for each particle in a register, plus one extra qubit per particle for spin if de-
sired. Synonymeously in this work, we use typewriter-font to denote the grid labels, |r1⟩ · · · |rNel⟩ |R1⟩ · · · |RNnuc⟩.
A state called |rj⟩ or |Rk⟩ will hold the explicit coordinate information. This requires log(N) qubits
per particle to represent its position on the grid. For Dihydrogen, overall Nnuc = Nel = 2, so we
need 4 × log2(number of grid-points) qubits to encode the grid; with the estimated 106 grid points
from above, that makes roughly 80 qubits for the |p⟩ register.

The procedure that is simulated is described using scheduling functions as mentioned above in
Eq. (2.2.4), so that f(s) introduces the inter-atomic Coulomb interactions and g(s) guides the
strength of the trap. As a consequence, implementing this scattering follows evolution across
T e−i

∫ s1
0 H(s)ds, with H(s) from Eq. (2.2.4). The truncated Dyson series algorithm in [LW18] can

serve as a way to implement this. A necessary requirement is then to have access to the potentials
as a HAM-T oracle, which we outline for V trap:

nt∑
s=0

V trap(s s1nt
)⊗ |s⟩⟨s|

αtrap
. (B.1.7)

Using this, we can simulate over s across the scheduling functions so that the inter-species interactions
remain and the trap has fully decayed, i.e., until s1. This operation can be constructed easily given
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the LCU outlined in Eqs. (B.1.8) and (B.1.10) together with oracular access to the scheduling
functions from Eq. (B.1.9) and an appropriate superposition over |s⟩, s = 0, . . . , nt. To construct
superpositions over where nt is not a power of two, see e.g. [Su+21, Appendix J]. The equivalent
construction is necessary for the interaction term together with f(s); see Eq. (2.2.4), and encodings
for the Coulomb-term in the literature [Su+21, Appendix K]. There is an argument to make here
about the (a)diabaticity of this evolution, which will be part of Appendix B.1.2.

We continue by outlining an LCU encoding of V trap(s′) for a specific 0 ≤ s′ ≤ s1. Coordinate
directions are denoted by {x, y, z} ∼ {0, 1, 2} and we use the usual LCU notation of PREP and
SEL operations so that (⟨0|ancilla ⊗ 1system)PREP

† · SEL · PREP(|0⟩ancilla ⊗ 1system) block-encodes
the desired operator. The state we are acting on is assumed to be a superposition over |p⟩ |s′⟩, with
the state |p⟩ representing a spatial part and |s′⟩ the current step in the evolution of the merging.
The PREP step involves preparing a superposition across nuclei and coordinate directions, weighted
by the square root of the interaction strength at that point:

|0⟩ |p⟩ |s⟩ 7→
∑

j:nuclei

nt∑
s=0

2∑
w=0

√
mj

2 ωj,w∑
j′,w′

√
mj′

2 ωj′,w′

|j⟩ |w⟩ |p⟩ |s⟩ (B.1.8)

Next, we illustrate the SEL operation, where we omit amplitudes and explicit sums for clarity. The
goal here is to compute state-dependent interaction strengths on the fly. Namely, we aim to prepare
a register that contains (Rpi,w −R0;w)

2, and another containing g(s) to multiply the latter, so that
we can use e.g. [SLSB19] to move information from the state into the amplitude. Consequently,
access to oracles Of , Og that represent the scheduling is required,

Of/g : |0⟩ |s⟩ → |f/g(s)⟩ |s⟩ . (B.1.9)

The oracular access to the scheduling function and the label-to-coordinate mapping may be realized
with classical data encodings, e.g., a QROM or other techniques [Bab+18a; ZY24; Sun+24]. Using
a number of ancillas given by nanc initialized in zero, and assuming a state that encodes the relative
center of the trap R0,

|j⟩ |w⟩ |s⟩ |0⟩a |p1 · · · pNpart
⟩ |R0;w⟩

7→ |j⟩ |w⟩ |s⟩ |0⟩a′ |g(s)⟩ |Rpj,w⟩ |p⟩ |R0;w⟩

7→ |j⟩ |w⟩ |s⟩ |g(s)(Rpj,w −R0;w)
2⟩ |g(s)⟩ |Rpj,w⟩ |p⟩ |R0;a,w⟩

7→ |j⟩ |w⟩ |s⟩ |0⟩a′′ |g(s)|Rpj −R0|2⟩ |p⟩ |R0;w⟩

(B.1.10)

The size of the necessary ancillary register |0⟩a that is used to store intermediary and final results
scales linearly in the bits of precision used for numerical representation (to store g(s), Rpj,w and
perform multiplication and sum-of-squares). As mentioned above, to finalize the SEL operation, the
state information in |g(s)|Rpj −R0|2⟩ needs to be moved into the amplitude. There are multiple
ways to do so, such as the inequality-testing approach in [SLSB19], or, the conceptually simplest
would be controlled rotations, conditioned on |g(s)|Rpj −R0|2⟩ and applied to the system register.

We refrain from analyzing exact Toffoli or gate counts as done in [Su+21], expecting that the
addition of the trap potentials would not add a significant change here per single query to involved
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oracles and circuits as the appearing arithmetic operations are comparable to the usual potentials in
the Hamiltonian. The factor that may make the trap potentials more costly and needs to be studied
more closely is its sub-normalization factor. This factor captures the number of necessary queries
for a successful block-encoding. We recall the sub-normalization factors from [Su+21, Appendix K],

αT ∈ O

(
NelN

2/3

|Ω|2/3

)
, αV ∈ O

(
Nel

2N1/3

|Ω|1/3

)
, αU ∈ O

(
Nel

2N1/3

|Ω|1/3

)
(B.1.11)

with T kinetic energy, V electron-electron interactions and U nuclear-electron interactions.
The block-encoding factor of the trap potential may be upper-bounded by αtrap ≤ ∥

∑
j∈[Nnuc]

V trap
j ∥.

Then, αtrap ≤ Nnucmmaxω
2
max maxr,r′ |r − r′|2. In the present discretization, maxr,r′∈Ωtrap

|r − r′|2 ∈
O(|Ωtrap|2/3), where Ωtrap ⊆ Ω is the part of the domain the trap potential is defined on. Most of
the mass of particles under such a potential will be incentivized to be close to the center; therefore,
an upper bound that puts the maximum mass at a maximum distance will not be very tight in most
scenarios, and a smaller αtrap may be sufficient. One could further think about designing the shape
of the trap potential to be decaying for larger distances to reduce the encoding cost or oscillatory as
in optical tweezers, such that maximum amplitude is always within reach – we leave concrete spec-
ifications up to future work. The maximum nuclear mass mmax = max1≤j≤Nnuc mj can be treated
as a constant factor attached to the nuclei. Then, we have that

αtrap ∈ O
(
ω2
maxNnuc|Ωtrap|2/3

)
. (B.1.12)

Up to the frequency ωmax, the sub-normalizations of the present procedure in Eq. (B.1.11) compared
to the trap potential inhibits a few key differences. Because the strength of the trap depends on
a maximum distance, there is no notion of ‘grid density’ in the cost. Therefore, the factors in
Eq. (B.1.11) increase when a lower target accuracy is desired. The trap encoding is not directly
dependent on accuracy, though it is more pronounced on system size. The system size of the trap
may be upper-bounded with the overall system studied, as present at the last scattering stage before
‘evolution’ in Fig. 2.10.

Therefore, it is key to understand the role of ωmax to the scattering and whether there is a way
to relate this quantity to the system size.

B.1.2 Probability of Success of Mergo-Association

To address the choice of trap frequency, we consider that the probability of a diabatic transition into
|a⟩ through the mergo-association from [BLH23; BH24] can be approximated by the Landau-Zener
rule and is proportional to

pLZ ≊ exp

(
−2π

ℏ
ω2
eff

| ∂∂s (Emol − Eatom)|

)
(B.1.13)

Here ωeff is an effective frequency we explain further below that models the strength of the potential.
Then, we express the rate of change of the energy, ∂

∂s (Emol − ∂Eatom), by consequence of the chain
rule, as |∂Emol − ∂Eatom| v. Here, ∂E are energy derivatives near the initial configuration with
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respect to the internuclear distance and v, the speed of the evolution along the scheduling function.

pLZ ≊ exp

(
−2π

ℏ
ω2
eff

|∂Emol − ∂Eatom| v

)
(B.1.14)

Thus, the success probability of the mergo-association, so that the merging happens without tran-
sitioning into a higher vibrational state of the trapped system as desired, is

psuc ∼ 1− pLZ. (B.1.15)

As we pointed out in the previous section, this means that the type of evolution we call successful
here is adiabatic. It is important to note that this is not adiabatic ground-state preparation, which
is explicitly beyond the scope of our work. Following another discussion in the preceding section, the
threshold to success here considers molecular bound states, so the ‘upper limit’ for adiabaticity would
be the highest-lying vibrational bound state. One way or another, a practical implementation will
need to consider this. This still poses limits on the speed of evolution (given by v in Eq. (B.1.14)).
Then, v = max{| dzdf

d
dsf(s

∗)|, |dzdg
d
dsg(s

∗)|}, where z is the considered internuclear distance.
Looking at Eq. (B.1.14), we can identify that the stronger (“steeper”) the potential as described

by the effective frequency, the higher the success, and the faster the merging proceeds, the less likely.
This conclusion is consistent with intuition.

We continue by breaking down the quantities that appear. Following [BLH23], ∂Eatom ≈ 0, as it
is reasonable to assume the energy surface for separated atoms is flat. Taking a harmonic oscillator
approximation to the relative motion of the nuclei, [BLH23, Eq. (37)] obtains an approximation to
the gradient, ∂Emol ≈ µω2z∗, where z∗ is the point of contact of the avoided crossing between the
two states. In terms of the scheduling functions that we envision, this corresponds to the state at
s = s∗, 0 < s∗ < s0 < s1 (Fig. 2.12): briefly before both interaction and trap are ‘fully acting’.
Assuming an isotropic potential, the spatial coordinate is approximated as z∗ = ( ℏ

µω )
1/2(3 + ωa

ω )1/2

so that [BLH23, Eq.(35)]
∂Emol ≈ (ℏµ)1/2ω(3ω + ωa)

1/2, (B.1.16)

where ωa is defined as the frequency associated with the bonded vibrational excited state.
To estimate ωeff , we can also follow [BLH23, Eq. (52)]:

ω2
eff ≊

(
⟨a|(1− |000⟩⟨000|)V int|000⟩

1− |⟨a|000⟩|2

)2

≈ ⟨a|V int|000⟩2 =
2ℏ2√
π
ω1/2
a ω3/2 exp

[
−1

2

(
3 +

ωa
ω

)]
. (B.1.17)

States “000” describe the vibrational ground-state and “a” an excited vibrational state, ω is the
frequency of the harmonic oscillator trap.The approximation to only look at the transition element
itself is investigated in [BLH23, Fig. 6] – for a merely qualitative argument, this is a sufficient
choice. The choice for ωa in our case is an estimate for an upper threshold of the respective bonded
vibrational energy subspace. Introducing a ‘binding energy’-quantity Ea = ℏωa, we can rewrite ω2

eff

to be approximately proportional to [BLH23, Eq. (54)],

ω2
eff

∝∼ ω3/2(Ea/ℏ)1/2 exp
(
−Ea
ℏω

)
= ω2Ẽ1/2

a exp
(
−Ẽa

)
. (B.1.18)
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In the latter equation, we introduce the relative binding energy Ẽa = Ea/(ℏω), defined in relation
to the trap energy. Then,

pLZ ≈ exp

(
−4

(
ℏπ
µ

)1/2(
ωωa

3ω + ωa

)1/2
e−

1
2 (3+

ωa
ω )

v

)

= exp

(
−4

(
π

µ

)1/2( ℏωEa
3ℏω + Ea

)1/2 exp
(
− 1

2
Ea

ℏω − 3
2

)
v

)

= exp

−4

(
π

µ

)1/2
(
ℏω

Ẽa

3 + Ẽa

)1/2 exp
(
− 1

2 Ẽa −
3
2

)
v

. (B.1.19)

B.2 Construction of Measurement Oracles for Certifying Re-

actions

For this oracle construction, we assume a first-quantized real space implementation. The choice
of representation in first-quantization on real space makes the construction of the following oracle
easier; of course, plane-wave or plane-wave dual bases [Bab+18b] are possible too and can be trans-
lated to with appropriate transformations. The encoded quantum states are linear combinations of
wavefunctions with Fermionic (antisymmetric) and Bosonic (symmetric) parts. Within such a com-
bination, a single component looks like a tensor product over electronic {r} ∼ {rj}Nel

j=1 and nuclear
{R} ∼ {Rk}Nnuc

k=1 grid labels (represented on the grid Eq. (B.1.1)),

|ψ({r,R})⟩ = |r1 · · · rNel⟩el |r1 · · · rNnuc⟩nuc ; (B.2.1)

We further remember that the above collapsed notation that also contain spin information in an
extra qubit, i.e., |rj⟩ ∼ |rj⟩ ⊗ |σj⟩ with σj ∈ {↑, ↓}, and analogous for nuclei if desired. Then, a
density matrix formulation of linear combinations of such a state is

ρ =
∑

{r,R},{r′,R′}

ρ{r,R},{r′,R′} |ψ({r,R})⟩⟨ψ({r′, R′})| , (B.2.2)

with the entries of the density matrix in the position basis, ρ{r,R},{r′,R′} ∈ C. The goal of this
section is to construct an oracle that can distinguish the ‘good’, reacted components of such a state
from the ‘bad’, non-reacted components. Given a state representing two molecular fragments that
have evolved for some time, we want to distinguish the parts of the wavefunction that correspond
to the fragments having reacted to form a single molecule from those where they are still separate
unbound fragments.

As we consider linear transformations, it suffices to study the effect on the individual components
from Eq. (B.2.1) to draw conclusions for a general state in Eq. (B.2.2). Therefore, we first focus on a
single position-basis state |ψ({r,R})⟩ in the upcoming Appendix B.2.1 before we consider exchange
symmetry in Appendix B.2.2 and more general superpositions in Appendix B.2.3.
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B.2.1 Geometrical Criteria

We now discuss an approach to test whether or not a molecular bond has formed for a state of
the form |ψ({r,R})⟩. When atomic nuclei can be precisely located, a reasonable description for the
molecular structure can be given in terms of a set of inter-nuclear distances {Rreact

jk }. Using this
information, a corresponding criterion C for whether a given configuration corresponds to a desired
molecule can then be constructed,

Cgeom,ε({r,R})) =

1,
∣∣∣∥Rj −Rk∥ −Rreact

jk

∣∣∣ ≤ ε ∀j, k

0, else.
(B.2.3)

Note that evaluating this criterion is classically efficient with respect to the number of bits devoted to
the constituent quantities, scaling no worse than O(N2

nuc) in the number of nuclei and no worse than
quadratically in the bit-precision due to a product and a square root in the evaluation of the norm.
In other words, evaluating this function is classically efficient in the size of the molecule as long as
the bit-precision only grows polynomially, corresponding to the requirement that the number of grid
points in the simulation should not grow faster than exponential in the involved particle number.

In some cases, it may be possible to devise more accurate criteria, such as by comparing the
angles between inter-nuclear distances to desired bond angles. On the other hand, there may be
cases where less is known about the target structure. Then, the best that one can hope for is to
check that the two fragments are at least spatially adjacent, corresponding to the looser requirement

C̃geom,∆({r,R}, I) =

1, ∥Rj −Rk∥ ≤ ∆jk ∀(j, k) ∈ I ⊆ [Nnuc]× [Nnuc]

0, else.
(B.2.4)

for some suitable ∆jk > 0 and a set of locations of interest I, in which we only check a subset of the
encoded locations regarding proximity. There are many ways this type of geometric requirements
could be mixed and matched, e.g., utilizing different levels of knowledge or different precisions ε for
different groups of atoms. Either way, common to these approaches is the fact that the classical
evaluation of the criterion is efficient under the mild restrictions to the grid resolution outlined
above.

A result of this classical efficiency is that a corresponding unitary to perform the computation
can also be implemented efficiently on a quantum computer using reversible logic. Specifically, for
a given efficient criteria C of the form considered here, the following unitary can be implemented:

UC |pNel · · · pNel+Nnuc⟩nuc |0⟩ = |pNel · · · pNel+Nnuc⟩nuc |C({r,R})⟩ . (B.2.5)

Thus, extracting information about the criteria into an ancilla qubit for easy access is possible.
Using a measurement of this ancilla then allows for a projection onto the good (C = 1) subspace,
heralded by an outcome “1” of the measurement. However, the outcome “0” similarly fully projects
the state into the bad subspace (C = 0). Furthermore, care needs to be taken to avoid either kind of
projection destroying physically important symmetries of the state, including Fermionic and Bosonic
particle-exchange symmetries. Mitigating each of these potential problems will be the topics of the
following two sections.
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B.2.2 Preserving Exchange Symmetry Throughout Measurement

So far, we have been primarily considering a single component of the wavefunction, |ψ({r,R})⟩, in
which the positions of all particles are fully specified. However, we typically deal with a collection of
nuclei and electrons modeled through wavefunctions that need to be of the correct symmetry with
respect to the exchange of particles. We focus on preserving exchange symmetry compared to other
symmetries present in the system that may also be broken in the real physical processes. Hence,
the goal is to evaluate reaction criteria in a manner that does not violate the symmetries of present
states.

Symmetrization of the wavefunction

Recall that the wavefunctions we encode are given as superpositions of position-labelling basis states,

(|r1⟩|r2⟩ · · · |rNel⟩) (|R1⟩|R2⟩ · · · |RNnuc⟩) (B.2.6)

We repeat that by |rj⟩ , |Rk⟩ we mean the labels for grid points and spin rather than the resolved
coordinates and choose this notation as it is more illustrative in the context of (anti)symmetrization
of the wavefunctions. For Fermionic (indistinguishable) particles, the wavefunction needs to be anti-
symmetrized with respect to the indistinguishable degrees of freedom. Formally, this can be done by
applying the antisymmetrization operator A. Using the electronic degrees of freedom as an example,
and with σ a permutation from the permutation group over Nel elements, SNel :

A (|r1⟩ |r2⟩ · · · |rNel⟩) =
1√
Nel!

∑
σ∈SNel

sgn(σ) |rσ(1)⟩ |rσ(2)⟩ · · · |rσ(Nel)⟩ (B.2.7)

Similarly, Bosonic degrees of freedom will be symmetric with respect to exchange, described by
symmetrization S of the general form

S (|R1⟩ |R1⟩ · · · |RNnuc⟩) =
1√
k!

∑
σ∈SNnuc

|Rσ(1)⟩ |Rσ(2)⟩ · · · |Rσ(Nnuc)⟩ (B.2.8)

In general, a set of nuclei to be modeled as indistinguishable will correspond to a subset of nuclear
registers to be (anti)symmetrized. Thus, the desired symmetry properties are characterized by sets of
registers to be symmetrized, {Bi}NB

i=1, and sets of registers to be anti-symmetrized, {Fi}NF

i=1. Denoting
which basis states an operator acts on by a subscript, one gets the following anti-symmetrized state:

A (|r1⟩ |r2⟩ · · · |rNel⟩)⊗

NF∏
i=1

AFi

NB∏
j=1

SBj

 (|R1⟩ |R2⟩ · · · |RNnuc⟩) . (B.2.9)

Illustrative example: H2O2

To elucidate our notation, consider the molecule H2O2, and assume that the non-symmetrized
positions are encoded as

|RO,1⟩ |RO,2⟩ |RH,1⟩ |RH,2⟩ . (B.2.10)
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Figure B.1: Equilibrium configuration of a H2O2 molecule, with oxygen nuclei marked in red and
hydrogen nuclei marked in grey.

In this case, the oxygen nuclei are spin-0 nuclei, meaning they should be symmetrized. On the other
hand, the hydrogen nuclei are spin-1/2 particles, meaning they should be anti-symmetrized. We can
represent this by the following two sets:

B1 = {1, 2}, F1 = {3, 4}. (B.2.11)

The first tells us to symmetrize the oxygen registers (1 and 2), and the second tells us to anti-
symmetrize the hydrogen registers (3 and 4). The state after symmetrization is therefore

AF1
SB1

(|RO,1⟩ |RO,2⟩ |RH,1⟩ |RH,2⟩) =
1

2
(|RO,1⟩ |RO,2⟩+ |RO,2⟩ |RO,1⟩)

⊗ (|RH,1⟩ |RH,2⟩ − |RH,2⟩ |RH,1⟩) . (B.2.12)

The encoded molecular state will generally be a superposition of states of form in Eq. (B.2.9),
i.e., the tensor products of an antisymmetric wavefunction, a symmetric wavefunction, and possibly
a non-symmetrized component. Then, for the remainder, it suffices to discuss the oracle’s effect
on one term of the superposition. To see what symmetry implies for the construction of oracles,
consider again the example of H2O2. Looking at the form of the wavefunction in Eq. (B.2.10) and
the equilibrium geometry of the molecule, one might be tempted to define a criteria of the form

Cε({R}) =
(
|∥R1 −R3∥ − 95 pm| < ε) ∧ (|∥R2 −R4∥ − 95 pm| < ε)

∧ (|∥R1 −R2∥ − 147 pm| < ε)
)

(B.2.13)

in suitable numerical units and with subscripts denoting the ordering of the registers. After all,
if we achieve the equilibrium configuration (See Fig. B.1), an oracle based on this criteria will, by
construction, certify the non-symmetrized state as reacted:

UC |RO,1⟩ |RO,2⟩ |RH,1⟩ |RH,2⟩ |0⟩ = |RO,1⟩ |RO,2⟩ |RH,1⟩ |RH,2⟩

⊗ |Cε({RO,1, RO,2, RH,1, RH,2})⟩

= |RO,1⟩ |RO,2⟩ |RH,1⟩ |RH,2⟩ |1⟩ (B.2.14)

However, the same cannot be said for states where the positions are permuted. For instance, swap-
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ping the oxygen positions, the evaluation of the oracle reads

Cε({RO,2, RO,1, RH,1, RH,2}) = (|∥RO,2 −RH,1∥ − 95 pm| < ε)

∧ (|∥RO,1 −RH,2∥ − 95 pm| < ε)

∧ (|∥RO,2 −RO,1∥ − 147 pm| < ε) (B.2.15)

and consulting the geometric configuration in Fig. B.1) shows that this Boolean formula evaluates
to zero. Thus,

UC |RO,2⟩ |RO,1⟩ |RH,1⟩ |RH,2⟩ |0⟩ = |RO,2⟩ |RO,1⟩ |RH,1⟩ |RH,2⟩ |0⟩ . (B.2.16)

Considering the full symmetrized wavefunction, one finds

UC

[
1

2
(|RO,1⟩ |RO,2⟩+ |RO,2⟩ |RO,1⟩)⊗ (|RH,1⟩ |RH,2⟩ − |RH,2⟩ |RH,1⟩)

]
|0⟩

=
1

2
[|RO,1⟩ |RO,2⟩ |RH,1⟩ |RH,2⟩ − |RO,2⟩ |RO,1⟩ |RH,2⟩ |RH,1⟩] |1⟩

+
1

2
[|RO,2⟩ |RO,1⟩ |RH,1⟩ |RH,2⟩ − |RO,1⟩ |RO,2⟩ |RH,2⟩ |RH,1⟩] |0⟩ (B.2.17)

Despite all four components corresponding to the same molecule (just with particle labeling altered),
only two of them have been certified by the oracle. Furthermore, if the ancilla is measured, the
resulting projected state is no longer of the symmetric form described in Eq. (B.2.9), and direct
inspection shows that it is neither symmetric nor anti-symmetric upon permutations among the
nuclear coordinates.

One possible response to this problem might be simply re-applying an (anti-)symmetrization
step whenever a projection occurs. In principle, this operation scales linearly (up to logarithmic
factors) in the system size[Ber+18; LCG24]; thus, it would not change the polynomial runtime
of the algorithm. However, existing algorithms require a particular structure on the input state, a
requirement that is linked to unitarity [Ber+18] and thus likely challenging to lift. Furthermore, even
with a hypothetical generalization of the algorithm, the present work proposes a quasi-continuous
weak-measurement strategy for monitoring the reaction criteria. Since this entails frequent (weak)
measurements during the simulation run, it is likely to lead to a high total number of measurements,
scaling extensively with the simulation time. Restoring symmetry after each measurement could,
therefore, add significant complexity to the algorithm, even if a fast and applicable symmetrization
algorithm is available. Therefore, we next discuss a more comprehensive approach to address these
shortcomings.

Symmetry of states

To build certification oracles that are valid under the correct exchange symmetry, we will first
formalize the symmetrization requirement for the states of the system. Consider first a single set
of identical particles, represented by a set of indices X . The group of permutations of this set is
characterized by the symmetric group, S|X |, and for each permutation σ ∈ S|X |, we can define a
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unitary consisting of SWAP gates that implements the permutation our registers:

Uσ |R1⟩ |R2⟩ . . . |R|X |⟩ = |Rσ(1)⟩ |Rσ(2)⟩ . . . |Rσ(|X |)⟩ , (B.2.18)

or, more compactly

Uσ |ψ{r,R}⟩ = |ψ{σ[r,R}]⟩ (B.2.19)

σ[{r,R}] denotes the (ordered) set of positions after the permutation has been applied. In a group-
theory language, this corresponds to a representation of the group S|X | onto the space of states. In
terms of these constructions, the symmetrization requirement is

Uσ |ψ⟩ =

sgn(σ) |ψ⟩ Fermions

|ψ⟩ Bosons
∀σ ∈ S|X | (B.2.20)

where sgn(σ) is the sign of the permutation; the expression depends on whether the identical particles
represented by the indices in X are Fermions or Bosons.

Generalizing this construction to multiple sets of Bosonic and Fermionic particles, the symmetry
group takes the form of a product group of the individual Bosonic and Fermionic symmetries,

S = SB ⊗ SF (B.2.21)

SB =

NB⊗
j=1

S|Bj |, SF =

NF⊗
i=1

S|Fi|, (B.2.22)

with the group representation taking a similar product form. Note that the tensor product structure
implies that every element in S can be decomposed into the product of a Fermionic and Bosonic
component, σ = σB ⊗ σF . Using this notation, the symmetry requirement becomes

Uσ |ψ⟩ = sgn(σF ) |ψ⟩ ∀σ ∈ S. (B.2.23)

Symmetry of oracles

Using the notation introduced above, we can now state the requirement that a reaction criteria C
needs to fulfill to respect the symmetry defined in the previous section. Specifically, we will say
that a criterion C respects symmetry when a projective measurement of C on a symmetrized state
produces post-measurement states that are still correctly symmetrized. Below, we will show that
this property holds if and only if

C(σ[{r,R}]) = C({r,R}) ∀σ ∈ S, ∀{r,R} . (B.2.24)

To see that this is sufficient criteria, consider the projection operators related to the readout of C
using an ancilla qubit:

ΠC
± =

1

2
U†
C (1⊗ (1± Z)anc) UC (B.2.25)

Π̃C
± = (1⊗ ⟨0|anc) Π

C
± (1⊗ |0⟩anc) (B.2.26)
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Looking at the constituent operators, we can note that

UC (Uσ ⊗ 1) |ψ({r,R})⟩ |0⟩ = UC |ψ(σ[{r,R}])⟩ |0⟩

= |ψ(σ[{r,R}])⟩ |C(σ[{r,R}])⟩ (B.2.27)

(Uσ ⊗ 1)UC |ψ({r,R})⟩ |0⟩ = Uσ |ψ({r,R})⟩ |C({r,R})⟩

= |ψ(σ[{r,R}])⟩ |C({r,R})⟩ . (B.2.28)

Thus, if the relation in Eq. (B.2.24) holds, it implies that

[UC , (Uσ ⊗ 1)] =
[
U†
C , (Uσ ⊗ 1)

]
= 0 ∀σ ∈ S. (B.2.29)

Therefore, the projectors also commute with the permutations,

[
ΠC

±, (Uσ ⊗ 1)
]
=
[
Π̃C

±, Uσ

]
= 0 ∀σ ∈ S, (B.2.30)

which in turn means the post-projection states of (anti)symmetrized states are also (anti)symmetrized

Uσ

(
Π̃C

± |ψ⟩
)
= Π̃C

± Uσ |ψ⟩

= Π̃C
± sgn(σF ) |ψ⟩

= sgn(σF )
(
Π̃C

± |ψ⟩
)
. (B.2.31)

Hence, adhering to Eq. (B.2.24) is sufficient for the measurements of the criteria to preserve
(anti)symmetry. To see that it is also a necessary condition, assume that a configuration {r0, R0}
and permutation σ0 exist so that

C(σ[{r0, R0}]) ̸= C({r0, R0}). (B.2.32)

However, suppose for contradiction that the projectors related to C still map (anti)symmetrized
states to (anti)symmetrized states. Under this assumption, consider a state |ψ⟩ formed by the
(anti)symmetrization of |ψ({r0, R0})⟩. By definition, this state has a non-zero overlap with |ψ({r0, R0})⟩
Writing the decomposition of the state in terms of positions,

|ψ⟩ =
∑
r,R

α{r,R} |ψ({r,R})⟩ , (B.2.33)

this is equivalent to the statement that
∣∣α{r0,R0}

∣∣2 > 0.
Assume now without loss of generality that C({r0, R0}) = 0, and consider

Uσ0Π̃
C
+ |ψ⟩ = sgn(σ0,F )Π̃C

+ |ψ⟩ (B.2.34)

which is fulfilled by the assumption that the projectors preserve (anti)symmetry. Since
(
Π̃C

+

)2
=
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Π̃C
+

1, this implies

Π̃C
+Uσ0

Π̃C
+ |ψ⟩ = sgn(σ0,F )Π̃C

+ |ψ⟩ . (B.2.35)

Therefore, the norms of the left-hand and right-hand sides above are also equal. Using the following
sets

A = {{r,R} : C({r,R}) = 0} (B.2.36)

Bσ0
= {{r,R} : C(σ0[{r,R}]) = 0} (B.2.37)

this equality of norms can be written as∑
{r,R}∈A∩Bσ0

∣∣α{r,R}
∣∣2 =

∑
{r,R}∈A

∣∣α{r,R}
∣∣2 (B.2.38)

Note that basic set theory implies that A ∩ Bσ0
⊆ A, meaning every term in the left-hand sum is

also present in the right-hand sum. Subtracting these common terms, this implies∑
{r,R}∈A\Bσ0

∣∣α{r,R}
∣∣2 = 0 (B.2.39)

There can be no nonzero amplitude for any configurations in A\Bσ0
. However, by assumption

C({r0, R0}) = 0, meaning {r0, R0} ∈ A. Furthermore, Eq. (B.2.32) implies that C(σ0[{r,R}]) ̸= 0,
meaning {r0, R0} /∈ Bσ0

. Thus, {r0, R0} ∈ A\Bσ0
and

∣∣α{r0,R0}
∣∣2 > 0. We have, in other words,

arrived at a contradiction. For a criteria C that does not fulfill Eq. (B.2.24), configurations necessarily
exist where measuring C breaks symmetrization.

Note that all arguments above apply equally to other groups of spatial transformations under
which the wave function should be invariant (up to a phase), for instance, SO(3). They also may
be extended to other operators that commute with the Hamiltonian, such as total spin. In general,
one should construct criteria that are maximally invariant under trivial transformations. One will
otherwise discard components that correspond to desired configurations, yielding artificially low
success probabilities (e.g., 50% in the case of fully formed H2O2).

B.2.3 Effect of Oracle Measurement for General Superpositions

In this section, we cover the effect of weak measurement of an oracle on a general mixed state. The
goal is to elucidate the measurement procedure, the effects of the measurements, and the role of the
parameter δ describing the strength of the measurement.

We recall the form of a general input state,

ρ =
∑
j,k

ρj,k |ψ({r,R}j)⟩⟨ψ({r,R}k)| (B.2.40)

as well as access to a classical criterion C and a unitary implementation UC , as discussed in Sec.
B.2.1. Further, we recall the definition of the set of ‘successful states’ marked by A and ‘unsuccessful

1To see this in the case of the tilded operators, compare their effects on states from the complete basis {|ψ({r,R})⟩}.
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states’ marked by B from the main text as:

A = {j : C({r,R}j) = 1}

B = {j : C({r,R}j) = 0}

|ψj⟩ : = |ψ({r,R}j)⟩ (B.2.41)

Then, the input state from above can be rewritten to account for the ‘successful’ and ‘unsuccessful’
subspaces as

ρ =
∑
j,k∈A

ρj,k |ψj⟩⟨ψk|+
∑
j,k∈B

ρj,k |ψj⟩⟨ψk|

+
∑

j∈A,k∈B

(ρj,k |ψj⟩⟨ψk|+ ρk,j |ψk⟩⟨ψj |) . (B.2.42)

Below, we will go through each step outlined in the main text in Section 2.2.4, discussing motivation
and relevant considerations.

Step 1: First application of UC

This step aims to extract the information represented by the oracle into an ancilla for easy access.
Using the definition of the sets A and B, the state resulting from this step can be explicitly written
as

UC (ρ⊗ |0⟩⟨0|)U†
C =

∑
j,k∈A

ρj,k |ψj⟩⟨ψk| ⊗ |1⟩⟨1|+
∑
j,k∈B

ρj,k |ψj⟩⟨ψk| ⊗ |0⟩⟨0|

+
∑

j∈A,k∈B

(ρj,k |ψj⟩⟨ψk| ⊗ |1⟩⟨0|+ ρk,j |ψk⟩⟨ψj | ⊗ |0⟩⟨1|) . (B.2.43)

At this stage, a measurement of the ancilla qubit would project the state onto either the first or the
second term in this sum. In the case of projection onto the first term (i.e., a measurement outcome
of ’1’), this projection would correspond to a heralded projection onto the desired set of states, as
identified by the oracle. However, such a measurement would come with a risk of a projection onto
the space that does not correspond to success. Thus, a full measurement risks projecting the state
out of the desired space, and repeated measurements would risk a Zeno-effect-like freezing of the
dynamics in the B subspace.

Step 2+3: Preparation for weak measurement

To avoid the problems discussed above, this step partially extracts the information stored in the
first ancilla into a second ancilla, then resets the first ancilla using a second application of UC . For
ease of notation, we combine these two steps here and omit the first ancilla (now unentangled and
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in the state |0⟩⟨0|) from the expression:

ρδ =

cos(δ)
2
∑
j,k∈A

ρj,k |ψj⟩⟨ψk|+
∑
j,k∈B

ρj,k |ψj⟩⟨ψk|+ cos(δ)
∑

j∈A,k∈B

(ρj,k |ψj⟩⟨ψk|+ ρk,j |ψk⟩⟨ψj |)

⊗ |0⟩⟨0|

+ sin(δ) cos(δ)
∑
j,k∈A

ρj,k |ψj⟩⟨ψk| ⊗ (|0⟩⟨1|+ |1⟩⟨0|)

+ sin(δ)
∑

j∈A,k∈B

(ρj,k |ψj⟩⟨ψk| ⊗ |1⟩⟨0|+ ρk,j |ψk⟩⟨ψj | ⊗ |0⟩⟨1|)

+ sin(δ)
2
∑
j,k∈A

ρj,k |ψj⟩⟨ψk| ⊗ |1⟩⟨1| . (B.2.44)

Note that only the first and last of these expressions will be relevant once the ancilla is measured.

Step 4: Measurement and heralding

We are now ready to see the effect of a measurement of the second ancilla and to understand the
role played by the parameter δ. Consider first the projectors corresponding to the two measurement
outcomes of the projective measurement:

ΠA = 1⊗
(
1− Z

2

)
(B.2.45)

ΠB = 1⊗
(
1+ Z

2

)
(B.2.46)

Assume now that the measurement yields a ’1’ outcome. The probability of this event is

p1 = Tr(ρδΠA) = Tr(ΠAρδΠA)

= sin(δ)
2 Tr

 ∑
j,k∈A

ρj,k |ψj⟩⟨ψk|


= sin(δ)

2
∑
j∈A

ρj,j

= sin(δ)
2
psuc , (B.2.47)

where psuc =
∑
j∈A ρj,j is the probability of the system having transitioned to a state labeled by the

criteria as successfully merged. Assuming p1 is nonzero, the state after the measurement is given by

ρ1 =
1

p1
ΠAρδΠA

=
1

psuc

∑
j,k∈A

ρj,k |ψj⟩⟨ψk| . (B.2.48)

Thus, this measurement outcome is the desirable one: it heralds that the state has been projected
onto the desired subspace. Furthermore, the probability of getting this outcome depends both on
the overlap of the input state with the desired subspace and the parameter δ, with values of δ ≈ π

2

maximizing the probability.



APPENDIX B. SUPPLEMENTARY MATERIAL FOR SECTION 2.2 179

Consider now instead the ’0’ outcome. The probability for this outcome is

p0 = 1− p1 = 1− sin(δ)
2
psuc (B.2.49)

and the post-measurement state is

ρ0 =
1

p0
ΠBρδΠB

=
1

p0

cos(δ)
2
∑
j,k∈A

ρj,k |ψj⟩⟨ψk|+
∑
j,k∈B

ρj,k |ψj⟩⟨ψk|+ cos(δ)
∑

j∈A,k∈B

(ρj,k |ψj⟩⟨ψk|+ ρk,j |ψk⟩⟨ψj |)

 .

(B.2.50)

Note that this state closely resembles the input state from Eq. (B.2.42), except the components
related to the A subspace have decreased in magnitude by a factor of cos(δ) and a renormalization
by 1/p0 has occurred. To better understand this measurement-induced perturbation, we can define
the following normalized states and coefficients

ρA = ρ1 =
1

psuc

∑
j,k∈A

ρj,k |ψj⟩⟨ψk| ρB =
1

1− psuc

∑
j,k∈B

ρj,k |ψj⟩⟨ψk| (B.2.51)

ΛA(δ, psuc) =
sin(δ)

2
(1− psuc) psuc

(1− psuc) + cos(δ)
2
psuc

(B.2.52)

ΛB(δ, psuc) =
sin(δ)

2
(1− psuc) psuc

1− sin(δ)
2
psuc

(B.2.53)

ΛC(δ, psuc) =
1− cos(δ)− sin(δ)

2
psuc

1− sin(δ)
2
psuc

(B.2.54)

to rewrite the state as

ρ0 = ρ− ΛA(δ, psuc) ρA + ΛB(δ, psuc) ρB − ΛC(δ, psuc)
∑

j∈A,k∈B

(ρj,k |ψj⟩⟨ψk|+ ρk,j |ψk⟩⟨ψj |)

(B.2.55)

≃ ρ− δ2 (1− psuc) psuc ρA + δ2 (1− psuc) psuc ρB

− δ2
(
1

2
− psuc

) ∑
j∈A,k∈B

(ρj,k |ψj⟩⟨ψk|+ ρk,j |ψk⟩⟨ψj |) +O(δ4). (B.2.56)

Thus, receiving a measurement result of ’0’ implies that the state has been left mostly unchanged,
except primarily for two effects: The desired components related to ρA have decreased by an amount
ΛA ρA, while the unwanted components related to ρB have increased by an amount ΛB ρB . In
other words, the measurement has caused a shift towards the subspace of undesired states, with
the magnitude of the shift depending on δ and psuc. From this, we see a trade-off in play when
picking the parameter δ. As shown above, the largest probability of successful heralded projection
requires δ ≊ π

2 , but in this case the desired A part of the state is completely lost whenever the
measurement outcome ‘0’ occurs (see Eq. (B.2.50)). On the other hand, a small value of δ implies a
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small probability of successful heralded projection but also a small state perturbation in the case of
the outcome ‘0’, with both scaling as δ2 in the small-δ limit. In this sense, δ represents the power
of the measurement, with strong measurements yielding a higher chance of detecting a successful
molecular merger but also a higher disruptive impact of the measurement on the state. Picking
good schedules for adjusting δ has previously been studied in the context of Grover search [AH22;
Yan+22; Miz09], and will likely also play a significant role in determining the performance of the
simulation approaches presented here.



Appendix C

Supplementary Material for
Section 3.1

C.1 Variable names and conventions

We generally denote scalars using lower case, e.g. c, vectors using lower-case bold, e.g. u, and
matrices/operators using upper-case letters, such as A. Unless noted otherwise, norms correspond
to the spectral or Euclidean 2-norm. The notation [N ] describes the set {1, 2, . . . , N}.

• x – Coordinate in space.

• t – Coordinate in time.

• T – Final time.

• u – Solution vector for nonlinear ODE.

• y – Solution vector of system arising from Carleman linearisation, y = [u,u⊗2, . . . ,u⊗N , . . .]N .

• F1, FM – Terms appearing in nonlinear ODE in Problem 1, where F1 is an operator representing
a linear term and FM corresponds to a nonlinearity of the order of the subscript M .

• N – Truncation number of Carleman linearisation.

• A,AN – System matrix after Carleman linearisation, subscript N denotes truncated system;
see Eq. (3.1.17).

• A
(i)
j – Components of block-structure of Carleman matrix (jth row, (i−1)th diagonal). Defined

in Eq. (3.1.15).

• ε – Solution error.

• η – Error in Carleman vector, defined in Lemmas 3.1.3 and 3.1.4.

• ∆ – Laplacian operator.

• L, Lk – Finite difference approximation of the Laplacian, up to “order” k, so that there is a
central finite difference stencil with 2k + 1 points.

181
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• D, c, b – Coefficients from PDE in Eq. (3.1.74); D - diffusion, c decay, b nonlinearity.

• n – Total number of gridpoints in the discretisation of the PDE example in Eq. (3.1.74).

• d – Dimensionality of the PDE problem in Eq. (3.1.74).

• I – Identity matrix, indexing may clarify the dimension rather than number of qubits.

• λj(·) – Eigenvalue j of matrix (·), whereas λ(·) is the subnormalization factor of the block-
encoding of (·).

• γ – Rescaling factor introduced in Definition 3.1.1, γ > 0.

• (̃·) – Rescaled quantities as defined in Definition 3.1.1.

• R – Ratio of strength of nonlinearity over decay, Eq. (3.1.5).

• fj,k,M – Function to express tighter bound for Carlemann errors, defined in Lemma 3.1.4.

• Ωk – Carleman error intervals, used in Lemma 3.1.4.

• η – Error due to Carleman linearisation, defined in Lemma 3.1.3.

• s(·) – Sparsity of quantity (·).

C.2 Proofs of bounds on error due to Carleman linearisation

C.2.1 Proof of bound on the full vector of errors due to Carleman lin-
earisation

Here, we present the proof of Lemma 3.1.3.

Proof. We define the error due to Carleman truncation of order N , for any j ∈ [N ], including a
rescaling by γ > 0, as

ηj(t) := ũ⊗j − ỹj

=
u⊗j − yj

γj
. (C.2.1)

Here, u is the exact solution of the nonlinear ODE, and yj are the components of the solution vector
using the truncated Carleman approximation. Therefore, ηj corresponds to the error arising from
the Carlemann linearisation at finite order, but with the rescaling γ. This definition is similar to
that in [Liu+21] (see the proof of Lemma 1 in the Supplementary Information of that work), except
we are including the rescaling. By writing U as a vector that has the components Ũj = ũ⊗j , we
have from Eq. (C.2.1) that

dηj(t)

dt
=
(
ÃŨ

)
j
−
(
ÃN ỹ

)
j

= A
(1)
j ũ⊗j + Ã

(M)
j+M−1ũ

⊗j+M−1 −A
(1)
j ỹj − Ã

(M)
j+M−1ỹj+M−1. (C.2.2)
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Notice that in the equation above we have Ã as the rescaled form of A, the infinite-dimensional matrix
generated from the Carleman linearisation, as explained in Section 3.1.4, and ÃN = γM−1AN as the
truncated matrix as given in Eq. (3.1.32). Because we are taking the difference between the action
of an infinite-dimensional matrix Ã and a truncated one ÃN , we need different treatment for values
of j below and above that truncation. For j ≤ N −M + 1 we are below the truncation, and in
Eq. (C.2.2) we can use ηj(t) = ũ⊗j − ỹj to give

dηj
dt

= A
(1)
j ηj + Ã

(M)
j+M−1ηj+M−1. (C.2.3)

Then, using Ãj = γM−1Aj gives

dηj
dt

= A
(1)
j ηj + γM−1A

(M)
j+M−1ηj+M−1. (C.2.4)

Now, for j > N −M + 1, we have j +M − 1 > N , and so ỹj+M−1 is past the end of the vector and
should be taken to be zero. This implies that we obtain

dηj
dt

= A
(1)
j ηj + Ã

(M)
j+M−1ũj+M−1. (C.2.5)

Now, using Ãj = γM−1Aj and ũj+M−1 = γ−(j+M−1)uj+M−1 we get for j > N −M + 1

dηj
dt

= A
(1)
j ηj + γM−1A

(M)
j+M−1γ

−(j+M−1)u⊗(j+M−1)

= A
(1)
j ηj + γ−jA

(M)
j+M−1u

⊗(j+M−1). (C.2.6)

Therefore, we end up with

dηj
dt

= A
(1)
j ηj + γM−1A

(M)
j+M−1ηj+M−1, j ∈ [N −M + 1]

dηj
dt

= A
(1)
j ηj + γ−jA

(M)
j+M−1u

⊗(j+M−1), j ∈ {N −M + 2, . . . , N}, (C.2.7)

Notice that in the final form above, we left the equations without rescaling notation to show the
explicit dependence of γ in the error equation. In a more compact form, the equation above can be
written as

dη

dt
= ÃNη + b, (C.2.8)

which has the following block matrix structure

d

dt



η1

η2
...

ηN−1

ηN


=



A
(1)
1 0 · · · 0 0 γM−1A

(M)
M 0 0

0 A
(1)
2 · · · 0 0 0 γM−1A

(M)
M+1 0

...
...

... · · ·
...

0 0 · · · 0 0 0 A
(1)
N−1 0

0 0 · · · 0 0 0 0 A
(1)
N


.

︸ ︷︷ ︸
ÃN



η1

η2
...

ηN−1

ηN


+



b1

b2

...
bN−1

bN


︸ ︷︷ ︸

b

,

(C.2.9)
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where

bj = 0⊗j , j ∈ [N −M + 1]

bj = γ−jA
(M)
j+M−1u

⊗(j+M−1) j ∈ {N −M + 2, . . . , N}. (C.2.10)

and 0 represents a vector with all entries equal to zero with the same dimension as u. The blocks
A

(1)
j and A(M)

M+j−1 are given in Eq. (3.1.15). Similarly to Eq. (35) in the Supplementary Information
of [Liu+21], we obtain by considering the derivative of ∥η∥ that

d

dt
(η†η) =

dη†

dt
η + η†

dη

dt

= η†
(
ÃN + Ã†

N

)
η + η†b+ b†η. (C.2.11)

Using Gershgorin’s circle theorem [HJ12; FV62; van79], the maximum eigenvalue of ÃN + Ã†
N

is at most (see the discussion above for Eq. (3.1.50))

2jλ0 + (2j −M + 1)γM−1∥FM∥ . (C.2.12)

We then have,

η†
(
ÃN + Ã†

N

)
η ≤

(
2Nλ0 + (2N −M + 1)γM−1∥FM∥

)
∥η∥2. (C.2.13)

The remaining term to bound in Eq. (C.2.11) is η†b+ b†η, which has the upper bound

η†b+ b†η ≤ 2∥b∥∥η∥

= 2

N∑
j=N−M+2

γ−j∥A(M)
j+M−1∥ · ∥u

⊗(j+M−1)∥ · ∥η∥

= 2∥FM∥
N∑

j=N−M+2

jγ−j∥u⊗(j+M−1)∥ · ∥η∥ , (C.2.14)

where we used Eq. (C.2.10) for the vector norm of b, followed by using Eq. (3.1.15). Now by taking
the maximum value that j can assume in the summation above gives

η†b+ b†η ≤ 2N∥FM∥
N∑

j=N−M+2

γ−j∥u⊗(j+M−1)∥ · ∥η∥. (C.2.15)

As stated in the theorem, we are dealing with dissipative problems so ∥u(t)∥ ≤ ∥uin∥ for t > 0, and
we also take γ = ∥uin∥. Therefore

η†b+ b†η ≤ 2N(M − 1)∥FM∥∥uin∥M−1∥η∥. (C.2.16)

Returning to Eq. (C.2.11) together with the fact that d∥η∥
dt = (2∥η∥)−1 d∥η∥2

dt , we have

d∥η∥
dt

= (2∥η∥)−1
[
η†
(
AN +A†

N

)
η + η†b+ b†η

]
. (C.2.17)
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We can now combine the results from Eq. (C.2.13) and Eq. (C.2.16) in the equation above to get

d∥η∥
dt

≤ N
(
λ0 + γM−1∥FM∥

)
∥η∥+N(M − 1)∥FM∥∥uin∥M−1. (C.2.18)

We know that if we have a differential equation given by

d∥η∥
dt

= A∥η∥+B, (C.2.19)

where ∥η(0)∥ = 0, its solution is given by

∥η(t)∥ =
B

A

(
1− eAt

)
. (C.2.20)

Since in our case we have

A = N
(
λ0 + γM−1∥FM∥

)
(C.2.21)

B = N(M − 1)∥FM∥∥uin∥M−1,

we get

∥η(t)∥ ≤ (M − 1)∥FM∥ ∥uin∥M−1 1− eN(λ0+γ
M−1∥FM∥)t

|λ0 + γM−1∥FM∥|
. (C.2.22)

This concludes the proof as ∥η(t)∥ ≥ ∥ηj(t)∥ for all t.

C.2.2 Proof of bound on components of the vector of errors due to Car-
leman linearisation

In this section we present the proof to Lemma 3.1.4. For this proof we use the definition of
fj,k,M (|λ0|t) as

fj,k,M (τ) :=

[
k−1∏
ℓ=0

(ℓM − ℓ+ j)

]∫ τ

0

dτ1 e
−j(τ−τ1)

∫ τ1

0

dτ2 e
−[(M−1)+j](τ1−τ2)

∫ τ2

0

dτ3 e
−[2(M−1)+j](τ2−τ3) · · ·

· · ·
∫ τk−1

0

dτk e
−[(k−1)(M−1)+j](τk−1−τk) , (C.2.23)

This function has the closed-form expression given in Lemma 3.1.4, which is proven in Theorem C.2.1
below. We plot these formulae for the example M = 2 in Fig. C.1. The blue curve on the left is the
simple upper bound, so we can see that our expression gives significantly tighter bounds.

Theorem C.2.1. The function fj,k,M (τ) defined by Eq. (C.2.23) for real τ ≥ 0 and natural numbers
j ≥ 1, k ≥ 1, and M ≥ 2, satisfies

fj,k,M (τ) = 1− (M − 1) Γ(k + j/(M − 1))

(k − 1)! Γ(j/(M − 1))

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)
e−(ℓM−ℓ+j)τ

ℓM − ℓ+ j
. (C.2.24)
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1 2 3 4
τ

0.2
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0.6

0.8

1.0

factor

Figure C.1: The factors in the upper bound fj,k,M (τ) with j = 1 and M = 2. The lines are for k
equal to 1 to 10 ordered from left to right. As we show, fj,k,M (τ) is monotonically decreasing with
k.

Proof. We first regroup the exponentials as

fj,k,M (τ) =

[
k−1∏
ℓ=0

(ℓM − ℓ+ j)

]
e−jτ

∫ τ

0

dτ1 e
−(M−1)τ1

∫ τ1

0

dτ2 e
−(M−1)τ2

∫ τ2

0

dτ3 e
−(M−1)τ3 · · ·

· · ·
∫ τk−1

0

dτk e
[(k−1)(M−1)+j]τn . (C.2.25)

The integral is over values of τℓ satisfying τ ≥ τ1 ≥ τ2 ≥ · · · ≥ τk. We can exchange the order of the
integrals in the standard way so they are given as

fj,k,M (τ) =

[
k−1∏
ℓ=0

(ℓM − ℓ+ j)

]
e−jτ

∫ τ

0

dτk e
[(k−1)(M−1)+j]τk

∫ τ

τk

dτk−1 e
−(M−1)τk−1 · · ·

· · ·
∫ τ

τ3

dτ2 e
−(M−1)τ2

∫ τ

τ2

dτ1 e
−(M−1)τ1 . (C.2.26)

The advantage of this form is that we have a sequence of integrals of the same form, so we can give a
general expression that can be proven by induction. In particular, let us define the repeated integral

gk,M (τk, τ) :=

∫ τ

τk

dτk−1 e
−(M−1)τk−1 · · ·

∫ τ

τ3

dτ2 e
−(M−1)τ2

∫ τ

τ2

dτ1 e
−(M−1)τ1 . (C.2.27)

The closed-form expression will be shown to be, for k ≥ 1,

gk,M (τk, τ) =
[e−(M−1)τk − e−(M−1)τ ]k−1

(k − 1)!(M − 1)k−1
. (C.2.28)
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In the case of k = 1 the definition of gk,M (τk, τ) can be just taken to be 1 (no integrals), and
Eq. (C.2.28) holds. In the simple case of k = 2 we have, from the definition

g2,M (τ2, τ) =

∫ τ

τ2

dτ1 e
−(M−1)τ1

=
1

M − 1

[
e−(M−1)τ2 − e−(M−1)τ

]
. (C.2.29)

This also agrees with the claimed expression. More generally, if Eq. (C.2.28) holds for k, then we
obtain

gk+1,M (τk+1, τ) =

∫ τ

τk+1

dτk e
−(M−1)τkgk,M (τk, τ)

=

∫ τ

τk+1

dτk e
−(M−1)τk

[e−(M−1)τk − e−(M−1)τ ]k−1

(k − 1)!(M − 1)k−1

=

[
− [e−(M−1)τk − e−(M−1)τ ]k

k!(M − 1)k

]τ
τk+1

=
[e−(M−1)τk+1 − e−(M−1)τ ]k

k!(M − 1)k
. (C.2.30)

Thus Eq. (C.2.28) holds for k + 1, and must hold for all k ≥ 1 by induction.
Now to obtain the expression for fj,k,M (τ), we use

fj,k,M (τ) =

[
k−1∏
ℓ=0

(ℓM − ℓ+ j)

]
e−jτ

∫ τ

0

dτk e
[(k−1)(M−1)+j]τngk,M (τk, τ) . (C.2.31)

Expanding the expression for gk,M (τk, τ) involving a power into a sum gives

fn,M (τ) =

∏k−1
ℓ=0 (ℓM − ℓ+ j)

(k − 1)!(M − 1)k−1
e−jτ

∫ τ

0

dτk e
[(k−1)(M−1)+j]τk

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)
e−(k−1−ℓ)(M−1)τke−ℓ(M−1)τ

=

∏k−1
ℓ=0 (ℓM − ℓ+ j)

(k − 1)!(M − 1)k−1

∫ τ

0

dτn

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)
e−(ℓM−ℓ+j)(τ−τk)

=

∏k−1
ℓ=0 (ℓM − ℓ+ j)

(k − 1)!(M − 1)k−1

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)[
−e

−(ℓM−ℓ+j)(τ−τk)

(ℓM − ℓ+ j)

]τ
0

=

∏k−1
ℓ=0 (ℓM − ℓ+ j)

(k − 1)!(M − 1)k−1

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)
1− e−(ℓM−ℓ+j)τ

ℓM − ℓ+ j
. (C.2.32)

Next we aim to show that ∏k−1
ℓ=0 (ℓM − ℓ+ j)

(M − 1)k
=

Γ(k + j/(M − 1))

Γ(j/(M − 1))
. (C.2.33)

First, it is obvious that ∏k−1
ℓ=0 (ℓM − ℓ+ j)

(M − 1)k
=

k−1∏
ℓ=0

(ℓ+ j/(M − 1)) . (C.2.34)

Now for k = 0 both sides of Eq. (C.2.33) are equal to 1, because there are no factors in the product,
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and k + j/(M − 1) = j/(M − 1) so the result is trivial. If Eq. (C.2.33) is correct for some k, we
obtain

Γ(k + 1 + j/(M − 1))

Γ(j/(M − 1))
=

Γ(k + 1 + j/(M − 1))

Γ(k + j/(M − 1))

Γ(k + j/(M − 1))

Γ(j/(M − 1))

= (k + j/(M − 1))

k−1∏
ℓ=0

(ℓ+ j/(M − 1))

=

k∏
ℓ=0

(ℓ+ j/(M − 1)) . (C.2.35)

In the second line we have used Γ(x+1) = xΓ(x) and assumed Eq. (C.2.33) holds for k. That means
Eq. (C.2.33) holds for all k ≥ 0 by induction. Thus we can replace the product with the expression
in terms of gamma functions to show that

fj,k,M (τ) =
(M − 1) Γ(k + j/(M − 1))

(k − 1)! Γ(j/(M − 1))

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)
1− e−(ℓM−ℓ+j)τ

ℓM − ℓ+ j
. (C.2.36)

Next we show that fj,k,M (τ) is equal to 1 in the limit τ → ∞. If we use shifted variables of
integration τ̃ℓ = τℓ − τ , then the definition of fj,k,M (τ) gives

fj,k,M (τ) =

[
k−1∏
ℓ=0

(ℓM − ℓ+ j)

]∫ 0

−τ
dτ̃1 e

jτ̃1

∫ τ̃1

−τ
dτ̃2 e

−(M−1+j)(τ̃1−τ̃2)
∫ τ̃2

−τ
dτ̃3 e

−[2(M−1)+j](τ̃2−τ̃3) · · ·

· · ·
∫ τ̃n−1

−τ
dτ̃k e

−[(k−1)(M−1)+j](τ̃k−1−τ̃k) . (C.2.37)

The limit τ → ∞ then gives

lim
τ→∞

fj,k,M (τ) =

[
k−1∏
ℓ=0

(ℓM − ℓ+ j)

]∫ 0

−∞
dτ̃1 e

jτ̃1

∫ τ̃1

−∞
dτ̃2 e

−(M−1+j)(τ̃1−τ̃2)
∫ τ̃2

−∞
dτ̃3 e

−[2(M−1)+j](τ̃2−τ̃3) · · ·

· · ·
∫ τ̃k−1

−∞
dτ̃k e

−[(k−1)(M−1)+1](τ̃k−1−τ̃k) . (C.2.38)

Then it is easy to see that each successive integral gives division by one of the factors in the product,
so the overall expression is equal to 1.

Therefore, since the negative exponentials in our expression for fj,k,M (τ) approach zero in the
limit τ → ∞, the constant term must be equal to 1, and we can give fj,k,M (τ) as

fj,k,M (τ) = 1− (M − 1)Γ(k + j/(M − 1))

(k − 1)! Γ(j/(M − 1))

k−1∑
ℓ=0

(−1)ℓ
(
k − 1

ℓ

)
e−(ℓM−ℓ+j)τ

ℓM − ℓ+ j
. (C.2.39)

For the use in our derivations, note that fj,k,M (τ) satisfies the recurrence relation (which is
obvious from its definition)

fj,k,M (τ) = j

∫ τ

0

dτ1 e
−j(τ−τ1)fM−1+j,k−1,M (τ1) . (C.2.40)
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Another useful property is that fj,k,M (τ) ≤ fj,k−1,M (τ), so fj,k,M (τ) is monotonically decreasing
with k. This can be seen using Eq. (C.2.37), and upper bounding it by taking the limit as the last
integral goes to infinity as

fj,k,M (τ) ≤

[
k−1∏
ℓ=0

(ℓM − ℓ+ j)

]∫ 0

−τ
dτ̃1 e

jτ̃1

∫ τ̃1

−τ
dτ̃2 e

−(M−1+j)(τ̃1−τ̃2)
∫ τ̃2

−τ
dτ̃3 e

−[2(M−1)+j](τ̃2−τ̃3) · · ·

· · ·
∫ τ̃k−1

−∞
dτ̃k e

−[(k−1)(M−1)+j](τ̃k−1−τ̃k)

≤

[
k−2∏
ℓ=0

(ℓM − ℓ+ j)

]∫ 0

−τ
dτ̃1 e

jτ̃1

∫ τ̃1

−τ
dτ̃2 e

−(M−1+j)(τ̃1−τ̃2)
∫ τ̃2

−τ
dτ̃3 e

−[2(M−1)+j](τ̃2−τ̃3) · · ·

· · ·
∫ τ̃k−2

−τ
dτ̃k−1 e

−[(k−2)(M−1)+j](τ̃k−2−τ̃k−1)

= fj,k−1,M (τ) . (C.2.41)

Now we proceed to the proof of Lemma 3.1.4.

Proof. We recall from Eq. (C.2.7)

dηj
dt

= A
(1)
j ηj + γM−1A

(M)
j+M−1ηj+M−1, j ∈ [N −M + 1] (C.2.42)

dηj
dt

= A
(1)
j ηj + γ−jA

(M)
j+M−1u

⊗(j+M−1), j ∈ {N −M + 2, . . . , N}. (C.2.43)

The method to bound the norms of ηj is to first use the second line (C.2.43) for j ∈ Ω1 with

Ω1 := {N −M + 2, . . . , N}. (C.2.44)

These bounds can be derived just using that value of j, since the equation does not depend on ηj

for any other values of j. For smaller values of j we need to use the first line in Eq. (C.2.42), but
that depends on ηj+M−1. If we have j ∈ Ω2 for

Ω2 := {N − 2M + 3, · · · , N −M + 1}, (C.2.45)

then j +M − 1 ∈ Ω1. We can therefore use the bound derived for j ∈ Ω1 to bound the second term
in Eq. (C.2.42) and thereby derive the bound on ηj for j ∈ Ω1.

Then for j less than N − 2M + 3 we can use the bounds on ηj for j ∈ Ω2, and so forth, to
eventually derive a bound on η1. In particular we define

Ωk := {N − k(M − 1) + 1, . . . , N − (k − 1)(M − 1)}, (C.2.46)

for k = 1, 2, · · · , ⌈ N
M−1⌉. Then we work backwards in steps of M − 1 to derive bounds on ηj for

j ∈ Ωk using the bound on ηj+M−1 for j +M − 1 ∈ Ωk−1. In particular, 1 ∈ Ωk for k = ⌈ N
M−1⌉.

This can be seen from the extremal cases; first, if N is a multiple of M − 1, then k = N/(M − 1), so

N − k(M − 1) + 1 = N − [N/(M − 1)](M − 1) + 1 = 1 . (C.2.47)
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The other extremal case is where N − 1 is a multiple of M − 1, so the ceiling function gives the
maximal rounding up of N/(M − 1). Then k − 1 = (N − 1)/(M − 1), and

N − (k − 1)(M − 1) = N − [(N − 1)/(M − 1)](M − 1) = 1 . (C.2.48)

By deriving bounds on ηj in the sequence of Ωk sets for k from 1 to ⌈ N
M−1⌉ we are therefore able to

provide the bound on η1.
More specifically, let us start with j ∈ Ω1, in which case

ηj(t) = γ−j
∫ t

0

eA
(1)
j (t−s0)A

(M)
j+M−1u

⊗(j+M−1) d

ds 0
. (C.2.49)

Now for purely dissipative problems, as displayed in Eq. (3.1.5), we have ∥eA
(1)
j t∥ ≤ ejλ0t. In

addition, ∥A(M)
j+M−1∥ = j∥FM∥ and ∥u(t)∥ ≤ ∥uin∥, so

∥ηj(t)∥ ≤ jγ−j∥FM∥∥uin∥j+M−1

∫ t

0

ejλ0(t−s0) d

ds 0

= γ−j
∥FM∥∥uin∥j+M−1

|λ0|
(
1− ejλ0t

)
. (C.2.50)

For the case k = 1, our formula for fj,k,M gives

fj,1,M (τ) = 1− e−jτ , (C.2.51)

and so we find that for k = 1 we obtain

∥ηj(t)∥ ≤
(
∥uin∥
γ

)j ∥FM∥∥uin∥M−1

|λ0|
fj,1,M (|λ0|t) . (C.2.52)

Now for more general j ∈ Ωk, we will show

∥ηj(t)∥ ≤
(
∥uin∥
γ

)j (∥FM∥∥uin∥M−1

|λ0|

)k
fj,k,M (|λ0|t) (C.2.53)

We have already shown this for k = 1 where j ∈ Ω1, so we just need to show the iteration step
to show the general result by induction. For j smaller than N −M + 2, we use Eq. (C.2.42), and
Eq. (C.2.53) for ηj+M−1. That is,

dηj
dt

= A
(1)
j ηj + γM−1A

(M)
j+M−1ηj+M−1 , (C.2.54)

leads to

ηj(t) = γM−1

∫ t

0

eA
(1)
j (t−s1)A

(M)
j+M−1ηj+M−1(s1)

d

ds 1
. (C.2.55)

To upper bound the component ηj(t) with j ∈ Ωk, we use the bound in Eq. (C.2.53) for j+M −1 ∈
Ωk−1. (That is, we are assuming the expression holds for k − 1 in order to derive it for k.) That
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yields the upper bound

∥ηj(t)∥ ≤ γM−1

∫ t

0

∥eA
(1)
j (t−s1)∥ · ∥A(M)

j+M−1ηj+M−1(s1)∥
d

ds 1

≤ γM−1j∥FM∥
∫ t

0

ejλ0(t−s1)∥ηj+M−1(s1)∥
d

ds 1

≤ γM−1j∥FM∥
(
∥uin∥
γ

)j+M−1 ∫ t

0

ejλ0(t−s1)
(
∥FM∥∥uin∥M−1

|λ0|

)k−1

fj+M−1,k−1,M (|λ0|s1)

=
∥FM∥∥uin∥M−1

|λ0|

(
∥uin∥
γ

)j (∥FM∥∥uin∥M−1

|λ0|

)k−1

fj,k,M (|λ0|t)

=

(
∥uin∥
γ

)j (∥FM∥∥uin∥M−1

|λ0|

)k
fj,k,M (|λ0|t) , (C.2.56)

where in the second-last line we used Eq. (C.2.40). This shows the result in Eq. (C.2.53) for k − 1

implies the result for k, and therefore for all k by induction.
Since

R =
∥FM∥
|λ0|

∥uin∥M−1, (C.2.57)

we obtain the result given in the theorem. Moreover, since j = 1 is an element of Ωk for k = ⌈ N
M−1⌉,

we obtain the claimed upper bound on ∥η1∥.

C.2.3 Bound on the error in terms of max-norm

For the case where the ODE is obtained from discretising the PDE, then the above bound on the
error for the ODE can be used, but ∥uin∥ will increase with the number of discretisation points.
Instead we can derive a bound using the max-norm, which will be (approximately) independent of
the number of discretisation points. However, we will find that the possibly increasing max-norm
with the higher-order discrete Laplacians can cause the bound to be larger than for the first-order
discrete Laplacian.

We can start from Eq. (C.2.49) above, and use the fact that for the discretised PDE A
(M)
j+M−1

acts only on the components of u⊗(j+M−1) with powers of the entries of u. That means that

∥A(M)
j+M−1u

⊗(j+M−1)∥max ≤ ∥A(M)
j+M−1∥∞∥u∥j+M−1

max . (C.2.58)

Hence we can obtain the equivalent of Eq. (C.2.50) as

∥ηj(t)∥max ≲ jγ−j∥FM∥∞∥uin∥j+M−1
max

∫ t

0

∥eA
(1)
j (t−s0)∥∞

d

ds 0
. (C.2.59)

This expression is obtained in much the same way as before, but using the ∞-norm as the induced
matrix norm for the max-norm on the vectors. Here it has been assumed that ∥u∥max ≤ ∥uin∥max,
which is correct for the exact PDE, but is not strictly correct for the higher-order discretised PDE.
But, provided the error to the discretisation is appropriately bounded the max-norms should be
sufficiently close to that for the continuous PDE, and so ∥u∥max ≲ ∥uin∥max (which is why we use
≲ in the expression above).

A further difficulty now is that we need a bound on the ∞-norm of eA
(1)
j (t−s0). For the discretised
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PDE we consider, we have F1 = DLk,d + c I⊗d. First, since A(1)
j is constructed from j commuting

terms with F1 acting on different subsystems, we have

∥eA
(1)
j (t−s0)∥∞ = ∥eF1(t−s0)∥j∞ . (C.2.60)

Next, since the identity commutes with the discretised Laplacian, we have

∥eF1(t−s0)∥j∞ = ∥eDLκ,d(t−s0)∥j∞ejc(t−s0) . (C.2.61)

There we are using κ for the order of the discretisation to avoid confusion with k used for iteration
in the derivation. Since the derivatives in the different directions commute, we have

∥eDLκ,d(t−s0)∥j∞ejc(t−s0) = ∥eDLκ(t−s0)∥jd∞ejc(t−s0) . (C.2.62)

Ideally we should have that the ∞-norm of the discretised Laplacian is equal to 1, but it can be
larger by a moderate amount as discussed in Sec. 3.1.6. If we define the maximum of this norm as

Gκ := max
τ≥0

∥eLκτ∥∞ , (C.2.63)

then we have

∥eA
(1)
j (t−s0)∥∞ ≤ Gjdκ e

jc(t−s0) . (C.2.64)

That then gives us

∥ηj(t)∥max ≲ jγ−j∥FM∥∞∥uin∥j+M−1
max Gjdκ

∫ t

0

ejc(t−s0)
d

ds 0

=
∥FM∥∞∥uin∥M−1

max G
jd
κ

|c|
(
1− ejct

)
. (C.2.65)

The general form of the bound is then

∥ηj(t)∥max ≲

(
∥FM∥∞

|c|
∥uin∥(M−1)

max Gd[j+(k−1)(M−1)/2]
κ

)k
fj,k,M (|c|t) . (C.2.66)

This can be shown using iteration as per Eq. (C.2.56) to give

∥ηj(t)∥max ≤ γM−1

∫ t

0

∥eA
(1)
j (t−s1)∥∞ · ∥A(M)

j+M−1ηj+M−1(s1)∥max
d

ds 1

≤ γM−1j∥FM∥∞Gjdκ
∫ t

0

ejc(t−s1)∥ηj+M−1(s1)∥max
d

ds 1

≲ γM−1j∥FM∥∞Gjdκ
∫ t

0

ejc(t−s1)
(
∥FM∥∞

|c|
∥uin∥M−1

max G
d[j+k(M−1)/2]
κ

)k−1

fj+M−1,k−1,M (|c|s1)

=
γM−1∥FM∥∞Gjdκ

|c|

(
∥FM∥∞

|c|
∥uin∥M−1

max G
d[j+k(M−1)/2]
κ

)k−1

fj,k,M (|c|t)

=

(
∥FM∥∞

|c|
∥uin∥M−1

max G
d[j+(k−1)(M−1)/2]
κ

)k
fj,k,M (|c|t) . (C.2.67)
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This upper bound is problematic, because it has Gκ to a power increasing with k inside the power
of k. This means it is not possible to show convergence with increasing order of the Carleman
linearisation. As the order is increased, k will increase so eventually the expression inside the power
of k here will be larger than 1.

A further improvement can be made if we note where the factor of Gjdκ is coming from in the
second line. That is coming from ∥eA

(1)
j (t−s1)∥∞, but A(1)

j is a sum of j operators each acting on a

subsystem. That means eA
(1)
j (t−s1) can be written as a tensor product of exponentials of F1 acting on

each of the j subsystems. In turn, A(M)
j+M−1ηj+M−1(s1) is a sum of j terms, and each of those A(M)

j+M−1

has affected only one of the j subsystems. On the remainder of the subsystems, ηj+M−1(s1) has been
obtained by an exponential of the form eA

(1)
j (s1−s2). That means, if we consider the operators before

using the product formulae for norms, we have subsystems where eF1(t−s1)eF1(s1−s2) = eF1(t−s2).
The product of these exponentials can be bounded by Gdκ instead of G2d

κ .
What this means is that for the j exponentials above, j − 1 of them can be combined with the

previous exponentials, where the norm has already been taken into account as Gdκ. That means that
the factor need only be Gdκ rather than Gjdκ , and we can obtain the form

∥ηj(t)∥max ≲ Gdjκ

(
∥FM∥∞

|c|
∥uin∥(M−1)

max GdMκ

)k
fj,k,M (|c|t) . (C.2.68)

The iteration to show this is

∥ηj(t)∥max ≤ γM−1j∥FM∥∞Gdκ
∫ t

0

ejc(t−s1)∥ηj+M−1(s1)∥max
d

ds 1

≲ γM−1j∥FM∥∞GdκGd(j+M−1)
κ

∫ t

0

ejc(t−s1)
(
∥FM∥∞

|c|
∥uin∥M−1

max G
dM
κ

)k−1

fj+M−1,k−1,M (|c|s1)

=
γM−1∥FM∥∞Gd(j+M)

κ

|c|

(
∥FM∥∞

|c|
∥uin∥M−1

max G
dM
κ

)k−1

fj,k,M (|c|t)

= Gdjκ

(
∥FM∥∞

|c|
∥uin∥M−1

max G
dM
κ

)k
fj,k,M (|c|t) . (C.2.69)

The advantage of this form is now that the expression inside the exponential is now independent of
k, and so increasing the order of the Carleman linearisation can improve the accuracy provided the
expression inside the exponential is below 1.

C.3 Proof of semi-discrete error bound due to finite difference

discretisation

The proof to Lemma 3.1.7 follows.

Proof. We want to take account of the error derived from the spatial discretisation of the following
rescaled d-dimensional nonlinear PDE

∂tu(x, t)− (D∆u(x, t) + cu(x, t))− buM (x, t) = 0. (C.3.1)

When we discretise the equation above, taking n grid points in total, we use the kth d-dimensional
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Laplacian approximation Lk,d, as given in Eq. (3.1.76), such that

Lu(t) = Lk,du(t) + r(t), (C.3.2)

where r(t) is the remainder vector. Using the results given in [KWBA17; CLO21] for the Laplacian
approximation, we can write the max-norm of the remainder vector as

∥r∥max = ∥(L− Lk,d)u∥max = O

(
C(u, k)

(e
2

)2k
n−(2k−1)/d

)
, (C.3.3)

where C(u, k) is a constant depending on the (2k + 1)st spatial derivative on each direction of the
Laplacian operator,

C(u, k) =

d∑
j=1

∣∣∣∣∣d2k+1u

dx2k+1
j

∣∣∣∣∣ . (C.3.4)

The error in terms of the 2-norm can be obtained immediately from that for the max-norm by
multiplying by the factor

√
n

∥r∥ = ∥(L− Lk,d)u∥ = O

(
C(u, k)

√
n
(e
2

)2k
n−(2k−1)/d

)
. (C.3.5)

In the equation above we also introduce notions of the exact quantities evaluated on the grid
points as u(t) = [u1, u2, . . . , un]

T where the components are time dependent. The grid representation
of the Laplacian ∆ is denoted L, in the sense that Lu is used to represent the Laplacian of u evaluated
at grid points.

To quantify the error due to spatial discretisation we write

ε(t) = u(t)− uh(t), (C.3.6)

where uh(t) are the approximate values of the function resulting from the spatial discretisation.
From the definition above we then have

dε

dt
= D(Lu− Lk,du

h) + c(u− uh) + FM (u⊗M − (uh)⊗M )

=
(
DLk,d + c I⊗d

)
ε+ FM (u⊗M − (uh)⊗M ) + r , (C.3.7)

where we have used Eq. (C.3.6) followed by using the operator definitions as given in Eq. (3.1.75),
i.e., F1 = DLk,d + c I⊗d. Note that FM is one-sparse and has only entries equal to b resulting from
the spatial discretisation of Eq. (C.3.1).

We can then obtain the derivative of ∥ε∥ by considering first

d

dt
(ε†ε) =

dε†

dt
ε+ ε†

dε

dt

= ε†
(
F1 + F †

1

)
ε+

(
u⊗M − (uh)⊗M

)†
F †
Mε

+ ε†FM
(
u⊗M − (uh)⊗M

)
+ r†ε+ ε†r . (C.3.8)
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From the quantity above we have for the first term

ε†
(
F1 + F †

1

)
ε ≤ 2c∥ε∥2, (C.3.9)

where we have used the results for the eigenvalues of F1 from Eq. (3.1.87), i.e.,

λℓ(F1) = Dn2/da0 + c+Dn2/d
k∑
j=1

[
aj

(
ω(ℓ−1)j + ω(ℓ−1)(n−j)

)]
, (C.3.10)

by considering a d-dimensional system. The expression for the eigenvalues above c < 0 is chosen
such that it has the maximum real part among all the eigenvalues for F1 and is smaller than zero
to guarantee the dissipativity of the PDE. Now for the two other terms, we can first derive the
following bound

∥∥FM (u⊗M − (uh)⊗M )
∥∥2 =

∑
ℓ

b2(uMℓ − (uhℓ )
M )2

≤ b2
∑
ℓ

M−1∑
j=0

(
uhℓ
)j (

uℓ − uℓ
h
)
uℓ

(M−j−1)

2

≤ b2
∑
ℓ

M−1∑
j=0

(
uℓ − uhℓ

)2

max
(
∥ũ∥2(M−1)

max ,
∥∥ũh∥∥2(M−1)

max

)
≤ b2M2 ∥ε∥2 max

(
∥ũ∥2(M−1)

max ,
∥∥ũh∥∥2(M−1)

max

)
. (C.3.11)

Provided |c| > ∥uin∥M−1
max |b|, the PDE is stable, and we have ∥u∥max ≤ ∥uin∥max. Then using the

approximation that ∥u∥max ≈
∥∥uh∥∥

max
(the solution is accurate) we obtain

∥∥FM (u⊗M − (uh)⊗M )
∥∥ ≤ bM ∥ε∥max

(
∥u∥M−1

max ,
∥∥uh∥∥M−1

max

)
≲ bM ∥ε∥ ∥uin∥M−1

max . (C.3.12)

Using that expression for the two other terms in Eq. (C.3.8)

(
u⊗M − (uh)⊗M

)†
F †
Mε+ ε†FM

(
u⊗M − (uh)⊗M

)
≤ 2∥FM (u⊗M − (uh)⊗M )∥∥ε∥

≤ 2bM ∥ε∥2 ∥uin∥M−1
max . (C.3.13)

For the last two components in Eq. (C.3.8) we have

r†ε+ ε†r ≤ 2∥r∥∥ε∥. (C.3.14)

Returning to Eq. (C.3.8) together with the fact that d∥ε∥
dt = (2∥ε∥)−1 d∥ε∥2

dt , we have

d

dt
∥ε∥ = (2∥ε∥)−1

[
ε†
(
F1 + F †

1

)
ε+

(
u⊗M − (uh)⊗M

)†
F †
Mε

+ ε†FM
(
u⊗M − (uh)⊗M

)
+ r†ε+ ε†r

]
. (C.3.15)
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We can now combine Eq. (C.3.9), Eq. (C.3.13) and Eq. (C.3.14) in the equation above to get

d

dt
∥ε∥ ≤

(
c+M |b|∥uin∥M−1

max

)
∥ε∥+ ∥r∥, (C.3.16)

where we used the condition that |c| > M |b|∥uin∥M−1. That is stronger than the condition |c| >
|b|∥uin∥M−1 which ensures that u(t) does not increase with time. We next apply the solution for
the ODE as it is given in Eq. (C.2.20), with ∥ε(0)∥ = 0

∥ε(t)∥ ≤
1− exp

{(
c+M |b|∥uin∥M−1

max

)
t
}

∣∣∣c+M |b|∥uin∥M−1
max

) ∥r∥, (C.3.17)

We can finally conclude from Eq. (C.3.5) that

∥ε(t)∥ = O

C(u, k)√n(e
2

)2k
n−(2k−1)/d

1− exp
{(
c+M |b|∥uin∥M−1

max

)
t
}

∣∣∣c+M |b|∥uin∥M−1
max

∣∣∣
 . (C.3.18)

C.4 Error when using high-order finite difference discretisa-

tions

From Eq. (C.3.3) we have, for d = 1, the spatial discretisation max-norm error

O

(
C(u, k)

(e
2

)2k
n−(2k−1)

)
. (C.4.1)

Therefore, if we want equivalent error between first-order and order-k discretisations, we would need

C(u, k)
(e
2

)2k
n
−(2k−1)
k ∼ C(u, 1)

(e
2

)2
n−1
1 . (C.4.2)

That then gives

nk = O

((
C(u, k)n1
C(u, 1)

)1/(2k−1)
)
. (C.4.3)

This shows that, apart from the factor of C(u, k), increasing the order provides a (2k − 1)-root
improvement in the number of discretisation points needed to achieve a given error. That is for
equal max-norm error. If we were to instead consider 2-norm error, then there would be a (4k− 3)-
root improvement in the number of points needed. That is because the lower nk also reduces the
2-norm by reducing the length of the vector.

In Fig. C.2 we compare the scaling of the error for a first and second-order approximation of
the Laplacian (i.e., k = 1, 2 in Eq. (3.1.77)) for a simple differential equation to illustrate the faster
error convergence. The advantages of using a certain order of approximation k over lower orders
will depend on the specific PDE to be solved and the initial conditions. The value of C(u, k) can
increase with k if there is high-frequency variation of u. That is less of a problem with the Laplace
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Figure C.2: Comparison of error in approximating the Laplacian when considering first (k = 1) and
second (k = 2) order discretisations. To illustrate the scaling of the error we have solved the equation
uxx = ex in the interval x ∈ [0, 1] with Dirichlet boundary conditions u(0) = 0 and u(1) = 1. The
error is computed as

∥∥L−1
k exp[x]− usol

∥∥, where x is the vector of discrete points in space, exp[x] is
obtained by exponentiating each entry of x and usol is the vector containing the exact discretised
solution evaluated at the grid points.

equation, because that smooths out high-frequency variation, but could be more of a problem for
other PDEs. Moreover, the complexity of the block-encoding increases with k, so if k is order n
then it would negate any quantum speedup in solving the PDE (unless there were a more efficient
block-encoding). Therefore, one should take into consideration the specifics of the PDE to be solved
and choose k accordingly.

C.5 Construction of finite-difference coefficients

For the construction of arbitrary finite-difference coefficients, we generally refer to standard methods,
such as based on Taylor expansions or Lagrange polynomials [Tay16]. Given a grid discretisation
of x over some finite interval in n points, a finite difference approximation or “stencil” to the mth
derivative of a function f(x) reads

f (m)(x) ≈
n−1∑
j=0

ajf(xj), (C.5.1)

where {aj}n−1
j=0 are the stencil points to the grid {xj}n−1

j=0 . When finding these approximations, one
may express f(x) via its Taylor expansion or as a Lagrange polynomial to find the coefficients {aj}
given a certain grid. Generally, the number of grid points used in approximating a certain derivative
will influence its accuracy; we refer to Ref. [Li05] which provides a comprehensive analysis.

Within this study, we are mostly interested in the discretisation of second derivatives, where
we focus on central stencils with periodic boundary conditions. To that end, one can make use of
the formulae in Ref. [Li05], which as well as the stencil coefficients also provides an investigation of
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the discretisation error. Whenever we talk about “order of discretisation” k in this work, we have
a central stencil with 2k + 1 points, corresponding to an error that goes roughly as O

(
h2k−1

)
in a

uniform grid spacing h.
The formulae in Ref. [Li05] are also considered in other works that apply finite differences to

quantum algorithms [KWBA17; CLO21]. This way, an approximation to the second derivative for
a function f(x) can be written as

f ′′(0) ≈ 1

h2

k∑
j=−k

ajf(jh), where (C.5.2)

aj =


2(−1)j+1(k!)2

j2(k−j)!(k+j)! , 1 ≤ j ≤ k

−2
∑k
i=1 ai, j = 0

a−j , −k ≥ j ≥ −1.

(C.5.3)

For k = 1 the usual stencil with coefficients 1,−2, 1 is retrieved.
Using this construction, the discrete Laplacian matrix Lk with a uniform grid spacing h has

entries

[Lk]pq =


2(−1)ℓ+1(k!)2

ℓ2(k−ℓ)!(k+ℓ)! , q < p ≤ q + k or

q − k ≤ p < q, ℓ := |p− q|

−2
∑q+k
ℓ=q+1[Lk]ℓq, p = q

(C.5.4)

To treat boundaries, one can use the method in Ref. [SN06], which showns that if using a kth order
finite difference scheme within the domain, it is sufficient to treat the boundary with a stencil of
accuracy k − 2, given that the solution is point-wise bounded. We need to make sure that only
internal points are used for the creation of the difference stencils; thus, for rows with row-index
smaller than k or greater than n − k, we need to construct specific, non-centric stencils. The
procedure for boundary treatment in Ref. [CJO19] may be used as well.

C.6 Sparsity of Carleman matrix

Here we discuss the sparsity of the Carleman matrix applied to Eq. (3.1.74).

Lemma C.6.1 (Sparsity of the Carleman matrix for nonlinear PDE problem). Let AN be the
Carleman matrix with truncation number N applied to discretised PDE problem ∂tu = DLku+ cu+

buM in Eq. (3.1.74), where Lk is a central difference approximation of the Laplacian with 2k + 1

stencil points under periodic boundary conditions. Then, considering only one dimension in space,
the sparsity s(AN ) of AN is

s(AN ) = O (kN) . (C.6.1)

Proof. As individual diagonal blocks in AN (see Eq. (3.1.17)) do not overlap, we can treat them
independently and sum up the contributions. We first consider the linear term F1 = DLk + c I.
As the diagonal entries of Lk are non-zero, we can equivalently only consider Lk. The central-
difference stencil is of the form 1

h2

∑k
ℓ=−k rℓf(ℓh), hence for each row of Lk, there are 2k+1 non-zero

contributions, where there is one diagonal entry and 2k off the diagonal. The diagonal blocks of AN
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are of the form
A

(1)
j = F1 ⊗ I⊗(j−1) + I⊗F1 ⊗ I⊗(j−2) + · · ·+ I⊗(j−1) ⊗F1 . (C.6.2)

Each term is of the form of the tensor product of F1 with identity matrices, which leaves the sparsity
unchanged. The sparsity of A(1)

j is then upper bounded by the sum of the sparsities of the terms,
and so is upper bounded by j(2k + 1). Since the maximum value of j is N , that gives an upper
bound of N(2k+1). In fact, since each term has one on-diagonal and 2k off-diagonal entries in each
row, the sparsity will be 2kN + 1.

Next, consider the off-diagonal blocks of AN , given by (see Eq. (3.1.15))

A
(M)
j+M−1 = FM ⊗ I⊗(j−1) + I⊗FM ⊗ I(j−2) + · · ·+ I⊗(j−1) ⊗FM . (C.6.3)

The n× nM matrices FM have the only non-zero entries (see Eq. (3.1.83) for the case M = 2)

(FM )i,i+(i−1)(
∑M−1

ℓ=1 nℓ) = b . (C.6.4)

Hence FM is one-sparse, and again taking the tensor product with the identity leaves the sparsity
unchanged. The sparsity of A(M)

j+M−1 is then no more than the sum of the sparsities of the terms,
and so is no larger than j. The last (Nth) column of AN has A(M)

j+M−1 with j +M − 1 = N , and so
the maximum value of j is N −M + 1 < N .

The overall sparsity of AN is then upper bounded by the sum of the sparsities of A(1)
j (on-diagonal

blocks) and A(M)
j+M−1 (off-diagonal blocks). That gives the total sparsity upper bounded as

s(AN ) < N(2k + 1) +N ∈ O (kN) . (C.6.5)

C.7 Block-encoding of Carleman matrix AN

As usual in the block encoding of an operator written as a sum, the sum can be block encoded by
using a register in superposition to select between the terms in the sum, and then a select operation
controlled by that register to implement the terms in the sum. Here we have a sum of block diagonals
with A(1)

j and A(M)
j+M−1. We therefore have the following approach to the block encoding.

1. A qubit in superposition is used to select between A(1)
j and A(M)

j+M−1.

2. We prepare ancilla registers in equal superpositions over N and N −M +1 basis states; these
register store ℓ. These registers are for the block encodings of A(1)

j and A(M)
j+M−1, respectively.

3. For the block encoding of A(1)
j we apply F1 to target register ℓ. Instead of using N controlled

block encodings of F1, we can perform a controlled swap of register ℓ to a working register,
use one controlled block encoding of F1, then swap the result back. These controlled swaps
have cost O (N log n) for dimension n of the vector, in terms of elementary gates.

4. For the block encoding of A(M)
j+M−1 we perform a controlled application of FM on target registers

ℓ to ℓ+M−1 (with ℓ starting from 1). Rather than usingN−M+1 controlled block encodings of
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FM , we can swap the M target registers to working registers, then perform one controlled block
encoding of FM , then swap the result back. These controlled swaps have cost O (NM log n).

5. For block encoding A(M)
j+M−1 a further complication is that FM maps M copies to 1, so we need

to shift the target systems over so we have a contiguous block of copies. That is, if ℓ = 1,
we have the first term in the sum for A(M)

j+M−1, the first M copies are mapped to 1 and we
have the remaining M − 1 copies being zeroed, and then there are the rest of the copies. The
M − 1 zeroed copies need to be shifted to the end. These controlled swaps have a further
cost O (NM log n) in elementary gates. We also subtract M − 1 from m, to indicate that
the number of copies has been reduced by M − 1. That corresponds to the blocks containing
A

(M)
j+M−1 being away from the main diagonal.

6. Lastly, we need to truncate the sums for A(1)
j and A(M)

j+M−1 to j terms. This can be performed
by using an inequality test between ℓ and m, with a result of 1 removing the term in the block
encoding. In particular, for A(1)

j we have j corresponding to m, and ℓ > m indicates that we
are past the end of the sum. Then, for A(M)

j+M−1 we have j +M − 1 = m, so ℓ > m −M + 1

indicates we are past the end of the sum.

It is also possible to prepare the initial Carleman vector with O (N) calls to the state prepara-
tion for uin. We may first prepare a register in unary for the appropriate weightings between the
components of the Carleman vector. Then simply use each qubit of that unary register to control
preparation of the uin state. Then we obtain a number of copies corresponding to the component
of the Carleman vector as required.



Appendix D

Supplementary Material for
Section 3.2

D.1 Proof of Lemma 3.2.13

Lemma (Parametrized exponential of an orthogonal projection; Lemma 3.2.13 in main text). Let
P,Q be orthogonal projections on a vector space so that P+ Q = I. Then, for any ξ ∈ C,

eξP = Q+ eξP. (D.1.1)

For ξ ∈ iR, we retrieve Hamiltonian simulation.

Proof. We start by using the Taylor series of the operator exponential,

eξP =
∑
k≥0

ξk

k!
(P)k

= I+
∑
k≥1

ξk

k!
(P)k ;Pk = P ∀k ≥ 1

= I±P+ P
∑
k≥1

ξk

k!

= Q+ eξP. (D.1.2)

201



APPENDIX D. SUPPLEMENTARY MATERIAL FOR SECTION 3.2 202

D.2 Derivatives for conjugated generators

Here we derive the identities in Eq. (3.2.161), recalling that

ady(x) = [y, x]

admy (x) = [y, [y, . . . , [y︸ ︷︷ ︸
m times

, x]] · · · ] = ady ◦ · · · ◦ ady︸ ︷︷ ︸
m times

(x)

ad0(x) = x. (D.2.1)

Let the conjugated operator be
AC(t) = eBtA(t)e−Bt, (D.2.2)

with A(t) smooth in time t ∈ R. In the main text, we use B = iPc and thus call this interaction
picture (·)I . Similarly, bC(t) = eBtb(t) and smooth b(t). We assume here that B is constant in
time. Therefore, the final expressions rely on a conjugation operation Tt so that TtA(Tt)−1 satisfies
∂tTt = BTt and [B, Tt] = 0, which restricts us to eBt with constant B. Then, we consider an
arbitrary pth, p ∈ N, partial derivative with respect to time

(∂t)
pAC(t) = (∂t)

p−1
(
(Ȧ(t)C + [B,AC(t)]

)
= (∂t)

p−2
(
[B, [B,AC ]] + 2[B, (Ȧ)C ] + (Ä)C

)
= . . .

Using the ad-notation introduced above,

(∂t)
pAC(t) = (∂t)

p−1
(
(Ȧ(t))C + adB(AC(t))

)
= (∂t)

p−2
(
ad2(AC(t)) + 2adB((Ȧ)C) + (Ä)C

)
= . . .

Then, as a direct consequence of the product rule of differentiation and the aforementioned condition
that ∂teBt = BeBt = eBtB, we can recognize a binomial structure of

∂pt (AC(t)) = ((∂t + adB)
p(A(t)))C , p ∈ N. (D.2.3)

For binomials, we have the well-known identity that (x+ y)p =
∑

0≤q≤p
(
p
q

)
xqyp−q, hence

((∂t + adB)
p(A(t)))C =

 ∑
0≤q≤p

(
p

q

)
adqB ∂

(p−q)
t A(t)


C

=
∑

0≤q≤p

(
p

q

)
adqB

(
∂
(p−q)
t A(t)

)
C

(D.2.4)

The same approach can be used for vectors b(t), where the interaction picture rotation is only a
left-multiplication by eBt rather than a conjugation. This means, simply replace A(t) with b(t) in
Eq. (D.2.4) and replace adpy(x) with left-multiplication instead of commutators, ypx.
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D.3 Proof of Proposition 3.2.5

Proposition D.3.1 (Restatement of Proposition 3.2.5). Let A(t) = H(t) + ζV (t) be a perturbed
dynamical generator with ζ∥V (t′)∥ ≪ ∥H(t′)∥ for any t ≥ t′ ≥ 0 and A(t), H(t), V (t) complex
matrices. Let v(t) be the solution to d

dtv(t) = A(t)v(t) + b(t) with initial data v(0). Further,
suppose we are interested in measuring the expectation value of a matrix P . Then, the effect due to
perturbation ζV (t) on the expectation of P up to first order in the strength of the perturbation

⟨P (t)⟩ − ⟨P ⟩0 = ζ

∫ t

0

dt′
tr
[{
P, V (t, t′)σ(t′, t)

}
∼

]
tr [σ(t, t)]

+O
(
ζ2
)

(D.3.1)

where ⟨P (t)⟩ is the perturbed expectation and ⟨P ⟩0 is the expectation due to the unperturbed dynamics
generated by H(t). Further, there is the modified anticommutator {X,Y }∼ = XY + Y †X, a density
augmented by the forcing term b(t) through σ(t′, t) = Tt′(v(0)δ(t

′)+b(t′))
(
Tt(v(0)δ(t)+b(t))

)† where

Tt(u) =
∫ t
0
ds T exp

(∫ t
s
dt′H(t′)

)
u(s) and V (t, t′) =

∫ t
t′
dτ V (τ).

Proof. Given dynamics

d

dt
v(t) = A(t)v(t) + b(t) = (H(t) + ζV (t)) v(t) + b(t), (D.3.2)

we seek to find a first-order estimate to the difference in an expectation of an operator P with respect
to the perturbed evolution vH+ζV (t) compared to the unperturbed evolution vH(t):

⟨vH+ζV (t), P vH+ζV (t)⟩ − ⟨vH(t), P vH(t)⟩
⟨vH(t), vH(t)⟩

=: ⟨P (t)⟩ − ⟨P ⟩0 = δ⟨P (t)⟩, (D.3.3)

This covers, beyond non-Hermitian operators, also a time-dependency in the original dynamics and a
forcing term in the differential equation and thus goes beyond formulas provided in [SDM22; GH22].
As a reference on non-Hermitian dynamics, e.g. see [DTM90; Bro13]. We may express the solution,
according to Eq. (3.2.57) in terms of homogeneous and particular solution as follows using Green’s
functions,

v(t) = vh(t) + vp(t) = (G ⋆ v0)(t) + (G ⋆ b)(t) (D.3.4)

where v0(t) = δ(t)v(0) (where δ(t) is the delta distribution) and

(G ⋆ x)(t) = (G ⋆ x)(t, 0) =

∫ t

0

dsG(t, s)x(s). (D.3.5)

Note that we restrict ourselves to finite-dimensional, matrix-values A(t), and thus also G(t, s). This
means that all convolutions will go across the time degree of freedom and the space degree of freedom
follows matrix-matrix and matrix-vector multiplication. Of course one could think of generalizing
this approach to infinite-dimensional objects, which we leave up for further research. For time-
propagation according to Eq. (D.3.2), we can identify

G(t, s) = GA(t, s) = T e
∫ t
s
ds′A(s′). (D.3.6)

In the case of the homogeneous solution, the convolution simplifies to a matrix-vector product of
the time-ordered exponential with the initial vector, and similarly for a constant forcing term. The
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reason we choose this unconventional form for the homogeneous solution is that it allows us to
treat the homogeneous vh(t) and particular solution vp(t) simultaneously. We denote G = GA with
generator A, and GH and GV with the respective generators in the subscript. If we drop one of the
time arguments, then G(t) = G(t, 0).

The composition of multiple convolutions follows

(G1 ⋆ G2 ⋆ x)(t, 0) =

∫ t

0

dt1

∫ t1

0

dt2G1(t, t1)G2(t1, t2)x(t2), (D.3.7)

and similar for more than two kernel functions; this combination preserves time-ordering. To make
notation simpler, let us introduce w(t) = v0(t) + b(t) = δ(t)v(0) + b(t) to collect homogeneous and
inhomogeneous terms.

In order to analyze perturbative problems, the notion of interaction picture is often convenient
in physics to isolate the effects due to perturbation in the analysis – this will also be the case
here. Initially, let us assume that H(t) ̸= H†(t). Then, we define Tt as evolution generated by
H(t) (‘forward’) and T−t is generated by −H†(t) (‘backward’, defined on the adjoints u†(t)), so that
Tt(u) = (GH ⋆u)(t) and T−t(u

†) = (u†⋆G−H†)(t). While these are not unitary and {Tt}t, {T t}t form
separate dynamical semigroups (over the right and left half-line respectively), the inverse elements for
{Tt} are in the adjoint elements from {T−t} and vice versa, i.e., TtT

†
−t = T

†
−tTt = T−tT

†
t = I. This is

a consequence of bi-orthogonality of the bases of the non-Hermitian generator [DTM90]. Then, Tt, T t
give us a means to introduce a non-Hermitian interaction picture transformation similar to what
was done in [SDM22] where H was chosen to be constant in time; then, such an interaction picture
transformation does not change the expectation based on the (not necessarily unique) definitions,

vI(t) := T
†
−tv(t) = (G†

−H† ⋆ v)(t)

v†I(t) := v†(t)T−t = (v† ⋆ G−H†)(t)

PI(t) := T †
t PTt. (D.3.8)

Intuitively, observables experience forward evolution and states undergo the backward evolution.
We verify by inserting into the expectation,

⟨P (t)⟩ := ⟨v(t), IP I v(t)⟩
⟨v(t), v(t)⟩

=
⟨v(t), T−tT

†
t PTtT

†
−tv(t)⟩

⟨v(t), v(t)⟩
=

⟨T †
−tv(t), (T

†
t PTt)(T

†
−tv(t))⟩

⟨v(t), v(t)⟩

≡ ⟨vI(t), PI(t)vI(t)⟩
⟨v(t), v(t)⟩

. (D.3.9)

Notice that we need to be careful with the normalization term, as ⟨v(t), v(t)⟩ = ⟨v(t), TtT
†
−tv(t)⟩ ≠

⟨vI(t), vI(t)⟩.
Now, Eq. (D.3.9) gives us a good starting point for the perturbative analysis. We start by looking

at the nominator. First, express v†I , PI , vI up to first order in the perturbation, i.e., first order in ζ.
Then, upon inserting this into Eq. (D.3.9), we again continue by only keeping linear order. Finally,
the denominator will receive similar treatment, to estimate impact of the perturbation onto the
normalization.

We use notation T exp
(∫ τ

0
dτ ′A(τ ′)

)
=: Tτ [A], where we add the generator in square brackets.

Then, our goal now is to simplify the evolutions T
†
−tTt[A] = (G−H† ⋆ GA ⋆ δ)(t) that is used to
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express vI(t). Here it proves useful to consider [Chi+21, Lemma A.2]. Given A(τ) = H(τ) + V (τ),
it holds that

Tτ [A] = Tτ [H]Tτ
[
T †
τ [−H†]V Tτ [H]

]
, (D.3.10)

since we recall form above that the inverse to Tτ [H] is T
†
−t = T †

τ [−H†]. Using notation as before,
Tτ = Tτ [H] and T−τ = Tτ [−H†] and using a ‘test function’ u, Eq. (D.3.10) becomes

Tτ [A]u = (G ⋆ u)(τ) = Tτ Tτ
[
T

†
−τV Tτ

]
u = Tτ Tτ [VI ]u (D.3.11)

Then,
T

†
−tTt[A] = T

†
−tTt︸ ︷︷ ︸
=I

Tt[VI ] = Tt[VI ] (D.3.12)

and consequently vI(t) = (GVI
⋆w)(t). The expression for the adjoint element, v†I(t) = (w† ⋆G†

VI
)(t),

follows immediately thanks to Eq. (D.3.8). Furthermore,

GVI
(t, s) = T e

∫ t
s
dτ ζVI(τ). (D.3.13)

We continue by approximating this propagator to linear order in ζ by expanding the time-ordered
exponential,

GVI
(t, s) =

∞∑
n=0

ζn
∫ t

s

dτ1

∫ τ1

s

dτ2 · · ·
∫ τn−1

s

dτn VI(τ1)VI(τ2) · · ·VI(τn)

= δ(t− s) + ζ

∫ t

s

dτ1 VI(τ1) +O(ζ2). (D.3.14)

Moreover,

(GVI
⋆ w)(t) =

∫ t

0

dsGVI
(t, s)w(s) ≂

∫ t

0

dτ1

(
δ(t− τ1) + ζ

∫ t

τ1

dτ2 VI(τ2)

)
w(τ1) (D.3.15)

= w(t)︸︷︷︸
=:w0(t)

+ ζ

∫ t

0

dτ1

∫ t

τ1

dτ2 VI(τ2)w(τ1)︸ ︷︷ ︸
=:ζw1(t)

. (D.3.16)

We remember that w(t) = v0δ(t)+b(t). Now we can insert this in the expectation value ⟨vI(t), PI(t)vI(t)⟩
as in Eq. (D.3.9),

⟨(GVI
⋆ w)(t), PI(t)(GVI

⋆ w)(t)⟩
Eq. (D.3.16)

≈ ⟨w0(t) + ζw1(t), PI(t)(w0(t) + ζw1(t))⟩

= ⟨w0(t), PI(t)w0(t)⟩︸ ︷︷ ︸
=:(□)

+ ζ ⟨w0(t), PI(t)w1(t)⟩+ ζ ⟨w1(t), PI(t)w0(t)⟩︸ ︷︷ ︸
=:(#)

+ζ2 ⟨w1(t), PI(t)w1(t)⟩ .

(D.3.17)

Up to normalization, we identify the unperturbed expectation and recall that Ttw0(t) = (GH ⋆w)(t)

is the unperturbed evolution,

⟨P ⟩0 :=
⟨w0(t), PI(t)w0(t)⟩

⟨(GH ⋆ w)(t), (GH ⋆ w)(t)⟩
=

⟨Ttw0(t), P Ttw0(t)⟩
⟨Ttw0(t), Ttw0(t)⟩

, (□) = ⟨P ⟩0∥Ttw0(t)∥2. (D.3.18)
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The linear-order terms lead to the following expression, where we use notation V I(t, s) =
∫ t
s
dτ VI(τ).

(#) =ζ

(〈∫ t

0

dτ1 V I(t, τ1)w(τ1), PI(t)

∫ t

0

dτ2 δ(t− τ2)w(τ2)

〉

+

〈∫ t

0

dτ1 δ(t− τ1)w(τ1), PI(t)

∫ t

0

dτ2 V I(t, τ2)w(τ2)

〉)
(D.3.19)

The following relation will be convenient: VI(t) = T
†
−tV (t)Tt. Consequently,

V I(t, s) =

(∫ t

s

dτ T
†
−τV (τ)

)
Tτ = T

†
−s

(∫ t−s

0

dτ T
†
−τV (τ + s)Tτ

)
Ts

= T
†
−s

(∫ t

s

dτ T
†
−(τ−s)V (τ)Tτ−s

)
Ts = T

†
−sV (t, s)Ts (D.3.20)

Then, we may conclude that

(#) = . . . =ζ

(∫ t

0

dτ
〈
w(τ), V

†
I(t, τ)T

†
t PTtw(t)

〉
+

∫ t

0

dτ
〈
w(t), T †

t PTtV I(t, τ)w(τ)
〉)

= ζ

(∫ t

0

dτ
〈
Tτw(τ), V

†
(t, τ)T †

t−τP (Ttw(t))
〉
+
〈
Ttw(t), PTt−τV (t, τ)(Tτw(τ))

〉)
(D.3.21)

Moving along, we define a ‘density’

ν[A](t, τ) := (Tt[A]v(t)) (Tτ [A]v(τ))
†
. (D.3.22)

If we omit the generator in square brackets of ν[H] = ν, we assume the unperturbed evolution
through H(t). That means that Eq. (D.3.21) becomes

ζ

∫ t

0

dτ tr
[
ν(τ, t)†V

†
(t, τ)T †

t−τP + PTt−τV (t, τ)ν(τ, t)
]

= ζ

∫ t

0

dτ tr
[{
P, Tt−τV (t, τ)ν(τ, t)

}
∼

]
=: ζP(t) (D.3.23)

with the modified anti-commutator {X,Y }∼ := XY + Y †X.
Next, we consider the normalization term in Eq. (D.3.9), up to first order. Here it also proves

useful to use Eq. (D.3.11) which implies that v(t) = TtvI(t). Then,

⟨TtvI(t), TtvI(t)⟩ =
〈
vI(t), T

†
t TtvI(t)

〉
(D.3.24)

Thus, we can treat Eq. (D.3.24) analogously to the nominator ⟨vI(t), PI(t)vI(t)⟩ but replacing PI(t)
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with T †
t Tt, up to keeping in mind that we have to divide by this term:〈

w0(t) + ζw1(t), T
†
t Tt(w0(t) + ζw1(t))

〉
=
〈
w0(t), T

†
t Ttw0(t)

〉
+ ζ

(〈
w1(t), T

†
t Ttw0(t)

〉
+
〈
w0(t), T

†
t Ttw1(t)

〉)
+O

(
ζ2
)

= ∥Ttw0(t)∥2ℓ2

1 + ζ

〈
w1(t), T

†
t Ttw0(t)

〉
+
〈
w0(t), T

†
t Ttw1(t)

〉
∥Ttw0(t)∥2ℓ2

+O
(
ζ2
)

= ∥Ttw0(t)∥2ℓ2

(
1 + ζ

T(t)

∥Ttw0(t)∥2ℓ2
+O

(
ζ2
))

(D.3.25)

where T(t) =
∫ t
0
dτ tr

[{
I, V (t, τ)σ(τ, t)

}
∼

]
by Eqs. (D.3.19) and (D.3.21) to (D.3.23). To find the

inverse of the parentheses term in Eq. (D.3.25), consider the Taylor series of 1
1+x at x = 0 given by∑∞

k=0(−x)k. Then if we have small x ≪ 1, we can use the approximation 1
1+x = 1 − x + O(x2).

This allows us to express the normalization factor in first order as

1

⟨v(t), v(t)⟩
=

1

∥Ttw0∥2ℓ2

(
1− ζ

T(t)

∥Ttw0∥2ℓ2
+O(ζ2)

)
. (D.3.26)

The final step now is to assemble Eq. (D.3.9) based on previous results,

⟨P (t)⟩ = ⟨vI(t), PI(t)vI(t)⟩
1

· 1

⟨v(t), v(t)⟩

=
(
⟨P ⟩0 · ∥Ttw0(t)∥2 + ζP(t) +O

(
ζ
)2) ·( 1

∥Ttw0∥2

(
1− ζ

T(t)

∥Ttw0∥2
+O(ζ2)

))

≂ ⟨P ⟩0 + ζ
P(t)

∥Ttw0(t)∥2ℓ2
− ζ⟨P ⟩0T(t) +O

(
ζ2
)

(D.3.27)

And hence,

⟨P (t)⟩ − ⟨P ⟩0 = ζ
P(t)− ⟨P ⟩0T(t) +O(ζ)

∥Ttw0(t)∥2
(D.3.28)

Let us continue by expanding the definitions of P(t),W(t),

⟨P (t)⟩ − ⟨P ⟩0 =
ζ

tr[ν(t, t)]

(∫ t

0

dτ tr
[{

(P − ⟨P ⟩0), V (t, τ)σ(τ, t)
}
∼

]
+O(ζ)

)
(D.3.29)

Here, we can identify a transfer or response function χ(t, t′) similar to [SDM22, Eq. (1)] and [GH22,
Eq. (2)]

χ(t, t′) = 1[t≥t′]
tr
[{
(P − ⟨P ⟩0), V (t, t′)σ(t′, t)

}
∼

]
+O(ζ)

tr[σ(t, t)]
(D.3.30)

so that δ⟨P (t)⟩ = ζ
∫ t
0
dt′ χ(t, t′).
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D.4 A lower bound on the final solution norm for the discrete

heat equation

Lemma D.4.1. Given d
dtv(t) = DLhv(t) + b(t) with v, b ∈ Rn

d

and Lh ∈ Rn
d×nd

a discrete
Laplacian in periodic boundary conditions. Thus we also have that ∃µmin < 0 so that −∞ ≺
µmin I ⪯ Lh ⪯ 0. Additionally, this means that ∥v(s)∥ℓ2 ≤ ∥v(0)∥ℓ2 for any 0 ≤ s ≤ t. Furthermore,
in this Lemma, we assume that b(s) ≥ 0 for 0 ≤ s ≤ t. Then,

∥v(t)∥2ℓ2 ≥ ∥v(t)∥2ℓ2 ≥ 2eDµmint∥v(0)∥ℓ2∥b∥L1[0;t] (D.4.1)

Proof. By the governing equation, we have

∥v(t)∥2ℓ2 =

∥∥∥∥eDLhtv(0) +

∫ t

0

ds eDLhsb(s)

∥∥∥∥2
ℓ2

= ⟨v(0), e2DLhtv(0)⟩+ 2

∫ t

0

ds
〈
v(0), eDLhsb(s)

〉
+

∫ t

0

ds

∫ t

0

ds′
〈
b(s′), eDLh(s+s

′)b(s)
〉

(D.4.2)

:= (I) + (II) + (III)

We can obtain a lower bound using a reverse Cauchy-Schwartz-type inequality due to Pólya and
Szegő [HLP34, p. 62, §71], which says that for bounded vectors x, y with positive entries,

⟨x, y⟩2 ≥ C⟨x, x⟩⟨y, y⟩ (D.4.3)

with a constant
C = 1

4

(√
max{x}max{y}
min{x}min{y} +

√
min{x}min{y}
max{x}max{y}

)2
. (D.4.4)

For the case of the discretized heat equation here with the solution signifying temperature, the
positivity assumption on v(t) holds, for the forcing term we invoke a positivity assumption for the
sake of this argument. This is physically reasonable when we think of a heat source. In the case of
strong heat sinks, we may expect the solution to fully decay to zero (and not become negative to
remain physical); we can ensure non-negativity by shifting the solution by ∥b∥L1[0;t]. Then, applying
the inequality on term (II),

〈
eDLhtv(0),

∫ t

0

ds eDLhsb(s)

〉2

≥ C
〈
v(0), e2DLhtv(0)

〉 ∫ t

0

ds

∫ t

0

ds′
〈
b(s′), eDLh(s+s

′)b(s)
〉
.

(D.4.5)

Using this expression in Eq. (D.4.2),

∥v(t)∥2ℓ2 ≥ (I) + C
√
(I)
√

(III) + (III) (D.4.6)
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In addition,

eµmintmin
j

[v(0)]j ≤ [eDLhtv(0)]j ≤ max
j

[v(0)]j ∀ j ∈ [nd] (D.4.7)

eµmint · t min
j,0≤s≤t

[b(s)]j ≤
∫ t

0

ds eDLhsb(s) ≤ t max
j,0≤s≤t

[b(s)]j ∀ j ∈ [nd]. (D.4.8)

For convenience, we define the amplification factor Q :=
maxj [v(0)]j maxk,s[b(s)]k
minj [v(0)]j mink,s[b(s)]k

, noting that Q ≥ 1,
and obtain for the constant (where µmin < 0)

C =
1

4

e−µmint
√
Q︸ ︷︷ ︸

>1

+eµmint
√
Q−1︸ ︷︷ ︸

<1

2

≥ e2µmint

4Q
. (D.4.9)

Now,

∥v(t)∥2ℓ2 ≥ (I) +

√
e2µmint

4Q
(I) (III) + (III)

≥ e2Dµmint
(
∥v0∥2ℓ2 + ∥b∥2L1[0;t]

)
+

√
e2Dµmint∥v0∥2ℓ2∥b∥

2
L1[0;t]

4Q

≥ eDµmint

(
2 +

1√
Q

)
∥v0∥ℓ2∥b∥L1[0;t] (D.4.10)

In the second inequality, we use the bounds (I) ≥ e2Dµmint∥v(0)∥2ℓ2 and (III) ≥ e2Dµmint∥b∥2L1[0;t].
The third inequality follows from bounding the arithmetic with the geometric mean, x+y

2 ≥ √
xy.

Recall that Q ≥ 1 to obtain

∥v(t)∥2ℓ2 ≥ 2eDµmint∥v(0)∥ℓ2∥b∥L1[0;t]. (D.4.11)
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