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Abstract
In this study, we investigate the effect of nonlocality in quantummechanics and propose a fractional
approach the theory of quantized fields. For this purpose, we embedded the fractional calculus to
broaden theory of quantum fields since the integral and derivative operators are nonlocal in fractional
calculus.Additionally, quantum entanglement is discussed to gain comprehension of nonlocality in
the foundation of quantummechanics. Besides, fractional Lagrangian formalismwas presented due to
fact that the Lagrangian density is the starting point to establish afield theory.Furthermore, tomake
fractional field operators quantummechanical, equal-time commutator have been defined for the
these operators in terms of Caputo fractional derivative. Thus, a scheme of quantization of fractional
fields is introduced and general aspects of themethod is illustratedwith the theory ofmassive scalar
fields. This approach laid out to a successful generalization of the quantum field theory which is
coherent with the standard formalism. Consequently, we developed promising concept for a quantum
field theory by introducing nonlocality into standardmathematical formalism.

1. Introduction

As is well known, the nonlocal phenomenawhich is riddledwith the quantum entanglement, has always been
the subject of controversy in the theoretical physics. Nevertheless,many important process in physics involves
nonlocality in time(memory effects) and space (long-range interactions) [1, 2]. A notable example of nonlocal
phenomena is spontaneous fissionwhich occurs due to the quantum tunnelling [3]. Additionally, one problem
that has bedevilled the quantummechanics from the beginning is the question of the nonlocality.Moreover, this
fundamental aspect of the theory has been demonstrated by a series of designed experiments [4, 5]. In the light of
these facts, it waswith a view to obtainingmore insight regarding the effects of nonlocality, that the present study
was undertaken. For this purpose, we have proposed an approach to interprete quantum entanglement within
the framework of fractional time evolutionwhich comprises nonunitary property that describes the nonlocal
behavior of quantum systems. It should be also emphasized that our approach relies on the assumption of
nonlocal effects occur only in fractional space-time. However, such an opinionmight be considered as a
violation of basic principle of quantum field theory (QFT), like casuality and unitary. However, in the case of
fractional derivative orderα= 1, space-time becomes continuous hence the our approach satisfies the
principles ofQFT. Therefore, it seems to be reasonable to assume that standardmathematical QFT is globally
local whereas there exist nonlocality in the fractional dimensions.

There is an increasing attention of physicists in nonlocal field theories during recent years. It is also clear that
considerable progress have beenmade in constructing a nonlocal theory of quantizedfields. Before the
renormalization is well established,first attempts to eliminate ultraviolet divergences in the quantum field
theory, have relied on the nonlocal Lagrangians [6–10]. In general, themain idea of these studies is quantized
fields bymeans of the hypothesis of space-time stochasticity [11]. In particular, proposedmethods are based on
the stochastic space-timeR4 and of averaging in it. According to this, space-time is defined as following [12].

x x ib x g, , 10 4= + +m mˆ ( ) ( )
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where c represents speed of light, xμ= (x0= ct, xμ), and gμ= (g4= cτ, gμ) is randomvector with ameasure
w g l

E
2 2( )which obeys the following conditions,

dw g l dw g l1, 0. 22 2 2 2ò =m m( ) ( ) ( )

Here, l is the fundamental lengthwhich represents the domain that the nonlocality occurs. Additionally,
canonical quantization of scalarfields which are containing nonlocal terms have been presented by several
authors [13, 14]. However, progress achived in nonlocal quantum field theory in during the past decades is
connectedwith probability theory and stochastic processes [15, 16]. Stochastic quantization is first proposed by
Parisi andWu and studies have beenmade to advance ideas of stochastic quantization since the original paper
published [17]. In thismanner, stochastic quantization of the Euclideanfield is defined in terms of the Langevin
type equationwith respect to auxiliary time. Beside the stochastic approaches, it is alsoworth tomention that the
constructing a nonlocal theory offields bymaking use of fractional calculus is a relatively recent development
[18]. Classical fractionalfields which are formulated in terms of fractional Lagrangian densities, are proposed by
several authors to take into account nonlocality [19, 20].Moreover, the fractional Dirac equation and its solution
were presented [21, 22]. Stochastic quantization of fractional Klein–Gordon field atfinite temprature, has also
proposed by Limby generalization of Parisi-Wu stochastic quantization [15, 23]. The underlying idea of this
study is to treat EuclideanKlein–Gordon field as a collection of fractional harmonic oscillators.

For this reason, formulation of quantizedfields is proposed in terms of Caputo fractional derivative which is
nonlocal by its nature. Additionally, it appears that the interest of scientists has increasing attention since it wide
application in differentfields of science [24–29]. Itmight be also said that the study of fractional calculus in
quantummechanics is still in infancy. However, fractional Schrödinger equationwas proposed via path integral
approach for Levy processes by Laskin [30–32]. In addition, fractional quantum calculus which leads the
effective way of treating problems that includes the sets of nondifferentiable functions, is proposed in
recent [33].

There exist several approaches to quantize field theory. It is alsoworth tomention that the canonical
quantization ismostly usedmethod.Nevertheless, as we emphasized above, stochastic quantization of fractional
fields have been also proposed and the basis of thismethod have been expounded. Themain aimof the our study
is the present the canonical quantization programme of fractionalfields for thefirst time.

Thismanuscript is organized as follows: in section 2, the phenomenon of nonlocality is presented in detail
and a thought experiment is considered to allowbetter understanding of implication of nonlocality. In section 3,
fractional Lagrangian formalism is introduced bymaking use of Caputo fractional derivative. Section 4 is
devoted to quantization of fractionalmassive scalarfields. Finally, the conclusions are summarized in section 5.

2. A review of nonlocality

The phenomenon of nonlocality was first illustrated by the famous thought experiment of Einstein, Podolsy and
Rosen thus a newwindowhad been opened to our grasp of quantummechanics by this classic paper [34].
Furthermore, it is clear from the results of series of experiments that the Bell’ s inequality is violated [4, 5]. In
otherwords, onemay say that it appears that the existence of the nonlocal effect which is called as ’ spooky action
at a distance’ by Einstein. For this reason, in order to allow better understanding of the nonlocal phenomenon in
the foundations of the quantummechanics, it seems to be necessary to develop a sensible language for the
theory. The usual formulation of the quantummechanics is based on the standardmathematical operators
which are local. Therefore it seems to us that the utilization of the fractional derivative operators which are
nonlocal, gives the deeper understanding of the implications of nonlocality.

Before going forward, let us start with introducing the time fractional evolution operator sincewe investigate
the time evolution of the quantum system. The fractional time evolution operator is given by

t t E i t t, , 30 0= - -a a
a( ) (( ( )) ) ) ( ) 

where represents theHamiltonian of the system [35, 36]. In the above equationEα(. ) is theMittag-Leffer
functionwhich is defined by [37]

E z
z

n1
. 4

n

n

0
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¥

( )
( )
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It is notable that t t, 0a( ) is not unitary operator which differs the standard time evolution operator.

t t t t E i t t, , , 50 0 0
2= - -a a a

a( ) ( ) ∣ (( ( )) ) )∣ ( )†  

we shall now consider as a simple example of entanglement with two particles system, namelyM andN,which
were interacted in the past but the at the present they are situated far from each other. Additionally, it is worth to
mention thatM andN are entangled. Thus, we assume that thewave functionwhich describes the system is
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given by,

mn . 6F( ) ( )

Therefore, complete description of the systemM is given by the its densitymatrix [38].

m n mn . 7mm
n
år = F ¢ F¢ ( ) ( ) ( )*

Now, the question is domeasurements at the systemNcauses the anything to happen at systemM, in other
words does it cause the change of the densitymatrix ofM. It is well known that according to the postulates of
standard quantummechanics, any evolution of systemNmust be unitary in keepingwith a fundamental
principle of quantummechanics [38]. That is to say evolution of systemN is described by the unitarymatrix
Unn¢. In this sense,Unn¢ acts on thewave function hence resultingwave function can bewritten as following,

n
U mn . 8f nnåF =

¢
= F ¢¢ ( ) ( )

Therefore densitymatrix of systemMwhich is given by equation (7) becomes

n n n
m n U U mn

, ,
. 9mm n n nnår =

¢ 
F ¢  F ¢¢  ¢( ) ( ) ( )†*

It is easy to see that the densitymatrix of systemMdoes not change since the transformation is unitary. This
means that themeasurement ofNdoes not cause a particular effect for the systemM.However, it would appear
from the equation (5) that the a surprising action at a distance occurs due to the non unitary property of
fractional time evolution operator. Now, it is appropriate to examine the decay of neutral pi as a simple example
to understand this effect. Accordingly, electron and positron are in the singlet state as following

EPR
1

2
. 10M N M Nñ = ñ ñ - ñ ñ∣ (∣ ∣ ∣ ∣ ) ( )

HereM represent positronwhileN represents electron.We shall now suppose that electron and positron are
separated in space and electron is subjected by the externalmagnetic fieldsBwhich is uniform in the z direction.
Therefore, time development of the system is governed by the fractional time evaluation operator:

E
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Hencewe obtain state EPRñ∣ at any later time as following
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In additionwe shouldmention that the fractional time evolution operator acts on only the second part of state.
Thus, according to the the equations (9) and (12) the densitymatrix of systemMcan bewritten as following
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Hence, it would appear from these results that the detectable effects of nonlocality can be deduced. Additionally,
in the caseα= 1 results of conventional physics are recovered. As a consequence, these results account nonlocal
effects in somemeasure for the quantumnonlocality with superluminal influences.

3. Fractional lagrangian formalism

In this study, partial Caputo derivatives are utilized due to the fact that the initial conditions which are
accompaniedwith the fractional differential equationwithCaputo derivatives take the regular form such as for
the integer order differantial equations [39]. Hence, partial left and right Caputo derivatives are respectively
defined as [40, 41]

f x
f x x x x

x
d

1

1

,..., , , ,...,
, 14p

p a

x p p n

p

1 1 1

p

p

pòa
t
t

t¶ =
G -

¶

-
a t

a+
- +( )

( )
( )

( )
( )

3

Phys. Scr. 97 (2022) 065203 KGAtman andHŞirin



f x
f x x x x

x
d

1

1

,..., , , ,...,
. 15p

p a

x p p n

p

1 1 1

p

p

pòa
t

t
t¶ =

-
G -

¶

-
a t

a-
- +( )

( )
( )

( )
( )

It is clear that the Lagrangian density is the starting point to establish afield theory since it guarantees that the
theory is Lorentz invariant due to the fact that the Lagrangian density is a scalar quantity. Therefore, it is
inevitable to formulate fractionalfields in terms of the fractional Lagrangian densities. As in the conventional
Lagrange formalism, dynamics of the fractional field is governed by the Lagrangian. Covariant formof the action
which contains fractional Lagrangian density is defined as follows,

S d x x x, , 0, 1, 2, 3, 164òf f f m= ¶ =m m
a

m[ ] ( ( ) ( )) ( )

wheref(xμ) is the fractional field and xf¶m
a

m( ) represents its fractional derivative. In this context, equation of
motion is determined by the principle of the least action and using the condition for extremumof a functional
[42]. In order tofind extremumvalue of action, variation of functionf(xμ) is considered as,

x x x . 17f f h= +m m m( ) ( ) ( ) ( )* 

Hence, we canwrite the fractional action as,
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According to the calculus of variations, we obtain
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Bymaking use of the fractional integration by parts formulawe hence obtain fractional Euler–Lagrange
equations ofmotion forfieldsfμ.
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In the caseα= 1, equation (20) reduces to the standard Euler–Lagrange equation. It is known that the canonical
quantization is themethod of obtaining the quantumfield theory by quantizing the classical theory. Therefore,
in order to quantize the fractional classical theory, we need theHamiltonian formalism of the fractional field
theory. For this purpose, we follow formalismwhich is given by [21] and define themomentumdensities pm

a and

pm
b conjugate tofieldfμ.
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Therefore, Euler–Lagrange equation can bewritten as follow,
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According the proposed formalism,Hamiltonian density is given by
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Sincewewant to quantize classical fields with fractionalmanner, the given formulation offields within the
Caputo derivatives would serve as a starting point to establish a fractional quantumfield theory. In the next
section, we expand field operatorf(xμ) in terms of fractional creation / annihilation operators to obtain
fractionalmassive scalar fields and complete our programme of canonical quantizationwith fractionalmanner.

4. Fractionalmassive scalarfields

In this section, we now apply the fractional quantization of the harmonic oscillator to themassive scalar fields in
order to obtain fractional extentsion of theory.With regard to this, wewritef(x) and xpm

a ( ) in terms of linear

sumof an infinite number of fractional creation / annihilation operators ap
a † and αap,

x
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Here, αap and ap
a † represent the fractional creation/annihilation operators which are interpreted as the

increasing or decreasing the energy of state by a fractional unit of energy [43].
Let us introduce the fractional derivative of the exponential function since it is necessary for developing the

equal-time commutator for the fractional fields. However,

D e t t E t t . 26t t
t t k k

k0 1, 1 00
0 r r= - -a r a

a
- -

- +( ) ( ( )) ( )( )

An alternative formof the derivative of exponential function couldwritten as following [44],
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Here, the function Fα(t− t0; ρ) is amonotonically decreasing functionwhich characterizes the deviation from
the integer order derivative of the exponential function [44]. Therefore, these deviations vanish for the large
factor of exponential and thus,

D e e . 28t t
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0
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Bymaking use of equation (28), commutation relation for the fractional fields can bewritten as following,
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The commutator for the fractional creation/annihilation operators is given by [43]

a a, , , 30q p h a=a a[ ] ( ) ( )† 

where the ò stands for dependency of the particular representation of theHilbert space. Thus, we obtain the
commutation relation between fractionalfield operators bymaking use of above equation.
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Themain idea of the canonical quantization schema is converting thefields to operator valued function of the
space. In thismanner, classical fractionalfield theory have been quantized by defining the commutator for the
fractional operators.

To complete our programme of the canonical quantization of the fractional classical fields, we nowutilize
the expension of the field operatorf(x) into theHamiltonian. In thismanner, expression for the corresponding
energy operator is defined in terms of the fractional creation / annihilation operators.

d x x x m x
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It is reasonable to start by obtaining themomentumdensity for the calculateHamiltonian.
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After the determinemomentumdensity, the corresponding space-like component can bewritten as following.
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Thus, by inserting these results into equation (32), calculation ofHamiltonian is completed.
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Bymaking use of d xe x2ip x3 . 3 3ò p d= ( ) ( )( ) , we obtain,
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where n a ap p=a a a † is the number operator. Additionally, in order to deal with the infinity, fractional creation
and annihilation operators werewritten as normal ordered.In thismanner, fractional theory of quantizedfields
is completed. The programme of the concomitant formalismwhich is aiming to the fractional quantization of
themassive scalar field, can be briefly summarized as following:

(i) The proposedmodel is defined startingwith a Lagrangian density for scalarmassive field theory.

x m x
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1

2
. 372 2 2f f= ¶ -a

+[ ( )] [ ( )] ( )

(ii) After the writing down Lagrangian density, momentum density and Hamiltonian are calculated in terms of
the fractionalfields.

x
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f
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hence,Hamiltonian can bewritten in terms of themomentumdensity as following,

x . 390 0f= P ¶ -a a a a
+ ( ) ( ) 

(iii) To quantize the given fractional field, we impose the canonical commutation relation,

x x i x y, , . 400
3f h a dP = -a[ ( ) ( )] ( ) ( ) ( )

(iv) Last step is the expanding the fields in terms of fractional creation and annihilation operators.
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Thus, we have demonstrated that the bymaking use of the fractional calculus leads to nonlocal quantumfield
theory.

5. Conclusion

In this study, we have presented the fractional quantumfield theory which has been enriched by new powerful
method that relies on the ideas of nonlocal fractional derivative operators, to take into account nonlocal effects.
For this reason, in order to realize the quantization of fractional classicalfields within framework of canonical
quantization, fractional equal-time commutation relation has been derived. In this way, we have completed the
canonical quantization schema ofmassive scalar fields for thefirst time.

We have also shown that the viewpoint of fractional calculus leads to new insights and surprising
interpretation of the nonlocal phenomena in the foundations of quantummechanics.We have providedwith a
simple thought experiment to gain a deeper understanding of nonlocality in quantummechanics. As a result,
there existmeasurable consequences of nonlocal effects for themaximally entangled states. However, in the case
ofα= 1where the space-time becomes continuous, the standardmathematical expressions are recoveredwhich
means that the nonlocal effects are vanished. In otherwords, itmust clearly be assumed that nonlocality occurs
only in the course of fractional time. Thuswe believe that, this idea gives proper foundation for the concept of
nonlocality in quantummechanics.

Consequently, we have developed promising concept for a quantum field theory by introducing nonlocality
into standardmathematical formalism. Accordingly, it has been shown that the proposed formalism leads to
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surprising interrelations of quantizedfields and nonlocal effects that remain unconnected until now.
Nevertheless, effects that predicted by the concomitant formalism are coherent with the outcomes obtained by
the standardmathematical quantummechanics. The advantage of the quantization scheme developed,
compared to existing studies is that nonlocality is not only introduced for interacting fields but also for free fields
aswell. As a possible direction for future research, renormalization problem and arising divergences will be
investigated in a separate work since in our quantization scheme the ultraviolet divergences are absent.
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