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Abstract

In this study, we investigate the effect of nonlocality in quantum mechanics and propose a fractional
approach the theory of quantized fields. For this purpose, we embedded the fractional calculus to
broaden theory of quantum fields since the integral and derivative operators are nonlocal in fractional
calculus.Additionally, quantum entanglement is discussed to gain comprehension of nonlocality in
the foundation of quantum mechanics. Besides, fractional Lagrangian formalism was presented due to
fact that the Lagrangian density is the starting point to establish a field theory.Furthermore, to make
fractional field operators quantum mechanical, equal-time commutator have been defined for the
these operators in terms of Caputo fractional derivative. Thus, a scheme of quantization of fractional
fields is introduced and general aspects of the method is illustrated with the theory of massive scalar
fields. This approach laid out to a successful generalization of the quantum field theory which is
coherent with the standard formalism. Consequently, we developed promising concept for a quantum
field theory by introducing nonlocality into standard mathematical formalism.

1. Introduction

As is well known, the nonlocal phenomena which is riddled with the quantum entanglement, has always been
the subject of controversy in the theoretical physics. Nevertheless, many important process in physics involves
nonlocality in time(memory effects) and space (long-range interactions) [1, 2]. A notable example of nonlocal
phenomena is spontaneous fission which occurs due to the quantum tunnelling [3]. Additionally, one problem
that has bedevilled the quantum mechanics from the beginning is the question of the nonlocality. Moreover, this
fundamental aspect of the theory has been demonstrated by a series of designed experiments [4, 5]. In the light of
these facts, it was with a view to obtaining more insight regarding the effects of nonlocality, that the present study
was undertaken. For this purpose, we have proposed an approach to interprete quantum entanglement within
the framework of fractional time evolution which comprises nonunitary property that describes the nonlocal
behavior of quantum systems. It should be also emphasized that our approach relies on the assumption of
nonlocal effects occur only in fractional space-time. However, such an opinion might be considered as a
violation of basic principle of quantum field theory (QFT), like casuality and unitary. However, in the case of
fractional derivative order o = 1, space-time becomes continuous hence the our approach satisfies the
principles of QFT. Therefore, it seems to be reasonable to assume that standard mathematical QFT is globally
local whereas there exist nonlocality in the fractional dimensions.

There is an increasing attention of physicists in nonlocal field theories during recent years. It is also clear that
considerable progress have been made in constructing a nonlocal theory of quantized fields. Before the
renormalization is well established, first attempts to eliminate ultraviolet divergences in the quantum field
theory, have relied on the nonlocal Lagrangians [6—10]. In general, the main idea of these studies is quantized
fields by means of the hypothesis of space-time stochasticity [ 11]. In particular, proposed methods are based on
the stochastic space-time R* and of averaging in it. According to this, space-time is defined as following [12].

X = (XO + ib4, xH 4+ gﬂ), (1)
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where crepresents speed of light, x,, = (xo = ¢, x"),and g, = (g1 = c7, g") is random vector with a measure
w (gé / 12) which obeys the following conditions,

Jaw? =1, awig? /) > 0. @

Here, lis the fundamental length which represents the domain that the nonlocality occurs. Additionally,
canonical quantization of scalar fields which are containing nonlocal terms have been presented by several
authors [13, 14]. However, progress achived in nonlocal quantum field theory in during the past decades is
connected with probability theory and stochastic processes [15, 16]. Stochastic quantization is first proposed by
Parisi and Wu and studies have been made to advance ideas of stochastic quantization since the original paper
published [17]. In this manner, stochastic quantization of the Euclidean field is defined in terms of the Langevin
type equation with respect to auxiliary time. Beside the stochastic approaches, it is also worth to mention that the
constructing a nonlocal theory of fields by making use of fractional calculus is a relatively recent development
[18]. Classical fractional fields which are formulated in terms of fractional Lagrangian densities, are proposed by
several authors to take into account nonlocality [ 19, 20]. Moreover, the fractional Dirac equation and its solution
were presented [21, 22]. Stochastic quantization of fractional Klein—-Gordon field at finite temprature, has also
proposed by Lim by generalization of Parisi-Wu stochastic quantization [15, 23]. The underlying idea of this
study is to treat Euclidean Klein—-Gordon field as a collection of fractional harmonic oscillators.

For this reason, formulation of quantized fields is proposed in terms of Caputo fractional derivative which is
nonlocal by its nature. Additionally, it appears that the interest of scientists has increasing attention since it wide
application in different fields of science [24—29]. It might be also said that the study of fractional calculus in
quantum mechanics is still in infancy. However, fractional Schrodinger equation was proposed via path integral
approach for Levy processes by Laskin [30-32]. In addition, fractional quantum calculus which leads the
effective way of treating problems that includes the sets of nondifferentiable functions, is proposed in
recent [33].

There exist several approaches to quantize field theory. It is also worth to mention that the canonical
quantization is mostly used method. Nevertheless, as we emphasized above, stochastic quantization of fractional
fields have been also proposed and the basis of this method have been expounded. The main aim of the our study
is the present the canonical quantization programme of fractional fields for the first time.

This manuscript is organized as follows: in section 2, the phenomenon of nonlocality is presented in detail
and a thought experiment is considered to allow better understanding of implication of nonlocality. In section 3,
fractional Lagrangian formalism is introduced by making use of Caputo fractional derivative. Section 4 is
devoted to quantization of fractional massive scalar fields. Finally, the conclusions are summarized in section 5.

2. A review of nonlocality

The phenomenon of nonlocality was first illustrated by the famous thought experiment of Einstein, Podolsy and
Rosen thus a new window had been opened to our grasp of quantum mechanics by this classic paper [34].
Furthermore, it is clear from the results of series of experiments that the Bell’ s inequality is violated [4, 5]. In
other words, one may say that it appears that the existence of the nonlocal effect which is called as” spooky action
ata distance’ by Einstein. For this reason, in order to allow better understanding of the nonlocal phenomenon in
the foundations of the quantum mechanics, it seems to be necessary to develop a sensible language for the
theory. The usual formulation of the quantum mechanics is based on the standard mathematical operators
which are local. Therefore it seems to us that the utilization of the fractional derivative operators which are
nonlocal, gives the deeper understanding of the implications of nonlocality.

Before going forward, let us start with introducing the time fractional evolution operator since we investigate
the time evolution of the quantum system. The fractional time evolution operator is given by

Ua(t, to) = Eo((—i(t — t))H), 3

where H represents the Hamiltonian of the system [35, 36]. In the above equation E,(. ) is the Mittag-Leffer
function which is defined by [37]

oo n

Ea(z) = Y ——

I+ na)’ “

n=0

Itis notable that U4, (¢, to) is not unitary operator which differs the standard time evolution operator.

ULt to)Ua(t, to) = [Eo(—i(t — to)IH)I?, 5)

we shall now consider as a simple example of entanglement with two particles system, namely M and N, which
were interacted in the past but the at the present they are situated far from each other. Additionally, it is worth to
mention that M and N are entangled. Thus, we assume that the wave function which describes the system is
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given by,
S (mn). (6)
Therefore, complete description of the system M is given by the its density matrix [38].

Pt = 2 F(m'n) ®(mn). (7)

n

Now, the question is do measurements at the system N causes the anything to happen at system M, in other
words does it cause the change of the density matrix of M. It is well known that according to the postulates of
standard quantum mechanics, any evolution of system N must be unitary in keeping with a fundamental
principle of quantum mechanics [38]. That is to say evolution of system N is described by the unitary matrix
U, In this sense, U, acts on the wave function hence resulting wave function can be written as following,

O =D = U ®(mn'). (8)
n/
Therefore density matrix of system M which is given by equation (7) becomes
P = O PF'n") U, Uy @ (mnt). 9)
n, 1w, n'

Itis easy to see that the density matrix of system M does not change since the transformation is unitary. This
means that the measurement of N does not cause a particular effect for the system M. However, it would appear
from the equation (5) that the a surprising action at a distance occurs due to the non unitary property of
fractional time evolution operator. Now, it is appropriate to examine the decay of neutral pi as a simple example
to understand this effect. Accordingly, electron and positron are in the singlet state as following

1
V2
Here M represent positron while N represents electron. We shall now suppose that electron and positron are

separated in space and electron is subjected by the external magnetic fields B which is uniform in the z direction.
Therefore, time development of the system is governed by the fractional time evaluation operator:

|EPR) = DM N = 1M ITIN). (10)

—iwS, t%
Us = E(%) (11)
Hence we obtain state | EPR) at any later time as following
1 iwS,t* —iwS,t®
EPR, ty=05t) = —| E z — E,| —=— . 12
2R 10 = 01) = = £ 250 1l = B 22 ) il (12)

In addition we should mention that the fractional time evolution operator acts on only the second part of state.
Thus, according to the the equations (9) and (12) the density matrix of system M can be written as following

wee wa®
2

Pmm' = Zfl, 71/, fl”lEa(_l

)|2< Pl Iy — |Ea(—i )|2|L>M|T>N

|Ea(—i%) .

= 2 | (13)
2

Hence, it would appear from these results that the detectable effects of nonlocality can be deduced. Additionally,
in the case o = 1 results of conventional physics are recovered. As a consequence, these results account nonlocal
effects in some measure for the quantum nonlocality with superluminal influences.

3. Fractional lagrangian formalism

In this study, partial Caputo derivatives are utilized due to the fact that the initial conditions which are
accompanied with the fractional differential equation with Caputo derivatives take the regular form such as for
the integer order differantial equations [39]. Hence, partial left and right Caputo derivatives are respectively
defined as [40, 41]

+agf(x) _ 1 fo 87'f(xl yeeey xp—l) T, -xp+1>---) xn)d

T, (14)
I'(1 — ozp) ap (xp — )%
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— X Or F(X] yeriy Xp— 15 Ty Xpt1reer X
1 f » Orf (% p—1 p+1 n)d’T (15)

IO =ta .,

(T — xp)%

Itis clear that the Lagrangian density is the starting point to establish a field theory since it guarantees that the
theory is Lorentz invariant due to the fact that the Lagrangian density is a scalar quantity. Therefore, itis
inevitable to formulate fractional fields in terms of the fractional Lagrangian densities. As in the conventional
Lagrange formalism, dynamics of the fractional field is governed by the Lagrangian. Covariant form of the action
which contains fractional Lagrangian density is defined as follows,

— fd‘*xﬁ(gb(xu), %), n=0,1,2,3, (16)

where ¢(x,,) is the fractional field and 9}, (x,,) represents its fractional derivative. In this context, equation of
motion is determined by the principle of the least action and using the condition for extremum of a functional
[42]. In order to find extremum value of action, variation of function ¢(x,,) is considered as,

¢(xu) = ¢*(xu) + 577(391)- (17)

Hence, we can write the fractional action as,

S0, = [dx*L(, 0507000 + €. 05m, 0507 + e 0. (18)
According to the calculus of variations, we obtain
ds >, oc
- = | d* x[— + a un + —(oum] + ) ——CIum] 19)
de |—o f olo) ,;) +a ﬂzo 76 ! 1u=0 +a

By making use of the fractional integration by parts formula we hence obtain fractional Euler—Lagrange
equations of motion for fields ¢,,.
oL S~ ..

Z 130 L 20
oo " 2 “aw@ §0+‘a<a¢> (@0

In the case a = 1, equation (20) reduces to the standard Euler—-Lagrange equation. It is known that the canonical
quantization is the method of obtaining the quantum field theory by quantizing the classical theory. Therefore,
in order to quantize the fractional classical theory, we need the Hamiltonian formalism of the fractional field
theory For this purpose, we follow formalism which is given by [21] and define the momentum densities 7}, and
b . conjugate to field ¢,,.
= a—ﬁa, Wg: 8_[:3 (1)
0(40,,0) 0(-0,,0)

Therefore, Euler—Lagrange equation can be written as follow,

£y 2 0w + 24’9 (22)
8¢ pn=0 ©n=0

According the proposed formalism, Hamiltonian density is given by

H = Z(w“(w%) + T(_O0)) — (23)

n=0

Since we want to quantize classical fields with fractional manner, the given formulation of fields within the
Caputo derivatives would serve as a starting point to establish a fractional quantum field theory. In the next
section, we expand field operator ¢(x,,) in terms of fractional creation / annihilation operators to obtain
fractional massive scalar fields and complete our programme of canonical quantization with fractional manner.

4, Fractional massive scalar fields

In this section, we now apply the fractional quantization of the harmonic oscillator to the massive scalar fields in
order to obtain fractional extentsion of theory. With regard to this, we write ¢(x) and 7}, (x) in terms of linear

sum of an infinite number of fractional creation / annihilation operators “a; and “a,,

d’p 1 ip. .
— « p.x (0% p.x 24
o(x) = f(z 7 (2E“)’( ape P + a ePx), (24)
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a — — dsp Q) (a —ipx qa ,T,ipx
TM%(x) = 9% (x) = f(zw)%(ZE;;')% (—ip0) Cape 0% 12 gl o). (25)
Here, “a,and “a ; represent the fractional creation/annihilation operators which are interpreted as the
increasing or decreasing the energy of state by a fractional unit of energy [43].

Let us introduce the fractional derivative of the exponential function since it is necessary for developing the
equal-time commutator for the fractional fields. However,

WDf e? ) = pk(t — 1) By ka1 (p(t — 1)) (26)
An alternative form of the derivative of exponential function could written as following [44],
WDy eI = peerU=i) 4 pkE, 4 (t — 1); p)). (27)

Here, the function F,(t — to; p) is a monotonically decreasing function which characterizes the deviation from
the integer order derivative of the exponential function [44]. Therefore, these deviations vanish for the large
factor of exponential and thus,

ttha eP—t0) ~, paep(tf to). (28)
By making use of equation (28), commutation relation for the fractional fields can be written as following,

3,93,
[o(x), Hg(x)] — fd(fd)ﬁq ( 21) E [[u T 2 a ]el(px ) 4 [a i “a ]ez(qy px)] (29)
p

The commutator for the fractional creation/annihilation operators is given by [43]

[“ag® af] = n(e, o), (30)
where the e stands for dependency of the particular representation of the Hilbert space. Thus, we obtain the
commutation relation between fractional field operators by making use of above equation.

o
060, M1 = [ S0

=in(e, )& (x — y). (31)

The main idea of the canonical quantization schema is converting the fields to operator valued function of the
space. In this manner, classical fractional field theory have been quantized by defining the commutator for the
fractional operators.

To complete our programme of the canonical quantization of the fractional classical fields, we now utilize
the expension of the field operator ¢(x) into the Hamiltonian. In this manner, expression for the corresponding
energy operator is defined in terms of the fractional creation / annihilation operators.

PE=) — (e, a)ePU—)

R = fd3 [([105¢ ) + [V + m** [ ()] (32)
Itis reasonable to start by obtaining the momentum density for the calculate Hamiltonian.
a*p . .
5o (x) = | —————(—iEX)(“a,e P* — gl eP), (33)
0o f QoieEn: P ’
After the determine momentum density, the corresponding space-like component can be written as following.
d’p .
Ve (x) = —(pa)((aa e Pix _o aTezp.x)). (34)
J (2m)} 2E;): !

Thus, by inserting these results into equation (32), calculation of Hamiltonian is completed.

30734 73 E E3
Ho — %f d’xd Pd q l 2 qz (aa e ibx _a a;eiq.x)(aaqefqi.x _a a;eiq.x)

@r)’ 2
! P 1 iq. oo, T ,—iq.
+ m(z acg, eibx _ paa tpx)(lp(maqequ — igatae i)
+ T (aapeip.x 4 agefip.x)(naqeiq.x o ﬁl;e*iq'x) ' (35)
Pq
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By making use of f d*xeP* = 27)260) (x), we obtain,

[ > Ef[afay + ["ap all]
-J a B Cai'ap,

where n® =2 agaa » is the number operator. Additionally, in order to deal with the infinity, fractional creation

and annihilation operators were written as normal ordered.In this manner, fractional theory of quantized fields
is completed. The programme of the concomitant formalism which is aiming to the fractional quantization of
the massive scalar field, can be briefly summarized as following:

(i) The proposed model is defined starting with a Lagrangian density for scalar massive field theory.

Lo — %hc%(x)]z - %m%(x)]z. (37)

(i) After the writing down Lagrangian density, momentum density and Hamiltonian are calculated in terms of

the fractional fields.
oLy
my = (38)
9(1+07,9(x))
hence, Hamiltonian can be written in terms of the momentum density as following,
HY = 115,056 (x) — L (39)

(iii) To quantize the given fractional field, we impose the canonical commutation relation,

[¢(0), 11§ ()] = in(e, )& (x — p). (40)

(iv) Laststep is the expanding the fields in terms of fractional creation and annihilation operators.

dp 1 —ip t ip
— « p.xX « 1p.xX . 41
b (x) f o (2E§)%( ape iPx 40 gf oibx) (41)

Thus, we have demonstrated that the by making use of the fractional calculus leads to nonlocal quantum field
theory.

5. Conclusion

In this study, we have presented the fractional quantum field theory which has been enriched by new powerful
method that relies on the ideas of nonlocal fractional derivative operators, to take into account nonlocal effects.
For this reason, in order to realize the quantization of fractional classical fields within framework of canonical
quantization, fractional equal-time commutation relation has been derived. In this way, we have completed the
canonical quantization schema of massive scalar fields for the first time.

We have also shown that the viewpoint of fractional calculus leads to new insights and surprising
interpretation of the nonlocal phenomena in the foundations of quantum mechanics. We have provided with a
simple thought experiment to gain a deeper understanding of nonlocality in quantum mechanics. As a result,
there exist measurable consequences of nonlocal effects for the maximally entangled states. However, in the case
of @ = 1 where the space-time becomes continuous, the standard mathematical expressions are recovered which
means that the nonlocal effects are vanished. In other words, it must clearly be assumed that nonlocality occurs
only in the course of fractional time. Thus we believe that, this idea gives proper foundation for the concept of
nonlocality in quantum mechanics.

Consequently, we have developed promising concept for a quantum field theory by introducing nonlocality
into standard mathematical formalism. Accordingly, it has been shown that the proposed formalism leads to
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surprising interrelations of quantized fields and nonlocal effects that remain unconnected until now.
Nevertheless, effects that predicted by the concomitant formalism are coherent with the outcomes obtained by
the standard mathematical quantum mechanics. The advantage of the quantization scheme developed,
compared to existing studies is that nonlocality is not only introduced for interacting fields but also for free fields
aswell. As a possible direction for future research, renormalization problem and arising divergences will be
investigated in a separate work since in our quantization scheme the ultraviolet divergences are absent.
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